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Abstract

The control problem in dynamic positioning is presented� A detailed de�
scription of vessel model and disturbances is given�

Multivariable frequency analysis is applied to plant and disturbance model�
In particular� singular value analysis and relative gain array is considered�
Criteria for assessing nominal performance� robust stability and robust per�
formance is given�

PID�H� andH� controllers are designed� All satisfy robust stability� Only
the H� and H� designs satisfy nominal performance� Robust performance is
not satis�ed for any of the designs� due to the fact that uncertainty was not
explicitly taken into account during design� This could have been done inH��

Time simulations of all three designs are provided� They show good rejec�
tion of disturbances for H� and H��
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� Introduction and problem statement

��� What the problem is all about

The main objective is to control the position and course of a surface vessel which is
subject to disturbances�

� current
� wind
� waves

The vessel is equipped with r thrusters �propellers��

An illustration of the control problem is given in �gure 
�

�

�

�

� � �
�

position and
course
reference

measurement

waves

SURFACE

VESSEL

commanded
thrust

CONTROLLER
measurements of
position and course

wind current

Figure 
� Control problem

��� Inputs and outputs

�
�
� Disturbances

� Wind can be divided in a dominating low frequency component and high fre

quency gust�

� Current is a low frequency phenomenon�

� Waves cause disturbance in a certain frequency band� depending on the sea
state� The frequency with the dominating disturbance is called the wave fre�
quency�

�
�
� Measurements

Vessel position� �x� y��

Vessel course� ��

Wind speed and direction�






�
�
� Noise

High frequency noise is present in all measurements�

�
�
� Controlled outputs

Low frequency components �xL� yL�� �L of vessel position and course shall be con

trolled� Low frequency in the sense that motion due to high frequency wave distur

bances shall not be compensated� as this would cause unnecessary wear and tear on
the thrusters�

�
�
� Setpoints

Vessel position and course�

�
�
	 Manipulated inputs

Resulting force and moment from r individual thrusters �propellers�� i�e� force in the
surge �forward� and sway �sideways� directions and moment about the vertical axis
�yaw��

��� Control objective


� The control error �di�erence between setpoints and controlled outputs� shall
be small �in some sense�� In particular� low frequency disturbances shall be
rejected� This suggests that integral action should be applied�

�� The transfer function from wave disturbances to manipulated inputs shall be
small �in some sense�� i�e� the control input shall not be in�uenced by these
disturbances�

�� The control input shall not be in�uenced by measurement noise�

��� Sources of model uncertainty

To obtain high performance� some kind of model of the wave disturbances should be
included in the control design� Here we will have uncertainty in�

� wave frequency
� amplitude of the disturbance

Other sources of model uncertainty�

� hydrodynamic coe�cients in vessel model
� thruster model �input uncertainty�

�



��� Expected control problems

No particular control problems are expected�

This problem is usually solved using LQG control� It will be interesting to compare
this �H�� with H�� The latter method will provide a structured way of approaching
model uncertainty� In particular� robust performance will be of interest�

��� Simpli�cations

� To simplify matters somewhat� wind disturbances will not be considered fur

ther�

� The in�uence of wave disturbances is not stressed in controller design and sim

ulations� Set
point changes and rejection of constant disturbances is focused�

�



� Vessel model

Most of this section is taken from �
�� Background material may also be found in
����

��� Kinematics

To describe the motion of the vessel we will need two coordinate systems�

� A vessel �xed frame of reference� xByBzB� called B�

� An earth �xed frame of reference� xyz� called ��
These are shown in �gure ��

zB

xB

y

z

x

yaw� ryB
sway� v

heave� w

roll� q
surge� u

pitch� p

Figure �� Frames of reference

Three degrees of freedom are of importance in dynamic positioning�

� surge
� sway
� yaw

Velocites may be expressed in B� i�e�

� �

�
B�
u
v
r

�
CA �
�

�



These velocities cannot be integrated in B to give position and orientation� but will
have to be transformed to ��

�� �

�
BB�
�x
�y

��

�
CCA � J ���� �

�
B� cos� � sin� �
sin� cos� �
� � 


�
CA
�
B� u

v
r

�
CA ���

��� Low frequency vessel model

M ��L �D��L � �C� � �L �wL ���

where

�L �

�
B� uL

vL
rL

�
CA

is the low frequency velocity vector�

�C �

�
B�
uC
vC
rC

�
CA

is the current velocity� �L is a vector of control forces and moment� and wL is a vector
�of zero
mean Gaussian white noise processes� describing unmodelled dynamics and
disturbances�

Now� we assume

M �

�
B�

m�X �u � �
� m� Y �v mxG � Y �r

� mxG � Y �r Iz �N �r

�
CA ���

where xG is the x
coordinate of the center of gravity of the vessel�

The damping matrix is given by

D �

�
B� �Xu � �

� �Yv �Yr
� �Nv �Nr

�
CA ���

Suppose

�d �

�
B�

xd
yd
�d

�
CA

is the desired position and orientation� � � �d� and the earth �xed frame of reference
is oriented so that �d � �� Then J ��� � I �
We then have the following state space model�

�xL � ALxL �BL�L �ELwL ���

�



where
xL � �xL� yL� �L� uL� vL� rL�

T

A �

�
� I

� �M ��D

�
� BL �

�
�

M ��

�
� EL �

�
�

M ��

�

��� High frequency wave model

A linear approximation to the Pierson
Moskowitz spectrum ��� is given by

h�s� �
Kws

s� � ����s� ��
�

� ���

The parameter Kw depends on the sea state� while � and �� are tuning parameters�

We have the following model for the wave disturbances in the three degrees of free

dom�

�	x � xH

�xH � �����xH � ��
�	x �Kwxwx

�	�

�	y � yH

�yH � �����yH � ��
�	y �Kwywy

���

�	� � �H

��H � ������H � ��
�	� �Kw�w�

�
��

This gives the following state space model

�xH � AHxH �EHwH �

�

where
xH � �	x� 	y� 	�� xH � yH� �H�

T � wH � �wx� wy� w��
T

AH � block diag

��
� 


���
� �����

�
�

�
� 


���
� �����

�
�

�
� 


���
� �����

��

��� Current model

�
�
� Varying velocity and direction

Let VC denote current velocity and 
C denote current direction�

These are assumed to be slowly varying parameters� i�e

�VC � wVC �
��
�
C � w�C �
��

�



where wVC and w�C are zero
mean Gaussian white noise processes�

Transformed to B we get

uC � VC cos�
C � �L � �H� �
��

vC � VC sin�
C � �L � �H� �
��

�rC � wr �
��

Note that rC is a non
physical quantity�

We then have the following state space model�

�xC � ECwC �
��

where
xC � �VC � 
C � rC�

T � wC � �wVC � w�C � wr�
T � EC � I

�
�
� Simpli�ed linearized model

Linearizing equations �
�� and �
��� we get�

�uC � cos�
C� � �L���VC � VC� sin�
C� � �L����
C ���L ���H �
	�

�vC � sin�
C� � �L���VC � VC� cos�
C� � �L����
C ���L ���H �
��

����

We will use VC� � �� and neglect rC �

With this simpli�ed model we can write

�C � �ECwC � ��
�

where

wc � �VC ����

and

�EC �

�
B�
cos�
C� � �L��
sin�
C� � �L��

�

�
CA ����

��� Thruster model

Thruster dynamics is approximated by a time constant in each degree of freedom�
i�e

��L � Athr��L � �com�� ����

where �com is commanded thrust and

Athr � diag
�
� 


TX
�� 


TY
�� 


TN

	
� ����

�



Assuming pitch controlled thrusters� commanded thrust is given by

�com � TKu ����

where u � R
r �r individual thrusters�� given by

u � �jp�jp�� jp�jp�� � � � � jprjpr� �T ����

is the control variable� pi �i � 
� � � � � r� are the so
called pitch ratios�

K is a diagonal matrix of thruster force coe�cients� i�e

K � diagfK��n��� K��n��� � � � � Kr�nr�g � ��	�

We note that the force coe�cients depends on the propeller revolution� ni�

The matrix T � R
��r describes the geometric con�guration of the thrusters� and is

perfectly known�

Example � �
��� vessel with 	 thrusters�

T �

�
B�

 
 � � � 

� � 
 
 
 �
�� ��� ��� ��� �� ��

�
CA ����

M

��� Measurement model

The following physical parameters are measured�

� x
position
� y
position
� course

This gives the following measurement model�

y� � xL � xH � n� ����

y� � yL � yH � n� ��
�

y� � �L � �H � n� ����

��	 Total vessel model

�x � Ax �Bu �Ew ����

y � Cx � n ����

where

x �


xT
L � x

T
H � �

T
L

�T
� ����

	



�
B�

�xL
�xH
��L

�
CA �

�
B� AL � BL

� AH �

� � Athr

�
CA
�
B� xL
xH
�L

�
CA�

�
B� �

�

�AthrTK

�
CAu �

�
B� EC �

� EH

� �

�
CAw �
����

w �


wC �w

T
H

�T
� ����

EC �

�
�

M ��D �EC

�
� ��	�

A block diagram is given in �gure ��

BL
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�wC
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��
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��
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��
��

EH
d
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�xH

d dd ��
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��
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xL�xLK T Athr

Figure �� Block diagram

��
 Numerical values and scaling

In �
� data for a vessel is given�

M �� �� �� �D ��
�
�� � T ��K ��u �� ����

�� �� � �A��
�
�� � �B ��u ��� ����

where

T �� �

�
B� 
����� � � � �

� 
����� 
����� 
����� 
�����
� ������� ������� ����
� ����
�

�
CA �

The following values are estimated�

K �� � diagf������� ���
��� ���
��� ����
�� ������g

M �� �

�
B� 
�
��� � �

� 
�	��� �������
� ������� ��
��	

�
CA

�



�A�� �

�
B�
������� � �

� ������� �������
� ��
		� �����
�

�
CA

All quantities with double prime ����� are scaled with the so
called bis system �
�� see
table 
�

Table 
� Bis system

Unit Scaling factor
Length L �L� vessel length	

Mass �r� �water density � vessel displacement	

Moment of intertia �r�L
�

Time
q
L
g �g� acceleration of gravity	

Reference area �r�
L
Position L
Angle 

Linear velocity

p
Lg

Angular velocity
q
g
L

Linear acceleration g
Angular acceleration g
L
Force �gr�

Torque �gr�L

We select the following maximum deviations in outputs� disturbances etc��

j�wC jmax � ��� m�s

j�wH jmax � 
��

j�uijmax � 
 �normalized pitch angle�

j�exjmax � � m

j�eyjmax � � m

j�e�jmax � ��

Thus� the scaled transfer function matrices of the plant is given by

G�s� � DeC �sI �A���BDu ��
�

Gd�s� � DeC �sI �A���EDd ����

��� Thruster con�guration

The thruster con�guration is shown in �gure ��

Note that the main propellers run in parallell� and thus constitutes one control input
�u���


�



u


u�u� u�u�

Figure �� Thruster con�guration







� Analysis

��� Gain and phase element by element

Plot of gain and phase of elements in G is shown in �gures � and ��

Plot of gain and phase of elements in Gd is shown in �gures � and 	�

��� Poles and zeros

Poles and zeros of elements in G�s� is given in table ��

Poles and zeros of elements in Gd�s� is given in table ��

Poles of G�s��
�������e���

�������e��	

������
e��	

�	�����e���

�	�����e���

�	�����e���

�������e���

�������e���

�������e���

Zeros of G�s�� �tzero�

None

Poles of Gd�s��

�������e���

�������e���

�������e��	

������
e��	

�������e��� � ������e���i

�������e��� � ������e���i

�������e��� � ������e���i

�������e��� � ������e���i

�������e��� � ������e���i

�������e��� � ������e���i

Zeros of Gd�s�� �tzero�

����	��e��� � ��	��
e���i

����	��e��� � ��	��
e���i


�
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��� Singular value analysis

The singular values of G�j�� and Gd�j�� is shown in �gure ��
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Figure �� Singular values of G�j�� and Gd�j��

From this plot we immediately see that a bandwidth of ���	 rad�s will be reasonable
to reject the constant disturbance� We also see that it will not be possible to reject
the disturbance caused by wave induced forces�


�



��� Relative gain array �RGA


It is reasonable to use the pseudo
inverse of the thrust allocation matrix� T � as
decoupler�

This will produce a �� � plant� Figure 
� shows the magnitude of the elements in
the RGA matrix as a function of frequency�
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Figure 
�� Relative gain array of G�s�T y
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� � analysis

In this section� criteria for robust stability� nominal performance and robust perfor

mance are given�

In the next section� we will perform some controller designs� and check whether these
criteria are met�

��� Performance weights and uncertainty weights

�
�
� Selection of We

The performance weight� We� was selected to test whether the desired bandwidth
of ���	 rad�s was achieved�

Thus�

We�s� � ���

 � 	 � 
���s


 � 
���s
I��� ����

A plot of this weight is shown in �gure 
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Figure 

� Performance weight

�
�
� Selection of WI

The weight on input uncertainty� WI re�ects �! uncertainty at low frequency and

��! uncertainty at high frequencies� The region of transition is chosen somewhat
arbitrarily�

Thus�

WI�s� �

 � ���s


 � 
�s
I��� ����

�




A plot of this weight is shown in �gure 
��
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Figure 
�� Disturbance weight

�
�
� Selection of Wr and Wd

We selected the following weight on references and disturbances�

Wr�s� � ��
I��� ����

Wd�s� �

�
BBB�
���
 �

������s
� � �

� 
��� � �
� � 
��� �
� � � 
���

�
CCCA ����

Rejection of disturbances caused by water current is thus more emphasized than
response to set point changes� as the former part of the controller action is considered
more important�

This is discussed further in section ��

The disturbance from waves is given little weight� as this disturbance cannot be
compensated�

��� Structure used in analysis

Consider �gure 
� where a block diagram of the control system with weights is given�

With

w �

�
r

d

�
� ����

z �Wee� ��	�

��



Wr

Wd

c cc��� � ��

� �

� �

�

�

��

C G

WI

y� u�

u

We

r

Gd
d

z

�

y

Figure 
�� Control system with weights

K � C ����

the block diagram in �gure 
� can be transformed into the general structure of
�gure 
��

� �
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w z

yu

u� y�
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Figure 
�� General block diagram

We then have

P �

�
B�

� � � WI

�WeG WeWr �WeGdWd �WeG

�G Wr �GdWd �G

�
CA ����

In this analysis the controller a given� and we will consider the following�

� robust stability � is the closed loop system stable when uncertainty is consid

ered "

� nominal performance � do we really achieve the desired performance "

� robust performance � do we achieve the desired performance when uncertainty
is considered as well "

We consider structured uncertainty � diagonal on the input� and � will have to be
used�

��
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Figure 
�� Structure for � analysis

In �gure 
� N is given by

N � Fl�P�K� � P�� � P��K�I � P��K�
��P�� ��
�

�

�
�WICG�I 
CG	�� WIC �I 
GC 	��Wr �WIC �I 
GC 	��GdWd

�We�I 
CG	�� We�I 
GC 	��Wr �We�I 
GC 	��GdWd

�
����

�

� �WICGSI WICSWr �WICSGdWd

�WeSI WeSWr �WeSGdWd

�
����

�

�
N�� N��

N�� N��

�
����

where

S � �I �GC ��� ����

SI � �I �CG��� ����

��� Robust stability

Criterion for robust stability�

RS

m
���M� � 
� ��� ����

where

M � N�� � �WICG�I �CG�
�� ��	�

�

�

�
u� y�

M

Figure 
�� Structure for assessing RS
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��� Nominal performance

Criterion for nominal performance�

NP

m
kN��k� � 
� ��� ����

where

N�� �


We�I �GC �

��Wr �We�I �GC �
��GdWd

�
����

��� Robust performance

Criterion for nominal performance�

NP

m
kFu�N���k� � 
� �k�k� 	 
�

m ��
�

� ���N� � 
� �� ����

where

#� �

�
� �
� �P

�
����

�P is a full ����� matrix of �ctitious uncertainty used to represent the performance
requirement�

��



� Controller design

��� PID controller

�
�
� Design

We will use a PID controller in each degree of freedom� combined with T y as a
decoupler�thruster allocation function�

As the RGA analysis shows� there is not much coupling between the surge motion
and the two other� sway and yaw� There is� however� coupling between the sway and
yaw motion� We will not expect satisfactory performance with a PID controller�

The control structure is shown in �gure 
��

cc � ��

�

��
�

y

d

r G�s�

Gd�s�

CPID�s	
u

Figure 
�� PID controller

We use

CPID�s� � T
y

�
B�
cx�s�

cy�s�
c��s�

�
CA ����

with

cj�s� � Kp�j


 � Ti�js

Ti�js


 � Td�js


 � �jTd�js

Numerical values are given in table ��

Table �� Numerical values in PID controller

j Kp�j Ti�j Td�j �j
x ����� � 
��� �� ����� ��

y ����� � 
��� �� ����� ��

� �� �� ����� ��


��



�
�
� Simulations

Two di�erent simulations were performed�

� Smooth step in reference signals
� Step in water current

Results of these simulations are shown in �gures 
	 and 
��
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Figure 
	� PID controller� Step in reference signals
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Figure 
�� PID controller� Step in disturbance
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��� H� controller

�
�
� Design

The control structure is shown in �gure ���
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u y

d

r G�s�

Gd�s�

CH�
�s�

Figure ��� H� controller

Using the routine h	syn in Matlab� an H�
optimal controller was designed� A bal

anced realization of this controller has 
� states�

We used weights as shown in �gure �
�
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We Wu

z

Figure �
� Weights in H� design

The values of these weights were selected identical to the weights of the � analysis�

However� instead of weighting input uncertainty� we imposed a weight on control
action�

Wu�s� �
s


 � 
���s
I��� ����

A plot of this weight is shown in �gure ���
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�
�
� Simulations

Two di�erent simulations were performed�

� Smooth step in reference signals
� Step in water current

Results of these simulations are shown in �gures �� and ���
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Figure ��� H� controller� Step in reference signals

�




0 20 40 60 80 100 120 140 160 180 200
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

t 
s�

x
�t
	

0 20 40 60 80 100 120 140 160 180 200
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

t 
s�

y
�t
	

0 20 40 60 80 100 120 140 160 180 200
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

t 
s�

�
�t
	

0 20 40 60 80 100 120 140 160 180 200
0

0.05

0.1

0.15

0.2

0.25

0.3

t 
s�

u
�t
	

Figure ��� H� controller� Step in disturbance
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��� Results from � analysis

�
�
� PID

The following results were obtained �table ���

Table �� � for PID controller

RS NP RP

��
� ���	 � 


Figure �� to �� shows the result of the � analysis as a function of frequency�
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� H� controller design

��� Design

The control structure is shown in �gure �
�

cc � ��

�

��
�

u y

d

r G�s�

Gd�s�

CH��s�

Figure �
� H� controller

Identical weights to the H� case were used� and the output from the algorithm is
shown in table �� A balanced realization of the resulting controller has 
� states�

Table �� Results from H� controller design

Test bounds� ������ � gamma �� �������

gamma hamx	eig xinf	eig hamy	eig yinf	eig nrho	xy p
f

������ ���e��� ����e��
 ���e��� ����e��� ������ p

����� ���e��� ����e��� ���e��� �
��e��
 ������ p

��
�� ���e��� ����e��� ���e��� ���e��� ������ p

����� ���e��� ����e��� ���e��� ����e��� ������ p

����� ���e��� ����e��� ���e��� �
��e��� ������ p

����
 ���e��� ���
e��� ���e��� ����e��� ������ p

����� ���e��� ����e��� ���e��� ����e��� ������ p

����� ���e��� ����e��� ���e��� ����e��� ������ p

����� ���e��� ���e��
 ���e��� ����e��� ������� f

Gamma value achieved� ����



��� Simulations

Two di�erent simulations were performed�

� Smooth step in reference signals
� Step in water current

Results of these simulations are shown in �gures �� and ���

��
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��� � for H� controller

The weights of chapter � were used� and the following results obtained �table 	��

Table 	� � for H� controller

RS NP RP

���� ��
� � 


Figure �� to �� shows the result of the � analysis as a function of frequency�
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� Discussion and conclusions

More time could have been used to improve the control designs� Some points seem
clear anyhow�

� Robust stability is easily obtained� for all three design methods� It is somewhat
surprising that this is the case for the PID design as well� However� studying
the RGA of G�s�T y we see that there really is little interaction�

� Nominal performance is not obtained for the PID design� We see from time
simulations that the response is especially bad with respect to step in the
disturbance �water current��

� Robust performance is not obtained in any of the three designs� At �rst this
may seem very depressing� but we should not be surprised� From the plots
of � ���N� as a function of frequency we see that the problems arise at low
frequencies� So� We are not guaranteed to obtain the desired steady
state
accuracy with a 
�! uncertainty in the force coe�cients of each thruster�

A way to go� could be to include uncertainty in the H� control design and
eventually develop a � optimal controller�

A more interesting discussion is the matter of weight selections�

� Performance weight �bandwidth requirement� is easily selected using the sin

gular value plot of G and Gd� Desired steady
state accuracy is also selected�
in our case somewhat arbitrarily�

� Weight on input uncertainty is selected from common sense� A 
�! uncer

tainty in the force coe�cients of the thruster is not unreasonable �at steady
state�� The uncertainty in these coe�cients could be selected as a constant�
but in this case it increases to 
��! at high frequencies� In this case we saw
that the uncertainty at low frequencies cause problems with regards to robust
performance�

� In this case the reference input was given little weight compared to the distur

bance input �water current�� It should be discussed whether this is a reason

able approach� From time simulations of H� and H� we see that the response
to disturbances is very satisfactory� The performance in set point changes is
not good at all� One may argue that the control objective is regulation� i�e�
maintaining a desired set point � not changes�

� The H� and H� gives comparable results� but H� seems to be slightly better�
It has lower values for RS and NP� and time simulations show better rejection
of step in disturbance�It is particularly interesting to note this� as we used the
same weights in both cases�

The two approaches to design may seem identical to the user of a Matlab
toolbox� but they will give di�erent designs� due to the fact that H� involves
averaging over all frequencies� while H� considers the worst frequency�

Comment to time simulations�

�




� Saturation in control variables is not experienced in any of the designs�
A few comments on tasks that were not performed�

� Nominal stability of the control system should have been considered� Simula

tion should not be trusted to indicated unstable poles� especially slow ones�

� An analysis of robust performance with respect to input uncertainty �sensitiv

ity� could have been interesting� We would then have established maximum
uncertainty possible as a function of desired steady
state accuracy�

� The design should have taken into account that high frequency thruster usage
�due to wave induced motion� should be avoided� In this case we used a very
simple method� putting little weight on wave disturbances� More weight should
also be put on the control action at high frequencies�

� Analysis of plant and disturbances could have been more detailed� In particu

lar� the closed loop disturbance gain matrix �CLDG� could have been consid

ered�

Concluding remarks�

� Nominal performance and robust stability were easily established with H� and
H� designs� Simulations showed good disturbance rejection�

� Robust performance could not be established� This� however could be obtained
with an explicit description of uncertainty in the design phase� Next phase
would then be a � optimal controller�

General comments to the project work�

� Interesting
� Time consuming� Much time was spent on the �rst few chapters�
� Matlab can sometimes be very trying� Much time was spent �guring out what
went wrong and why� The documentation of the � control toolbox is limited�

� There is de�nitely a need for design examples in the book�
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