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Abstract— Compressed Hankel matrix is given by using
orthonormal rational functions constructed from the Jury
table. The solutions to the optimal and suboptimal Nehari
problems, the solutions to the optimal and suboptimal Hankel
approximation problems via the compressed Hankel matrix
are given.

I. INTRODUCTION

Various orthogonal functions play important roles in
science and engineering. Examples include orthogonal poly-
nomials, the standard basis functions in Fourier series or
power series, wavelet functions. In this paper, we deal
with orthogonal rational functions. The study of orthogonal
rational functions has a long history. The idea of decom-
posing a linear system in term of orthogonal components,
such as Laguerre functions, other than the functions in the
standard Fourier series dates back to the work of Lee [15]
and Wiener [19]. Kautz [13] formulated a more general
class of orthogonal rational functions with two parameters.
Heuberger et al. [10] developed a theory on construction
of orthogonal rational functions using balanced realizations
of inner transfer functions. The standard basis functions
in power series, Laguerre functions and Kautz functions
are special cases in this theory. A further generalization
was presented by Ninness and Gustasson [17]. The studies
in [10] and [17] are motivated by applications in system
identification.

These recently developed orthogonal functions are gen-
erated through the balanced realization of inner transfer
functions and hence rely on modern state space system
theory. Some new investigation of the connection between
advanced optimal and robust control problems and the
classical tools for continuous time systems is recently
carried out by Qiu [18]. The motivation is to develop
elementary solutions to advanced optimal control problems
so to make the advanced optimal control accessible to a
wider audience. It is shown that the Routh table can be used
to form orthonormal rational functions, to compute the Ho
norm of a stable transfer function and can also be used to
find the Hankel singular values and vectors, hence yielding
the solution to the Hankel approximation and the Nehari
problems. Since these problems play fundamental roles in
‘H~ optimal control theory, their elementary solutions open
the door for a simple, polynomial approach to H ., optimal
control theory.
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The Jury table and the Jury stability criterion are the
counterparts of the Routh table and the Routh stability
criterion in the discrete time case. The Jury table can also
be used to construct orthonormal rational functions [4]. In
this paper, we will study Hankel operator by using these
orthonormal functions and give a compressed Hankel matrix
representation and find the Hankel singular values and the
corresponding Schmidt pairs. They will further be used
to solve the optimal and suboptimal Nehari problem, the
optimal and suboptimal Hankel approximation problem in
the discrete time signal and system context.

II. JURY TABLE AND ORTHONORMAL FUNCTIONS
Consider a stable polynomial
a(z) = apz" +ar12" M4 Fay,

where a; € R and ag > 0. It is said to be stable if all of
its roots are inside the unit disk.
Construct the Jury table [12]

7o T00 To1 To(n—-1) Ton
g Ton T0(n—1) T01 T00
1 710 T11 T1(n—-1)
i Ti(n—-1) T1(n-2) 10

Tn—1 | T"(n—1)0 T(n-1)1

Tho1 | Th—1)1 T(n—1)0
Tn Tno

In the Jury table, the first row is copied from the coefficients

of the polynomial,
Too = @o, To1 = A1, ---5 To(n—-1) = Gn—-1, Ton = An.

The row 7}, i = 0,--- ,n — 1, is obtained by writing the
elements of the preceding row in the reverse order. The row

Ti+1, ¢ =0,--- ,n—1, is computed from its two preceding
rows r;_1 and rj_; as
1 Tij Ti(n—i
Ti41)) = o ’ ey ey
70 | Ti(n—i—j5) T30

fort=0,....,n—1, j=0,....,n—i— 1.

In general, the Jury table cannot be completely con-
structed when ;0 = 0 for some 1 < i < n. In this case,
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there is no need to complete the rest of the table since the
polynomial is unstable.

Consider the set of strictly proper rational functions with
denominator a(z)

X, = {M, degb(z) < deg a(z)} . ()

a(z)
Clearly, &, is an n-dimensional subspace of R'Hz. In
applications, as evidenced later in this paper, it is desirable
to find a basis, or better an orthonormal basis of X,.

The Jury table can be used to construct the orthonormal
basis, see [2], [4] and [22]. Recall the Jury table of a(z)
and for the rows r;, ¢ = 1,2,...,n, define polynomials

ri(z) = T2 2" P4 ) )

rn-1(2)

ro(z) =

T(n—1)0% + T(n—1)1

Tno-

Since a(z) is stable, rio > 0, |rio] > |1in—yl, fori =
1,2,...,n. We can define

/T00
a; = ) k”L =
Ti0

Theorem 1 The functions E;(z) = «; Z((j)) ,
form orthonormal basis of X,.

Ti(n—1)

Ti0

,i=0,1,2,...

;N

1=1,2,...,n.

III. HANKEL OPERATOR AND COMPRESSED HANKEL
MATRIX

Hankel operators find various applications in engineering
problems such as in model reduction and optimal control.
Analysis and description of the Hankel matrix, the Hankel
singular values and Schmidt pairs are the key for these
applications and are studied in [1], [8] and [6].

Since the Hankel matrix is an infinite dimension matrix, it
is not convenient for practical computation. We will define a
compressed Hankel Matrix which has only finite dimension.
It will be shown later in this paper that this compressed
Hankel matrix is very useful in solving the Nehari and
Hankel approximation problems.

Let P, : Lo — Hy and P_ : Ly — Hjy denote the
orthogonal projections such that

Py ( > f(k)2k> =
k=—oc0

P_ ( > f(k)zk> =
k=—o0

> fk)zH,
k=0

i f(k)z"k.

k=—o0
Let J : Lo — L5 denote the reversal operator and S : Lo —
Lo denote the backward shift operator such that

JF(z) =
SF(z) =

F(z

Clearly J and S are both unitary operators. For any F(z) =

zgz; € X,, we have

Definition Given a stable system with strictly proper
transfer function G(z), the associated Hankel operator
Tc : Hy — My is defined by

PaU(z) = Pr(G(2)U(2)), U(2) € Hy.
It is well-known that I'¢ is a finite rank operator when
G(z) is rational.

Lemma 1 [6] Let G(z) = Z(—?) be a strictly proper
stable transfer function. Then
Im FG = SX(L,
(Ker Te)t = JA,.

The Hankel operator I' is the orthogonal direct sum of
a zero operator and a compression of I'¢ mapping JAX,
into SAX,. Everything interesting about it is contained in
the compression.

This compressed Hankel operator can be represented
by a matrix if we choose a basis in (Ker I'g)” and a
basis in Im I';. Note that both (Ker Fg)L and Im I'¢ are
isomorphic to X,. Hence we can use the orthonormal basis
of X,

E(z) :=[ Ei(2) Ea(2) En(2) ]

defined in Theorem 1 to form an orthonormal basis in
(KerHg)™

E(z") =[ Ei(z"") Ea(z7) En(z71) |
and one in ImHg

We call the matrix representation under this basis Com-
pressed Hankel Matrix and denote it by Hg. The singular
values of Hq are the Hankel singular values of G(z) and
are denoted by o1, 02, ..., o,. We assume that

012022 "2 0p.

The largest singular value is called the Hankel norm of G(z)
and is denoted by |G (%) m. Let (u;, v;) be a left and right
singular vectors of Hg corresponding to o; and let

Ui(z) = E(z Yu
Vi(z) = zE(2)v.

Then (U;(z), V;(2)) is a Schmidt pair of I' corresponding
to o;.

We are interested in computing the Hankel singular
values and Schmidt pairs of I'g, the key is to find Hg

from G(z) = 28
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z™ (2)

For any U(z) = =) € J X
_ b(z) 2™(2) | _ b(z) z~(2)
o0 =P 5] =P [
Define a new operator 7" : SX, — SX, by

() _, [0

Tt erelt @
Note that

()] [286), ] 2BG)

P [ a(2) ] = { az) ”] a(z) <

where ~y is some constant and ((z) is a polynomial with

deg 3(z) < n. Hence TZG(S) € SX, and T is well defined.

Then
ixw(z - leN(z) i =
) ‘P+[ a(z)y b2
Let -
F(z) = 22 S pryat,

Let us also define a unitary mapping K : X, — X, by

o(z) _ 27 (z)
K za(z)

bl

a(z)
then we have
a™(2) _ z™(2)
~(2) = F(T)SKJQN(Z) .

We denote the matrix representation of 7, K under the
above basis by Tr, K. Then we get the following theorem.
Similar result can be found in [22].

I'e

Theorem 2 Construct the Jury table of a(z). Define matrix
A as in (10) and M as:

1719 0 0
M= 1711 Q2720
0
A1T1(n—-1) @¥2T2(n-2) AnTno
Then
(1)
0 1
Tp=A Kgp=M"1 | M; (5)
1 0
(2)
0 1
He = o~ (A 'p(A)M! L | M (6)
1 0
0 1
= 7rj(A) " hA)M M.
1 0
where

ri(z) = 2" e (27,
The adjoint Hankel operator I'}, : Hy — Hj is given by
HLU(2) = P_(G(z" YU (2)), U(z) € Ha
and

ImTy =
(Ker T): =

J Xa,
SX,.

Corollary 1 The adjoint Hankel operator I'f, satisfies

Ts = SJTGSJ. (8)

Remark 1 : Corollary 1 implies that the compressed matrix
representation of I';, is also Hg. By definition, the matrix
representation of I'f, is the transpose of that of I'. Hence
H¢g must be symmetric.

Since Hq is symmetric, it is easy to show that
Ui(2) = e2Vi(271) = eSJTVi(2) 9)

where ¢ = lore = —1. This fact may offer some
simplification in the computation.

—koky al/a2

—kok2a1/042 —kiko

A=

_koknflal/anfl

—koknal/an _klkna2/an

_klknfloéQ/Oénfl

0 0

0 0

. (10)
_kn72kn71 O‘nfl/an

_kn72knan71/an _knflkn
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IV. OPTIMAL AND SUBOPTIMAL NEHARI PROBLEM

In this section, we apply the materials in the last section
to the solutions of the optimal and suboptimal Nehari prob-
lem. The Nehari problem [16] plays an important role in
robust and optimal control, it is an approximation problem
with respect to the L., norm: Given a stable strictly proper
system G(z) = %, find Q(z) € Hoo to minimize

IG(=™) = Q(2) |-

The following theorem is well-known [1], see also [6], [21].

Theorem 3 Ler (Ui(z),Vi(z)) be the Schmidt pair
of Hg corresponding to the largest Hankel singular value
o1. Then

IG(=™) = Q(2)llow = 01,

min
Q(z)e€Hw

and the unique minimizing Q(z) is given by

-1 Vi(z"h)
Qz)=G("") — o Uiz 1)

Since the Hankel singular values and Schmidt pairs can be
obtained using the orthonormal basis constructed from the
Jury table, a computational method for solving the Nehari
problem is thus obtained.
The key point of Nehari’s theorem is that the lower bound
of [|[G(271) — Q(2)||~ is achievable, i.e., there exists a
Q(2) € Hoo such that ||G(2)||lg = [|G(z71) — Q(2) | co- If
however, we look for a Q(z) € Heo such that [|G(z7!) —
Q(2)]|eo < v with ||G(2)|lx < 7, then Q(z) is called a
suboptimal Nehari complement of G(z71).

The suboptimal Nehari problem is to characterize all
suboptimal Nehari complements of a given G(z~1) and is
studied in [5], [3] and [7], the methods in these papers are
all related to the state space system theory. Our approach
to the solution will be based on the orthonormal basis and
the compressed Hankel matrix I'g in Theorem 2.

We also define the entropy of F'(z) as

2 e
In[1 — 4y 2F(e77*)F(e’*)]dw.

—T

Theorem 4 Let G(z) = % € Hoo be rational, strictly
proper and |G(2)||g < 7. Expand G(z) as

G(z) = E(2)p
and let

a = \/1+6’(721—H(2;)—1ﬁ (11)
X(z) = 7E()(¥*I-HZ) 'B/a (12)
Y(z [1+2E(2)Hg (v — HE) ']/ (13)

(1) Define

_ | Vu(z) Vaa(?)

vo=[ng e

where
Vin(z) =Y (') —77'G () X(2)
Via() = X ) GEY ) )
Vai(z) = X(z)
Vaa(z) = Y(2)

Then the set of all Q(z) such that |G(z71) — Q(2)]|ec <7
is given by

{Q(2) = 7LV (2), R(2)] : R(2) € Hoo, [|R(2)[loc <1},

where
~ Viu(»)R(z) + Via(2)
VL RO = 3, GRG) + Vaalo)
(2) Define
_ | Pu(z) Pua(2)
P(Z) o |:P21(Z) PQQ(Z):|
1 [UGR) 1
- vV x|
with
U(z) = X(z)=1'GE""Y(z) a7

Then the set of all Q(z) such that |G(271) — Q(2)|leo <
is given by
{Q(2) = =7 F[P(2), R(2)], R(2) € Hoo, [ R(2)]|00 < 1},
where

F[P(2), R(2)]

= Pll(Z) + P12(Z)R(Z)(I - PQQ(Z)R(Z) 1P21(Z).

)
(3) By setting R(z) = 0, the unique Q(z) satisfying
IG(z™1)=Q(2)||eo < 7 Which minimizes Z|G(271)—Q(2)]
is given by

Q(2) = —YV12(2)Viy ' (2) = =7 P11 (2).

and (ot
G - Q) =y
Example 1
For ) N
b)) 224 0.5
Gl2) = a(z) 224422405

We wish to find all Q(z) € Ho such that ||G(z271) —
Q(2)lloc <y with y = 8.
Construct the Jury table, we can get

2/3
Oé()Zl,Oq:T\/_,a222\/§
2V/2
k0:0.5,k1:%,k2:1
V3/22 +6/32 V3/6
Byz)= YI2EH VO3 gy V6
2242405 224+v240.5
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and

“fSels

and

1.8856
-3.3333

—-3.3333

Hg = [ 5771 ] o1 = 6.2925.

Now let
0.43z2 4+ 0.2

224422405
1.222 +1.372 + 0.42

224422405

X(z) =

So, V(z) =
0.8322 + 1.50z + 0.60
224422405
0.43z 4+ 0.20
22+ 22405
and P(z) =

0.2422 +0.14z
224422405
1.202%2 4+ 1.372 + 0.42
22422405

b

224422405
1.2022 +1.372 + 0.42

0.242% 4 0.142
1.202%2 +1.372 + 0.42
2 +v2z+05 0.43z + 0.20
1.2022 4+ 1.372 4+ 042 1.2022 + 1.37z + 0.42
By setting R(z) = 0, the unique Q(2) satisfying |G (z~1)—
Q(2)||ls0 < 8 which minimizes Z[G(271) — Q(z)] is given
by

0.2422 +0.14z

Qe =8z i3 1 002

Note that when v = oy, ¥?] — H2 becomes singular
and its inverse doesn’t exist. Hence we couldn’t get the
optimal solution by just let v+ — o7 in the suboptimal
solution. That’s the reason why the solutions to optimal
and suboptimal problems are so different in their formulas.
The same gap exists for the state space solutions. We will
give an alternative algorithm which gives the optimal and
suboptimal solution in one unified formula.

Theorem 5 Let G(z) = % € Ho be rational,
strictly proper and ||G(2)||g < . Expand G(z) as

G(z) = E(2)B
and let
a = /1-p (2 - (AHg)?) 1 (19)
X(z) = 7E(z)(y*I - (AHg)*)™' (20)
Y(z) = 1+ E(z)AHc(y’I - (AHG)*)™'8 (1)

Define

_ | Pu(z) Pia(z)
P(z) = {Pm(z) ng(z)}
_ 1 U(z) a
= Yo | e —X(z)}’ (22)
with
Uiz) = X(H=7'GE"NY(z) (23

Then the set of all Q(z) such that |G(271) — Q(2)|lee <
is given by

{Q(2) = FIP(2), R(2)]; R(2) € Hoos [[R(2)]l00 < 1},

where
F(P(2), R(2)]
= Pu(Z) + P12(Z)R(Z)(I — P22(Z)R(Z))_1P21(Z).
Example 2
Consider the same system
Cb(z) | V22405
O =) T m v r0s

We wish to find all Q(z) € Ho such that ||G(271) —
Q(2)|loo <~ with v = 8 and v = 6.2925 = 0.

From Example 1 and Theorem 5, for v = 8, we get
a = 0.83 and

0.432 + 0.2
X(z) = 0832222 t02
22422405
1.222 +1.372 + 0.42
Y(z) = oggitlsrzt
22 4+4/22+0.5
and P(z) =
0.2422 + 0.142 224224 0.5
1.2022 4 1.372+ 042  1.2022 + 1.37z + 0.42
22422405 0.43z + 0.20

12022+ 1.372 4+ 042 1.2022 + 1.37z + 0.42

Note that P(z) is exactly the same as in Example 1.
For v = 6.2925 = 01, we get a = 0 and

z+0.5 1
Xz = ——— =Ui(z
Q 22 +2240.5 1z
22 +0.52
Y(2) = — =Vi(2),
=) 22422405 1)

where (Uy(z),Vi(z)) is the Schmidt pair corresponding to
1. SO,

0.84z + 0.5 0
224+ 0.52
P =
(2) . | 0432 +0.2
22 + 0.5z
and
X(z71)

Q(z) = —vPui(z) = G(z7") —~ Y0
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Hence,

667 - Q@ =7 [T =

‘ o0

and @ is the optimal solution of Nehari problem.

V. OPTIMAL AND SUBOPTIMAL HANKEL NORM
APPROXIMATION PROBLEMS

In this section, we will study the optimal and suboptimal
Hankel norm approximation problems. We first take a
look at the optimal Hankel norm approximation problem.
Given a stable system with strictly proper transfer function,
we want to find a strictly stable lower order system to
approximate the high order system so that the Hankel
norm of the error is minimized. The solution is given by
the following known theorem.

Theorem 6 Let (Upt1(2), Viy1(2)) be the Schmidt
pair of Hg corresponding to (k + 1)-st Hankel singular
value oj1. Then

IG(2) = G(2) | = ows1,

min
order G(z)<k

and the stable minimizing G(z) is given by

el .,

G(z) =G(z) — Py |:O'k+1 Uri(2)

where c is any constant.

The minimum to the Hankel norm approximation is
or+1, If however we look for a stable G(z) with
order G(z) < k such that ||G(z) — G(2)|lz < v with
Ops1 < 7y < 0k, then G(2) is not unique. The suboptimal
Hankel norm approximation problem is to characterize all
such G(z) for a given G(z). This problem is also studied
in [9], [3], [8].

The solution to this problem is closely related to the so
called Nehari-Takagi problem, see [9] and [3]. It is known
that solution Q(z) to the Nehari-Takagi problem is given
by the same formula as in the suboptimal Nehari problem,
but Q(z) doesn’t belong to H., anymore, Q)(z) will have
precisely k poles outside the unit disk.

Replacing z by 271, it’s easy to get the solution to the
suboptimal Hankel approximation problem.

Theorem 7 Let G(z) € Heoo be rational, proper and
with singular values o1 > o9 > > o, also let

op+1 < v < 0ok Then the set of all stable é(z) with

order G(z) < k such that
IG(z) = Gl < v

is given by

G(z) = P[Q(="N] +e¢,

where Q(z) is given by Theorem 5 and c is any constant.

VI. CONCLUSION

Compressed Hankel matrix is given by using orthonormal
rational functions constructed from the Jury table. The
solutions to the optimal and suboptimal Nehari problems,
the solutions to the optimal and suboptimal Hankel approx-
imation problems via the compressed Hankel matrix are
given.
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