MA3203 - PROBLEM SHEET 4+

Problem 1. Let A and X be k-algebras over a field k, and let B be a basis for A.
Suppose ¢: A — ¥ be a k-module homomorphism such that

90(11\) =1y,
o) = @(b)p((t'), for all b,b' € B
Show that ¢ is a k-algebra homomorphism.

Problem 2. Let I" be a quiver and let 3 be a k-algebra over a field k. Let f: ToU
'y — X be a function satisfying
(1) Xper, f(v) =1z,
(2) gr = 0 (which is the usual concatenation of paths) implies that f(q)f(r) =0
for all g, € Ty UTy,
(3) f(v) = f(v)? for all v € Iy,
(4) fle(@)f(a) = f(a) = f(a)f(s(a)) for all o € I's.

Then f extends uniquely to a k-algebra homomorhism f: kT — X,

Fact 3. Let R be a ring and I a nil ideal in R. Then idempotents lift modulo I,
that is, if f is an idempotent in R/I, then there is an idempotent e in R such that
f=e+1I][1, Proposition 27.1].

Fact 4. Let R be aring and I an ideal in R such that I C J(R). Then the following
are equivalent [1, Proposition 24.7]:

(1) Idempotents lift modulo I,
(2) Every (complete) finite orthogonal set of idempotents in R/I lifts to a
(complete) orthogonal set of idempotents in R.
Here a set {e;}!; of idempotents in a ring S is complete if >, e; = 1g, and a
set {e;}7_; of idempotents in a ring S is orthogonal if e;e; = 0 for all i # j.

Problem 5 - challenge. Let A be a finite dimensional basic algebra over an
algebraically closed field k. Show that A/t ~ k™ for some n > 1.
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