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Abstract: In this paper, a new methodology to design robust sliding-PID tracking motion controllers for a 

certain class of nonlinear systems is presented. The methodology is based upon the combination of the 

conventional PID control, sliding-mode control in Filippov’s sense, and relative degree concepts. The 

tracking of desired motion trajectories is performed in the presence of nonlinearities, modeling 

uncertainties, and external disturbances. The proposed methodology is successfully applied to the pitch-
axis autopilot design for a tactical missile. High-level performances, robustness, and fast convergence of 

the closed-loop system are guaranteed. 

Keywords: missile autopilot, PID controller, relative degree, robustness sliding mode control. 



1. INTRODUCTION 

 

Although the modern controllers such as LQR, LQG, H 

control, and -synthesis have been successfully applied in 
many areas, it has been recognized that the majority of the 

controllers used in control and guidance of industrial 

processes and engineering systems are still the Proportional-

Integral-Derivative (PID) controllers. This is due to their 1-) 

simple structure from both mathematical and computation 

point of view, 2-) easy implementation, and 3-) adequate 

performances. However, tracking with conventional PID 
controllers over the operating range of highly nonlinear 

uncertain systems is difficult to achieve and excellent 

performances can not be met. In other words, for such 

systems conventional PID controllers lack their credibility, 

reliability, and robustness. 

 

On the other hand, Variable Structure Control (VSC) has 

been emerged as a powerful methodology to design robust 

control systems and to guarantee finite time stabilization of 

engineering systems over their operating ranges. Using 

nonlinear control laws, Sliding Mode Controllers (SMCs) 
have been obtained with robust accommodation of modeling 

uncertainties, external disturbances rejection, and ability to 

compensate for unmodeled dynamics. Many interesting 

SMCs have been proposed for the guidance and control of 

complex systems such as aircrafts (Levant et al., 2000; 

Chaudhuri et al., 2005), spacecrafts (Wu et al., 2009; Lincoln 

and Veres, 2010; Yeh et al., 2010), and missiles (Thukral and 

Innocenti 1998; Zhou et al.,  1999; Shina et al., 2006; Parkhi 

et al., 2010; Kada, 2011).  

 

In order to overcome the limitations of traditional PID 

controllers for regulation tasks and to keep the main 
advantages of SMCs for improved system’s performances, a 

new methodology that combines PID control with standard 

sliding mode control in one approach has been recently 

proposed and applied to engineering systems such as DC 

motors (Fallahi and Azadi 2009), robots (Zhang et al., 2010; 

Piltan 2011), and missiles (Congying et al., 2008; Tang et al., 

2010). The obtained nonlinear-PID controllers show  

improved performances. But as for most of them, the design 

is restricted to the case for which the relative degree is equal 

to one, these controllers are unable to efficiently remove the 

chattering effect which is the main drawback of first-order 

SMCs (Levant 2010) and to cope with heavy modeling 
uncertainties. 

 

In this paper and different from the conventional approach, a 

new methodology to design variable structure PID controllers 

is proposed. The design combines conventional PID control 

law with discontinuous sliding modes in Filippov’s sense 

(Filippov 1988) to guarantee: 1-) high-level closed-loop 

system performance and stability objectives, 2-) robustness 

against modeling uncertainties and external disturbances, and 

3-) chattering extinction. The discontinuous feedback control 

is designed based upon the relative degree concept and the 
system stability is proven using the Lyapunov theory. We 

note that the discontinuous sliding modes in Filippov’s sense 

are largely used in the design of modern SMCs such as 

integral sliding modes (Defoort et al., 2006) and higher-order 

sliding modes (Levant, 2005; Plestan et al., 2007).  

 

The remaining part of this paper is organized as follows. 

Section 2 states the problem and explains the proposed 

methodology and its design concept. Section 3 is devoted to 

the application of sliding-PID controllers to the design of tail-

controlled missile autopilot. A nonlinear model that governs 

missile longitudinal dynamics and simulation results are also 
presented in section 3. A summary of the present work and 

concluding remarks are given in section 4. 
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2. VARIABLE STRUCTURE PID CONTROLLERS 

DESIGN 

 

The selection of the sliding manifold  , also called output 

constraint, is the crucial and most important step of SMCs 

design. The freedom in designing this manifold yields 

different controller structures. Generally,   is chosen to be 

the tracking error        where   is the system output 

and the subscript ‘d’ denotes the desired signal. However, 

relating the design of   to the relative degree of   improves 

the system’s performances and removes or considerably 

attenuates the chattering effect (Isidori 1995; Levant 2005; 

Kada 2011). Hence, we propose new sliding-PID structures 

that contain higher-order time-derivatives of the conventional 

tracking error. In the sequel, two sliding-PID controllers are 

designed, and then some structural properties of the closed-

loop control, system stability, and robustness issues are 

discussed. 

 
2.1 Problem statement 

 

Consider an arbitrary minimum-phase nonlinear Single-

Input-Single-Output (SISO) system subjected to different 

uncertainties and disturbances 

  
                                   

                                                          
                

 

where      is the state vector,     is the control input, 

and     is the system output. The nonlinear mappings 

           and            are sufficiently smooth 

functions that correspond to the nominal part of the model 

(1). The function           is a smooth continuous 

measurable or observable signal. The vector           

includes modeling uncertainties, unmodeled dynamics and 

additional perturbations such as delays, and measurement 
noises introduced by sensors and actuators. The system is 

supposed to be operated over a compact set       that 

denotes its operating space. We now introduce some 

assumptions, required for the design methodology. 

 

Assumption 1: All the states              are supposed to 

be directly or indirectly actuated by the control input, the 

output   is supposed to be measurable (or observable) for all 

time     with constant and known relative degree   
  over  , and the control input   is supposed to be bounded 

by some constants  

                                             

 

Assumption 2: There exists a set of known positive scalars 

   such that the vector   and its successive time-derivatives 

                 are bounded in Euclidean norm over 

the set   

                                                  

 

where      ,      is the kth time-derivative of  , and  

          denotes the Euclidean norm of a given vector 

 . 

 

Assumption 3: The dynamic system (1) is operated under 

bounded uncertainties and disturbances. Hence, there exists a 

known positive scalar      such that the vectors   is 

bounded in Euclidean norm (i.e.          . 

 

Assumption 4: The rth-time derivative      satisfies the 
following equation ((Isidori 1995) 

 

                                                             

              
   

   
                 

                      
          

                     

 

       is an unknown continuous upper-bounded function.    

 

Assumption 5: The desired output signal       is a 

continuous function of time and is differentiable to a 

necessary order equals to r. Further, it is assumed that       

and its successive-time derivatives are uniformly bounded 

trajectories  

   
                                       

 

2.2 Sliding-PID controllers design 

 

The focus is now on the design of manifolds 

                  and controllers                    which 

force these manifolds to converge to zero-level and keep 

them on it for further time in spite of model uncertainties, 

external disturbances and measurement noises. Based upon 

the assumptions above, two manifolds are constructed using 

the relative degree of the tracked output, and two sliding-PID 

topologies are proposed as follows. 

 

A. 1-cell feedback topology 
 

The first sliding-PID topology is a 1-cell control scheme 

where an augmented PID structure that includes higher-order 

derivatives of the tracking error is proposed 

 

  
                                 

        
     

            
 

  

    

 

where   
  is supposed to be bounded continuous function, 

                  are design parameters, and   
      

are the Lie derivatives. The following block diagram depicts 

the main feature of the 1-cell sliding-PID controller where the 

control input   is considered as a signum function of   
  

given in (7). 

 

 
Fig. 1  Block diagram of the 1-cell sliding-PID controller 
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Theorem 1: Consider the dynamic system (1) and the sliding 

manifold (7). If the assumptions 1-4 are fulfilled by the 

system dynamics and the targeted trajectory       satisfies 

the assumption 5, the following sliding-PID controller  

  

  
            

                                    

 

guarantees the convergence to zero of the manifold 

  
                 provided that the constants   ,   ,    and 

the switching gain    are properly selected to fulfil the 

following gain function 

  
                             

                      

                            

 

     

          
     

(For proof see appendix A). 

 

B. 2-cell feedback topology 

 

The second sliding-PID topology is a 2-cell control scheme 

that combines a conventional PID controller with 

discontinuous sliding mode controller as shown in Fig 2. The 

sliding manifold is chosen to be a signum function  
 

  
                       

       

 

     

                         

 

 
Fig. 2  Block diagram of the 2-cell sliding-PID controller 

 

Theorem 2: Consider that the assumptions (1)-(5) are 

fulfilled, for any initial state      the following controller   

 

  
                                

 

  

                                              
                 

        

 

assures that the solutions to the closed-loop system (1) 

converge to the attractor    
   , provided that  

 
                                                        

             
    

    
       

 
        

     

 (For proof see appendix A). 

 
Remark 1: The controller structure (8) does not contain the 

conventional sliding mode equivalent control term. This 

means that the controller forces the system output to track the 

desired trajectory without reaching phase.  

Remark 2: As in case of higher-order sliding mode 

controllers (Levant, 2005), in the absence of full system 

dynamics knowledge the control problem can be formulated 

in terms of a finite time output regulation problem (i.e. input-

output stabilization problem) producing an output-feedback 

control.  

Remark 3: In contrast to the traditional PID controllers, the 

proposed sliding-PID (8) and (11) completely compensate the 

effects of modeling uncertainties, external disturbances, and 

measurement noises from the beginning of the process 

provided that these uncertainties and disturbances are 
bounded.   

Remark 4: The condition (5) excludes any singularity of the 

controllers (8) and (11).  

Remark 5: The controllers (8) and (11) make the error   and 

its successive time-derivatives                 vanish 
in finite time.  

Remark 6: The quadruplet of gains               and the 

set of coefficients    together constitute the sliding-PID 

design parameters. The presence of the gain    reduces 

considerably the controller parameters tuning process. Once a 

set of parameters    and a triplet            are selected, the 

tuning could be limited to the gain    only.  

Remark 7: In order to smoothen the chattering effect, the 

signum function in the control laws (8) and (11) could be 

approximated within a narrow boundary layer   around the 

switching manifolds   
  using saturation function (Slotine 

1991) or min function or (Levant 2005). 

 

 

3. SLIDING-PID CONTROLLER TO PITCH-AXIS 

MISSILE AUTOPILOTS 

 

Our control objective is to design sliding-PID controllers for 

the pitch-axis missile dynamics such that an fast and precise 

tracking of a desired output is guaranteed over the operating 

range of the missile. For this purpose, we start this section by 

deriving an adequate pitch-axis missile model, and then we 
apply the proposed methodology to design two pitch-axis 

missile autopilots.   

 

3.1 Longitudinal missile dynamics 

 

The missile model used here is a pitch-axis model for a 

generic tailed-controlled missile used in many longitudinal 

autopilot design studies (Reichert 1992; Robert et al., 1993; 

Xin 2008; Kada 2011).  

 

       
     

             
 

  
                         (13) 

              
 

   
                                                  

             
 

   
                                               

       
                                                                         

 

where  ,  ,  , and   denote the Mach number, Angle-Of-

Attack (AOA), flight path angle, and pitch rate, respectively. 

The aerodynamic coefficients    and    are estimated from 

wind-tunnel measurements as follows 
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Description and numerical values of various aerodynamic 

coefficients, physical parameters, system performance 

requirements, and control constraints are provided in (Kada 

2011). The state vector that corresponds to the model (13)-

(16) is                 , and the control input is the tail-

fin deflection       . As the effect of the    on the 

aerodynamic force coefficient    is negligible (Devaud et al., 

1999), the vector      is reduced to  

 

                         
                                        

 

Since         , both controllers (9) and (12) are non 

singular controllers over the operating range of the missile. 

 

3.2 Pitch-axis autopilot design 

 
It is shown in the previous section that the controller 

topologies are related to the influence of the control input on 

the dynamics of the tracking variable, and to the relative 

degree of this variable. Considering the case of    , the 

relative degree vector is equal to              . All the 

states in the model (13)-(16) are measurable or observable 

functions. 

 

A. AOA sliding-PID Autopilots  

 

With relative degree      and tracking error         , 

we find 

  
                                   

 

  

     

  
                                      

 

In order to evaluate the performance, efficiency, and agility 
of the controllers (8) and (11), the missile is subjected to 

periodic and sudden change in commands in terms of AOA 

patterns as shown in Fig. (3). 

 

(a) 

 

 

 

 
(b) 

Fig. 3. Time history responses and tail-fin deflections 

corresponding to desired A.O.A paths: (a) path with sudden 

changes, (b) sinusoidal path. 

During the gain-tuning procedure, we have found that the 

controller (8) is more flexible than the controller (11).  

 

B. Velocity-hold sliding-PID Autopilots 

Both Mach number   and path angle   have a relative degree   

   . In many missile autopilot designs the output   is used 

as speed tracking variable. In this case and with   
      , the dynamics of the sliding manifold (7) is given 

by 

  
                     

  

                                        
              

 

  

        

 

In this scenario, the system is forced to maintain a desired 

velocity for long a certain period of time with presence of 

modelling uncertainties in aerodynamic coefficients a-) 75% 

under and overestimation, and b-) sinusoidal variation of the 
form 

                                                            
 

where    is an aerodynamic coefficient,      is the nominal 

value of   , and  ,    are constants. 
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(a) 

 

 

 

(b) 

Fig. 4. Mach number, tail-fin deflection, and sliding manifold 

corresponding to a velocity-hold command: (a) modeling 
parameter variations, (b) sinusoidal variation of parameters. 

We note that all the simulation scenarios were run in Matlab 

environment. 

4. CONCLUSION 

 

In this paper, a new methodology to design sliding-PID 

controllers that assure consistent performances and present 

high robustness and abilities to cope with uncertainty and 

disturbance conditions has been proposed. Computer 

simulations proved that the designed sliding-PID controllers 

for missile pitch-axis autopilot achieve robust performance 

and stability in the presence of bounded modeling 

uncertainties. Both controllers assured fast convergence with 

chattering free sliding mode characteristics.  With such 

motion tracking capabilities, the proposed control 

methodology promises the realization of high-performance 

robust controllers.  
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Appendix A 

 

The variable structure controllers (8) and (11) are constructed 

such that the  -reaching condition              is fulfilled 

with      . Assuming that the system (1) is known, the 

full state is available (i.e., all the states are measurable or 

observable variables) and the output              , the 

theorems 1 and 2 are proven as follows. 

 
A.1 Proof of theorem 1 

From (7), the time-derivative of   
  is defined as 

 

   
              

                             

                                        
         

      
     

 

Using (4) we write 

 

   
                       

                           

with  

                                     

                              
 
              

            

 

If   
   , the stability of the system is checked as follows 

 

          
    

                                                                                        

    
           

   
                                                     

   
              

       
   

                                 

     
                   

   
                              

     
                                    

  

                               
 
                           

        
                                                                                        

 

 

provided that  
                             

  

                        

 

     

          
         

 

A.2 Proof of theorem 2 

From (10) and (4), the time-derivative of   
  is found to be 

 

   
                      

                        

with                    
    

    
     

                                        

 

If   
    and          

 

  
    , we find 

 

          
    

                                                                                                      

   
               

   
                                                                

   
                        

        
   

                           

     
                            

   
                              

      
                                   

                                  

                   
    

    
       

 
                              

      
                                                                                                            

 

 

provided that 
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