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Exercise 2.1 Use (2.36) to compute ¯U° and ±²° for the process in (2.31).

Note: ³b´¶µ¸·º¹ » ´½¼&¾�µk¿ÁÀ¸·´¶Â�µk¿XÀÃ·B´}À{Ä�µk¿XÀÃ· Å
(2.31)Æ(Ç ¹!À¸ÈuÉ ³b´�Ê�Ë Ç ·�ÉÍÌÏÎ Ç ¹�¾ÑÐÒÈÃË Ç
(2.36)

where

Ë Ç
is defined by Ó ³b´�Ê�Ë Ç ·�¹!¼"À{Ô�Ä�Õ .

Solution. According to (2.31), the following equation can be obtained:ÖH×9ØÍÙ�Ú °�ÛYÜÞÝ}ß{à�á � ØãâkäxÚ °�Û â Ý}ß{à�á � ØæåxÚ °�Û â Ý}ß�à`á � Øãç]èBÚ °�ÛYÜ âmç]é{è¸ê
Hence, Ý}ß�à Øãç]é{è¸êìë Ý}ß{à�á � ØãâkäxÚ °�ÛíÛYÜÞÝ}ß{à Ø Ý}ß�à`á � Øæå]Ú °�Û ë Ý}ß{à`á � Øãç]è]Ú °�ÛíÛ
leads to âkä]Ú ° Ü å]Ú ° ëîç]èBÚ °çHâïå�èBÚìð°
which gives the solution of Ú ° Ü3ñ ç]òç]è
and ¯ ° Ü çó ×9ØÍÙYô �¶õ�æö Û ó ÜÁ÷ ØãçÒë�ä{åùø@çBò{ú�çxèÃè Û Øãçìëîç]èÃèùø@çBò{ú�ç]è{è Ûû ØãçRëïü"ø@çBò{ú�ç]è{è Û Ü äÑý å± ° Ü ä�þÚ ° Ü ä�è{þñ ç]ò Ü ç]å�ý ä{ÿ
Exercise 2.3 Derive the approximation for ¯U°ïÜ çBú ó ×9ØÍÙ�Ú °�Û ó given in (5.96) for a first-
order delay system.



ä ���������
	���
�����������������������������������
�� �
Note: A first-order delay system can be represented by

³b´¶µ¸·º¹ !#"%$�&(' Èu´½À²¿ ) µ¸· , andÉ ³b´�Ê�Ë Ç ·�É * ¾Ð !�+) (5.96)

Solution. ÖH×9ØÍÙ-, ° ÛPÜ â�./, ° â Ö7Øãçìë(Ù-, °10 Û~á � Ü â�þ
Assume 032 .

. Then
, °4052 ç and

Ö7ØãçRëFÙ�Ú °40 Û á �76 â�þ�úÃä . Hence,
Ú ° 6 Ø þ�úÃä Û ú8. and¯ ° Ü çó ×9ØÍÙ�Ú ° Û ó 6 0 Ú °9 6 þ 0ä89:.
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Exercise 3.1 Derive the cascade and feedback rules.

Solution.

Cascade rule As shown in Fig. 3.1(a), let the signal from
× � to × ð be @ , then A<Ü × ð @ and@"Ü × �CB , thus, A<Ü × ð × ��B Ü × B , i.e.

× Ü × � × ð .
Feedback rule As shown in Fig.3.1(b), we have, D9Ü B ë A&Ü B ë¥× ð(E Ü B ëÞ× ð × � D , or,ØGFmâ × ð × � ÛHD Ü B . Let IïÜ × ð × � , we can obtain, D Ü ØGF&â IÒÛ á � B .

Exercise 3.3 Use the MIMO rule to show that (2.19) corresponds to the negative feedback
system in Figure 2.4.

Solution. In Fig. 2.4, from point E the loop transfer function is ¯ × and exiting the loop gives
the term

ØGF&ë ¯ × Û á � . Therefore, the transfer function from J to E is ¯ ×9ØGF ë ¯ × Û á � ÜØGFkë ¯ × Û á � ¯ × , from K to E is
ØGFkë ¯ × Û á � ×�L and from M to E is

â<ØGF7ë ¯ × Û á � ¯ × . So
(2.18) represents the negative feedback system in Fig. 2.4.

Exercise 3.5 Compute the spectral radius and the five matrix norms mentioned above for the
matrices in (3.29) and (3.30).

Solution.

Matrix (3.29): × � Ü N å:üÿ5ä�OP Øæ× � Û2Ü òÑý äÃò�ü ûQ × � Q(R Ü òÑý ÿ{ü¸éÃåQ × � Q(SUTWV Ü çiüQ × � Q(X � Ü éQ × � Q XZY Ü ûQ × � Q X ð Ü òÑý ÿ{ü¸ÿ�ü
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Matrix (3.30): × Ü N èÏçxèÃèè è[OP Øæ× Û:Ü èQ × QWR Ü Q × Q SUT(V Ü Q × Q X � Ü Q × Q X ð Ü Q × Q X\Y Ü çxèÃè
Exercise 3.7 Design decentralized single-loop controllers for the plant (3.65) using (a) the
diagonal pairings and (b) the off-diagonal pairings. Use the delay

.
(which is nominally 5

seconds) as a parameter. Use PI controllers independently tuned with the SIMC tuning rules
(based on the paired elements).×9Ø^] ÛYÜ è�ý è�ç`_ ába�cØ^]ÒëÞçÃý òÃä dÃçxè á#e Û Ø ü�ý ÿÃä-]ìëîç Û N âºÿ�ü�ý å�ü�Ø^]ìë¥è�ý è¸åÃò{ä Û çÃý û çxÿâºÿ{è�ý äÃä8] â û ý ç]é{é�Ø^]ìë�f�ý û å�d{ç]è á%e Û O

(3.65)

Solution. For tuning purposes the elements in
×9Ø^] Û are approximated using the half rule (see

page 58) to get ×9Ø^] Û 6hgikj�l-m l`n`o`p#qsr�t�uc l-m l-vsw-vsp#qxrzy{t�|�}C~ �^�H�Zucj�l-m p`l`o`o qxr�tHue(� � ð c�� � j�l-m l`w-vsn`n qxr�t�ue(� � ð c�� ����
For the diagonal pairings this gives the PI settings¯�� � Ü âmç]ä�ý çBú�Ø 0 � � ë�. Ûx� 0`� � Ü ü�Ø 0 � � ë�. Ûx�í¯�� ð Ü â�üÑò�ý èÃú�Ø 0 � ð ë�. Ûx� 0W� ð Ü ü�ý ÿÃä
and for the off-diagonal pairings (the index refers to the output)¯�� � Ü åÃäÑý ÿ¸ú�Ø 0 � � ë�.`ëqäÑýÍçWf Ûx� 0W� � Ü ü�Ø 0 � � ë�.�ëqäÑý ç`f Ûx�í¯�� ð Ü âmçxü�ý ÿÃú�Ø 0 � ð ë�. Ûx� 0`� ð Ü ü�ý ÿ¸ä
For improved robustness, the level controller ( E � ) is tuned about 3 times slower than the
pressure controller ( EÑð ), i.e. use 0 � � Ü ÿ-. and 0 � ð Ü . . This gives a crossover frequency
of about

è�ý åÃú/.
in the fastest loop. With a delay of about 5 s or larger you should find, as

expected from the RGA at crossover frequencies (pairing rule 1), that the off-diagonal pairing
is best. However, if the delay is decreased from 5 s to 1 s, then the diagonal pairing is best, as
expected since the RGA for the diagonal pairing approaches 1 at frequencies above 1 rad/s.

Figures 3.7a and b present the simulations for these pairings.

Exercise 3.10 Design a SVD-controller ¯/Ü�� � ¯ c � ð for the distillation process in (3.93),
i.e. select � � Ü�� and � ð Ük��� where � and � are given in (3.46). Select ¯ c in the form¯ c Ü N/� � õ a�c�� �c èè � ð õ a�c�� �c O
and try the following values:

1. � � Ü � ð Ü è�ý èÃè¸å ;
2. � � Ü è�ý èÃèÃå , � ð Ü è�ý èÃå ;
3. � � Ü è�ý òÃúÑç û ò Ü è�ý èÃè{ÿ-f , � ð Ü è�ý òÃúÑçÃý ÿ û Ü è�ý å{è{ü .
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(b) Off−diagonal pairing

Fig. 3.7a. Simulation for + ¹!À (Exercise 3.7).
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(b) Off−diagonal pairing

Fig. 3.7b. Simulation for + ¹XÂ (Exercise 3.7).
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Simulate the closed-loop reference response with and without uncertainty. Designs (a) and
(b) should be robust. Which has the best performance? Design (c) should give the response
in Figure 3.14. In the simulations, include high-order plant dynamics by replacing

×9Ø^] Û by�� ö � ö ð c�� �
�\� ×9Ø^] Û . What is the condition number of the controller in the three cases? Discuss
the results. (See also the conclusion on page 251).

Solution. The simulation results of designs (a) and (b) are shown in the following figures.
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(b) Design (b)

Design (b) is the best if we want a fast settling time. By increasing � ð we increase the loop
gain in the weak direction.

The condition number of the controller:
Design (a): � Ø ¯(ÛYÜ ç and ���� Ø ¯(ÛYÜ ç ;
Design (b): � Ø ¯(ÛYÜ ç]è and � �� Ø ¯(ÛPÜ ç{ý èÃè{ü¸å ;
Design (c): � Ø ¯(ÛYÜ ç û ò{ú�ç{ý ÿ û Ü çBä�é�ý òÃò{ò and � �� Ø ¯(ÛYÜ çÃý èÃè�ü û .
From this, design (a) is always robust with respect to uncertainty, whereas designs (b) and (c)
are potencially sensitive to uncertainties.

Exercise 3.12 Consider again the distillation process
×9Ø^] Û in (3.93). The response using

the inverse-based controller ¯5�  C¡ in (3.95) was found to be sensitive to input gain errors.
We want to see if the controller can be modified to yield a more robust system by using
the Glover-McFarlane ¢ Y loop-shaping procedure. To this effect, let the shaped plant be× c Ü × ¯3�  s¡ , i.e. � � Ü)¯3�  C¡ , and design an ¢ Y controller ¯ c for the shaped plant
(see page 370 and Chapter 9), such that the overall controller becomes ¯ Ü�¯5�  C¡{¯ c . (You
will find that �:£ XZ¤ Ü çÃý ü�çiü which indicates good robustness with respect to coprime factor
uncertainty, but the loop shape is almost unchanged and the system remains sensitive to input
uncertainty.)

Solution. The following MATLAB script could be used to do this exercise. (To use these
commands it is necessary to have the old ¥ -toolbox)

G0 = [87.8 -86.4; 108.2 -109.6];
dyn = nd2sys(1,[75 1]); Dyn = daug(dyn,dyn);
G = mmult(Dyn,G0);

% Inverse-based controller
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dynk = nd2sys([75 1],[1 1.e-6],0.7);
Dynk = daug(dynk,dynk);
Kinv = mmult(Dynk,minv(G0));

% Try to robustify with respect to coprime uncerainty
Gs = mmult(G,Kinv);
[a,b,c,d]=unpck(Gs);
gamrel=1.1;
% gammin=1.4142:
[Ac,Bc,Cc,Dc,gammin]=coprim(a,b,c,d,gamrel);
% Change from positive to negative feedback:
Ks=pck(Ac,-Bc,Cc,-Dc);
K = mmult(Kinv,Ks);

% TIME simulation
% Nominal
GK = mmult(G,K); I2=eye(2); S = minv(madd(I2,GK));
T = msub(I2,S);
kr=nd2sys(1,[5 1]); Kr=daug(kr,kr); Tr = mmult(T,Kr);
y = trsp(Tr,[1;0],100,.1);
u = trsp(mmult(K,S,Kr),[1;0],100,.1);
% With 20% uncertainty
Unc = [1.2 0; 0 0.8]; GKu = mmult(G,Unc,K);
Su = minv(madd(I2,GKu)); Tu = msub(I2,Su);
Tru = mmult(Tu,Kr);
yu = trsp(Tru,[1;0],100,.1);
uu = trsp(mmult(K,Su,Kr),[1;0],100,.1);
subplot(211);vplot(y,yu,’--’);title(’OUTPUTS’)
subplot(212);vplot(u,uu,’--’);title(’INPUTS’);
xlabel(’TIME (min)’);

Exercise 3.14 Cascade implementation. Consider further Example 3.21. The local
feedback based on EÑð is often implemented in a cascade manner; see also Figure 10.11. In
this case the output from ¯ � enters into ¯ ð and it may be viewed as a reference signal for EÑð .
Derive the generalized controller ¯ and the generalized plant ± in this case.

Solution. The cascade structure is shown as follows.
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Since B Ü�¯ ð ¯ � ¯3«WJ â ¯ ð ¯ � E � â ¯ ð E ð ë ¯ L K , we get ¯�Ü­¬í¯ ð ¯ � ¯3« â ¯ ð ¯ � â ¯ ä ¯ L�® .
Also, we can get ¯°°°± E � â JJE �E ðK

² ³³³´ Ü
¯°°°± × � â�F × � × ðè F è× � è × � × ðè è × ðF è è

² ³³³´ ¯
± K JB ²´ ý

Thus, ± Ü
¯°°°± × � â�F × � × ðè F è× � è × � × ðè è × ðF è è

² ³³³´ ý
Exercise 3.16 Mixed sensitivity. Use the above procedure (page 111) to derive the
generalized plant ± for the stacked µ in (3.105).

Solution. In (3.105), µ�Ü ¯± �@°�¯·¶� ��¸�º¹»¶ ²´
.

1. Let ¯�Ü è in µ , we get, ± �í� Ü�µ Ø ¯/Ü è ÛYÜ ¯± èè�º¹ F ²´ ý
2. From µ â ± �í�
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, we get, ¼

Ü½µ â ± �í� Ü ¯± �F°Ñ¯·¶� �b¸� ¹ Ø ¶ â¾F Û ²´ Ü
¯± �F°Ñ¯ ØGF7ë�× ¯(Û á �� � × ¯ ØGF7ë�× ¯(Û á �â � ¹ × ¯ ØGFkë�× ¿ Û á � ²´ ý

The common factor is À Ü�¯ ØGF�ë × ¯(Û á � . Thus,
× ðíð Ü âk× .

3. Since

¼
Ü�± � ð À�± ð � , we have, ± � ð Ü ¯± � °� � ×â �º¹ × ²´ �

and ± ð � Ü F .

As conclusion, we get, ± Ü ¯°°± è � °è � � ×�¾¹ FWâ �º¹ ×F âk×
² ³³´

Exercise 3.18 Consider the performance specification
Q , ¹ ¶ Q YÂÁ ç

. Suggest a rational
transfer function weight

, ¹ Ø^] Û and sketch it as a function of frequency for the following two
cases:

1. We desire no steady-state offset, a bandwidth better than
ç

rad/s and a resonance peak
(worst amplification caused by feedback) lower than

ç{ý å
.

2. We desire less than
ç
% steady-state offset, less than

çxè
% error up to frequency

ÿ
rad/s, a

bandwidth better than
ç]è

rad/s, and a resonance peak lower than
ä
. Hint: See (2.105) and

(2.106).

Solution.
, ¹ � Ü c�� � � a� � a�c , and

, ¹ ð Ü �ð d � c�� � e(� �
� }� c�� �
� } ý Comment: In the latter case we
require that the magnitude should increase by a factor 10 when the frequency increases by
approximately a factor

ç]è �
Ã ð
(from 3 rad/s to 10 rad/s).

Exercise 3.20 What is the relationship between the RGA-matrix and uncertainty in the
individual elements? Illustrate this for perturbations in the

ç � ç -element of the matrixÄ ÜÅN ç]è ûû é O (3.114)

Solution. The inverse of the RGA-element directly gives the relative change in the element
that gives singularity. 
�Æ �&Ø Ä Û ÜÇN âºéÃè é�çé�ç âºé{è O
RGA-matrix has 1,1-element of -80, so G becomes singular if 1,1-element is perturbed from
10 to 10(1+1/80)=10.125.



ç]è ���������
	���
�����������������������������������
�� �
Exercise 3.22 Compute

Q Ä Q(X � , ÈÉ Ø Ä Û�Ü Q Ä QxX ð , Q Ä Q(XZY ,
Q Ä Q R

,
Q Ä Q(V�Ê�Ë

and
Q Ä QxSUTWV

for
the following matrices and tabulate your results:Ä � Ü F � Ä ð ÜÅN ç èè
è O � Ä � ÜÌN ç
çç
ç O � Ä e ÜÅN ç
çè
è O � Ä a ÜÅN ç$èç$è O
Show using the above matrices that the following bounds are tight (i.e. we may have equality)
for
ä øbä

matrices ( Í!Ü ä ): ÈÉ Ø Ä Û�Î Q Ä Q R Î ñ ÍÏÈÉ Ø Ä ÛQ Ä Q V�Ê�Ë Î�ÈÉ Ø Ä Û7ÎÐÍ Q Ä Q V�Ê�ËQ Ä Q X � ú ñ ÍÑÎ�ÈÉ Ø Ä Û7Î ñ Í Q Ä Q X �Q Ä Q X\Y ú ñ ÍÑÎ�ÈÉ Ø Ä Û7Î ñ Í Q Ä Q XZYQ Ä Q(R Î Q Ä Q SUT(V
Solution. The result table is as follows:Ò ÓÔÒ�Ó/ÕUÖ ×Ø ´ Ò ·º¹ Ó/Ò�ÓÔÕ\Ù Ó/Ò�Ó/Õ\Ú ÓÔÒ�ÓÔÛ ÓÔÒ�Ó`Ü�ÝxÞ ÓÔÒ�Ó`ßáà8Ü

1. â À ÄÄ Àäã 1 1 1 1.4142 1 2

2. â À ÄÄ Ä ã 1 1 1 1 1 1

3. â À ÀÀ À ã 2 2 2 2 1 4

4. â À ÀÄ Ä ã 1 1.4142 2 1.4142 1 2

5. â À ÄÀ Ä ã 2 1.4142 1 1.4142 1 2

From the table, the above bounds can be checked:ÈÉ Ø Ä ð ÛYÜ Q Ä ð QWR ,
Q Ä � Q(R Ü ñ ä ÈÉ Ø Ä � ÛQ Ä � Q Í�å:@"ÜæÈÉ Ø Ä � Û , ÈÉ Ø Ä e ÛYÜ ñ ä Q Ä e Q £�ç`èQ Ä a Q(X � ú ñ ä ÜæÈÉ Ø Ä a Û , ÈÉ Ø Ä e ÛPÜ ñ ä Q Ä e QxX �Q Ä e Q(XZY ú ñ ä ÜæÈÉ Ø Ä e Û , ÈÉ Ø Ä a ÛYÜ ñ ä Q Ä a QxX\YQ Ä ð QWR Ü Q Ä ð Q c ° £

Exercise 3.24 Do the extreme singular values bound the magnitudes of the elements of a
matrix? That is, is ÈÉ Ø Ä Û greater than the largest element (in magnitude), and is É Ø Ä Û smaller
than the smallest element? For a non-singular matrix, how is É Ø Ä Û related to the largest
element in

Ä á � ?
Solution. The answer for the first question is “yes”, because

Q Ä Q V�Ê�Ë ÎéÈÉ Ø Ä Û . But for the
second question, the answer is “no”. As an example, consider

Ä Ü F for which É Ø Ä Û�Ü ç ,
but the smallest element is 0. For a non-singular matrix, É Ø Ä Û is smaller than inverse of the
largest element in

Ä á � , because É Ø Ä Û Ü çBú ÈÉ Ø Ä á � Û�Î ç]ú Q Ä á � QxV�Ê�Ë .
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Exercise 3.26 Find two matrices

Ä
and ê such that P Ø Ä ë ê Û�ë P Ø Ä Û ë P Ø ê Û which proves

that the spectral radius does not satisfy the triangle inequality and is thus not a norm.

Solution. Let
Ä ÜìN ç
çè ç O , and ê�ÜìN ç èç
ç O . P Ø Ä ÛRÜ P Ø ê9ÛìÜ ç , but P Ø Ä ë ê9ÛìÜ ÿ ëP Ø Ä Û ë P Ø ê9Û Ü ä .

Exercise 3.28 Write ¯ as an LFT of ¸ Ü × ¯ ØGF@ë4× ¯(Û á � , i.e. find í such that¯�Ü�î�ï Ø í�� ¸ Û .
Solution. ¸ Ü × ¯ ØGFmë�× ¯(Û á � gives ¸ as an LFT of ¯ , but we want the inverse. We get¯�Ü × á � ¸ ØGFmâ ¸ Û á � , so íbÜÅN è5× á �F F O ý
Exercise 3.30 Show that the set of all stabilizing controllers in (4.94) can be written as¯�Ü�î�ï Ø í�� ¼ Û and find í .

Solution. In (4.94), ¯3Ü Ø � « â ¼ µðï Û á � Ø � « ë ¼òñ ï Û .¯ Ü Ø � « â ¼ µðï Û~á � Ø � « ë ¼òñ ïwÛÜ � á �« ��« ëîØ �%« â ¼ µ ï Û á � ¼ Ø ñ ï ë µ ï � á �« ��«BÛÜ � á �« ��« ë � á �« ØGFmâ ¼ µðïG� á �« Û á � ¼ Ø ñ ï ë µðïG� á �« ��«]ÛÜ �ùá �« � « ë �ùá �« ¼ ØGFmâ µðïG�ùá �« ¼
Û~á � Ø

ñ ï ë µðïG�ùá �« � « Û
We get íbÜÌN � á �« � « � á �«ñ ï ë µòïU� á �« � « µòïU� á �« O (3.115)
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Exercise 4.1 We want to find the normalized coprime factorization for the scalar system in
(4.22). Let µ and

ñ
be as given in (4.23), and substitute them into (4.24). Show that after

some algebra and comparing of terms one obtains:
9 Ü�÷ è�ý ò�ç , 9 � Ü å�ý f¸ò and

9 ð Ü é�ý f .
Solution. Since

ñ � Ø^] ÛPÜ ñ Øãâ�] Û , (4.24) can be written as

ñ Øãâ�] Û ñ Ø^] Û ë µ Øãâ�] Û�µ Ø^] Û Üç
. Thus: 9 ð Øæä8] e âFÿÃè-] ð ëÞçxüÃé Û] e âÞØá9 ð � âïä/9 ð Û ]�ðYë�9 ðð Ü çÃý

By comparing the terms of the denominator and numerator, it can be obtained that:ä89 ð Ü ç Üùø 9 Üú÷ è�ý ò�ç �çxüÃé-9 ð Ü 9 ðð Üùø 9 ð Ü é�ý f{è �ÿ{è-9 ð Ü 9 ð � âïä/9 ð Üùø 9 � Ü åÑý fÃò�ý
Exercise 4.3 (a) Consider a SISO system

×9Ø^] ÛÒÜkû Ø^]WF<â Ä Û á � ê ë�ü with just one state,
i.e.
Ä

is a scalar. Find the zeros. Does
×9Ø^] Û have any zeros for

ü Ü è ? (b) Do
× ¯ and ¯ ×

have the same poles and zeros for a SISO system? Ditto, for a MIMO system?

Solution. (a) Zero at ALÜ Ä â Ø û ê9Û ú/ü . When
üþý¤è

the zero moves to infinity, i.e. no
zero.

(b) Yes, for SISO systems,
× ¯/Ü�¯ × have the same poles and zeros.

For MIMO systems, the poles are the same, but the zeros may be different, at least for
cases where ¯ and

×
are non-square. For cases where ¯ and

×
are both square, we have thatÿ�� Ý Ø ¯ × Û9Ü ÿ�� Ý Øæ× ¯(Û Ü ÿ�� Ý Øæ× Û d ÿ�� Ý Ø ¯(Û and it follows that the zeros are generally the

same (provided care is taken for pole-zero canvellations; see ”important remark” no. 4.
For the non-square case, consider the following example, based on comments by Dr.

Matthias Heller.

G = [ 1/(s+2); 1/(s+1)]
K=[1 (s+3)/(s+4)]

The resulting 2x2 transfer function
× ¯ has no (MIMO) zeros, but the 1x1 transfer function¯ × is



çxü ���������
	���
�����������������������������������
�� �
2 sˆ2 + 10 s + 10

----------------------
sˆ3 + 7 sˆ2 + 14 s + 8

which has two zeros at -3.62 and -1.38, respectively. The poles for both
× ¯ and ¯ × are the

same; the two poles of
×

plus the pole of ¯ .

Exercise 4.5 (a) Given E Ø^] ÛFÜ ×9Ø^] Û B Ø^] Û , with
×9Ø^] ÛFÜ � á#c� �ùc , determine a state-space

realization of
×9Ø^] Û and then find the zeros of

×9Ø^] Û using the generalized eigenvalue problem.
(b) What is the transfer function from B Ø^] Û to @ Ø^] Û , the single state of

×9Ø^] Û , and what are the
zeros of this transfer function?

Solution. (a) A state-space realization of
×9Ø^] Û is�@ Ü â @ ë¥ä BE Ü @ â B

and ± Ø^] ÛYÜÅN ]Òë�ç
âkäç âmçbO
Thus, zero at

] Ü ç .
(b) From B Ø^] Û to @ Ø^] Û , the polynomial system matrix is:± Ø^] ÛYÜÅN ]Òë�ç
âkäç è O
and the corresponding transfer function is

×9Ø^] ÛFÜ c� �ùc . Thus, there are no zeros in this
transfer function.

Exercise 4.7 For what values of � � does the following plant have RHP-zeros?Ä Ü � vsl ll j�v�� � ê Ü F � û Ü � vsl�� �vsl l�� � ü Ü � lÂll v�� (4.1)

Solution. ± Ø^] Û Ü ¯°°± ]�â¥ç]è è âmç èè ]Rëîç è âmçç]è � � è èç]è è è ç
² ³³´

If
] Ü � � âùç , the sum of the 2nd and 4th rows of ± Ø^] Û is equal to the 3rd row. Thus A&Ü � � âùç .

So the plant has RHP-zero if � � ë ç .
Exercise 4.9 Use (A.7) to show that the signal relationships (4.83) and (4.84) may also be
written as �
	 � � Ü

ñ Ø^] Û �
� °��� � �
ñ Ø^] ÛYÜ ��� �j�� � � á � (4.85)

From this we get that the system in Figure 4.3 is internally stable if and only if

ñ Ø^] Û is stable.

skoge
Sticky Note
Misprint: should be 2/(1+s)
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Solution. Signal relationships (4.83) and (4.84) are:B Ü ØGFkë ¯ × Û á � K ° â ¯ ØGF7ë¥× ¯(Û á � K � (4.83)E Ü ×9ØGF7ë ¯ × Û~á � K ° ë�ØGFkë�× ¯(Û~á � K � (4.84)

Which can be written as:N B E O ÜÅN ØGFkë ¯ × Û á � â ¯ ØGF7ë�× ¯(Û á �×9ØGFkë ¯ × Û á � ØGFkë�× ¯(Û á � O N K�°K � O
Noting that

×9ØGFìë ¯ × Û á � Ü ØGF�ë × ¯(Û á � × and
ØGFHë ¯ × Û á � Ü Fkâ ¯ ØGFHë × ¯(Û á � × :N ØGF�ë ¯ × Û á � â ¯ ØGF�ë × ¯(Û á �×9ØGF�ë ¯ × Û á � ØGF�ë × ¯(Û á � O N K�°K � O ÜÅN Fmâ ¯ ØGF�ë × ¯(Û á � × â ¯ ØGF�ë × ¯(Û á �ØGF7ë�× ¯(Û á � × ØGF7ë¥× ¯(Û á � O

Since �3Ü F7ë¥× ¯ and using (A.7):N F�ë ¯�� á � Øãâk× Û â ¯�� á �â � á � Øãâk× Û � á � O ÜÅN F ¯âk× F O á � Ü ñ
Exercise 4.11 Given the complementary sensitivity functions¸ � Ø^] ÛYÜ ä8]Rëîç]�ðYë è�ý é ]Rë�ç ¸ ð Ø^] Û Ü âkä-]Òë�ç]BðPë¥è�ý é-]ìëÞç
what can you say about possible RHP-poles or RHP-zeros in the corresponding loop transfer
functions, I � Ø^] Û and I ð Ø^] Û ?
Solution. Assume internal stability:
1) Compute ¶ � Ü ç�â ¸ � Ü c � c~á � � ð �c } � ö �  �c�� � . Since ¶ � has a RHP-zero, we conclude that I � is
unstable with a RHP-pole at s=1.2 (and also with a pole at

] Ü è ).
2) ¸ ð has a RHP-zero, so I ð has a RHP-zero at

] Ü è�ý å .
Exercise 4.13 Show that the IMC-structure in Figure 4.5 is internally unstable if either

¼
or×

is unstable.

Solution. In Figure 4.5, it can be derived that B ÜX¯ Ø J â E Û where ¯ Ü ØGF9â ¼ × Û á � ¼ ,
i.e. equation (4.89). Thus,

¼
Ü ¯ ØGF7ë�× ¯(Û á � . According to Lemma 4.6 if either

¼
or
×

is
unstable then the IMC system is internally unstable.

Exercise 4.15 Given a stable controller ¯ . What set of plants can be stabilized by this
controller? (Hint: interchange the roles of plant and controller.)

Solution. The set of the plants can be parameterized as:× Ü ØGF<â ¼ ¯(Û á � ¼ Ü ¼ ØGF�â ¯ ¼ Û á � �
where “parameter”

¼
is any stable transfer function matrix.
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Exercise 5.1 Kalman inequality The Kalman inequality for optimal state feedback, which
also applies to unstable plants, says that

ó ¶ ó Î ç$#�Ú , see Example 9.2. Explain why this does
not conflict with the above sensitivity integrals.

Solution. 1. Optimal control with state feedback yields a loop transfer function with a pole-
zero excess of 1 so (5.5) does not apply.

2. There are no RHP-zeros when all states are measured so (5.9) does not apply.

Exercise 5.3 Consider again the plant (5.24) from Example 5.2. Compute the bounds
on
Q ¶ Q Y ,

Q ¸ Q Y ,
Q ¯·¶ Q Y and

Q ¶ × Q Y using Table 5.1. Do you expect any difficulties in
controlling this plant?

Solution. The plant ×9Ø^] ÛYÜ ç]è d ]�â ä]BðRâïä8]Rë¥å
has a RHP-zero at A Ü ä and RHP-poles as %KÜ ç ÷ ÙÑä .

From (5.15): Q ¶ QWY'&)(+*,X.- � ó A ë % X óó A â % X}ó/ 021 3465 *
7
Ü Øæä�ëîç�âqÙÑä Û Øæä�ëîçÒëFÙÑä ÛØæä7â¥çRë@ÙÑä Û Øæä7â¥çHâbÙÑä Û Ü ä�ý f (5.15)

From (5.22):Q ¸ Q Y &
ñ
�98 V �   Ü ( *,X:- � ó A ë % Xíóó A â % X ó/ 021 34 5 *27

Ü ØæäHëîç�âqÙÑä Û ØæäkëîçÒë@ÙÑä ÛØæäkâ¥çRë@ÙÑä Û Øæämâ¥çHâqÙÑä Û Ü äÑý f (5.22)

From (5.30): Q ¯·¶ QWY;& ç]ú É < Ø>=9Øæ× Û � ÛYÜ è�ý å û è{é (5.30)
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From (5.28):Q ¶ × Q Y &�ó × £ c Ø A¸Û ó d (+*,X:- � ó A ë % X óó A â % X ó/ 021 34 5 *27

Ü ó × £ Ø AÑÛ ó Ü ç]è@? ]Òë¥ä] ð â ä-]Rë¥åBA c - ð Ü ÿ�ý è¸ò/f û (5.28)

As the minimum bounds

ñ C Ü ä�ý f and

ñ
�98 V �  �Ü äÑý f are larger than the typical

maximum allowed value of about 2, it is expected that this plant will be difficult to stabilize
and control from a practical point of view.
Also,

Q ¶ × QWY;& ÿ�ý èÃé , which may not be acceptable if it is required to keep
Q E Q ð Á ç for all

input disturbances less than 1 (this would require
Q ¶ × QWY Á ç Q

.

Exercise 5.6 Consider the weight
, ¹ Ø^] ÛYÜ �4 ëîØ
DFEGc Û ¤ which requires

ó ¶ ó to have a slope
of M at low frequencies and requires its low-frequency asymptote to cross

ç
at a frequency

Ú �H .
Note that MDÜ ç yields the weight (5.49) with

Ä Ü è . Derive an upper bound on
Ú �H when the

plant has a RHP-zero at A . Show that the bound becomes
Ú �H Î ó A ó as M ýJI

.

Solution. When A ë è is real, from
ó , ¹ Ø AÑÛ ó Á ç we have:, �H Á A ØãçHâ¥çBú ñ Û �
Ã ¤ ý

When A is imaginary, we get:Ú �H ÁLKM N ó A óPO çHâ �4 }RQ �
Ã ¤ MbÜ ä89&â�ç � 9 Ü ç � ä � ýxýiýó A ó�S çºâ � á �
�UT4WV �
Ã ¤ MbÜ ä89 � 9 Ü ç � ä � ýxýxý
In all these cases,

Ú �H Á ó A ó as M ýXI
.

Exercise 5.9 Consider the case of a plant with a RHP-zero A where we want to limit the
sensitivity function over some frequency range. To this effect let, ¹ Ø^] ÛYÜ Ø �æöíöíö cY EG ë �4 Û Ø c Ã � 4Y EG � ëÞç ÛØ �æö cY EG ëîç Û Ø �æöíö cY EG ëÞç Û (5.59)

This weight is equal to
çBú ñ

at low and high frequencies, has a maximum value of about
çxè¸ú ñ

at intermediate frequencies, and the asymptote crosses
ç

at frequencies
Ú �H ú�çxèÃè{è and

Ú �H .
Thus we require “tight” control,

ó ¶ ó Á ç , in the frequency range between
Ú �H[Z Ü Ú �H úÑç]è{èÃè

and
Ú �H < Ü Ú �H .

a) Make a sketch of
çBú ó , ¹ ó (which provides an upper bound on

ó ¶ ó ).
b) Show that the RHP-zero A cannot be in the frequency range where we require tight

control, and that we can achieve tight control either at frequencies below about A ú{ä (the usual
case) or above about

ä A . To see this select

ñ
Ü ä and evaluate

, ¹ Ø AÑÛ for various values ofÚ �H Ü 9 A , e.g.
9 Ü è�ý ç � è�ý å � ç � çxè � çxèÃè � çxèÃèÃè � ä{è{èÃè � çxèÃèÃè{è . (You will find that

, ¹ Ø AÑÛPÜ è�ý û å
(
6 ç

) for
9 Ü è�ý å (corresponding to the requirement

Ú �H < Á A ú{ä ) and for
9 Ü ä{è{èÃè

(corresponding to the requirement
Ú �H[Z ë ä A ))

skoge
Sticky Note
Misprint. The answer is 8.

Note that this agrees with following: Gms(z)|=3.0769 and Mzpi=2.6 (from above) and 3.0769*2.6=8.

Thanks to Ian Craig for pointing out this

skoge
Sticky Note
Misprint. The answer is 8.

Note that this agrees with following: Gms(z)|=3.0769 and Mzpi=2.6 (from above) and 3.0769*2.6=8.

Thanks to Ian Craig for pointing out this
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Fig. 5.9. Figure for exercise 5.9

Solution. a)The asymptotic magnitude Bode-plot is shown as follows (see Figure 5.9):
b) In the above plot betweem

Ú �H úÑç]èÃè{è and
Ú �H çBúÔ, ¹ Ø�Ú Û�Î ç . Hence to satisfy the

condition
ó , ¹ Ø A¸Û ó Á ç , A cannot be in the frequency range from

Ú �H ú�ç]è{èÃè to
Ú �H where

we require tight control.
The values of

, ¹ Ø A¸Û via
9 Ü Ú �H ú A for

ñ
Ü ä are shown in the following table:9 , ¹ Ø AÑÛ

0.1 0.59350
0.5 0.94788
1.0 1.3508

10.0 4.7966
100.0 4.7966

1000.0 1.3508
2000.0 0.94788

10000.0 0.59350

Exercise 5.10 For purely imaginary poles located at %ÞÜþ÷ Ù ó % ó a similar analysis of the
weight (5.68) with

ñ
� Ü ä shows that we must at least require

Ú �H � ë çÃý ç]å ó % ó . Derive this
bound.

Solution.

É c�dk´>e�·{É�¹;f g h�g }i E }G9j ¿ Ök }j�l À\m)Ëonp drq g h�g k js k }j $ Ö ¹ À Å À¸ÂatFu�É eìÉ Å
Exercise 5.11 For a system with a single real RHP-zero A and µ�v RHP-poles % X and tight
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control at low frequencies (

Ä Ü è in (5.50) derive the following generalization of (5.52):Ú �H Á Axwy (+*,X:- � ó A â % X óó A ë % X½ó â çñ'z{ (5.74)

(Hint: Use (5.13).) Note that for a plant with a single RHP-pole and RHP-zero the
bound (5.74) with

ñ
Ü ä is feasible (upper bound on

Ú �H is positive) for % Á è�ý ÿ{ÿ A .
This confirms the approximate bound % Á è�ý ä{å A derived for stability with acceptable low-
frequency performance and robustness on page 196.

Solution. Joining (5.13) and (5.47), we have that:ó , ¹ Ø A¸Û ó d ( *,X:- � ó A ë % X½óó A â % X½ó/ 021 34o5 * 7
Î Q , ¹ ¶ Q Y Á ç

Considering the performance weight (5.50):ó , ¹ Ø A¸Û ó Ü}|||| A ú
ñ ë , �HA ë�, �H Ä |||| (5.50)

So, we have that:

|||| A ú
ñ ë�, �HA ë�, �H Ä |||| d ( *,X:- � ó A ë % X óó A â % X ó Á ç
|||| A ú
ñ ë�, �HA ë�, �H Ä |||| Á (+*,X:- � ó A â % X óó A ë % X ó

When A is real, all variables are real and positive, so (with
Ä Ü è )Ú �H Á Axwy (+*,X:- � ó A â % X óó A ë % X½ó â çñ z{

Exercise 5.12 Perform closed-loop simulations with the SIMC PI controller and the
proposed PID controller for the room heating process. Also compute the robustness
parameters (GM, PM,

ñ C and

ñ
� ) for the two designs.

Solution. The model for the heating room is:×9Ø^] ÛYÜ ä{è8_ á �æöíö cçxèÃè{è ]ìëîç � × L Ø^] ÛYÜ ç]èçxèÃè{è ]ìëîç
The SIMC and PID tunings used were:
SIMC: ¯���Ü è�ý äÃå and 0W� Ü éÃè{è s
PID: ¯��HÜ è�ý ü , 0`� Ü ä{è{è s and 0�~ Ü fÃè s
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The closed-loop simulations with SIMC PI and PID controllers are presented in Figure

5.12.
The robustness parameters are:

For SIMC PI:
× ñ Ü ÿ�ýÍçxè-f{è�Ø û ý é�ü¸ÿ û K1ê9Û , ± ñ Ü å{é�ý ÿ�ü û ü , ñ C Ü ç{ý f{èÃÿ û , and

ñ
� ÜçÃý è�üÃü¸ÿ

;
For PID:

× ñ Ü çÃý fÃä{é�çÃØ ü�ý ä{ÿ{ÿ¸å K1ê9Û , ± ñ Ü ÿÃé�ý fÃÿ¸ä/f , ñ C Ü ä�ý f{üÃè-f , and

ñ
� Ü ç{ý ò�ç]èÃä .
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(c) Step disturbance in outdoor temperature
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(d) Setpoint change p����^v��`l���� v2�
Exercise 5.14 (a) The effect of a concentration disturbance must be reduced by a factor ofç]è{è

at the frequency
è�ý å

rad/min. The disturbances should be dampened by use of buffer tanks
and the objective is to minimize the total volume. How many tanks in series should one have?
What is the total residence time?

(b) The feed to a distillation column has large variations in concentration and the use of
one buffer tank is suggested to dampen these. The effect of the feed concentration K on the
product composition E is given by (scaled variables, time in minutes)×�L�Ø^] ÛYÜ _ á%c ú�ÿ ]
That is, after a step in K the output E will, after an initial delay of

ç
min, increase in a ramp-like

fashion and reach its maximum allowed value (which is
ç
) after another

ÿ
minutes. Feedback

control should be used and there is an additional measurement delay of
å

minutes. What
should be the residence time in the tank?

(c) Show that in terms of minimizing the total volume for buffer tanks in series, it is optimal
to have buffer tanks of equal size.

(d) Is there any reason to have buffer tanks in parallel (they must not be of equal size
because then one may simply combine them)?

(e) What about parallel pipes in series (pure delay). Is this a good idea?

Solution.
(a) From (5.116) we must requireó � ¤ ØÍÙ�Ú ö Û ó Ü çØ��`�¤ Ú ö Û ð ëîç Ü è�ý è�ç
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This gives 0 ¤ Ü MÚ ö�� çxèÃè ð Ã ¤ â ç
With
Ú ö Ü è�ý å rad/min we find M 0 ¤ç ä�èÃèä ÿ û ý éÃèÿ ä{ò�ý ä{èü äBü�ý èÃèå ä�ÿ�ý è{üf ä{ä�ý û èò ä�ÿ�ý çBäç]è5äBü�ý å û

and we find that to minimize 0 ¤ we should have 6 tanks in series with a total residence time0 ¤ Ü äÃäÑý û è min. (In practice, we would prefer fewer tanks because the number of tanks
increases the cost, and probably use only 2 or at most 3 tanks).

(b) Assume the transfer function of the tank is� Ø^] ÛYÜ ç0�� ]Òë�ç
The total delay in the feedback loop is

. Ü ç�ë(å Ü f [min]. To make the system controllable,
we need ó ×�L�ØÍÙÑú8. Û d � ØÍÙÑú8. Û ó Î çÃý
This leads to 0�� & ç]è�ý ÿ û [min].

(c) Consider the case with two buffer tanks with total residence time 0 � . Let the residence
time in one of the tanks be @ . Then� ð Ø^] ÛYÜ çØãçRë @ ] Û ØãçÒë�Ø 0�� â @�Û ] Û Ü ççÒë 0�� ]Rë�Ø 0�� â @�ÛH@ ] ð
and the high-frequency asymptote becomes

ó � ð ØÍÙ�Ú Û ó 6 ç]ú ¬ Ø 0�� â @�ÛH@ Ú ð ® which is minimized
by selecting @ïÜ 0�� ú{ä , that is, the tanks should be of equal size to get the best disturbance
attentuation with a given total volume. For M tanks in series we get the same result by
considering the high-frequency asymptote.

(d) It seems no any such reasons.
(e) It certainly may dampen disturbances, but probably tanks are better.

Exercise 5.16 What information about a plant is important for controller design, and in
particular, in which frequency range is it important to know the model well? To answer this
problem you may think about the following sub-problems:

(a) Explain what information about the plant is used for Ziegler-Nichols tuning of a SISO
PID-controller.

(b) Is the steady-state plant gain
×9Ø è Û important for controller design? (As an example

consider the plant
×9Ø^] Û&Ü �c�� ç with

ó å ó Î ç and design a P-controller ¯ Ø^] Û&Ü3¯�� such
that
Ú �&Ü çxèÃè . How does the controller design and the closed-loop response depend on the

steady-state gain
×9Ø è ÛPÜ çBú å ?)
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Solution. (a)

Ú ° and
ó ×9Ø�Ú °�Û ó , that is, only information at frequency

, ° is used.
(b) As just noted the steady-state information is not needed for Ziegler-Nichols tuning, and

it is generally not important for feedback design. This is illustrated by the example where¯��LÜ ñ Ú ð� ë å ð Ü ñ ç]è{èÃèÃèkë å ð 6 ç]è{è for any value of å Î ç . Thus response hardly
effected by å . Main effect is on steady-state offset which is

�� �B�$� Ã ç 6 å ú ¯�� and may vary
between

è
(for å9Ü è ) and

è�ý è�ç
(for å9Ü ç ).

Exercise 5.18 A heat exchanger is used to exchange heat between two streams; a coolant
with flowrate � (

ç ÷ ç kg/s) is used to cool a hot stream with inlet temperature ¸ ö ( ç]è{è ÷ ç]è ê C)
to the outlet temperature ¸ (which should be

fÃè ÷ çxè ê C). The measurement delay for ¸ is
ÿ
s.

The main disturbance is on ¸ ö . The following model in terms of deviation variables is derived
from heat balances¸ Ø^] ÛYÜ éØáfÃè ]Òë�ç Û ØãçBä8]ìë�ç Û � Ø^] Û ë è�ý f�Øæä{è ]Hëîç ÛØáfÃè ]Rëîç Û ØãçBä8]ìë�ç Û ¸ ö Ø^] Û (5.121)

where ¸ and ¸ ö are in
ê
C, � is in kg/s, and the unit for time is seconds. Derive the scaled

model. Is the plant controllable with feedback control? (Solution: The delay poses no problem
(performance), but the effect of the disturbance is a bit too large at high frequencies (input
saturation), so the plant is not controllable).

Solution.Since
ó ×�L�ØÍÙ�Ú Û ó Á ç , especially

ó ×�L�ØÍÙ �� Û ó Á ç , the delay poses no problem. But
input constraint does! Let E Ü ¸ úÑç]è , B Ür� úÑç and K Ü ¸ ö ú�çxè , then the scaled model is:E Ø^] Û Ü è�ý éØáfÃè-]ìëîç Û ØãçBä8]ìëÞç Û B Ø^] Û ë è�ý f�Øæä�è ]Hëîç ÛØáf{è ]ìëÞç Û ØãçBä-]Rë�ç Û K Ø^] Û
So,
ó × ó ú ó ×�L ó Ü ö �  ö � � ñ e öíö D } � � Á ç , when

Ú ë ñ � ö �  Ã}ö � � � } á �ð ö Ü è�ý è�üÃü�ç , i.e. at high

frequencies the disturbance is too large which will cause input saturation. Thus the plant is
not controllable.
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Exercise 6.3 To illustrate further the above arguments, determine the sensitivity function ¶
for the plant (6.31) and ¯ Ü�� c F . Use the approximation

_ á � c 6 ç�â�.-] to show that at low
frequencies the elements of ¶ Ø^] Û are of magnitude

çBú�Øá9�.këÞä Û . How large must
9

be to have
acceptable performance (less than 10% offset at low frequencies)? What is the corresponding
bandwidth? (Answer: Need

9 ë éÃú8. . Bandwidth is equal to
9

.)

Solution. Using ¶FÜ ØGFkë�× ¯(Û á � and
_ á � c 6 ç�âº. ] , it can be obtained that¶FÜ ç]Pë�9�Øæä�ë�.-9 Û N ]Rë�9 â�9â�9uØãçHâ¾. ] Û ]Rë�9 O

Thus at low frequencies (
] 6 è

), the elements of ¶ all have the magnitude of
çBú�Øæämë½.-9 Û .

To maintain 10% offset at low frequencies, let
ç]ú�Øæäºë�.89 Û Á çBúÑç]è . It leads to

9 ë éÃú8. . The
bandwidth is obtained by letting: |||| â�9uØãçHâbÙ .]Ú ÛÙ�Ú@ë�9�Øæä�ë�.-9 Û |||| Ü ç{ý
This gives

9 ð ë�9 ð . ð Ú ð Ü Ú ð ë 9 ð Øæäuë .-9 Û ð . Since
9 ë éÃú8. , .89 2 ä , i.e.

9 ð . ð 6 Øæä�ë .-9 Û ð .
Thus the equation for bandwidth can be simplified as

9 ð Ü Ú ð , i.e. the bandwidth is equal to9
.

Exercise 6.5 For a plant with a single real RHP-zero A with input direction BB� and a
diagonal performance weight matrix � ¹ , show that the requirement

Q � ¹ ¶ Q Y Á ç
implies� X ó , ¹ 8 X Ø AÑÛ ó ð ó B9� 8 X~ó ð Á ç

If
, ¹ 8 X is given by (5.50) and

, ¹ 8 � Ü è , ���Ü Ù (arbitrarily poor control of all outputs other
than E X ), show that tight control of E X at low frequencies imposes the following limitation onÚ �H 8 X : Ú �H 8 X Á A ? çB9� 8 X â ç

ñ A
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Solution.

Unfortunately, the result does not hold as originally stated: Instead of
Q � ¹ ¶ Q YÑÁ ç

one
could consider

Q � ¹ ¶ � Q Y Á ç
(which is OK mathematically but makes less sense from a

physical point of view).
Alternatively (and better), the exercise should start with ”For a system I�Ü × ¯ with a

single...”. The solution then goes as follows:
If I Ø^] Û has a RHP-zero at A with input direction B � , then for internal stability of the

feedback system the following interpolation constraint applies:¶ Ø AÑÛ B9� Ü B9�
Then, if we multiply � ¹ ¶ by B � , we have that� ¹ ¶ B � Üú� ¹ B �
As �¾¹ is diagonal ( �¾¹FÜ Ka�áåa� ØG, ¹ X Û ), we have tható ó Ka�áåa� ØG, ¹ 8 X Û B9� ó ó Y Á ç
Taking the square of both sides, we see tható ó Ø B �� Ka�áåa� ØG, ¹ 8 X ÛíÛ Ø Ka�áå�� ØG, ¹ 8 X Û B � Û óÍó Y Î óÍó B �� Ka�áåa� ØG, ¹ 8 X Û ó ó Y d ó ó Ka�áåa� ØG, ¹ 8 X Û B � óÍó Y Á ç
So ó ó � X ó , ¹ 8 X Ø AÑÛ ó ð ó B9� 8 X½ó ð óÍó Y Ü � X ó , ¹ 8 X Ø A¸Û ó ð ó B9� 8 X½ó ð Á ç

Considering that
, ¹ 8 X is given by (5.50) and

, ¹ 8 � Ü è , ���Ü Ù , from� X ó , ¹ 8 X Ø AÑÛ ó ð ó B � 8 X ó ð Á ç
we have that �4 ë�, �HA ë�, �H Ä BF� 8 X Á ç
With

Ä Ü è (no steady-state offset): Añ ë�, �H Á AB A����
Then , �H Á A Ø çB9� 8 X â ç

ñ Û
Exercise 6.6 Consider the plant ×9Ø^] ÛYÜÅN�� ç�c�� � � O (6.39)

(a) Find the zero and its output direction.
(b) Which values of � yield a RHP-zero, and which of these values is best/worst in terms of
achievable performance?
(c) Suppose � Ü è�ýÍç . Which output is the most difficult to control? Illustrate your conclusion
using Theorem 6.4.
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Solution. (a) AbÜ �  } â�ç because


 ß{à�¡ ×9Ø AÑÛmÜ ç . The output zero direction is obtained
from E <� ×9Ø AÑÛYÜ è . This gives E � Ü­¬ â � ç ® � .
(b) We have a RHP-zero for

ó � ó Á ç . Best for � Ü è with zero at infinity; if control at
steady-state is required then worst for � Ü ç with zero at

] Ü è .
(c) Output

ä
is most difficult since the zero is mainly in that direction; we get strong interaction

with ¢(Ü ä{è in (6.38) if we want to control EÑð perfectly.

Exercise 6.8 Analyze input-output controllability for×9Ø^] ÛYÜ ç]BðYë�çxèÃè N �ö � öi� c�� � çc�� ö � �c�� � ç O
Compute the zeros and poles, plot the RGA as a function of frequency, etc.

Solution. The system has 6 poles: ÷ Ù�çxè , ÷ Ù�çxè , ç and
ç]è{è

; 2 zeros:
â û ý å{ÿÃò

and
û ý üÃÿ¸ò

(RHP-
zero). The diagonal elements of the RGA are: £ �í� Ü¤£ ðíð Ü ØãçRâ¦¥ �á} ¥ }��¥ �
� ¥ }
} Û á � and off-diagonal
elements of the RGA are: £ � ð Ü¦£ ð � Ü çÒâ £ �í� . The amplitudes of these elements are shown
as functions of frequency in Fig. 6.8(a). It is shown in the figure that all elements of the RGA
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Fig. 6.8(a) The RGA of exercise 6.8

have a peak about 6 at
Ú Ü ç]è . The singular values of the system are shown in Fig. 6.8(b). It

is shown that the sv is less than 1 at all frequencies. Thus it is difficult to control this plant.

Exercise 6.10 LetÄ ÜÇN âmç]è èè âmç O �CêÁÜ F �Cû ÜÅN ç]èÏçÃý çç]è è O � ü ÜÌN è2èèÏç O
(a) Perform a controllability analysis of

×9Ø^] Û .
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Fig. 6.8(b) The SV of exercise 6.8

(b) Let
�@bÜ Ä @ ë ê B ë K and consider a unit disturbance KKÜ)©«ª � ª ðR¬ � . Which direction

(value of A � ú A ð ) gives a disturbance that is most difficult to reject (consider both RHP-zeros
and input saturation)?
(c) Discuss decentralized control of the plant. How would you pair the variables?

Solution. (a) The transfer function matrix is:×9Ø^] ÛYÜÅN �æöc�� �æö � � �c�� ��æöc�� �æö ç O ý
The system has two stable poles: -10 and -1 and one RHP-zero: A<Ü è�ý ç . The RGA matrix is:
�Æ � ÜÅN �æö � c�� �
��æö c~á � á �í��æö c~á �á �í��æö c~á � �æö � c�� �
��æö c~á � O ý
Thus, the magnitudes of the RGA elements are large (about 10) at low frequencies and small
at high frequency (approximating to a unit matrix). But the approximation is at

Ú 2 ç 2 A ,
i.e. “outside” the bandwidth which is limited by the RHP-zero, A<Ü è�ýÍç .
(b) At steady-state,

×9Ø è ÛbÜ N ç2ç{ý çç ç O and the most difficult output direction is B Ø è ÛbÜ¬ âºè�ý f{é û è�ý ò{äÃå ® � . Let K@ÜÑ¬ ç 9 ® � . Then, � L�Ø è ÛmÜ â ê Ä á � K@Ü ¬ çÒë�ç{ýÍçW9�ç ® � . So,
in the most difficult direction, � L�Ø è Û ú Q � L�Ø è Û Q Ü B Ø è Û , i.e.

çHë�çÃý ç`9 Ü âºè�ý fÃé û ú{è�ý ò{äÃå . This
gives

9 Ü âmçÃý òÃò .
(c) At the steady state, 
�Æ �<Ø è ÛPÜÅN âmç]è çÃççÃç âmç]è O ý
Thus the best pairing for decentralized control is: ( E � , B ð ) and ( E¸ð , B � ).
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Exercise 6.12 Order the following three plants in terms of their expected ease of
controllability× � Ø^] ÛYÜÅN ç]è{è û åç]è{è ç]è{è O � × ð Ø^] ÛYÜÌN ç]èÃè8_ á#c û å8_ á#cç]è{è çxèÃè O � × � Ø^] ÛYÜÅN çxèÃè û å8_ á#cçxèÃè ç]èÃè O
Remember to also consider the sensitivity to input gain uncertainty.

Solution.
× � and

× ð have the same RGA matrix which is constant with £ �í� Ü­£ ðíð Ü ä�è
and £ � ð Ü®£ ð � Ü ç û . These large RGA values indicate both

× � and
× ð are difficult to

be controlled. Additionally
× ð has a delay in output 1 thus is worse than

× � . With the
approximation of

_ á#c 6 çHâ�] the RGA of
× � can be expressed as: £ �í� Ü¤£ ðíð Ü �æöíöa��B¯Ca�c and£ �í� Ü¤£ ðíð Ü ¯Ca � c~á �
�a��+¯Ca�c . When

Ú 6 ç
the system is well-conditioned (the RGA

6 F
). So
× � is

the best one, then
× � and

× ð is the worst.

Exercise 6.14 Analyze input-output controllability for×9Ø^] ÛYÜÅN çxèÃè çxè¸äçxèÃè çxèÃè O �°� L � Ø^] ÛYÜÅN �æöc�� ��æöc�� � O �°� L ð ÜÅN �c�� �á �c�� � O
Which disturbance is the worst?

Solution. This is a ill-conditioned plant. The RGA, £ �í� Ü âkå�è at all frequencies.
Disturbance K � is in the same direction of B�� , thus is easy to be rejected. The disturbance
condition numbers for the two disturbances are, � L � Ü çÃý üÑäÑç]ÿ and � L ð Ü ä�è¸ä�ý è�ç . Hence, K ð
is more difficult to be rejected than K � .
Exercise 6.16 Find the poles and zeros and analyze input-output controllability for×9Ø^] ÛPÜÅN � ë Øãç]ú-] Û çBú8]çBú8] � ë Øãç]ú-] Û O
Here c is a constant, e.g. � Ü ç .

Remark. A similar model form is encountered for distillation columns controlled with theü ê -configuration. In which case the physical reason for the model being singular at steady-
state is that the sum of the two manipulated inputs is fixed at steady-state,

ü ë êÁÜ½î .

Solution. For the computations we select � Ü ç . The plant has two poles at
] Ü è and one

LHP-zero at
] Ü è , e.g. consider the realization×9Ø^] ÛYÜ ç]Bð N/� ]Rëîç çç � ]Rëîç O

Here
×9Ø^] Û has a zero at

] Ü è since the matrix N � ]Rëîç çç � ]Òë�ç O has a zero for
] Ü è .

(alternatively, we may have a realization with only one pole at
] Ü è e.g.

Ä Ü è (scalar),ê Ü�¬ ç
ç ® �sû�ÜÅN ççbO � ü Ü F )), but we then have no zero at
] Ü è ). In any case, the plant

is unstable and needs to be stabilized.
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The plant is singular at steady-state (with infinite RGA and condition number). This may

seem to indicate that control is very difficult, but this is not the case. The reason is that the
singularity is caused by the largest singular value being infinite at steady-state, whereas the
smallest singular value is

ó � ó Ü ç at
] Ü è so it is non-zero (if the smallest singular value was

zero at
] Ü è then tight control at steady-state would be impossible).

In summary, acceptable control for this plant is possible provided the bandwidth is
sufficiently high (higher than about frequency

ó � ó ).
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Exercise 7.2 Suppose that the nominal model of a plant is×9Ø^] ÛYÜ ç]RëÞç
and the uncertainty in the model is parameterized by multiplicative uncertainty with the weight, � Ø^] ÛPÜ è�ý çBäÃå8]Hë¥è�ý äÃåØ è�ýÍç]äÃå{ú�ü Û ]Hëîç
Call the resulting set ² . Now find the extreme parameter values in each of the plants (a)-(g)
below so that each plant belongs to the set ² . All parameters are assumed to be positive. One
approach is to plot ³ � Ø�Ú ÛPÜ ó × á � ×o´�â¥ç ó in (7.25) for each

×o´
(
× ç � ×\µ , etc.) and adjust the

parameter in question until ³ � just touches
ó , � ØÍÙ�Ú Û ó .

(a) Neglected delay: Find the largest
.

for
× ç<Ü × _ á � c (Answer:

è�ýÍçxÿ
).

(b) Neglected lag: Find the largest 0 for
×�µ Ü × �� c�� � (Answer:

è�ý çBå
).

(c) Uncertain pole: Find the range of å for
× � Ü �c�� ç (Answer:

è�ý é
to
çÃý ÿÃÿ

).

(d) Uncertain pole (time constant form): Find the range of ¸ for
×�L Ü �� c�� � (Answer:

è�ý ò
to
çÃý å

).
(e) Neglected resonance: Find the range of ¶ for

× q Ü × �� c Ã}õãöC� } � ð�· � c Ã}õãöC� � � (Answer:
è�ý è¸ä

to
è�ý é

).

(f) Neglected dynamics: Find the largest integer Í for
×�¸ Ü × S �ö � öi� c�� � V £ (Answer:

çxÿ
).

(g) Neglected RHP-zero: Find the largest 0 � for
× ¥ Ü × á � 5 c�� �� 5 c�� � (Answer:

è�ý èÃò
). These

results imply that a control system which meets given stability and performance requirements
for all plants in ² , is also guaranteed to satisfy the same requirements for the above plants× ç , ×\µ � ýxýxý � × ¥ .

(h) Repeat the above with a new nominal plant
× Ü ç]ú�Ø^]7âîç Û (and with everything else

the same except
×�L Ü ç]ú�Ø ¸ ]�â¥ç Û ). (Answer: Same as above).

Solution.
(a) ³ � Ø�Ú Û Ü ó ç�â¾_ á � D � ó . When

. Ü è�ýÍçxÿ ³ � Ø�Ú Û just touches
ó , � ØÍÙ�Ú Û ó .



ÿ¸ä ���������
	���
�����������������������������������
�� �
(b) ³ � Ø�Ú ÛYÜ ó � D �� D � � � ó . When 0 Ü è�ý ç`f ³ � Ø�Ú Û just touches

ó , � ØÍÙ�Ú Û ó .
(c) ³ � Ø�Ú Û Ü ó � á ç� D � ç ó . When

è�ý é Î�å5Î çÃý ÿÃÿ ³ � Ø�Ú Û7Î ó , � ØÍÙ�Ú Û ó .
(d) ³ � Ø�Ú ÛYÜ ó � � á � � � D� D � � � ó . When

è�ý ò Î ¸ Î çÃý å ³ � Ø�Ú Û7Î ó , � ØÍÙ�Ú Û ó .
(e) ³ � Ø�Ú ÛDÜ ó � � D Ã}õãöC� } � � D ð�· Ã}õãö� � D Ã}õãöC� } � � D ð�· Ã~õãö � � ó . When

è�ýÍçiü Î¹¶úÎ åÑý f ³ � Ø�Ú Û Î ó , � ØÍÙ�Ú Û ó . Note the

answer given in the book is not right. If
×�¸ Ü × �� c Ã}õãöC� } � ð�· � c Ãx�æöC� � � , i.e. the middle term isä ¶ Ø^]�úÑç]è Û not

ä ¶ Ø^]Bú{ò{è Û than the answer given in the book is right.

(f) ³ � Ø�Ú Û Ü óaS �� ö � öi� D � � V £ â�ç ó . When ÍÑÎ ç]ÿ ³ � Ø�Ú Û7Î ó , � ØÍÙ�Ú Û ó .
(g) ³ � Ø�Ú ÛYÜ ó á � ð � 5 D� � 5 D � � ó . When 0 � Î è�ý è¸ò , ³ � Ø�Ú Û�Î ó , � ØÍÙ�Ú Û ó .
(h) If we change

× � Ü �c~á ç then ³ � Ø�Ú Û ’s for all plants
× ç to
× ¥ are the same as (a) to (g).

Thus the answer is the same as above.

Exercise 7.4 Represent the gain uncertainty in (7.54) as multiplicative complex uncertainty
with nominal model

× Ü × ö (rather than
× Ü È9�× ö used above).

(a) Find
, � and use the RS-condition

Q , � ¸ Q Y Á ç
to find

9 V�Ê�Ë 8 � . Note that no iteration
is needed in this case since the nominal model and thus ¸ Ü ¸ ö is independent of

9 V�Ê�Ë
.

(b) One expects
9 V�Ê�Ë 8 � to be even more conservative than

9 V�Ê�Ë 8 ð since this uncertainty
description is not even tight when º is real. Show that this is indeed the case using the
numerical values from Example 7.10.

Solution.
(a) Let

9 v × Ü ×9ØãçRâ·, � ºùÛ , 9 %�» ¬ ç � 9 V�Ê�Ë 8 � ® and
ó º ó Î ç . Then

ó çìâ 9 V�Ê�Ë 8 � ó Ü Q , � º QWY .
This leads to

Q , � Q Y Ü 9 V�Ê�Ë 8 � â¥ç , so
9 V�Ê�Ë 8 � Ü Øãç]ú Q ¸ Q Y Û ëÞç .

(b) Numerically we can get
Q ¸ ö Q Y Ü çÃý ò û . So

9 V�Ê�Ë 8 � Ü ç{ý å/f (no iteration needed in this
case).

Exercise 7.6 Also derive, from
ó , ¹�¶ ó ë ó , � ¸ ó Á ç , the following necessary bounds for RP

(which must be satisfied)ó I ó ë ó , ¹ ó â¥ççºâ ó , � ó � Ø for
ó , ¹ ó ë ç and

ó , � ó Á ç Ûó I ó Á ç�â ó , ¹ óó , � ó â�ç � Ø for
ó , ¹ ó Á ç and

ó , � ó ë ç Û
(Hint: Use

ó çRë I ó Î çÒë ó I ó .)
Solution.

ó , ¹�¶ ó ë ó , � ¸ ó Á ço¼ ó , ¹ ó ë ó , � I ó Á ó çkë I ó Î çkë ó I ó ø ó , ¹ ó â ç Áó I ó â ó , � ó d ó I ó Ü Øãçkâ ó , � ó Û ó I ó . So, if
ó , � ó Á ç and

ó , ¹ ó ë ç then
ó I ó ë¾½ Y9¿ ½ á �� á ½ YFÀ ½ , and ifó , v ó Á ç and

ó , � ó ë ç then
ó I ó Á � á ½ Y ¿ ½½ Y À ½ á � .

Exercise 7.7 Consider a “true” plant× ´ Ø^] ÛYÜ ÿ-_ á ö � � cØæä-]Rëîç Û Ø è�ý çÔ]ìëÞç Û ð
(a) Derive and sketch the additive uncertainty weight when the nominal model is

×9Ø^] Û�Üÿ¸ú�Øæä-]ìëîç Û .



��� ����
��ä���H���Á�­������
�� �7���������Á��� ÿ{ÿ
(b) Derive the corresponding robust stability condition.
(c) Apply this test for the controller ¯ Ø^] ÛYÜ 9�ú8] and find the values of

9
that yield stability.

Is this condition tight?

Solution.
(a) Based on a plot we find that

_ á ö � ��c ú�Ø è�ý çÔ]ºë�ç Û ð âÞç 6 è�ý ÿ ]Bú�Ø è�ýÍç`]7ë�ç Û and
,�ÂHØ^] Û7Üö � ¯�c� ð c�� �
� � ö � � c�� �
� .(b) Using (7.12), the RS condition (7.34) can be derived from (7.34):

ó ¸ ó Á ó × ó ú ó , Â ó .
(c) I Ü × ¯+Ü � �c � ð c�� �
� and ¸ Ü I ú�Øãçkë IRÛ<Ü � �ð c } �ùc��b� � . So,

ó ¸ ó Á ó × ó ú ó ,�Â ó leads toó � �ð � � D � } � � D �ù� � ó Á ó � ö � � D � �� ö � � D ó . This gives
9 Î ç . This condition is tight.

Exercise 7.9 Consider again the system in Figure 7.18. What kind of uncertainty might
, °

and º ° represent?

Solution.

c Ç
may seem to represent some additive uncertainly, but actually it

represents inverse multiplicative (“pole”) uncertainty. (This may be seen by moving
the point where the signal goes to

c Ç
to just after the block for

c h
).

Exercise 7.11 Parametric gain uncertainty. We showed in Example 7.1 how to represent
scalar parametric gain uncertainty

× v Ø^] ÛYÜ 9 v × ö Ø^] Û where9 V �  òÎ 9 v�Î 9 V�Ê�Ë (7.101)

as multiplicative uncertainty
× v Ü ×9Øãçìë�, � º � Û with nominal model

×9Ø^] ÛRÜ È9�× ö Ø^] Û and
uncertainty weight

, � ÜÏJ � Ü Øá9 V�Ê�Ë â 9 V �  {Û ú�Øá9 V�Ê�Ë ëú9 V �  ¸Û . º � is here a real scalar,âmç Î�º � Î ç . Alternatively, we can represent gain uncertainty as inverse multiplicative
uncertainty: ² X ��Ã × v Ø^] ÛYÜ ×9Ø^] Û ØãçÒë�, X � Ø^] Û�º X � Û~á � � âmç ÎÄº X � Î ç (7.102)

with
, X � Ü J � and

×9Ø^] Û Ü 9 X × where9 X Ü ä 9 V �   9 V�Ê�Ë9 V�Ê�Ë ë�9 V �   (7.103)

(a) Derive (7.102) and (7.103). (Hint: The gain variation in (7.101) can be written exactly
as
9 v&Ü 9 X ú�Øãç�â J � º9Û .)
(b) Show that the form in (7.102) does not allow for

9 v Ü è .
(c) Discuss why (b) may be a possible advantage.

Solution.
(a) Let

9 v¥Ü 9 X Øãçmë J � º9Û á � . If
ü3_ ³:Å�åîÜ ç then

9 v Ü 9 V �   , and if
ü3_ ³:ÅHåîÜ âmç then9 vmÜ 9 V�Ê�Ë . Solving the equations:9 V �   ØãçÒë J � Û2Ü 9 X �9 V�Ê�Ë ØãçHâ J � Û2Ü 9 X �

gives that J � Ü 9 V�Ê�Ë â¾9 V �  9 V�Ê�Ë ë�9 V �   �9 X Ü ä 9 V�Ê�Ë 9 V �  9 V�Ê�Ë ë�9 V �   ý
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Inserting

9 v into
× v Ø^] ÛYÜ 9 v × ö Ø^] Û and letting

, � Ü J � leads to (7.102) and (7.103).
(b) Since

9 X �Ü è , 9 v Ü è implies
çRë J � º�Ü I . But this is impossible when

âmç ÎÆº Î ç .
Thus

9 v Ü è is not allowed.
(c) Usually the gain CANNOT be zero physically, so using an uncertainty description where
this is not possible may be an advantage. However, note that the inverse gain form may allow
for
9 v being infinite which is also impossible physically.
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Exercise 8.1 The uncertain plant in (8.7) may be represented in the additive uncertainty form× v&Ü ×¥ë � ð º Â � � where º Â ÜrÈ is a single scalar perturbation. Find � � and � ð .
Solution. � ð ÜÌN ,â�, O � � � Ü�¬ ç2âmç ® ý
Exercise 8.3 Obtain

¿
in Figure 8.6 for the uncertain plant in Figure 7.20(b).

Solution. ¿ �í� ÜÌN , � , � ×è è O � ¿ � ð ÜÅN , � ×, ð O¿ ð � Ü­¬ F × ® � ¿ ðíð Ü ×
Exercise 8.4 Show in detail how ± in (8.29) is derived.

Solution. From Figure 8.7 it can be obtained that:EÊÉ Ü � � BA�Ü â �¾¹�DD,Ü â�,Þâ × B â B É
So, ¯± EaÉAD ²´ Ü

¯± è è � �� ¹ × � ¹ � ¹ ×âk× â�F âk× ²´ ¯
± B É, B ²´ ý

Exercise 8.6 Derive µ in (8.32) from ± in (8.29) using the lower LFT in (8.2). You will note
that the algebra is quite tedious, and that it is much simpler to derive µ directly from the block
diagram as described above.
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Solution. µ Ü ± �í� ë ± � ð ¯ ØGFmâ ± ðíð ¯(Û~á � ± ð �Ü N è è�¾¹ × �º¹ O ë N � ��º¹ × O ¯ ØGF7ë¥× ¯(Û~á � ¬ âk× â�F ®Ü N è è� ¹ × � ¹ O ë N â � � ¯·¶ × â � � ¯â � ¹ × ¯·¶ × â � ¹ × ¯·¶ OÜ N â � � ¯·¶ × â � � ¯·¶�¾¹ ×9ØGF<â ¯·¶ × Û �º¹ ØGFmâ × ¯·¶YÛ O
where ¶@Ü ØGFHëï× ¯(Û á � . Using the identities

F�â(× ¯·¶ Ü F7â ¸ Üú¶@Ü ØGF�ëï× ¯(Û á � , andFmâ ¯·¶ × Ü ØGF�ë ¯ × Û á � , it finally yields the desired matrix µ .

Exercise 8.8 Find ± for the uncertain system in Figure 7.18.

Solution. ± Ü ¯± â�, ° â�, ° â�, ° ×, ¹ , ¹ , ¹ ×â�F â�F âk× ²´
Exercise 8.10 Find the interconnection matrix µ for the uncertain system in Figure 7.18.
What is

ñ
?

Solution. µ3ÜÌN â�, ° ØGF�ë × ¯(Û á � â�, ° ØGFkë¥× ¯(Û á �, ¹ ØGFkë¥× ¯(Û á � , ¹ ØGFkë¥× ¯(Û á � O
So,

ñ
Ü½µ �í� Ü â�, ° ØGF7ë�× ¯(Û á � .

Exercise 8.12

ñ
º -structure for combined input and output uncertainties. Consider the

block diagram in Figure 8.8 where we have both input and output multiplicative uncertainty
blocks. The set of possible plants is given by× v&Ü ØGFkë � ð�Ë º Ë � � Ë Û ×9ØGFkë � ð � º � � � � Û (8.33)

where
Q º � QWY Î ç and

Q º Ë Q(Y Î ç . Collect the perturbations into ºgÜ ÿ�Ì ß�Í�Î�º � ��º Ë�Ï
and rearrange Figure 8.8 into the

ñ
º -structure in Figure 8.3 Show that

ñ
ÜÌN � � � èè � � Ë O N â ¸ � â ¯·¶¶ × â ¸ O N � ð � èè � ð�Ë O (8.34)

Solution. Since µ!Ü�± �í� ë ± � ð ¯ ØGF7ë�× ¯(Û á � ± ð � and

ñ
Ü½µ �í� , it yields:

ñ
Ü N è è� � Ë � ð � O ë N � � �� � Ë × O ¯ ØGF7ë¥× ¯(Û~á � ¬ âk× � ð � â � ð�Ë ®Ü N â � � � ¯ ØGF7ë�× ¯(Û á � × � ð � â � � � ¯ ØGF7ë�× ¯(Û á � � ð ö� � Ë ×9ØGF7ë ¯ × Û á � � ð � â � � Ë × ¯ ØGF7ë × ¯(Û á � � ð ö OÜ N � � � èè � � Ë O N â ¸ � â ¯·¶¶ × â ¸ O N � ð � èè � ð�Ë O




�� ���\���¦���������H�����Á�­�����_]���
��ä��
��?��� ��� ÿÃò
Exercise 8.13 Consider combined multiplicative and inverse multiplicative uncertainty at
the output,

× v Ü ØGFùâ º X Ë � X Ë Û á � ØGF&ë º Ë � Ë Û × , where we choose to norm-bound the
combined uncertainty,

Q ¬Ðº X Ë º Ë ® Q Y Î ç . Draw a block diagram of the uncertain plant,
and derive a necessary and sufficient condition for robust stability of the closed-loop system.

Solution. A block diagram of the uncertain plant is shown in Fig. 8.13. From the diagram it

ÑÑ §§ © ÒÔÓ © ÕÖÓ ª© ³ © Ñ +
+

© © © ×ª¨ Æ
-

Õ Õ.ØÒ Õ Ó+
+

Fig. 8.13 Combined output uncertainties for Exercise 8.13

can be obtained that

ñ
ÜÌN � X Ë ¶� Ë ¸ O ý

According to (8.64) the RS condition is: Q ñ QWY Á ç{ý
Exercise 8.15 (continued from Example 8.7). (b) For

ñ
in (8.98) and a diagonal º show

that ¥ Ø ñ Û�Ü ó å ó ë ó ÙÃó using the lower “bound” ¥ Ø ñ Û�Ü)ÚUß�ÛFÜ P Ø ñ ��Û (which is always
exact). (Hint: Use � Ü ÿ�Ì ß�Í�Î _ �2Ý%� ç Ï (the blocks in � are unitary scalars, and we may fix
one of them equal to

ç
).) (c) For

ñ
in (8.98) and a diagonal º show that ¥ Ø ñ ÛìÜ ó å ó ë ó ÙÃó

using the upper bound ¥ Ø ñ Û�ÎrÚ Ì à ~ ÈÉ Øáü ñ ü á � Û (which is exact in this case since
ü

has
two “blocks”).

Solution. (b) The
ä9øbä

matrix

ñ � is singular and its non-zero eigenvalue is then given by
its trace (Fact 1 in Appendix A.2.1). We then get¥ Ø ñ ÛYÜrÚUß�ÛÝ P N å _ ��Ý åÙ _ �2Ý Ù O ÜrÚUß�ÛÝ ó å _ ��Ý ë Ù¸ó
The sum of two complex numbers is maximized when they are in the same direction, and since
we have freedom to select the direction (phase) of the first term, we get ¥ Ø ñ ÛPÜ ó å ó ë ó ÙÃó .

(c) Use
ü Ü ÿ�Ì ß�Í�Î`K%� ç Ï . Since

ü ñ ü á � is a singular matrix we have from (A.37) thatÈÉ Øáü ñ ü á � ÛYÜ[ÈÉ N å K4å�L Ù Ù O Ü � ó å ó ð ë ó K4å ó ð ë ó Ù ú K ó ð ë ó ÙÃó ð (8.100)

which we want to minimize with respect to K . The solution is KÞÜ � ó å ó ú ó Ù¸ó which gives¥ Ø ñ ÛPÜ � ó å ó ð ë�ä ó å ÙÃó ë ó ÙÃó ð Ü ó å ó ë ó ÙÃó .
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Exercise 8.18 Let å#� Ù � � and K be complex scalars. Show that forºÁÜ ÿ�Ì ß�Í�Î�È � ��È ð�Ï Ã ¥ÐN å Ù å1KÙ � � K O Ü ¥ÐN å Ù å Ù� K � K O Ü ó å Ù¸ó ë ó � K ó (8.103)

Does this hold when º is scalar times identity, or when º is full? (Answers: No and No).

Solution. Using (8.86), and letting � Ü ÿ�Ì ß�Í�Î _ �2Ý � ç Ï we can getN å Ù å1KÙ � � K O � ÜÌN å Ù _ �2Ý å1KÙ � _ �2Ý � K O �
which is singular. Thus ¥ÐN å Ù å1KÙ � � K O Ü ÚUß�ÛÜ P Ø N å Ù å:KÙ � � K O ��ÛÜ ÚUß�ÛÝ ó Ý�Þ Ø N å Ù _ �2Ý å1KÙ � _ �2Ý � K O Û óÜ ÚUß�ÛÝ ó å Ù _ �2Ý ë � K óÜ ó å ÙÃó ë ó � K ó ý
The second equality has been proven in Example 8.7. When º ÜßÈ F , �!Ü _ ��Ý F , we have
essentially no degrees of freedom and ¥ Ø ñ ÛPÜ P Ø ñ ÛYÜ ó å Ù ë � K ó (which is enerally smaller).
When º is full, � is a general unitary matrix, and ¥ Ø ñ ÛìÜ ÈÉ Ø ñ Û which is generally larger.
So the answer for the last question is also NO.

Exercise 8.20 If (8.94) were true for any structure of º then it would imply P Ø Ä ê Û ÎÈÉ Ø Ä Û P Ø ê Û . Show by a counterexample that this is not true.

Solution. Select
Ä Ü N ç èç]è ç O , ê Ü N ç2çxèè ç O . Then P Ø Ä ê9ÛmÜ ç]èÃä , ÈÉ Ø Ä Û<Ü ç]è , andP Ø ê Û Ü ç , so P Ø Ä ê9Û7ë­ÈÉ Ø Ä Û P Ø ê Û .

Exercise 8.22 Consider the plant
×9Ø^] Û in (8.108) which is ill-conditioned with � Øæ× ÛPÜ ò�è�ý é

at all frequencies (but note that the RGA-elements of
×

are all about
è�ý å

). With an inverse-
based controller ¯ Ø^] Û Ü ö � õc ×9Ø^] Û á � , compute ¥ for RP with both diagonal and full-block
input uncertainty using the weights in (8.133). The value of ¥ is much smaller in the former
case.

Solution. The ¥ curves for diagonal and full-block input uncertainty are shown in Fig. 8.22.
The value of ¥ for diagonal uncertainty is much smaller than that of the case discussed in
Section 8.11.3.

Exercise 8.24 Explain why the optimal ¥ -value would be the same if in the model (8.144) we
changed the time constant of

òÃå
[min] to another value. Note that the ¥ -iteration itself would

be affected.

Solution. The optimal ¥ -curve as a function of frequency is flat, i.e. the optimal ¥ is almost
a constant ( ¥ -value) over a wide rang of frequencies. In the model (8.144), the change of
the time constant can be treated as a frequency scaling change, while the optimal ¥ -value is
independent of frequency. Thus it would be the same.
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Exercise 9.1 Show that the closed-loop objectives 1 to 6 can be approximated by the open-
loop objectives 1 to 6 at the specified frequency ranges.

Solution.

1. When ÈÉ Øæ× ¯(Û 2 ç , ¶ Ü ØGFPë(× ¯(Û á ��6 Øæ× ¯(Û á � . So the close-loop objective 1, makingÈÉ Ø ¶YÛ small, can be approximated by the open-loop objective 1, making ÈÉ Øæ× ¯(Û large.
2. When ÈÉ Øæ× ¯(Û�ã ç , ¸ Ü × ¯ ØGFuëù× ¯(Û á � 6 × ¯ . So the closed-loop objective 2, makingÈÉ Ø ¸ Û small, can be approximated by the open-loop objective 2, making ÈÉ Øæ× ¯(Û small.
3. ÈÉ Øæ× ¯(Û 2 ç ø ¸ Ü × ¯ ØGF7ë × ¯(Û á ��6 F . So ÈÉ Øæ× ¯(Û small ø ÈÉ Ø ¸ Û 6 É Ø ¸ Û 6 ç .
4. ÈÉ Øæ× ¯(Ûäã ç øg¯·¶ Ü�¯ ØGF7ë¥× ¯(Û á � 6 ¯ . Thus, ÈÉ Ø ¯(Û small ø ÈÉ Ø ¯·¶YÛ small.
5. See 4.
6. ÈÉ Øæ× ¯(Ûäã ç ø ¸ Ü × ¯ ØGF7ë × ¯(Û á ��6 × ¯ . Thus, ÈÉ Øæ× ¯(Û small ø ÈÉ Ø ¸ Û small.

Exercise 9.6 For the cost function åååååå ¯± � � ¶� ð ¸� � ¯·¶
²´ åååååå Y (9.58)

formulate a standard problem, draw the corresponding control configuration and give
expressions for the generalized plant ± .

Solution. The control configuration is shown in Fig. 9.6. From the figure, the generalized
plant ± can be derived as: ± �í� Ü ¯± � �èè ²´ �)± � ð Ü ¯± â � � ×� ð ×� �

²´ �± ð � Ü F � ± ðíð Ü âk× ý
Exercise 9.8 Design an ¢ Y loop-shaping controller for the disturbance process in (9.75)
using the weight � � in (9.76), i.e. generate plots corresponding to those in Figure 9.18. Next,
repeat the design with � � Ü ä�Ø^]ºëîÿ Û ú-] (which results in an initial

× c which would yield
closed-loop instability with ¯3�FÜ ç ). Compute the gain and phase margins and compare
the disturbance and reference responses. In both cases find

Ú � and use (2.45) to compute the
maximum delay that can be tolerated in the plant before instability arises.
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Fig. 9.6 Control configuration for ñ ÈÊò<È Æ ñ optimization problem

Solution. The loop shapes, disturbance response and reference response of the system using
the ¢ Y loop-shaping controller designed with � � Ü ä�Ø^]ìë¥ÿ Û ú-] are shown in Fig. 9.8. It is
shown that the initial

× c would yield closed-loop instability with ¯3�ºÜ ç (dashed-line). The
gain margin of this design is

äÑý û å
, phase margin is

üÃü�ý ä ê
.
Ú �ìÜ ç]å�ý é rad/s. Thus the maximum

delay is PM
ú]Ú � Ü è�ý è{ü û s which can be tolerated in the plant before instability.

Exercise 9.10 Show that the Hanus form of the weight � � in (9.109) simplifies to (9.108)
when there is no saturation i.e. when B ç<Ü B .

Solution. Let B Ü × ��B c ë�× ð B ç , where× � sÜ N Ä Y â ê Y ü á �Y û Y èû Y ü Y O Ü ü Y× ð sÜ N Ä Y â ê Y ü á �Y û Y ê Y ü á �Yû Y è O
If B ç Ü B , then B Ü ØGF&â × ð Û á � × � B c . We have,F<â × ð sÜ N Ä Y â ê Y ü á �Y û Y â ê Y ü á �Yû Y F O
and (see (4.27)) ØGFmâï× ð Û~á � sÜÅN Ä Y â ê Y ü á �Yâ û Y F O
Thus, ØGFmâï× ð Û~á � × � sÜÌN Ä Y â ê Y ü á �Y ü Yâ û Y ü Y O Ü sÜÅN Ä Y ê Yû Y ü Y O
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Exercise 10.2 Suppose that we want to minimize the LQG-type objective function, í Ü@ ð ë J B ð , J ë è , where the steady-state model of the system is@ ë¥ä B â ÿ K9Ü èE � Ü ä @�� E ð Ü f @ â å K%� E � Ü ÿ @ âïä K
Which measurement would you select as a controlled variable for JgÜ ç ? How does
your conclusion change with variation in J ? Assume unit implementation error for all
measurements.

Solution. For this system, we have that íbÜ Ø ÿ K â ä B Û ð ë J B ð .
So, íÑ°ùÜ Ø é�ë¥ä JÃÛ B â¥çBä K and BFõ v
ö Ü �eC� « K .
Also, í�°�°9Ü é�ë¥ä J and í ° L Ü âmç]ä .
The state-space model of the system can be written as:E � Ü â�ü B ë�f K%� E ð Ü âmçBä B ëîç]ÿ K%� E � Ü â�f B ë�ò K
So, the linearized models for the three measured variables are:E � : × � � Ü â�ü , × �L � Ü fE ð : × � ð Ü âmçBä , × �L ð Ü ç]ÿE � : × �� Ü â�f , × �L � Ü ò
Following the singular value procedure (page 400):

1. The input is scaled by the factor
ç]ú � Øø÷ ð í ú�÷ B ð Û`ù�ú
û Ü ç]ú ñ é�ë¥ä J such that a unit

deviation in each input from its optimal value has the same effect on the cost function í .

2. The maximum setpoint error due to variations in disturbances is given as
_ ù�ú
û 8 X Ü× �X í á �°�° í ° L&â�× �L X . Then, for A Ü E � , _ ù�ú2û 8 � Ü Øãâ�ü Û d � C� ð « d�ØãâmçBä Û â�Øáf Û"Ü e�  C� ð « â f

and similarly,
_ ù�ú
û 8 ð Ü � e�e C� ð « â¥ç]ÿ and

_ ù�ú
û 8 � Ü õ ð C� ð « â ò .
3. For each candidate controlled variable the implementation error is M � Ü ç .
4. The expected variation (“span”) for A9Ü E � is ó _ ù�ú
û 8 X ó ë ó M � � ó Ü ó e�  C� ð « â�f ó ë�ç . Similarly,

for A<Ü EÑð and A<Ü E � , the spans are
ó � e�e C� ð « â�çxÿ ó ëîç and

ó õ ð C� ð « â ò ó ëîç , respectively.
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5. The scaled gain matrices and the worst-case losses areA<Ü E � : ó ×o´ � ó Ü �½\üþýý |�}«ÿ á9� ½ � � d]üÑú ñ éºë�ä J ;A<Ü EÑð : ó × ´ ð ó Ü �½ � üþüý |�}«ÿ á � � ½ � � d{çBä{ú ñ éºë�ä J ;A<Ü E � :

ó × ´ � ó Ü �½�� }ý |�}«ÿ á õ ½ � � dÔf¸ú ñ éºë�ä J
These scaled gain matrices can be plotted for different values of r (see Figure 10.2).
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Fig. 10.2. Norm of scaled gain matrix.

So, we can conclude that it is better to choose E � when J Á è�ý ÿ8f{ü . If
è�ý ÿ8f{ü Á J Á ç{ý çxü ,

then we can choose both EÑð or E � . For J ë çÃý çiü , E¸ð is the best choice.

Exercise 10.4 Show that for a system with a single unstable pole, (10.23) represents the least
achievable value of

Q ¯·¶ QWY . (Hint: Rearrange (5.31) on page 178 using the definition of pole
vectors.)

Solution. From (5.31): Q ¯·¶ Q Y &�ó × á �c Ø %uÛ ó (10.31)

By definition of pole vectors: ×9Ø^] ÛYÜ ç� � Å E v B <v]�â % ë µ Ø^] Û
Also, the stable version of

×9Ø^] Û with the RHP-pole at
] Ü�% mirroed across the imaginary

axis is: × c Ø %�ÛPÜ Ø^]ìâ %�ÛØ^]Pë %�Û ×9Ø %uÛ
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Then, we have Q × c Ø %�Û Q ð Ü Q ç� � Å d E v B �v]Òë % ë ]�â %]Rë % µ Ø^] Û Q ð � c - v �
or × c Ø %uÛYÜ Q E v Q ð d Q B v Q ðä % d ó � � Å ó
Then, Q ¯·¶ QWYß& ó × á �c Ø %uÛ ó Ü ä % d ó �8� Å óQ E v Q ð d Q B v Q ð

Exercise 10.5 For systems with multiple unstable poles, the variables can be selected
sequentially using the pole vector approach by stabilizing one real pole or a pair of complex
poles at a time. Usually, the selected variable does not depend on the controllers designed in
the previous steps. Verify this for each of the following two systems:× � Ø^] ÛYÜ ¼ Ø^] Û d � vsl o vvso v`m � �-m l-v � × ð Ø^] ÛYÜ

¼ Ø^] Û d � vslÂo vvso v v`m �-v �¼ Ø^] ÛYÜ � v2���U��j·v2� ll v2���U��j�l-m ��� �
(Hint: Use simple proportional controllers for stabilization of %KÜ ç and evaluate the effect of
change of controller gain on pole vectors in the second iteration.)

Solution. For
× � Ø^] Û , the absolute pole vectors are:ó � v ó Ü � l-m l`l�� m l`l� m ��� l-m l`l � ó � v ó � Ü 	�
 m ����� l-m p
� �v`m o
�`o o-m �`ll-m �`l`l l-m o
���

So, we choose to select first output EÑð and input B � . Afterwards, we can use again the pole
vectors to select the next loop, after closing the first one.ó � v ó Ü¾© j � m ����� ¬ ó �[v ó � Ü � j�l-m o`o-vj��%m � 
 � �
Then, the first loop will be E � and B � . The simulation is shown in Figure 10.5(a).

For
× ð Ø^] Û , the absolute pole vectors are:ó � v ó Ü � l-m l`l�� m l`l� m ��� l-m l`l � ó �[v ó � Ü 	 
 m ����� l-m o
�l-m �Ôl`p o-m �`ll-m �`l`l l-m o
���

So, we choose to select first output EÑð and input B � . Afterwards, we can use again the pole
vectors to select the next loop, after closing the first one.ó � v ó Ü¾© � m ��� � ¬ ó �[v ó � Ü � l-m v��
��%m ����� �
Then, the first loop will be E � and B � . The simulation is shown in Figure 10.5(b).
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Fig. 10.5. Figure for exercise 10.5.

Exercise 10.9 Draw the block diagrams for the two centralized (parallel) implementations
corresponding to Figure 10.10 (in the book).

Solution. See Figure 10.9 (in this solution manual)

Exercise 10.11 Process control application. A practical case of a control system like the
one in Figure 10.13 is in the use of a pre-heater to keep the reactor temperature E � at a given
value J � . In this case E ð may be the outlet temperature from the pre-heater, B ð the bypass flow
(which should be reset to J � , say

çxè
% of the total flow), and B � the flow of heating medium

(steam). Make a process flowsheet with instrumentation lines (not a block diagram) for this
heater/reactor process.

Solution. See Fig. 10.11.

Exercise 10.17 (a) Assume that the
ü&ø"ü

matrix in (A.83) represents the steady-state model
of a plant. Show that

ä�è
of the
äBü

possible pairings can be eliminated by requiring DIC. (b)
Consider the

ÿqø ÿ
FCC process in Exercise 6.17 on page 257. Show that the six possible

pairings can be eliminated by requiring DIC.

Solution. (a) Applying (10.78) to (A.83), where the RGA is:� Ø Ä ð ÛYÜ ¯°°± f�ýÍçWf âºè�ý f û âkò�ý û ü ÿ�ý ü¸éâmç{ý ò{ò è�ý çxè ÿ�ý ç`f âºè�ý ü ûâ�f�ý f{è çÃý ò�ÿ é�ý åÃå âkä�ý f ûÿ�ý äÑç âºè�ý çiüWâkä�ý òÃò è�ý ò{è
² ³³´
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Fig. 10.9 Centralized implementations
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Fig. 10.11. Flowsheet for heater-reactor process.

it can be seen that outputs 1 and 4 can only be paired with inputs 1 and 4 in 2 possible
combinations, and that output 2 and 3 can only be paired with inputs 2 and 3 also in 2 possible
combinations. Thus only 4 pairings give positive RGA required by DIC and other 20 pairings
can be eliminated.

(b) The RGA is: � Ø Ä ð ÛYÜ ¯± ç{ý ü û f8f è�ý û éÃåÃå âmçÃý üÃé¸ä�çâºè�ý ü�çxü¸ò è�ý û f8f¸ä è�ý ü{ü¸é¸åâºè�ý è{é�ç û âºè�ý û åÑçBò ä�ý è{ÿÃÿ-f ²´
it can be seen that outputs 1 can only be paired with input 1 and input 3 can only be paired
with output 3. Thus there is only one pairing that gives positive RGA required by DIC and
other 5 pairings can be eliminated.
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Exercise 11.1 The steady-state gain of a full order balanced system

Ø Ä ��ê5�sû�� ü Û isü�â û Ä á � ê . Show, by algebraic manipulation, that this is also equal to
ü « â û�« Ä á �« ê�« ,

the steady-state gain of the balanced residualization given by (11.7)–(11.10).

Solution. Using (A.8) and noting
�

in (A.8) is equal to
Ä « in (11.7), we haveü�â û Ä á � êÜ ü�â ¬Cû � û ð ® N Ä á �« â Ä á �« Ä � ð Ä á �ðíðâ Ä á �ðíð Ä ð � Ä á �« Ä á �ðíð ë Ä á �ðíð Ä ð � Ä á �« Ä � ð Ä á �ðíð O N ê �ê ð OÜ ü�â ¬Cû « Ä á �« û ð Ä á �ðíð â û « Ä á �« Ä � ð Ä á �ðíð ® N ê �ê ð OÜ ü�â û ð Ä á �ðíð ê ð â û�« Ä á �« Ø ê � â Ä � ð Ä á �ðíð ê ð ÛÜ ü « â û « Ä á �« ê «

Exercise 11.3 Is Theorem 11.3 true, if we replace balanced truncation by balanced
residualization?

Solution. Yes, it is still true. Balanced truncation and balanced residualization are related
by the bilinear transformation

]�ý ] á � . If
Ø µ Ø^] Ûx� ñ Ø^] ÛíÛ is a normalized left-coprime

factorization of
×9Ø^] Û then

Ø µ Ø^] á � Ûx� ñ Ø^] á � Û is a normalized left-coprime factorization
of
×9Ø^] á � Û . Applying Theorem 11.3 to

Ø µ Ø^] á � Ûx� ñ Ø^] á � Û is equivalent to using balanced
residualization with

Ø µ Ø^] Ûx� ñ Ø^] ÛíÛ .
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Exercise 12.1 Let

¼
be a Hermitian matrix (

¼
Ü
¼ <

) having the form

¼
Ü
¼! ë Ù ¼ � .

Show that

¼ ë è if and only if N
¼  ¼ �â ¼ � ¼  O ë è (12.9)

Solution. For a complex hermitian matrix

¼
,

¼ ë è , it implies that À _ÑØ @ < ¼ @�Û7ë è , for all@ in û ¤ ( û is the set of complex numbers).
Let

¼
Ü
¼ « ë@Ù ¼ X and @KÜ @ « ëFÙ @ X .

Then, À _�Ø @ < ¼ @uÛ Ü @ �« ¼ «x@#« ë @ �X ¼ X @%« â @ �« ¼ X @#« â @ �« ¼ X @ X ë @ �X ¼ «(@ X ë è
which can be written as ¬�@ « @ X ® � N

¼ « ¼ Xâ ¼ X ¼ « ® O ¬�@ « @ X ® ë è
Since this holds for any ¬�@#« @ X ® , we haveN

¼ « ¼ Xâ ¼ X ¼ « O ë è
Exercise 12.3 With reference to Example 12.2, formulate the problem of finding the worst-
case (maximum) gain of each of the uncertain systems× � Ø^] ÛYÜ 9]Òë 0 � × ð Ø^] ÛYÜ 90 ]Pëîç (12.51)

as LMI problems. Verify your results with the Robust Control toolbox command wcgain using
numerical values

ä Î 9 � 0 Î ÿ .
Solution.

Transfer functions
× � and

× ð can be easily converted to state-space representation:�@KÜ Ä @ ë ê B



å�ü ���������
	���
�����������������������������������
�� �E Üúû�@ ë�ü B
For
× � : Ä Ü â 0 , ê Ü 9 , û Ü ç , and

ü Ü è
For
× ð : Ä Ü â �� , ê Ü 9 , û Ü �� , and

ü Ü è
Substituting these

Ä
, ê , û , and

ü
in (12.30) we get the LMI problem.

The results obtained are similar to using Robust Control toolbox command wcgain, i.e.,
both methods give almost the same upper bounds, as can be seen on the next Table.³ Ö ³ Ù

wcgain

À Å Â�Ä�Ä » » Å Ä�¾�u »
LMI 1.5 3.06
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Exercise 13.1 Repeat the ¥ -optimal design based on

ü ¯ -iteration in Section 8.12.4 using
the model (13.19).

Solution. Apply the MATLAB program given in Table 8.2 to
×

in (13.9). After 10 iterations,
the resulting controller with 25 states (denoted ¯ �æö in the following) gives a peak -value ofè�ý é{é{üÑò

(see Fig. 13.1(a)). The final -curves for RS, NP and RP with controller ¯ �æö are shown
in Fig. 13.1(b). It is shown that all requirements are well satisfied. The time response of E �
and E ð to a filtered setpoint change in E � , J � Ü çBú�Øæå-]ìë�ç Û is shown in Fig. 13.1(c). both for
the nominal case (solid line) and for 20% input gain uncertainty (dashed line)
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Fig. 13.1(a). Change in during " Æ -iteration.
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Fig. 13.1(b). -plots with -“optimal” controller
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Fig. 13.1(c). Setpoint response for -“optimal” controller
Æ Ö%#

. Solid line: nominal
plant. Dashed line: “worst-case” plant.


