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Preface

In this report we will give a treatment of important tools for analyzing stability
in nonlinear dynamical systems. This inludes both stability of equilibria and the
more general concept of set-stability. Some suggested applications for its use
are time-varying systems, maneuvering systems (Skjetne et al.; 2004), adaptive
systems, and observer designs.

A variety of references are used where the most important are Lin (1992);
Lin et al. (1995); Sontag and Wang (1995a); Lin et al. (1996); Teel and Praly
(2000); Teel (2002); Khalil (2002). Most of the definitions and theorems are
taken from the mentioned references and organized in a consistent notation. The
proper citations are clearly referenced. Using these references a few theorems
have been developed further by the author as minor extensions to the existing
theory. This concerns in particular Theorem 4.3, published in Skjetne et al.
(2005), and Theorem 5.2, published in Skjetne et al. (2004).



Chapter 1

Ordinary differential
equations

Consider the time-varying ordinary differential equation’

i = f(z,¢) (1.1)

where for each ¢ > 0 the vector z(t) € R" is the state.

To ensure existence and uniqueness of solutions, f is assumed to satisfy the
following properties (Teel; 2002): For each starting point (zg,ty) € R™ X R and
each compact set X' x T containing (xg,tp) then:

o for all (z,¢) € X x T, the function f(-,¢) is continuous and f(z,-) is
piecewise continuous,

e there exists L > 0 such that

|f(l',t)—f(y,t)|§L|£L’—y|, V(iﬂ,y,t)GXXXXT,

e fis bounded on X x 7.

This will ensure that there exists T' > ty > 0 such that there is one and only
one solution of (1.1) on [tg, T]. Often we simply assume that f(-,-) is smooth
which implies all the above conditions.

Let x(t,t0, o) denote the solution of (1.1) at time ¢ with initial time and
state z(tg) = x¢ where 0 < ¢y < co. If there is no ambiguity from the context,
the solution is simply written as z(t) with the initial state zo at time ty. The
solution is defined on some maximal interval of existence (Timin(%0), Tmax(Z0))
where Tinin(20) < to < Tmax (o). The system (1.1) is said to be forward complete

1Since the vector z in reality is a function of time, the notation #(t) = f(z(t),t) would
perhaps be more precise than (1.1). However, to indicate that ¢ in (1.1) is an explicit time-
variation in the system, the notation without the time argument for the states is chosen.
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if Thnax(z0) = 400 for all xg, backward complete if Tinin(xg) = —oo for all g,
and complete if it is both forward and backward complete (Lin et al.; 1996).

A solution is an absolutely continuous function satisfying z(to, to, zo) = o
and:

o (-, 1o, xp) is differentiable a.e. on (Tinin, Tmax)

° %x(t,to,xo) = f(=z(t, to,z0),t) is Lesbegue integrable on (Tinin, Tmax)
t t

o z(t,to,x0) — T0 = fto %.’E(T,to,xo)dT = fto f(x(7,to, o), T)dT.

A convenient but crude way to ensure forward completeness is:

Proposition 1.1 (Teel; 2002) Suppose the function f : R"xR>g — R" satisfies
the above conditions for existence and uniqueness of solutions. Suppose also that
f(-,-) satisfies a global sector bound, that is, 3L > 0 and ¢ > 0 such that ¥(x,t),

[f(z,t)] < L[ +c.
Then all solutions are defined for all t > tg.

To prove this proposition, a differential version of the Gronwall-Bellman
lemma is needed:

Lemma 1.2 Let y : R — R be absolutely continuous and satisfy
§8) < alty(t) + b(1), a.e. L€ to,t] (1.2)

where a(t), b(t) are continuously differentiable functions that satisfy a(t)b(t) —
a(t)b(t) =0 and 0 < ag < |a(t)| < oo for some ag and |b(t)| < oo, Yt € [to, 1]
Then,

y(t) < (y(to) + Zgz))) oxp (/t:a(s)ds> - % Viefto, ). (13)

If b= 0 then the above constraints can be relazed and a(t) needs only be locally
integrable to give

t
y(t) < y(to) exp (/ a(s)ds) , Vit € lto, t1]- (1.4)
to
Furthermore, when a,b are constants, the result is
b b
(1) < (ylto) + = ) exp (alt — t0)) 2. (15)

Proof. Consider the differentiable function

te):= (w0 + ot oo (- | :a<s>ds) . (16)
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In view of (1.2) and the constraints, differentiation gives

0(t) = (Q(t) + b(t)a(ti(;)l;(t)d(t)) exp (—/t a(S)ds>

—ato) (v + 2 Y exp (- / a(s)is)

— (3(0) — alt)y(t) — b{)) exp ( / a(s)ds)
<. (1.7)

This implies that n(t) < n(to), Yt € [to, t1] so that when substituting the defin-
ition for n(-) and using that exp (— f:o a(s)ds) > 0 gives (1.83). When b = 0,
then the fraction b/a in (1.6) vanishes so that the same result follows by only a
locally integrable function a(-). W

Proof of Proposition 1.1: Consider y := |z| = Vo Tx which is continu-
ously differentiable on R™\{0}. Suppose that a solution x(t,ty,xo) of & = f(z,1)
escapes at the finite time T > ty. Then, for each M < oo there exists T € [to,T)
such that |x(7,t9,x0)| > M. Differentiating y with respect to time gives for each
compact time interval [t1,t2] C [to, T), with x(t) # 0 Vt € [t1, 2],

x(tvtlvml)Tf(‘r(ta tlu xl)u t)
|:I?(t, tl, .’131)|

where x1 := x(t1,t0,20). In view of Lemma 1.2 this implies that

. d

C _ C
|z (t, ty, 21)| < (|x1| + Z) M) Ve [t t).

By picking M > (|z1| + £) elT=41) — £ this last inequality implies that no
T € [to,T) can be found so that |x(T,t9,x0)| > M. By contradiction it follows
that T = oco.

Some convenient classes of functions are next defined. These are instrumen-
tal in nonlinear control theory.

Definition 1.3 A function a : R>g — Rxq with «(0) = 0 is positive semi-
definite if a(s) > 0 for s > 0 and positive definite if a(s) > 0 for s > 0. It
belongs to class-KC (a € K) if it is continuous, a(0) = 0, and a(s2) > a(s1),
Vsg > s1, and it belongs to class-K (o € Koo) if in addition lims_, o, a(s) = oco.
A function 8 : R>g X R>g — Rxq belongs to class-KCL (8 € KL) if for each
fized t > 0, B(-,t) € K, and for each fized s > 0, (s,-) is nonincreasing and
lim; o0 B(s,t) = 0.

An equilibrium point z, € R™ of (1.1) at ¢ = % is a point such that f(x.,t) =
0, Vt > tg. Such an equilibrium can always be shifted to the origin, giving the
following stability definitions:
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Definition 1.4 For the system (1.1), the origin x = 0 is:
e Uniformly Stable (US) if there exists 6(-) € Ko such that for any e > 0,

|zo| <d(e), t>tg >0 = |x(t,to,x0)| <e. (1.8)

e Uniformly Globally Asymptotically Stable (UGAS) if it is US and Uni-
formly Attractive (UA), that is, for each ¢ > 0 and r > 0 there exists
T >ty > 0 such that

lzo| <7, t >T = |x(t, to,z0)| <e. (1.9)

The following comparison principle (Lin et al.; 1996, Lemma 4.4) is also
useful, especially in proving asymptotic stability by Lyapunov arguments and
K L-estimates:

Lemma 1.5 For each continuous positive definite function o there exists a KCL-
function B, (s,t) with the following property: if y(-) is any (locally) absolutely
continuous function defined for each t > tog > 0 and with y(t) > 0, Vt > tg, and
y(-) satisfies the differential inequality

g(t) < —a(y(t)), a.a.t > to (1.10)
with y(to) = yo > 0, then it holds that
y(t) < 6@(?/0; [ tO)v vt > 1o. (111)

Proof. See Lin et al. (1996, Lemma 4.4). ®



Chapter 2

Set-stability

Often we will consider attractors other than equilibrium points. Such attractors
will be closed subsets A of the state space. They can be compact or noncompact
sets. In order to measure the distance away from the set, the “distance to the
set A function” is defined as

|z| 4 :=d(x;A) =1inf {d(z,y) : y € A} (2.1)

where the point-to-point distance function is here simply taken as the Euclidean
distance d(z,y) = |z — y|. Stability of the set is then determined in terms of
bounds on the distance function.

For instance, an equilibrium z, € R™ of the system @ = f(x) is a point such
that f(z.) = 0. It is represented by the compact set

A={zeR": z=u2z.},

for which the distance function becomes |z| , = inf {|z —y|: y = z.} = |z — x|
showing that the distance function reduces to the traditional norm function.
Another example is the e-ball given by the compact set

A. ={z eR": |z| <&},

for which the distance function becomes |z| = max{0, |z| —€}.

In this framework, as shown by Teel and Praly (2000), we can consider the
explicit time dependence of t — f(z,t) in (1.1) as a state with its own dynamics
and analyze stability of an augmented system with respect to a noncompact set
in which ¢ is free. For clarity, for this purpose we use the variable p, that is, the
extended-state dynamic system becomes

2:%{;]:{“?’)]:;9(@ zoz[fﬂ (2.2)

Correspondingly, the time variable for the new extended-state system will be
denoted by t with initial time ¢ = 0. Notice that, in particular, p(t) =t + to for
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all t > 0 and consequently f(-,p(t)) for t > 0 is equal to f(-,t) for t > to > 0.
According to Lin (1992, Lemma 5.1.1) it follows that z(¢,%9,20) is a solution
of (1.1) for t > tg > 0 if and only if 2(t,29) := col (x(¢ + to, to, Zo),t + o) is a
solution of (2.2) for t > 0.
Stability of the origin « = 0 for (1.1) is captured by stability of the set of
points
A ={(z,p) ER" xRsp: =0} (2.3)

for  which  the distance-to-the-set  function = becomes |[z] =
inf{lz —y|: ye A} =|z|.

With this motivation in mind we can therefore, in general, use set-stability
analysis for time-invariant ODEs

b= f() (2.4)
where z(t,29) € R™, V¢ > 0, is the solution with initial condition z¢ = z(0).

Definition 2.1 A nonempty closed set A C R™ is a forward invariant set for
(2.4) if the system is forward complete and Vzo € A the solution x(t,z¢) € A,
Vvt > 0.

For noncompact sets there is a possibility that a solution may escape to
infinity in finite time within the set. Forward completeness is therefore a re-
quirement in stability analysis of such sets. The tool called finite escape-time
detectability through |- |4 is helpful:

Definition 2.2 (Teel; 2002) The system (2.4) is finite escape-time detectable
through | - | 4 if, whenever a solution’s mazximal interval of existence is bounded,
that is, z(t, zo) is defined only on [0,T) with T finite, then lim, ~r |z(t, z0)|4 =
0.

This is equivalent to what is called the unboundedness observability property
in Mazenc and Praly (1994) by defining the output y = h(z) = |z|4. Never-
theless, we will continue using finite escape-time detectability to ensure forward
completeness of the system.

Stability definitions using € — § neighborhoods as in Definition 1.4 is, as
shown by Lin et al. (1996); Khalil (2002), equivalent to using class-K and class-
KL estimates. For stability of sets we have:

Definition 2.3 If the system (2.4) is forward complete, then for this system a
closed, forward invariant set A C R™ is:

1. Uniformly Globally Stable (UGS) if there exists a class-Koo function ¢
such that, Yo € R™, the solution x(t,xo) satisfies

(8, m0)| 4 < @ (lzol4),  VE20. (2.5)
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2. Uniformly Globally Asymptotically Stable (UGAS) if there exists a class-
KL function 8 such that, Yxo € R™, the solution x(t,zq) satisfies

[zt x0)l 4 < B (Jxol4s 1), VEZ0, (2.6)

3. Uniformly Globally Exponentially Stable (UGES) if there exist strictly pos-
itive real numbers k > 0 and X > 0 such that, Yo € R", the solution
x(t,xo) satisfies

(¢, 20)| 4 < K|zl 4 e, vt > 0. (2.7)

When A is compact (for instance an equilibrium point), the forward com-
pleteness assumptions is redundant since in this case the system is finite escape-
time detectable through | - | 4, and the above bounds therefore imply that solu-
tions are bounded on the maximal interval of existence.

Definition 2.4 A smooth Lyapunov function for (2.4) with respect to a non-
empty, closed, forward invariant set A C R™ is a function V : R® — R>q that
satisfies:

1. there exist two Koo -functions oy and ae such that for any x € R™,

ar(lz]4) < V(z) < az(]z]4), (2.8)

2. there exists a continuous and, at least, positive semidefinite function asg
such that for any x € R™\ A,

V(@) f(z) < —as(lz] ). (2.9)

Note that when A is compact, the existence of a is a mere consequence of
continuity of V. We now have:

Theorem 2.5 Assume the system (2.4) is finite escape-time detectable
through | - | 4. If there exists a smooth Lyapunov function for the system (2.4)
with respect to a monempty, closed, forward invariant set A C R™, then A is
UGS with respect to (2.4). Furthermore, if as is strengthened to a positive def-
inite function, then A is UGAS with respect to (2.4), and if a;(|z] 4) = ¢; x|’y
fori=1,2,3, where ¢y, ca,c3,7 are strictly positive reals with r > 1, then A is
UGES with respect to (2.4).

Proof. By integrating (2.9) along the solutions of x(t,xq) we get

V(a(t,z0)) = Vizo) = /0%{1/(:5(7',%))}6[7'

/0 V(@ (r,20)) f ({7, 70))dr

IN

t
—/ a3(|z(r,m0)] )dT <0, >0
0
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showing that V(x(t, o)) < V(xo), and consequently that
|2 (t,x0)| 4 < a7 (V(2(t,20))) < a1 (V(wo)) < a7 ' (az (|20l 1)) (2.10)

for all t in the maximal interval of existence [0,T). Suppose the system escapes
at a finite time T > 0. From the finite escape-time detectability property, this
means that for each M < co there exists t1 € [0,T) such that |x(t1,z0)|a > M.
Picking M > oy (a2 (|o| 4)) contradicts that (2.10) must hold V¢ € [0,T).
Hence, T = oo and the system is forward complete. By defining ¢ (-) =
a7t (a2 (1) € Koo, then (2.10) proves UGS according to (2.5). Suppose next
that as(-) is positive definite. From (2.8) and (2.9) we have

%{V(m(t,xo))} < —a(V(a(t,20)))

where o) == az(ay ' () is positive definite. Let B,(-,-) be the class-KCL func-
tion, corresponding to «, from Lemma 1.5. This gives

V(z(t,zo)) < Bo(V(zo), t), V>0
I
[zt zo)l 4 < ot (V(a(t,x0))) < apt (Ba(V(xo), 1))
< i (Balea(lzol 4), 1) =: B(lmol 4 t), VE>0,

where § € KL and UGAS follows from (2.6). In the last case we have that
ai(|z] ) = ¢ilz|y for ¢; >0 and r > 1, and this gives

1 1 _c
e(t,z0)| 4 < {/=V(a(t:w0)) < {/=V(wo)e ™'
C1 C1
< ([ Rlwolye T >0,
which shows UGES according to (2.7). m
Example 2.1 Consider the linear system
& = Az +bu(t) (2.11)
y = c'z (2.12)

where x € R™ is the state, y € R™ is the measured output, A is Hurwitz, (c', A)
is an observable pair, and u(t) is some known, bounded input function. In an
observer design for this system we consider & € R™ as the observer state and
stability of the noncompact set

A={(z,2) e R" xR": & =ux}. (2.13)
Using a traditional linear observer design, we propose

=A% +bu(t)+ L (y—c'%) (2.14)
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where the feedback gain L is designed so that A — Le' is Hurwitz.
For stability analysis we first calculate the distance function. Letting (x,3) be

fixed, we get
R : =& || _. z—¢
) (5,1§feAHf5H_H§f {f—fH

inf /o — € +12 — £ = min (). (2.15)

The argmin £* of J(£) is found where g—g =0, giving

0J(§) -1 R B « 1 .
8—§_T(§){($_£)T+(x_§)q_0:£ —5(95-1-1‘), (2.16)

and substituted back into the definition, this gives
N e (x—2) V2
wol=| 228 =53] L ]| - Fe-a e

Since A is Hurwitz and u(t) is bounded, the solution x(t) is also bounded. This
implies that the system is finite escape-time detectable through |(-,-)| 4. Letting
next P = PT > 0 solve P(A— LCT) + (A— LCT)TP = —1I, we define the
function

V(z,d) = (x—2) P(zx—2) (2.18)

for which the time derivative is

Vo= (x—gz)TP(ac—aé)+(a‘:—s*c)TP(:c—@)

= —(z-2) (z—2). (2.19)
Since V(x, %) satisfies
Vo= =2} (2:21)

where Pry = Amin(P) and par := Amax(P), it follows that V is a smooth Lya-
punov function for the overall system, and Theorem 2.5 states that the set A is
UGES.



Chapter 3

Set-stability for systems
with inputs

Consider the system

i = fla,u) (3.1)
where z(t) € R", u(t) € R™, V¢ > 0, and the map f : R* x R — R"
is smooth. The input u is a measurable, locally essentially bounded function
u : R>9 — R™. The space of such functions is denoted £} with the norm
[Uftg,00)|| := esssup {u(t) : t >to > 0}. We use |[ul| = [|ujo,o0)|| and let [|ujo4]|
be the signal norm over the truncated interval [0,¢]. For each initial state
xzo = x(0) € R™ and each u € LT, let x(¢, g, u) denote the solution of (3.1) at
time ¢. If there is no ambiguity from the context, the solution is simply written

x(t).

For a nonempty closed set A C R™ we have:

Definition 3.1 The set A is called a 0-invariant set for (3.1) if, for the asso-
ciated “zero-input” system

T = f(xv 0) = fO(x)v (32)

it holds that for each xo € A then xz(t,x0,0) € A for all t > 0.
Definition 3.2 The system (3.1) is input-to-state stable (ISS) with respect to
a closed, 0-invariant set A if there exist § € KL and v € K such that for each
w € LT and all initial states xg, the solution x(t,zo,u) is defined for all t > 0
and satisfies

[ (t, 20, u)l 4 < B (Jwol g )+ ([Jugo,]]) (3.3)
for each t > 0.

Definition 3.3 A smooth 1SS-Lyapunov function for the system (3.1) with re-
spect to the closed set A is a smooth function V : R™ — R that satisfies:
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1. there exist two class-Koo functions oy and ag such that for any x € R™,
ay (Jz]4) < V() < az(|],), (34)

2. there exist a class-K function as and a Kso-function x such that for all
r € R" and u € R™,

2|4 2 x(Ju]) = V(@)f(z,u) < —as (|z],4)- (3.5)
For compact sets A, an equivalent representation of (3.5) is:

2.” There exist two class-Ko functions as and a4 such that for all x € R™
and u € R™,
V(@) f(z,u) < —as (|z] 4) + o (u]) . (3.6)

Note that (3.6) implies (3.5) for both compact and noncompact sets:

Vi) f(z,u) < —as(|z]4) + o (Ju])
¢
<

V(@) f(z,u)

—ea (| )

for all |z| , > a3 (1—i5a4 (|u|)) =: x(|u|]) where € € (0,1). The converse is a
bit more technical (Sontag and Wang; 1995b, Remark 2.4) and not generically
true for noncompact sets (Sontag and Wang; 1995a, Remark 2.9).

These preliminaries now lead to the ISS sufficiency theorem. Some powerful

converse results are found in Sontag and Wang (2000).

Theorem 3.4 Assume the closed set A is 0-invariant for (3.1). If the system
(3.1) is finite escape-time detectable through | - |4 and admits a smooth ISS-
Lyapunov function with respect to A, then it is 1SS with respect to A.

Proof. It follows from the bounds (3.4) and (3.5) that

Viz(t)] 4 = x ([ul]) = % {(V(z®)} < —a3 (ax (V(2(1)))) -

By Lemma 1.5 this shows that V (x(t)) and, consequently, |xz(t)| 4 are bounded on
the mazximal interval of existence. By the finite escape-time detectability through
|-|.4 property it follows that the system is forward complete and the solutions ex-
ist for allt > 0. (The proof from here is the same as given in Sontag and Wang
(1995b, Lemma 2.14).) Let o, i = 1,2,3 and x be as in Definition 3.3, 1. and
2. For an inital state xo and input function u, let x(t) = x(t,xo,u) be the cor-
responding trajectory of (3.1). Define the set Q = {z: V(z) < as (x(||u]])} -
If there exists t1 > 0 such that ©(t1) € Q, then z(t) € Q for allt > t;. To prove
this, assume otherwise. Then there exist somet > t1 and some € > 0 such that
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V(z(t)) > aa (x([[ul])) +e. Let to = inf{t > ¢, : V(x(t)) = az (x([[ul])) + €}
Then |x(t2)| 4 > x (||ul|) such that

V(a(ta)) < —as (Ja(t2)|4) < —as (az " (V(2(t2)))) <0.

Hence, there must exist t € (t1,t2) so that aa (x(||ul]))+e < V(z(t2)) < V(z(t))
which contradicts minimality of to.

To continue, let t3 = inf{t > 0 : z(t) € Q} where t3 may be infinite. For all
t > t3 we have that V(z(t)) < as (x(||u|])) so that

()4 < ar' (V(@()) < i (a2 (c(llull)) =y ([ful]).- (3.7)

Moreover, for 0 <t < ts then x(t) ¢ Q so that |x(t)| 4 > x(|[u||) and

V(z(t) < —az (J2(t)] 4) < —as (a5 (V(2(1)) = —a (V(z(t))).
Let 3, be the class-KCL function from Lemma 1.5 such that
V(z(t)) < By (V(xo), t), V€ [0,ts).

Define B(s, t) := a;* (B, (a2 (s), t)) € KL. Then for all 0 < t < t3 it follows
that
[2(8)] 4 < B (Jzol 45 1) (3.8)

Note that neither v or 8 depends on the initial state xo or the input function .
Therefore, combining (3.7) and (3.8) gives

(1) 4 < B (1m0l 45 1)+ (Jful]) (3.9)
for allt >0, and (3.3) follows by causality. m

Corollary 3.5 Suppose the system (8.1) is ISS with respect to a closed, 0-
invariant set A. Then

Jim Ju(t)] =0 = lim [2(t)|, =0. (3.10)

Proof. For each ¢ > 0,r > 0, and each input function u such that
limy oo u(t) = 0, we need to show that there exists T = T(e,r,u) > 0 such
that

|zo| 4 <t 2T = |o(t,z0,u)| 4 <e. (3.11)

Existence and uniqueness of solutions for all forward time implies that for all
0 <ty <t, a solution satisfies

z (t,2(0),u) = z (¢, z(t1,2(0),u),u) a.e. (3.12)
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This is verified by integrating (3.1) to get

z (t,2(0),u) $(O)+/O f(x(s),u(s)) ds

2(0) + Olf(w(S)W(S))dSJr ) [ (2(s), uls)) ds

zx(tl,x(O),u)+/ £ (@(s), u(s)) ds

t1
=z (t,z(t1,2(0),u),u) a.e. t >t > 0.

Moreover, for each initial state o and input function u, ISS guarantees a uni-
form bound ¢ = ¢ (xo,u) > 0 such that

|l2(t, 2o, u)| 4 < B(|wol 4, ¢) + 7 (llull) < c(zo,u). (3.13)
Pick ty > 0 such that v (||u[t17oo)|\) <5, and T >ty such that B (c, t —t1) < §
for allt > T. This gives
|x(t7x0au)|A = |.’E (tax(tlaxmu)au”A
<B(x(t)] 4, t—t1) + (Hu[tl,oo)H) , Vi>t
Sﬁ(c(anu)at*tl)Jr%, Vi >t
<g, Vi>T > 1 (3.14)

where T depends on €, u, and xo. M

An application of the set-stability and ISS tools is illustrated by the following
example.

Example 3.1 Claim: The noncompact set
A={(z,t): = wza(t)}
is UGAS with respect to the scalar system
i =—(2° —24(t)*) + &a(t) = f(,t)

where the desired state x4(t) is bounded and absolutely continuous, and |Z4(t)] <
M, a.a. t > 0.
Proof: Forward completeness is established by the auxiliary function W := %x

having a derivative W = —z* + z6(t) < —e|z|*, V|z| > \3/146}5 where 0o is a

bound on 6(t) := z4(t)>+i4(t) and e € (0,1). This shows input-to-state stability
(ISS) of the system with 6 as input, and consequently that x(t) and f(x(¢),t)
are bounded for all t > 0.

For the distance function we have that

zy”:inf

2

[zxd(T) ”§|x_xd(t)|.

t—rT1
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The absolute continuity of x4(t) together with boundedness of & 4(t) implies that
xq(t) is globally Lipschitz such that |4(t) — xq(7)| < M |t — 7| holds. Let 7 be
the (optimal) value that satisfies the above infimum. Then

[z —za(t)] = |o—xa(r7) +za(r7) — za(t)]
|z = za(77)| + [2a(T") — 2a(t)]

IN

IN

@ — 2a(r)| + Mt — 7| < max{1, M} H w2l ]

T

1

IN

V2max{1, M} |(,t)] 4 -

Defining k := v/2max{1, M} the result is the equivalence relation
1
7 17— za®) < |(2,1)] 4 < |2 = za(?)].

Let a smooth Lyapunov function be V(z,t) = % (x —24(t))?. This has the

bounding functions, according to (2.8) and (2.9), defined as:

1 k>

on (|(2,1)] o) = 5 (@)% < V(. t) < 5 (@) = az (|(2,1)| )

Vi@, O f (@, t) + V(2,) = = (2 — 2a(t)) (27 — 2a(t)*) = —as(|(2, )| 4)-

Recall the property (x —y)(d(x) —d(y)) > 0, Va # y, of a monotonically strictly
increasing function d(z). Using this with d(z) = a3 shows that ag is a positive
definite function, and A is therefore UGAS according to Theorem 2.5.



Chapter 4

Convergence analysis

Many systems have stronger properties than only stability. A UGS system
may also have internal signals that converge to some value, often to zero. For
such convergence analysis the most commonly used result is Barbalat’s Lemma
(Barbalat; 1959):

Lemma 4.1 (Barbalat) Let ¢ : R>o — R be a uniformly continuous function
on [0,00). Suppose that lim;_, o, fot ¢(7)dr exists and is finite. Then

o(t) — 0 as t — oc.
Proof. Khalil (2002, Lemma 8.2). m
A corollary is the following:

Corollary 4.2 If a function ¢ : R>g — R satisfies $,0 € Log and ¢ € L, for
some p € [1,00), then ¢(t) — 0 as t — .

Blending Lyapunov’s direct method and Barbalat’s Lemma gives the the-
orem due to LaSalle (1968) and Yoshizawa (1966). This is next extended in
terms of stability of closed, forward invariant sets:

Theorem 4.3 (LaSalle-Yoshizawa) Let a closed set A C R™ be a forward
invariant set for (2.4). Suppose for each K € [0,00) there exists L € [0,00)
such that |x| 4, < K = [f(x)] < L. Then, if there exists a smooth function
V :R™ — R>q such that
ay (Jz] 1) < V() < az (|z]4) (4.1)
V =V()f(x) < —as(|Jz]4) <0, (4.2)

Vr € R™, where ay,as € Ko and ag is a continuous positive semidefinite
function, then A is UGS with respect to (2.4) and

tlirgo as (|z(t,z0)| 4) = 0. (4.3)
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If ag is strengthened to continuous positive definite, then A is UGAS with respect
to (2.4).

Proof. Integration of (4.2) and using the bounds in (4.1) imply that for each
xo € R™, AK > 0 such that

|z(t,20)| 4 < 07" (V(2(t,20))) < a7 ' (V(x0))
<oyt (a2 (Jzol4) = ¢ (lzol4) < K, (4.4)

holds for all t in the mazimal interval of existence [0,T), where
() == a7 (a2 (-)) € Ko is independent of T. The bound (4.4) implies by
assumption that there exists L > 0 such that |f(z(t,z0))] < L, Vt € [0,T).
Integration along the solutions of (2.4) then yields

t t
2t 20) — 70| < / |F(a(s, 20))] ds < / Lds < It,
0 0

YVt € [0,T), thus excluding finite escape time so that T = co. UGS (and UGAS
in the case ag is positive definite) follows then directly by Theorem 2.5. Since V
is nonincreasing and bounded from below by zero, it has a limit Vo, ast — oo.
Integrating (4.2) gives

¢ ¢
tlim asz (|z(s,z0)| 4)ds < ftlim V(x(s,20))ds
— Jo —oo [y
= Jim {V(zo) = V(x(t,20))}
= V(xo) — VOO

which shows that the first integral exists and is finite. We next show that t —
as (|z(t,x0)| 4) is uniformly continuous on R>q. For each e > 0 we let 6 :=¢/L,
and for any t1,t2 € R>o with |ta —t1] < 0 we get

to
|(t2, z0) — (t1, wo)| < / |f(z(s,@0))|ds < Llta —t1| <¢

t1

which shows that the solution x(t,xo) is uniformly continuous. Next,

_ = linf lz — ol — inf |y —
[|z].4 = lylal Inf |z —o| - inf |y —w|
< lle—sl=ly=sll, scA
< \3?—2/|7 vxvyean

shows that || 4 is globally Lipschitz with Lipschitz constant equal to unity, and
consequently, |-| , is uniformly continuous. Finally, since g is continuous, it
is uniformly continuous on the compact set {s € R>o: s < K}. Putting this
together we conclude that t — oz (|x(t,20)| 4) is uniformly continuous, and
limy o0 a3 (|2(t, 20)| 4) = 0 follows from Lemma 4.1. m
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Another important tool for convergence analysis is the invariance principle
that can be used to prove convergence to an equilibrium in the case when the
Lyapunov function only yields a negative semidefinite time derivative. One
version is due to Krasovskii (1959), while another is given by LaSalle (1960)
(see Rouche et al. (1977, Theorem 1.3, pp. 50-51) and Khalil (2002, Theorem
4.4, p. 128)). Since these theorems either require periodic systems or solutions
that live in compact sets, they are usually not applicable to general time-varying
systems. We omit these results here.

A powerful theorem that is applicable for time-varying systems and stability
analysis of noncompact sets, is the theorem of Matrosov (1962). A version of this
theorem, applicable to closed, forward invariant sets, is stated here as presented
by Teel et al. (2002):

Theorem 4.4 (Matrosov) Suppose the system (2.4) is finite escape-time de-
tectable through |-| 4, and f(x) is continuous. If there exist:

e a locally Lipschitz function V : R™ — R>o,

e a continuous function U : R" — Rxq that for each pair of strictly positive
real numbres d < A, is uniformly continuous on

Ha(0,A) :={z eR": 6 <[z, <A}
o class-Ko functions ay and as,
such that
L ai(lz|,) < V(z) < as(|z|,) for all z € R™,
2. Vi(z)f(z) <

and, for each pair of strictly real numbers § < A,

—U(z) <0 for a.a. x € R",

e a (! function W : R" — R,

e strictly positive real numbers €1, €2, and ¥

such that

3. max {|W(x)|,|f(z)W(z)|} < for all x € H4(6,A),

4 z2eHA(6,A)N{EER: UE) <er} = |W*(x)f(z)| > 2,

then, for the system (2.4), the set A is UGAS.

See Teel et al. (2002) for the proof. Another useful extension of Matrosov’s
Theorem is the version by Lorfa et al. (2002) where a family of auxiliary func-
tions V;, ¢ € {1,...,7}, are used, instead of a single function W as above, to

provide UGAS of the origin of a time-varying system. Consider the system (1.1)
and suppose that the origin x = 0 is an equilibrium. Then:
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Theorem 4.5 The origin of the system (1.1) is UGAS under the following
assumptions:

1. The origin of the system (1.1) is UGS.

2. There exist integers j,m > 0 and for each A > 0 there exist

o o number p > 0,

locally Lipschitz continuous functions V; : R x R — R,
ie{l,....j},
a (continuous) function ¢ : R* xR —R™ i€ {l,...,5},

continuous functions V; : R" x R™ - R, i € {1,...,j},

such that, for a.a. (z,t) € B"(A) x R,

max {|V;(z,1)|, |¢(z,1)|}
Vi (,) f (2,) + Vi (2, 1)

IAIA
=

Yi (z, (z,1))
where B™(r) :={x e R": |z| <7r}.
3. For each integer k € {1,...,j} we have that

{(5) € B (A) x B™(), Yi(2,) = 0, Wi € {1,...,k— 1}}
I

4. We have that
{(z,9) € B"(A) x B™(n), Yi(2,9) =0, Vie {1,...,5}}
I
{z=0}.

See Lorfa et al. (2002) for the proof.



Chapter 5

Partial set-stability for
interconnected systems

Consider the interconnected system

&1 = fi(z1, z2,u1)
. 5.1
$2=f2($1,3327U2) ( )

where z1(t) € R™ and z3(t) € R™ are the states, ui(t) € Uy C R™ and
uz(t) € Us C R™2 are inputs where U;,Us are compact sets, and the vector
fields f1, fo are smooth. We investigate stability of the set

A= {(z1,22) e R™ x R™ : |z1|4, =0}, (5.2)

where A; C R™ is a compact set (for instance an equilibrim point z; = 0). In
this case, we get that |x|4 = |21]|4, where x := col(x1, z3).
The next lemma will be used to guarantee forward completeness:

Lemma 5.1 If for each compact set X C R™ there exist L > 0 and ¢ > 0 such
that:
|f2(£,$2,’l})| < L|$2|+C, \V/$2 6Rn27 (53)

uniformly for all (§,v) € X x Us, that is, fo satisfies a sector growth condition
in xq, then the system (5.1) is finite escape-time detectable through | - | 4.

Proof. We need to show that for each zog = x2(0), each bounded function
z1(:) € X, and each input function us(-) € Us, then the solution za(t) =
To(t, T20,T1,us) exists for all t > 0. Define y(z2) := || = \/xgx2 which
is continuously differentiable on R™\{0}. Time-differentiation gives

d 1

o2(t) " fa(@1(t), 22(t), ua(t)) < Ly (22(t) + ¢ (5.4)
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which in view of Lemma 1.2 (and the proof of Proposition 1.1) shows that
y(x2(t)) (and therefore x4(t)) is bounded on the mazimal interval of existence
[0,T). Assume that x2(t) has a finite escape-time at T < oo. Then, for each
M < oo there exists T € [0,T) such that |z2(7)| > M. However, this contra-
dicts boundedness of xo(t) on [0,T), and the solution x2(t) must exist for all
t > 0. As a result, the solution of (5.1) can only escape to infinity if x1(t) grows
unbounded, but this must necessarily be detected through |x|4 = |z1|4,. W

This gives the following stability result for (5.2) with respect to (5.1):

Theorem 5.2 Assume that the sector bound (5.3) in Lemma 5.1 holds for
(5.1). If, in addition, there exist a smooth function V : R™ x R" — Ry
and Koo-functions a;, i = 1,...,4, such that

a1 (|z1].4,) < V(z1,22) < a2 (|21]4,) (5.5)

and
Vo (x1, x2) f1 (21, 22, u1)
+V P2 (21, 22) f2 (21, T2, u2) < —a3 (|21]4,) + aa (Ju])

hold, where u := col(uy,uz) € Uy x Us, then the system (5.1) is ISS with respect
to the closed, 0-invariant set (5.2). In the case when uy = 0 and ug = 0 then
the closed, forward invariant set (5.2) is UGAS with respect to (5.1), and if
ai(|z]4,) = ¢ |:1c|f41 for ¢ = 1,2,3, where c1,ca,c3,7 are strictly positive reals
with r > 1, then (5.2) is UGES with respect to (5.1).

(5.6)

Proof. Since
#V(@1(t),22(8) < —a (V(@1(t), 22(1))) + e (Ju(t)])
< —ga(V(za(t), 22(1))),

for all V(zy(t),z2(t)) > a~' (204 (Ju(t)])) where @ = azoa;' € Ko and u
is bounded, then V(x1(t),x2(t)), and consequently |z1(t)|4,, is bounded on the
mazimal interval of existence [0,T). Since Ay is compact this implies that x1(t)
is bounded on [0,T). By Lemma 5.1 this means that the system is finite escape-
time detectable through || 4, and forward completeness follows. The fact that A
is O-invariant for (5.1) follows from the above Lyapunov bounds with u(t) = 0.
Recall Definition 3.8 and Theorem 3.4. Since |x|4 = |x1|4,, the function V is a
smooth ISS-Lyapunov function for (5.1) with respect to A, and this proves ISS.
UGAS in the case when uy = 0 and us = 0 follows from the definition of 1SS,
and UGES further follows from Theorem 2.5. ®

Remark 5.1 By defining the output y = h(x1, x2) := |x1]4, for (5.1), then ISS
for the set A is equivalently characterized by the concept called State-Independent
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Input-to-Output Stability (SIIOS) as defined by Sontag and Wang (2000). In-
deed, the smooth function V in (5.5) and (5.6) becomes a SIIOS-Lyapunov func-
tion for (5.1), and this can be used to deduce that

ly(t, zo, w)| = |1 (t, 20, u)| 4, < B (J210]4, 1) +7 (lul]) (5.7)

where € KL and v € K. Since |z|a = |z1]4, ISS of the system (5.1) with
respect to the closed, 0-invariant set (5.2) follows from (5.7). The converse also
holds as shown in Sontag and Wang (2000).
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