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BORGHEIM,anengineer:

Herregud, en kan da ikke gjøre noe bedre enn leke i denne
velsignede verden. Jeg synes hele livet er som en lek, jeg!

Goodheavens,onecan’t doanythingbetterthanplayin this
blessedworld. Thewholeof life seemslike playingto me!

Act one,L ITTLE EYOLF, Henrik Ibsen.
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This is a book on practicalfeedbackcontrol and not on systemtheorygenerally.
Feedbackis usedin controlsystemsto changethedynamicsof thesystem(usually
to maketheresponsestableandsufficiently fast),andto reducethesensitivityof the
systemto signaluncertainty(disturbances)andmodeluncertainty. Importanttopics
coveredin thebook,includeº classicalfrequency-domainmethodsº analysisof directionsin multivariablesystemsusingthesingularvaluedecompo-

sitionº input-outputcontrollability (inherentcontrollimitationsin theplant)º modeluncertaintyandrobustnessº performancerequirementsº methodsfor controllerdesignandmodelreductionº controlstructureselectionanddecentralizedcontrol

Thetreatmentis for linearsystems.Thetheoryis thenmuchsimplerandmorewell
developed,anda large amountof practicalexperiencetells us that in manycases
linear controllersdesignedusing linear methodsprovidesatisfactoryperformance
whenappliedto realnonlinearplants.

We haveattemptedto keepthemathematicsat a reasonablysimplelevel,andwe
emphasizeresultsthatenhanceinsight andintuition. Thedesignmethodscurrently
availablefor linear systemsare well developed,and with associatedsoftwareit
is relatively straightforwardto designcontrollers for most multivariable plants.
However, without insightandintuition it is difficult to judgeasolution,andto know
howto proceed(e.g.howto changeweights)in orderto improveadesign.

The book is appropriatefor useasa text for an introductorygraduatecoursein
multivariablecontrolor for anadvancedundergraduatecourse.We alsothink it will
beusefulfor engineerswhowantto understandmultivariablecontrol,its limitations,
andhowit canbeappliedin practice.Therearenumerousworkedexamples,exercises
andcasestudieswhichmakefrequentuseof MATLABTM 1.»

MATLAB is a registeredtrademarkof TheMathWorks,Inc.
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The prerequisitesfor readingthis book are an introductorycoursein classical

single-inputsingle-output(SISO)controlandsomeelementaryknowledgeof matri-
cesandlinearalgebra.Partsof thebookcanbestudiedalone,andprovideanappro-
priatebackgroundfor a numberof linearcontrolcoursesat bothundergraduateand
graduatelevels:classicalloop-shapingcontrol,anintroductionto multivariablecon-
trol, advancedmultivariablecontrol,robustcontrol,controllerdesign,controlstruc-
turedesignandcontrollabilityanalysis.

Thebookis partly basedon a graduatemultivariablecontrolcoursegivenby the
first authorin theCyberneticsDepartmentat theNorwegianUniversityof Science
and Technologyin Trondheim.About 10 studentsfrom Electrical,Chemicaland
MechanicalEngineeringhavetakenthe courseeachyear since1989.The course
has usually consistedof 3 lecturesa week for 12 weeks.In addition to regular
assignments,thestudentshavebeenrequiredto completea 50 hourdesignproject
usingMATLAB. In AppendixB, a projectoutline is given togetherwith a sample
exam.

Examples and internet

Mostof thenumericalexampleshavebeensolvedusingMATLAB. Somesamplefiles
areincludedin thetext to illustratethestepsinvolved.Mostof thesefilesusethe ¯ -
toolbox,andsometheRobustControltoolbox,but in mostcasestheproblemscould
havebeensolvedeasilyusingothersoftwarepackages.

Thefollowing areavailableovertheinternetfrom Trondheim2 andLeicester:º MATLAB files for examplesandfiguresº Solutionsto selectedexercisesº Linearstate-spacemodelsfor plantsusedin thecasestudiesº Corrections,commentsto chapters,extraexercises

This informationcanbeaccessedfrom theauthors’homepages:º http://www.kjemi.unit.no/ ½ skogeº http://www.engg.le.ac.uk/staff/Ian.Postlethwaite

Comments and questions

Pleasesendquestions,errorsandanycommentsyou mayhaveto theauthors.Their
emailaddressesare:º Sigurd.Skogestad@kjemi.unit.noº ixp@le.ac.uk¾

Theinternetsitenamein Trondheimwill changefrom unit to ntnu during1996.
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In thischapter, webeginwith abrief outlineof thedesignprocessfor controlsystems.Wethen
discusslinearmodelsandtransferfunctionswhicharethebasicbuildingblocksfor theanalysis
anddesigntechniquespresentedin thisbook.Thescalingof variablesis critical in applications
andsowe providea simpleprocedurefor this. An exampleis givento showhow to derivea
linearmodelin termsof deviationvariablesfor apracticalapplication.Finally, wesummarize
themostimportantnotationusedin thebook.

1.1 The process of control system design

The processof designinga control systemusually makesmany demandsof the
engineeror engineeringteam.Thesedemandsoftenemergein a stepby stepdesign
procedureasfollows:

1. Studythesystem(plant)to becontrolledandobtaininitial informationaboutthe
controlobjectives.

2. Model thesystemandsimplify themodel,if necessary.
3. Analyzetheresultingmodel;determineits properties.
4. Decidewhichvariablesareto becontrolled(controlledoutputs).
5. Decideon themeasurementsandmanipulatedvariables:whatsensorsandactua-

torswill beusedandwherewill theybeplaced?
6. Selectthecontrolconfiguration.
7. Decideon thetypeof controllerto beused.
8. Decideonperformancespecifications,basedon theoverallcontrolobjectives.
9. Designacontroller.

10. Analyzethe resultingcontrolledsystemto seeif thespecificationsaresatisfied;
andif theyarenotsatisfiedmodify thespecificationsor thetypeof controller.

11. Simulatetheresultingcontrolledsystem,eitherona computeror a pilot plant.
12. Repeatfrom step2, if necessary.
13. Choosehardwareandsoftwareandimplementthecontroller.
14. Testandvalidatethecontrolsystem,andtunethecontrolleron-line,if necessary.
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Controlcoursesandtextbooksusuallyfocusonsteps9and10in theaboveprocedure;
that is, on methodsfor controllerdesignandcontrol systemanalysis.Interestingly,
manyrealcontrolsystemsaredesignedwithoutanyconsiderationof thesetwo steps.
For example,evenfor complexsystemswith many inputsandoutputs,it may be
possibleto designworkablecontrolsystems,oftenbasedonahierarchyof cascaded
control loops,usingonly on-line tuning (involving steps1, 4 5, 6, 7, 13 and14).
However, in this casea suitablecontrol structuremay not be known at the outset,
andthereis a needfor systematictoolsandinsightsto assistthedesignerwith steps
4, 5 and6. A specialfeatureof this book is theprovisionof tools for input-output
controllability analysis (step3) andfor control structure design (steps4,5,6 and7).

Input-outputcontrollability is the ability to achieveacceptablecontrol perfor-
mance.It is affectedby the locationof sensorsandactuators,but otherwiseit can-
notbechangedby thecontrolengineer. Simplystated,“eventhebestcontrolsystem
cannotmakeaFerrarioutof aVolkswagen”.Therefore,theprocessof controlsystem
designshouldin somecasesalsoincludeastep0, involving thedesignof theprocess
equipmentitself.Theideaof lookingatprocessequipmentdesignandcontrolsystem
designasanintegratedwholeis not new, asis clearfrom thefollowing quotetaken
from a paperby ZieglerandNichols(1943):

In theapplicationof automaticcontrollers,it is importantto realizethat
controllerandprocessformaunit; creditor discreditfor resultsobtained
areattributabletooneasmuchastheother.A poorcontrollerisoftenable
to performacceptablyonaprocesswhichis easilycontrolled.Thefinest
controller made,when appliedto a miserablydesignedprocess,may
notdeliverthedesiredperformance.True,onbadlydesignedprocesses,
advancedcontrollersareableto ekeoutbetterresultsthanoldermodels,
but on theseprocesses,there is a definite end point which can be
approachedby instrumentationandit falls shortof perfection.

ZieglerandNicholsthenproceedtoobservethatthereis afactorin equipmentdesign
thatis neglected,andstatethat

...the missing characteristiccan be called the “controllability”, the
ability of the processto achieveandmaintainthe desiredequilibrium
value.

Toderivesimpletoolswith whichtoquantifytheinherentinput-outputcontrollability
of a plantis thegoalof Chapters5 and6.

1.2 The control problem

Theobjectiveof acontrolsystemis to maketheoutput Å behavein adesiredwayby
manipulatingtheplantinput Æ . Theregulator problem is tomanipulateÆ tocounteract
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theeffectof adisturbanceÉ . Theservo problem is to manipulateÆ to keeptheoutput
closeto a given referenceinput Ê . Thus,in both caseswe want the control errorËÍÌ ÅÏÎUÊ tobesmall.Thealgorithmfor adjustingÆ basedontheavailableinformation
is thecontroller ± . To arriveat a gooddesignfor ± we needa priori information
abouttheexpecteddisturbancesandreferenceinputs,andof theplantmodel( Ð ) and
disturbancemodel( Ð<Ñ ). In thisbookwemakeuseof linearmodelsof theform

Å Ì ÐÒÆ)ÓÔÐ Ñ É (1.1)

A major sourceof difficulty is that the models( Ð , Ð<Ñ ) may be inaccurateor may
changewith time. In particular, inaccuracyin Ð may causeproblemsbecausethe
plantwill bepartof afeedbackloop.To dealwith suchaproblemwewill makeuseof
theconceptof modeluncertainty. Forexample,insteadof a singlemodel Ð wemay
studythe behaviourof a classof models,Ð�Õ Ì ÐOÓ�Ö , wherethe “uncertainty”
or “perturbation” Ö is bounded,but otherwiseunknown.In mostcasesweighting
functions,×2Ø�ÙÛÚ , areusedto expressÖ Ì ×�® in termsof normalizedperturbations,® , wherethemagnitude(norm)of ® is lessthanor equalto Ü . Thefollowing terms
areuseful:

Nominal stability (NS). Thesystemis stablewith nomodeluncertainty.

Nominal Performance (NP). The systemsatisfiesthe performancespecifications
with nomodeluncertainty.

Robust stability (RS). The systemis stable for all perturbedplants about the
nominalmodelup to theworst-casemodeluncertainty.

Robust performance (RP). Thesystemsatisfiestheperformancespecificationsfor
all perturbedplants about the nominal model up to the worst-casemodel
uncertainty.

1.3 Transfer functions

The book makesextensiveuseof transferfunctions, ÐJØÇÙÝÚ , and of the frequency
domain,whichareveryusefulin applicationsfor thefollowing reasons:º Invaluableinsightsareobtainedfrom simplefrequency-dependent plots.º Important conceptsfor feedbacksuch as bandwidthand peaksof closed-loop

transferfunctionsmaybedefined.º ÐJØwÞ|ßSÚ givestheresponseto a sinusoidalinputof frequencyß .º A seriesinterconnectionof systemscorrespondsin the frequencydomain to
multiplication of the individual systemtransferfunctions,whereasin the time
domaintheevaluationof complicatedconvolutionintegralsis required.º Polesandzerosappearexplicitly in factorizedscalartransferfunctions.
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º Uncertaintyis moreeasilyhandledin thefrequencydomain.This is relatedto the

factthattwo systemscanbedescribedasclose(i.e.havesimilarbehaviour)if their
frequencyresponsesaresimilar. On theotherhand,asmallchangein a parameter
in a state-spacedescriptioncanresultin anentirelydifferentsystemresponse.

We considerlinear, time-invariantsystemswhoseinput-outputresponsesaregov-
ernedby linearordinarydifferentialequationswith constantcoefficients.An example
of suchasystemis áâÏã ØåäeÚ Ì Î!æ ãEâÏã ØåäeÚ6Ó â ³�ØåäeÚ6Ó�ç ã Æ8ØèäeÚáâ ³�ØåäeÚ Ì Î!æ�é âÏã ØåäeÚ6Ó�çzéÝÆ8ØèäeÚÅ�ØåäeÚ Ì âÏã ØåäeÚ (1.2)

where

áâ ØèäeÚoê>É âÏë É�ä . Here Æ8ØèäeÚ representsthe input signal, âÏã ØåäeÚ and â ³�ØåäeÚ the
states,and ÅÏØèäeÚ theoutputsignal.Thesystemis time-invariantsincethecoefficientsæ ãÛì æ é ì ç ã and ç é areindependentof time.If weapplytheLaplacetransformto (1.2)
weobtain

ÙzíâÏã Ø�ÙÛÚ�Î âÏã Øåä Ì?î Ú Ì Î!æ ã íâ�ã Ø�ÙÛÚ6Óïíâ ³�Ø�ÙÛÚ6Ó�ç ã íÆ8ØÇÙÛÚÙzíâ ³�Ø�ÙÛÚ�Î â ³�Øåä Ì?î Ú Ì Î!æ�é]íâ�ã Ø�ÙÛÚ6Ó�çzéHíÆðØÇÙÛÚíÅ�ØÇÙÝÚ Ì íâÏã Ø�ÙÛÚ (1.3)

where íÅ�Ø�ÙÛÚ denotesthe Laplacetransformof Å�ØåäeÚ , and so on. To simplify our
presentationwewill maketheusualabuseof notationandreplaceíÅ�Ø�ÙÛÚ by Å�Ø�ÙÛÚ , etc..
In addition,wewill omit theindependentvariablesÙ andä whenthemeaningis clear.

If Æ8ØèäeÚ ì â ã ØåäeÚ ì â ³ ØåäeÚ and Å�ØåäeÚ representdeviationvariablesawayfrom a nominal
operatingpoint or trajectory, thenwe canassumeâ ã Øèä Ì�î Ú Ì�â ³ Øåä Ìñî Ú Ìñî . The
eliminationof âÏã Ø�ÙÛÚ and â ³�Ø�ÙÛÚ from (1.3)thenyieldsthetransferfunction

Å�Ø�ÙÛÚÆ8ØÇÙÛÚ Ì ÐJØÇÙÝÚ Ì ç ã ÙSÓÔçHéÙ ³ ÓÔæ ã ÙSÓÔæ�é (1.4)

Importantly, for linearsystems,thetransferfunctionis independentof theinputsignal
(forcing function).Notice that the transferfunction in (1.4) mayalsorepresentthe
following system ò

Å�ØèäeÚ6Ó�æ ã
á
ÅÏØèäeÚ6ÓÔæ�écÅ�ØåäeÚ Ì ç ã

á
Æ�ØåäeÚðÓ}çHémÆ�ØåäeÚ (1.5)

with input Æ�ØåäeÚ andoutput Å�ØåäeÚ .
Transferfunctions,suchas ÐJØ�ÙÛÚ in (1.4), will be usedthroughoutthe book to

modelsystemsandtheir components.More generally, we considerrationaltransfer
functionsof theform

ÐJØ�ÙÛÚ Ì çHórôÝÙ ó ô Ó?õmõcõÝÓ}ç ã ÙvÓ}ç éÙ ó ÓÔæ ó÷ö ã Ù ó÷ö ã Ó?õmõcõÝÓ�æ ã ÙSÓÔæ�é (1.6)
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For multivariablesystems,ÐJØ�ÙÛÚ is a matrix of transferfunctions.In (1.6) ù is the
orderof the denominator(or pole polynomial)and is alsocalled the order of the
system, and ù@ú is theorderof thenumerator(or zeropolynomial).Then ùûÎüù@ú is
referredto asthepoleexcessor relative order.

Definition 1.1º A system ÐJØ�ÙÛÚ is strictly properif ÐJØÇÙÝÚSý î as ÙÍýÿþ .º A system ÐJØ�ÙÛÚ is semi-properor bi-properif ÐJØ�ÙÛÚ�ý ° �Ì î as Ù�ý¹þ .º A system ÐJØ�ÙÛÚ which is strictly proper or semi-proper is proper.º A system ÐJØ�ÙÛÚ is improperif ÐJØÇÙÛÚ�ýÿþ as Ù�ýÿþ .

Forapropersystem,with ù�� ù ú , wemayrealize(1.6)by astate-spacedescription,
áâ Ì��kâ Ó��1Æ ì Å Ì	�Íâ Ó °JÆ , similar to (1.2).Thetransferfunctionmaythenbe
writtenas ÐJØ�ÙÛÚ Ì
� ØÇÙ��<Î � Ú ö ã �tÓ�° (1.7)

Remark. All practicalsystemswill havezerogain at a sufficiently high frequency, andare
thereforestrictly proper. It is oftenconvenient,however, to modelhigh frequencyeffectsby
a non-zero -term,andhencesemi-propermodelsarefrequentlyused.Furthermore,certain
derivedtransferfunctions,suchas ����������������� » , aresemi-proper.

UsuallyweuseÐJØ�ÙÛÚ to representtheeffectof theinputs Æ ontheoutputsÅ , whereasÐ<Ñ�Ø�ÙÛÚ representstheeffect on Å of thedisturbancesÉ . We thenhavethe following
linearprocessmodelin termsof deviationvariables

ÅÏØÇÙÛÚ Ì ÐJØÇÙÝÚ Æ8ØÇÙÛÚ6Ó�Ð Ñ ØÇÙÝÚeÉHØÇÙÛÚ (1.8)

We havemadeuseof thesuperpositionprinciple for linearsystems,which implies
thatachangein adependentvariable(hereÅ ) cansimplybefoundbyaddingtogether
theseparateeffectsresultingfrom changesin theindependentvariables(here Æ andÉ ) consideredoneata time.

All the signals Æ�Ø�ÙÛÚ , ÉHØÇÙÛÚ and Å�Ø�ÙÛÚ are deviationvariables.This is sometimes
shownexplicitly, for example,by useof thenotation�ÛÆ�Ø�ÙÛÚ , butsincewealwaysuse
deviationvariableswhenweconsiderLaplacetransforms,the � is normallyomitted.

1.4 Scaling

Scalingis very importantin practicalapplicationsas it makesmodelanalysisand
controllerdesign(weightselection)muchsimpler. It requirestheengineerto make
a judgementat thestartof thedesignprocessabouttherequiredperformanceof the
system.To do this, decisionsaremadeon theexpectedmagnitudesof disturbances
andreferencechanges,on the allowedmagnitudeof eachinput signal,andon the
alloweddeviationof eachoutput.
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Let the unscaled(or originally scaled)linear modelof the processin deviation

variablesbe !Å Ì !Ð !Æ)Ó !Ð Ñ !É#" ! Ë�Ì !Å1Î ! Ê (1.9)

wherea hat (
!

) is usedto showthat the variablesare in their unscaledunits. A
usefulapproachfor scalingis to makethevariableslessthanonein magnitude.This
is doneby dividing each variable by its maximum expected or allowed change. For
disturbancesandmanipulatedinputs,weusethescaledvariables

É Ì !É ë !É%$'&�( ì Æ Ì !Æ ë !Æ#$'&)( (1.10)

where:º !É $'&)( — largestexpectedchangein disturbanceº !Æ $'&)( — largestallowedinputchange

Themaximumdeviationfrom a nominalvalueshouldbechosenby thinking of the
maximumvalueonecanexpect,or allow, asa functionof time.

Thevariables
!Å , ! Ë and

! Ê arein thesameunits,sothesamescalingfactorshouldbe
appliedto each.Two alternativesarepossible:º ! Ë $'&�( — largestallowedcontrolerrorº !Ê $'&)( — largestexpectedchangein referencevalue

Sinceamajorobjectiveof controlis to minimizethecontrolerror
! Ë , wehereusually

chooseto scalewith respectto themaximumcontrolerror:

Å Ì !Å ë ! Ë $'&�( ì Ê Ì !Ê ë ! Ë $'&�( ì ËÍÌ ! ËÛë ! Ë $'&�( (1.11)

To formalizethescalingprocedure,introducethescalingfactors

°+* Ì ! Ë $'&)( ì °-, Ì !Æ $'&)( ì ° Ñ Ì !É $'&)( ì °/. Ì ! Ê $'&�( (1.12)

For MIMO systemseachvariablein thevectors

!É , !Ê , !Æ and
! Ë mayhavea different

maximum value, in which case ° * , ° , , °JÑ and ° . becomediagonalscaling
matrices. This ensures,for example,that all errors (outputs)are of about equal
importancein termsof theirmagnitude.

Thecorrespondingscaledvariablesto usefor controlpurposesarethen

É Ì ° ö ãÑ !É ì Æ Ì ° ö ã, !Æ ì Å Ì ° ö ã* !Å ì Ë�Ì ° ö ã* ! Ë ì Ê Ì ° ö ã* ! Ê (1.13)

Onsubstituting(1.13)into (1.9)weget

°+*`Å Ì !Ð9°/,rÆYÓ !Ð Ñ ° Ñ É0" °+* ËÍÌ °+*QÅ1Î °+*`Ê
andintroducingthescaledtransferfunctions

Ð Ì ° ö ã* !Ð9°/, ì Ð Ñ Ì ° ö ã* !Ð Ñ ° Ñ (1.14)
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thenyieldsthefollowing modelin termsof scaledvariables

Å Ì ÐÒÆ)ÓÔÐ Ñ É2" Ë�Ì Å1ÎûÊ (1.15)

Here Æ and É shouldbe lessthan1 in magnitude,andit is usefulin somecasesto
introducea scaledreference3Ê , which is lessthan1 in magnitude.This is doneby
dividing thereferenceby themaximumexpectedreferencechange3Ê Ì !Ê ë ! Ê $'&�( Ì ° ö ã. !Ê (1.16)

We thenhavethat

Ê Ì
4 3Ê lU[]acgfa 465 ° ö ã* °/. Ì ! Ê $'&)( ë ! Ë $'&�( (1.17)

Here 4 is the largestexpectedchangein referencerelativeto the allowedcontrol

7 78 8 89 9
9 9

8Æ Ð

Ð<Ñ
É

Å Ê
-

+

+

+

3Ê

Ë
4

Figure 1.1: Model in termsof scaledvariables

error(typically, 4 � Ü ). Theblock diagramfor thesystemin scaledvariablesmay
thenbewrittenasin Figure1.1,for whichthefollowing controlobjectiveis relevant:º In termsof scaledvariableswehavethat : ÉHØèäeÚ;:=< Ü and : 3 Ê]ØåäeÚ>:?<oÜ , andourcontrol

objectiveis to manipulateÆ with : Æ8ØèäeÚ;:@< Ü suchthat : Ë ØåäeÚ>: Ì : ÅÏØèäeÚqÎÔÊ÷ØèäeÚ;:@<OÜ
(at leastmostof thetime).

Remark 1 A numberof the interpretationsusedin the book dependcritically on a correct
scaling. In particular, this appliesto the input-outputcontrollability analysispresentedin
Chapters5 and6. Furthermore,for a MIMO systemonecannotcorrectlymakeuseof the
sensitivityfunction �A�������B������� » unlesstheoutputerrorsareof comparablemagnitude.

Remark 2 With the abovescalings,the worst-casebehaviourof a systemis analyzedby
consideringdisturbancesC of magnitudeD , andreferencesE F of magnitudeD .
Remark 3 ThecontrolerrorisG �IHKJ�FL�M��NK����O;CPJRQSEF (1.18)

and we seethat a normalizedreferencechangeE F may be viewed as a specialcaseof a
disturbancewith ��OL��JTQ , whereQ isusuallyaconstantdiagonalmatrix.Wewill sometimes
usethis to unify our treatmentof disturbancesandreferences.
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Remark 4 The scalingof the outputsin (1.11) in termsof the control error is usedwhen
analyzinga given plant. However, if the issueis to select which outputsto control, see
Section10.3,thenonemaychooseto scaletheoutputswith respectto theirexpectedvariation
(which is usuallysimilar to VFXWZY\[ ).
Remark 5 If theexpectedor allowedvariationof avariableabout] (its nominalvalue)is not
symmetric,thenthe largestvariationshouldbe usedfor VC^WZY\[ andthesmallestvariationforVN WZY\[ and V G WZY\[ . For example,if thedisturbanceis J ø`_ VC _ Da] then VC WZY\[ �bDa] , andif the
manipulatedinput is J ø+_ VN _ Dc] then VN WZY\[ � ø . This approachmaybeconservative(in
termsof allowingtoo largedisturbancesetc.)whenthevariationsfor several variablesarenot
symmetric.

A furtherdiscussiononscalingandperformanceis givenin Chapter5 onpage161.

1.5 Deriving linear models

Linearmodelsmaybeobtainedfrom physical“first-principle” models,from analyz-
ing input-outputdata,or fromacombinationof thesetwoapproaches.Althoughmod-
ellingandsystemidentificationarenotcoveredin thisbook,it isalwaysimportantfor
a controlengineerto havea goodunderstandingof a model’s origin. Thefollowing
stepsareusuallytakenwhenderivinga linearmodelfor controllerdesignbasedona
first-principleapproach:

1. Formulatea nonlinearstate-spacemodelbasedonphysicalknowledge.
2. Determinethesteady-stateoperatingpoint(or trajectory)aboutwhichto linearize.
3. Introducedeviationvariablesandlinearizethemodel.Thereareessentiallythree

partsto thisstep:

(a) LinearizetheequationsusingaTaylorexpansionwheresecondandhigherorder
termsareomitted.

(b) Introducethedeviationvariables,e.g. � â ØåäeÚ definedby� â ØåäeÚ Ì â ØåäeÚqÎ âZd
wherethe superscriptd denotesthe steady-stateoperatingpoint or trajectory
alongwhichwearelinearizing.

(c) Subtractthe steady-stateto eliminate the terms involving only steady-state
quantities.

Thesepartsareusuallyaccomplishedtogether. Forexample,for anonlinearstate-
spacemodelof theform É âÉrä Ìbe Ø â ì Æ�Ú (1.19)
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thelinearizedmodelin deviationvariables( � â ì �ÛÆ ) is

Ég� â ØåäeÚÉ�ä Ìihkj ej â�l dm nao pq � â ØåäeÚ8Ó hTj ej Æ l dm nao pr �ÛÆ8ØèäeÚ (1.20)

Here â and Æ maybevectors,in whichcasetheJacobians� and � arematrices.
4. Scalethe variablesto obtainscaledmodelswhich aremoresuitablefor control

purposes.

In mostcasessteps2 and3 areperformednumericallybasedon themodelobtained
in step1. Also, since(1.20)is in termsof deviationvariables,its Laplacetransform
becomesÙ�� â ØÇÙÛÚ Ì
� � â ØÇÙÝÚ8ÓM�s�ÛÆ8ØÇÙÛÚ , or� â ØÇÙÛÚ Ì ØÇÙ��9Î � Ú ö ã �s�ÛÆ8ØÇÙÝÚ (1.21)

Example 1.1 Physical model of a room heating process.

ttt u

ttttvvv v v v t t%v vwt t%v vwt t%v v%t twv v%t twv v%t t

¨Zx^y ±Bz
{ y | ë ±}z¨~y ±Bz��� y�� ë ±}z

� y |�z
Figure 1.2: Roomheatingprocess

The above steps for deriving a linear model will be illustrated on the simple example
depicted in Figure 1.2, where the control problem is to adjust the heat input � to maintain
constant room temperature � (within �KD K). The outdoor temperature �=� is the main
disturbance. Units are shown in square brackets.

1. Physical model. An energy balance for the room requires that the change in energy in the
room must equal the net inflow of energy to the room (per unit of time). This yields the following
state-space model CC�� ���'�@���Z���I�}�����=�'JA��� (1.22)
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where � [K] is the room temperature, � � [J/K] is the heat capacity of the room, � [W] is the
heat input (from some heat source), and the term ��¤��=�S¥A��¦ [W] represents the net heat loss
due to exchange of air and heat conduction through the walls.

2. Operating point. Consider a case where the heat input �K§ is ¨>©>©�© W and the difference
between indoor and outdoor temperatures ��§`¥ª��§� is ¨>© K. Then the steady-state energy
balance yields � §/« ¨;©�©>©�¬�¨;© « � ©�© W/K. We assume the room heat capacity is constant,�'� « � ©�© kJ/K. (This value corresponds approximately to the heat capacity of air in a room
of about

� ©>© m  ; thus we neglect heat accumulation in the walls.)
3. Linear model in deviation variables. If we assume � is constant the model in (1.22) is

already linear. Then introducing deviation variables® �¯¤��°¦ « �¯¤��°¦#¥�� § ¤��±¦�² ® �`¤��°¦ « �`¤��°¦³¥R� § ¤��°¦�² ® � � ¤��°¦ « � � ¤��°¦#¥A� §� ¤��±¦
yields � �}´´ � ® �¯¤��°¦ « ® �`¤��±¦0µ}��¤ ® � � ¤��°¦³¥ ® �¯¤��°¦±¦ (1.23)

Remark. If � depended on the state variable ( � in this example), or on one of the independent
variables of interest ( � or �=� in this example), then one would have to include an extra term¤���§�¥A��§� ¦ ® ��¤��±¦ on the right hand side of Equation (1.23).

On taking Laplace transforms in (1.23), assuming
® �¯¤��°¦ « © at � « © , and rearranging we

get ® �K¤�¶X¦ « �· ¶@µ ��¸ �� ® �`¤�¶;¦=µ ® �=�¹¤�¶X¦»ºA¼ · « � �� (1.24)

The time constant for this example is · « � ©�©-½ � ©>X¬ � ©�© « � ©�©>© s ¾ �a¿
min which is

reasonable. It means that for a step increase in heat input it will take about
�X¿

min for the
temperature to reach À>Á�Â of its steady-state increase.

4. Linear model in scaled variables. Introduce the following scaled variablesÃ ¤�¶X¦ « ® �K¤�¶X¦® �0ÄZÅ\Æ ¼ÈÇ³¤�¶X¦ « ® �É¤�¶X¦® �PÄZÅ\Æ ¼ ´ ¤�¶;¦ « ® � � ¤�¶X¦® � �XÊ Ë�ÌaÍ (1.25)

In our case the acceptable variations in room temperature � are � � K, i.e.
® �0ÄZÅ\Æ « ®>Î ÄZÅ\Æ «�

K. Furthermore, the heat input can vary between © W and À>©�©>© W, and since its nominal
value is ¨>©�©>© W we have

® � ÄZÅ\ÆÏ« ¨;©�©>© W (see Remark 5 on page 8). Finally, the expected
variations in outdoor temperature are � � © K, i.e.

® � �aÊ Ë�ÌaÍ « � © K. The model in terms of
scaled variables then becomesÐ ¤�¶X¦ « �· ¶@µ � ® �¯ÄZÅ\Æ® � ÄZÅ\Æ �� « ¨;©� ©>©�©�¶�µ �Ð�Ñ ¤�¶X¦ « �· ¶@µ � ® �=�XÊ Ë�ÌaÍ® �0ÄZÅ\Æ « � ©� ©>©�©�¶�µ � (1.26)

Note that the static gain for the input is Ò « ¨;© , whereas the static gain for the disturbance isÒ Ñ « � © . The fact that Ó Ò Ñ Ó?Ô � means that we need some control (feedback or feedforward)
to keep the output within its allowed bound ( Ó Î Ó^Õ � ¦ when there is a disturbance of magnitudeÓ ´ Ó « � . The fact that Ó Ò0ÓwÔÖÓ Ò Ñ Ó means that we have enough “power” in the inputs to reject the
disturbance at steady state, that is, we can, using an input of magnitude Ó ÇZÓ^Õ � , have perfect
disturbance rejection (

Î « © ) for the maximum disturbance ( Ó ´ Ó « � ). We will return with a
detailed discussion of this in Section 5.16.2 where we analyze the input-output controllability
of the room heating process.



�»£����T¢����L ����\¢�£ �>�
1.6 Notation

Thereis nostandardnotationto coverall of thetopicscoveredin thisbook.Wehave
tried to usethemostfamiliar notationfrom theliteraturewheneverpossible,but an
overridingconcernhasbeentobeconsistentwithin thebook,toensurethatthereader
canfollow theideasandtechniquesthroughfrom onechapterto another.

The most importantnotationis summarizedin Figure 1.3, which showsa one
degree-of-freedomcontrol configurationwith negativefeedback,a two degrees-of-
freedomcontrolconfiguration,anda generalcontrolconfiguration. The lattercan
beusedto representa wide classof controllers,includingtheoneandtwo degrees-
of-freedomconfigurations,aswell asfeedforwardandestimationschemesandmany
others;and,aswe will see,it canalsobeusedto formulateoptimizationproblems
for controllerdesign.Thesymbolsusedin Figure1.3aredefinedin Table1.1.Apart
from theuseof × to representthecontrollerinputsfor thegeneralconfiguration,this
notationis reasonablystandard.

Lower-caselettersareusedfor vectorsandsignals(e.g. Ø , Ù , Ú ), andcapitalletters
for matrices,transferfunctionsandsystems(e.g. Û , Ü ). Matrix elementsareusually
denotedby lower-caseletters,so Ý%Þàß is the áãâ ’ th elementin thematrix Û . However,
sometimesweuseupper-caselettersÛ`Þàß , for exampleif Û is partitionedsothat Û`Þàß
is itself a matrix, or to avoid conflictsin notation.The Laplacevariable ä is often
omittedfor simplicity, soweoftenwrite Û whenwemeanÛ+å�ä�æ .

For state-spacerealizationswe usethestandardå�çÉèêé�ècëÏè�ìAæ -notation.That is, a
systemÛ with astate-spacerealizationå�çÉèêé�èêëÏèêìAæ hasa transferfunction Û+å�ä�æTíë/å�ä�î~ï�çÏæcðZñ;ébòªì . We sometimeswriteÛ+å�ä�æ síôó ç éë ìöõ (1.27)

to meanthat the transferfunction Û+å�ä�æ hasa state-spacerealizationgiven by the
quadrupleå�çÉèêé�ècëÏè�ìAæ .

For closed-looptransferfunctionswe use ÷ to denotethesensitivityat theplant
output,and øùíúîûï	÷ to denotethe complementarysensitivity. With negative
feedback,÷üíýå�îsòbþSæ ðZñ and øÿí þ¯å�î~òbþSæ ðZñ , where þ is thetransferfunction
aroundtheloopasseenfromtheoutput.In mostcasesþªí
Û`Ü , butif wealsoinclude
measurementdynamics( Ù � íiÛ � Ù�ò�Ú ) then þ íýÛ`Ü�Û � . Thecorresponding
transferfunctionsas seenfrom the input of the plant are þ�� í ÜûÛ (or þ�� íÜ�Û � Û ), ÷��Kí å�î òMþ��>æcð ñ and ø��Ïí þ��gå�î òMþ��>æaðZñ .

To representuncertaintyweuseperturbations
�

(notnormalized)or perturbations�
(normalizedsuchthat their magnitude(norm) is lessthanor equalto one).The

nominalplantmodelis Û , whereastheperturbedmodelwith uncertaintyis denotedÛ
	 (usually for a set of possibleperturbedplants)or Û�� (usually for a particular
perturbedplant).For example,with additiveuncertaintywe mayhave Û
	ªí Û ò�� í ÛÈò��  �  , where �  is a weight representingthe magnitudeof the
uncertainty.
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Figure 1.3: Controlconfigurations
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Table 1.1: Nomenclature

Ü controller, in whateverconfiguration.Sometimesthecontrolleris broken
down into its constituentparts. For example,in the two degrees-of-

freedomcontrollerin Figure1.3(b), Ü í ���! �!"$# where Ü&% is a prefilter

and Ü&' is thefeedbackcontroller.

For the conventional control configurations (Figure 1.3(a) and (b)):Û plantmodelÛ�� disturbancemodel� referenceinputs(commands,setpoints)�
disturbances(processnoise)Ú measurementnoiseÙ plantoutputs.Thesesignalsincludethe variablesto becontrolled(“pri-
mary”outputswith referencevalues� ) andpossiblysomeadditional“sec-
ondary”measurementsto improvecontrol.UsuallythesignalsÙ aremea-
surable.Ù � measuredÙØ controlsignals(manipulatedplantinputs)

For the general control configuration (Figure 1.3(c)):�
generalizedplantmodel.It will include Û and Û�� andtheinterconnection
structurebetweenthe plantandthe controller. In addition,if

�
is being

usedto formulatea designproblem,thenit will also includeweighting
functions.� exogenousinputs:commands,disturbancesandnoise� exogenousoutputs;“error” signalsto beminimized,e.g. Ù~ï �× controllerinputsfor thegeneralconfiguration,e.g.commands,measured
plant outputs,measureddisturbances,etc. For the specialcaseof a one
degree-of-freedomcontrollerwith perfectmeasurementswe have ×ýí� ï�Ù .Ø controlsignals
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By theright-halfplane(RHP)wemeantheclosedright half of thecomplexplane,

includingtheimaginaryaxis(â+* -axis).Theleft-half plane(LHP) is theopenleft half
of thecomplexplane,excludingthe imaginaryaxis.A RHP-pole(unstablepole) is
a polelocatedin theright-halfplane,andthusincludespoleson theimaginaryaxis.
Similarly, a RHP-zero(“unstable”zero)is azerolocatedin theright-halfplane.

Weuseç-, to denotethetransposeof amatrix ç , and ç-. to representits complex
conjugatetranspose.

Mathematical terminology

Thesymbol / is usedto denoteequal by definition, 021435 is usedto denoteequivalent
by definition,and ç76 é meansthat ç is identicallyequalto é .

Let A andB belogic statements.Thenthefollowing expressionsareequivalent:
A 8 B

A if B, or: If B thenA
A is necessaryfor B

B 9 A, or: B impliesA
B is sufficient for A

B only if A
notA 9 notB

Theremainingnotation,specialterminologyandabbreviationswill bedefinedin the
text.
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In this chapter, we review the classicalfrequency-responsetechniquesfor the analysisand
designof single-loop(single-inputsingle-output,SISO)feedbackcontrolsystems.Theseloop-
shapingtechniqueshavebeensuccessfullyusedby industrialcontrolengineersfor decades,
and haveprovedto be indispensablewhen it comesto providing insight into the benefits,
limitationsandproblemsof feedbackcontrol.During the1980’s theclassicalmethodswere
extendedto a more formal methodbasedon shapingclosed-looptransfer functions, for
example,by consideringthe MON normof theweightedsensitivityfunction.Weintroducethis
methodat theendof thechapter.

The sameunderlyingideasandtechniqueswill recurthroughoutthe book aswe present
practicalproceduresfor the analysisanddesignof multivariable(multi-input multi-output,
MIMO) controlsystems.

2.1 Frequency response

Onreplacingä by âP* in atransferfunctionmodelÛ+å�ä�æ wegettheso-calledfrequency
responsedescription.Frequencyresponsescanbe usedto describe:1) a system’s
responsetosinusoidsof varyingfrequency,2) thefrequencycontentof adeterministic
signalvia the Fourier transform,and3) the frequencydistributionof a stochastic
signalvia thepowerspectraldensityfunction.

In thisbookweusethefirst interpretation,namelythatof frequency-by-frequency
sinusoidalresponse.This interpretationhastheadvantageof beingdirectly linkedto
thetime domain,andat eachfrequency* thecomplexnumberÛ+å â+*Sæ (or complex
matrix for a MIMO system)hasa clearphysicalinterpretation.It givestheresponse
to aninputsinusoidof frequency* . Thiswill beexplainedin moredetailbelow. For
theothertwo interpretationswecannotassigna clearphysicalmeaningto Û+å â+*Sæ orÙZå âP*Sæ at a particularfrequency– it is the distributionrelativeto otherfrequencies
whichmattersthen.

One importantadvantageof a frequencyresponseanalysisof a systemis that
it providesinsight into the benefitsand trade-offs of feedbackcontrol. Although
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this insight may be obtainedby viewing the frequencyresponsein terms of its
relationshipbetweenpower spectraldensities,as is evident from the excellent
treatmentby Kwakernaakand Sivan (1972), we believe that the frequency-by-
frequencysinusoidalresponseinterpretationis themosttransparentanduseful.

Frequency-by-frequency sinusoids

Wenowwantto giveaphysicalpictureof frequencyresponsein termsof asystem’s
responseto persistentsinusoids.It is importantthat the readerhasthis picture in
mindwhenreadingtherestof thebook.For example,it is neededto understandthe
responseof a multivariablesystemin termsof its singularvaluedecomposition.A
physicalinterpretationof thefrequencyresponsefor astablelinearsystemÙ/í
Û+å�ä�æ±Ø
is a follows.Apply asinusoidalinputsignalwith frequency* [rad/s]andmagnitudeØRQ , suchthat Ø�åTS)ækí
Ø$QVUXWZY@å[*\S@ò^]�æ
This input signalis persistent,that is, it hasbeenappliedsince S-íýï
_ . Thenthe
outputsignalis alsoapersistentsinusoidof thesamefrequency, namelyÙZå`S)æTí�Ù+QaUbWZY@å[*\S òdc æ
Here Ø Q and Ù Q representmagnitudesandarethereforebothnon-negative.Notethat
theoutputsinusoidhasadifferentamplitudeÙ Q andis alsoshiftedin phasefrom the
inputby e /fc}ïg]
Importantly, it can be shownthat Ù Qih Ø Q and

e
can be obtaineddirectly from the

LaplacetransformÛ+å�ä�æ afterinsertingtheimaginarynumberäÏíªâP* andevaluating
themagnitudeandphaseof theresultingcomplexnumberÛ+å âP*Sæ . We haveÙPQ h ØRQKíkj Û+å âP*Sæ�jml e í7n�Û+å âP*Sæ�o prqtsvu (2.1)

For example,let Û+å âP*SæLíxwÉò�âvy , with realpart w�í{z}|LÛ+å â+*Sæ andimaginarypartyLí�~��üÛ+å â+*Sæ , thenj Û+å âP*Sæ2jgí�� wv��ò^y��Pl�n�Û+å âP*Sækí�q+p)���rqPY å�y h w?æ (2.2)

In words,(2.1) saysthat after sending a sinusoidal signal through a system Û+å�ä�æ ,
the signal’s magnitude is amplified by a factor j Û+å âP*Sæ2j and its phase is shifted byn�Û+å âP*Sæ . In Figure2.1,thisstatementis illustratedfor thefollowing first-orderdelay
system(time in seconds),Û+å�ä�æTí���� ð��)�� ä�ò�� l � í��=èb�~í7�?è � ík��� (2.3)
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Figure 2.1: Sinusoidalresponsefor system

Ð ¤�¶X¦ «�� Îi���4� ¬%¤ � ©�¶ µ � ¦ at frequency  «©P¡ ¨ rad/s

At frequency*�í��£¢ � rad/s,we seethattheoutput Ù lagsbehindtheinput by about
aquarterof aperiodandthattheamplitudeof theoutputis approximatelytwice that
of theinput.Moreaccurately, theamplificationisj Û+å â+*Sæ�jwí � h � å � *Sæb�Sòf�Kí7� h � åb���¤*Sæb�Tòf�¯í7��¢¥�¤¦
andthephaseshift ise í�n�Û+å âP*SæTí ï§q+p)���rqPY å � *SæXï}�¤*Míüï§q+p)���)q+YZå¨�©�¤*Sæaï-�¤*Iíüï��P¢¥���Vp)qPssí ï�ªP«£¢ �t¬Û+å âP*Sæ is calledthe frequency response of thesystemÛ+å�ä�æ . It describeshow the
systemrespondsto persistentsinusoidalinputsof frequency* . Themagnitudeof the
frequencyresponse,j Û+å âP*Sæ2j , beingequalto j Ù+Qgå[*Sæ�j h j ØRQwåT*Sæ2j , is alsoreferredto as
thesystem gain. Sometimesthegainis givenin unitsof dB (decibel)definedasçxo s��u³í��P�¯®Z°P± ñ Q ç (2.4)

For example,ç í²� correspondsto ç í�«£¢ �v� dB, and ç í²³ � correspondstoçbí�´�¢ ��� dB, and ç�í�� correspondsto çbí�� dB.
Both j Û+å âP*Sæ�j and n�Û+å âP*Sæ dependon the frequency* . This dependencymay

be plottedexplicitly in Bodeplots (with * as independentvariable)or somewhat
implicitly in a Nyquistplot (phaseplaneplot). In Bodeplots we usuallyemploya
log-scalefor frequencyandgain,anda linearscalefor thephase.

In Figure2.2, the Bodeplots areshownfor the systemin (2.3).We notethat in
this caseboth the gain andphasefall monotonicallywith frequency. This is quite
commonfor processcontrolapplications.Thedelay� onlyshiftsthesinusoidin time,
andthusaffectsthephasebut not thegain.Thesystemgain j Û+å âP*Sæ�j is equalto � at
low frequencies;this is the steady-stategain andis obtainedby setting ä�íµ� (or*ªíf� ). Thegainremainsrelativelyconstantup to thebreakfrequency� h � whereit
startsfalling sharply.Physically, thesystemrespondstooslowlyto lethigh-frequency
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Figure 2.2: Frequencyresponse(Bodeplots)of
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(“fast”) inputshavemucheffecton theoutputs,andsinusoidalinputswith *�·{� h �
areattenuatedby thesystemdynamics.

Thefrequencyresponseis alsousefulfor anunstable plant Û+å�ä�æ , which by itself
hasnosteady-stateresponse.Let Û+å»ä�æ bestabilizedby feedbackcontrol,andconsider
applyinga sinusoidalforcing signalto thestabilizedsystem.In this caseall signals
within the systemarepersistentsinusoidswith the samefrequency* , and Û+å â+*Sæ
yieldsasbeforethesinusoidalresponsefrom theinput to theoutputof Û+å�ä�æ .

Phasor notation. FromEuler’s formulafor complexnumberswehavethat � ßX¸ í�¹°vU � òüâ�UbWZY � . It then follows that UXWºY å[*\S)æ is equalto the imaginarypart of the
complexfunction � ßb»v¼ , and we can write the time domainsinusoidalresponsein
complexform asfollows:Ø�åTS)ækí Ø Q ~�� � ß¹½¾»¿¼TÀÂÁPÃ ±PWZÄP|�UÅqPUaS\ÆB_ ÙZåTS)ækí
Ù Q ~�� � ß¹½¾»¿¼TÀ�ÇvÃ (2.5)

where Ù Q íÈj Û+å âP*Sæ�j Ø Q èÉc�íxn�Û+å âP*Sæ@ò^] (2.6)

and j Û+å âP*Sæ2j and n�Û+å âP*Sæ aredefinedin (2.2).Now introducethecomplexnumbersØ�å[*Sæ\/
Ø Q � ßrÁ è ÙZå[*Sæ\/
Ù Q � ß¨Ç (2.7)

wherewehaveused* asanargumentbecauseÙ Q and c dependonfrequency, andin
somecasessomay Ø Q and ] . Notethat Ø�åT*Sæ is not equalto Ø�å»ä�æ evaluatedat äKíf*
nor is it equalto Ø�åTS)æ evaluatedat S}íB* . Since Û+å âP*Sæ�íÊj Û+å âP*Sæ2j � ß)Ë£Ì¯½ ßb»�Ã the
sinusoidalresponsein (2.5)and(2.6)canthenbewrittenoncomplexformasfollowsÙZå[*Sæ � ßb»¿¼ í Û+å â+*Sæ°Ø�åT*Sæ � ßb»¿¼ (2.8)
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or becausetheterm � ßb»v¼ appearsonbothsidesÙ³åT*Sækí Û+å â+*Sæ°Ø�åT*Sæ (2.9)

which we referto asthephasornotation.At eachfrequency, Ø�å[*Sæ , ÙZå[*Sæ and Û+å â+*Sæ
arecomplexnumbers,andtheusualrulesfor multiplying complexnumbersapply.
Wewill usethisphasornotationthroughoutthebook.Thuswhenever we use notation
such as Ø�åT*Sæ (with * and not âP* as an argument), the reader should interpret this as
a (complex) sinusoidal signal, Ø�å[*Sæ � ßb»¿¼ . (2.9)alsoappliesto MIMO systemswhereØ�å[*Sæ andÙ³åT*Sæ arecomplexvectorsrepresentingthesinusoidalsignalin eachchannel
and Û+å â+*Sæ is a complexmatrix.

Minimum phase systems. Forstablesystemswhichareminimumphase(notime
delaysor right-halfplane(RHP)zeros)thereisauniquerelationshipbetweenthegain
andphaseof thefrequencyresponse.Thismaybequantifiedby theBodegain-phase
relationshipwhichgivesthephaseof Û (normalized1 suchthat Û+å`�wæ}·Î� ) atagiven
frequency* Q asa functionof j Û+å âP*Sæ�j overtheentirefrequencyrange:

n�Û+å âP* Q ækí �ÏCÐ^Ñð Ñ
� ®ZYOj Û+å âP*Sæ2j� ®ºY!*Ò Ó�Ô ÕÖ ½¾»�Ã ®ºYØ×××× *BòÙ* Q*�ïÚ*aQ ××××+Û

� ** (2.10)

The nameminimum phase refersto the fact that sucha systemhasthe minimum
possiblephaselag for thegivenmagnituderesponsej Û+å âP*Sæ2j . Theterm ÜMåT*Sæ is the
slopeof themagnitudein log-variablesat frequency* . In particular, thelocal slope
at frequency* Q is Üªå[*aQ�æTíÞÝ � ®ZYOj Û+å â+*Sæ�j� ®ºY!* ß »�à�»tá
The term ®ZY ××× »�À�»vá» ð » á ××× in (2.10) is infinite at *ýíB* Q , so it follows that n�Û+å âP* Q æ is

primarilydeterminedby thelocalslopeÜMåT*aQ�æ . Also â Ñð Ñ ®ºY ××× »�À�» á» ð »vá ××× Û � »» íäã+å� which

justifiesthecommonlyusedapproximationfor stableminimumphasesystemsn�Û+å âP* Q æ�æ Ï � ÜMåT* Q æ�o prqts¿u³ífçt� ¬ Û ÜMå[* Q æ (2.11)

Theapproximationis exactfor thesystemÛ+å»ä�æÏíä� h ä©è (where ÜMåT*Sæ¯íÿïLÚ ), and
it is goodfor stableminimumphasesystemsexceptat frequenciescloseto thoseof
resonance(complex)polesor zeros.

RHP-zerosand time delayscontributeadditionalphaselag to a systemwhen
comparedto thatof aminimumphasesystemwith thesamegain(hencethetermnon-
minimum phase system).Forexample,thesystemÛ+å»ä�æSí ð�� ÀÂé� ÀÂé with aRHP-zeroatê

Thenormalizationof ë�ìîírï is necessaryto handlesystemssuchas
ê�4ð$� and

� ê��ð£� , whichhaveequalgain,
arestableandminimumphase,but theirphasesdiffer by ñbò�ó¹ô . Systemswith integratorsmaybetreated
by replacing

ê� by
ê��ð�õ whereö is asmallpositivenumber.



¨>© �-���w�����Z�S�T�\�S���#�B�Z�@�@�L���S �¡� '¢�£����T¢��äKí�w hasaconstantgainof 1,but its phaseis ï-�¯q+p)���)q+YZå[* h w?æ [rad] (andnot � [rad]
asit wouldbefor theminimumphasesystemÛ+å�ä�æTík� of thesamegain).Similarly,
thetimedelaysystem� ð��)� hasa constantgainof 1, but its phaseis ï!*\� [rad].

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

10
−5

10
0

10
5

0

−2

−1

−2

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

−180

−135

−90

−45

0

M
ag

ni
tu

de

Frequency[rad/s]

P
ha

se

  ê   �   

Figure 2.3: Bodeplotsof transferfunction ÷ ê « Á�© ��ð êø ��ð£ùrú ù ê�û å ø �4ð ê ù û . Theasymptotesaregiven
by dottedlines.Theverticaldottedlineson theupperplot indicatethebreakfrequencies  ê ,  � and    .

Straight-line approximations (asymptotes). For thedesignmethodsusedin this
book it is useful to be able to sketchBode plots quickly, and in particular the
magnitude(gain)diagram.Thereaderis thereforeadvisedto becomefamiliar with
asymptoticBode plots (straight-lineapproximations).For example,for a transfer
function Û+å�ä�æTí � å»ä�ò � ñ æXå»ä�ò � � æ Û�Û2Ûå�ä�ò§ü ñ æXå»ä�òýü � æ Û2Û�Û (2.12)

theasymptoticBodeplotsof Û+å â+*Sæ areobtainedby usingfor eachterm äÏò�w the
approximationâP*�ò{w{æBw for *ÿþ w andby âP*�ò{wxæýâP* for * ·ÿw . These
approximationsyieldstraightlinesonalog-logplotwhichmeetattheso-calledbreak
point frequency*�í�w . In (2.12)therefore,thefrequencies� ñ è � � è2¢�¢2¢>è`ü ñ è`ü � è2¢�¢2¢ are
the breakpointswherethe asymptotesmeet.For complexpolesor zeros,the termä � ò � � ä2* Q òÈ* �Q (where j � jýþ�� ) is approximatedby * �Q for * þÊ* Q andbyä � í å âP*Sæ � í ï!* � for * · * Q . Themagnitudeof a transferfunction is usually
closeto its asymptoticvalue,andtheonly casewhenthereis significantdeviationis
aroundtheresonancefrequency* Q for complexpolesor zeroswith adampingj � j of
about0.3or less.In Figure2.3,theBodeplotsareshownforþ ñ å�ä�æTí�´P� å»ä�ò���æå»äSò^��¢ ����æ¨�^å»ä�ò����gæ (2.13)
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The asymptotes(straight-lineapproximations)areshownby dottedlines.We note
that the magnitudefollows the asymptotesclosely, whereasthe phasedoesnot. In
this exampletheasymptoticslopeof þ ñ is 0 up to thefirst breakfrequencyat * ñ í��¢ ��� rad/swherewe havetwo polesandthentheslopechangesto Ü íÈï-� . Then
at * � í � rad/sthereis a zeroandtheslopechangesto ÜÈí ï�� . Finally, thereis a
breakfrequencycorrespondingtoapoleat *��¯í��©� rad/sandsotheslopeis Üií ï-�
at thisandhigherfrequencies.

2.2 Feedback control
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Figure 2.4: Block diagramof onedegree-of-freedomfeedbackcontrolsystem

2.2.1 One degree-of-freedom controller

In most of this chapter, we examinethe simple one degree-of-freedomnegative
feedbackstructureshownin Figure2.4.Theinput to thecontroller ÜÖå�ä�æ is � ïMÙ �
whereÙ � í�ÙPò�Ú is themeasuredoutputand Ú is themeasurementnoise.Thus,the
input to theplantis ØRíbÜªå»ä�æ;å � ïûÙsïûÚ@æ (2.14)

Theobjectiveof control is to manipulateØ (designÜ ) suchthat thecontrolerror �remainssmallin spiteof disturbances
�
. Thecontrolerror � is definedas� í Ùsï � (2.15)

where� denotesthereferencevalue(setpoint)for theoutput.
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Remark. In theliterature,thecontrolerroris frequentlydefinedas ��¥ Ã Ë which is oftenthe
controllerinput. However, this is not a gooddefinitionof anerrorvariable.First, theerror is
normallydefinedastheactualvalue(hereÃ ) minusthedesiredvalue(here� ). Second,theerror
shouldinvolve theactualvalue( Ã ) andnot themeasuredvalue( Ã Ë ).

Notethatwedonotdefine� asthecontrollerinput � ï Ù � which is frequentlydone.

2.2.2 Closed-loop transfer functions

Theplantmodelis writtenas Ù/íbÛ+å�ä�æ±Ø-òªÛ��gå�ä�æ � (2.16)

andfor aonedegree-of-freedomcontrollerthesubstitutionof (2.14)into(2.16)yieldsÙ+í Û`ÜÖå � ïûÙsïûÚ@æ òªÛ�� �
or å�îKòMÛ`Ü�æ±Ù+í
Û`Ü � òªÛ � � ï�Û`Ü�Ú (2.17)

andhencetheclosed-loopresponseisÙ/íüå�î òMÛ`Ü�æ ðZñ Û`ÜÒ Ó�Ô Õ, � ò
å�îÏòªÛ`Üûæ ð ñÒ Ó�Ô Õ� Û�� � ï�å�îKòªÛ`Üûæ ðZñ Û`ÜÒ Ó�Ô Õ, Ú (2.18)

Thecontrolerroris � í
Ù~ï � í ï¯÷ � òª÷'Û�� � ï�øPÚ (2.19)

wherewehaveusedthefact øÖïIî-í ï¯÷ . Thecorrespondingplantinput signalisØ�í
Ü�÷ � ïIÜû÷'Û � � ïIÜû÷'Ú (2.20)

Thefollowing notationandterminologyareusedþªí
Û`Ü loop transferfunction÷Iíüå�îÏòªÛ`ÜûæaðZñLí å�îKòªþSæaðZñ sensitivityfunctionø í å�î òMÛ`Ü�æcðZñXÛ`Ü í å�îÏòªþSæcð ñaþ complementarysensitivityfunction

Weseethat ÷ is theclosed-looptransferfunctionfrom theoutputdisturbancesto the
outputs,while ø is theclosed-looptransferfunctionfrom thereferencesignalsto the
outputs.Thetermcomplementarysensitivityfor ø follows from theidentity:÷}ò�øbí î (2.21)

To derive(2.21),write ÷�òÖø�í å�î`ò þSæcð ñSò6å�îÉò�þSæaðZñaþ andfactorout thetermå�î+ò�þSæaðZñ . The termsensitivityfunction is naturalbecause÷ givesthesensitivity
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reductionaffordedby feedback.To seethis, considerthe“open-loop”casei.e. with
no feedback.Then Ù+í Û`Ü � òªÛ�� � òd� Û Ú (2.22)

anda comparisonwith (2.18)showsthat,with theexceptionof noise,theresponse
with feedbackis obtainedby premultiplyingtheright handsideby ÷ .

Remark 1 Actually, theaboveis not theoriginalreasonfor thename“sensitivity”. Bodefirst
called � sensitivitybecauseit givestherelativesensitivityof theclosed-looptransferfunction�

to therelativeplantmodelerror. In particular, at a givenfrequency  we havefor a SISO
plant,by straightforwarddifferentiationof

�
, that´ � ¬ �´ Ð ¬ Ð « � (2.23)

Remark 2 Equations(2.14)-(2.22)are written in matrix form becausethey also apply to
MIMO systems.Of course,for SISOsystemswemaywrite �Éµ � « � , � « êê ð	� ,

� « �ê ð
�
andsoon.

Remark 3 In general,closed-looptransferfunctionsfor SISOsystemswith negative feedback
maybeobtainedfrom therule¢������ ��� « ��������������� µ ������! "� ½c��£#� ��� (2.24)

where“direct” representsthetransferfunctionfor thedirecteffect of theinput on theoutput
(with the feedbackpathopen)and“loop” is the transferfunction aroundthe loop (denoted÷k¤�¶;¦ ). In theabovecase÷ « Ð $ . If thereis alsoameasurementdevice,

Ð Ë ¤�¶X¦ , in theloop,
then ÷k¤�¶;¦ « Ð $ Ð Ë . Therule in (2.24)is easilyderivedby generalizing(2.17).In Section
3.2,wepresentamoregeneralform of this rulewhichalsoappliesto multivariablesystems.

2.2.3 Why feedback?

At thispoint it is pertinentto askwhy weshouldusefeedbackcontrolatall — rather
thansimplyusingfeedforwardcontrol.A “perfect”feedforwardcontrollerisobtained
by removingthefeedbacksignalandusingthecontrollerÜ&%^å»ä�æTí
Û ð ñ å»ä�æ (2.25)

(weassumefor nowthatit ispossibletoobtainandphysicallyrealizesuchaninverse,
althoughthismayof coursenotbetrue).Weassumethattheplantandcontrollerare
bothstableandthatall thedisturbancesareknown,thatis, weknow Û � � , theeffect
of thedisturbanceson theoutputs.Thenwith � ï
Û � � asthecontrollerinput, this
feedforwardcontroller wouldyield perfectcontrol:Ù-íbÛ Ø-òªÛ � � í
Û`ÜÖå � ï�Û � � æ@òMÛ � � í �
Unfortunately, Û is neveran exactmodel,and the disturbancesareneverknown
exactly. The fundamental reasons for using feedback control are therefore the
presence of
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1. Signaluncertainty– Unknowndisturbance
2. Modeluncertainty
3. An unstableplant

Thethird reasonfollows becauseunstableplantscanonly bestabilizedby feedback
(seeinternalstability in Chapter4). Theability of feedbackto reducetheeffect of
modeluncertaintyis of crucialimportancein controllerdesign.

2.3 Closed-loop stability

Oneof themainissuesin designingfeedbackcontrollersis stability. If thefeedback
gain is too large, then the controllermay “overreact”and the closed-loopsystem
becomesunstable.This is illustratednextby a simpleexample.
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Figure 2.5: Effect of proportionalgain
$ %

on the closed-loopresponseÃ ¤43±¦ of the inverse
responseprocess

Example 2.1 Inverse response process. Consider the plant (time in seconds)Ð ¤�¶X¦ « Áw¤\¥S¨�¶ µ � ¦¤ � ¶�µ � ¦ê¤ � ©�¶�µ � ¦ (2.26)

This is one of two main example processes used in this chapter to illustrate the techniques of
classical control. The model has a right-half plane (RHP) zero at 57698P¡ � rad/s. This imposes a
fundamental limitation on control, and high controller gains will induce closed-loop instability.

This is illustrated for a proportional (P) controller
$/: 5<;=6 $ %

in Figure 2.5, where the
response >=6 � �?6A@ $ % :�BDC @ $ % ; � ê � to a step change in the reference ( � : 3�;E6 B

for 3�ÔF8 )
is shown for four different values of

$ %
. The system is seen to be stable for

$ %HGJI ¡ � , and
unstable for

$ % Ô I ¡ � . The controller gain at the limit of instability,
$ 1 6 I ¡ � , is sometimes

called the ultimate gain and for this value the system is seen to cycle continuously with a periodK 1 6 B � ¡ I s, corresponding to the frequency   1ML I<NPO K 1 698P¡ ( I rad/s.

Two methodsarecommonlyusedto determineclosed-loopstability:
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1. Thepolesof theclosed-loopsystemareevaluated.Thatis, therootsof �T[]\_^�`ba�c� arefound,where\ is thetransferfunctionaroundtheloop.Thesystemis stable

if and only if all theclosed-looppolesarein theopenleft-halfplane(LHP) (thatis,
polesontheimaginaryaxisareconsidered“unstable”).Thepolesarealsoequalto
theeigenvaluesof thestate-spaced -matrix,andthis is usuallyhowthepolesare
computednumerically.

2. The frequencyresponse(includingnegativefrequencies)of \e^gfih7a is plottedin
thecomplexplaneandthenumberof encirclementsit makesof thecritical pointj � is counted.By Nyquist’s stability criterion(for which a detailedstatementis
givenin Theorem4.7)closed-loopstability is inferredby equatingthenumberof
encirclementsto thenumberof open-loopunstablepoles(RHP-poles).
For open-loopstable systemswhere n&\e^gfih7a falls with frequencysuch thatn&\e^gfih7a crossesj ��ªt� ¬ only once (from aboveat frequency h�kmlXQ ), one may
equivalentlyuseBode’s stability condition whichsaysthattheclosed-loopsystem
is stableif andonly if theloopgain j \ j is lessthan1 at this frequency, thatisn �rqio�WZ®ºWº��p q j \e^gfih�kmlXQ!a2j�þ7� (2.27)

whereh kmlXQ is thephasecrossoverfrequencydefinedby n&\_^rfih kmlbQ asc j �©ªP� ¬ .
Method � , which involvescomputingthepoles,is bestsuitedfor numericalcalcula-
tions.However, timedelaysmustfirst beapproximatedasrationaltransferfunctions,
e.g.Pad́e approximations.Method2, which is basedon thefrequencyresponse,has
a nicegraphicalinterpretation,andmayalsobeusedfor systemswith time delays.
Furthermore,it providesusefulmeasuresof relativestabilityandformsthebasisfor
severalof therobustnesstestsusedlaterin thisbook.

Example 2.2 Stability of inverse response process with proportional control. Let us
determine the condition for closed-loop stability of the plant @ in (2.26) with proportional
control, that is, with

$/: 5<;E6 $ % and ÷ : 5t;E6 $ % @ : 5t; .
1. The system is stable if and only if all the closed-loop poles are in the LHP. The poles are

solutions to
B-C ÷ : 5t;E698 or equivalently the roots of: � 5 C9B ; :�B 8!5 CuB ; Cv$ %�w :�x I 5 C9B ;E6A8y � 8b5 � C9:�B � x/z{$ % ;|5 CA:�B-C w $ % ;-698 (2.28)

But since we are only interested in the half plane locationof the poles, it is not necessary
to solve (2.28). Rather, one may consider the coefficients }i~ of the characteristic equation}���5 � C������ } ê 5 C } ù 698 in (2.28), and use the Routh-Hurwitz test to check for stability. For
second order systems, this test says that we have stability if and only if all the coefficients
have the same sign. This yields the following stability conditions:�B � x*z!$ % ;��F8i� :�B-C w $ % ;(�F8
or equivalently

x?B O{w�G $ %FG�I ¡ � . With negative feedback (
$ %u� 8 ) only the upper

bound is of practical interest, and we find that the maximum allowed gain (“ultimate gain”)
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is
$ 1 6 I ¡ � which agrees with the simulation in Figure 2.5. The poles at the onset of

instability may be found by substituting
$ % 6 $ 1 6 I ¡ � into (2.28) to get � 8b5 � C ¶ ¡ � 698 ,

i.e. 5A6������ ¶ ¡ � O � 8�6����b8P¡ � B I . Thus, at the onset of instability we have two poles
on the imaginary axis, and the system will be continuously cycling with a frequency  �68P¡ � B I rad/s corresponding to a period

K 1 6 ItNTO  �6 B � ¡ I s. This agrees with the
simulation results in Figure 2.5.
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2. Stability may also be evaluated from the frequency response of ¦ : 5<; . A graphical evaluation

is most enlightening. The Bode plots of the plant (i.e. ¦ : 5<; with ¤=¥/6 B
) are shown in

Figure 2.6. From these one finds the frequency �(§ �|¨ where ©�¦ is
x?B«ª 8b¬ and then reads

off the corresponding gain. This yields  ¦ : � ��§ �|¨ ;�!6A¤=¥{ @ : � ��§ �|¨ ;�{6A8D® �b¤=¥ , and we get
from (2.27) that the system is stable if and only if  ¦ : � � § �|¨ ;� G B y ¤ ¥ G¯I ® ° (as found
above). Alternatively, the phase crossover frequency may be obtained analytically from:

©�¦ : � �(§ �|¨ ;�6 x²±t³�´¶µm±t·T: I �(§ �|¨ ; x*±t³�´¶µm±t·T: ° ��§ �|¨ ; x]±<³�´¶µm±{·P:�B 8 �(§ �|¨ ;E6 x?B«ª 8 ¬
which gives ��§ �|¨ 6¸8D® � B I rad/s as found in the pole calculation above. The loop gain at
this frequency is

 ¦ : � � § �|¨ ;�{69¤ ¥ w � � : I ��§ �|¨ ;   C¹B� : ° �(§ �|¨ ;   C¹B�� � :�B 8 ��§ �|¨ ;   C¹B 698i® �!¤ ¥
which is the same as found from the graph in Figure 2.6. The stability condition ¦ : � � § �|¨ ;� G B then yields ¤ ¥ GuI ® ° as expected.
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2.4 Evaluating closed-loop performance

Althoughclosed-loopstability is an importantissue,therealobjectiveof control is
to improveperformance,thatis, to maketheoutput ¼�^¾½ma behavein a moredesirable
manner. Actually, thepossibilityof inducinginstabilityis oneof thedisadvantagesof
feedbackcontrolwhich hasto betradedoff againstperformanceimprovement.The
objectiveof thissectionis to discusswaysof evaluatingclosed-loopperformance.

2.4.1 Typical closed-loop responses

Thefollowing examplewhichconsidersproportionalplusintegral(PI) controlof the
inverseresponseprocessin (2.26),illustrateswhattypeof closed-loopperformance
onemightexpect.
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Figure 2.7: Closed-loopresponseto astepchangein referencefor theinverseresponseprocess
with PI-control

Example 2.3 PI-control of the inverse response process. We have already studied the use
of a proportional controller for the process in (2.26). We found that a controller gain of ¤ ¥sÀÁ ® ° gave a reasonably good response, except for a steady-state offset (see Figure 2.5). The
reason for this offset is the non-zero steady-state sensitivity function, Â�Ã¾ÄbÅ À §§�Æ
ÇEÈmÉPÊ ¨�Ë ÀÄi® Á ª (where ÌMÃ¾ÄbÅ À w is the steady-state gain of the plant). From Í À x ÂPÎ it follows that forÎ À Á

the steady-state control error is
x ÄD® Á ª (as is confirmed by the simulation in Figure 2.5).

To remove the steady-state offset we add integral action in the form of a PI-controller

¤/Ã�Ï<Å À ¤ ¥#Ð Á(Ñ ÁÒ�Ó Ï"Ô (2.29)

The settings for ¤ ¥ and Ò«Ó can be determined from the classical tuning rules of Ziegler and
Nichols (1942): ¤ ¥sÀ ¤ÖÕi×!Ø�® Ø�Ù Ò«Ó ÀAÚ Õ�× Á ® Ø (2.30)

where ¤ Õ is the maximum (ultimate) P-controller gain and Ú Õ is the corresponding period
of oscillations. In our case ¤ Õ À ØD® ° and Ú Õ À Á °D® Ø s (as observed from the simulation in



Ø ª ���&Û�Ü�Ý ��Þ7ß Ý Þ � Û �v�������?� Þ7à � à�á&â Ü ßZá Û
Figure 2.5), and we get ¤=¥ À Á ® Á � and Ò Ó À Á ØD® » s. Alternatively, ¤ Õ and Ú Õ can be obtained
from the model ÌMÃ�Ï<Å , ¤ÖÕ À Á ×i ÌMÃã� � Õ�Å� Ù Ú Õ À ØtäT× � Õ (2.31)

where � Õ is defined by ©�ÌMÃã� � Õ"Å À x Á ª Ä ¬ .
The closed-loop response, with PI-control, to a step change in reference is shown in

Figure 2.7. The output å¡Ã4æ�Å has an initial inverse response due to the RHP-zero, but it then
rises quickly and å¡Ã4æ|Å À ÄD® ç at æ À ª ® Ä s (the rise time). The response is quite oscillatory and
it does not settle to within �?° % of the final value until after æ À z ° s (the settling time). The
overshoot (height of peak relative to the final value) is about

z Ø % which is much larger than
one would normally like for reference tracking. The decay ratio, which is the ratio between
subsequent peaks, is about ÄD® w ° which is also a bit large. However, for disturbance rejection
the controller settings may be more reasonable, and one can always add a prefilter to improve
the response for reference tracking, resulting in a two degrees-of-freedom controller.
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The corresponding Bode plots for ¦ , Â and è are shown in Figure 2.8. Later, in
Section 2.4.3, we define stability margins, and from the plot of ¦ZÃã� � Å , repeated in Figure 2.11,
we find that the phase margin (PM) is ÄD® w � rad =

Á çi® ��¬ and the gain margin (GM) is
Á ® z w .

These margins are too small according to common rules of thumb. The peak value of  Â� isí/î À w ® çbØ , and the peak value of  èe is
í ê À w ® w ° which again are high according to

normal design rules.

Exercise 2.1 Use (2.31) to compute ¤ÖÕ and Ú Õ for the process in (2.26).

In summary, for thisexample,theZiegler-Nichols’PI-tuningsaresomewhat“aggres-
sive” andgiveaclosed-loopsystemwith smallerstabilitymarginsandamoreoscil-
latory responsethanwouldnormallyberegardedasacceptable.
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2.4.2 Time domain performance
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Figure 2.9: Characteristicsof closed-loopresponseto stepin reference

Step response analysis. Theaboveexampleillustratestheapproachoften taken
by engineerswhen evaluatingthe performanceof a control system.That is, one
simulatestheresponseto a stepin the referenceinput, andconsidersthe following
characteristics(seeFigure2.9):ý Rise time: ( ½ ï ) thetime it takesfor theoutputto first reach90%of its final value,

which is usuallyrequiredto besmall.ý Settling time: ( ½mð ) thetimeafterwhich theoutputremainswithin þ=ÿ�� of its final
value,which is usuallyrequiredto besmall.ý Overshoot: thepeakvaluedividedby thefinal value,whichshouldtypically be1.2
(20%)or less.ý Decay ratio: theratio of thesecondandfirst peaks,which shouldtypically be0.3
or less.ý Steady-state offset: the differencebetweenthe final value and the desiredfinal
value,which is usuallyrequiredto besmall.

Therisetimeandsettlingtimearemeasuresof thespeed of the response, whereasthe
overshoot,decayratioandsteady-stateoffsetarerelatedto thequality of the response.
Anothermeasureof thequalityof theresponseis:ý Excess variation: thetotalvariation(TV) dividedby theoverallchangeatsteady

state,whichshouldbeascloseto 1 aspossible.

Thetotal variationis thetotal movementof theoutputasillustratedin Figure2.10.
For thecasesconsideredheretheoverallchangeis 1, sotheexcessvariationis equal
to thetotalvariation.

The abovemeasuresaddressthe output response,¼��¾½�� . In addition,oneshould
considerthemagnitudeof themanipulatedinput (controlsignal, ¿ ), which usually
shouldbeassmallandsmoothaspossible.If thereareimportantdisturbances,then
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the responseto theseshouldalso be considered.Finally, one may investigatein
simulationhowthecontrollerworksif theplantmodelparametersaredifferentfrom
theirnominalvalues.

Remark 1 Anotherway of quantifyingtime domainperformanceis in termsof somenorm
of theerrorsignal Í�Ã4æ�Å À å¡Ã4æ�Å�'/ÎiÃ4æ�Å . For example,onemight usetheintegralsquarederror

(ISE),or its squareroot which is the2-normof theerrorsignal, (�ÍDÃ4æ|Å)(   À+* ,.-¨  Í�Ã Ò Å�  0/ Ò .

Notethatin this casethevariousobjectivesrelatedto boththespeedandquality of response
arecombinedinto onenumber. Actually, in mostcasesminimizing the2-normseemsto give
a reasonabletrade-off betweenthevariousobjectiveslistedabove.Anotheradvantageof the
2-normis thattheresultingoptimizationproblems(suchasminimizing ISE) arenumerically
easyto solve.Onecanalsotakeinput magnitudesinto accountby considering,for example,1 À2* , -¨ Ã43  Í�Ã4æ�Å�   Ñ�5  6PÃ4æ�Å�   Å / æ where 3 and

5
arepositiveconstants.This is similar to

linearquadratic(LQ) optimalcontrol,but in LQ-controlonenormallyconsidersan impulse
ratherthanastepchangein ÎiÃ4æ�Å .
Remark 2 Thestepresponseis equalto theintegralof thecorrespondingimpulseresponse,
e.g.set 6PÃ Ò Å À Á

in (4.11). Somethoughtthenrevealsthatonecancomputethetotalvariation
as the integratedabsolutearea(1-norm)of the correspondingimpulseresponse(Boyd and
Barratt,1991,p. 98). That is, let å À èZÎ , thenthe total variationin å for a stepchangeinÎ is Ü 
 À"7 -¨  8 ê Ã Ò Å� / Ò:9 (�8 ê Ã4æ|Å)( § (2.32)

where8 ê Ã4æ�Å is theimpulseresponseof è , i.e. å¡Ã4æ�Å resultingfrom animpulsechangein ÎiÃ4æ�Å .
2.4.3 Frequency domain performance

The frequency-responseof the loop transferfunction, ;<�>=�?� , or of variousclosed-
loop transferfunctions,mayalsobeusedto characterizeclosed-loopperformance.
Typical Bodeplots of ; , @ and A areshownin Figure2.8. Oneadvantageof the
frequencydomaincomparedto astepresponseanalysis,is thatit considersabroader
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classof signals(sinusoidsof any frequency).This makesit easierto characterize
feedbackproperties,andin particularsystembehaviourin thecrossover(bandwidth)
region.We will now describesomeof the importantfrequency-domainmeasures
usedto assessperformancee.g.gainandphasemargins,the maximumpeaksof A
and @ , andthe variousdefinitionsof crossoverandbandwidthfrequenciesusedto
characterizespeedof response.

Gain and phase margins

Let ;B��CD� denotethe loop transferfunctionof a systemwhich is closed-loopstable
undernegativefeedback.A typical Bodeplot anda typical Nyquist plot of ;<�>=E?�
illustratingthegainmargin (GM) andphasemargin (PM) aregivenin Figures2.11
and2.12,respectively.
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Figure 2.11: TypicalBodeplot of ¦ZÃML � Å with PM andGM indicated

Thegain margin is definedasNPORQTSDUWV ;B�X=E? ��Y � � V (2.33)

wherethe phase crossover frequency ? �ZY � is wherethe Nyquist curveof ;<�>=E?�
crossesthenegativerealaxisbetween[ S and0, thatis\ ;<�X=E? �ZY � � Q [ S^]�_�` (2.34)

If thereis more than one crossingthe largestvalue of

V ;<�>=E? ��Y � � V is taken.On a
Bodeplot with a logarithmicaxis for

V ; V , we havethat GM (in logarithms,e.g. in
dB) is the vertical distancefrom the unit magnitudeline down to

V ;<�>=E? ��Y � � V , see
Figure2.11. TheGM is thefactorby which theloopgain

V ;B�X=E?� V maybeincreased
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Figure 2.12: Typical Nyquist plot of ¦sÃMLba�Å for stableplant with PM and GM indicated.
Closed-loopinstabilityoccursif ¦sÃMLba�Å encirclesthecritical point ' Á
beforetheclosed-loopsystembecomesunstable.TheGM is thusa directsafeguard
againststeady-stategainuncertainty(error).Typically we require

NPOonqp
. If the

Nyquist plot of ; crossesthe negativereal axis between[ S and [Br thena gain
reduction margin canbesimilarly definedfrom thesmallestvalueof

V ;<�X=E? �ZY � � V of
suchcrossings.

Thephase margin is definedass ORQ \ ;B�X=E? tu��v S^]�_�`
(2.35)

wherethegain crossover frequency ? t is where

V ;<�>=�?� V first crosses1 from above,
thatis

V ;B�X=E? tu� VwQ+S
(2.36)

Thephasemargin tells how muchnegativephase(phaselag) we canaddto ;B��CD� at
frequency? t beforethephaseat this frequencybecomes[ S^]�_ ` whichcorresponds
to closed-loopinstability(seeFigure2.12).Typically, werequirePM largerthan x _ `
or more.The PM is a direct safeguardagainsttime delayuncertainty;the system
becomesunstableif weadda timedelayofyDz|{0} Q s O~U ? t (2.37)
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Notethattheunitsmustbeconsistent,andsoif ��t is in [rad/s]thenPM mustbein
radians.It is alsoimportantto notethatby decreasingthevalueof ? t (loweringthe
closed-loopbandwidth,resultingin aslowerresponse)thesystemcantoleratelarger
timedelayerrors.

Example 2.4 For the PI-controlled inverse response process example we have ��� ÀÁ çD® � ¬vÀ Á çi® ��×{° » ® � rad À ÄD® � � rad and a ¥ À Äi® Ø �^� rad/s. The allowed time delay error
is then ������� À Äi® � � rad ×tÄi® Ø �^� rad/s À Á ® �^� s.

From the aboveargumentswe seethat gain and phasemargins provide stability
margins for gain anddelayuncertainty. However, aswe showbelow the gain and
phasemarginsarecloselyrelatedto thepeakvaluesof

V Ad�>=E?� V and

V @��X=E?� V andare
thereforealsousefulin termsof performance. In short,thegainandphasemargins
areusedto providetheappropriatetrade-off betweenperformanceandstability.

Exercise 2.2 Prove that the maximum additional delay for which closed-loop stability is
maintained is given by (2.37).

Exercise 2.3 Derive the approximation for ¤ Õ À Á ×� ÌMÃMLba Õ Å� given in (5.73) for a first-
order delay system.

Maximum peak criteria

Themaximumpeaksof thesensitivityandcomplementarysensitivityfunctionsare
definedas �"� Q������� V Ad�X=E?� V�� �$� Q������� V @��>=�?� V (2.38)

(Note that
�"� Q�� A �b� and

�$� Q�� @ �b� in termsof the � � norm introduced
later.) Typically, it is requiredthat

�"�
is lessthanabout

p
( � dB) and

�"�
is less

thanabout

S�� p ÿ (

p
dB). A largevalueof

�"�
or
�$�

(largerthanabout � ) indicates
poorperformanceaswell aspoorrobustness.SinceA�v�@ Q+S

it follows thatatany
frequency

VwV A V [ V @ V�V¡ +V A¢v$@ V�QTS
so
� �

and
� �

differ atmostby

S
. A largevalueof

� �
thereforeoccursif andonly

if
� �

is large.Forstableplantsweusuallyhave
� � n � �

, but this is notageneral
rule. An upperboundon

�$�
hasbeena commondesignspecificationin classical

controlandthereadermaybefamiliar with theuseof
�

-circlesonaNyquistplot or
a Nicholschartusedto determine

�$�
from ;<�>=E?� .

We now give somejustificationfor why we maywantto boundthevalueof
�"�

.
Without control ( ¿ Q£_

), we have ¤ Q ¼~[+¥ Q£¦¨§&© [+¥ , andwith feedback
control ¤ Q Ad� ¦¨§&© [ª¥�� . Thus,feedbackcontrol improvesperformancein terms
of reducing

V ¤ V at all frequencieswhere

V A VT« S
. Usually,

V A V is small at low
frequencies,for example,

V A�� _ � V�Q¬_
for systemswith integralaction.But because

all realsystemsarestrictly properwe mustat high frequencieshavethat ;T _
or
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equivalentlyA$ S

. At intermediatefrequenciesonecannotavoidin practiceapeak
value,

� �
, largerthan1 (e.g.seetheremarkbelow).Thus,thereis anintermediate

frequencyrangewherefeedbackcontroldegradesperformance,andthevalueof
� �

is a measureof the worst-caseperformancedegradation.Onemay alsoview
�"�

asa robustnessmeasure,asis now explained.To maintainclosed-loopstability the
numberof encirclementsof thecritical point [ S by ;<�>=�?� mustnot change;sowe
want ; to stayawayfrom thispoint.Thesmallestdistancebetween;<�>=E?� andthe-1
point is

�¯® ��
, andthereforefor robustness,thesmaller

�"�
, thebetter. In summary,

bothfor stabilityandperformancewewant
�"�

closeto 1.
Thereis acloserelationshipbetweenthesemaximumpeaksandthegainandphase

margins. Specifically, for a given
�°�

weareguaranteedNPO²± �"�� � [ S � s Oq±³p|��´)µb¶0·>¸º¹ Sp � �|» ± S� �½¼ ´)�E¾À¿ (2.39)

Forexample,with
�"� Q�p

weareguaranteed

NPOÁ±�p
and

s OÂ±�p�ÃW� _ `
. Similarly,

for agivenvalueof
�$�

weareguaranteedNPOÂ±ÄS v S�$� � s OÂ±�pÅ��´)µb¶0·X¸�¹ Sp �"�d» n S�$�Ä¼ ´u��¾w¿ (2.40)

andthereforewith
� � Qªp

wehave

NPO²±2S�� ÿ and
s OÂ±³p�ÃK� _ `

.

Proof of (2.39) and (2.40): To derivetheGM-inequalitiesnoticethat ¦ZÃMLba §ml ¨ Å À ' Á ×&Æd�
(sinceÆd� À Á ×i ¦ZÃMLba §ml ¨ Å� and ¦ is realandnegativeat a §ml ¨ ), from whichweget

è_ÃMLba §ml ¨ Å À ' ÁÆd�Ç' ÁiÈ Â�ÃMLba §ml ¨ Å À ÁÁ ' §gWh (2.41)

and the GM-results follow. To derive the PM-inequalitiesin (2.39) and (2.40) consider
Figure2.13wherewehave  Â�ÃMLba�¥�Å� À Á ×i Á(Ñ ¦sÃMLba�¥«Å� À Á ×i^' Á '*¦sÃMLba�¥�Å� andweobtain

 Â�ÃMLba�¥�Å� À  è_ÃMLba�¥¶Å� À ÁØÊÉÌË · Ã4��� ×{Ø!Å (2.42)

andtheinequalitiesfollow. Alternativeformulas,whicharesometimesused,follow from the
identity Ø�ÉÌË · Ã4�Í�H×!Ø{Å À³Î ØiÃ Á ' ´)Ï É<Ã4�Í� Å|Å . Ð
Remark. We notewith interestthat(2.41)requires Â� to belargerthan1 at frequencya §ml ¨ .
Thismeansthatprovideda §ml ¨ exists,that is, ¦sÃMLba�Å hasmorethan ' Á ª Ä ¬ phaselagat some
frequency(which is thecasefor anyrealsystem),thenthepeakof  Â�ÃMLba�Å� mustexceed1.

In conclusion,we seethat specificationson the peaksof

V Ad�X=E?� V or

V @��X=E?� V ( �"�
or
�$�

), canmakespecificationson the gain andphasemargins unnecessary. For
instance,requiring

�°� «Ñp
implies the commonrulesof thumb

NPO nÒp
ands OÁn x _ ` .
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Figure 2.13: At frequencya�¥ weseefrom thefigurethat  Á(Ñ ¦ZÃMLbaP¥�Å� À ØÊÉÌË · Ã4�Í� ×!Ø{Å
2.4.4 Relationship between time and frequency domain peaks

Fora changein reference¥ , theoutputis ¼���CD� Q @��ëC&�Z¥¡��CD� . Is thereanyrelationship
betweenthefrequencydomainpeakof @��X=E?� , �$� , andanycharacteristicof thetime
domainstepresponse,for exampletheovershootor thetotalvariation?Toanswerthis
considera prototypesecond-ordersystemwith complementarysensitivityfunction

@ì��CD� Q Sí � C � v p íWî Cïv S
(2.43)

Forunderdampedsystemswith î «ªS
thepolesarecomplexandyieldoscillatorystep

responses.With ¥¡�¾½�� QðS
(a unit stepchange)thevaluesof theovershootandtotal

variationfor ¼Ê��½�� aregiven,togetherwith
�$�

and
�"�

, asafunctionof î in Table2.1.
FromTable2.1,weseethatthetotalvariationTV correlatesquitewell with

�"�
. This

is furtherconfirmedby (A.95) and(2.32)which togetheryield thefollowing general
bounds � �  �ñïòT  � p�ó v S � � � (2.44)

Here

ó
is the orderof @��ëC&� , which is

p
for our prototypesystemin (2.43).Given

that the responseof many systemscan be crudely approximatedby fairly low-
order systems,the bound in (2.44) suggeststhat

�$�
may provide a reasonable

approximationto the total variation.This providessomejustificationfor theuseof� �
in classicalcontrolto evaluatethequalityof theresponse.
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Table 2.1: Peakvaluesandtotal variationof prototypesecond-ordersystem

Timedomain Frequencydomainî Overshoot Totalvariation
�$� �°�

2.0 1 1 1 1.05
1.5 1 1 1 1.08
1.0 1 1 1 1.15
0.8 1.02 1.03 1 1.22
0.6 1.09 1.21 1.04 1.35
0.4 1.25 1.68 1.36 1.66
0.2 1.53 3.22 2.55 2.73
0.1 1.73 6.39 5.03 5.12
0.01 1.97 63.7 50.0 50.0

% MATLAB code (Mu toolbox) to generate Table:
tau=1;zeta=0.1;t=0:0.01:100;
T = nd2sys(1,[tau*tau 2*tau*zeta 1]); S = msub(1,T);
[A,B,C,D]=unpck(T); y1 = step(A,B,C,D,1,t);
overshoot=max(y1),tv=sum(abs(diff(y1)))
Mt=hinfnorm(T,1.e-4),Ms=hinfnorm(S,1.e-4)

2.4.5 Bandwidth and crossover frequency

Theconceptof bandwidthis very importantin understandingthebenefitsandtrade-
offs involvedwhenapplyingfeedbackcontrol.Aboveweconsideredpeaksof closed-
looptransferfunctions,

�"�
and

�$�
, whicharerelatedto thequalityof theresponse.

However, for performancewe must also considerthe speedof the response,and
this leadsto consideringthebandwidthfrequencyof thesystem.In general,a large
bandwidthcorrespondsto a fasterrise time, sincehigh frequencysignalsaremore
easilypassedon to theoutputs.A high bandwidthalsoindicatesa systemwhich is
sensitiveto noiseandto parametervariations.Conversely, if thebandwidthis small,
thetimeresponsewill generallybeslow, andthesystemwill usuallybemorerobust.

Looselyspeaking,bandwidth maybedefinedasthefrequencyrange¼ ? ��ô ? � ¿ over
which control is effective.In mostcaseswe requiretight controlat steady-stateso? � Q2_

, andwe thensimplycall ? � Q ? õ thebandwidth.
Theword“effective”maybeinterpretedin differentways,andthismaygiveriseto

differentdefinitionsof bandwidth.Theinterpretationweuseis thatcontroliseffective
if weobtainsomebenefit in termsof performance.Fortrackingperformancetheerror
is ¤ Q ¼Ö[ö¥ Q [<A ¥ andwe get that feedbackis effective(in termsof improving
performance)aslong astherelativeerror ¤ U ¥ Q [<A is reasonablysmall,which we
maydefineto belessthan0.707in magnitude.We thengetthefollowing definition:

Definition 2.1 The (closed-loop) bandwidth, ? õ , is the frequency where

V Ad�X=E?� V first
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crosses

S�UEú p¨Q�_W�Øû�_wû �ëüÄ[�x dB) from below.

Anotherinterpretationis to saythatcontrolis effective if it significantlychanges the
outputresponse.For trackingperformance,theoutputis ý Q @�¥ andsincewithout
control ý Q+_

, wemaysaythatcontrol is effectiveaslongas @ is reasonablylarge,
which we maydefineto belargerthan0.707.This leadsto analternativedefinition
which hasbeentraditionallyusedto definethebandwidthof a controlsystem:The
bandwidth in terms of @ , ? õ � , is the highest frequency at which

V @��X=E?� V crosses
SDU�ú p¨Q�_K��û�_Àû �ëü+[�x dB) from above.

Remark 1 Thedefinitionof bandwidthin termsof a é
ê hastheadvantageof beingcloserto
howthetermisusedin otherfields,for example,in definingthefrequencyrangeof anamplifier
in anaudiosystem.

Remark 2 In mostcases,thetwo definitionsin termsof Â and è yield similar valuesfor the
bandwidth.In caseswherea é and a é
ê differ, thesituationis generallyasfollows. Up to the
frequencya é , þ ÂÅþ is lessthan0.7,andcontrolis effectivein termsof improvingperformance.
In the frequencyrange ÿ a é Ùëa é
ê�� control still affects the response,but doesnot improve
performance— in mostcaseswefindthatin thisfrequencyrangeþ ÂÅþ is largerthan1andcontrol
degradesperformance.Finally, atfrequencieshigherthana é	ê wehaveÂ�� Á andcontrolhas
nosignificanteffecton theresponse.Thesituationjustdescribedis illustratedin Example2.5
below(seeFigure2.15).

The gain crossover frequency, ? t , definedas the frequencywhere

V ;<�X=E? t � V first
crosses1 from above,is alsosometimesusedto defineclosed-loopbandwidth.It has
theadvantageof beingsimpleto computeandusuallygivesavaluebetween? õ and?�õ � . Specifically, for systemswith PM

«�ÃE_ `
wehave?�õ « ? t « ?�õ � (2.45)

Proof of (2.45): Note that þ �sÃMLba��«Å)þ À Á
so þ Â�ÃMLba���Å)þ À þ è_ÃMLba��¶Å)þ . Thus,when �Í� À ç!Ä��

we get þ Â�ÃMLba � Å)þ À þ è_ÃMLba � Å)þ À Ä
	 ù Ä ù (see(2.42)),and we have a é À a � À a é
ê .
For �Í����ç{Ä � we get þ Â�ÃMLba � Å)þ À þ è_ÃMLba � Å)þ��Ä
	 ù Ä ù , andsince a é is the frequency
where þ Â�ÃMLba�Å)þ crosses0.707from below we musthave a é � a�� . Similarly, since a é
ê is
thefrequencywhere þ è_ÃMLba�Å)þ crosses0.707from above,wemusthavea é	ê ¢a�� . Ð
Anotherimportantfrequencyis thephase crossover frequency, ? ��Y � , definedasthe
first frequencywhere the Nyquist curve of ;B�X=E?� crossesthe negativereal axis
between[ S and0.

Remark. From (2.41)we get that a�� l��  a é	ê for Æd�� Ø�	 � Á � , and a�� l�� � a é	ê forÆd���¯Ø�	 � Á � , andsincein manycasesthegainmargin is about2.4we concludethat a�� l�� is
usuallycloseto a é
ê . It is alsointerestingto notefrom (2.41)thatat a�� l�� thephaseof è (and
of � ) is ' Á�� Ä�� , sofrom å À èZÎ weconcludethatat frequencya � l�� thetrackingresponseis
completelyoutof phase.Sinceasjustnoteda é	ê is oftencloseto a�� l�� , this furtherillustrates
that a é
ê maybeapoorindicatorof closed-loopperformance.
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Example 2.5 Comparison of a é and a é	ê as indicators of performance. An example
where a é	ê is a poor indicator of performance is the following:

� À '7Ï Ñ��Ï�Ã Ò Ï Ñ Ò �7Ñ Ø!Å È è À '7Ï Ñ��Ï Ñ�� ÁÒ Ï Ñ¹Á�È � À Ä�	 Á Ù Ò À Á
(2.46)

For this system, both � and è have a RHP-zero at
� À Ä
	 Á , and we have Æd� À Ø�	 Á ,�Í� À � Ä
	 Á � , í/î À Á 	 ç � and

í ê À Á
. We find that a é À Ä
	 Ä �^� and a � À Ä
	 Ä���� are both

less than
� À Ä
	 Á (as one should expect because speed of response is limited by the presence of

RHP-zeros), whereas a é	ê À Á × Ò À Á 	 Ä is ten times larger than
�
. The closed-loop response

to a unit step change in the reference is shown in Figure 2.14. The rise time is
�iÁ 	 Ä s, which

is close to
Á × a é À Ø � 	 Ä s, but very different from

Á × a é	ê À Á 	 Ä s, illustrating that a é is a
better indicator of closed-loop performance than a é	ê .
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The magnitude Bode plots of . and # are shown in Figure 2.15. We see that þ # þ��21 up to
about a43�5 . However, in the frequency range from a43 to a6375 the phase of # (not shown) drops
from about 'Å��8 � to about ':9�9;8 � , so in practice tracking is poor in this frequency range. For
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example, at frequency a�� l�� $K8
	 � � we have #L� 'H8�	 I , and the response to a sinusoidally
varying reference MONQP�R6$�ÉÌËTS a � l�� P is completely out of phase, i.e. UVNQPWR���'H8
	 I MONQP�R .
In conclusion,? õ (which is definedin termsof

V A V ) andalso ? t (in termsof

V ; V )
aregoodindicatorsof closed-loopperformance,while ? õ � (in termsof

V @ V ) maybe
misleadingin somecases.Thereasonis thatwe want @ ü S

in orderto havegood
performance,andit is notsufficientthat

V @ V ü S
; wemustalsoconsiderits phase.On

theotherhand,for for goodperformancewe want A closeto 0, andthis will bethe
caseif

V A V ü _
irrespectiveof thephaseof A .

2.5 Controller design

We haveconsideredwaysof evaluatingperformance,but onealsoneedsmethods
for controllerdesign.The Ziegler-Nichols’ methodusedearlier is well suitedfor
on-linetuning,butmostothermethodsinvolveminimizingsomecostfunction.The
overall designprocessis iterativebetweencontroller designand performance(or
cost)evaluation.If performanceis not satisfactorythenonemusteitheradjustthe
controllerparametersdirectly (for example,by reducingXÖt from thevalueobtained
bytheZiegler-Nichols’rules)oradjustsomeweightingfactorin anobjectivefunction
usedto synthesizethecontroller.

Thereexista largenumberof methodsfor controllerdesignandsomeof thesewill
be discussedin Chapter9. In additionto heuristicrulesandon-line tuning we can
distinguishbetweenthreemainapproachesto controllerdesign:

1. Shaping of transfer functions. In this approachthe designerspecifiesthe
magnitude of sometransferfunction(s)asa functionof frequency, andthenfinds
acontrollerwhichgivesthedesiredshape(s).

(a) Loop shaping. This is the classicalapproachin which the magnitudeof the
open-looptransfer function, Y[Z]\
^:_ , is shaped.Usually no optimization is
involved and the designeraims to obtain ` YaZ]\
^:_;` with desiredbandwidth,
slopesetc.Wewill lookatthisapproachin detaillaterin thischapter. However,
classicalloopshapingisdifficult toapplyfor complicatedsystems,andonemay
theninsteadusetheGlover-McFarlanebdc loop-shapingdesignpresentedin
Chapter9. Themethodconsistsof asecondstepwhereoptimizationis usedto
makeaninitial loop-shapingdesignmorerobust.

(b) Shaping of closed-loop transfer functions, such as e , f and X%e . Optimiza-
tion is usuallyused,resultingin variousb c optimalcontrolproblemssuchas
mixedweightedsensitivity;moreon this later.

2. The signal-based approach. This involvestime domainproblemformulations
resultingin theminimizationof anormof a transferfunction.Hereoneconsiders
a particulardisturbanceor referencechangeand thenone tries to optimizethe
closed-loopresponse.The “modern” state-spacemethodsfrom the1960’s, such
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asLinear QuadraticGaussian(LQG) control, arebasedon this signal-oriented
approach.In LQG theinputsignalsareassumedto bestochastic(or alternatively
impulsesin a deterministicsetting)andtheexpectedvalueof theoutputvariance
(or the 2-norm) is minimized. Thesemethodsmay be generalizedto include
frequencydependentweightson thesignalsleadingto whatis calledtheWiener-
Hopf (or bvu -norm)designmethod.
By consideringsinusoidalsignals,frequency-by-frequency, a signal-basedb c
optimal control methodologycan be derived in which the b c norm of a
combinationof closed-looptransferfunctionsis minimized.This approachhas
attractedsignificant interest, and may be combinedwith model uncertainty
representations,to yield quitecomplexrobustperformanceproblemsrequiring w -
synthesis;animportanttopicwhichwill beaddressedin laterchapters.

3. Numerical optimization. Thisofteninvolvesmulti-objectiveoptimizationwhere
oneattemptsto optimizedirectly thetrueobjectives,suchasrise times,stability
margins, etc. Computationally, suchoptimizationproblemsmay be difficult to
solve,especiallyif onedoesnothaveconvexityin thecontrollerparameters.Also,
by effectively includingperformanceevaluationandcontrollerdesignin a single
stepprocedure,theproblemformulationis far morecritical thanin iterativetwo-
stepapproaches.Thenumericaloptimizationapproachmayalsobeperformedon-
line,whichmightbeusefulwhendealingwith caseswith constraintsontheinputs
andoutputs.On-lineoptimizationapproachessuchasmodelpredictivecontrolare
likely to becomemorepopularasfastercomputersandmoreefficientandreliable
computationalalgorithmsaredeveloped.

2.6 Loop shaping

In theclassicalloop-shapingapproachto controllerdesign,“loop shape”refersto the
magnitudeof the loop transferfunction Yyx{z|X asa function of frequency. An
understandingof how X canbeselectedto shapethis loopgainprovidesinvaluable
insightinto themultivariabletechniquesandconceptswhichwill bepresentedlaterin
thebook,andsowewill discussloopshapingin somedetailin thenexttwo sections.

2.6.1 Trade-offs in terms of }
Recallequation(2.19),whichyieldstheclosed-loopresponsein termsof thecontrol
error ~�x�ýj��� :

~�xL��Z��a��Y:_����� ��� ��
���tZ��a��Y:_����� ��� ��

z�������Z�����YA_�����Y� ��� ��
� (2.47)

For “perfectcontrol” wewant ~�x�������x�� ; thatis, wewould like

~� ���¡J�a����¡;������¡ �
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The first two requirementsin this equation,namely disturbancerejection and
commandtracking, are obtainedwith e¤  � , or equivalently, f   � . Since
e¥x¦Zl�§�2Y:_ �4� , this implies that the loop transferfunction Y mustbe large in
magnitude.On theotherhand,the requirementfor zeronoisetransmissionimplies
that f� ¨� , or equivalently, e% ¨� , whichis obtainedwith Y� �� . Thisillustratesthe
fundamentalnatureof feedbackdesignwhich alwaysinvolvesa trade-off between
conflictingobjectives;in thiscasebetweenlargeloopgainsfor disturbancerejection
andtracking,andsmallloopgainsto reducetheeffectof noise.

It is alsoimportantto considerthemagnitudeof thecontrolaction © (which is the
input to theplant).We want © small becausethis causeslesswearandsavesinput
energy, andalsobecause© is often a disturbanceto otherpartsof the system(e.g.
consideropeningawindowin yourofficeto adjustyourcomfortandtheundesirable
disturbancethis will imposeon the air conditioningsystemfor the building). In
particular, weusuallywantto avoidfastchangesin © . Thecontrolactionis givenby
©�x�X�Zª���|�
«�_ andwefindasexpectedthatasmall © correspondstosmallcontroller
gainsandasmall Y�x�z|X .

The most importantdesignobjectiveswhich necessitatetrade-offs in feedback
controlaresummarizedbelow:

1. Performance,gooddisturbancerejection:needslargecontrollergains,i.e. Y large.
2. Performance,goodcommandfollowing: Y large.
3. Stabilizationof unstableplant: Y large.
4. Mitigation of measurementnoiseonplantoutputs:Y small.
5. Smallmagnitudeof inputsignals:X smalland Y small.
6. Physicalcontrollermustbestrictlyproper:X¬®� andY�¬®� athighfrequencies.
7. Nominalstability (stableplant): Y small(becauseof RHP-zerosandtimedelays).
8. Robust stability (stable plant): Y small (becauseof uncertain or neglected

dynamics).

Fortunately, the conflicting designobjectivesmentionedaboveare generally in
differentfrequencyranges,andwe canmeetmostof theobjectivesby usinga large
loop gain( ` Y�`�¯'° ) at low frequenciesbelowcrossover, anda smallgain( ` Ya`�±'° )
at high frequenciesabovecrossover.

2.6.2 Fundamentals of loop-shaping design

By loop shaping we meana designprocedurethat involvesexplicitly shapingthe
magnitudeof the loop transferfunction, ` YaZ]\
^:_;` . Here Y[Z³²�_�x¥z´Zl²�_µX�Zl²�_ where
X�Z³²�_ is the feedbackcontroller to be designedand z´Zl²�_ is the product of all
other transferfunctionsaroundthe loop, including the plant, the actuatorand the
measurementdevice.Essentially, to getthebenefitsof feedbackcontrolwewantthe
loopgain, ` Y[Z¶\�^:_J` , to beaslargeaspossiblewithin thebandwidthregion.However,
dueto timedelays,RHP-zeros,unmodelledhigh-frequencydynamicsandlimitations
on the allowed manipulatedinputs, the loop gain has to drop below one at and
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abovesomefrequencywhichwecall thecrossoverfrequencŷ�· . Thus,disregarding
stability for the moment,it is desirablethat ` Y[Z¶\�^:_J` falls sharplywith frequency.
To measurehow ` Y�` falls with frequencywe considerthe logarithmicslope ¸¦x
�º¹¶»�` Ya` ¼��º¹¶»A^ . For example,a slope ¸ x½�|° implies that ` Y�` dropsby a factor
of 10 when ^ increasesby a factor of 10. If the gain is measuredin decibels(dB)
thena slopeof ¸¾x¿�|° correspondsto �[À�� dB/ decade.Thevalueof ��¸ at high
frequenciesis oftencalledtheroll-off rate.

Thedesignof Y[Z³²�_ is mostcrucial anddifficult in thecrossoverregionbetween
^ · (where ` Y�`4xÁ° ) and ^ �WÂÄÃ (where ÅAYLxÆ�|°JÇO�OÈ ). For stability, we at leastneed
theloopgainto belessthan1 at frequencŷ �WÂÄÃ , i.e. ` YaZ]\
^ �µÂµÃ _;`�±É° . Thus,to geta
highbandwidth(fastresponse)wewant ^ · andthereforê �WÂÄÃ large,thatis, wewant
the phaselag in Y to besmall.Unfortunately, this is not consistentwith thedesire
that ` YaZ]\
^:_;` shouldfall sharply. For example,the loop transferfunction YKxÁ°�¼�²�Ê
(which hasa slope ¸{xÆ� � on a log-log plot) hasa phaseÅAYÉxÁ� � ¡�ËO� È . Thus,
to havea phasemargin of Ì£Í È we need ÅAY�¯Î�|°JÏOÍ È , andtheslopeof ` Ya` cannot
exceeḑxÉ�|°
ÐÑÍ .

In addition,if theslopeis madesteeperat lower or higherfrequencies,thenthis
will addunwantedphaselag at intermediatefrequencies.As an example,consider
Y � Zl²�_ givenin (2.13)with theBodeplot shownin Figure2.3.Heretheslopeof the
asymptoteof ` Y�` is �|° atthegaincrossoverfrequency(where ` Y � Z¶\
^ · _;`£xÒ° ), which
by itself gives ��Ë
� È phaselag.However, dueto theinfluenceof thesteeperslopesof
�[À at lowerandhigherfrequencies,thereis a “penalty” of about ��Ï£Í È at crossover,
sotheactualphaseof Y � at ^ · is approximately�|°�À
Í È .

The situationbecomesevenworsefor caseswith delaysor RHP-zerosin Y[Z³²�_
which addundesirablephaselag to Y without contributingto a desirablenegative
slopein Y . At thegaincrossoverfrequencŷC· , theadditionalphaselag from delays
andRHP-zerosmayin practicebe ��ÏO� È or more.

In summary, a desiredloop shapefor ` Y[Z¶\�^:_J` typically hasa slopeof about �|°
in thecrossoverregion,anda slopeof �[À or higherbeyondthis frequency, that is,
the roll-off is 2 or larger. Also, with a propercontroller, which is requiredfor any
real system,we musthavethat YÓxÔz|X rolls off at leastas fast as z . At low
frequencies,thedesiredshapeof ` Y�` dependsonwhatdisturbancesandreferenceswe
aredesigningfor. For example,if we areconsideringstepchangesin thereferences
or disturbanceswhich affect theoutputsassteps,thena slopefor ` Ya` of �|° at low
frequenciesis acceptable.If the referencesor disturbancesrequirethe outputsto
changein a ramp-likefashionthena slopeof �[À is required.In practice,integrators
areincludedin thecontrollerto getthedesiredlow-frequencyperformance,andfor
offset-freereferencetrackingtherule is that

Õ YaZl²�_ must contain at least one integrator for each integrator in �0Z³²�_ .
Proof: Let ÖºN�×�R�$ÙØÖ:N�×�R�Ú�×�ÛJÜ where ØÖºNª8�R is non-zeroandfinite and Ý7Þ is the numberof
integratorsin ÖºN�×�R — sometimesÝ7Þ is calledthesystem type. Considera referencesignalof
theform M
N�×;R�$�1�ÚJ× Û�ß . For example,if MONQP�R is aunit step,then M
N�×;Rà$¨1�ÚJ× ( Ý�áA$¨1 ), andif
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M
NQPWR is a rampthen M
N�×�R�$ã1�Ú�×�ä ( Ý7áH$�9 ). Thefinal valuetheoremfor Laplacetransformsis

åçæTèéQê[ëvì NQPWR4$ åTæTè( êrí × ì N�×;R (2.48)

In ourcase,thecontrolerroris

ì N�×�R4$�î 1
1àïpÖºN�×;R M
N�×�R�$ãî

× ÛJÜ & ÛJß
× ÛJÜ ï�ØÖ:N�×�R (2.49)

andto getzerooffset(i.e. ì NQP�ðÁñ�R6$�8 ) wemustfrom (2.48)requireÝ7ÞFò�Ý�á , andtherule
follows. ó
In conclusion,one can define the desiredloop transferfunction in terms of the
following specifications:

1. Thegaincrossoverfrequency, ^C· , where ` YaZ]\
^�·-_;`£xÒ° .
2. The shapeof Y[Z¶\
^:_ , e.g. in termsof the slopeof ` Y[Z]\
^:_J` in certainfrequency

ranges.Typically, we desirea slopeof about ¸ xô�|° aroundcrossover, and
a larger roll-off at higher frequencies.The desiredslopeat lower frequencies
dependsonthenatureof thedisturbanceor referencesignal.

3. Thesystemtype,definedasthenumberof pureintegratorsin Y[Z³²�_ .
In Section2.6.4,wediscusshowtospecifytheloopshapewhendisturbancerejection
is the primary objectiveof control. Loop-shapingdesignis typically an iterative
procedurewherethedesignershapesandreshapes̀YaZ]\
^:_;` aftercomputingthephase
and gain margins, the peaksof closed-loopfrequencyresponses( õ � and õ � ),
selectedclosed-looptime responses,the magnitudeof the input signal, etc. The
procedureis illustratednextby anexample.

Example 2.6 Loop-shaping design for the inverse response process.
We will now design a loop-shaping controller for the example process in (2.26) which has a
RHP-zero at ×§$�8�ö ÷ . The RHP-zero limits the achievable bandwidth and so the crossover
region (defined as the frequencies between ø�ù and ø�ú�û í ) will be at about 8
ö ÷ rad/s. We require
the system to have one integrator (type 1 system), and therefore a reasonable approach is to
let the loop transfer function have a slope of îr1 at low frequencies, and then to roll off with a
higher slope at frequencies beyond 8
ö ÷ rad/s. The plant and our choice for the loop-shape is

ü N�×�R4$
â N+î:9J×�ï%1�R

N�÷J×�ï/1�R-N+1�8�×�ï/1�ROý ÖºN�×�R4$ âJþ ù N+î:9J×�ï/1�R
×�N�9J×�ï/1�R-Nª8
ö âJâ ×�ï/1�R (2.50)

The frequency response (Bode plots) of Ö is shown in Figure 2.16 for
þ ùÿ$ 8�ö 8�÷ .

The controller gain
þ ù was selected to get a reasonable stability margins (PM and GM).

The asymptotic slope of � Ö�� is îr1 up to
â

rad/s where it changes to î:9 . The controller
corresponding to the loop-shape in (2.50) is

þ N�×;R4$ þ ù N+1�8�×�ï/1�R-N�÷J×�ï/1�R×�N�9J×�ï/1�R-Nª8�ö âJâ ×�ï/1�R�� þ ù $�8
ö 8�÷ (2.51)



g�g hji =OE @lk >:G @ >:m�=?npo�n6n6qrm�>:<�st<CBADAE�GHBF=

10
−2

10
−1

10
0

10
1

10
−2

10
0

10
−2

10
−1

10
0

10
1

−360

−270

−180

−90

M
ag

ni
tu

de ����
P

ha
se

Frequency[rad/s]

�
	 ø�ú�û íø�ù
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Figure 2.17: Responseto stepin referencefor loop-shapingdesign

The controller has zeros at the locations of the plant poles. This is desired in this case because
we do not want the slope of the loop shape to drop at the break frequencies ��Ú�� $�� ö�� rad/s
and ��Ú�÷ �% ö � rad/s just before crossover. The phase of Ö is î��  � at low frequency, and
at ø �& ö ÷ rad/s the additional contribution from the term ' ä)(+* úä)()* ú in (2.50) is î��  � , so for
stability we need ø ù�,- ö ÷ rad/s. The choice

þ ù.�� ö  ÷ yields ø ù.�� ö���÷ rad/s corresponding
to �rh �/� ö � � and PM= ÷ g�� . The corresponding time response is shown in Figure 2.17. It is
seen to be much better than the responses with either the simple PI-controller in Figure 2.7 or
with the P-controller in Figure 2.5. Figure 2.17 also shows that the magnitude of the input
signal remains less than about � in magnitude. This means that the controller gain is not
too large at high frequencies. The magnitude Bode plot for the controller (2.51) is shown in
Figure 2.18. It is interesting to note that in the crossover region around ø �0 ö ÷ rad/s the
controller gain is quite constant, around � in magnitude, which is similar to the “best” gain
found using a P-controller (see Figure 2.5).
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Figure 2.18: MagnitudeBodeplot of controller(2.51)for loop-shapingdesign

Limitations imposed by RHP-zeros and time delays

Basedon theaboveloop-shapingargumentswecannowexaminehowthepresence
of delaysandRHP-zeroslimit theachievablecontrolperformance.We havealready
arguedthat if we want the loop shapeto havea slopeof �|° aroundcrossover( ^ · ),
with preferablya steeperslopebeforeandafter crossover, thenthe phaselag of Y
at ^ · will necessarilybeat least ��ËO� È , evenwhentherearenoRHP-zerosor delays.
Therefore,if weassumethatfor performanceandrobustnesswewantaphasemargin
of about ÏOÍ È or more,thenthe additionalphasecontributionfrom any delaysand
RHP-zerosat frequencŷ�· cannotexceedabout �[Í
Í È .

First considera time delay B . It yieldsan additionalphasecontributionof �CB�^ ,
whichat frequencŷ�xÉ°�¼DB is �|° rad= �[ÍFE È (which is morethan �[Í
Í È ). Thus,for
acceptablecontrolperformanceweneed̂ · ± °�¼�B , approximately.

Next considera realRHP-zeroat ²jxHG . To avoidanincreasein slopecausedby
thiszeroweplacea poleat ²|x �IG suchthattheloop transferfunctioncontainsthe
term �KJ+LNMJ+LOM , the form of which is referredto asall-passsinceits magnitudeequals
1 at all frequencies.The phasecontributionfrom the all-passterm at ^ xPG0¼
À
is �[À.Q�RASUTAQ�»�Z��7Ð ÍO_ x �[Í�Ï È (which is closeto �[Í
Í È ), so for acceptablecontrol
performanceweneed̂ · ±VG)¼�À , approximately.

2.6.3 Inverse-based controller design

In Example2.6, we madesure that YaZl²�_ containedthe RHP-zeroof z´Z³²�_ , but
otherwisethespecifiedYaZl²�_ wasindependentof z´Z³²�_ . This suggeststhe following
possibleapproachfor a minimum-phaseplant (i.e. onewith no RHP-zerosor time
delays).Selecta loopshapewhichhasaslopeof �|° throughoutthefrequencyrange,
namely

YaZl²�_ºx ^C·² (2.52)
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where ^�· is the desiredgain crossoverfrequency. This loop shapeyields a phase
margin of ËO� È andan infinite gain margin sincethe phaseof Y[Z]\
^:_ neverreaches
�|°JÇO� È . Thecontrollercorrespondingto (2.52)isZ Zl²�_ºx ^�·² zj����Zl²�_ (2.53)

Thatis,thecontrollerinvertstheplantandaddsanintegrator( °�¼�² ).Thisisanold idea,
andis alsotheessentialpart of the internalmodelcontrol (IMC) designprocedure
(Morari and Zafiriou, 1989) which has proved successfulin many applications.
However, thereareat leasttwo goodreasonsfor why this inverse-basedcontroller
maynotbeagoodchoice:

1. Thecontrollerwill notberealizableif z´Z³²�_ hasapoleexcessof two or larger, and
mayin anycaseyield largeinputsignals.Theseproblemsmaybepartly fixed by
addinghigh-frequencydynamicsto thecontroller.

2. Theloopshaperesultingfrom (2.52)and(2.53)is not generallydesirable,unless
thereferencesanddisturbancesaffecttheoutputsassteps.Thisis illustratedby the
following example.

Example 2.7 Disturbance process. We now introduce our second SISO example control
problem in which disturbance rejection is an important objective in addition to command
tracking. We assume that the plant has been appropriately scaled as outlined in Section 1.4.

Problem formulation. Consider the disturbance process described by

ü = ×[@ � �\ �  ×�ï]� �=  ö  ÷�×�ï��U@ ä � ü7^ = ×\@ � �  �  ×�ï]� (2.54)

with time in seconds (a block diagram is shown in Figure 2.20). The control objectives are:

1. Command tracking: The rise time (to reach �  % of the final value) should be less than  ö â s
and the overshoot should be less than ÷ %.

2. Disturbance rejection: The output in response to a unit step disturbance should remain
within the range _ÑîC� � �a` at all times, and it should return to  as quickly as possible ( � b =dc @A�
should at least be less than  ö�� after

â
s).

3. Input constraints: e =dc @ should remain within the range _ÑîC� � �a` at all times to avoid input
saturation (this is easily satisfied for most designs).

Analysis. Since
ü7^ =  @ � �   we have that without control the output response to a unit

disturbance ( f � � ) will be �   times larger than what is deemed to be acceptable. The
magnitude � ü ^ =�? ø3@A� is lower at higher frequencies, but it remains larger than � up to ø ^hg�  rad/s (where � ü7^ =�? ø ^ @A� � � ). Thus, feedback control is needed up to frequency ø ^ , so we
need ø ù to be approximately equal to �  rad/s for disturbance rejection. On the other hand, we
do not want ø ù to be larger than necessary because of sensitivity to noise and stability problems
associated with high gain feedback. We will thus aim at a design with ø�ù g �  rad/s.

Inverse-based controller design. We will consider the inverse-based design as given
by (2.52) and (2.53) with ø ù/� �  . Since

ü = ×\@ has a pole excess of three this yields an
unrealizable controller, and therefore we choose to approximate the plant term

=  ö  ÷J×:ïi�[@ ä
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by

=  ö���×Hï��[@ and then in the controller we let this term be effective over one decade, i.e. we
use

=  ö���×�ï]�[@�Ú =  ö  ��×Cï��U@ to give the realizable design

þ í = ×[@ � ø ù× �  ×�ï���j   ö���×�ï�� ö  ��×Cï]�5� Ö í = ×[@ � ø ù×  ö���×�ï]�=  ö  ÷�×�ï]�[@ ä =  ö  ��×�ï��U@�� ø�ù � �  (2.55)
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Figure 2.19: Responseswith “inverse-based”controller
þ í = ×[@ for thedisturbanceprocess

The response to a step reference is excellent as shown in Figure 2.19(a). The rise time is
about  ö�� W s and there is no overshoot so the specifications are more than satisfied. However,
the response to a step disturbance (Figure 2.19(b)) is much too sluggish. Although the output
stays within the range _ÑîC� � �o` , it is still  ö �J÷ at

c � â s (whereas it should be less than  ö�� ).
Because of the integral action the output does eventually return to zero, but it does not drop
below  ö�� until after � â s.

Theaboveexampleillustratesthatthesimpleinverse-baseddesignmethodwhereY
hasa slopeof about ¸¥xÎ�|° at all frequencies,doesnot alwaysyield satisfactory
designs.In theexample,referencetrackingwasexcellent,but disturbancerejection
was poor. The objectiveof the next sectionis to understandwhy the disturbance
responsewasso poor, andto proposea moredesirableloop shapefor disturbance
rejection.

2.6.4 Loop shaping for disturbance rejection

At the outsetwe assumethat the disturbancehasbeenscaledsuch that at each
frequencỳ �?Z ^:_J`
p ° , andthemaincontrolobjectiveis to achievè ~0Z ^:_J`)± ° . With
feedbackcontrolwe have ~jxÉ�§x eCz��J� , soto achievè ~0Zª^:_;`Kp ° for ` �?Z ^:_J`�x °
(theworst-casedisturbance)werequire ` eCz��£Z]\
^:_;`0± °rqts�^ , or equivalently,

`ç°:��Y�`FuÒ` z��0`vs�^ (2.56)

At frequencieswhere ` z � `:¯Æ° , this is approximatelythesameasrequiring ` Ya`H¯
` z��£` . However, in ordertominimizetheinputsignals,therebyreducingthesensitivity
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to noiseandavoidingstabilityproblems,wedonotwantto uselargerloopgainsthan
necessary(at leastat frequenciesaroundcrossover).A reasonableinitial loopshape
Yyx.z {VZ³²�_ is thenonethatjustsatisfiesthecondition

` Yyx.z {7`
 K` z��)` (2.57)

where the subscript |�} � signifies that Y x.z { is the smallestloop gain to satisfy
` ~£Zª^:_;`$py° . Since Y¿x z Z

the correspondingcontrollerwith the minimumgain
satisfies

` Z x.z { `O K` zj�4��z � ` (2.58)

In addition, to improve low-frequencyperformance(e.g. to get zero steady-state
offset),weoftenaddintegralactionat low frequencies,anduse

` Z `�xK` ²:��^Y~² `]` z ��� z � ` (2.59)

Thiscanbesummarizedasfollows:

Õ Fordisturbancerejectionagoodchoicefor thecontrolleris onewhichcontainsthe
dynamics( z � ) of thedisturbanceandinvertsthe dynamics( z ) of the inputs(at
leastat frequenciesjustbeforecrossover).Õ For disturbancesenteringdirectly at theplantoutput, z��§x ° , we get ` Z x.z {7`�x
` z ��� ` , soaninverse-baseddesignprovidesthebesttrade-off betweenperformance
(disturbancerejection)andminimumuseof feedback.Õ For disturbancesenteringdirectly at theplantinput (which is a commonsituation
in practice– often referredto asa loaddisturbance),we have z���x z andwe
get ` Z x.z { `Cx ° , soa simpleproportionalcontrollerwith unit gainyieldsa good
trade-off betweenoutputperformanceandinputusage.Õ Notice thata referencechangemaybeviewedasa disturbancedirectly affecting
theoutput.Thisfollows from (1.18),from whichwegetthatamaximumreference
change��x�� maybeviewedasadisturbance��xÉ° with z � Zl²�_HxÉ�I� where� is
usuallyaconstant.Thisexplainswhyselecting

Z
tobelike z ��� (aninverse-based

controller)yieldsgoodresponsesto stepchangesin thereference.

In additionto satisfying ` Ya`à  ` z��0` (eq.2.57)at frequenciesaroundcrossover, the
desiredloop-shapeYaZl²�_ maybemodifiedasfollows:

1. Aroundcrossovermaketheslopȩ of ` Ya` to beabout�|° . Thisis to achievegood
transientbehaviourwith acceptablegainandphasemargins.

2. Increasethe loop gainat low frequenciesasillustratedin (2.59) to improvethe
settlingtimeandto reducethesteady-stateoffset.Addinganintegratoryieldszero
steady-stateoffsetto a stepdisturbance.

3. Let YaZl²�_ roll off fasterat higherfrequencies(beyondthebandwidth)in orderto
reducethe useof manipulatedinputs, to makethe controller realizableand to
reducetheeffectsof noise.
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The aboverequirementsare concernedwith the magnitude,̀ Y[Z¶\�^:_J` . In addition,
the dynamics(phase)of Y[Z³²�_ must be selectedsuchthat the closed-loopsystem
is stable.When selecting Y[Zl²�_ to satisfy ` Ya`�  ` z��0` one shouldreplace z��£Z³²�_
by the correspondingminimum-phasetransferfunction with the samemagnitude,
that is, time delaysand RHP-zerosin z � Z³²�_ shouldnot be included in YaZl²�_ as
this will imposeundesirablelimitations on feedback.On the otherhand,any time
delaysor RHP-zerosin z´Zl²�_ mustbeincludedin Y�xÉz Z

becauseRHPpole-zero
cancellationsbetweenz´Z³²�_ and

Z Zl²�_ yield internalinstability;seeChapter4.

Remark. The ideaof including a disturbancemodel in the controller is well known and is
morerigorouslypresentedin, for example,researchontheinternalmodelprinciple (Wonham,
1974), or the internal model control designfor disturbances(Morari and Zafiriou, 1989).
However, our developmentis simple,andsufficient for gainingthe insight neededfor later
chapters.

Example 2.8 Loop-shaping design for the disturbance process. Consider again the plant
described by (2.54). The plant can be represented by the block diagram in Figure 2.20, and we
see that the disturbance enters at the plant input in the sense that

ü
and

ü7^
share the same

dominating dynamics as represented by the term �jj Ú = �  ×Cï]�[@ .

�� �� ��
�

�����
+

+ u Ã-Ã�WÃAJtLà� �

�

�VÐÑÍ

�� Ã\� ÃA�aJtLà�t�"�©
-

+� Z�� ²�_

Figure 2.20: Block diagramrepresentationof thedisturbanceprocessin (2.54)

Step 1. Initial design. From (2.57) we know that a good initial loop shape looks like� Ö���� �F� � � ü ^ � ����� ú í�íú í (+* ú ��� at frequencies up to crossover. The corresponding controller isþ>= ×[@ � ü ' ú Ö���� � �� ö ÷ =  ö  ÷�×rïV�U@ ä . This controller is not proper (i.e. it has more zeros
than poles), but since the term

=  ö  ÷�×
ï��U@ ä only comes into effect at ��Ú  ö  ÷ �i�j rad/s, which
is beyond the desired gain crossover frequency ø ù.� �  rad/s, we may replace it by a constant
gain of � resulting in a proportional controller

þ ú = ×\@ �� ö ÷ (2.60)

The magnitude of the corresponding loop transfer function, � Ö ú =�? ø3@A� , and the response ( b ú =dc @ )
to a step change in the disturbance are shown in Figure 2.21. This simple controller works
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surprisingly well, and for

c , â
s the response to a step change in the disturbance is not

much different from that with the more complicated inverse-based controller
þ í = ×[@ of (2.55)

as shown earlier in Figure 2.19. However, there is no integral action and bOú =dc @4ð�� as
c ð¿ñ .
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Figure 2.21: Loop shapesanddisturbanceresponsesfor controllers
þ ú , þ ä and

þ � for the
disturbanceprocess

Step 2. More gain at low frequency. To get integral action we multiply the controller by
the term (+*���Ü( , see (2.59), where ø Þ is the frequency up to which the term is effective (the
asymptotic value of the term is 1 for ø��®ø4Þ ). For performance we want large gains at
low frequencies, so we want ø4Þ to be large, but in order to maintain an acceptable phase
margin (which is

g�g ö � � for controller
þ ú ) the term should not add too much negative phase at

frequency ø�ù , so ø Þ should not be too large. A reasonable value is ø Þ �� ö � ø�ù for which
the phase contribution from ()*
��Ü( is �[�t�a���j  = ��Ú  ö � @�î¡�  � � îC�j� � at ø ù . In our caseø ù g �  rad/s, so we select the following controller

þ ä = ×[@ �� ö ÷ ×�ï �
× (2.61)

The resulting disturbance response ( b ä ) shown in Figure 2.21(b) satisfies the requirement that� b =dc @A� ,] ö�� at time
c � â s, but b =dc @ exceeds � for a short time. Also, the response is slightly

oscillatory as might be expected since the phase margin is only
â � � and the peak values for � ¢y�

and � £¤� are ��� �i� ö � w and ��� � ��ö w � .
Step 3. High-frequency correction. To increase the phase margin and improve the transient

response we supplement the controller with “derivative action” by multiplying
þ ä = ×[@ by a

lead-lag term which is effective over one decade starting at �\ rad/s:

þ � = ×\@ �� ö ÷ ×�ï �
×

 ö  ÷�×�ï]� ö j ÷J×Cï�� (2.62)

This gives a phase margin of ÷�� � , and peak values � �¥� �Jö g�â and � �¦� �Jö � â .
From Figure 2.21(b), it is seen that the controller

þ � = ×[@ reacts quicker than
þ ä = ×\@ and the

disturbance response b � =dc @ stays below � .
Table 2.2 summarizes the results for the four loop-shaping designs; the inverse-based

design
þ í for reference tracking and the three designs

þ ú � þ ä and
þ � for disturbance

rejection. Although controller
þ � satisfies the requirements for disturbance rejection, it is not
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Table 2.2: Alternativeloop-shapingdesignsfor thedisturbanceprocess

Reference Disturbance
GM PM ø�ù �>� ��� c á b ��§)¨ bD��§)¨ b =dc � â @

Spec.ð g �  © ö â © �Jö  ÷ © � ©ª ö��þ í 9.95 72.9
�

11.4 1.34 1 0.16 1.00 0.95 0.75þ ú 4.04 44.7
�

8.48 1.83 1.33 0.21 1.24 1.35 0.99þ ä 3.24 30.9
�

8.65 2.28 1.89 0.19 1.51 1.27 0.001þ � 19.7 50.9
�

9.27 1.43 1.23 0.16 1.24 0.99 0.001

satisfactory for reference tracking; the overshoot is � g % which is significantly higher than
the maximum value of ÷ %. On the other hand, the inverse-based controller

þ í inverts the
term ��Ú = �  ×àï«�U@ which is also in the disturbance model, and therefore yields a very sluggish
response to disturbances (the output is still  ö ��÷ at

c � â s whereas it should be less than  ö�� ).
In summary, for this processnoneof the controllerdesignsmeetall the objectives
for both referencetrackinganddisturbancerejection.The solutionis to usea two
degrees-of-freedomcontrollerasis discussednext.

2.6.5 Two degrees-of-freedom design

Forreferencetrackingwetypically wantthecontrollerto look like �J z �4� , see(2.53),
whereasfor disturbancerejectionwe want thecontrollerto look like � J z ��� z�� , see
(2.59). We cannotachieveboth of thesesimultaneouslywith a single (feedback)
controller.

¬ ¬
¬

� � � � � �
�
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�� Z¯® +

-

Z¯° © z

z �

�

�

+

+
�

�
«
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+

Figure 2.22: Two degrees-of-freedomcontroller

The solution is to use a two degrees-of-freedomcontroller where the reference
signal � and output measurement�O« are independentlytreatedby the controller,
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rather than operatingon their difference ���2�
« . Thereexist severalalternative
implementationsof a two degrees-of-freedomcontroller. Themostgeneralform is
shownin Figure1.3(b)on page12 wherethecontrollerhastwo inputs( � and �
« )
andoneoutput( © ). However, the controlleris often split into two separateblocks
asshownin Figure2.22where

Z¯°
denotesthe feedbackpart of the controllerandZ¯®

a referenceprefilter. The feedbackcontroller
Z¯°

is usedto reducethe effect
of uncertainty(disturbancesandmodelerror) whereasthe prefilter

Z¯®
shapesthe

commands� to improvetrackingperformance.In general,it is optimalto designthe
combinedtwo degrees-of-freedomcontroller

Z
in onestep.However, in practice

Z¯°
is oftendesignedfirst for disturbancerejection,andthen

Z±®
is designedto improve

referencetracking.This is theapproachtakenhere.
Let f x�² � °���²7³ �4� (with ²Îx z Z °

) denotethe complementarysensitivity
functionfor thefeedbacksystem.Thenfor a onedegree-of-freedomcontroller ��x
f�� , whereasfor a two degrees-of-freedomcontroller �yxÔf Z ® � . If the desired
transferfunctionfor referencetracking(oftendenotedthereferencemodel)is fK´#µ)¶ ,
thenthecorrespondingidealreferenceprefilter

Z ®
satisfiesf Z ® x�fK´#µ)¶ , orZ ® � ²D³ºx�f �4� � ²D³Wf5´"µ)¶ � ²D³ (2.63)

Thus,in theorywe maydesign
Z ® � ²D³ to getanydesiredtrackingresponsefK´#µ)¶ � ²D³ .

However, in practiceit is notsosimplebecausetheresulting
Z ® � ²D³ maybeunstable

(if z � ²D³ hasRHP-zeros)or unrealizable,andalso f Z ®¸·x¨fK´#µ)¶ if f � ² ³ is not known
exactly.

Remark. A convenientpracticalchoiceof prefilteris thelead-lagnetwork

þ á = ×[@ �º¹U» ¼ §+½ ×àï��¹ » §+¾ ×àï�� (2.64)

Herewe select¹ » ¼ §+½ � ¹ » §+¾ if wewantto speedup theresponse,and ¹ » ¼ §+½ , ¹ » §+¾ if wewant
to slowdowntheresponse.If onedoesnot requirefastreferencetracking,whichis thecasein
manyprocesscontrolapplications,asimplelag is oftenused(with ¹U» ¼ §+½;�i ).
Example 2.9 Two degrees-of-freedom design for the disturbance process. In Example
2.8 we designed a loop-shaping controller

þ � = ×[@ for the plant in (2.54) which gave good
performance with respect to disturbances. However, the command tracking performance was
not quite acceptable as is shown by bD� in Figure 2.23. The rise time is  ö�� W s which is better
than the required value of  ö â s, but the overshoot is � g % which is significantly higher than the
maximum value of ÷ %. To improve upon this we can use a two degrees-of-freedom controller
with

þÀ¿ � þ � , and we design
þ á = ×[@ based on (2.63) with reference model £ÂÁ ¼"Ã � ��Ú =  ö���×�ï�[@ (a first-order response with no overshoot). To get a low-order

þ á = ×[@ , we may either use the
actual £ = ×[@ and then use a low-order approximation of

þ á = ×[@ , or we may start with a low-
order approximation of £ = ×[@ . We will do the latter. From the step response b � in Figure 2.23
we approximate the response by two parts; a fast response with time constant  ö�� s and gain��ö ÷ , and a slower response with time constant  ö ÷ s and gain î  ö ÷ (the sum of the gains is
1). Thus we use £ = ×[@ g ú+Ä Åí Ä ú (+* ú î í Ä Åí Ä Å (+* ú � Æ í Ä Ç (+* úÉÈÆ í Ä ú ()* úÉÈ Æ í Ä Å (+* úÉÈ , from which (2.63) yields
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Figure 2.23: Trackingresponseswith theonedegree-of-freedomcontroller(
þ �[@ andthetwo

degrees-of-freedomcontroller(
þ � � þ át� ) for thedisturbanceprocess

þ á = ×[@ � í Ä Å ()* úí Ä Ç ()* ú . Following closed-loop simulations we modified this slightly to arrive at the
design þ át� = ×[@ �  ö ÷�×�ï]� ö W ÷J×�ï��ÀË � ö  â ×Cï�� (2.65)

where the term ��Ú =  ö  â ×aïÌ�[@ was included to avoid the initial peaking of the input signale =dc @ above � . The tracking response with this two degrees-of-freedom controller is shown in
Figure 2.23. The rise time is  ö � ÷ s which is better than the requirement of  ö â s, and the
overshoot is only � ö â % which is better than the requirement of ÷ %. The disturbance response
is the same as curve bD� in Figure 2.21. In conclusion, we are able to satisfy all specifications
using a two degrees-of-freedom controller.

Loop shaping applied to a flexible structure

The following exampleshows how the loop-shapingprocedurefor disturbance
rejection,canbeusedtodesignaonedegree-of-freedomcontrollerfor averydifferent
kind of plant.

Example 2.10 Loop shaping for a flexible structure. Consider the following model of a
flexible structure with a disturbance occurring at the plant input

ü = ×\@ � ü7^ = ×[@ � � ö ÷�× = × ä ï]�[@= × ä ï  ö ÷ ä @ = × ä ï � ä @ (2.66)

From the Bode magnitude plot in Figure 2.24(a) we see that � ü7^ =�? ø3@A�¯Í � around the
resonance frequencies of  ö ÷ and � rad/s, so control is needed at these frequencies. The dashed
line in Figure 2.24(b) shows the open-loop response to a unit step disturbance. The output is
seen to cycle between î � and � (outside the allowed range îC� to � ), which confirms that
control is needed. From (2.58) a controller which meets the specification � b = ø3@A� © � for� f = ø3@A� � � is given by � þ ��� � =�? ø.@A� � � ü ' ú ü7^ � � � . Indeed the controller

þ>= ×[@ � � (2.67)



÷ g hji 2�:36 k 4X<�6)4:m32?npo�n6n6qrmY4X1�s�1.8797:3<�8;2

10
−2

10
0

10
2

10
−2

10
0

10
2

Frequency[rad/s]

M
ag

ni
tu

de
zÉx�z �

(a)Magnitudeplot of Î Ï;ÎAÐ]Î Ï ^ Î
0 5 10 15 20

−2

−1

0

1

2

Time[sec]

�rÑ�Ò
�rÓ Ò

(b) Open-loopandclosed-loopdistur-
banceresponseswith Ô/ÐªÕ

Figure 2.24: Flexiblestructurein (2.66)

turns out to be a good choice as is verified by the closed-loop disturbance response (solid line)
in Figure 2.24(b); the output goes up to about  ö ÷ and then returns to zero. The fact that the
choice Ö = ×[@ � ü = ×\@ gives closed-loop stability is not immediately obvious since � ü � has

g
gain crossover frequencies. However, instability cannot occur because the plant is “passive”
with Ö ü ��îC� w  � at all frequencies.

2.6.6 Conclusions on loop shaping

The loop-shapingprocedureoutlinedandillustratedby theexamplesaboveis well
suitedfor relatively simpleproblems,asmight arisefor stableplantswhere ² � ²D³
crossesthenegativerealaxisonly once.Althoughtheproceduremaybeextendedto
morecomplicatedsystemstheeffort requiredby theengineeris considerablygreater.
In particular, it maybeverydifficult to achievestability.

Fortunately, thereexist alternativemethodswherethe burdenon the engineeris
muchless.Onesuchapproachis theGlover-McFarlanebdc loop-shapingprocedure
whichis discussedin detailin Chapter9. It is essentiallyatwo-stepprocedure,where
in thefirst steptheengineer, asoutlinedin thissection,decideson a loop shape,̀ ²a`
(denotedthe“shapedplant” z J ), andin thesecondstepanoptimizationprovidesthe
necessaryphasecorrectionsto geta stableandrobustdesign.Themethodis applied
to thedisturbanceprocessin Example9.3onpage381.

Anotherdesignphilosophywhich dealsdirectly with shapingboth the gain and
phaseof ² � ²D³ is thequantitativefeedbacktheory(QFT)of Horowitz (1991).

2.7 Shaping closed-loop transfer functions

In this section,we introducethereaderto theshapingof themagnitudesof closed-
loop transferfunctions,wherewe synthesizea controller by minimizing an bdc
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performanceobjective.The topic is discussedfurther in Section3.4.6andin more
detailin Chapter9.

Specificationsdirectly on the open-loop transfer function ² x½z Z
, as in the

loop-shapingdesignproceduresof the previoussection,makethe designprocess
transparentas it is clearhow changesin ² � ² ³ affect the controller

Z�� ²D³ andvice
versa. An apparentproblemwith thisapproach,however, is thatit doesnotconsider
directlytheclosed-loop transfer functions, suchase andf , whichdeterminethefinal
response.Thefollowing approximationsapply

` ² �Ø×rÙ ³J`rÚ¾°ÜÛ e� �² �4�DÝ f� É°
` ² �Ø×rÙ ³J`rÞ¾°ÜÛ e� Ò° Ý f� ¡²

but in the crossoverregionwhere ` ² �Ø×rÙ ³;` is closeto 1, onecannotinfer anything
aboute and f from themagnitudeof theloopshape,̀ ² �ß×rÙ ³;` . Forexample,̀ e�` and
` f�` mayexperiencelargepeaksif ² �Ø×rÙ ³ is closeto �|° , i.e. the phaseof ² �ß×�Ù ³ is
crucialin this frequencyrange.

An alternativedesignstrategyis to directly shapethemagnitudesof closed-loop
transferfunctions,suchas e � ²D³ and f � ²D³ . Sucha designstrategycanbeformulated
asan b c optimalcontrolproblem,thusautomatingtheactualcontrollerdesignand
leavingtheengineerwith thetaskof selectingreasonablebounds(“weights”) on the
desiredclosed-looptransferfunctions.Beforeexplaininghow this may be donein
practice,wediscussthetermsb c and bvu .

2.7.1 The terms à�á and à�â
The b c normof a stablescalartransferfunction ã � ² ³ is simply thepeakvalueofä ã �Ø×rÙ ³ ä asa functionof frequency, thatis,å ã � ²D³ å\æèç/é Q�êë ä ã �Ø×rÙ ³ ä (2.68)

Remark. Strictlyspeaking,weshouldherereplace“
è �[ì ” (themaximumvalue)by “ í+îFï ” (the

supremum,theleastupperbound).This is becausethemaximummayonly beapproachedasð ð¿ñ andmaythereforenotactuallybeachieved.However, for engineeringpurposesthere
is nodifferencebetween“ í+î�ï ” and“

è �\ì ”.

Thetermsñ æ
normand ñ æ

controlareintimidatingatfirst, andanameconveying
theengineeringsignificanceof ñ æ

wouldhavebeenbetter. After all, wearesimply
talkingabouta designmethodwhichaimsto pressdownthepeak(s)of oneor more
selectedtransferfunctions.However, theterm ñ æ

, whichispurelymathematical,has
nowestablisheditself in thecontrolcommunity. To makethetermlessforbidding,an
explanationof its backgroundmayhelp.First,thesymbol ò comesfromthefactthat
themaximummagnitudeoverfrequencymaybewrittenas

é Q�êë ä ã �Ø×rÙ ³ ä�ó ¹ßô éõjö æè÷Kø æ
ù æ ä ã �Ø×rÙ ³ ä õ � Ùyú¤ûoü õ
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Essentially, by raising

ä ã ä to an infinite powerwe pick out its peakvalue.Next, the
symbol ñ standsfor “Hardy space”,and ñ æ

in thecontextof thisbookis thesetof
transferfunctionswith boundedò -norm,whichissimplythesetof stable and proper
transferfunctions.

Similarly, the symbol ñ� standsfor the Hardy spaceof transferfunctionswith
boundedÀ -norm,whichis thesetof stable and strictly proper transferfunctions.Theñ� normof a strictly properstablescalartransferfunctionis definedas

å ã � ²D³ å � ç ÷ °À�� ø æ
ù æ ä ã �ß×rÙ ³ ä � � Ùyú û�ü �

(2.69)

The factor °�¼ � À�� is introducedto get consistencywith the 2-normof the corre-
spondingimpulseresponse;see(4.117).Notethatthe ñ � normof a semi-proper(or
bi-proper)transferfunction(where ¹Øô é J ö æ ã � ²D³ is a non-zeroconstant)is infinite,
whereasits ñ æ

normis finite. An exampleof a semi-propertransferfunction(with
aninfinite ñ� norm)is thesensitivityfunction � ó �������ÀZ ³ ù û .
2.7.2 Weighted sensitivity

Asalreadydiscussed,thesensitivityfunction � isaverygoodindicatorof closed-loop
performance,bothfor SISOandMIMO systems.Themainadvantageof considering� is thatbecauseweideallywant � small,it issufficienttoconsiderjustitsmagnitudeä � ä ; that is, we neednot worry aboutits phase.Typical specificationsin termsof �
include:

1. Minimum bandwidthfrequency
Ù��� (definedas the frequencywhere

ä � �Ø×rÙ ³ ä
crosses0.707from below).

2. Maximumtrackingerrorat selectedfrequencies.
3. Systemtype,or alternativelythemaximumsteady-statetrackingerror, � .
4. Shapeof � overselectedfrequencyranges.
5. Maximumpeakmagnitudeof � ,

å � �ß×rÙ ³ å æ p�� .

Thepeakspecificationpreventsamplificationof noiseat high frequencies,andalso
introducesamargin of robustness;typically weselect� ó��

. Mathematically, these
specificationsmaybecapturedby anupperbound,  "! ä #	$ ��% ³ ä , on themagnitudeof� , where

#	$ ��% ³ is a weight selectedby the designer. The subscript& standsfor
performance since� is mainlyusedasaperformanceindicator, andtheperformance
requirementbecomes ä � �Ø×rÙ ³ ä('  "! ä # $ �ß×�Ù ³ ä qNs Ù (2.70)) ä #	$ � ä*'  �q�s Ù ) å+#	$ � åjæ,'  (2.71)

Thelastequivalencefollows from thedefinitionof the ñ æ
norm,andin wordsthe

performancerequirementis that the ñ æ
norm of the weightedsensitivity,

# $ � ,
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Figure 2.25: Casewhere

0 ¢ 0 exceedsits bound :+1 0 ð43 0 , resultingin
7 ð43 ¢ 7;8 �<:

mustbelessthanone.In Figure2.25(a),anexampleis shownwherethesensitivity,ä � ä , exceedsits upperbound,  "! ä # $ ä , at somefrequencies.The resultingweighted
sensitivity,

ä # $ � ä thereforeexceeds1 at the samefrequenciesas is illustratedin
Figure2.25(b).Notethatwe usuallydo not usea log-scalefor themagnitudewhen
plottingweightedtransferfunctions,suchas

ä # $ � ä .
Weight selection. An asymptoticplot of a typicalupperbound, "! ä #	$Iä

, is shown
in Figure2.26.Theweightillustratedmayberepresentedby#	$ �=% ³ ó % !2� ��Ù���%���Ù �� � (2.72)

andwe seethat  >! ä #?$ �ß×rÙ ³ ä (the upperboundon
ä � ä ) is equalto � p@ at low

frequencies,is equalto � uA at high frequencies,andtheasymptotecrosses1 at
thefrequency

Ù��� , which is approximatelythebandwidthrequirement.
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Figure 2.26: Inverseof performanceweight. Exactand asymptoticplot of :21 0 ð 3 =�?CB @ 0 in
(2.72)

Remark. For this weight the loop shapeD�E BGFH 1JI yieldsan ¢ which exactlymatchesthe
bound(2.71)atfrequenciesbelowthebandwidthandeasilysatisfies(byafactor K ) thebound
athigherfrequencies.This D hasaslopein thefrequencyrangebelowcrossoverof LMEON	: .
In somecases,in orderto improveperformance,we may want a steeperslopefor² (and � ) belowthebandwidth,andthena higher-orderweightmaybeselected.A
weightwhichasksfor aslopeof P � for ² in a rangeof frequenciesbelowcrossover
is # $ ��% ³ ó ��% !2� ûoü � �]Ù��� ³ ���%?��Ù �� � û�ü � ³ � (2.73)

The insightsgainedin theprevioussectionon loop-shapingdesignarevery useful
for selecting weights. For example, for disturbancerejection we must satisfyä � �RQF�Ø×rÙ ³ ä('  atall frequencies(assumingthevariableshavebeenscaledto beless
than1 in magnitude).It thenfollows thata goodinitial choicefor theperformance
weightis to let

ä # $ �Ø×rÙ ³ ä look like
ä � Q �Ø×rÙ ³ ä at frequencieswhere

ä � Q ä(S  .
Exercise 2.4 Make an asymptotic plot of :21 0 ð 3 0 in (2.73) and compare with the asymptotic
plot of :21 0 ð43 0 in (2.72).

2.7.3 Stacked requirements: mixed sensitivity

ThespecificationT #?U �VT æW'  putsa lower boundon the bandwidth,but not an
upperone,andnordoesit allowustospecifytheroll-off of XZY %"[ abovethebandwidth.
To do this one can makedemandson anotherclosed-looptransferfunction, for
example,on the complementarysensitivity \ ó � P]� ó �_^ � . For instance,
one might specify an upperbound  >! ä #?`7ä

on the magnitudeof \ to makesure
that X rolls off sufficiently fast at high frequencies.Also, to achieverobustness
or to restrict the magnitudeof the input signals, © ó ^ �	YbacP � Qed [ , one may
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placeanupperbound,  "! ä #	rKä , on themagnitudeof

^ � . To combinethese“mixed
sensitivity” specifications,a “stacking approach”is usually used,resultingin the
following overallspecification:

T2stTCu ówvyx>z{}|~ Ybs<Y���� [�[ '  ���s ó �� #	U �#	` \#	r ^ �
��

(2.74)

We hereusethe maximumsingularvalue, |~ Ybs<Y���� [�[ , to measurethe size of the
matrix s ateachfrequency. For SISOsystems,s is a vectorand |~ Ybs [ is theusual
Euclideanvectornorm:|~ Ybs [��M� � # U � � � ��� # ` \ � � ��� #	r ^ � � � (2.75)

After selectingtheform of s andtheweights,the � u optimalcontrolleris obtained
by solvingtheproblem v����� TCs<Y ^�[ TCu (2.76)

where
^

is a stabilizingcontroller. A goodtutorial introductionto ��u control is
givenby Kwakernaak(1993).

Remark 1 The stackingprocedureis selectedfor mathematicalconvenienceasit doesnot
allow usto exactlyspecifytheboundsontheindividualtransferfunctionsasdescribedabove.
For example,assumethat ���+����� and � �J����� aretwo functionsof � (which might represent� � ������E¢¡ 3¤£ and � � �����¤E¢¡�¥§¦ ) andthatwewantto achieve0 � � 0�¨ :ª©C«(¬ 0 � � 0�¨ : (2.77)

This is similar to, butnotquitethesameasthestackedrequirement®c¯ � ��§�*° E²± 0 ��� 0 ��³ 0 �§� 0 � ¨ : (2.78)

Objectives(2.77)and(2.78)areverysimilarwheneither
0 � � 0 or

0 � � 0 is small,but in theworst
casewhen

0 ��� 0 E 0 �§� 0 , wegetfrom (2.78)that
0 ��� 0�´�µ�¶ ·eµ"· and

0 �§� 0�´¸µ�¶ ·eµJ· . Thatis, there
is apossible“error” in eachspecificationequalto atmostafactor ¹ º	»¢¼ dB. In general,with½ stackedrequirementstheresultingerroris atmost ¹ ½ . This inaccuracyin thespecifications
is somethingweareprobablywilling to sacrificein theinterestsof mathematicalconvenience.
In any case,the specificationsarein generalratherrough,andareeffectively knobsfor the
engineerto selectandadjustuntil a satisfactorydesignis reached.

Remark 2 Let ¾�¿�EÁÀ_ÂÃ«.Ä 7 Ll����� 7;8 denotetheoptimal Å 8 norm.An importantproperty
of Å 8 optimalcontrollersis thattheyyield aflat frequencyresponse,thatis,

® ��L��ÃÆ B �k�¤E�¾ ¿
atall frequencies.Thepracticalimplicationis that,exceptfor atmostafactor ¹ ½ , thetransfer
functionsresultingfrom a solutionto (2.76)will becloseto ¾�¿ timestheboundsselectedby
thedesigner. Thisgivesthedesigneramechanismfor directlyshapingthemagnitudesof

® � £ � ,® �Ç¦?� , ® ��� £ � , andsoon.
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Example 2.11 Å 8 mixed sensitivity design for the disturbance process. Consider again
the plant in (2.54), and consider an Å 8 mixed sensitivity £ 1C� £ design in whichLÔE ¯ ¡ 3 £¡�Õ�� £ ° (2.79)

Appropriate scaling of the plant has been performed so that the inputs should be about : or
less in magnitude, and we therefore select a simple input weight ¡�Õ�EÖ: . The performance
weight is chosen, in the form of (2.72), as¡ 3 � �bI2�¤E I219K ³ BGFHI ³ B FH¤×ÙØ KÚEO: ¶ /�Û B FH E�: µ Û × E�: µ�Ü(Ý (2.80)

A value of × E µ would ask for integral action in the controller, but to get a stable weight
and to prevent numerical problems in the algorithm used to synthesize the controller, we have
moved the integrator slightly by using a small non-zero value for × . This has no practical
significance in terms of control performance. The value

BGFH E�: µ has been selected to achieve
approximately the desired crossover frequency

B�Þ
of : µ rad/s. The Å 8 problem is solved with

the ß -toolbox in MATLAB using the commands in Table 2.3.

Table 2.3: MATLAB program to synthesize an Å 8 controller
% Uses the Mu-toolbox
G=nd2sys(1,conv([10 1],conv([0.05 1],[0.05 1])),200); % Plant is G.
M=1.5; wb=10; A=1.e-4; Wp = nd2sys([1/M wb], [1 wb*A]); Wu = 1; % Weights.
%
% Generalized plant P is found with function sysic:
% (see Section 3.8 for more details)
%
systemnames = ’G Wp Wu’;
inputvar = ’[ r(1); u(1)]’;
outputvar = ’[Wp; Wu; r-G]’;
input to G = ’[u]’;
input to Wp = ’[r-G]’;
input to Wu = ’[u]’;
sysoutname = ’P’;
cleanupsysic = ’yes’;
sysic;
%
% Find H-infinity optimal controller:
%
nmeas=1; nu=1; gmn=0.5; gmx=20; tol=0.001;
[khinf,ghinf,gopt] = hinfsyn(P,nmeas,nu,gmn,gmx,tol);

For this problem, we achieved an optimal Å 8 norm of : ¶ ¼ · , so the weighted sensitivity
requirements are not quite satisfied (see design : in Figure 2.27). Nevertheless, the design
seems good with

7 £ 7 8 EàKâá]Eã: ¶ ¼ µ , 7 ¦ 7 8 EàK ¥ Eã: ¶ µ , ä É Eæå ¶ µCç , è É E· : ¶ ºJé and
B Þ E ·>¶ ºJº rad/s, and the tracking response is very good as shown by curve ê � in

Figure 2.28(a). The design is actually very similar to the loop-shaping design for references,� ¿ , which was an inverse-based controller.
However, we see from curve ê � in Figure 2.28(b) that the disturbance response is very

sluggish. If disturbance rejection is the main concern, then from our earlier discussion in
Section 2.6.4 this motivates the need for a performance weight that specifies higher gains at
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Figure 2.27: Inverseof performanceweight (dashedline) andresultingsensitivityfunction
(solid line) for two Å 8 designs(1 and2) for thedisturbanceprocess
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Figure 2.28: Closed-loopstepresponsesfor two alternativeÅ 8 designs(1 and2) for the
disturbanceprocess

low frequencies. We therefore try¡ 3 � �bI2��E �bI219K ��ðñ� ³ B FH � ��bI ³ B FH�× ��ðñ� � � Û KòE�: ¶ />Û B FH E�: µ Û × E�: µ�Ü*Ý (2.81)

The inverse of this weight is shown in Figure 2.27, and is seen from the dashed line to cross : in
magnitude at about the same frequency as weight ¡ 3 � , but it specifies tighter control at lower
frequencies. With the weight ¡ 3 � , we get a design with an optimal Å 8 norm of º ¶ º�: , yieldingK á E,: ¶ È ¼ , K�¥�Eó: ¶ ç ¼ , ä É E çÌ¶ · È , è É E ç ¼ ¶ ¼"é and

B Þ EÖ:e: ¶ ¼ ç rad/s. The design
is actually very similar to the loop-shaping design for disturbances, �_ô . The disturbance
response is very good, whereas the tracking response has a somewhat high overshoot; see curveê � in Figure 2.28(a).

In conclusion, design : is best for reference tracking whereas design º is best for disturbance
rejection. To get a design with both good tracking and good disturbance rejection we need a
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two degrees-of-freedom controller, as was discussed in Example 2.9.

2.8 Conclusion

Themainpurposeof thischapterhasbeentopresenttheclassicalideasandtechniques
of feedbackcontrol.We haveconcentratedonSISOsystemssothatinsightsinto the
necessarydesigntrade-offs, and the designapproachesavailable,can be properly
developedbefore MIMO systemsare considered.We also introducedthe ��u
problembasedon weightedsensitivity, for which typical performanceweightsare
givenin (2.72)and(2.73).
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In this chapter, we introducethe readerto multi-input multi-output (MIMO) systems.We
discussthe singularvalue decomposition(SVD), multivariablecontrol, and multivariable
right-half plane(RHP) zeros.The needfor a careful analysisof the effect of uncertainty
in MIMO systemsis motivatedby two examples.Finally we describea generalcontrol
configurationthatcanbeusedto formulatecontrolproblems.Many of theseimportanttopics
areconsideredagainin greaterdetail later in the book.The chaptershouldbe accessibleto
readerswhohaveattendedaclassicalSISOcontrolcourse.

3.1 Introduction

We considera multi-input multi-output(MIMO) plantwith � inputsand � outputs.
Thus,thebasictransferfunctionmodelis î Y
	 [���� Y	 [�� Y
	 [ , whereî isan ����� vector,�

is an ����� vectorand
� Y	 [ is an ����� transferfunctionmatrix.

If we makea changein the first input,
� ë

, thenthis will generallyaffect all the
outputs,î ë�� î ì���������� î�� , that is, thereis interaction betweenthe inputsandoutputs.
A non-interactingplantwould resultif

� ë
only affects î ë , � ì only affects î ì , andso

on.
Themaindifferencebetweena scalar(SISO)systemanda MIMO systemis the

presenceof directions in thelatter. Directionsarerelevantfor vectorsandmatrices,
but not for scalars.However, despitethecomplicatingfactorof directions,mostof
the ideasand techniquespresentedin the previouschapteron SISOsystemsmay
beextendedto MIMO systems.Thesingularvaluedecomposition(SVD) providesa
usefulwayof quantifyingmultivariabledirectionality,andwewill seethatmostSISO
resultsinvolving theabsolutevalue(magnitude)maybegeneralizedto multivariable
systemsby consideringthemaximumsingularvalue.An exceptionto this is Bode’s
stability conditionwhich hasno generalizationin termsof singularvalues.This is
relatedto thefactthatit isdifficult tofindagoodmeasureof phasefor MIMO transfer
functions.
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The chapter is organizedas follows. We start by presentingsome rules for

determiningmultivariabletransferfunctionsfrom block diagrams.Although most
of the formulasfor scalarsystemsapply, we mustexercisesomecaresincematrix
multiplicationis notcommutative,thatis, in general

�_^! �w^"�
. Thenweintroduce

thesingularvaluedecompositionandshowhow it maybeusedto studydirections
in multivariablesystems.We alsogive a brief introductionto multivariablecontrol
anddecoupling.We thenconsiderasimpleplantwith amultivariableRHP-zeroand
showhowtheeffectof thiszeromaybeshiftedfrom oneoutputchannelto another.
After this we discussrobustness,andstudytwo exampleplants,each#$�%# , which
demonstratethat the simplegainandphasemarginsusedfor SISOsystemsdo not
generalizeeasilyto MIMO systems.Finally, we considera generalcontrolproblem
formulation.

At this point, you mayfind it usefulto browsethroughAppendixA wheresome
importantmathematicaltoolsaredescribed.Exercisesto testyour understandingof
thismathematicsaregivenat theendof thischapter.

3.2 Transfer functions for MIMO systems

& � ë & � ì &�� '
(a)Cascadesystem

&)( &+
+

� ë &*+� ì,� î- '
(b) Positivefeedbacksystem

Figure 3.1: Block diagramsfor thecascaderuleandthefeedbackrule

Thefollowing threerulesareusefulwhenevaluatingtransferfunctionsfor MIMO
systems.

1. Cascade rule. For the cascade (series) interconnection of
� ë

and
� ì

in
Figure 3.1(a), the overall transfer function matrix is

� �.� ì � ë
.

Remark. Theorderof thetransferfunctionmatricesin /.01/	�2/Z� (from left to right) is the
reverseof theorderin which theyappearin theblock diagramof Figure3.1(a)(from left to
right). This hasled someauthorsto useblock diagramsin which the inputsenterat theright
handside.However, in thiscasetheorderof thetransferfunctionblocksin afeedbackpathwill
bereversedcomparedwith theirorderin theformula,sono fundamentalbenefitis obtained.

2. Feedback rule. With reference to the positive feedback system in Figure 3.1(b),
we have - � Y354tX [26 ë � where X �7� ì � ë

is the transfer function around the
loop.
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3. Push-through rule. For matrices of appropriate dimensions� ë Y:3;4 � ì � ë [ 6 ë � Y:3<4 � ë � ì [ 6 ë � ë (3.1)

Proof: Equation(3.1) is verified by pre-multiplyingboth sidesby �>=$?@/ � / � � and post-
multiplying bothsidesby �>=A?B/ � / � � . C
Exercise 3.1 Derive the cascade and feedback rules.

Thecascadeandfeedbackrulescanbecombinedinto thefollowing MIMO rule for
evaluatingclosed-looptransferfunctionsfrom blockdiagrams.

MIMO Rule: Start from the output and write down the blocks as you meet them
when moving backwards (against the signal flow), taking the most direct path
towards the input. If you exit from a feedback loop then include a term Y3D4 X [26 ë
for positive feedback (or Y3FE X [G6 ë for negative feedback) where X is the
transfer function around that loop (evaluated against the signal flow starting
at the point of exit from the loop).

Careshouldbe takenwhen applying this rule to systemswith nestedloops. For
suchsystemsit is probablysaferto write down the signalequationsandeliminate
internalvariablesto getthetransferfunctionof interest.Therule is bestunderstood
by consideringanexample.

H
H *

&I&

+
&I &&&

&
+

+

+

+

'
J ë�ì

J ë;ë

J ì;ì
^J ì9ë

K
Figure 3.2: Block diagramcorrespondingto (3.2)

Example 3.1 The transfer function for the block diagram in Figure 3.2 is given byL 0O�NM �k� ³ M ��� �â�>=A?OM �k� ��� Ü � M �ñ� �=¡ (3.2)

To derive this from the MIMO rule above we start at the output L and move backwards towards¡ . There are two branches, one of which gives the term M �k� directly. In the other branch we
move backwards and meet M ��� and then � . We then exit from a feedback loop and get a term�>=A?OP � Ü � (positive feedback) with PB0%M��k�9� , and finally we meet M��ñ� .
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Exercise 3.2 Use the MIMO rule to derive the transfer functions from Q to ê and from Q toL in Figure 3.1(b). Use the push-through rule to rewrite the two transfer functions.

Exercise 3.3 Use the MIMO rule to show that (2.18) corresponds to the negative feedback
system in Figure 2.4.

Negative feedback control systems

& H &+
-

^ & H+ +I & � & H+ +I &*,a î� d ì d ë
Figure 3.3: Conventionalnegativefeedbackcontrolsystem

Forthenegativefeedbacksystemin Figure3.3,wedefineX to bethelooptransfer
functionasseenwhenbreakingtheloopat theoutput of theplant.Thus,for thecase
wheretheloopconsistsof aplant

�
anda feedbackcontroller

^
wehaveX ���_^ (3.3)

ThesensitivityandcomplementarysensitivityarethendefinedasíSR Y:3TE<X [ 6 ë ��\ R 3<4 í � XVY3�E�X [ 6 ë (3.4)

In Figure3.3, \ is the transferfunction from a to î , and
í

is the transferfunction
from

d ë
to î ; alsoseeequations(2.16)to (2.20)whichapplyto MIMO systems.í

and \ aresometimescalled the output sensitivity andoutput complementary
sensitivity, respectively, andto makethisexplicit onemayusethenotationXVUXW²X ,í UYW í

and \ZU[W,\ . This is to distinguishthemfrom thecorrespondingtransfer
functionsevaluatedat the input to theplant.

WedefineXV\ to bethelooptransferfunctionasseenwhenbreakingtheloopatthe
input to theplantwith negativefeedbackassumed.In Figure3.3X]\ �w^"� (3.5)

Theinput sensitivityandinput complementarysensitivityfunctionsarethendefined
as í \ R Y:3TE<X]\ [ 6 ë ��\Z\ R 3<4 í \ � XV\.Y:3^E�XV\ [ 6 ë (3.6)

In Figure3.3, 4	\ \ is thetransferfunctionfrom
d ì

to
�

. Of course,for SISOsystemsX \ � X ,
í \ � í , and \ \ � \ .

Exercise 3.4 In Figure 3.3, what transfer function does £`_ represent? Evaluate the transfer
functions from a � and a � to b]?lê .
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Thefollowing relationshipsareuseful:Y:3TE<X [ 6 ë E<XZY:3�E�X [ 6 ë � í E<\ � 3 (3.7)� Y:3TE ^"�R[ 6 ë � Y:3TE �_^�[ 6 ë � (3.8)�<ced 3^E �<c"f 6 ë ���5d 3TE c"�;f 6 ë c �gd 3�E �<c"f 6 ë �<c (3.9)h²��ijd 3^E i]f 6 ë �kd 3�E d:ilf 6 ë f 6 ë (3.10)

Notethatthematrices
�

and
c

in (3.7)-(3.10)neednotbesquarewhereas
iXm��<c

is square.(3.7)follows trivially by factorizingout theterm
d 3]E ilf26 ë from theright.

(3.8)saysthat
� í \ m í � andfollows from thepush-throughrule.(3.9)alsofollows

from the push-throughrule. (3.10)canbe derivedfrom the identity n 6 ëë n 6 ëì md n ì n ë f26 ë .
Similar relationships,but with

�
and

c
interchanged,apply for the transfer

functionsevaluatedattheplantinput.To assistin remembering(3.7)-(3.10)notethat�
comesfirst (becausethe transferfunction is evaluatedat theoutput)andthen

�
and

c
alternatein sequence.A giventransfermatrixneveroccurstwicein sequence.

Forexample,theclosed-looptransferfunction
�5d 3jE �<c�f26 ë doesnot exist(unless�

is repeatedin theblockdiagram,but thenthese
�

’s wouldactuallyrepresenttwo
differentphysicalentities).

Remark 1 The aboveidentitiesareclearlyusefulwhenderiving transferfunctionsanalyti-
cally, buttheyarealsousefulfor numericalcalculationsinvolvingstate-spacerealizations,e.g.P��:oC��0Xp��:o2=V? × � Ü ��q ³�r . Forexample,assumewehavebeengivenastate-spacerealiza-
tion for Ps0�/?� with ½ states(so × is a ½Bty½ matrix) andwe wantto find thestatespace
realizationof ¦ . Thenwecanfirst form £ 0O�>= ³ P�� Ü � with ½ states,andthenmultiply it byP to obtain ¦u0 £ P with º ½ states.However, a minimal realizationof ¦ hasonly ½ states.
Thismaybeobtainednumericallyusingmodelreduction,but it is preferableto find it directly
using ¦�0%=v? £ , see(3.7).

Remark 2 Notealsothat the right identity in (3.10)canonly beusedto computethestate-
spacerealizationof w if that of P Üyx exists,so P mustbe semi-properwith r{z0 µ

(which
is rarely thecasein practice).On theotherhand,since P is square,we canalwayscompute
thefrequencyresponseof PV|ÃÆ�}�~ Ü)x (exceptatfrequencieswhereP�|:o�~ hasÆ�} -axispoles),and
thenobtain wj|ÃÆ�}�~ from (3.10).

Remark 3 In AppendixA.6 wepresentsomefactorizationsof thesensitivityfunctionwhich
will beusefulin laterapplications.For example,(A.139)relatesthesensitivityof aperturbed
plant, �Z��01|>=]�F/l����~�� x , to thatof thenominalplant, �$0�|>=]�"/���~�� x . Wehave� � 0s��|>=]���l��wl~ � x2� �]�$��|:/ � ?O/A~�/ � x (3.11)

where� � is anoutputmultiplicativeperturbationrepresentingthedifferencebetween/ and/ � , and w is thenominalcomplementarysensitivityfunction.
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3.3 Multivariable frequency response analysis

The transferfunction
�5d 	 f is a functionof theLaplacevariable 	 andcanbeused

to representa dynamicsystem.However, if wefix 	 m 	�ª thenwemayview
�5d 	�ª f

simply asa complexmatrix, which canbeanalyzedusingstandardtools in matrix
algebra.In particular, thechoice 	�ª m¬«�

is of interestsince
�5d®«¯]f

representsthe
responseto asinusoidalsignalof frequency


.

3.3.1 Obtaining the frequency response from °e±³²`´
&& µ�5d 	 f¶

Figure 3.4: System/�|:o�~ with input a andoutput ·
Thefrequencydomainis idealfor studyingdirectionsin multivariablesystemsat

any given frequency. Considerthe system
�5d 	 f in Figure3.4 with input

¶ d 	 f and
output µ d 	 f : µ d 	 f�m.�5d 	 f ¶ d 	 f (3.12)

(We heredenotetheinput by
¶

ratherthanby
�

to avoidconfusionwith thematrix¸
usedbelowin thesingularvaluedecomposition).In Section2.1weconsideredthe

sinusoidalresponseof scalarsystems.Theseresultsmaybedirectly generalizedto
multivariablesystemsby consideringtheelements¹¯º¼» of thematrix

�
. We have½ ¹¯º¼» d®«¯]f representsthesinusoidalresponsefrom input

«
to output ¾ .

To bemorespecific,applyto input channel
«

a scalarsinusoidalsignalgivenby¶ » dN¿ÀfVm ¶ »Àª¤ÁÀÂ�Ã dN�¿ EsÄ » f (3.13)

This input signalis persistent,that is, it hasbeenappliedsince
¿�m 4^Å . Thenthe

correspondingpersistentoutputsignalin channel¾ is alsoa sinusoidwith thesame
frequency µ º dN¿Àf]m µ º®ªÆÁ�Â®Ã d>�¿ E%Ç º f (3.14)

wherethe amplification(gain) andphaseshift may be obtainedfrom the complex
number¹ ºÈ» d�«¯]f asfollowsµ º�É¶ »³É mYÊ ¹ º¼» d®«¯]f�Ê � Ç º 4�Ä » m@Ë ¹ º¼» d®«¯]f (3.15)

In phasornotation,see(2.7) and(2.9),we maycompactlyrepresentthe sinusoidal
timeresponsedescribedin (3.13)-(3.15)byµ º dN]f�m ¹ º¼» d®«¯]f ¶ » dN]f (3.16)
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where ¶ » dN]f�m ¶ »³É�Î »³Ï¯Ð � µ º d>]f�m µ º�É�Î »�Ñ�Ò (3.17)

Heretheuseof


(andnot
«�

) astheargumentof
¶ » d>]f and µ º d>]f impliesthatthese

arecomplexnumbers,representingateachfrequency


themagnitudeandphaseof
thesinusoidalsignalsin (3.13)and(3.14).

Theoverallresponsetosimultaneousinputsignalsof thesamefrequencyin several
input channelsis, by thesuperpositionprinciplefor linearsystems,equalto thesum
of theindividual responses,andwehavefrom (3.16)µ º dN]f�m ¹¯º>Ó d�«¯]f ¶ Ó d>]f ES¹¯º�Ô d�«�]f ¶ Ô d>]f E1Õ�Õ�Õ m@Ö » ¹¯º¼» d®«¯]f ¶ » dN]f (3.18)

or in matrix form µ d>]f�m��5d®«¯]f ¶ d>]f (3.19)

where ¶ dN]fVm!×ØØÙ ¶ Ó d>]f¶ Ô d>]f
...¶ÛÚ dN]f

ÜÞÝÝß à Ãyá µ dN]f�mâ×ØØÙ µ Ó d>]fµ Ô d>]f
...µ � dN]f

ÜÞÝÝß (3.20)

representthevectorsof sinusoidalinputandoutputsignals.

Example 3.2 Consider a ã t ã multivariable system where we simultaneously apply
sinusoidal signals of the same frequency } to the two input channels:a�|åä�~�07æ a x |åä�~a¯ç9|åä�~�è 0éæ a x:êyë�ì¼í |�}¢äD�Bî x ~a¯ç ê ë�ì¼í |�}¢äD�Bî�çG~ïè (3.21)

The corresponding output signal is·D|åä�~Z07æ · x |åä�~· ç |åä�~ è 07æ · x:ê ë�ì¼í |�}¢äD�$ð x ~· ç ê`ë�ì¼í |�}¢äD�$ð ç ~ è (3.22)

which can be computed by multiplying the complex matrix /�|Þñ�}�~ by the complex vector a�|�}�~ :·D|�}�~Z0X/�|Þñ�}�~
a�|�}�~�òó·`|�}�~Z0éæ · x:êGôÀõÀö�÷·ïç êGô õÀö�ø è � a�|�}�~�07æ a x:êGôÀõÀù�÷a¯ç êGô õÀù�ø è (3.23)

3.3.2 Directions in multivariable systems

Fora SISOsystem,µ m.� ¶ , thegainata givenfrequencyis simplyÊ µ dN]f�ÊÊ ¶ d>]f�Ê m Ê �5d�«�]f ¶ dN]f�ÊÊ ¶ dN]f�Ê m[Ê �5d®«¯]f�Ê
Thegaindependsonthefrequency


, butsincethesystemis linearit is independent

of theinputmagnitude
Ê ¶ dN]f�Ê

.
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Things are not quite as simple for MIMO systemswherethe input and output

signalsareboth vectors,andwe needto “sum up” the magnitudesof theelements
in eachvectorby useof somenorm,asdiscussedin AppendixA.5.1.If weselectthe
vector2-norm,theusualmeasureof length,thenatagivenfrequency


themagnitude

of thevectorinput signalisü ¶ d>]f ü Ô mgý Ö » Ê ¶ » d>]f�Ê Ô mkþ ¶ Ô Ó�ª E ¶ ÔÔ�ª E.Õ�Õ�Õ (3.24)

andthemagnitudeof thevectoroutputsignalisü µ dN]f ü Ô m ý Ö º Ê µ º d>]f�Ê Ô m þ µ ÔÓ�ª E µ ÔÔ�ª E.Õ�Õ�Õ (3.25)

Thegain of thesystem
�5d 	 f for a particularinput signal

¶ d>]f
is thengivenby the

ratio ü µ dN]f ü Ôü ¶ d>]f ü Ô m ü �5d®«¯]f ¶ dN]f ü Ôü ¶ d>]f ü Ô m ÿ µ ÔÓ�ª E µ ÔÔÀª E1Õ�Õ�Õÿ ¶ Ô Ó�ª E ¶ ÔÔ�ª E.Õ�Õ�Õ (3.26)

Again thegaindependson thefrequency


, andagainit is independentof theinput
magnitude

ü ¶ dN]f ü Ô . However, for a MIMO systemthereareadditionaldegreesof
freedomandthegaindependsalsoon thedirection of theinput

¶
.

Example 3.3 For a system with two inputs, a 0 ��� x:ê� ç ê�� , the gain is in general different for

the following five inputs:a x 0 ���� � � a ç 0 � � � � � a
	]0 � ��� ������ ��� � � a
�V0 � ��� ���� ��� ��� � � a��¨0 � ��� �� ��� � �
(which all have the same magnitude ��a��³ç<0�� but are in different directions). For example,
for the ã t ã system / x 07æ 8��� ã è (3.27)

(a constant matrix) we compute for the five inputs a õ the following output vectors· x 0 ���� � � ·ïç�0 ��� � � · 	 0 � ��� � �� � ��� � � · � 0 � ��� ������ ��� � � · � 0 � � ���  ���  �
and the 2-norms of these five outputs (i.e. the gains for the five inputs) are��· x �³ç�0 8"! ��� � �À·ïç#�³çV0 ��! ��ú � �À· 	 �³ç]0 ú
! ��û � �À· � �2ç�0$� ! û�û � �À· � �2çV0 û�! ã �
This dependency of the gain on the input direction is illustrated graphically in Figure 3.5 where
we have used the ratio a ç ê�% a x:ê as an independent variable to represent the input direction. We
see that, depending on the ratio a ç ê�% a x:ê , the gain varies between

û�! ã ú and
ú"! ���

.
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Figure 3.5: Gain �4/ x a�� ç % ��a�� ç asa functionof a ç ê�% a x:ê for / x in (3.27)

Themaximumvalueof thegainin (3.26)asthedirectionof theinput is variedis the
maximumsingularvalueof 5 ,6 à"78
9: ª ü 5 ¶ ü Ôü ¶ ü Ô m 6 à"7; 8 ; ø : Ó ü 5 ¶ ü Ô m=<> d 5 f (3.28)

whereastheminimumgainis theminimumsingularvalueof 5 ,6 Â�Ã8
9: ª ü 5 ¶ ü Ôü ¶ ü Ô m 6 Â®Ã; 8 ; ø : Ó ü 5 ¶ ü Ô m > d 5 f (3.29)

We will discussthis in detail below. Thefirst identitiesin (3.28)and(3.29)follow
becausethegainis independentof theinputmagnitudefor a linearsystem.

3.3.3 Eigenvalues are a poor measure of gain

Beforediscussingthesingularvalueswewantto demonstratethatthemagnitudesof
theeigenvaluesof atransferfunctionmatrix,e.g.

Ê ? º d 5 d®«¯]f�Ê , donot provideauseful
meansof generalizingtheSISOgain,

Ê 5 d®«¯]f�Ê . First of all, eigenvaluescanonly be
computedfor squaresystems,andeventhentheycanbeverymisleading.To seethis,
considerthesystemµ m 5 ¶ with 5 mA@#B C�B�BB BED (3.30)

which has both eigenvalues
? º equal to zero. However, to concludefrom the

eigenvaluesthatthesystemgainis zerois clearlymisleading.For example,with an
inputvector

¶ mGF BHC�IKJ wegetanoutputvector µ mLF C�BMBNB
IOJ .
The“problem” is thattheeigenvaluesmeasurethegainfor thespecialcasewhen

the inputsandthe outputsarein thesamedirection,namelyin thedirectionof the
eigenvectors.To seethis let

¿ º beaneigenvectorof 5 andconsideraninput
¶ mu¿ º .

Thentheoutputis µ m 5 ¿ º mP? º ¿ º where
? º is thecorrespondingeigenvalue.Wegetü µ ü�Q`ü ¶ ü m ü ? º ¿ º ü�Q`ü ¿ º ü m[Ê ? º Ê
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so
Ê ? º Ê measuresthegainin thedirection

¿ º . Thismaybeusefulfor stabilityanalysis,
butnot for performance.

To find usefulgeneralizationsof
Ê 5 Ê for thecasewhen 5 is amatrix,weneedthe

conceptof a matrix norm, denoted
ü 5 ü . Two importantpropertieswhich mustbe

satisfiedfor a matrixnormarethetriangle inequalityü 5 ÓSR 5 Ô üUTgü 5 Ó ü R ü 5 Ô ü (3.31)

andthemultiplicativepropertyü 5 Ó�5<Ô üUTgü 5 Ó ü Õ ü 5<Ô ü (3.32)

(seeAppendixA.5 for moredetails).As wemayexpect,themagnitudeof thelargest
eigenvalue,VXWY5[Z]\ Ê ?DÚ_^�` W05[Z Ê (thespectralradius),doesnot satisfytheproperties
of a matrixnorm;alsosee(A.115).

In AppendixA.5.2weintroduceseveralmatrixnorms,suchastheFrobeniusnormü 5 üba , thesumnorm
ü 5 ü�c0dbe , themaximumcolumnsum

ü 5 ü º>Ó , themaximumrow
sum

ü 5 ü ºOf , andthemaximumsingularvalue
ü 5 ü º®Ô m=<> W05[Z (thelatterthreenorms

areinducedbyavectornorm,e.g.see(3.28);thisis thereasonfor thesubscript¾ ). We
will useall of thesenormsin thisbook,eachdependingonthesituation.However, in
this chapterwewill mainlyusetheinduced2-norm,

<> WY5[Z . Noticethat
<> W05[Z_g C�BMB

for thematrix in (3.30).

Exercise 3.5 Compute the spectral radius and the five matrix norms mentioned above for the
matrices in (3.27) and (3.30).

3.3.4 Singular value decomposition

Thesingularvaluedecomposition(SVD) is definedin AppendixA.3. Herewe are
interestedin its physicalinterpretationwhenappliedto thefrequencyresponseof a
MIMO system5hWji#Z with k inputsand l outputs.

Considera fixed frequency


where 5hW «¯ Z is a constantlnmok complexmatrix,
anddenote5hW «¯ Z by 5 for simplicity. Any matrix 5 maybedecomposedinto its
singularvaluedecomposition,andwewrite5pg ¸[qnrts (3.33)

whereq
isan l�muk matrixwith vhg 6 Â�Ãxw lzyzk|{ non-negativesingularvalues,> º , arranged

in descendingorderalongits main diagonal;the otherentriesarezero.The
singularvaluesarethepositivesquarerootsof theeigenvaluesof 5 s 5 , where5 s is thecomplexconjugatetransposeof 5 .> º WY5[Z}g þ ? º WY5 s 5[Z (3.34)
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is an l~m�l unitarymatrixof outputsingularvectors,� º ,r
is an k�m�k unitarymatrixof inputsingularvectors,� º ,

This is illustratedby theSVD of a real ��m�� matrixwhich canalwaysbewritten in
theform

5pg @#�b� Á�� Ó�� Á�Â®Ã_� ÓÁ�Â�Ã_� Ó �b� Á�� Ó D� ��� �� @ > Ó BB > Ô D� ��� �� @��b� Á�� Ô � ÁÀÂ�Ã_� Ô� Á�Â®Ã_� Ô�� ��� Á�� Ô D J� ��� ���� (3.35)

wheretheangles�¯Ó and �ïÔ dependon thegivenmatrix.From(3.35)weseethatthe
matriceş and

r
involve rotationsandthattheir columnsareorthonormal.

Thesingularvaluesaresometimescalledtheprincipalvaluesor principalgains,
andtheassociateddirectionsarecalledprincipaldirections.In general,thesingular
values must be computednumerically. For ��m�� matriceshowever, analytic
expressionsfor thesingularvaluesaregivenin (A.36).

Caution. It is standardnotationto usethesymbol � to denotethematrixof output singular
vectors.This is unfortunateasit is alsostandardnotationto use� (lowercase)to representthe
input signal.Thereadershouldbecarefulnot to confusethesetwo.

Input and output directions. Thecolumnvectorsof
¸

, denoted� º , representthe
output directions of theplant.Theyare orthogonalandof unit length(orthonormal),
thatis ü �)º ü Ô�g ÿ Ê �)º>Ó Ê Ô R Ê ��º�Ô Ê Ô R����b�"R Ê �)º�� Ê Ô g C (3.36)� sº ��º3g C y � sº �D»]g B y ¾u¡g « (3.37)

Likewise,thecolumnvectorsof
r

, denoted� º , areorthogonalandof unit length,and
representthe input directions. Theseinput andoutputdirectionsarerelatedthrough
thesingularvalues.To seethis,notethatsince

r
is unitarywe have

r s r g£¢ , so
(3.33)maybewrittenas 5 r g ¸[q , which for column ¾ becomes5¤��º¥g > º0��º (3.38)

where��º and �)º arevectors,whereas> º is ascalar. Thatis, if weconsideraninput in
thedirection ��º , thentheoutput is in thedirection ��º . Furthermore,since

ü ��º ü Ô¤g C
and

ü ��º ü Ô�g C we seethat the ¾ ’ th singularvalue > º givesdirectly thegainof the
matrix 5 in thisdirection.In otherwords> º W05[Z}g ü 5¤� º ü Ô g ü 5¤��º ü Ôü ��º ü Ô (3.39)

Someadvantagesof theSVD overtheeigenvaluedecompositionfor analyzinggains
anddirectionalityof multivariableplantsare:

1. Thesingularvaluesgivebetterinformationaboutthegainsof theplant.
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2. Theplantdirectionsobtainedfrom theSVD areorthogonal.
3. TheSVD alsoappliesdirectly to non-squareplants.

Maximum and minimum singular values. Asalreadystated,it canbeshownthat
thelargestgainfor any inputdirectionis equalto themaximumsingularvalue<> WY5[Z}¦ > Ó WY5[Z}g 6 à
78
9: ª ü 5 ¶ ü Ôü ¶ ü Ô g ü 5¤� Ó ü Ôü ��Ó ü Ô (3.40)

andthat thesmallestgain for any input directionis equalto theminimumsingular
value > WY5[Z}¦ >X§ W05[Z¨g 6 Â�Ã8
9: ª ü 5 ¶ ü Ôü ¶ ü Ô g ü 5¤� § ü Ôü � § ü Ô (3.41)

where v©g 6 Â®Ã2w l*yªko{ . Thus,for anyvector
¶

wehavethat> W05[Z T ü 5 ¶ ü Ôü ¶ ü Ô T <> W05[Z (3.42)

Define ��Ó_g <�3yz��Óug <�Xyz� § g�� and � § g«� . Thenit follows that5 <�©g <> <��y 5¤� g > � (3.43)

Thevector
<� correspondsto theinputdirectionwith largestamplification,and

<� is the
correspondingoutputdirectionin whichtheinputsaremosteffective.Thedirections
involving

<� and
<� aresometimesreferredto asthe“strongest”,“high-gain” or “most

important”directions.Thenextmostimportantdirectionsareassociatedwith ��Ô and��Ô , andsoon(seeAppendixA.3.5)until the“leastimportant”,“weak” or “low-gain”
directionswhichareassociatedwith � and � .

Example 3.4 Consider again the system (3.27) in Example 3.3,/ x 1 æ#¬ �� ã è (3.44)

The singular value decomposition of / x is/ x 1 æ û�! �9ú ã û
! �9Í9ûû�! �9Í9û®Vû
! �9ú ã è¯ °ª± ²³ æ ú
! ����� ûû û�! ã ú ã è¯ °ª± ²´ æ û�! ú�Í��µVû�! ��û9�û�! ��û9� û
! ú�Í�� è�¶¯ °ª± ²·¹¸
The largest gain of 7.343 is for an input in the direction -º 1

� ��� �» ���� ����� � , and the smallest gain of

0.272 is for an input in the direction º 1 � � ��� �������� �» � � . This confirms the findings in Example 3.3.

Sincein (3.44)bothinputsaffectbothoutputs,wesaythatthesystemis interactive.
This follows from therelativelylargeoff-diagonalelementsin 5 Ó . Furthermore,the
systemis ill-conditioned, thatis,somecombinationsof theinputshaveastrongeffect
on theoutputs,whereasothercombinationshavea weakeffect on theoutputs.This
maybequantifiedby thecondition number; theratiobetweenthegainsin thestrong
andweakdirections;which for thesystemin (3.44)is

<> Q > g½¼ � ¾
¿À¾ Q B � �À¼
��gH�M¼ � B .
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Example 3.5 Shopping cart. Consider a shopping cart (supermarket trolley) with fixed
wheels which we may want to move in three directions; forwards, sideways and upwards. This
is a simple illustrative example where we can easily figure out the principal directions from
experience. The strongest direction, corresponding to the largest singular value, will clearly be
in the forwards direction. The next direction, corresponding to the second singular value, will
be sideways. Finally, the most “difficult” or “weak” direction, corresponding to the smallest
singular value, will be upwards (lifting up the cart).

For the shopping cart the gain depends strongly on the input direction, i.e. the plant is ill-
conditioned. Control of ill-conditioned plants is sometimes difficult, and the control problem
associated with the shopping cart can be described as follows: Assume we want to push the
shopping cart sideways (maybe we are blocking someone). This is rather difficult (the plant
has low gain in this direction) so a strong force is needed. However, if there is any uncertainty
in our knowledge about the direction the cart is pointing, then some of our applied force will
be directed forwards (where the plant gain is large) and the cart will suddenly move forward
with an undesired large speed. We thus see that the control of an ill-conditioned plant may be
especially difficult if there is input uncertainty which can cause the input signal to “spread”
from one input direction to another. We will discuss this in more detail later.

Example 3.6 Distillation process. Consider the following steady-state model of a distilla-
tion column /Á1éæ �9ú
! � V����! �� û9��! ã  � û9Í�! � è (3.45)

The variables have been scaled as discussed in Section 1.4. Thus, since the elements are much
larger than � in magnitude this suggests that there will be no problems with input constraints.
However, this is somewhat misleading as the gain in the low-gain direction (corresponding to
the smallest singular value) is actually only just above � . To see this consider the SVD of / :/Á1éæ û�! � ã ¬ Vû�! ú�� �û�! ú�� � û�! � ã ¬ è¯ °ª± ²³ æ � Í�ú
! ã ûû � ! ��Í è¯ °ª± ²´ æ û
! ú�û�ú Vû
! ú�û9�Vû
! ú�û9�®Vû
! ú�û�ú è ¶¯ °ª± ²·X¸ (3.46)

From the first input singular vector, -º 1ÃÂ û�! ú�û�úÄVû
! ú�û9�2Å(Æ
, we see that the gain is � Í9ú
! ã

when we increase one input and decrease the other input by a similar amount. On the other
hand, from the second input singular vector, º 1ÇÂ Vû�! ú�û9�®Vû
! ú�û�úxÅ Æ

, we see that if we
increase both inputs by the same amount then the gain is only � ! �9Í . The reason for this is
that the plant is such that the two inputs counteract each other. Thus, the distillation process
is ill-conditioned, at least at steady-state, and the condition number is � Í9ú
! ã % � ! �9Í 1p� � � ! ú .
The physics of this example is discussed in more detail below, and later in this chapter we will
consider a simple controller design (see Motivating robustness example No. 2 in Section 3.7.2).

Example 3.7 Physics of the distillation process. The model in (3.45) represents two-
point (dual) composition control of a distillation column, where the top composition is to be
controlled at ·#ÈÉ1 û�! Í�Í (output · x ) and the bottom composition at Ê�ËÁ1 û
! û � (output · ç ),
using reflux L (input � x ) and boilup V (input � ç ) as manipulated inputs (see Figure 10.6 on
page 426). Note that we have here returned to the convention of using � x and �`ç to denote the
manipulated inputs; the output singular vectors will be denoted by -� and � .

The � � � -element of the gain matrix / is
��ú"! �

. Thus an increase in � x by � (with � ç constant)
yields a large steady-state change in · x of

�9ú
! �
, that is, the outputs are very sensitive to changes
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in � x . Similarly, an increase in � ç by � (with � x constant) yields · x 1 V�9�
! � . Again, this is a
very large change, but in the opposite direction of that for the increase in � x . We therefore see
that changes in � x and �`ç counteract each other, and if we increase � x and �`ç simultaneously
by � , then the overall steady-state change in · x is only

��ú
! �n$�9��! � 1$� ! � .
Physically, the reason for this small change is that the compositions in the distillation

column are only weakly dependent on changes in the internalflows(i.e. simultaneous changes
in the internal flows Ì and Í ). This can also be seen from the smallest singular value, . Î /_Ï21� ! ��Í , which is obtained for inputs in the direction º 1 � � ��� ����� ��� ��� � . From the output singular

vector � 1 � � ��� �� ���� �  � � we see that the effect is to move the outputs in different directions, that

is, to change · x  ·�ç . Therefore, it takes a large control action to move the compositions in
different directions, that is, to make both products purer simultaneously. This makes sense from
a physical point of view.

On the other hand, the distillation column is very sensitive to changes in externalflows(i.e.

increase � x  � ç 1ÐÌ  Í ). This can be seen from the input singular vector -º 1
� ��� ���� ��� ���� �

associated with the largest singular value, and is a general property of distillation columns
where both products are of high purity. The reason for this is that the external distillate flow
(which varies as Í  Ì ) has to be about equal to the amount of light component in the feed,
and even a small imbalance leads to large changes in the product compositions.

For dynamicsystemsthe singularvaluesandtheir associateddirectionsvary with
frequency,andfor controlpurposesit isusuallythefrequencyrangecorrespondingto
theclosed-loopbandwidthwhich is of maininterest.Thesingularvaluesareusually
plotted as a function of frequencyin a Bode magnitudeplot with a log-scalefor
frequencyandmagnitude.Typicalplotsareshownin Figure3.6.
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Figure 3.6: Typicalplotsof singularvalues
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Non-Square plants

TheSVD is alsousefulfor non-squareplants.For example,considera plantwith 2
inputsand3 outputs.In thiscasethethird outputsingularvector, �Xè , tellsusin which
outputdirectiontheplantcannotbecontrolled.Similarly, for aplantwith moreinputs
thanoutputs,theadditionalinputsingularvectorstell usin whichdirectionstheinput
will havenoeffect.

Exercise 3.6 For a system with é inputs and � output, what is the interpretation of the
singular values and the associated input directions ( Í )? What is � in this case?

Use of the minimum singular value of the plant

The minimum singularvalue of the plant, > W05hW�ê�ë¨ZªZ , evaluatedas a function of
frequency, is a usefulmeasurefor evaluatingthefeasibility of achievingacceptable
control.If theinputsandoutputshavebeenscaledasoutlinedin Section1.4,thenwith
amanipulatedinputof unit magnitude(measuredby the � -norm),wecanachievean
outputmagnitudeof at least > WY5[Z in any outputdirection.We generallywant > W05[Z
aslargeaspossible.

Remark. Therequirement. Î /_Ï¤ì�� , to avoid input saturation,is discussedin Section6.9.
In Section10.3,it is shownthatit maybedesirableto have. Î / Îîíbï ÏðÏ largeevenwheninput
saturationisnotaconcern.Theminimumsingularvalueof theplantanditsuseisalsodiscussed
by Morari (1983),andYu andLuyben(1986)call . Î / Îîíbï ÏðÏ the“Morari resilienceindex”.

3.3.5 Singular values for performance

SofarwehaveusedtheSVDprimarilytogaininsightinto thedirectionalityof MIMO
systems.But themaximumsingularvalueis alsovery usefulin termsof frequency-
domainperformanceandrobustness.We hereconsiderperformance.

For SISO systemswe earlier found that ñ ò_W�ê�ë¨Zbñ evaluatedas a function of
frequencygivesusefulinformationabouttheeffectivenessof feedbackcontrol.For
example,it is thegainfrom asinusoidalreferenceinput(or outputdisturbance)to the
controlerror, ñ óÀWôë¨Zbñ Q ñ õ�WKë¨ZbñÀgGñ ò_W(ê
ë¨Z�ñ .

For MIMO systemsa useful generalizationresults if we consider the ratioö ó�Wôë¨Z ö�÷�Q�ö õ�Wôë¨Z ö�÷ , whereõ is thevectorof referenceinputs,ó is thevectorof control
errors,and

öÛø�ö�÷
is thevector2-norm.As explainedabove,thisgaindependson the

direction of õ�WKë¨Z andwe havefrom (3.42)that it is boundedby themaximumand
minimumsingularvalueof ò ,> Wjò_W�ê�ë¨ZzZ T ö óÀWôë¨Z ö ÷ö õ�Wôë¨Z ö�÷ T <> WYò�W�ê�ë¨ZzZ (3.47)

In termsof performance, it is reasonableto requirethat thegain
ö óÀWôë¨Z öb÷�Q�ö õ�Wôë¨Z öb÷

remainssmall for anydirectionof õ�Wôë¨Z , includingthe“worst-case”directionwhich
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givesa gainof

<> Wjò_W�ê�ë¨ZzZ . Let C Q ñ ý_þ_W(ê
ë¨Z�ñ (the inverseof theperformanceweight)
representthe maximumallowedmagnitudeof

ö ó ö ÷ QÔö õ ö ÷ at eachfrequency. This
resultsin thefollowing performancerequirement:<> WYò_W(ê
ë¨ZªZÛÿ C Q ñ ý þ W�ê�ë¨Zbñîy��Xë � <> W0ý þ òSZÛÿ C y��Xë� ö ý þ ò ö f ÿ C (3.48)

wherethe � f norm(seealsopage55)isdefinedasthepeakof themaximumsingular
valueof thefrequencyresponseö�� WYi#Z ö f \ 6�� 7	 <> W � W�ê�ë¨ZzZ (3.49)

Typical performanceweights ý þ WYi#Z are given in Section2.7.2,which shouldbe
studiedcarefully.

The singular values of ò�W�ê�ë¨Z may be plotted as functions of frequency, as
illustratedlaterin Figure3.10(a).Typically, theyaresmallat low frequencieswhere
feedbackiseffective,andtheyapproach1athighfrequenciesbecauseanyrealsystem
is strictly proper: ë�
�����]W�ê�ë¨Z�
 B � ò�W�ê�ë¨Z�
�¢ (3.50)

Themaximumsingularvalue,
<> Wjò_W�ê�ë¨ZªZ , usuallyhasapeaklargerthan1 aroundthe

crossoverfrequencies.Thispeakisundesirable,butit isunavoidablefor realsystems.
As for SISO systemswe define the bandwidthas the frequencyup to which

feedbackis effective.For MIMO systemsthebandwidthwill dependon directions,
andwe havea bandwidth region betweena lower frequencywherethe maximum
singularvalue,

<> WYò}Z , reaches0.7(thelow-gainor worst-casedirection),andahigher
frequencywheretheminimumsingularvalue,> WjòSZ , reaches0.7(thehigh-gainorbest
direction).If we wantto associatea singlebandwidthfrequencyfor a multivariable
system,thenweconsidertheworst-case(low-gain)direction,anddefine� Bandwidth, ë�� : Frequencywhere

<> WYò}Z crosses �� ÷ g B � ¼ from below.

It is thenunderstoodthat thebandwidthis at leastë � for anydirectionof theinput
(referenceor disturbance)signal.Since ò gGW0¢ R �ÛZ�� � , (A.52) yields> W��ÛZ�� C T C<> WYò}Z T > W��¨Z R C (3.51)

Thusat frequencieswherefeedbackis effective(namelywhere> W��¨Z�� C ) wehave<> WYò}Z! C Q > W��¨Z , andat thebandwidthfrequency(where C Q <> WYò_W(ê
ë � ZªZ g#" �NgC � ¿ C ) we havethat > W��]W�ê�ë � ZzZ is between0.41 and2.41.Thus, the bandwidthis
approximatelywhere> W��ÛZ crosses1.Finally, athigherfrequencieswherefor anyreal
system> W��¨Z (and

<> W��¨Z ) is smallwehavethat
<> WYòSZ� C .
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3.4 Control of multivariable plants
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Figure 3.7: Onedegree-of-freedomfeedbackcontrolconfiguration

Consider the simple feedbacksystem in Figure 3.7. A conceptuallysimple
approachto multivariablecontrol is given by a two-stepprocedurein which we
first designa “compensator” to dealwith the interactionsin 5 , andthendesigna
diagonal controllerusingmethodssimilar to thosefor SISOsystems.Thisapproach
is discussedbelow.

Themostcommonapproachistouseapre-compensator, 2 � Wji�Z , whichcounteracts
theinteractionsin theplantandresultsin a “new” shapedplant:543"WYi#Z}g«5hWYi#Z52 � WYi#Z (3.52)

which is more diagonaland easierto control than the original plant 5hWji#Z . After
finding a suitable2 � WYi#Z we candesigna diagonal controller

/ 3#WYi#Z for theshaped
plant 543
WYi#Z . Theoverallcontrolleris then/ Wji#ZSg62 � Wji�Z / 3"Wji�Z (3.53)

In manycaseseffectivecompensatorsmaybederivedon physicalgroundsandmay
includenonlinearelementssuchasratios.

Remark 1 Somedesignapproachesin this spirit aretheNyquistArray techniqueof Rosen-
brock(1974)andthecharacteristicloci techniqueof MacFarlaneandKouvaritakis(1977).

Remark 2 The 798 loop-shapingdesignprocedure,describedin detail in Section9.4, is
similar in that a pre-compensatoris first chosento yield a shapedplant, /;: 1�/=< x , with
desirableproperties,andthena controller > : Î�? Ï is designed.Themain differenceis that in798 loopshaping,>@: Î�? Ï is a full multivariablecontroller, designedbasedonoptimization(to
optimize 798 robuststability).
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3.4.1 Decoupling

Decouplingcontrolresultswhenthecompensatoris chosensuchthat 5 3 in (3.52)is
diagonalata selectedfrequency. Thefollowing differentcasesarepossible:

1. Dynamic decoupling: 5 3 Wji�Z is diagonal(at all frequencies).For example,with5 3 WYi#Z[gE¢ anda squareplant,we get 2 � g 5C� � WYi#Z (disregardingthepossible
problemsinvolved in realizing 5C� � WYi#Z ). If we thenselect

/ 3 WYi#Zog�lªWYi#Z*¢ (e.g.
with lzWji#ZSgPv Q i ), theoverallcontrolleris/ Wji#ZSg /ED F�G WYi#ZS\PlzWji�Zz5 � � WYi#Z (3.54)

Wewill laterreferto (3.54)asaninverse-based controller. It resultsin adecoupled
nominalsystemwith identical loops,i.e. �]WYi#Z�g lzWji�Zz¢ , ò�WYi#Z�g ��IH �KJL3NM ¢ andO WYi#Z×g �KJL3NM�5H �KJL3IM ¢ .
Remark. In somecaseswe maywant to keepthe diagonalelementsin the shapedplant
unchangedby selecting < x 1®/QP x /SRUTWV�X . In other caseswe may want the diagonal
elementsin < x to be 1. This maybeobtainedby selecting< x 1 / P x ÎðÎ / P x Ï RYTZV�X Ï P x ,
andtheoff-diagonalelementsof < x arethencalled“decouplingelements”.

2. Steady-state decoupling: 5 3 W B Z is diagonal.This maybeobtainedby selectinga
constantpre-compensator2 � gP5C� � W B Z (andfor anon-squareplantwemayuse
thepseudo-inverseprovided5hW B Z hasfull row (output)rank).

3. Approximate decoupling at frequency ý=[ : 5 3 W�ê�ë�[bZ is as diagonalas possible.
This is usuallyobtainedby choosinga constantpre-compensator2 � gÄ5C� �[
where 5 [ is a realapproximationof 5hW�ê�ë [ Z . 5 [ maybeobtained,for example,
usingthealign algorithmof Kouvaritakis(1974).Thebandwidthfrequencyis a
goodselectionfor ë [ becausetheeffectonperformanceof reducinginteractionis
normallygreatestat this frequency.

Theideaof decouplingcontrolis appealing,but thereareseveraldifficulties:

1. As onemight expect,decouplingmaybevery sensitiveto modellingerrorsand
uncertainties.This is illustratedbelowin Section3.7.2.

2. Therequirementof decouplingandtheuseof aninverse-basedcontrollermaynot
bedesirablefor disturbancerejection.Thereasonsaresimilar to thosegivenfor
SISOsystemsin Section2.6.4,andarediscussedfurtherbelow;see(3.58).

3. If theplanthasRHP-zerosthentherequirementof decouplinggenerallyintroduces
extraRHP-zerosinto theclosed-loopsystem(seeSection6.5.1).

Eventhoughdecouplingcontrollersmaynotalwaysbedesirablein practice,theyare
of interestfromatheoreticalpointof view.Theyalsoyield insightsintothelimitations
imposedby themultivariableinteractionson achievableperformance.Onepopular
designmethod,whichessentiallyyieldsadecouplingcontrolleris theinternalmodel
control(IMC) approach(Morari andZafiriou,1989).

Anothercommonstrategy, whichavoidsmostof theproblemsjustmentioned,is to
usepartial (one-way) decoupling where5 3 WYi#Z in (3.52)is upperor lower triangular.
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3.4.2 Pre- and post-compensators and the SVD-controller

The above pre-compensatorapproachmay be extendedby introducing a post-
compensator2 ÷ Wji�Z , asshownin Figure3.8.Onethendesignsa diagonal controller

( ( ( (2 ÷ / 3 2 �
/

Figure 3.8: Pre-andpost-compensators,< x and <_^ . > : is diagonal/ 3 for theshapedplant 2 ÷ 542 � . Theoverallcontrolleris then/ WYi#ZSg`2 � / 3a2 ÷ (3.55)

TheSVD-controller is aspecialcaseof a pre-andpost-compensatordesign.Here2 � g r [ �.bdc 2 ÷ gfe J[ (3.56)

where
r [ and e [ are obtainedfrom a singular value decompositionof 5 [ ge�[ q [ r J[ , where54[ isarealapproximationof 5hW(ê
ë�[bZ atagivenfrequencyýg[ (often

aroundthebandwidth).SVD-controllersarestudiedbyHungandMacFarlane(1982),
andby Hovdet al. (1994)who foundthattheSVD controllerstructureis optimalin
somecases,e.g.for plantsconsistingof symmetricallyinterconnectedsubsystems.

In summary, theSVD-controllerprovidesausefulclassof controllers.By selecting/ 3 g«lªWYi#Z q � �[ adecouplingdesignis achieved,andby selectingadiagonal
/ 3 with

a low conditionnumber( h×W / 3�Z small) generallyresultsin a robustcontroller(see
Section6.10).

3.4.3 Diagonal controller (decentralized control)

Anothersimpleapproachto multivariablecontrollerdesignis to usea diagonalor
block-diagonalcontroller

/ WYi#Z . This is often referredto asdecentralizedcontrol.
Clearly, this works well if 5hWYi#Z is closeto diagonal,becausethenthe plant to be
controlledis essentiallya collectionof independentsub-plants,andeachelementin/ Wji#Z maybedesignedindependently.However, if off-diagonalelementsin 5hWji#Z are
large,thentheperformancewith decentralizeddiagonalcontrolmaybepoorbecause
noattemptis madeto counteracttheinteractions.

3.4.4 What is the shape of the “best” feedback controller?

Considertheproblemof disturbancerejection.Theclosed-loopdisturbanceresponse
is , g ò×5 8 1 . Supposewe havescaledthe system(seeSection1.4) suchthat at
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eachfrequencythedisturbancesareof magnitude1,

ö 1 ñ(ñ ÷ T C , andourperformance
requirementis that

ö , ö ÷ T C . This is equivalentto requiring
<> Wjò×5 8 Z T C . In

manycasesthereis a trade-off betweeninput usageandperformance,suchthat the
controllerthatminimizestheinputmagnitudeis onethatyieldsall singularvaluesofò×5 8 equalto 1, i.e. >lk Wjò×5 8 ZSg C yN�Xë . Thiscorrespondsto

ò e D F 5 8 gfe � (3.57)

where e � Wji#Z is someall-passtransferfunction(which at eachfrequencyhasall its
singularvaluesequalto 1). Thesubscriptmin refersto theuseof thesmallestloop
gain that satisfiesthe performanceobjective.For simplicity, we assumethat 5 8 is
squareso e � W(ê
ë¨Z is a unitarymatrix.At frequencieswherefeedbackis effectivewe
have ò�g WY¢ R �¨Za� �  #�g� � , and(3.57)yields � e D F g�5 / e D F  A5 8 e � �� . In
conclusion,thecontrollerandloopshapewith theminimumgainwill oftenlook like

/ e D F  «5 � � 5 8 e ÷ ym� e D F  �5 8 e ÷ (3.58)

where e ÷ g e � �� is someall-passtransfer function matrix. This providesa
generalizationof ñ / e D F ñn Lñ 5C� � 5 8 ñ whichwasderivedin (2.58)for SISOsystems,
and the summaryfollowing (2.58) on page48 thereforealso appliesto MIMO
systems.Forexample,weseethatfor disturbancesenteringat theplantinputs,5 8 g5 , weget

/ e D F goe ÷ , soa simpleconstantunit gaincontrolleryieldsa goodtrade-
off betweenoutputperformanceandinput usage.We alsonotewith interestthat it
is generallynot possibleto selecta unitary matrix e ÷ suchthat � e D F g 5 8 e ÷ is
diagonal,soa decouplingdesignis generallynot optimal for disturbancerejection.
Theseinsightscanbe usedasa basisfor a loop-shapingdesign;seemoreon � f
loop-shapingin Chapter9.

3.4.5 Multivariable controller synthesis

Theabovedesignmethodsarebasedonatwo-stepprocedurein whichwefirst design
a pre-compensator(for decouplingcontrol) or we make an input-outputpairing
selection(for decentralizedcontrol)andthenwedesignadiagonalcontroller

/ 3#WYi#Z .
Invariablythis two-stepprocedureresultsin a suboptimaldesign.

The alternativeis to synthesizedirectly a multivariablecontroller
/ WYi#Z based

on minimizing someobjectivefunction (norm). We hereusethe word synthesize
ratherthandesign to stressthatthis is a moreformalizedapproach.Optimizationin
controllerdesignbecameprominentin the1960’swith “optimalcontroltheory”based
on minimizing the expectedvalueof the outputvariancein the faceof stochastic
disturbances.Later, other approachesand norms were introduced,such as � f
optimalcontrol.
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3.4.6 Summary of mixed-sensitivity q`r design ( s=tvuws )

We hereprovide a brief summaryof the ò Q / ò and other mixed-sensitivity� f
designmethodswhichareusedin laterexamples.In the ò Q / ò problem,theobjective
is to minimizethe � f normof x gzy 2 þ ò2|{ / ò9} (3.59)

This problemwas discussedearlier for SISO systems,and anotherlook at Sec-
tion 2.7.3wouldbeusefulnow. A sampleMATLAB file is providedin Example2.11,
page60.

Thefollowing issuesandguidelinesarerelevantwhenselectingtheweights 2|þ
and 2 { :
1.
/ ò is thetransferfunctionfrom õ to � in Figure3.7,so for a systemwhich has
beenscaledasin Section1.4, a reasonableinitial choicefor the input weight is2|{©g«¢ .

2. ò is the transferfunction from õ to ��óÃgµõ|� , . A commonchoicefor the
performanceweightis 2|þ g c�~��]� w ý_þ k { withý þ k g i�� � kd� ëS�� ki � ë �� k�� k y � k���� (3.60)

(seealsoFigure2.26onpage58).Selecting� k���� ensuresapproximateintegral
actionwith òg���n�� �� . Oftenwe select

� k about � for all outputs,whereasë �� k
maybedifferentfor eachoutput.A largevalueof ë �� k yieldsa fasterresponsefor
output � .

3. To find a reasonableinitial choice for the weight 2|þ , one can first obtain a
controllerwith someother designmethod,plot the magnitudeof the resulting
diagonalelementsof ò asa functionof frequency, andselectý þ k �jij� asarational
approximationof � ��ñ ò kLk ñ .

4. Fordisturbancerejection,wemayin somecaseswantasteeperslopefor ý þ k �Yij� at
low frequenciesthanthatgivenin (3.60),e.g.asseetheweightin (2.73).However,
it may be betterto considerthe disturbancesexplicitly by consideringthe �!�
normof x�� y 2 þ ò 2 þ ò��4�2 { / ò 2 { / ò��4� } (3.61)

or equivalently x�� y 2 þ ò�2��2 { / ò�2|� } with 2�� ��� ¢ �4��� (3.62)

where
x

representsthe transfer function from �a��d� to the weightedoutputs� �¢¡�£�9¤j¥ � . In somesituationswe maywant to adjust 2oþ or � � in orderto satisfy
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betterouroriginalobjectives.Thehelicoptercasestudyin Section12.2illustrates
thisby introducinga scalarparameter§ to adjustthemagnitudeof � � .

5.
O

is the transferfunction from � 0 to , . To reducesensitivity to noise and
uncertainty, wewant

O
smallathigh frequencies,andsowemaywantadditional

roll-off in � . Thiscanbeachievedin severalways.Oneapproachis to add 2©¨ O
to thestackfor

x
in (3.59),where 2©¨ � c�~��]�lª ý=¨ kN« and ñ ý;¨ k ñ is smallerthan1

at low frequenciesandlargeathighfrequencies.A moredirectapproachis to add
high-frequencydynamics,2 � ��¬j� , to theplantmodelto ensurethat theresulting
shapedplant, �43 � �42 � , rolls off with the desiredslope.We thenobtainan�!� optimalcontroller

/ 3 for thisshapedplant,andfinally include 2 � ��¬j� in the
controller,

/� 2 � / 3 .
Moredetailsabout� � designaregivenin Chapter9.

3.5 Introduction to multivariable RHP-zeros

By meansof an example,we now give the readeran appreciationof the fact that
MIMO systemshavezeroseventhoughtheirpresencemaynot beobviousfrom the
elementsof �E��¬j� . As for SISOsystems,wefind thatRHP-zerosimposefundamental
limitationsoncontrol.

Thezeros® of MIMO systemsaredefinedasthevalues¬ � ® where �E�¯¬j� loses
rank,andwecanfind thedirection of azeroby lookingat thedirectionin which the
matrix �E��®°� haszerogain.Forsquaresystemsweessentiallyhavethatthepolesand
zerosof �E�¯¬j� arethepolesandzerosof c²± ³ �E�¯¬B� . However, this crudemethodmay
fail in somecases,asit mayincorrectlycancelpolesandzeroswith thesamelocation
butdifferentdirections(seeSections4.5and4.6.1for moredetails).

Example 3.8 Consider the following plant´¶µ ? ·�¸ \µ A�! i ?�¹ \ · µ ?�¹ \ ·Cº \ \\ ¹ i ? i¼» (3.63)

The responses to a step in each individual input are shown in Figure 3.9(a) and (b). We see
that the plant is interactive, but for these two inputs there is no inverse response to indicate
the presence of a RHP-zero. Nevertheless, the plant does have a multivariable RHP-zero at½ ¸ A�! ¾

, that is,
´¶µ ? · loses rank at ?�¸ A�! ¾

, and ¿nÀUÁ ´¶µ A�! ¾ ·©¸ A
. The singular value

decomposition of
´¶µ A�! ¾ · is´¶µ A�! ¾ ·Â¸ \\�! Ãj¾ º \Ä\iÄi » ¸ º A�! ¦j¾ A�! úB$A�! ú�$ÆÅ�A�! ¦�¾ »Ç ÈYÉ ÊË º \�! $jiÌAA A »Ç È5É ÊÍ º A
! ù�\ÎÅ�A�! ù�\A
! ù�\ A�! ù�\ »°ÏÇ È5É ÊÐ¼Ñ (3.64)

and we have as expected Ò µ�´¶µ A�! ¾ ·N·Ó¸ A . The input and output directions corresponding to

the RHP-zero are Ô ¸ �BÕÂÖB× Ø�ÙÖB× Ø�Ù � and Ú ¸ �¶ÖB× ÛaÜÕÂÖB× Ý Þ � . Thus, the RHP-zero is associated with
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Figure 3.9: Open-loopresponsefor
´¶µ ?%· in (3.63)

both inputs and with both outputs. The presence of the multivariable RHP-zero is also observed
from the time response in Figure 3.9(c), which is for a simultaneous input change in opposite

directions, Ú ¸ � ÙÕ�Ù � ç . We see that é ^ displays an inverse response whereas é â happens to

remain at zero for this particular input change.
To see how the RHP-zero affects the closed-loop response, we design a controller which

minimizes the 798 norm of the weighted ê % >ëê matrixì ¸ ºCí ¡ êí ¤ >ëê » (3.65)

with weights

í ¤ ¸ïîñð í ¡ ¸ º%ò ¡ â AA ò ¡ ^ » ð ò ¡ T ¸ ? %Uó T ¹�ï�ôõ T?Â¹ ò ôõ T�ö T ð ö T ¸ \�A P�÷ (3.66)

The MATLAB file for the design is the same as in Table 2.3 on page 60, except that we now
have a

i@øùi
system. Since there is a RHP-zero at ½ ¸ A�! ¾ we expect that this will somehow

limit the bandwidth of the closed-loop system.
Design 1. We weight the two outputs equally and selectú ÀUûNüZý�þ \;ÿ ó â ¸ ó ^ ¸ \�! ¾���� ôõ â ¸ � ôõ ^ ¸ ½ % i ¸ A
! i�¾

This yields an 7 8 norm for
ì

of
i
! ú�A

and the resulting singular values of ê are shown by the
solid lines in Figure 3.10(a). The closed-loop response to a reference change � ¸�� \ÄÅ=\�� ç
is shown by the solid lines in Figure 3.10(b). We note that both outputs behave rather poorly
and both display an inverse response.

Design 2. For MIMO plants, one can often move most of the deteriorating effect (e.g. inverse
response) of a RHP-zero to a particular output channel. To illustrate this, we change the weightò ¡ ^ so that more emphasis is placed on output

i
. We do this by increasing the bandwidth

requirement in output channel
i

by a factor of
\aA�A

:ú ÀUûNüZý�þ iQÿ ó â ¸ ó ^ ¸ \�! ¾���� ôõ â ¸ A�! iB¾ ð � ôõ ^ ¸ i�¾
This yields an 798 norm for

ì
of
i"! $Bi

. In this case we see from the dashed line in
Figure 3.10(b) that the response for output

i
( é ^ ) is excellent with no inverse response.
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Figure 3.10: Alternativedesignsfor 3 ø 3 plant(3.63)with RHP-zero

However, this comes at the expense of output 4 ( é â ) where the response is somewhat poorer
than for Design 4 .

Design 3. We can also interchange the weights ò ¡ â and ò ¡ 1 to stress output 4 rather
than output 3 . In this case (not shown) we get an excellent response in output 4 with no
inverse response, but output 3 responds very poorly (much poorer than output 4 for Design3 ). Furthermore, the 576 norm for

ì
is
Ã�8 9;:

, whereas it was only 3 8 < 3 for Design 3 .
Thus, we see that it is easier, for this example, to get tight control of output 3 than of output4 . This may be expected from the output direction of the RHP-zero, Ú ¸ � ÖB× ÛaÜÕÂÖB× Ý Þ � , which is

mostly in the direction of output 4 . We will discuss this in more detail in Section 6.5.1.

Remark 1 Wefind from thisexamplethatwe candirecttheeffect of theRHP-zeroto either
of thetwo outputs.This is typical of multivariableRHP-zeros,but therearecaseswherethe
RHP-zerois associatedwith aparticularoutputchannelandit is not possibleto moveits effect
to anotherchannel.Thezerois thencalleda “pinnedzero” (seeSection4.6.2).

Remark 2 It is observedfrom theplot of thesingularvaluesin Figure3.10(a),thatwe were
ableto obtainby Design2 a very largeimprovementin the“good” direction(corresponding
to Ò µ ê · ) at theexpenseof only aminordeteriorationin the“bad” direction(correspondingto=Ò µ ê · ). ThusDesign1 demonstratesashortcomingof the 5 6 norm:only theworstdirection
(maximumsingularvalue)contributesto the 5 6 normandit maynotalwaysbeeasyto geta
goodtrade-off betweenthevariousdirections.

3.6 Condition number and RGA

Twomeasureswhichareusedtoquantifythedegreeof directionalityandThelevelof
(two-way)interactionsin MIMO systems,aretheconditionnumberandtherelative
gain array (RGA), respectively. We heredefinethe two measuresand presentan
overviewof their practical use. We do not give detailedproofs,but refer to other
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placesin thebookfor furtherdetails.

3.6.1 Condition number

We definethecondition number of a matrix astheratio betweenthemaximumand
minimumsingularvalues, D&EGFIH(JKMLN EGFIHPO N EGFIH (3.67)

A matrix with a large conditionnumberis said to be ill-conditioned. For a non-
singular(square)matrix N EGFIH KRQ O LN E�F�S�TUH , so D&EGFIH K LN EGFIH LN EGF�SVT;H . It then
follows from(A.119)thattheconditionnumberis largeif both F and F SVT havelarge
elements.

Theconditionnumberdependsstronglyon thescalingof the inputsandoutputs.
To bemorespecific,if W T and WYX arediagonalscalingmatrices,thenthecondition
numbersof thematricesF and W T F WYX maybearbitrarily far apart.In general,the
matrix F shouldbescaledonphysicalgrounds,for example,by dividing eachinput
andoutputby its largestexpectedor desiredvalueasdiscussedin Section1.4.

One might also considerminimizing the condition numberover all possible
scalings.Thisresultsin theminimized or optimal condition number whichis defined
by DVZ[EGFIH K]\Y^`_a ácb a à D&E W T F W�X H (3.68)

andcanbecomputedusing(A.73).
The conditionnumberhasbeenusedasan input-outputcontrollability measure,

and in particular it has beenpostulatedthat a large condition numberindicates
sensitivity to uncertainty. This is not true in general,but the reverseholds; if the
conditionnumberis small,thenthemultivariableeffectsof uncertaintyarenot likely
to beserious(see(6.72)).

If theconditionnumberis large(say, largerthan10),thenthismayindicate control
problems:

1. A largeconditionnumberD�E�FIH KdLN EGFIHcO N E�FIH maybecausedby a smallvalue
of N E�FIH , whichis generallyundesirable(ontheotherhand,a largevalueof LN EGFIH
neednotnecessarilybea problem).

2. A largeconditionnumbermaymeanthattheplanthasalargeminimizedcondition
number, or equivalently, it haslargeRGA-elementswhich indicatefundamental
controlproblems;seebelow.

3. A largeconditionnumberdoes imply thatthesystemis sensitiveto “unstructured”
(full-block) input uncertainty(e.g.with aninverse-basedcontroller, see(8.135)),
but thiskind of uncertaintyoftendoesnot occurin practice.We thereforecannot
generallyconcludethat a plant with a large condition numberis sensitiveto
uncertainty, e.g.seethediagonalplantin Example3.9.
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3.6.2 Relative Gain Array (RGA)

Therelativegainarray(RGA) of a non-singularsquarematrix F is a squarematrix
definedas e(fhg EGFIH Kji EGFIH�klFnmoEGF SVT H ¨ (3.69)

where m denoteselement-by-elementmultiplication(theHadamardor Schurprod-
uct).Fora p m p matrixwith elementsq[rts theRGA isi EGFIH K�u2v TPT v T Xv X T v XcXxw Kduyv TcT Q?z v TPTQ�z v TPT v TcT w|{ v TPT K QQ?z~} á à } à á} á¯á } à�à (3.70)

Bristol (1966) originally introduced the RGA as a steady-statemeasureof
interactionsfor decentralizedcontrol.Unfortunately,basedontheoriginaldefinition,
manypeoplehavedismissedtheRGA asbeing“only meaningfulat � K�� ”. To the
contrary, in mostcasesit is thevalueof theRGA at frequenciescloseto crossover
which is mostimportant.

The RGA hasa numberof interestingalgebraic properties, of which the most
importantare(seeAppendixA.4 for moredetails):

1. It is independentof inputandoutputscaling.
2. Its rowsandcolumnssumto one.
3. The sum-normof the RGA, � i �����;� , is very closeto the minimizedcondition

number D Z ; see(A.78). This meansthat plants with large RGA-elementsare
alwaysill-conditioned(with a largevalueof D&EGFIH ), but thereversemaynot hold
(i.e.aplantwith a large D&EGFIH mayhavesmallRGA-elements).

4. A relative changein an elementof F equal to the negativeinverse of its
correspondingRGA-elementyieldssingularity.

5. TheRGA is theidentitymatrix if F is upperor lower triangular.

Fromthe lastpropertyit follows that theRGA (or morepreciselyilz�� ) provides
a measureof two-way interaction. Thedefinitionof theRGA maybegeneralizedto
non-squarematricesby usingthepseudoinverse;seeAppendixA.4.2.

In addition to the algebraicpropertieslisted above,the RGA hasa surprising
numberof usefulcontrol properties:

1. TheRGA is agoodindicatorof sensitivityto uncertainty:

(a) Uncertainty in the input channels (diagonal input uncertainty). Plantswith
largeRGA-elementsaroundthecrossoverfrequencyarefundamentallydiffi-
cult to controlbecauseof sensitivityto inputuncertainty(e.g.causedby uncer-
tainor neglectedactuatordynamics).In particular, decouplersor otherinverse-
basedcontrollersshouldnot beusedfor plantswith largeRGA-elements(see
page244).

(b) Element uncertainty. As impliedbyalgebraicpropertyno.4 above,largeRGA-
elementsimply sensitivity to element-by-elementuncertainty. However, this
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kindof uncertaintymaynotoccurin practiceduetophysicalcouplingsbetween
thetransferfunctionelements.Therefore,diagonalinputuncertainty(which is
alwayspresent)is usuallyof moreconcernfor plantswith largeRGA-elements.

2. RGA and RHP-zeros. If thesignof anRGA-elementchangesfrom ¬ K�� to ¬ K� , thenthereis aRHP-zeroin F or in somesubsystemof F (seeTheorem10.5).
3. Non-square plants. Extra inputs:If thesumof theelementsin a columnof RGA

is small ( � Q ), thenonemay considerdeletingthe correspondinginput. Extra
outputs:If all elementsin a row of RGA aresmall( � Q ), thenthecorresponding
outputcannotbecontrolled(seeSection10.4).

4. Diagonal dominance. TheRGA canbeusedto measurediagonaldominance,by
thesimplequantity

RGA-numberK � i EGFIH zo� �����;� (3.71)

For decentralizedcontrol we prefer pairings for which the RGA-numberat
crossoverfrequenciesis closeto 1 (seepairingrule1 onpage435).Similarly, for
certainmultivariabledesignmethods,shaping,it is simplerto choosetheweights
andshapetheplant if we first rearrangetheinputsandoutputsto maketheplant
diagonallydominantwith a smallRGA-number.

5. RGA and decentralized control.

(a) Integrity: Forstableplantsavoidinput-outputpairingonnegativesteady-state
RGA-elements.Otherwise,if the sub-controllersaredesignedindependently
eachwith integralaction,thentheinteractionswill causeinstabilityeitherwhen
all of the loops areclosed,or when the loop correspondingto the negative
relativegainbecomesinactive(e.g.becauseof saturation)(seeTheorem10.4
page439). Interestingly, this is the only useof the RGA directly relatedto
Bristol’soriginaldefinition.

(b) Stability: Prefer pairings correspondingto an RGA-numberclose to 0 at
crossoverfrequencies(seepage435).

Remark. An iterativeevaluationof the RGA, � 1 µ�´ ·C¸ � µ � µ�´ ·N· etc.,hasin applications
provedto beusefulfor choosingpairingsfor largesystems.Wolff (1994)foundnumerically
that � 6$��� üt���� 6 � � µ�´ · (3.72)

is a permutedidentity matrix (with the exceptionof “borderline” cases,the result is proved
for a positivedefiniteHermitianmatrix

´
by Johnsonand Shapiro(1986)).Typically, � �

approaches� 6 for � between4 and8. This permutedidentity matrix may thenbe usedas

a candidatepairing choice.For example,for
´ ¸�� Ù �Õ�Ù Ù�� we get � ¸�� ÖB× ����ÖB× � ØÖB× � ØÖB× ���0� ,� 1 ¸ � ÕÂÖB× ��� Ùa× ���Ùa× ��� ÕÂÖB× ��� � , ��� ¸ � ÕÂÖB× Ö Ø Ùa× Ö ØÙa× Ö Ø ÕÂÖB× Ö Ø � and � ÷ ¸ � ÖB× ÖaÖ#Ùa× ÖaÖÙa× ÖaÖ ÖB× ÖaÖ � , which indicates

thattheoff-diagonalpairingshouldbeconsidered.Notethat � 6 maysometimes“recommend”
apairingon negativeRGA-elements,evenif apositivepairingis possible.
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Example 3.9 Consider a diagonal plant and compute the RGA and condition number,´ ¸ º 4 �C���� 4 » ð � µ�´ ·�¸ îñð.� µ�´ ·Â¸ =Ò µ�´ ·Ò µ�´ · ¸ 4 �C�4 ¸ 4 �C� ðx� ô µ�´ ·�¸ 4 (3.73)

Here the condition number is large which means that the plant gain depends strongly on the
input direction. However, since the plant is diagonal there are no interactions so � µ�´ ·�¸ î and�lô µ�´ ·�¸ 4 , and no sensitivity to uncertainty (or other control problems) is normally expected.

Remark. An exception would be if there was uncertainty caused by unmodelled or neglected
off-diagonal elements in

´
. This would couple the high-gain and low-gain directions, and the

large condition number implies sensitivity to this off-diagonal (“unstructured”) uncertainty.

Example 3.10 Consider a triangular plant
´

for which we get´ ¸ º 4�3� 4 » ð ´¡  â ¸ º 4 Å 3� 4 » ð � µ�´ ·�¸ îñð�� µ�´ ·�¸ 3 8 ¢ 4��8 ¢ 4 ¸ ¾�8 	C: ð�� ô µ�´ ·�¸ 4 (3.74)

Note that for a triangular matrix, the RGA is always the identity matrix and � ô µ�´ · is always4 .
Example 3.11 Consider again the distillation process for which we have at steady-state´ ¸ º 	£928 	 Å�	�Ã[8 ¢4 �U	[8 3 Å 4 �U<[8 Ã » ð ´   â ¸ º �[8 :C<U<ÆÅ��[8 : 4 ¾�[8 :C<;¢ Å��[8 : 3 � » ð � µ�´ ·Â¸ º :B¾�8 4 Å�:U¢[8 4Å�:;¢�8 4 :j¾28 4 »

(3.75)
In this case � µ�´ ·Q¸ 4 <£928 3U¤�4 8 :U< 4 ¸ 4 ¢ 4 8 9 is only slightly larger than �lô µ�´ ·Q¸ 4 :C	[8 3 ÃC	 .
The magnitude sum of the elements in the RGA-matrix is ¥P�(¥P¦,§�¨ ¸ 4 :U	[8 3 9�¾ . This confirms
(A.79) which states that, for 3 ø 3 systems, ¥P��©Gª?«�¥ ¦,§�¨¬ � ô ©Gª?« when � ô ©Gª?« is large. The
condition number is large, but since the minimum singular value ® ©Gª?«V¯�4 8 :C< 4 is larger than4 this does not by itself imply a control problem. However, the large RGA-elements indicate
control problems, and fundamental control problems are expected if analysis shows that ª|©±° � «
has large RGA-elements also in the crossover frequency range. (Indeed, the idealized dynamic
model (3.82) used below has large RGA-elements at all frequencies, and we will confirm in
simulations that there is a strong sensitivity to input channel uncertainty with an inverse-based
controller).

Example 3.12 Consider a
:¶ø�:

plant for which we haveª²¯´³µ 4�¶ 8 	 :U�[8 · ¢�8 :U�¸ 4�¶ 8 9¹: 4 8 � ¸ 4 8 ¢ 44 8 3 9 ·�¢�8 4 ·�8 ¢C�»º¼¾½ ��©Gª?«V¯´³µ 4 8 ·;� �[8 <C< ¸ 4 8 ¢£	¸ �[8 ¢ 4 �[8 <£9 �[8 ¢2·¸ �[8 �U	 ¸ �[8 <£· 3 8 �C:oº¼ (3.76)

and � ¯�¶ <�8 ¶£¤�4 8 ¶ : ¯ ¢ 3 8 ¶ and �.¿ ¯ 928 	C�
. The magnitude sum of the elements in the RGA

is ¥P�(¥ ¦,§�¨ ¯ 	�8 	 ¶ which is close to �0¿ as expected from (A.78). Note that the rows and the
columns of � sum to 4 . Since ® ©Gª?« is larger than 1 and the RGA-elements are relatively small,
this steady-state analysis does not indicate any particular control problems for the plant.

Remark. The plant in (3.76) represents the steady-state model of a fluid catalytic cracking
(FCC) process. A dynamic model of the FCC process in (3.76) is given in Exercise 6.16.
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Foradetailedanalysisof achievableperformanceof theplant(input-outputcontrolla-
bility analysis),onemustalsoconsiderthesingularvalues,RGA andconditionnum-
berasfunctionsof frequency. In particular, thecrossoverfrequencyrangeis impor-
tant.In addition,disturbancesandthepresenceof unstable(RHP)plantpolesandze-
rosmustbeconsidered.All theseissuesarediscussedin muchmoredetail in Chap-
ters5 and6 wherewediscussachievableperformanceandinput-outputcontrollabil-
ity analysisfor SISOandMIMO plants,respectively.

3.7 Introduction to MIMO robustness

To motivate the needfor a deeperunderstandingof robustness,we presenttwo
exampleswhichillustratethatMIMO systemscandisplayasensitivityto uncertainty
not found in SISOsystems.We focusour attentionon diagonalinput uncertainty,
whichis presentin anyrealsystemandoftenlimits achievableperformancebecause
it entersbetweenthecontrollerandtheplant.

3.7.1 Motivating robustness example no. 1: Spinning Satellite

Considerthefollowing plant(Doyle,1986;Packardetal., 1993)whichcanitself be
motivatedbyconsideringtheangularvelocitycontrolof asatellitespinningaboutone
of its principalaxes:F¾E>ÀCH K QÀ X�ÁÂÃX u À z Â X Â E�À Á Q Hz Â E�À Á Q H À z Â X w|{ Â KÄQU� (3.77)

A minimal,state-spacerealization,F KjÅ E>À �IzoÆ H SVT�Ç Á W , is

u Æ ÇÅ W w KÉÈÊÊË � Â QÌ�z Â � � QQ Â �Í�z Â Q �Í�
Î±ÏÏÐ (3.78)

Theplanthasa pair of Ñ[� -axispolesat À KnÒ Ñ Â soit needsto bestabilized.Let us
applynegativefeedbackandtry thesimplediagonalconstantcontrollerÓ Kl�
ThecomplementarysensitivityfunctionisÔ E�À£H K F Ó E � Á F Ó H S�T K QÀ Á Q u Q Âz Â Q w (3.79)
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Nominal stability (NS). Theclosed-loopsystemhastwo polesat À KMzåQ andso

it is stable.Thiscanbeverifiedby evaluatingtheclosed-loopstatematrixÆ|æ>ç K�Æ�z Ç Ó Å~K�u � Âz Â � w zèu Q Âz Â Q w K�u zåQ �� zåQ w
(To derive Æ æ>ç use éê KlÆ ê Á Ç7ë , ì K$Å ê and ë K�z Ó ì ).

Nominal performance (NP). Thesingularvaluesof í K F Ó K F areshownin
Figure3.6(a),page76.We seethat N E í H KîQ at low frequenciesandstartsdropping
off at about � KïQC� . Since N E í H neverexceedsQ , we do not havetight control in
the low-gaindirectionfor this plant (recall the discussionfollowing (3.51)),so we
expectpoor closed-loopperformance.This is confirmedby consideringð and

Ô
.

For example,at steady-stateLN E Ô H KñQU��ò ��ó and LN E ð H KôQU� . Furthermore,thelarge
off-diagonalelementsin

Ô E�À£H in (3.79)showthatwehavestronginteractionsin the
closed-loopsystem.(For referencetracking,however, this maybecounteractedby
useof a two degrees-of-freedomcontroller).

Robust stability (RS). Now let us considerstability robustness.In order to
determinestability marginswith respectto perturbationsin eachinput channel,one
mayconsiderFigure3.11 wherewehavebrokentheloopat thefirst input.Theloop
transferfunctionat this point (thetransferfunctionfrom õ T to ö T ) is í T E�À£H K÷Q O�À
(whichcanbederivedfrom ø TcT E>À£H K TTúù û K ü.ýcþ û ÿTúù ü ý þ û ÿ ). Thiscorrespondstoaninfinite
gainmargin andaphasemargin of

� ��� . Onbreakingtheloopat thesecondinputwe
getthesameresult.Thissuggestsgoodrobustnesspropertiesirrespectiveof thevalue
of Â . However, the designis far from robustasa further analysisshows.Consider

�� ��� � � ��� ��
��

�+
+

-

-

ö T õ T
F

Ó
Figure 3.11: Checkingstabilitymargins“one-loop-at-a-time”

input gainuncertainty, andlet 	 T and 	 X denotetherelativeerror in thegainin each
inputchannel.Then ë�
 T K E Q Á 	 T H ë T� ë�
X K E Q Á 	 X H ë X (3.80)
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whereë 
 T andë 
X aretheactualchangesin themanipulatedinputs,while ë T andë X are
thedesiredchangesascomputedby thecontroller. It is importantto stressthatthis
diagonalinputuncertainty,whichstemsfromourinability toknowtheexactvaluesof
themanipulatedinputs,isalways present.In termsof astate-spacedescription,(3.80)
mayberepresentedby replacingÇ byÇ 
 K u Q Á 	 T �� Q Á 	 Xxw
Thecorrespondingclosed-loopstatematrix isÆ 
 æ>ç KjÆ�z Ç 
 Ó ÅÄK�u � Âz Â � w z u Q Á 	 T �� Q Á 	�Xxw u Q Âz Â Q w
whichhasa characteristicpolynomialgivenby����� E�À �åzoÆ 
 æ>ç H K À X Á E p Á 	 T Á 	�X H� ��� �� ý À Á Q Á 	 T Á 	cX Á E Â X Á Q H 	 T 	�X� ��� ���� (3.81)

The perturbedsystemis stableif and only if both the coefficients Â�� and Â T are
positive.We thereforeseethatthe system is always stable if we consider uncertainty
in only one channel at a time (at leastaslong asthechannelgainis positive).More
precisely,wehavestabilityfor E zåQ�� 	 T � � � 	 X Kl� H and E 	 T Kl� � zåQ�� 	 X � �H .
This confirmsthe infinite gain margin seenearlier. However, the systemcanonly
toleratesmall simultaneous changes in thetwo channels.Forexample,let 	 T Kîz 	 X ,
thenthesystemis unstable( Â�� �²� ) for� 	 T �! Q" ÂÃX�Á Q$# ��ò`Q
In summary, we have found that checkingsingle-loopmargins is inadequatefor
MIMO problems.We havealsoobservedthatlargevaluesof LN E Ô H or LN E ð H indicate
robustnessproblems.We will returnto this in Chapter8, wherewe showthatwith
input uncertaintyof magnitude

� 	�r � ��Q O LN E Ô H , we areguaranteedrobuststability
(evenfor “full-block complexperturbations”).

In the next examplewe find that there can be sensitivity to diagonal input
uncertaintyevenin caseswhere LN E Ô H and LN E ð H haveno largepeaks.This cannot
happenfor a diagonalcontroller, see(6.77),but it will happenif we useaninverse-
basedcontrollerfor a plantwith largeRGA-elements,see(6.78).

3.7.2 Motivating robustness example no. 2: Distillation Process

Thefollowing is anidealizeddynamicmodelof a distillationcolumn,F¾E�À£H K Q% ó À Á Q u'& % ò & z &)( ò *QC� & ò p zåQU� � ò ( w (3.82)
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(time is in minutes).Thephysicsof thisexamplewasdiscussedin Example3.7.The
plantis ill-conditionedwith conditionnumberD&EGFIH KîQ+*0Q[ò % atall frequencies.The
plantis alsostronglytwo-wayinteractiveandtheRGA-matrixatall frequenciesise?fhg E�FIH K u-, ó ò`Q z , *.ò Qz , *.ò Q , ó ò`Q w (3.83)

Thelargeelementsin thismatrix indicatethatthisprocessis fundamentallydifficult
to control.

Remark. (3.82)isadmittedlyaverycrudemodelof arealdistillationcolumn;thereshouldbea
high-orderlagin thetransferfunctionfrominput1 tooutput2 to representtheliquid flow down
to thecolumn,andhigher-ordercompositiondynamicsshouldalsobeincluded.Nevertheless,
themodelis simpleanddisplaysimportantfeaturesof distillationcolumnbehaviour. It should
benotedthatwith amoredetailedmodel,theRGA-elementswouldapproach1 at frequencies
around1 rad/min,indicatinglessof acontrolproblem.

0 10 20 30 40 50 60

0

0.5

1

1.5

2

2.5

Time[min]

.)/. 1
Nominalplant:
Perturbedplant:

Figure 3.12: Responsewith decouplingcontrollerto filteredreferenceinput 0 / ¯�4�¤�© ·2143 4�« .
Theperturbedplanthas20%gainuncertaintyasgivenby (3.86).

We considerthe following inverse-basedcontroller, which may also be looked
uponasasteady-statedecouplerwith a PI controller:Ó65 798 E>ÀCH K;: TÀ F S�T E�À£H K;: T E Q Á % ó ÀCHÀ u ��ò , ��� * z ��ò , Q+* ���ò , � * , z ��ò , p �[� w � : T K��0ò % (3.84)

Nominal performance (NP). We haveF Ó65 798 K Ó65 798 F K �+< =û � . With no model
errorthiscontrollershouldcounteractall theinteractionsin theplantandgiveriseto
two decoupledfirst-orderresponseseachwith a timeconstantof Q O ��ò % KnQ[ò * , min.
Thisisconfirmedby thesolidline in Figure3.12whichshowsthesimulatedresponse
to a referencechangein ì T . Theresponsesareclearlyacceptable,andwe conclude
thatnominal performance (NP) is achieved with the decoupling controller.

Robust stability (RS). The resultingsensitivityand complementarysensitivity
functionswith thiscontrollerareð K ð?> K ÀÀ Á ��ò % � { Ô K Ô > K QQ[ò * , À Á Q � (3.85)
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Thus, LN E ð H and LN E Ô H areboth lessthan1 at all frequencies,so thereareno peaks
whichwould indicaterobustnessproblems.We alsofind thatthiscontrollergivesan
infinite gainmargin (GM) anda phasemargin (PM) of

� ��� in eachchannel.Thus,
useof thetraditionalmarginsandthepeakvaluesof ð and

Ô
indicateno robustness

problems.However, fromthelargeRGA-elementsthereiscausefor concern,andthis
is confirmedin thefollowing.

Weconsideragaintheinputgainuncertainty(3.80)asin thepreviousexample,and
weselect	 T Kj��ò p and 	�X K�z ��ò p . We thenhaveë 
 T K�Q[ò p ë T � ë 
X K���ò & ë X (3.86)

Notethattheuncertaintyis on thechange in theinputs(flow rates),andnoton their
absolutevalues.A 20%erroris typicalfor processcontrolapplications(seeRemark2
on page300).The uncertaintyin (3.86)doesnot by itself yield instability. This is
verifiedby computingtheclosed-looppoles,which,assumingno cancellations,are
solutionsto

����� E � Á í E�À£HúH K ���@� E � Á í > E>À£HúH K � (see(4.102)and(A.12)). In our
case í 
> E�À£H K Ó65 798 F 
 K Ó65 798 F u Q Á 	 T �� Q Á 	 X w K ��ò %À u Q Á 	 T �� Q Á 	 X w
sotheperturbedclosed-looppolesareÀ T Kîz �0ò % E Q Á 	 T H � À X Kîz �0ò % E Q Á 	 X H (3.87)

andwehaveclosed-loopstabilityaslongastheinputgains Q Á 	 T and Q Á 	 X remain
positive,sowe canhaveup to 100%error in eachinput channel.We thusconclude
thatwe have robust stability (RS) with respect to input gain errors for the decoupling
controller.

Robust performance (RP). For SISOsystemswe generallyhavethat nominal
performance(NP)androbuststability (RS)imply robustperformance(RP),but this
is not the casefor MIMO systems.This is clearly seenfrom the dotted lines in
Figure3.12which showtheclosed-loopresponseof theperturbedsystem.It differs
drasticallyfrom thenominalresponserepresentedby thesolid line, andeventhough
it is stable,theresponseis clearlynotacceptable;it is nolongerdecoupled,and ì T E ø H
and ì X E ø H reachavalueof about2.5beforesettlingat theirdesiredvaluesof 1 and0.
Thus RP is not achieved by the decoupling controller.

Remark 1 Thereis a simplereasonfor theobservedpoor responseto thereferencechange
in . / . To accomplishthis change,which occursmostly in thedirectioncorrespondingto the
low plantgain,theinverse-basedcontrollergeneratesrelativelylarge inputs A / and A 1 , while
trying to keepA / ¸ A�1 verysmall. However, theinputuncertaintymakesthis impossible– the
resultis anundesiredlarge changein theactualvalueof A�B / ¸ A!B 1 , whichsubsequentlyresults
in largechangesin . / and . 1 becauseof thelargeplantgain(

=®V©Gª?«V¯�4 <£928 3 ) in thisdirection,
asseenfrom (3.46).
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Remark 2 Thesystemremainsstablefor gainuncertaintyupto100%becausetheuncertainty
occursonly atonesideof theplant(at theinput).If wealsoconsideruncertaintyat theoutput
thenwe find that thedecouplingcontrolleryieldsinstability for relativelysmallerrorsin the
inputandoutputgains.This is illustratedin Exercise3.8below.

Remark 3 It is alsodifficult to geta robustcontrollerwith otherstandarddesigntechniques
for thismodel.Forexample,an C0¤+DEC -designasin (3.59)with F$G ¯IHJG�K (using L ¯ 3 andMON ¯ ��8 �C·

in theperformanceweight(3.60))and F$P ¯QK , yieldsa goodnominalresponse
(althoughnotdecoupled),but thesystemis verysensitiveto inputuncertainty, andtheoutputs
goup to about3.4andsettleveryslowly whenthereis 20%inputgainerror.

Remark 4 Attemptsto makethe inverse-basedcontroller robustusing the secondstepof
theGlover-McFarlaneRTS loop-shapingprocedurearealsounhelpful;seeExercise3.9.This
showsthat robustnesswith respectto coprimefactor uncertaintydoesnot necessarilyimply
robustnesswith respectto inputuncertainty. In anycase,thesolutionis to avoidinverse-based
controllersfor aplantwith largeRGA-elements.

Exercise 3.7 Design a SVD-controller D ¯UF / D�V�F$W for the distillation process in (3.82),
i.e. select F / ¯UX and F W ¯UY[Z where Y and X are given in (3.46). Select D V in the formD V ¯ \@] /�^`_ V`a /V �� ] W ^`_ V`a /Vcb
and try the following values:

(a)
] / ¯ ] W ¯ �)d �U�£·

;
(b)

] / ¯ �)d �U�£·
,
] WA¯ �)d �£·

;
(c)

] / ¯ �)d e ¤gf�h e ¯ �gd �U�2i ¶ , ] W�¯ �)d e ¤gf d i h|¯ �)d ·;�U¢
.

Simulate the closed-loop reference response with and without uncertainty. Designs (a) and
(b) should be robust. Which has the best performance? Design (c) should give the response
in Figure 3.12. In the simulations, include high-order plant dynamics by replacing ª|© 1 « by/jlknm k WoVoa /qpsr ª|© 1 « . What is the condition number of the controller in the three cases? Discuss the
results. (See also the conclusion on page 244).

Exercise 3.8 Consider again the distillation process (3.82) with the decoupling controller,
but also include output gain uncertainty t uwv . That is, let the perturbed loop transfer function bex B © 1 «V¯ ª B D�y z|{?¯ �gd e1 �2}�~�� � / �� }�~�� � W � ª �+}�~6� / �� }�~6� W � ª   /� ��� �� � (3.88)

where
x k is a constant matrix for the distillation model (3.82), since all elements in ª share the

same dynamics, ª|© 1 « ¯���© 1 « ª k . The closed-loop poles of the perturbed system are solutions
to ���n��©�K 3 x BG© 1 « « ¯��)�n��©�K 3 ©�� / ¤ 1 « x k «V¯ �

, or equivalently�)�n��© 1� / K 3 x k « ¯�© 1 ¤;� / « W 3 �`��© x k «c© 1 ¤U� / « 3 ���n��© x k «V¯ �
(3.89)

For � /[� � we have from the Routh-Hurwitz stability condition indexRouth-Hurwitz stability
test that instability occurs if and only if the trace and/or the determinant of

x k are negative.
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Since ���n��© x k « � � for any gain error less than f �U� %, instability can only occur if �`��© x k «�� � .
Evaluate �`��© x k « and show that with gain errors of equal magnitude the combination of errors
which most easily yields instability is with t u / ¯ ¸ t uwW�¯ ¸ u / ¯�uwW(¯Uu . Use this to show that
the perturbed system is unstable if � u � ��� f�2� /`/ ¸ f (3.90)

where
� /`/ ¯�� /`/ � W`W ¤����n� ª is the f ½ f -element of the RGA of ª . In our case

� /`/ ¯ i£·gd f and
we get instability for

� u � � �)d f �;� . Check this numerically, e.g. using MATLAB.

Remark. Theinstabilityconditionin (3.90)for simultaneousinputandoutputgainuncertainty,
appliesto theveryspecialcaseof a

���'�
plant,in whichall elementssharethesamedynamics,ª|© 1 «V¯I��© 1 « ª k , andaninverse-basedcontroller, D © 1 «V¯�©�� / ¤ 1 « ª   / © 1 « .

Exercise 3.9 Consider again the distillation process ª|© 1 « in (3.82). The response using the
inverse-based controller D�y z|{ in (3.84) was found to be sensitive to input gain errors. We want
to see if the controller can be modified to yield a more robust system by using the Glover-
McFarlane R S loop-shaping procedure. To this effect, let the shaped plant be ª V ¯ ª�D y zw{ ,
i.e. F / ¯�D y z|{ , and design an R S controller D V for the shaped plant (see page 382 and
Chapter 9), such that the overall controller becomes DM¯�D�y z|{+D�V . (You will find that �)  v¢¡ ¯f d ¢ f ¢ which indicates good robustness with respect to coprime factor uncertainty, but the loop
shape is almost unchanged and the system remains sensitive to input uncertainty.)

3.7.3 Robustness conclusions

From the two motivating examplesabove we found that multivariable plants
can display a sensitivity to uncertainty(in this caseinput uncertainty)which is
fundamentallydifferentfrom whatis possiblein SISOsystems.

In thefirstexample(spinningsatellite),wehadexcellentstabilitymargins(PMand
GM) whenconsideringoneloop at a time,but smallsimultaneousinput gainerrors
gaveinstability. Thismighthavebeenexpectedfrom thepeakvalues( £$¤ norms)ofð and

Ô
, definedas¥ Ô ¥ ¤§¦Q¨ª©g«¬®¯±° Ô ° Ñ)²´³w³ � ¥ ð ¥ ¤µ¦Q¨6©¶«¬·¯J° ð ° Ñg²´³�³ (3.91)

whichwerebothlarge(about10) for thisexample.
In the secondexample(distillation process),we again had excellentstability

margins (PM and GM), and the systemwas also robustly stableto errors (even
simultaneous)of up to 100%in the input gains.However, in this casesmall input
gain errors gave very poor output performance,so robust performancewas not
satisfied,and adding simultaneousoutput gain uncertaintyresultedin instability
(seeExercise3.8).Theseproblemswith thedecouplingcontrollermight havebeen
expectedbecausetheplanthaslargeRGA-elements.Forthissecondexamplethe £$¤
normsof ð and

Ô
werebothabout ¸ , so theabsenceof peaksin ð and

Ô
doesnot

guaranteerobustness.
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Althoughsensitivitypeaks,RGA-elements,etc.areusefulindicatorsof robustness

problems,they provideno exactanswerto whethera given sourceof uncertainty
will yield instability or poor performance.This motivatesthe needfor bettertools
for analyzingthe effectsof modeluncertainty. We want to avoid a trial-and-error
procedurebasedon checking stability and performancefor a large number of
candidateplants.This is very time consuming,andin the endonedoesnot know
whetherthoseplantsarethelimiting ones.Whatis desired,is a simpletool which is
ableto identify theworst-caseplant.Thiswill bethefocusof Chapters7 and8 where
we showhow to representmodeluncertaintyin the £$¤ framework,andintroduce
thestructuredsingularvalue º asour tool. Thetwo motivatingexamplesarestudied
in moredetail in Example8.10andSection8.11.3 wherea º -analysispredictsthe
robustnessproblemsfoundabove.

3.8 General control problem formulation

�
� ��

Ó
»

sensedoutputscontrolsignals

exogenousinputs
(weighted)

exogenousoutputs
(weighted)

ë ¼
öõ

Figure 3.13: Generalcontrolconfigurationfor thecasewith no modeluncertainty

In this sectionwe considera generalmethodof formulating control problems
introducedby Doyle (1983; 1984). The formulation makesuse of the general
control configurationin Figure 3.13, where ½ is the generalized plant and

Ó
is

the generalizedcontrollerasexplainedin Table1.1 on page13. Note that positive
feedbackis used.

The overall control objectiveis to minimize somenorm of the transferfunction
from õ to ö , for example,the £$¤ norm.Thecontrollerdesignproblemis then:¾ Findacontroller

Ó
whichbasedontheinformationin ¼ , generatesacontrolsignalë which counteractsthe influenceof õ on ö , therebyminimizing theclosed-loop

normfrom õ to ö .
Themostimportantpointof thissectionis toappreciatethatalmostanylinearcontrol
problemcanbeformulatedusingtheblock diagramin Figure3.13(for thenominal
case)or in Figure3.21(with modeluncertainty).
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Remark 1 The configurationin Figure3.13may at first glanceseemrestrictive.However,
this is not thecase,andwe will demonstratethegeneralityof thesetupwith a few examples,
includingthedesignof observers(theestimationproblem)andfeedforwardcontrollers.

Remark 2 Wemaygeneralizethecontrolconfigurationstill furtherby includingdiagnostics
asadditionaloutputsfrom thecontrollergiving the4-parameter controller introducedby Nett
(1986),but this is notconsideredin thisbook.

3.8.1 Obtaining the generalized plant ¿
Theroutinesin MATLAB for synthesizing£ ¤ and £-À optimalcontrollersassume
that the problemis in the generalform of Figure3.13,that is, they assumethat ½
is given.To derive ½ (and

Ó
) for a specificcasewe mustfirst find a blockdiagram

representationandidentify thesignalsõ , ö , ë and ¼ . To construct½ oneshouldnote
thatit is anopen-loop systemandrememberto breakall “loops” enteringandexiting
thecontroller

Ó
. Someexamplesaregivenbelowandfurtherexamplesaregivenin

Section9.3(Figures9.9,9.10,9.11 and9.12).
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Figure 3.14: Onedegree-of-freedomcontrolconfiguration

Example 3.13 One degree-of-freedom feedback control configuration. We want to findÇ
for the conventional one degree-of-freedom control configuration in Figure 3.14. The first

step is to identify the signals for the generalized plant:

HÉÈËÊÌ H /H WHÎÍ ÏÐ ÈËÊÌ�Ñ 0Ò ÏÐªÓÕÔ È�Ö[È .Ø× 0 ÓÚÙ È�0 ×$.   ÈI0 ×Û.Ü×$Ò (3.92)

With this choice of

Ù
, the controller only has information about the deviation 0 ×�.   . Also note

that

Ô È .�× 0 , which means that performance is specified in terms of the actual output . and
not in terms of the measured output .   . The block diagram in Figure 3.14 then yieldsÔ È .Ý× 0'ÈÉÞ[A 3 Ñ × 0'ÈIK¶H / × K¶H W 3àß H Í 3 Þ[AÙ È 0 ×$.   ÈI0 × Þ[A × Ñ ×ÛÒ È × K¶H / 3 K¶H W × K¶H Í × Þ[A
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Figure 3.15: Equivalentrepresentationof Figure3.14wheretheerrorsignalto beminimized
is

Ô È .Ü× 0 andtheinput to thecontrolleris

Ù ÈI0 ×$.  
and

Ç
which represents the transfer function matrix from å`H AJæ Z to å ÔçÙ æ Z isÇ È \ K × K ß Þ× K K × K × Þ b (3.93)

Note that
Ç

does notcontain the controller. Alternatively,
Ç

can be obtained by inspection from
the representation in Figure 3.15.

Remark. Obtainingthe generalizedplant
Ç

may seemtedious.However, whenperforming
numericalcalculations

Ç
canbegeneratedusingsoftware.Forexample,in MATLAB wemay

usethesimulink program,or we mayusethesysic programin the è -toolbox.Thecode
in Table3.1generatesthegeneralizedplant

Ç
in (3.93)for Figure3.14.

Table 3.1: MATLAB program to generate
Ç

in (3.93)
% Uses the Mu-toolbox
systemnames = ’G’; % G is the SISO plant.
inputvar = ’[d(1);r(1);n(1);u(1)]’; % Consists of vectors w and u.
input to G = ’[u]’;
outputvar = ’[G+d-r; r-G-d-n]’; % Consists of vectors z and v.
sysoutname = ’P’;
sysic;

3.8.2 Controller design: Including weights in ¿
To geta meaningfulcontrollersynthesisproblem,for example,in termsof the £$¤
or £ À norms,we generallyhaveto includeweights éëê and éëì in thegeneralized
plant ½ , seeFigure3.16.Thatis, weconsidertheweightedor normalizedexogenous
inputs í (where îíï¦;é ì í consistsof the“physical” signalsenteringthesystem;
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Figure 3.16: Generalcontrolconfigurationfor thecasewith no modeluncertainty

disturbances,referencesand noise), and the weightedor normalizedcontrolled
outputs � ¦ é ê2î� (where î� often consistsof the control error �� Æ and the
manipulatedinput � ). Theweightingmatricesareusuallyfrequencydependentand
typically selectedsuchthatweightedsignalsí and � areof magnitude1, thatis, the
normfrom í to � shouldbelessthan1.Thus,in mostcasesonly themagnitudeof the
weightsmatter, andwemaywithoutlossof generalityassumethat éëì °�� ³ and é ê °�� ³
arestableandminimumphase(theyneednotevenberationaltransferfunctionsbut
if not theywill beunsuitablefor controllersynthesisusingcurrentsoftware).

Example 3.14 Stacked ����������� problem. Consider an ��� problem where we want to
bound � "! �$# (for performance), � %! �&# (for robustness and to avoid sensitivity to noise) and� %! ���%# (to penalize large inputs). These requirements may be combined into a stacked ���
problem ')(+*,.-0/ ! ��# - �21 / ÈËÊÌ 354 ���356 �387 � ÏÐ (3.94)

where � is a stabilizing controller. In other words, we have

Ô È /29 and the objective is to
minimize the � � norm from 9 to

Ô
. Except for some negative signs which have no effect when

evaluating -0/:- � , the / in (3.94) may be represented by the block diagram in Figure 3.17
(convince yourself that this is true). Here 9 represents a reference command ( 9 È ×�; , where
the negative sign does not really matter) or a disturbance entering at the output ( 9 È=<?> ), and
Ô

consists of the weighted input

Ô @ È 384BA , the weighted output

Ô C È 3 6ED , and the weighted
control error

Ô ÍJÈ 3 7 ! D ×8; # . We get from Figure 3.17 the following set of equationsÔ @ È 384BAÔ C È 386 Þ AÔ Í È 3F7 9HG 3F7 Þ AÙ È × 9 × Þ A
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Figure 3.17: Block diagramcorrespondingto

Ô È /29 in (3.94)

so the generalized plant
Ç

from å 9 A æ 6 to å Ô Ù æ 6 isÇ È ÊYYÌ ß 354[Zß 356 Þ3F7\Z]387 Þ× Z × Þ
Ï ^^Ð

(3.95)

3.8.3 Partitioning the generalized plant ¿
We oftenpartition ½ as ½ ¦`_ ½bacac½da À½ À ac½ ÀnÀ�e (3.96)

suchthat its partsarecompatiblewith the signalsí , � , � and ¼ in the generalized
controlconfiguration, � ¦ ½daca9ígfU½da À � (3.97)¼ ¦ ½ À a9ígfU½ ÀnÀ � (3.98)

Thereadershouldbecomefamiliar with thisnotation.In Example3.14weget½baca'¦ihkjjl 7\monEp ½ba À ¦ih l 4 ml 6\ql 7$qrn (3.99)½ À a'¦sut p ½ ÀnÀ ¦v Å (3.100)

Notethat ½ ÀnÀ hasdimensionscompatiblewith thecontroller, i.e. if
ä

is an Ã Q�w Ã$x
matrix,then½ ÀnÀ is an Ã$x w Ã Q matrix.Forcaseswith onedegree-of-freedomnegative
feedbackcontrolwehave½�À�À�¦s Å .
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3.8.4 Analysis: Closing the loop to get z �� �{í

Figure 3.18: Generalblockdiagramfor analysiswith nouncertainty

Thegeneralfeedbackconfigurationsin Figures3.13and 3.16havethecontrollerä
asa separateblock.This is usefulwhensynthesizingthecontroller. However, for

analysis of closed-loopperformancethecontrolleris given,andwe mayabsorb
ä

into theinterconnectionstructureandobtainthesystem
{

asshownin Figure3.18
where �T¦ { í (3.101)

where
{

is afunctionof
ä

. To find
{

, first partitionthegeneralizedplant ½ asgiven
in (3.96)-(3.98),combinethiswith thecontrollerequation�$¦ ä ¼ (3.102)

andeliminate � and ¼ from equations(3.97),(3.98)and(3.102)to yield �ú¦ { í
where

{
is givenby{ ¦ã½ aca fU½ a À ä ° t)I½�À�À ä ³}| a ½�À a�~��"� ° ½ p ä ³ (3.103)

Here � � ° ½ p ä ³ denotesa lower linear fractional transformation (LFT) of ½ with
ä

astheparameter. Somepropertiesof LFTs aregivenin AppendixA.7. In words,
{

is obtainedfrom Figure3.13by using
ä

to closea lower feedbackloop around½ .
Sincepositivefeedbackis usedin thegeneralconfigurationin Figure3.13theterm° t��½ ÀnÀ ä ³ | a hasa negativesign.

Remark. To assistin rememberingthesequenceof
Ç @�C and

Ç C0@ in (3.103),noticethatthefirst
(last)indexin

Ç @�@ is thesameasthefirst (last)indexin
Ç @�C � ! Z × Ç C�C ��#0� @ Ç C0@ . Thelower

LFT in (3.103)is alsorepresentedby theblockdiagramin Figure3.2.

Thereaderis advisedto becomecomfortablewith theabovemanipulationsbefore
progressingmuchfurther.

Example 3.15 We want to derive / for the partitioned
Ç

in (3.99) and (3.100) using the
LFT-formula in (3.103). We get/ ÈËÊÌ ßß3F7�Z ÏÐ G ÊÌ 3 4 Z386 Þ3F7 Þ ÏÐ � ! Z G Þ���# � @ ! × Z #?È ÊÌ × 3 4 ���× 386 �3F7 � ÏÐ
where we have made use of the identities ��È ! Z G Þ���#0� @ , � È Þ���� and

Z × � Èv� .
With the exception of the two negative signs, this is identical to / given in (3.94). Of course,
the negative signs have no effect on the norm of / .
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Again, it shouldbe notedthatderiving

{
from ½ is muchsimplerusingavailable

software.For examplein theMATLAB º -Toolboxwe canevaluate
{ ¦ �"� ° ½ p ä ³

usingthecommandN=starp(P,K). Herestarp denotesthematrixstarproduct
whichgeneralizestheuseof LFTs (seeAppendixA.7.5).

Exercise 3.10 Consider the two degrees-of-freedom feedback configuration in Figure 1.3(b).
(i) Find

Ç
when 9 È ÊÌ < ;Ò ÏÐ6ÓÕÔ È�� D ×8;A�� Ó Ù È�� ;DB� � (3.104)

(ii) Let

Ô È /29 and derive / in two different ways; directly from the block diagram and using/ È��\� ! Ç 1���# .
3.8.5 Generalized plant ¿ : Further examples

To illustratethegeneralityof theconfigurationin Figure3.13,we now presenttwo
further examples:onein which we derive � for a probleminvolving feedforward
control,andonefor aprobleminvolving estimation.

���
�

� �P �P
	

�
�

� ������� � a��� +

+

+

+ -
�

�

Å a
ä �
Å �

ä8�
ä aä�� +

-

Æ

Figure 3.19: Systemwith feedforward,local feedbackandtwo degrees-of-freedomcontrol

Example 3.16 Consider the control system in Figure 3.19, where
D @ is the output we want to

control,
D C is a secondary output (extra measurement), and we also measure the disturbance< . By secondary we mean that

D C is of secondary importance for control, that is, there is
no control objective associated with it. The control configuration includes a two degrees-of-
freedom controller, a feedforward controller and a local feedback controller based on the extra
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measurement

D C . To recast this into our standard configuration of Figure 3.13 we define

9 È�� <; � ÓÕÔ È D @ ×F; Ó Ù È ÊYYÌ ;D @D C<
Ï ^^Ð

(3.105)

Note that < and ; are both inputs and outputs to
Ç

and we have assumed a perfect measurement
of the disturbance < . Since the controller has explicit information about ; we have a two
degrees-of-freedom controller. The generalized controller � may be written in terms of the
individual controller blocks in Figure 3.19 as follows:�§È å�� @ �)� × � @ × � C ����æ (3.106)

By writing down the equations or by inspection from Figure 3.19 we get

Ç È ÊYYYÌ Þ @
× Z Þ @ Þ Cß Z ßÞ @ ß Þ @ Þ Cß ß Þ CZ ß ß

Ï ^^^Ð
(3.107)

Then partitioning
Ç

as in (3.97) and (3.98) yields
Ç C�C Èüå ß 6 ! Þ @ Þ C # 6 Þ 6 C ß 6 æ 6 .

Exercise 3.11 Cascade implementation. Consider further Example 3.16. The local feed-
back based on

D C is often implemented in a cascade manner; see also Figure 10.4. In this case
the output from � @ enters into � C and it may be viewed as a reference signal for

D C . Derive
the generalized controller � and the generalized plant

Ç
in this case.

Remark. FromExample3.16andExercise3.11,weseethatacascadeimplementation doesnot
usuallylimit theachievableperformancesince,unlesstheoptimal � C or � @ haveRHP-zeros,
wecanobtainfromtheoptimaloverall � thesubcontrollers� C and� @ (althoughwemayhave
to addasmall � -termto � to makethecontrollersproper).However, if weimposerestrictions
on the design suchthat, for example� C or � @ aredesigned“locally” (without considering
thewholeproblem),thenthis will limit theachievableperformance.For example,for a two
degrees-of-freedom controller a commonapproachis to first designthe feedbackcontroller�)> for disturbancerejection(withoutconsideringreferencetracking)andthendesign� � for
referencetracking.Thiswill generallygivesomeperformancelosscomparedtoasimultaneous
designof � > and �)� .
Example 3.17 Output estimator. Consider a situation where we have no measurement of
the output

D
which we want to control. However, we do have a measurement of another output

variable
D C . Let < denote the unknown external inputs (including noise and disturbances) andAo�

the known plant inputs (a subscript
�

is used because in this case the output
A

from � is
not the plant input). Let the model beD ÈÉÞ Ao� G Þ � < Ó D C È�� Ao� G � � <
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The objective is to design an estimator, �)¡£¢¥¤ , such that the estimated output ¦D È§�)¡£¢¥¤©¨oª C« �K¬
is as close as possible in some sense to the true output

D
; see Figure 3.20. This problem may

be written in the general framework of Figure 3.13 with9= ¨r®« �u¬ 1 A  ¦D 1�¯  D±° ¦D 1\²  ¨ ª C« �u¬
Note that

A  ¦D , that is, the output
A

from the generalized controller is the estimate of the plant
output. Furthermore, �  � ¡�¢¥¤ and³ µ´¶©· � · ° Z���¸� ¹¹ Z ¹»º¼ (3.108)

We see that

³ C�C  ¨ jj ¬ since the estimator problem does not involve feedback.

O
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Figure 3.20: Outputestimationproblem.Oneparticularestimator� ¡£¢¥¤ is aKalmanFilter

Exercise 3.12 State estimator (observer). In the Kalman filter problem studied in Sec-
tion 9.2 the objective is to minimize Ï ° ¦Ï (whereas in Example 3.17 the objective was to
minimize

Du° ¦D ). Show how the Kalman filter problem can be represented in the general con-
figuration of Figure 3.13 and find

³
.
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3.8.6 Deriving Ñ from z
Forcaseswhere

{
is givenandwewish to find a � suchthat{µÒ �%�ÔÓ � p Ä»Õ�Ò � a0a fÖ� a�� Ä Ó t)=� �c� Ä»Õ | a � �×a

it is usuallybestto work from a block diagramrepresentation.This wasillustrated
abovefor the stacked

{
in (3.94).Alternatively, the following proceduremay be

useful:

1. Set
ÄµÒ�Ø

in
{

to obtain �daca .
2. Define Ù ÒÚ{ ��baca andrewrite Ù suchthat eachtermhasa commonfactorÛÜÒ§Ä Ó t)=�"�c� ÄÝÕ | a (thisgives �L�0� ).
3. SinceÙ Ò � aÔ� Û � �}a , wecannowusuallyobtain � aÔ� and � �×a by inspection.

Example 3.18 Weighted sensitivity. We will use the above procedure to derive

³
when/Þ=9 7 � �9 7 ! Z G · ��# � @ , where 9 7 is a scalar weight.

1.

³ @�@ �/ ! �  ¹B# =9 7 Z .
2. ß µ/ ° 9 7\Z µ9 7 ! � ° Z #  ° 9 7 �  ° 9 7 · � ! Z G · ��#0� @ , and we haveà  � ! Z G · ��#0� @ so

³ C�C  ° · .
3. ß  ° 9 7 · à so we have

³ @�C  ° 9 7 · and

³ C0@  Z , and we get
³  ¨cá 7\mãâ á 7�qm â"q ¬ (3.109)

Remark. Whenobtaining

³
from a given / , we havethat

³ @�@ and

³ C�C areunique,whereas
from Step3 in theaboveprocedurewe seethat

³ @�C and

³ C0@ arenot unique.For instance,letä bea realscalarthenwe mayinsteadchoose å³ @�C  ä ³ @�C and å³ C0@  ! � � ä # ³ C0@ . For

³
in

(3.109)thismeansthatwemaymovethenegativesignof thescalar9 7 from

³ @�C to

³ C0@ .
Exercise 3.13 Mixed sensitivity. Use the above procedure to derive the generalized plant

³
for the stacked / in (3.94).

3.8.7 Problems not covered by the general formulation

Theaboveexampleshavedemonstratedthe generalityof thecontrol configuration
in Figure3.13.Nevertheless,therearesomecontrollerdesignproblemswhich are
not covered.Let

{
besomeclosed-looptransferfunctionwhosenormwe want to

minimize.To usethegeneralform wemustfirst obtaina � suchthat
{µÒ � � Ó � p ÄÝÕ .

However, this is not alwayspossible,sincetheremay not exist a block diagram
representationfor

{
. As a simpleexample,considerthestackedtransferfunction{µÒ _ Ó trf Î ÄÝÕ | aÓ trf Ä Î Õ | a e (3.110)

Thetransferfunction Ó t)f Î ÄÝÕ | a mayberepresentedon a blockdiagramwith the
input andoutputsignalsafter the plant,whereasÓ tæf Ä Î Õ | a maybe represented
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by anotherblockdiagramwith inputandoutputsignalsbefore theplant.However, in{

therearenocrosscouplingtermsbetweenaninputbeforetheplantandanoutput
aftertheplant(correspondingto Î Ó t�f Ä Î Õ | a ), or betweenaninputaftertheplant
andanoutputbeforetheplant(correspondingto  Ä Ó t)f Î ÄÝÕ | a ) so

{
cannotbe

representedin blockdiagramform.Equivalently, if weapplytheprocedurein Section
3.8.6to

{
in (3.110),wearenotableto find solutionsto �ba�� and �L�}a in Step3.

Anotherstackedtransferfunctionwhichcannot in generalberepresentedin block
diagramform is {µÒ _ éRTêéé Î � e (3.111)

Remark. The casewhere / cannotbe written as an LFT of � , is a specialcaseof the
Hadamardweighted��� problemstudiedby vanDiggelenandGlover(1994a).Althoughthe
solutionto this ��� problemremainsintractable,vanDiggelenandGlover(1994b)presenta
solutionfor asimilarproblemwheretheFrobeniusnormis usedinsteadof thesingularvalue
to “sumup thechannels”.

Exercise 3.14 Show that / in (3.111) can be represented in block diagram form if
3F7 9 7\Z where 9 7 is a scalar.

3.8.8 A general control configuration including model
uncertainty

Thegeneralcontrolconfigurationin Figure3.13maybeextendedto includemodel
uncertaintyas shown by the block diagramin Figure 3.21. Here the matrix ë
is a block-diagonal matrix that includesall possibleperturbations(representing
uncertainty)to thesystem.It is usuallynormalizedin sucha way that ì�ë:ì�íkî Â .

�
	

� ��
	

� ï �í
Ä
ð
ë��ñ � ñ

Figure 3.21: Generalcontrolconfigurationfor thecasewith modeluncertainty

Theblockdiagramin Figure3.21in termsof � (for synthesis)maybetransformed
into theblockdiagramin Figure3.22in termsof

{
(for analysis)by using

Ä
to close
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Figure 3.22: Generalblockdiagramfor analysiswith uncertaintyincluded
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Figure 3.23: Rearrangingasystemwith multipleperturbationsinto the /Êö -structure

alowerlooparound� . If wepartition � to becompatiblewith thecontroller
Ä

, then
thesamelower LFT asfoundin (3.103)applies,and{µÒ �%�ÔÓ � p Ä»Õ�Ò � a0a fÖ� a�� Ä Ó t)=� �c� Ä»Õ | a � �×a (3.112)

To evaluatethe perturbed(uncertain)transferfunction from externalinputs í to
externaloutputs � , we use ë to closethe upperloop around

{
(seeFigure3.22),

resultingin anupper LFT (seeAppendixA.7):� Ò � Q Ó { p ë Õ í�÷ � Q Ó { p ë Õ ~ { �c� f { �}a ë Ó tø { aca ë Õ | a { aÔ� (3.113)

Remark 1 Controllersynthesisbasedon Figure3.21is still anunsolvedproblem,although
goodpracticalapproacheslike �)� -iterationto find the“ ù -optimal” controllerarein use(see
Section 8.12).For analysis(with a givencontroller),thesituationis betterandwith the � �
normanassessmentof robustperformanceinvolvescomputingthestructuredsingularvalue,ù . This is discussedin moredetailin Chapter8.

Remark 2 In (3.113) / has beenpartitionedto be compatiblewith ö , that is / @�@ has
dimensionscompatiblewith ö . Usually, ö is squarein whichcase/ @�@ is a squarematrixof
the samedimensionas ö . For the nominalcasewith no uncertaintywe have � 4 ! / 1 ö # � 4 ! / 1�¹J# �/ C�C , so / C�C is thenominaltransferfunctionfrom 9 to ¯ .
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Remark 3 Notethat

³
and / herealsoincludeinformationabouthowtheuncertaintyaffects

thesystem,sotheyarenot thesame

³
and / asusedearlier, for examplein (3.103).Actually,

theparts

³ C�C and / C�C of

³
and / in (3.112) (with uncertainty)areequalto the

³
and / in

(3.103)(without uncertainty).Strictly speaking,we shouldhaveusedanothersymbolfor /
and

³
in (3.112),but for notationalsimplicity wedid not.

Remark 4 The fact that almostany control problemwith uncertaintycan be represented
by Figure3.21 may seemsurprising,so someexplanationis in order. First representeach
sourceof uncertaintyby a perturbationblock, örú , which is normalizedsuchthat -cörúÔ-øû � .
Theseperturbationsmayresultfrom parametricuncertainty, neglecteddynamics,etc.aswill
bediscussedin moredetailin Chapters7 and8. Then“pull out” eachof theseblocksfrom the
systemsothataninputandanoutputcanbeassociatedwith eachö ú asshownin Figure3.23(a).
Finally, collecttheseperturbationblocksintoalargeblock-diagonalmatrixhavingperturbation
inputsandoutputsasshownin Figure3.23(b).In Chapter8 wediscussin detailhowto obtain/ and ö .

3.9 Additional exercises

Mostof theseexercisesarebasedonmaterialpresentedin AppendixA. Theexercises
illustrate material which the readershould know before readingthe subsequent
chapters.

Exercise 3.15 Consider the performance specification ü0ýêþ%ÿ�ü�� � �
. Suggest a rational

transfer function weight ýêþ������ and sketch it as a function of frequency for the following two
cases:

1. We desire no steady-state offset, a bandwidth better than
�

rad/s and a resonance peak
(worst amplification caused by feedback) lower than

�
	 �
.

2. We desire less than
�
% steady-state offset, less than

� ¹ % error up to frequency � rad/s, a
bandwidth better than

� ¹ rad/s, and a resonance peak lower than � . Hint: See (2.72) and
(2.73).

Exercise 3.16 By ü� ü�� one can mean either a spatial or temporal norm. Explain the
difference between the two and illustrate by computing the appropriate infinity norm for

��  � � �° �   ��� ��
�����  � ° ���� � ������
Exercise 3.17 What is the relationship between the RGA-matrix and uncertainty in the
individual elements? Illustrate this for perturbations in the

� � � -element of the matrix�  � � ¹ òò ç � (3.114)

Exercise 3.18 Assume that
�

is non-singular. (i) Formulate a condition in terms of the
maximum singular value of � for the matrix

� ��� to remain non-singular. Apply this to
�

in
(3.114) and (ii) find an � of minimum magnitude which makes

� ��� singular.
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Exercise 3.19 Compute ü � ü ú � , 89 � � �  ü � ü ú � , ü � ü ú � , ü � ü;: , ü � ü�<4=)> and ü � üc¢@?�< for
the following matrices and tabulate your results:� � BADC � �  E � ¹¹ ¹GF C ��H  E � �� � F C ��I  E � �¹ ¹JF � ��K  E � ¹� ¹4F
Show using the above matrices that the following bounds are tight (i.e. we may have equality)
for �MLN� matrices ( O  � ): 89 � � � û ü � ü�: ûBP OQ89 � � �ü � ü�<4=)> û 89 � � � û O:ü � üR<4=)>ü � ü ú ��S P O û 89 � � � ûTP O:ü � ü ú �ü � ü ú � S P O û 89 � � � û P O:ü � ü ú �ü � ü�: û ü � üc¢@?�<
Exercise 3.20 Find example matrices to illustrate that the above bounds are also tight when�

is a square OULVO matrix with OXWY� .
Exercise 3.21 Do the extreme singular values bound the magnitudes of the elements of a
matrix? That is, is 89 � � � greater than the largest element (in magnitude), and is 9 � � � smaller
than the smallest element? For a non-singular matrix, how is 9 � � � related to the largest
element in

�[Z � ?
Exercise 3.22 Consider a lower triangular O\L]O matrix

�
with ^ ú+ú� ° � , ^ ú _& � for all` Wba , and ^ ú _� ¹ for all

` � a .
a) What is ced�f � ?
b) What are the eigenvalues of

�
?

c) Show that the smallest singular value is less than or equal to � ZDg .
d) What is the RGA of

�
?

e) Let O  � and find an � with the smallest value of 89 �h�i� such that
� ��� is singular.

Exercise 3.23 Find two matrices
�

and j such that kl� � �]j]��W�kl� � ���ikl�hj]� which proves
that the spectral radius does not satisfy the triangle inequality and is thus not a norm.

Exercise 3.24 Write m  ·&n � A � ·&n � Z � as an LFT of n , i.e. find

³
such that m oJp �

³
� n � .

Exercise 3.25 Write n as an LFT of m  ·&n � A � ·&n � Z � , i.e. find q such that n oJp �2q � m�� .
Exercise 3.26 State-space descriptions may be represented as LFTs. To demonstrate this findr

for oJp � r � � S
��� ts ��� A ° � � Z � jT�R�
Exercise 3.27 Show that the set of all stabilizing controllers in (4.91) can be written as

n  oup �2q �wv � and find q .
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Exercise 3.28 In (3.11) we stated that the sensitivity of a perturbed plant, ÿ4{  � A �· { n � Z � , is related to that of the nominal plant, ÿ  � A � ·&n � Z � byÿ {  ÿ7� A ����|um�� Z �
where ��|  � · { ° · � · Z � . This exercise deals with how the above result may be derived
in a systematic (though cumbersome) manner using LFTs (see also (Skogestad and Morari,
1988a)).

a) First find
o

such that ÿ4{  � A � · { n � Z �  oJp � o � n � , and find q such that n oJp �2q � m�� (see Exercise 3.25).
b) Combine these LFTs to find ÿ4{  o p �h} � m�� . What is } in terms of · and · { ?. Note that

since qD�~�  ¹ we have from (A.156)

}  E o �~� o �2��qD�2�q �R� o �R� q �~� ��q �R� o �~� q �2�lF
c) Evaluate ÿJ{  oJp �h} � m&� and show thatÿ { BA ° · { · Z � mi� A ° � A ° · { · Z � �2m&� Z �
d) Finally, show that this may be rewritten as ÿJ{  ÿ�� A ���5|Jm�� Z � .

3.10 Conclusion

Themainpurposeof thischapterhasbeentogiveanoverviewof methodsfor analysis
anddesignof multivariablecontrolsystems.

In termsof analysis,we haveshownhow to evaluateMIMO transferfunctions
andhow to usethesingularvaluedecompositionof the frequency-dependent plant
transferfunction matrix to provide insight into multivariabledirectionality. Other
useful tools for analyzingdirectionalityand interactionsarethe conditionnumber
andtheRGA. Closed-loopperformancemaybeanalyzedin the frequencydomain
by evaluatingthemaximumsingularvalueof thesensitivityfunctionasa function
of frequency. Multivariable RHP-zerosimposefundamentallimitations on closed-
loop performance,but for MIMO systemswe canoften direct the undesiredeffect
of aRHP-zeroto a subsetof theoutputs.MIMO systemsareoftenmoresensitiveto
uncertaintythanSISOsystems,andwe demonstratedin two examplesthepossible
sensitivityto inputgainuncertainty.

In terms of controller design, we discusssedsome simple approachessuch
as decouplingand decentralizedcontrol. We also introduceda generalcontrol
configurationin termsof thegeneralizedplant � , which canbeusedasa basisfor
synthesizingmultivariablecontrollersusinga numberof methods,includingLQG,� � , � í and � -optimalcontrol.Thesemethodsarediscussedin muchmoredetailin
Chapters8 and9. In thischapterwehaveonlydiscussedthe

� í weightedsensitivity
method.
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modelreduction,458
controller, 461–467
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Anglebetweenvectors,521
Anti-stable,467
Anti-windup,394
Augmentedplantmodel,357

Balancedmodelreduction,454
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Bode’s stabilitycondition,25
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observer, 120,121
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conventional,414–416,422,427
generalizedcontroller, 105
input resetting,416,418
parallelcascade,417
why use,420

Casestudies
aero-engine,481–491
distillationprocess,492–498
helicopter, 472–481
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Centralizedcontroller, 399
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Controlstructuredesign,2, 398, 483
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Controlsystemdecomposition
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Controlsystemhierarchy, 400
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indirectcontrol,406
selection,401–408
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Controllerdesign,39,349,395
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, see also � � optimalcontrol
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stabilizingcontrollers,143
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uncertainty, 377
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application:distillationprocess,444
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controllabilityanalysis,443µ
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inputuncertainty(RGA), 239
interaction,433
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Decentralizedfixedmode,443
DecentralizedIntegralControllability(DIC),
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determinantcondition,440
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Distillation process,93,492–498

DV-model,497
diagonalcontroller, 319
inverse-basedcontroller, 243
robuststability, 319
sensitivitypeak,243

LV-model,492–497
CDC benchmarkproblem,495
couplingbetweenelements,294
decentralizedcontrol,444
detailedmodel,496
disturbancerejection,232µ n -iteration,337
element-by-elementuncertainty, 246
feedforwardcontrol,241,429��� loop-shaping,97
inverse-basedcontroller, 93, 96, 242,

329� -optimalcontroller, 337
partialcontrol,429
physicsanddirection,75
robustperformance,329
robustnessproblem,93,241
sensitivitypeak(RGA), 242
SVD-analysis,75
SVD-controller, 96

Disturbance( ¶ ), 13
limitation MIMO, 226–228
limitation SISO,187–189
scaling,6

Disturbancemodel( ·�®�� , 116,142
internalstability, 142

Disturbanceprocessexample,46��� loopshaping,380
inverse-basedcontroller, 46
loop-shapingdesign,49
mixedsensitivity, 60
two degrees-of-freedomdesign,52

Disturbancerejection,47
MIMO system,81
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generalized,131
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propertiesof, 503
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left, 502
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Elementuncertainty, 244,512
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Euclideannorm,518
Excessvariation,29
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Exogenousoutput( ¹ ), 13
Extrainput,418
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Fan’s theorem,508
FCCprocess,251

controllabilityanalysis,251,429
RGA-matrix,90
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Feedback
negative,21,65
positive,65
why use,23

Feedbackrule,64
Feedforwardcontrol,23

distillationprocess,429
perfect,23

Feedforwardelement,414
Fictitiousdisturbance,254
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(lowerLFT), 530
Flexiblestructure,54
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Frobeniusnorm,518oJº
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Full-authoritycontroller, 475
Functionalcontrollability, 219

andzeros,136
uncontrollableoutputdirection,219
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GainMargin (GM), 31, 34,274
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Gainreductionmargin, 32
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Gainscheduling��� loopshaping,391
Gain-phaserelationship,19
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Generalizedcontroller, 98
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Generalizedinverse,509
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estimator, 105
feedforwardcontrol,104
inputuncertainty, 301
limitation, 107
mixedsensitivity( ÿ�S n ÿ ), 370
mixedsensitivity( ÿ�S»m ), 372
onedegree-of-freedomcontroller, 99
two degrees-of-freedomcontroller, 104
uncertainty, 291

Gershgorin’s theorem,436,504
Glover-McFarlane loop shaping,see ���

loopshaping
Gramian

controllability, 122
observability, 126

Gramianmatrix,122,454,456��� norm,56,152, 527
computationof, 152
stochasticinterpretation,365��� optimalcontrol,363–366
assumptions,363
LQG control,365��� loopshaping,54,376–395

aero-engine,488
anti-windup,394
bumplesstransfer, 395
controllerimplementation,384
controllerorder, 461
designprocedure,380
discretetimecontrol,393
gainscheduling,391
generalizedplant,387,391
implementation,393
MATLAB, 381
observer, 390
servoproblem,385,389
two degrees-of-freedomcontroller, 385–

389
weightselection,489��� norm,55,153, 527
induced2-norm,153
MIMO system,78
multiplicativeproperty, 155
relationshipto ��� norm,153��� optimalcontrol,363,366–375 -iteration,368
assumptions,363
mixedsensitivity, 369,475
robustperformance,375
signal-based,373

Hadamard-weighted� � problem,108
Hamiltonianmatrix,153
Hankelnorm,155–157,378,454,456

modelreduction,156,456–458
Hankelsingularvalue,156, 454, 455, 459,

527
aero-engine,487

Hanusform, 394
Hardyspace,55
Helicoptercasestudy, 472–481
Hermitianmatrix,500
Hiddenmode,126
Hierarchicalcontrol,422–431� L � distillationprocess,425

cascadecontrol,427
extrameasurement,427
partialcontrol,422,428
sequentialdesign,424

Hurwitz, 128

Idealrestingvalue,418
Identification,245

sensitivityto uncertainty, 246
Ill-conditioned,87
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Improper, 5
Impulsefunction,115
Impulseresponse,30
Impulseresponsematrix,115
Indirectcontrol,406,422,423

partialcontrol,428
Inducednorm,519

maximumcolumnsum,520
maximumrow sum,520
multiplicativeproperty, 520
singularvalue,520
spectralnorm,520

Inferentialcontrol,407
Innerproduct,521
Innertransferfunction,117
Inputconstraint,189,394

acceptablecontrol,191,230
anti-windup,394
distillationprocess,232
limitation MIMO, 228–234
limitation SISO,189–193
max-norm,229
perfectcontrol,190,229
two-norm,229
unstableplant,192

Inputdirection,73
Input resetting,416
Inputselection,408
Inputuncertainty, 92,234,244

conditionnumber, 244
diagonal,92,95
generalizedplant,301
magnitudeof, 300

, see also Uncertainty
minimizedconditionnumber, 244
RGA, 244

Input,manipulated,13
scaling,6

Input-outputcontrollability, 160
analysisof, 160
application

aero-engine,481–491
FCCprocess,90,251,429
first-orderdelayprocess,201
neutralizationprocess,205
roomheating,203

conditionnumber, 87
controllability rule,197
decentralizedcontrol,443
exercises,249
feedforwardcontrol,200

plantdesignchange,160,248
plantinversion,163
remarksdefinition,162
RGA analysis,88
scalingMIMO, 214
scalingSISO,161
summary:MIMO, 246–249
summary:SISO,196–200

Input-outputpairing,89,431–440,488
Input-outputselection,398
Integralabsoluteerror(IAE), 525
Integralaction,27

in LQG controller, 357
Integralcontrol

uncertainty, 245
, see also DecentralizedIntegralControl-

lability
Integralsquareerror(ISE),30

optimalcontrol,221
Integrator, 147
Integrity, 438

determinantcondition,440
, see also DecentralizedIntegralControl-

lability
Interaction,63,74

two-way, 88
Internal model control (IMC), 46, 49, 80,

143
Internalmodelprinciple,49
Internalstability, 127, 137–142

disturbancemodel,142
feedbacksystem,139
interpolationconstraint,140
two degrees-of-freedomcontroller, 141

Interpolationconstraint,140,215
MIMO, 215
RHP-pole,215
RHP-zero,215
SISO,170

Inversematrix,500,509
Inverseresponse,174
Inverseresponseprocess,24,43

loop-shapingdesign,43
LQG design,357
Pcontrol,25
PI control,27

Inversesystem,119
Inverse-basedcontroller, 45,46,80, 94

inputuncertaintyandRGA, 239
robustperformance,333
structuredsingularvalue( � ), 333
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Irrationaltransferfunction,121
ISEoptimalcontrol,172

Jordanform, 121,452,453

Kalmanfilter, 106,355
generalizedplant,106
robustness,359¼ � norm,527½ � norm,451

Laplacetransform,115
final valuetheorem,43

Leastsquaressolution,509
Left-half plane(LHP) zero,181
Linearfractionaltransformation(LFT), 103,

109,111, 529–533
factorizationof ÿ , 112
interconnection,531
inverse,532
MATLAB, 533
stabilizingcontroller, 111
starproduct,532
uncertainty, 287

Linearmatrix inequality(LMI), 346
Linearmodel,8
LinearquadraticGaussian,see LQG
Linearquadraticregulator(LQR), 353

cheapcontrol,221
robustness,357

Linearsystem,113
Linearsystemtheory, 113–157
Linearization,8
Local feedback,189,209,210
Loopshaping,39,41, 349–352

desiredloopshape,42,48,82
disturbancerejection,47
flexiblestructure,54
Robustperformance,279
slope,42
trade-off, 40
, see also � � loopshaping

Looptransferfunction( � ), 22, 66
Looptransferrecovery(LTR),352,361–362
LQG control,40,254,352–361� � optimalcontrol,365

controller, 355
inverseresponseprocess,357
MATLAB, 357
problemdefinition,353

robustness,357,359
Lyapunovequation,122,126,454

Main loop theorem,323
Manipulatedinput,see Input
Manualcontrol,401
MATLAB files

coprimeuncertainty, 379,381
LQG design,357
matrixnorm,523
mixedsensitivity, 60
modelreduction,468
RGA, 515
vectornorm,523

Matrix, 114,499–515
exponentialfunction,114
generalizedinverse,509
inverse,500
norm,518–523

Matrix inversionlemma,500
Matrix norm,72,518

Frobeniusnorm,518
inducednorm,519
inequality, 522
MATLAB, 523
maxelementnorm,519
relationshipbetweennorms,522

Maximummodulusprinciple,170
Maximumsingularvalue,74
McMillan degree,126, 451
McMillan form, 134
Measurement,13

cascadecontrol,427
Measurementnoise( ¾ ), 13
Measurementselection,406

distillationcolumn,407
MIMO system,63
Minimal realization,126
Minimizedconditionnumber, 511, 512

inputuncertainty, 244
Minimum phase,19
Minimum singularvalue,74, 247

aero-engine,486
outputselection,405
plant,219,230

Minor of amatrix,129
Mixed sensitivity, 58,279

disturbancerejection,478
generalcontrolconfiguration,101
generalizedplant,102��� optimalcontrol,369,475
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Mixed sensitivity( ÿ¿S n ÿ ), 60
disturbanceprocess,60
generalizedplant,370
MATLAB, 60
MIMO plantwith RHP-zero,85
MIMO weightselection,83

Mixed sensitivity( ÿ¿S�m )
generalizedplant,372

Modal truncation,452
Mode,114
Model,13

derivationof, 8
scaling,7

Modelmatching,389,462
Modelpredictivecontrol,40
Model reduction,451–469

aero-enginemodel,458
balancedresidualization,455
balancedtruncation,454
coprime,467
errorbound,457,468
frequencyweight,469
Hankel norm approximation,156, 456–
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MATLAB, 468
modaltruncation,452
residualization,453
steady-stategainpreservation,460
truncation,452
unstableplant,467–468

Moore-Penroseinverse,509� , see Structuredsingularvalue� -synthesis,335–344
Multilayer, 401
Multilevel, 401
Multiplicative property, 72,155,520
Multiplicative uncertainty, see Uncertainty,

see Uncertainty
Multivariablestabilitymargin, 313
Multivariablezero,see Zero

Neglecteddynamics,see Uncertainty
Neutralizationprocess,205–210,537

controlsystemdesign,208
mixing tank,205
plantdesignchange

multiplepH adjustments,209
multiple tanks,207

Niederlinskiindex,440

Noise( ¾ ), 13
NominalPerformance(NP),3
Nominalperformance(NP),276,303

Nyquistplot, 276
NominalStability (NS),3
Nominalstability (NS),303
Non-causalcontroller, 182
Non-minimumphase,19
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, see also Matrix norm
, see also Signalnorm
, see also Systemnorm
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Normalrank,130,219
Notation,11
Nyquist

µ
-contour, 147

Nyquistarray, 79
Nyquistplot, 17,31
Nyquiststability theorem,146

argumentprinciple,148
generalized,MIMO, 146
SISO,25

ObservabilityGramian,126,454
Observabilitymatrix,125
Observer, 390��� loopshaping,390
Offset,see Controlerror( ± )
Onedegree-of-freedomcontroller, 21
Optimization,401

closed-loopimplementation,402
open-loopimplementation,402

Optimizationlayer, 399
look-uptable,406

Orthogonal,73
Orthonormal,73
Output( À ), 13

primary, 13,419
secondary, 13,419

Outputdirection,73,213,214
disturbance,213,227
plant,73,213
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zero,133,213

Outputscaling,6
Outputuncertainty, see Uncertainty
Overshoot,29

Pad́eapproximation,121,181
Pairing,432,435,437,439

aero-engine,488
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, see also Decentralizedcontrol

Parseval’s Theorem,365
Partialcontrol,422

“true”, 422,428
distillationprocess,429
FCCprocess,251

Partitionedmatrix,501,502
Perfectcontrol,163

non-causalcontroller, 182,183
unstablecontroller, 182

Performance,29��� norm,78
frequencydomain,30
limitationsMIMO, 213–252
limitationsSISO,159–212
timedomain,29
weightselection,57
weightedsensitivity, 56,78
worst-case,326,342
, see also Robustperformance

PerformanceRelativeGain Array (PRGA),
433,446

Permutationmatrix,512
Perronroot ( k��wÁ � Á � ), 436,523
Perron-Frobeniustheorem,523
Perturbation,304

allowed,304
, see also Realperturbation
, see also Uncertainty

Phaselag
limitation SISO,193

PhaseMargin (PM), 32, 34
LQG, 358

Phasornotation,18
PI-controller, 27

Ziegler-Nicholstuningrule,27
PID-controller, 120

cascadeform, 194
idealform, 120

Pinnedzero,135
Plant( · ), 13

, see also Generalizedplant( Â )
Plantdesignchange,160,207,248

neutralizationprocess,207,209
Pole,128, 128–130

effectof feedback,135,136
stability, 128
, see also RHP-pole

Poledirection,133
from eigenvector, 133

Polepolynomial,128

Polynomialsystemmatrix,131
Positivedefinitematrix,500,504
Post-compensator, 81
Powerspectraldensity, 353,361
Pre-compensator, 79
Prediction,163,182,203
Prefilter, 28,52
Principalcomponentregression,510
Principalgain,73

, see also Singularvalue
Processnoise,353
Proper, 5
Pseudo-inverse,509

Q-parameterization,142

Rank,506
normalrank,219

Ratefeedback,475
Realperturbation,344µ · n -iteration,345� , 313,344

robuststability, 305
Realization,see State-spacerealization,see

State-spacerealization
Reference( ª ), 13,402

optimalvalue,402
performancerequirementMIMO, 232
performancerequirementSISO,187–189
scaling,6, 7

Referencemodel( m¿Ã@ÄhÅ ), 52,385
Regulatorproblem,2
Regulatorycontrol,399
Relativedisturbancegain(RDG),443
RelativeGainArray (RGA, Æ ), 88,512

aero-engine,486
controllabilityanalysis,88
decentralizedcontrol,89,434–441
diagonalinputuncertainty, 88
DIC, 439
elementuncertainty, 88
element-by-elementuncertainty, 244
inputuncertainty, 239,244
input-outputselection,410
MATLAB, 515
measureof interaction,434
non-square,89,514
propertiesof, 512
RGA-number, 89,443,487
RHP-zero,441
steady-state,488
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Relativeorder, 5, 194
Returndifference,145

factorization,433,528
RHP-pole,14, 25,184,216,224

limitation MIMO, 216,224
limitation SISO,184

RHP-poleandRHP-zero
MIMO, 224

anglebetweenpoleandzero,218
sensitivitypeak,217

SISO,185��� design,186
stabilization,185

RHP-zero,14, 19,45,174,221
aero-engine,486
bandwidthlimitation, 175
complexpair, 175
decoupledresponse,223
FCCprocess,251
high-gaininstability, 175
interaction,223
inverseresponse,174
limitation MIMO, 221
limitation SISO,45,174
low or high frequency, 179
moveeffectof, 85,221
multivariable,84
perfectcontrol,182
phaselag,19
positivefeedback,180
RGA, 441
weightedsensitivity, 170,177,216

performanceathigh frequency, 178
performanceat low frequency, 177

Riccatiequation,118� � optimalcontrol,367��� loopshaping,392
controller, 368
coprimeuncertainty, 378
Kalmanfilter, 355
statefeedback,355

Right-halfplane(RHP),14
Right-halfplanepole,see RHP-pole
Right-halfplanezero,see RHP-zero
Risetime,29
Robustperformance(RP),3, 253,276,303,

322� , 322� � optimalcontrol,375
conditionnumber, 332,334
distillationprocess,329

graphicalderivation,277
inputuncertainty, 326–335
inverse-basedcontroller, 333
loop-shaping,279
mixedsensitivity, 279
Nyquistplot, 278
outputuncertainty, 334
relationshipto robuststability, 324
relationshipto RS,282
SISO,276,281
structuredsingularvalue,279
worst-case,326

Robuststability (RS),3, 253,270,303, 304,
319tÇ -structure,292,304

complementarysensitivity, 271
coprimeuncertainty, 308,376
determinantcondition,305
gainmargin, 274
graphicalderivation,270
inputuncertainty, 308,319
inversemultiplicativeuncertainty, 275,308
multiplicativeuncertainty, 270
Nyquistplot, 271
realperturbation,305
relationshipto RP, 282
scaling,310
sensitivity, 276
SISO,270
skewed-� , 321
smallgaintheorem,311
spectralradiuscondition,305
spinningsatellite,321
structuredsingularvalue( � ), 319
unstructureduncertainty, 306,307

Robustness,91,97��� norm,97
LQG control,357
LTR, 361
motivatingexamples,91

Roll-off rate,42
Roomheatingprocess

controllabilityanalysis,203
derivingmodel,9

Routh-Hurwitzstability test,25

Saturation,see Input constraint
Scaling,5–8, 161,214,382

aero-engine,484
MIMO controllabilityanalysis,214
SISOcontrollabilityanalysis,161
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Schurcomplement,501
Schurproduct,512
Schur’s formula,502
Second-ordersystem,35
Secondaryoutput,415
Selector

auctioneering,420
override,420

Self-regulation,188,198
Semi-norm,516
Semi-proper, 5
Sensitivityfunction( ÿ ), 22–23, 66

bandwidth( § ¨ ), 36
factorization,112,528
output( ÿ | ), 66
, see also Mixed sensitivity
, see also Weightedsensitivity

Sensitivityfunctionpeak ��üÔÿLü;�È� , 171,217
MIMO RHP-poleandRHP-zero,217
MIMO RHP-zero,216
SISOpeak(  , �É ), 33
SISORHP-poleandRHP-zero,171
SISORHP-zero,171
uncertainty, 237–244

SeparationTheorem,353,356
Sequentialdesign,424,448
Servoproblem,3, 356��� loopshaping,385

LQG, 356
non-causalcontroller, 182

Setpoint,see Reference( ª )
Settlingtime,29
Shapedplant( ·&Ê ), 79,380
Shapingof closed-looptransferfunction,39,

see also Loopshaping
Signof plantMIMO, 245
Signalnorm,524Ë -norm,525¼ÍÌ

norm,525
1-norm,525
2-norm,525
ISE,525
power-norm,525

Similarity transformation,504
Singularapproximation,455
Singularmatrix,506, 509
Singularvalue,72,74�MLÎ� matrix,506� � norm,78

frequencyplot, 76
inequalities,507

Singular value decomposition(SVD), 72,
505�]L.� matrix,73

economy-size,509
nonsquareplant,77
of inverse,507
pseudo-inverse,509
SVD-controller, 81

Singularvector, 73,505
Sinusoid,16
Skewed-� , 321, 326,333
Smallgaintheorem,150

robuststability, 311
Spatialnorm,516

, see also Matrix norm
, see also Vectornorm

Spectralradius( k ), 502,521
Perronroot ( k��wÁ � Á � ), 523

Spectralradiusstabilitycondition,149
Spinningsatellite,91

robuststability, 321
Split-rangecontrol,420
Stability, 24,127,128

closed-loop,24
frequencydomain,144
internal,127
, see also Robuststability

Stabilitymargin, 33
coprimeuncertainty, 377
multivariable,313

Stabilizable,127, 185
stronglystabilizable,185
unstablecontroller, 226

Stabilizingcontroller, 111, 142–144
Starproduct,302,532
Statecontrollability, 122, 133,162

example:tanksin series,123
Stateestimator, see Observer
Statefeedback,127,354
Statematrix (

�
), 114

Stateobservability, 125, 133
example:tanksin series,126

State-spacerealization,113,119
hiddenmode,126
inversionof, 119
minimal (McMillan degree),126
unstablehiddenmode,127
, see also Canonicalform

Steady-stategain,17
Steady-stateoffset,27,29
Stepresponse,30
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Stochastic,353,365,366
Strictly proper, 5
Structuralproperty, 219
Structuredsingularvalue( � , SSV),279,311,

312� -synthesis,335–344
complexperturbations,314
computationalcomplexity, 345
definition,313
discretecase,345µ n -iteration,335

distillationprocess,337
interactionmeasure,436
LMI, 346
nominalperformance,325
practicaluse,348
propertiesof, 313

complexperturbation,314–318
realperturbation,313

realperturbation,344
relationto conditionnumber, 332
robustperformance,322,325,375
robuststability, 325
RP, 279
scalar, 312
skewed-� , 279,321,326
state-spacetest,346
upperbound,344
worst-caseperformance,326

Submatrix(
��Ð _ ), 500

Sumnorm ��ü � ü�Ñ@?�<7� , 518
Superpositionprinciple,5, 113
Supervisorycontrol,399
Supremum( Ò~ÓÕÔ ), 55
Systemnorm,151–157,525
Systemtype,42

Temporalnorm,516
, see also Signalnorm
, see also Systemnorm

Timedelay, 45,121,173,220
Pad́eapproximation,121
increaseddelay, 220
limitation MIMO, 220
limitation SISO,45,173
perfectcontrol,182
phaselag,19

Timedelayuncertainty, 32
Timeresponse

decayratio,29
excessvariation,29

overshoot,29
quality, 29
risetime,29
settlingtime,29
speed,29
steady-stateoffset,29
total variation,29

Total variation,29
Transferfunction,3, 22,115

closed-loop,22
evaluationMIMO, 65
evaluationSISO,23
rational,4
state-spacerealization,119

Transmissionzero,see Zero,134
Transpose(

�5�
), 500

Triangleinequality, 72,516
Truncation,452
Two degreesof freedomcontroller

localdesign,413
Two degrees-of-freedomcontroller, 11, 141��� loopshaping,385–389

design,51–52
internalstability, 141
localdesign,105

Ultimategain,24
Uncertainty, 195,253,291,294}NÇ -structure,293

additive,260,262,295
andfeedback– benefits,236
andfeedback— problems,237
at crossover, 196
chemicalreactor, 287
complexSISO,259–265
convexset,305
coprimefactor, 308,377
diagonal,299
element-by-element,294,298
feedforwardcontrol,195,235

distillationprocess,241
RGA, 236

frequencydomain,259
generalizedplant,291
infinite order, 269
, see also Inputuncertainty
input,295,297,301,see also Inputuncer-

tainty
inputandoutput,302
integralcontrol,245
inverseadditive,295
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inversemultiplicative,257,295
LFT, 287,291,292
limitation MIMO, 234–246
limitation SISO,195–196
lumped,256,296
modellingSISO,253
multiplicative,256,261,263
neglecteddynamics,255,266
nominalmodel,265
Nyquistplot, 260,265
output,234,295,297
parametric,255,257,263,295�

-matrix,286
gain,257,290
gainanddelay, 267
pole,283
repeatedperturbations,287
timeconstant,258
zero,284

physicalorigin, 255
pole,264
RHP-pole,284
RHP-zero,284,288
statespace,285
stochastic,257
structured,257
time-varying,344
unmodelled,255,268
unstableplant,283
unstructured,257,295
weight,262,263

Unitarymatrix,505
Unstablehiddenmode,127
Unstablemode,128
Unstableplant

frequencyresponse,18

Valvepositioncontrol,419
Vectornorm,517Ö -norm,517

Euclideannorm,517
MATLAB, 523
maxnorm,517

Waterbedeffect,165
Weightselection,57,336� � loopshaping,382,489

mixedsensitivity, 476
mixedsensitivity( ÿ�S n ÿ ), 83
performance,57,336

Weightedsensitivity, 56

generalizedplant,107
MIMO system,78
RHP-zero,170,177,216
typicalspecification,56

Weightedsensitivityintegral,168
Whitenoise,353
Wiener-Hopf design,373

Youlaparameterization,142

Zero,130, 130–137
decouplingzero,134
effectof feedback,135,136
from state-spacerealization,131
from transferfunction,131
inputblocking,134
invariantzero,134
non-squaresystem,132,135
pinned,135
, see also RHP-zero

Zerodirection,132
Ziegler-Nichols’ tuningrule,27


