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Abstract: This paper deals with a design problem of an adaptive PID control for discrete-
time systems with a parallel feedforward compensator (PFC) which is designed for making the
augmented controlled system ASPR. A PFC design scheme by a FRIT approach with only using
an input/output experimental data set will be proposed for discrete-time systems in order to
design an adaptive PID control system. Furthermore, the effectiveness of the proposed PFC
design and an adaptive PID control method will be confirmed through numerical simulations

for an uncertain discrete-time system.
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1. INTRODUCTION

PID control is one of the most common control schemes
and it has been applied to many industrial process and me-
chanical systems. However, when there are some changes
of system properties, because most PID parameter tuning
is done off line, it is difficult to maintain the desired control
performance and stability during operation. Therefore, a
great deal of attention has been focused on auto-tuning
and adaptive PID method (Astrom and Higglund (1995);
Chang et al. (2003); Kono et al. (2007)). Recently, an
auto-tuning and an adaptive PID control strategies based
on the almost strictly positive real (ASPR) property of
the controlled system have been proposed (Iwai et al.
(2006); Tamura and Ohmori (2007)). These adaptive PID
schemes based on the ASPR property of the system can
guarantee the asymptotic stability of the resulting PID
control system. Unfortunately, the ASPR conditions are
very severe restrictions for practical applications of the
adaptive PID control. To overcome this problem, an in-
troduction of the parallel feedforward compensator (PFC)
has been proposed (Iwai et al. (2006); Mizumoto et al.
(2010)). This method fulfills the ASPR conditions of aug-
mented system which consists of the plant and the PFC
by designing the PFC accordingly. It has been proposed
several methods how to design such a PFC. jhowever,
most of the methods need a priori informations of the
controlled plant in order to design the PFC. To obtain
a priori informations of the plant, we need to derive the
system model or do experiment several times. This is time-
consuming task and becomes a problem when considering
the time and costs. From this reason, recently, PFC design
method via fictitious reference iterative tuning (FRIT)
approach has been proposed for continuous time system
(Mizumoto and Tanaka (2010A); Mizumoto and Tanaka
(2010B)). FRIT method can optimizes controller param-
eters for the uncertain plant from only one shot experi-
mental input/output data without using the plant model
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Fig. 1. Closed-loop systems

(Kaneko et al. (2010)). By applying FRIT method to PFC
design, PFC parameters could be optimized without using
a priori informations.

In this paper, we present a PFC design through FRIT ap-
proach for discrete-time systems and propose an adaptive
PID control system design for discrete-time systems with
a PFC designed via FRIT approach.

2. PFC DESIGN
2.1 Problem Statements

Consider a closed-loop system for a single input/output
system G with a controller C(py) and a PFC H(py),
which are parameterized by p = [pcT py )T, as shown in
Figure 1.

The controller and the PFC with the parameter
p=[pct pyt]T are satisfies the following assumptions.
Assumption 1. H(py) =0 with py = 0.

Assumption 2. C(ps) = per(constant) with

pc = [pc1,0,---,0]".

In this case, the closed-loop system from r to the aug-

mented output y,(p) with a controller C'(p~) and a PFC
H(py) can be expressed by

__(G+H(py))Clpc)
Gac(p) = 17 (G + H(I;H))C(CPC) m
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Here, we assume that one can obtain an input/output data
set {uo(k),yo(k)} for appropriate controller C(psq) and
PFC H(py) with parameters p, = [pco? pro’ )t . Under
this statement, the objective here is to obtain a PFC which
renders the augmented system with the PFC ASPR.

To this end, we first consider a desired SPR system:

Gspa” (2)
T

Yspr =
and then consider to find a parameter p = [poT py7]
which minimizes the error between SPR model out-
put yspr and the obtained augmented system’s output
Ya(p, k). That is, to find a parameter p = [poT pyT]*
which minimize the following performance function:

N
2
J(P) =D (e (P.K) = Yspr) (3)
k=0
is objective. However, this performance function cannot be
obtained directly, because the plant model G is unknown.
Therefore we adopt FRIT approach to the parameter
tuning.

2.2 PFC Parameter Tuning by FRIT Approach

In order to achieve the objective of PFC design by using an
input/output data set {ug(k), yo(k)}, here FRIT approach
is considered.

The following relation is satisfied for any parameter vector
p=Ilpc" pu"]":
Clpc) (r* (ps k) = yao (p, k) = uo(k) (4)

where yq0(p, k) is the augmented output with the PFC
output H(py)uo(k):

Yao(p, k) = yo(k) + H(pg)uo(k) (5)
This leads

r* (p7 k) = C(pc)iluoag) + yaO(p7 k)

=C(pc) tuo(k) +yo(k) + H(pg)uo(k) (6)
r* (p, k) obtained from (6) is called ‘fictitious reference
signal’. Taking this signal 7*(p, k) as a reference signal,
the control system in Figure 1 with controller and PFC
of any parameter vector p gives the input ug(k) and the
outputyo (k).

Now, impose the following assumption.

Assumption 3. There exists an ideal parameter vector
pq = [pLy pL T with poy = [K*,0,---,0] such that the
obtained closed-loop system with the controller C'(psy) =
K* and the PFC H(py,)can be expressed by the given
SPR model G That is,

(G+ H(pya)) K~
L+ (G+ H (pyy)) K+

SPR"

G

(7)

SPR —

Then, considering the fictitious reference signal r*(p,, k)
for the ideal parameter vector p,, we have

(G+H (pua)) K~
k)= ok
yaO(pd ) 1+ (G +H (pHd)) K*r (pd )
=Ggppr" (Par k) (8)
Thus, from (6) and (7), the signal y,0(pg, k) in (8) can be
obtained by

WeA2.1

yaO(pd; k) - GSPR r* (pdvk)

= Gpp (K" Muo(k) + yo(k) + H(pya)uo(k)) (9)
Furthermore, from (5) and (9), we have that

y0(k) = yaol(pa: k) — H(prza)uuo (k)
=G (K oK) + yo(K) + H (pyyq) uo(k))

—H(ppq)uo(k) (10)
From this relation in (10), we define a virtual output
g(p, k) for the system with a controller and a PFC with a
parameter p as follows by using the input/output data set

{uo(k),yo(k)}

(P, k) = Gypn(C (o) uo(k) + yo(k) + H (pgr) uo(k))
—H(pg)uo(k) (11)

Pc = [ﬁclaov T 'aO]T
Then, consider minimizing the following performance func-
tion:

N
_ o 2
Jr(p) =Y (i (P, k) — yo(k))
k=0
The obtained optimal p, by this FRIT approach can be ex-
pected to guarantee the minimization of the performance
function given in (3) .

(12)

Now, consider a typical PFC:H(z) given as the following
nth compensator.
Cboz" 4 bz by

H
(2) 2P 4 a1z 4 Foay

(13)

Here, we approximate this PFC with n,,th FIR model as
follows:

H(z)=fo+ fiz7' + foz 2+ o+ fo, 27" (14)

Then the virtual output g(p, k) can be represented as

g(ﬁa k) = gTﬁ + GSPRyO(k) (15)
where € = [& & & - &n41]T, &o(k) = Ggppuo(k),
Ei(k)Tz (Gepp — Dug(k+1—i)and p=[K*"t fo f1 -

Nm

From (15), we obtain

4(p,0) &(0) &(0) -+ &, 4+1(0)
Hp.1) | | 6 6 - in@) |
(5, N) Eo(N) &1(N) -+ & 11(N)

+ (50522 (0) Y05 (1) - Yospn (V)]
= (I)ﬁ + YOSPR
where Yo pp (k) = Gopryo(k) and
YOSPR - [yOSPR (0) yOSPR(]‘) e

(16)

Yospr (N)]T :

Moreover, by defining Yo = [50(0) yo(1) --- yo(N)]",
the performance function Jr(p) can be represented as

N
JF(ﬁ) = Z (g (pa k) - yo(k’))2 = H(I,ﬁ + YOSPR - YOH2

(17)
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where Y = Yy — Yo,,,. Then, the optimal p, which
minimize the performance function Jz(p) can be obtained
by

Py = (@T@)_l 3’y (18)

2.8 The Robustness of The Designed PFC

The designed PFC must be supposed to render the aug-
mented system with the PFC ASPR if the performance
function was minimized. Unfortunately however, the ob-
tained closed loop system with the designed parameter
vector p does not perfectly match to the ideal SPR model
G, in a practical sense. The resulting augmented system
G, with the PFC H(py) can be represented by

Go=G+H(py) =G ,.(1+A4A) (19)
where G” _ . is the ideal ASPR model given by G*_ = =
G+ H(ppy), and A and A are defined as follows:

Ay =1-H(py) ' H(pya), (20)
A=G,,  Hipg) A 1)

For the ASPR-ness of the augmented system (19) with
a mismatch A has been investigated as in the following
theorem (Mizumoto et al. (2010)).

Theorem 1. The augmented system (19) is ASPR if
(a) G* is ASPR. (b)) A € RHy. (c) [|All < 1.0.

ASPR
It is apparent that the conditions (a) and (b) in Theorem
1 are satisfied for the obtained augmented system (19).
Thus, if the mismatch A between the ideal PFC H(py,)
and the obtained PFC H(py;) are sufficiently small, then
the resulting augmented system is ASPR even if the
designed parameter vector p does not perfectly match to
the ideal parameter vector p,.

Now, let consider the condition (c¢) under the Assumption
3. From the Assumption 3, the performance function (12)
would be as following.

Jep) =Y (G000 Hp) Jsti)]

k=0
(22)
Also, from (19), it can be represented as
N 2
Ie(0) = 3| (Garn - DHGAwunlt)] (23
k=0

Then, by applying the Percival theorem for discrete
Fourier transform, (23) can be evaluated as

Jr(p)
N

1
= 71

n=0
N

(GSPR (n) - 1)H(ﬁH7 n)AH(n)UO (n)

2

o ()|

(GSPR (n) - 1)H(ﬁH7n) (24)

WeA2.1
Here, g = ||Aglleo and ug(n) is discrete Fourier trans-
form of wo(k), ¥ = 0, 1, - N, that is, u(n) =
N

u(k)Wkn (W £ e_jf\?_L). Moreover, by defining
k=0

opi = [(Gspn(n) = 1) H(py, )l (25)
then, from (25), (24) can be evaluated by
N
Te(p) < 6u’dpu® Yy uo(k)? (26)
k=0
N
Finally, by defining 3, = Z uo(k)?, we have
k=0
52 > 2 (P) (27)
dpu" Pu

On the other hand, from (21), ||Al|« can be evaluated by

18lloe = G epn ™ Hpr)Arlloe < dgron  (28)
where dqcy = [G*, .. 'H(py)ll. This means that

dapdy < 1.0 is necessary condition to be ASPR. Now,
from (28), define the lower limit of dz as

SH _ JF(p)
\ 5P Bu

Then, at least dgrdy < 1.0 have to be fulfilled to be
dgudp < 1.0. From this, as an one of the standard, when
it is 6y > ——, a PFC have to be redesigned. *

ogH’

(29)

3. CONTROL SYSTEM DESIGN

In this section, we propose an adaptive PID controller with
an adaptive Neural Network (NN) feedforward control.
Consider a SISO discrete-time system G expressed as

x(k+1) = Az(k) + bu(k)
y(k) = c"x(k)

where z(k) € R" is a state vector, u(k) € R and y(k) € R
are the input and the output of the system, respectively.

(30)

Suppose that the reference signal y, (k) which the output
y(k) is required to track are generated by the following
exosystem:

wk+1)=A,w(k), y-(k) = cgw(k)

and impose the following assumption.

(31)

Assumption 4. There exist an ideal state x*(k) and an
ideal input v*(k) which attain perfect tracking such that
x*(k+1) = Ax*(k) + bv™ (k)

y(k) = eTa* (k) = yo(k) (32)

and they are given by functions of w(k) such as x*(k) =
m(w(k)) and v* (k) = c(w(k)).

L The condition dgrdy < 1.0 is the necessary condition that to
fulfill the condition (c) of Theorem 1. Also, Theorem 1 is the sufficient
condition that the control system would be ASPR. Therefore, there
exist ASPR control system which does not fulfill the conditions of
Theorem 1.
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For this system, consider the following PFC of order n,,
designed via FRIT:

mf(k + 1) = Afmf(k) + bfu(k)
ys(k) = cjag(k) + dyu(k)

The augmented system with the PFC can be presented by

(33)

x(k+1) = Az(k) + bu(k)
CBf(k' + 1) = Afa:f(k:) + bfu(k:)
Ya(k) = y(k) +yr(k)

Now consider an ideal control input with an ideal PID gain
0,, 07, 05, where 0, renders the closed loop system SPR.
S]{lCh a gain exists from the ASPR-ness of the augmented
system. The ideal PID control input with the ideal forward
input v*(k) can be designed as follows:

(34)

u* (k) =ul(k) +v* (k) (35)
uy (k) = —0peq — 0;{€ai(k — 1) +Te.(k)}

O3 {ealh) — eall— 1)} (30)
éa(k) - ga(k) - yr(k) (37)
€ai(k) =€ai(k — 1) + Te, (k) (38)

where 3, (k) = y(k) + y¢(k) and gy is a PFC output with
the input w}(k) in (32), thus

zp(k+1) = Agzp(k) + brug (k)
yr(k) = cfa@ (k) + dyul(k)

Unfortunately, the ideal PID gains and ideal forward input
v*(k) are unknown, and since the augmented ASPR sys-
tem has a direct feedthrough term of the input, a causality
problem will appear for realizing the controller. Then
we consider designing the controller adaptively without
causality problem.

(39)

First, we consider approximation of the ideal forward
input v*(k) by a radial basis function (RBF) NN. We
approximate v*(k) by the form of RBF NN as

Vnn (k) = WTS(w(k)) (40)
where W = [wy,- - -,w;]T € R' is the weight vector, [
is the number of NN nodes (weight number) and S(w) =
[s1(w), -+, si(w)]T is the radial basis function vector. This
basis function vector S(w) is generally designed by the
Gaussian functions such as

—(w—p)" (@ — )
m;
i=1,2
where p; = [fi1,- - -, pig)” 1s the center of the receptive
field and 7, is the width of the Gaussian function.

si(w) = exp (41)

]T

Under Assumption 4, it has been clarified that, for a
sufficiently large [ and a compact set Q,, C RY, there exists
an ideal constant weight vector W* such that (Zhang et al.
(2002))

W* £ arg min { sup [v* — W' S(w)[}

(42)
weR' we.

and thus the ideal input v*(k) can be approximated by

WeA2.1

o (k) = W S(w) + (), @) < e (43)
where €(w) is an approximation error. Then we impose the
following assumption.

Assumption 5. For a given NN nodes [, there exists an
ideal weight vector W* that satisfies (42) for all w € Q.

Next, from u}(k) in (36), the following equivalent input
u’; (k) can be obtained:

ug (k) = ugy (k) =~ 80 (k) — 6 2ai(k — 1)

e

1
el =)+l (4)
where
ea(k) = y(k) + @z (k) -y, (k) (45)
Oy = {1+ ds0;) 765, 05 = {1+ d;6;) "6
05 ={1+ds05} 105 (46)
* % 1 A% _
(k) == (10 + 1 ) @) ()
Further expanding (36), we have
* * * 1 * _
ug(k)=— (0, +T07 + Tad éq (k)
1
_ereai(k' - 1) + Té’;ea(kz — 1) (48)

and then the following equivalent input w5 (k) can also be
obtained:

ug (k) =ugy (k)
Nk A N 0% 1
= —9p2ea(k) —0%eqi(k— 1)+ GdQ?ea(k —1) (49)
where
5;2 ={1+d0pp} 0prp. 05 ={1+d0p,p} 0]
~ 1
Oi ={1+ds0p;p} 05, 0prp = 0, +T6; + fofz (50)

It follows that u} (k) = uly (k) = uly (k).

The actual control input is designed by adjusting the
equivalent input gains 07,, 0, and 6, in u3(k) and W* in
(42) as follows:

u(k) = —éT(k)i(k) +WT(k)S(w(k)) (51)

(k)= [éa(kz), Gicailk — 1), —%ea(k - 1)] (52)

The parameter adjusting law is given by

(k)

Ok — 1)+ Tz(k)e, (k) — ob(k)
a0(k — 1) + 6Tz (k)éq (k)

(53)

Qi

1
=——, 0>0,T=TT>0
l1+o
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W(k)=a,W(k—1) — 5,08 (w(k))éq (k) (54)

_ 1
O'n:m, O'n>0, Fn:FZ;>O

In this case, the augmented output error e,(t) can be

obtained from (34), (51) and (53) as

éalk) — 58" (k— 1)3(k)
14+ ad;2" T2(k)

ea(k) = (55)

by using available signals. This means that the proposed
adaptive PID controller can be designed without causality
problems.

4. STABILITY ANALYSIS

The error system with the control input (51) can be
described as

xa(k+1) = Acxa(k) + bo{u(k) + Au(k) + " (k) }
7l_)fA’U(k)
ea(k) = . @a(k )+df{~( )+ Au(k) +

where A, = A, —9 bc

p* ()} (56)
=(1- df9 el and

o (k) = Za(k) — @, (k)

Za(k) = [z(k)", 2 (k)"]"

ea(k) = Ja(k) — yo (k) (57)
(k) =—0feq;(k — 1)+ %OZea(k —1)

Au(k) =u(k) — u*(k), Av(k) =v(k) —v*(k)

This error system is SPR, thus there exist positive definite
matrices P = PT > 0,Q = Q7 > 0, vector I and w such
that the following Kalman-Yakubovich Lemma is satisfied.

ATPA, —P=-Q-1"
ATPb, = c. + lw

bl Pb, = 2d; — w? (58)
Now, consider a positive definite function V:
V(k) = Vi(k) + pVa(k) + pVs(k) + pVa(k)  (59)
where
Vi(k) = o (k)" Paa(k)
1. 1.,
Va(k) = f zleaz(k - 1)2 + ?leea(k - 1)2
vkazﬁ ( 17D Ak - 1) (60)
Vi(k) = o, AW (k)T " AW (k)
Here, define AV (k) as
AV(k)=V(k+1)—V(k) (61)

then AV;(k), AVa(k), AVs(k) and AVy(k) can be evalu-
ated as

AVi (k) < =p(Amin @] = 8Amaz [P))[|2a (k)2
2pea(k) k) + Aulk) + ()}

WeA2.1

g

zmﬂmg_{(;_ﬁg_w%xmm@fWAW@wg

On

—2Av(k)e (k)+—W*TF “twe

2
with 0 < § < 1 and positive constants &1, do. Thus, AV is
evaluated by

(62)

) fJagco]

—— Un) - 62} )\mam [F'El]

)‘ma:c[ ]Hbe

max

1 ) 2
y SLC M| O]

2

b {0 S = sl P16

2 ~xT ~ % 2
+p(g—102 16,05 + pg—ZW*Tr*alW*

1 (1 sz’
+ (PmaelPl o] )

1 _
5 Amaz[P] by " €2 (63)

where ||S(w(k))|| < Smaz and with positive constant ds.

Consequently, for appropriate design parameters, AV (k)
can be evaluated as

AV(k) < —aV(k)+ R, a >0 (64)

thus we can conclude that all the signals in the control
system are bounded.

5. SIMULATION
To confirm the effectiveness of the proposed method, this
section shows a numerical simulation results.

Let’s consider a tracking control of the following SISO
discrete-time system with the sampling period of 1.0 [s].

G(z) =
0.027z* 4+ 0.00652° — 0.01822 — 2.5 x 10742 — 9.7 x 10~ 7
25— 24124 +1.8323 — 0.41622 — 0.0074z — 3.3 x 105
(65)
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To obtain an input/output data set {ug(k),yo(k)}, we
set the feedback gain:f,0 = 2.0, PFC:H(z) = 0, and
reference signal:y, = 1.0. Here, we considered that white
noise is added to the output signal of the plant, and the
power spectral density of white noise is 5.0 x 1073, The
obtained input/output data set is shown in Fig.2. Then,
from (18), we designed a second order PFC:H (p) by using
SPR model:

0.99(15z — 13)

Gsrn = 6, 14

SPR

(66)

and obtained

H(p) = 0.2067 4+ 0.0217z " +0.12782 72 (67)
For the system with (70), the design parameters in the
adaptive controller are set by w =,1 0 = 1.0 x 1075, 0; =
1.0 x 1073, o, = 1.0 x 107, T' = diag[vp, Vi, val, p =
600, ~; = 200, v4 = 100, and T",, = 0.5. Also, the reference
signal y,-(k) is given by

yr(k) = L/

m?”(lﬂ), T(k) =10

(68)
The simulation results are shown in Fig.3.

6. CONCLUSIONS

In this paper, we proposed an adaptive PID control
system design for discrete-time systems with PFC designed
through FRIT approach. The proposed method ensures
the stability of the resulting control system by an adaptive
PID control based on ASPR properties of the controlled
system and achieves the output tracking by an adaptive
NN feedforward control.
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