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Abstract— This paper is concerned with the problem of
state estimation for descriptor systems subject to uncertainties.
Kalman type recursive algorithms for robust filtered, predicted
and smoothed estimates are derived. A numerical example
is included to demonstrate the performance of the proposed
robust filter.

I. INTRODUCTION

Analysis and design of descriptor systems (also known
as singular systems or implicit systems) have received
great attention in the literature. This is because systems
in descriptor formulation frequently arises naturally in the
process of modeling of economical systems [4], image
modeling [2], and robotics [6]. Besides, the descriptor
formulation contains the usual state space system as a
special case and can describe some dynamical systems for
which state space description does not exist [14].

The estimation algorithms for descriptor systems consid-
ered so far in the literature assume that the model of the
plant is known exactly. However, models in engineering sys-
tems are only approximate. For usual state space systems,
generalizations of the classical Kalman filter to encompass
systems with norm bounded system uncertainty have been
the focus of a number of papers ([11], [10], [9], [12],
and references therein). For the case when uncertain noise
covariances are considered on descriptor system filtering,
a guaranteed estimation performance filter is deduced in
[13]. To the best of authors knowledge, robust descriptor
filters have not been considered in the literature when there
exist uncertainties in the matrices E; 1, F;, and H; (see the
model (1), Section II).

In this paper we apply for descriptor systems a robust
procedure for usual state space systems developed by [9].
With this, we obtain robust Kalman type recursions for
filtered, predicted, and smoothed estimates. We show that
the proposed filters reduce to usual descriptor Kalman filters
when the system is not subject to uncertaints. When reduced
to usual state space systems, our filters provide alternative
recursions to that presented by [9] (see more details in
Remark 4.2).

This paper is organized as follows. In Section |1, we state
the problem of robust estimation as a problem of optimal
estimation for systems subject to uncertainties. We start
revisiting the descriptor Kalman filter for systems without
uncertainties in Section Ill. In this section we re-state
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the stochastic framework as a deterministic optimal fitting
problem. Then we propose a solution to the recursive robust
fitting problem as a generalization for the Kalman filter for
uncertain descritor systems in Section IV. In Section V we
present simulation results to demonstrate the performance
of our descriptor robust filter.

The notation is standard: R is the set of real numbers, ™
is the set of n-dimensional vectors whose elements are in R,
Rmxn is the set of m x n real matrices, AT is the transpose
of the matrix A, P > 0 (P > 0) denotes that P is a
positive definite (semi-definite) matrix, ||z|| is the Eucledian
norm of z, |z||, is the weighted norm of z defined by

1/2
2] p = (7 Px)"".
Il. PROBLEM STATEMENT
Consider the uncertain discrete-time linear stochastic
descriptor system
(Biy1 +0Ei11)xip1 =

Z; =

(F‘z + 6FZ).T1 +w;,t=0,1,...

where x; € R™ is the descriptor variable, z; € RP is the
measured output, w; € R™ and v; € RP are the process
and measurement noises, F;11 € R™*", F;, € RM™m*"
and H; € RP*™ are the known nominal system matrices,
and 0F;1,0F; and §H; are time-varying perturbations to
the nominal system matrices. The initial condition and the
process and measurement noises, {xo, w;, v; }, are assumed
uncorrelated zero-mean random variables with second-order
statistics
T

To o P() 0 0
5< w; W ) = 0 Qiéij 0 >0 (2)
V; (% 0 0 Riéij
where ¢;; = 1 if ¢ = j and §;; = 0 otherwise. The
perturbations are assumed with the following structures
OF; My ANy, i; ®)
0Eiv1 = My AiNeit1; 4
0H; = MpiAiNp;; ©)
lad < 1 ©®)

where My ;, My, Neiv1, Ntsi, Np,; are known matrices
and A; is a bounded matrix (with norm less or equal to 1)
but otherwise arbitrary.
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In this paper, we consider the problem of finding a
recursive robust state estimation algorithm in the presence
of modeling uncertainty. More precisely, given a sequence
of measured outputs {zo, z1, ... 2}, the main objective is
to develop robust estimates (with the criteria in Section 1V)
robust estimate for the filtered estimate &;;, the predicted
estimate 2;,);, and smoothed estimate Z;_,);.

I1l. OPTIMAL DATA FITTING AND THE STANDARD
KALMAN FILTER FOR DESCRIPTOR SYSTEMS

In our companion paper also presented in ACC04, [3],
we have shown that the standard descriptor Kalman filter
can be obtained with data fitting arguments. This approach
is convenient to provide not only the filtered estimate
recursions, but also the predicted and smoothed estimate
recursions. Most of the literature on descriptor Kalman
filters considers only the filtered estimate recursion. The
predicted and smoothed filters are more involved and were
considered only by few works ([15], [7]). In particular,
the expressions presented in [15] are valid only to regular
time-invariant systems while our result considers general
rectangular systems. Comparing with the result of [8], our
result does not need the Gaussian noises assumption.

We first present the usual descriptor Kalman filter in

filtered and predicted forms ([1], [8], [7], [3]).
Theorem 3.1: Suppose that E’ has full column rank

H;
for all ¢ > 0. The optimal fiLered estimates Z;; can be
obtained from the following recursive algorithm:

Step 0: (Initial Conditions):

(Py' + HI Ry " Ho) ™",

5 — T p—1
Tojo = FPojoHy Ry 2o

U]
®)

Step i: Update {;);, Pi;} 0 {&it1)it1, Pit1jira} as fol-
lows

—1
Piy1)iv1 = (EZ‘,»I (Qi+ FiPy;F')  Eia

—1
+H£13f+11Hi+1) ; )

= Pi+1|z‘+1EiT+1 (Qi + FiPi|iFiT)71Fi/x\i\i
(10)

551‘+1|z‘+1
+ P HY Rz
O
Theorem 3.2: Suppose that E; has full column rank for
all 4 > 0. The optimal predicted estimates 7, ,; can be
obtained from the following recursive algorithm:
Step 0: (Initial Conditions):

Poj—1 Py

‘%0‘,1 = Xy = 0 (11)

Step i: Update {Z;;;_1, Piji—1} 0 {Zit1)i, Piy1yi} as fol-

lows
Ei1 g
P = 0
Q1+EPZ|171F‘1T _F1P1|171H1T -
~H;Py, \FT' R+ H;Py; HT
~1
" [Egl}) (12)
T
. E;
Ti+1)4 Pi+1|i [ OH}
o |Qit FiPuaFL o —FPy o HY -
—HiPih-,lFiT R + HiPi|i71HzT
Fizy; 1
x |:Zz - H@i|i1] ' =
O

The Kalman recursions of Theorems 3.1 and 3.2 can be
alternatively obtained considering a deterministic optimiza-
tion problem which corresponds to the original stochastic
formulation. In [3] we have shown that the descriptor filter
is derived by solving

min

Ti,Ti41

[l = 2aellper + Eeizin = Fially

2
+ zi = Hinina gy, |-
(14)

And to update the optimal predicted estimate of z;
from #;,_, to #;;,; we have considered the following
optimization problem

min [Hiﬁi—fui—lH?fl + Binizinn — Fiai| -
i1 Qi1 i

Li,Ti+

IV. ROBUST FILTERING FOR DISCRETE TIME
DESCRIPTOR SYSTEMS

Let us first state the optimal robust fitting problem for the
filtered estimates. Assume that at step ¢ we have a priori
estimate for the state x;. We shall denote this initial estimate
by &;);. Assume further that we have also a positive-definite
weighting matrix P;); for the state estimation error x; — Z;;,
along with the new observation at time (i+1), i.e., z;41. TO
update the estimate of z; from 2;; to £;,1|,41, we propose
the following sequence of robust data fitting problems:

For i = 0 solve

. 9 ,
H;})n%l}é}f[HIoHp;l + ||z0 — (Ho + 5H0)Q:OHRO,1} (16)
and for ¢ > 0 solve
i L2
(oniir} {5Es 1 0P Hisr} {sz Ty HP;‘;
+ |[(Eig1 + 0Eip1)zipr — (Fi + 5E‘):Ci||2Q;1

+  |zig1 — (Hig1 + (SHi-Q—l)CUi-i-lH?{;rll} 17)
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where the uncertainties are modeled as (3)-(6).

Using similar arguments used for the robust filtered esti-
mates, we propose to update the robust predicted estimate
of x; from 2;;_; to ;1 ); by solving for i >0

. A 2
min max [H:cZ = Ziji—1lp-1
{zi,xiv1} {0Eiy1,0F;,6H; } i1

+ ||(Ei+1 +0Ei11)xit1 — (E + 6Fi)$i|‘éf1
S CRC Y AN (18)
where the initial conditions are 2, := Zo =0, Pyj_1 =
Py, and the uncertainties are modeled as (3)-(6).

The optimization problems are now in the form that we
can use the following fundamental lemma [9] (we present
here a version suited for our case; for the various versions
of this lemma see [10]).

Lemma 4.1: Consider the problem of solving

i 2 A+6A)x — (b+ b))%, (19
Hgn{mg;}[llzllcﬁ [(A+dA)x — (b+6b)|w](19)
where A is the data matrix, b is the measurement vector
which are assumed to be known, z is the unknown vector,
Q=QT >0and W = WT > 0 are given weighting
matrices, {0 A, 0b} are perturbations modeled by

[6A 6b]=HA[ N, Ny ], |A<1. (20

The solution of the optimization problem (19), (20) is given
by

i =[Q+ ATWAHATWb + ANT N (21)
where the modified weighting matrices {(, W} are defined
by

Q:=Q+ANTN,, (22)

W :=W+WH — H'WH) ' HTW (23)

and )\ is a nonnegative scalar parameter obtained by fol-
lowing optimization problem

= i 24
A= € @)
where
G = [lzWI[G + M Naz () — Ny|®
+ [ Az(N) = bl - (25)

The auxiliary functions are defined by

z(N) = [Q\) + ATW A HATW (A\)b 4+ ANT Ny, (26)
Q(\) = Q+ININ,, (27)
W) = WH+WHWMN - H"WH) HTW. (28)
O

A. Robust Filtered Estimates

Once we have defined an appropriate corrector functional,
the recursive equation for the robust estimates is obtained
by proper application of Lemma 4.1. Consider the following
identifications between the parameters in (17) and the
parameters in Lemma 4.1 :

[ —F, Eiq1 || Fizy);

4 = | 0 Hipy ]7 b<_[ Zit1 ] (29)
[ —0F; 6Ei+1 . 5Fz‘%z\z

o4 = |7 6Hi+1]’ 5b<—[ il (30)
PO Q7' 0

e T e I R Y
L 00 0 R4
[ —N¢i Nei1 | Ny iy

O B A T Il <
[ My, 0

no— M &

For the initial condition, we consider the following identi-
fications between the parameters in (16) and the parameters
in Lemma 4.1 :

A «— Hy b+« zp; (34)
0A «— O0Hy; &b« 0 (35)
Q — Fli WeRyh (36)
H «— Mpo; Ng < Nppo; (37)
N, « 0. (38)

With the above identifications, we can state the following
theorem.

Theorem 4.1: The optimal robust filtered estimates #;;
resulting from (17) can be alternatively obtained from the
following recursive algorithm:

Step 0: (Initial Conditions): If M} o = 0 then

(Py "+ HY Ry Ho)

5 — T p—1
(Eo‘o = P0|0H0 RO Z0-

(39)
(40)
Otherwise determine the optimal escalar parameter A_; by

minimizing the function G(X\) of (25) corresponding to
(34)-(38) over the interval A > || M Ry " M 0| and set

Ro = Ry-— X:iMh,OM}zZO; (41)
Pojo (Py' + HT Ry "Ho + A1 NiLgNio) ™' (42)
j?o‘o = PolngRalzo. (43)

Step 1: If My; = 0 and My ;41 = O then ;\Z— = 0.
Otherwise determine the optimal scalar parameter \; by
minimizing the function G(X\) of (25) corresponding to
(29)-(32) over the interval

. MT. 0
Ai > N = { Ofﬂ ME-+1}
-1
i 0 Mf,i 0 .
[ 0 R;rll } { 0 Mhi+r H’ (49




Step 2: |If i # 0, replace the given parameters
{Qi, Riy1, Py);, Ei 1} by the corrected parameters

Qi = Qi— j\i_le,z'MfT,ﬁ (45)
Riy1 = Riy1— 5\{th,¢+11”;{1'+1; (46)
Py = (Pt 4+ MNNpa) ™ (47)
Eiy1 = Ei1i— M FP\szlNe i1 (48)
If 5\1- = 0, there is no correction:
{Qi,Riz1, Py, Bixa} = {Qi, Rix1, Pyi, By} (49)

Step 3: Update {P;;, &} 10 { P11, Tivajigat as fol-
lows:

Piy1jiy1 = <EZH(QZ + FiPy FN) " i
+ H+1R1+1HZ+1
+ A [Nh.,iHNh,iJrl
—1
+ NI+ j\iNf,iPiHN%:i)1N8,i+1)}>
(50)
Tiv1)iv1 = Py ([EA‘ZTH (Qz + Fz'pquiT)AFi

+ N iNg z+1Nf1:| (- i Pszszl)>ii|i
+ Pi+1|i+1H£1R;+}12i+1' (51)
Proof: Omitted. O

The filter expression can be simplified if we can define

the disturbances (3)-(5) such that NgiHNf,i = 0. With this
assumption (50) and (51) turns to be

Piajir = (BL1(Qi+ FiPyuFl) ™ B
+ z‘+1Ri_+1Hi+1
+ N [N N + NeT,iHNe,iH])_(%Z)
Tig1ji1 = Pz‘+1\i+1EiT+1 (Q: + FipiﬁFiT)ilFii'iﬁ
+ H+1\i+1H£11%;+11zi+1 (53)
where
Fy = Fy(I — \iPyNT Ny,). (54)

Note that from (44), (45), and (46), we have Q; > 0 and
Riy1 > 0 for all 4. That is, the inverse (Q; + Fi]%‘iﬂT)‘l
Ei1
H;q
sufficient condition for the existence of the robust filter.

is well defined. Note that full column rank is a

Remark 4.1: From (52) and (53), it is easy to verify that
for descriptor systems without uncertainties (that is, M ¢ ; =
0, Mpiy1 =0, Neit1 =0, Np iy1 = 0), the algorithm is
the usual descriptor Kalman filter of Theorem 3.1.

Remark 4.2: The robust filtered estimate algorithm stud-
ied here can be compared with that given by [9] for usual
state space systems (E; 1 = I) for the case where we have
disturbance only in the matrix F;. It is only necessary some
care because our auxiliary variables Q; and R; ., and the
corresponding (; and Riﬂ of Table | of [9] are not the
same. We observe that our filter is different from that given
by [9]. This is not completly surprising since the proposed
quadratic functional is different.

Let us show that the proposed update of P;; is the same
of Table I of [9]. For the matrices £; = I and H; without
disturbances, note that Pm is the same. We have that (52)

and (53) are now
A A pTy—1 T p-1 -t
Prrin = ((Qi+ FPyF) ™ + HE RGL Hit ) (59)
Tip1)it1 Pyii1i41(Qi + FiPy FD) " iy
+ P HY R zin (56)
where
Qi = Qi — N "My MJ; (57)
The correspondig equations of [9] are given by
~ 1
Piajin = (Qi+ RPN ™ + LR Hia ) (58)
Zit1)ig1 Pi1)ip1(Qi + Fipi|iFiT)71Fi§3i\i
+ P HY R 2 (59)
where
Riy1 = Ripr — N ' Hyp My M7 HE (60)

The expressions for PZ-|1- and F} are the same for both our
and [9] filters. The interval of optimization for the parameter
A is also different. It is still early to say which one would
be better, but both are natural versions of robust Kalman
filters to uncertain systems.

B. Robust Predicted Estimates Recursion

For the usual state space systems, the robust predicted
and filtered estimates recursions are simply different forms
of the same filter, and they require only few rearranges
to transform from one form to other [9]. For descriptor
systems, as in the case without disturbances, the robust
predicted filter is more difficult to obtain and has more
complex expression than the correspondent filtered filter.
The difficult is expected since for descriptor systems, the
future dynamics has influence on the present state. Note
that the conditions for existence for the predicted filter is
more stringent than for the filtered estimate. Therefore the
existence of filtered estimate does not assure the existence
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of predicted filter. This explains, in part, the fact that in
the literature of descriptor filters, only the filtered case is
more studied. Similarly to the filtered estimate recursion
studied in the previous section, once we have defined an
appropriate corrector functional, the recursive equation for
the robust estimates is obtained by proper application of
Lemma 4.1. Consider the following identifications between
the parameters in the functional in (18) and the parameters
in Lemma 4.1 :

S S I
o [ o o
oo [ e )
mo— | ]ngyi Mh(?i-i-l ] o= [ ]]:;fjwz ]iii_l.

_ (64)
N, —]\A;\ijlz Nebi+1 } (65)

With these identifications, we obtain the following result.
Theorem 4.2; Suppose that it is given a sequence
{z0,21,...} and NX,, | Ny; = 0. The successive optimal
estimates ;,); resulting from (18) can be alternatively
obtained from the following recursive algorithm:
Step 0: (Initial Conditions):

Po-1:=F (66)

(67)

Step 1: If My; = 0 and My; = 0, then set ;\Z— =
0. Otherwise determine the optimal escalar parameter \;
by minimizing the corresponding function G(\) of (25)
corresponding to (61)-(65) over the interval

‘%0‘,1 =g = 0

5\1' > /\171' =
M, 0 Q' 0 Mg; 0 .
0 M, 0 R;! 0 M ||
(68)
Step 2: If \; # 0, replace the given parameters
{Qi, Ri, Py, F;} by the corrected parameters
Qi = Qi—A'My;MF; (69)
R, = R;— ;\Zthszsza (70)
Pjisy = (PRl + ANENp) TS (7D)
By o= F(I-MNO5L, + LR L) NNy,
(72)
If \; = 0, there is no correction:
{Quéi,ﬁ’iu—l,ﬁi} =1{Qi, Ri, Pyji—1, I} (73)

Step 3: Update {Pjj;_1,Ziji—1} t0 {Pij1)i, Tiq1):} as fol-
lows:
H+1\i = <[ EiT+1 [ 0 0 ] ]
o Qi+ FiPy o Fl —FPy; o LT -
—Liﬁ’i‘i_lFiT Ji + Lipi\i—leT
Eit -1
X 0 + )\iNg:iJrlNe,H-l) (74)
0
Tiv1i = Pi+1|i[ EiT+1 [ 0 0 ] ]
Qi + Fipi\i—lFiT _Fipi\iflLiT )
—LiPy,_1F' Ji+ LiPy; 1 LT
Fi@i\ifl
« 2 . 75
[ 0 ]_Lixiil (79)
where
[ R o], 6
JZ-__[ 0 I]’Li'_[AiNﬁi] (76)
Proof: Omitted. O

Remark 4.3: From (74) and (75), it is easy to verify
that for descriptor systems without uncertainties (that is,
My =0, My iv1 =0,Neiv1 =0, Np i1 = 0), the robust
algorithm of Theorem 4.2 is the usual descriptor Kalman
filter of Theorem 3.2.

Remark 4.4: \We have seen that once we have determined
a one-step corrector functional, the derivation of the robust
version for the filtered and predicted estimators is a simple
task.

The deterministic arguments can also be used to deter-
mine robust versions for the smoothing filters in similar
fashion as it is done for the smoothing filters for the usual
state space systems without uncertainties. In particular, one
can see that the one-lag smoother is a direct byproduct
of our presentation until now. We can obtain the robust
smoother estimate &;;,, from the solution of (17) as

(I = NiPyiNTiNt)ays — P FE(Q;

FiPy,Fl)™! <I — Bt Py BL G (Qi

Tili+1

+

+ Fiﬁiﬂr)l)ﬁiiu + Py FF(Q;
+ EPFO ' E Py H R 2
(77)

Note that for descriptor systems without uncertainties
(Mfyi =0, Mh,iJrl = 0, Nfﬁi = 0, Ne7i+1 = O), the
one-lag smoothing (77) is exactly the descriptor smoothing
presented in our companion paper [3]. For standard state
space systems without disturbances (E; = I,My,; = 0,
My i1 =0, Ny; = 0, Neiy1 = 0), the one-lag (77) is
exactly the classical one-lag smoother (see, e.g., [5]).
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V. NUMERICAL EXAMPLE
Consider the descriptor system with uncertainties (1) with

100 0.9 0 0
E = |010]|,F=| 0 08 0 |,
00 0 0.2 02 0.2
12 0 0
H = [14 08 1],Q=| 0 16 0|,
0 0 2
N, = [01 01 01], R=16,
Ny = [01 02 02],
Nn, = [0659 5931 0.659 ],
M; = [05 05 13]7, M,=08 (78)

30

/’

ML filter

251

A

e e YV

N e e |

AU RN

Error Variance (dB)

DR filter

Optimal filter

10° 10" 107 10°
i

Fig. 1.  Robust Descriptor (DR) filter,
Likelihood (ML) filter of [8] .

Optimal filter and Maximum

a

Q

S
T

L ML filter 4

(48)

@

<]

-]
T

DR filter

200 [

Error Variance

Fig. 2. Robust Descriptor (DR) filter and Maximum Likelihood (ML)
filter of [8].

The Figures V and 2 show the error variance curves
computed via the ensemble-average:

1,
TZH%('J)—
j=1

Each instant 7 in each variance curves is the average
over 1000 experiments that are performed j times, fixing
A selected randomly from the interval -1 and 1. It is
generated 7' = 1000 trajectories of length 1000 points each.
The results of Figure V were simulated considering the
matrices (78). The optimal filter is the Maximum Likeli-
hood (ML) filter for the system without uncertainties. The

Ella; — & ~ 29.

(79)

Descriptor Robust (DR) filter presents better performance,
in presence of uncertainties, than the ML filter in steady-
state (for all cases we are adjusting the parameter A =
1.5, Eq. (44), for all 4, if it is adjusted solving the
optimization problem (24), the performance of DR filter
increases). When we change only the matrix Ny, to Ny, =
[ 0.67 5.86 0.67 ], the error variance curve of the ML
filter goes to the instability and the error variance of DR
filter remains stable, Figure 2.

VI.

We have developed a Kalman-type recursive formulation
for robust estimation problem for general descriptor sys-
tems subject to uncertainties. One interesting feature for
descriptor system is that, in contrast with usual state space
systems, the filtered and predicted filters are not equivalent
in general.

CONCLUSION
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