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ABSTRACT 

This paper presents an innovative four-step method to analyze 
and design an optimal energy management strategy for a power 
split powertrain hybrid vehicle. A hybrid dynamical system 
theory is introduced to formulate the problem of hybrid vehicle 
control system that incorporates both continuous and discrete 
dynamics. The Sequential Quadratic Programming (SQP) 
method is proposed to optimize power distribution. The 
Dynamic Programming method is employed to solve the 
problem of the vehicle operating mode transitions. A rule-based 
system and a fuzzy rule system are developed based on the 
statistical numerical solutions. A genetic algorithm is applied to 
the simultaneous optimization of parameters of membership 
functions, weights of the rules and rule sets for the fuzzy rule 
system and parameters of the rule-based system. The simulation 
results illustrate the effectiveness and applicability of the 
proposed design method. 

1 INTRODUCTION 

Hybrid electric vehicles (HEVs) have attracted 
tremendous attention as a commercially viable alternative 
to either traditional vehicles or electric vehicles. A typical 
HEV has two different energy sources: a battery pack and 
an internal combustion engine. The effective operation of 
HEVs depends largely upon the sophisticated design of 
vehicle system controllers (VSC) with optimal energy 
management strategies (EMS) that command each 
subsystem to its best performance for the overall system 
efficiency. Due to the complexity of HEVs, the design of 
the EMS presents a considerable challenge to engineers.  

The purpose of an EMS is to determine an optimal 
power distribution between the battery and the engine 
under diverse driving conditions such that multiple design 
objectives, such as high fuel economy and low emissions, 
can be achieved. 

Many researchers[1-7] have devoted their attention to 
the design of the EMS because of its importance to HEVs. 
Overall, the design approaches can be classified into four 
categories: 1) Rule-based methods based on engineers’ 
experience, 2) Rigorous mathematical optimisation 
methods with a comprehensive performance index or cost 
function, 3) Dynamic Programming (DP) approach, and 4) 
Intelligent control techniques. A brief comparison of 
these four methods is given in Table 1. 

 
 
 

Table 1.  Comparison of the Four Methods 
Method Advantages Disadvantages 

Rule-based  simple, easy-to-use hard to tune rules, 
intuitive thinking 

Mathematical 
matured 
optimization 
method (e.g., SQP) 

not robust against  
disturbances, static 
optimization 

Dynamic 
Programming 

global optimization time-consuming, the 
future driving profile 
is needed 

Intelligent 
Control 

practical, robust difficult to obtain 
expert knowledge 

Taking advantages of these four methods, this paper 
presents an innovative four-step method to analyze and 
design an optimal energy management strategy for a 
power split powertrain HEV, as described below: 

Step 1. A hybrid dynamical system theory is used to 
formulate the HEV control system that incorporates both 
continuous and discrete dynamics. 

Step 2. The Sequential Quadratic Programming (SQP) 
method is applied to optimize power distribution. The 
Dynamic Programming method is employed to solve the 
complex vehicle operating mode transition problem. 

Step 3. A rule-based system and a fuzzy rule system 
are developed based on the statistical numerical solutions 
derived from Step 2. 

Step 4. A Genetic Algorithm is applied to the 
simultaneous optimization of parameters of membership 
functions, weights of the rules and rule sets for the fuzzy 
rule system and parameters of the rule-based system. 

2 HEV CONTROL SYSTEM FORMULATION 

2.1 System Configuration 
In this work, a power split powertrain system 

configuration of an HEV is considered, as shown in 
Figure 1. The planetary gear set can be viewed as a power 
split device that splits the engine output power to the 
driveline and to the generator. From the viewpoint of the 
electrical path (series hybrid), the portion of the power 
from the engine to the generator can be converted into 
electric energy. Then the electric motor draws the electric 
power provided by the battery and the generator to propel 
the vehicle. From the viewpoint of the mechanical path 
(parallel hybrid), another portion of the power from the 



engine to the carrier to the ring gear to counter shaft can 
be used to drive the vehicle without energy 
transformation. The two power paths provide propulsion 
to the vehicle simultaneously and independently.  As 
described above, by controlling the generator properly, 
the planetary gear set can serve as a pseudo continuous 
variable transmission (pseudo-CVT) between the engine 
and the ring gear that is eventually connected to the 
driven wheels. 
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Figure 1. Power-split Powertrain System Configuration 

2.2 Model for Hybrid Dynamical System 
The many subsystems of the HEV can be combined 

into different vehicle operating modes with the 
cooperation of some factors, such as the one-way clutch 
between the engine and the carrier, the generator brake 
and the engine shutoff. Each vehicle operating mode can 
be considered as a state. The vehicle system jumps from 
one state to another in response to events or by generating 
events. In every state, the vehicle dynamic system is a 
specific continuous dynamic system, which has its own 
continuous state space and its differential or difference 
equation. The HEV system simultaneously exhibits 
several kinds of dynamic behaviours, such as continuous 
dynamics, switching and logic commands, discrete events 
and the interaction between continuous dynamics and the 
discrete event system (i.e. the events that get generated 
may depend on the continuous state). To cope with such 
complex systems, the hybrid dynamical system theory 
provides an effective and useful framework for HEV 
control system analysis and design. 

The term “hybrid dynamical system” is used to 
describe systems that incorporate both continuous and 
discrete dynamics[8]. The area of hybrid dynamical 
systems is a new, growing discipline that bridges control 
engineering, theoretical computer science and applied 
mathematics. However, in the area of hybrid dynamical 
systems, the main problem is the lack of formal 
mathematical tools for the analysis and design of such 
systems. 

A hybrid dynamical system[8-9], H, is a collection: 

H= (Q,X,V, Y,Init,f,Inv,E,R,Φ)                              (1) 
where, Q is a set of discrete variables and Q is countable; 

X is a set of continuous variables; 
V is a finite collection of input variables; 
Y is a finite collection of output variables; 

XQInit ×⊆  is a set of initial states; 
nVXQf ℜ→××: is an input-dependent vector 

field; 
VXQInv ×→ 2: assigns to each q∈Q an invariant set; 

QQE ×⊂  is a collection of discrete transitions; 
XVXER 2: →×× assigns to each e=(q, q”)∈E, 

x∈X and v∈V a reset relation; 
VXQ 2: →×φ assigns to each state a set of 

admissible inputs. 
 
A high-level, simplified structure of the HEV control 

system is shown in Figure 2.  
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Figure 2.  Structure of HEV Control System 

The HEV dynamics was formulated using the hybrid 
dynamical system theory. The dynamical behaviour of the 
HEV can be described by a collection of ten sets. 

Q is a set of countable discrete state variables with 
q={q1, q2, q3, q4, q5}∈Q, representing stand-still, vehicle 
creeping mode, power split mode, parallel hybrid mode 
and regenerative brake mode. 

E is a collection of discrete transitions. Because the 
discrete states are usually a finite number of values, a 
finite graph can provide a good representation of the 
discrete transitions, as shown in Figure 3. 

 
Figure 3. Transitions Between Vehicle Operating Modes 



Each node in the graph represents a discrete state 
value, q∈Q. We associated an event e∈E with a transition 
from node q to node q’. For example, when the event e1 
occurs, the simultaneous transition from q1 to q2 takes 
place consequently. 

X is a set of continuous state variables defined by 
x={ωe, ωr, ωg}∈X, respectively, representing the engine 
speed, the ring gear speed and the generator speed.  

V is a finite collection of input variables and 
V=VDUVC.  The continuous inputs are defined as vc={τe, 
τg, τm}∈VC, where τe, τg, and τm are the engine torque, the 
generator torque, and the motor torque, respectively. The 
discrete inputs are defined as vd={v1, v2}, where v1 is the 
generator brake command and v2 the engine on-off 
command. 

Y is a finite collection of output variables and 
Y=YDUYC.  The continuous outputs are yc={u, SOC, ωe, 
ωg}∈YC, where u is the vehicle speed, SOC the battery 
state-of-charge and ωe and ωg are the engine and 
generator speeds. The discrete output is yd= 
{vehicle_braking}∈{{Yes, No}}=YD which defines  the 
vehicle braking status. 

f is the input dependent vector field. The vehicle 
dynamics vary according to the different vehicle 
operatingmodes; 
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φ  assigns to each state a set of admissible inputs. In 
each vehicle operating mode, the system input and state 
variables are subjected to constraints due to their physical 
limits and maximum operating capabilities.  Hence it is 
necessary to impose certain inequality constraints on the 
state and control variables such as the engine speed, the 
battery state of charge (SOC), the battery power ( batP ), 
the motor torque, the generator torque, the engine torque, 
the generator speed and the motor speed. 

According to the description above, the objective of 
the EMS design is to find the optimal input control 
sequence V and the discrete event (transition rule) E such 
that the design objective is achieved.  

3 NUMERICAL SOLUTIONS TO POWER 
DISTRIBUTION AND TRANSITION 

RELATION 

3.1 Power Distribution 

Determining an optimal power distribution is a 
constrained nonlinear optimization problem. The overall 
objective is to optimize the total system efficiency while 
satisfying the performance requirements. For 
convenience, the battery (or electric) energy is usually 
converted into an equivalent amount of fuel consumption. 
In general, batteries can be modeled according to their 
electrochemical characteristics and empirical data[10]. The 
battery resistance can be approximated by a function of 
the battery SOC and battery current. Thereafter, the total 
system efficiency[10] of the HEV system is obtained as  
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where, 
reqτ —torque desired by driver 

OCV—open circuit voltage 
batR —battery resistance 

batP —battery power 

eη   —engine efficiency 
In actual implementation of power distribution, the 

continuous control variables of the HEV transaxle are 
vc={τe, τg, τm}. However, from a mathematical point of 
view, this paper introduces new control variables v’c={γ, 
Pbat} so that the physical concept closely resembles 
conventional vehicles, where γ is the reduction ratio of 
the engine speed to the ring gear speed. Thus, the 
optimization problem can be recast as the following 
problem. 
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The optimization problem aims to find a set of 
optimal parameters (γ, Pbat). Basically, these parameters 
are obtained by maximizing an objective function, subject 
to equality or inequality constraints and/or parameter 
boundaries using an appropriate optimization algorithm. 
The Sequential Quadratic Programming (SQP) is a good 
candidate for solving this optimization problem because 
of its robustness and iterative efficiency. In this work, the 
SQP method was used to solve this optimization problem. 
The results for the battery power (Pbat) in terms of the 
condition of a vehicle speed are given in Figure 4. In the 
figure, “*” represents the region where the optimal 
battery power is negative (charging). “+” shows that the 
optimal battery power is neutral (neither charging nor 
discharging). “o” denotes that the optimal battery power 
is positive (discharging). It is seen that the battery SOC 
and engine speed chart is divided into three areas by two 
lines. It is obvious that the inclination of the battery 
power is different in the three areas. 
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Figure 4. Results of the Power Distribution 

3.2 Transition Relation for Vehicle Operating Modes 
The goal of obtaining the transition relation for the 

vehicle operating modes is to find the causes that change 
the state from one to another. It is well known that the 
dynamic programming (DP)[11-12] method has been 
proven very effective in tackling such complex dynamic 
optimization problems. The implementation of the DP 
method is usually divided into two steps. Firstly, the 
quantization and interpolation on the state and control 
variables are performed. Then the problem is formulated 
as a multi-stage decision problem, where the time 
variable is used to order the sequence according to 
Bellman”s principle of optimality. 

It is worth mentioning that the principle of optimality 
has been widely used in many application problems, such 
as simple optimal path problem, job allocation problems, 
and linear optimal control problems. In this work, the DP 
method is applied to find the optimal trajectory of vehicle 
operating modes. The objective function is chosen as 
follows, 
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where,  
eg ——engine specific fuel consumption 

averageeg _ —average engine specific fuel 
consumption 

η ——battery charging (or discharging ) efficiency 
This objective function represents a control strategy 

that determines the optimal vehicle operating mode and 
power distribution such that the total energy (fuel and 
battery energy) consumption is minimized while 
satisfying the desired driver torque and the vehicle 
driving performance. The objective function contains 
three components: 

1) The engine fuel consumption. This term only 
represents the fuel consumption assuming the engine is 
rotating in a steady state. 

2) The battery energy consumption. In this term the 
battery power is multiplied by the average engine specific 
fuel consumption in order to convert the electric energy 
consumption into the equivalent amount of fuel 
consumption. The sum of the first two terms represents 
the equivalent energy consumption in a unit time, which 
is used to measure the effective fuel economy.  

3) The third term is used to compensate the extra 
fuel consumption for the engine acceleration when taking 
the engine dynamics into account. From the optimal 
control point of view, this term is used as an anti-jerk 
function. Here δ is the weight for the purpose of anti-jerk 
control. 

Several typical drive cycles such as the EPA city 
duty cycle and the FTP75 were used for the numerical 
simulations. For a given initial SOC value, the DP 
method can be used to find the optimal trajectory of 
vehicle operating modes. The different initial battery 
SOC and various driving cycles may lead to many 
different numerical solutions that would cover all 
possible HEV operating scenarios. Figure 5 presents the 
optimal trajectories of operating points of the engine (ICE) 
and the vehicle operating modes (VOM) over the EPA 
city cycle when the initial battery SOC is chosen to be 
0.68.  
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Figure 5. Numerical Results of DP optimization 

The results show that the optimal control strategy 
tends to keep the battery SOC within the range of 65% ~ 
75%. On one hand, this leaves enough capacity to handle 
an extended period of the battery discharge (such as 
during a long period acceleration) and enough 
“headroom” to absorb a long period of charging (such as 
during a long downhill). On the other hand, from the 
control point of view, the battery SOC is maintained near 
a balance point to ensure system stability. Therefore, it is 
felt that the optimization results are reliable and viable.  



4  A RULE-BASED AND FUZZY RULE-BASED EMS 

The SQP and dynamic programming approaches 
provide the optimal numerical solutions (power 
distribution and vehicle operating modes) to achieve the 
optimal design objective. However, these numerical 
solutions can not be implemented immediately in real-
time driving. For real-time implementation of the EMS, 
an on-line scheme needs to be developed. A rule-based 
and fuzzy rule-based EMS are proposed on the basis of 
the analysis and investigation of the numerical solutions. 

4.1 A Fuzzy Rule-based Power Distribution Strategy 
Given the desired driver torque, a vehicle speed and 

a battery SOC, the optimal battery power for maximizing 
the total system efficiency can be obtained using the SQP 
method. Based on the statistical analysis of optimization 
results (Figure 4), we can apply the fuzzy logic technique 
to identify the battery power for a given driver power 
request (the product of the desired driver torque and the 
vehicle speed) and the battery SOC. The fuzzy rule 
system has two inputs and one output. One input is the 
Driver Power Request, defined by using three 
membership functions {Large, Medium, Small}. The 
other is the Battery SOC, defined by three membership 
functions {High, Medium, Low}. The output is Battery 
Power, which can be defined using five membership 
functions {Positive Large, Positive Small, Zero, Negative 
Small, Negative Large}. The fuzzy rules can be 
established based on related heuristic knowledge and the 
SQP optimization results, as shown in Table 2. 

Table 2.  Fuzzy Rule for Power Distribution 
Premise Consequence 

Driver Power Request Battery SOC Battery Power 
Large High Positive Large 
Large Medium Positive Small 
Large Low Zero 
Medium High Positive Small 
Medium Medium Zero 
Medium Low Negative Small 
Small High Zero 
Small Medium Negative Small 
Small Low Negative Large 

 

4.2 A Rule-based Vehicle Operating Mode Transition 
System  

The twelve discrete events are defined in Figure 3. In 
the real time operation, we need to determine the 
transition rules for each discrete event based on the DP 
optimization results.  

For example, in order to acquire the transition rule 
for event e3, we collected all the vehicle status points 
(cycle points as shown in Figure 6) regarding the vehicle 
creeping mode.  

0 5 10 15 20 25
0

50

100

150

200

250

To
rq

ue
 D

es
ire

d 
（

N
.m

）

Vehicle Speed (m/s)

A 

B 

C

 
Figure 6. Vehicle Status Points Regarding the Vehicle 

Creeping Mode 

There is a clear borderline in Figure 6. Once the 
three points A, B and C are specified, the borderline is 
determined. The three points A, B and C and the x and y 
axis constitute a close region. When the HEV goes 
outside of the region, the vehicle system controller will 
send the command ONEnginev _2 = to the HEV 
powertrain system. Accordingly, the vehicle operating 
mode goes to the power split mode from the vehicle 
creeping mode, that is, event e3 occurs. The coordinates 
of points A, B and C are initialized by the distribution of 
the vehicle status points derived from the DP 
optimization results. Human experience is likewise 
important to initialize the coordinates of these three 
points because these parameters are tuned by trial and 
error. By ways of exception, if the battery SOC 
approaches the specified lower limit, the vehicle system 
controller will start up the engine to charge the battery 
regardless of the vehicle status.  

In principle, we can obtain all the transition rules by 
analyzing the DP optimization results. It should be noted 
that the transition between the power split mode and the 
parallel hybrid mode depends on the absolute generator 
speed. 

5 OPTIMIZATION OF PARAMETERS OF THE 
RULE-BASED AND FUZZY RULE-BASED EMS 

In general, the rule-based and fuzzy rule-based 
systems represent a pragmatic engineering approach to 
the design of EMSs. However, the parameters of the rule-
based and fuzzy rule-based systems lack precision and 
need to be improved mathematically for better system 
performance.  

Genetic algorithms[13-14] are general-purpose 
optimization algorithms with a probabilistic component 
that provide a means to search poorly understood, 
irregular spaces. In this work, a Genetic Algorithm (GA) 
is applied to the simultaneous optimization of the 
parameters of the rule-based and fuzzy rule-based 
systems. 



When optimizing a rule-based and fuzzy rule-based 
system using the GA, the first important consideration is 
how to encode all the optimized parameters into the 
chromosome. For example, it is necessary to encode the 
parameters of the coordinates of the points A, B and C to 
represent a part of rule-based system. The parameters of 
the membership functions should also be encoded into the 
chromosome. Based on the static models for the HEV 
control system, the effectiveness of the EMS was 
analyzed and compared. This paper only presents some 
simulation results without details regarding the function 
of the generator brake because the generator brake is a 
relatively new device in comparison with the similar 
HEV Prius. Figure 7 illustrates the fuel consumption 
versus the different critical generator braking speeds over 
the ECE 15 duty cycle. 
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Figure 7. Fuel Consumption As a Function of the 

Critical Generator Braking Speed 
By comparing the fuel consumption of point A with 

that of point B, point A can decrease fuel consumption by 
2.5% over the ECE15 duty cycle. This means that the 
generator brake can improve the fuel economy by 2.5% 
under the appropriate control. The difference in fuel 
consumption between point A and DP optimization result 
demonstrates how much the current EMS can improve 
HEVs fuel efficiency to its maximal capability. 

Fuel consumption can be decreased by 2.4% via the 
optimization of the rule-based and fuzzy rule-based EMS 
using the GA. However, the GA optimization result can 
only approach but not reach the DP optimization result. 

6 SUMMARY 

A four-step method to design and analyze an optimal 
EMS for a power split hybrid electric vehicle was 
presented. By considering the HEV dynamics that 
incorporate both continuous and discrete dynamics, the 
problem was cast as an optimal control problem for a 
hybrid dynamical system. The SQP and dynamic 
programming-based method were applied to obtain 
numerical solutions. As a pragmatic engineering 
approach, a rule-based and fuzzy rule-based EMS was 
developed by carefully examining the SQP and DP 
optimization results. The parameters of the EMS were 

finalized using the Genetic Algorithm. Computer 
simulation results revealed the effectiveness of the 
proposed four-step method and the resulting EMS. 
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