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The purpose of these notes is to show that the methods introduced by Bauer
and Furuta in order to refine the Seiberg-Witten invariants of smooth 4-
dimensional manifolds can also be used to obtain stable homotopy classes
from Riemann surfaces, using the vortex equations on the latter.

Introduction

The purpose of these notes is to show that the methods introduced by Bauer and
Furuta, see [Bau04a, Bau04b, BF04], in order to refine the Seiberg-Witten invari-
ants of smooth 4-dimensional manifolds can also be used to obtain stable homo-
topy classes from 2-dimensional manifolds, using the vortex equations on the lat-
ter.

So far, these notes contain barely more than some background material and the
necessary analytic estimates to prove this. In Section 1, we review some basic
facts concerning abelian gauge theory in real dimension 2, and introduce some
notation along the way. Gauge symmetries will be discussed in the following Sec-
tion 2. In Section 3, the vortex equations are introduced. They form a coupled



system of non-linear partial differential equations, and this will be packaged into
the vortex map in Section 4. All analytic estimates are concentrated in the fol-
lowing Section 5. They imply that the Bauer-Furuta construction can be used to
define stable homotopy invariants. This is explained in Section 6. In Section 7 we
sketch how to extend this to obtain invariants for symmetries (group actions) and
deformations (families and moduli) of Riemann surfaces. In the final Section 8,
this is specialized to surfaces of genus 0.

Implications and applications will be added as time permits. For example, a gen-
eralization of the equations studied here, the so called symplectic vortex equa-
tions, have been introduced in order to define gauged Gromov-Witten invariants
for symplectic quotients of Hamiltonian group actions, see [CGMS02]. The case
studied in this paper is the standard scalar circle action on the complex line, where
the Marsden-Weinstein quotient reduces to a point.

Some of the results in this paper date back from 2004, and the author would like to
thank Stefan Bauer and Kim Frøyshov for discussions in these early days. Since
then, I have had the pleasure to discuss the material with many other people, and
I would in particular like to thank Marek Izydorek, Oscar Randal-Williams, and
Maciej Starostka for their interest. I am grateful to Oscar Garcı́a-Prada for mak-
ing [G-P96b] and [G-P98] available to me. The production of these notes from a
long-dormant draft has been greatly supported by Nuno Romão, who invited me
to the Hausdorff Trimester Program on Mathematical Physics, where I have had
the pleasure to come into contact with a re-flourishing vortex community, and I
thank him heartily for his hospitality. This research has also been supported by
the Danish National Research Foundation through the Centre for Symmetry and
Deformation (DNRF92).

1 Line bundles on Riemann surfaces

In this section we review the necessary background material about connections on
line bundles over Riemann surfaces.
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1.1 Riemann surfaces

Let X be a closed oriented connected surface with a Riemann metric. The Hodge
star operator ? on 1-forms induces a complex structure on X . This structure is
automatically integrable, so that X is a complex curve. The metric on X is auto-
matically Kähler, and the Kähler form ω = ?1 agrees with the volume form. In
particular, ∫

X
ω = vol(X).

If ϕ is a section in some Hermitian vector bundle on X , then we write |ϕ| for the
function on X which assigns to a point x the length |ϕ(x)| of ϕ(x), and we write

‖ϕ‖2 =
∫

X
|ϕ|2,

omitting—as is often done—the notation for the volume form from the integrand.

1.2 Unitary connections on Hermitian line bundles

Let L be a complex line bundle over a Riemann surface X as above, equipped with
a Hermitian metric. Up to isomorphism, these structures are determined by the
degree deg(L) of L.

The curvature form FA of a unitary connection A on L is an imaginary 2-form
on X . If B is a chosen base connection, and A = B+ iα for some real 1-form α ,
then the equation

FA = FB + i ·dα

describes the curvature of A in terms of B and α .

We may write the curvature as a multiple FA = ?FAω of the volume form, with
the function ?FA, using the Hodge operator ? on X .

The real 2-form (i/2π)FA is the first Chern form, which represents the first (real)
Chern class of L. In particular,∫

X

i
2π

FA = deg(L).
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Conversely, using the above parametrization of the space of unitary connections
by the space of real 1-forms, it is easy to see that every representative of the first
Chern class arises in this way from a unitary connection.

Proposition 1.1. If the unitary connection A has a harmonic curvature form, then
the equality

i
2π

FA =
deg(L)
vol(X)

ω

holds, and it describes the first Chern form.

Proof. If the connection A has a harmonic curvature form, then the curvature form
is a (locally) constant multiple of the volume form, and conversely. An easy
integration determines the constant.

1.3 The Weitzenböck formula

If A is a unitary connection on a Hermitian line bundle L, then the complex struc-
ture on the Riemann surface X splits the covariant differential: dA = ∂A +∂ A.

Remark 1.2. The operator ∂ A defines a holomorphic structure on L. Conversely,
a holomorphic structure and the Hermitian metric determine a unique unitary con-
nection on L, the Chern connection.

Proposition 1.3 (Weitzenböck formula).

d∗AdA = 2∂
∗
A∂ A + i?FA

Proof. Note that
d∗AdA = ∂

∗
A∂A +∂

∗
A∂ A.

One Kähler identity ∂
∗
A = i[∂A,?] implies ∂

∗
A =−i?∂A for (0,1)-forms, hence

∂
∗
A∂ A =−i?∂A∂ A

on sections. Similarly, the other Kähler identity ∂ ∗A =−i[∂ A,?] leads to

∂
∗
A∂A = i?∂ A∂A.
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Together with the identity FA = ∂ A∂A +∂A∂ A, we obtain

i?FA = i?FA = i?∂ A∂A + i?∂A∂ A,

and from this the formula is derived.

2 Gauge symmetries

If (X ,L) is a pair as in Section 1, so that X is a Riemann surface and L is a
Hermitian line bundle over it, then the automorphism group Aut(X ,L) is the group
of pairs ( f ,u), where f is an orientation preserving diffeomorphism of X , and u
is an isometric isomorphism L∼= f ∗L. Note that such an isomorphism L ∼= f ∗L
always exists as long as f is orientation preserving. Therefore, the automorphism
group sits in an extension

1−→Map(X ,T)−→ Aut(X ,L)−→ Diff(X)−→ 1, (2.1)

where Diff(X) denotes the group of orientation preserving diffeomorphism of the
Riemann surface X , and

G(X) = Map(X ,T)

is the gauge group of maps with values in the circle group T.

2.1 The structure of the gauge group

The gauge group, just as every topological group, sits in an extension

1−→ G0(X)−→ G(X)−→ π0G(X)−→ 1, (2.2)

where G0(X) is the component of the constant maps, and π0G(X) is the group of
components.

Proposition 2.1. The embedding T⊆ G0(X) of the circle group, thought of as the
subgroup of constant maps, into their component, is a homotopy equivalence.
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Proof. By covering space theory, the map

Ω
0
X −→ G0(X), f 7−→ exp(2πi f ),

is surjective. The kernel is the subgroup of maps with integral values, which can
and will be identified with Z. Therefore, the extension

0−→ Z−→ R−→ T−→ 1,

embeds into the extension

0−→ Z−→Ω
0
X −→ G0(X)−→ 1,

to show that there is an isomorphism

Ω
0
X/R∼= G0(X)/T,

and the left hand side is a contractible vector space.

For later purposes, it will be useful to identify a complementary subgroup of T in
the component G0(X). A particularly convenient choice is the image

G0(X ,vol) = {u ∈ G0(X) |u = exp(2πi f ) for some f with
∫

X
f = 0}

of the complement

{ f ∈Ω
0
X |
∫

X
f = 0} ⊆Ω

0
X

of the space of constant functions.

Remark 2.2. There are also other complements of T in G0(X), such as

G0(X ,x) = {u ∈ G0(X) |u(x) = 1},

but these depend on the choice of a base point x in X , and they are therefore not
canonical. One may, however, have reasons to prefer such a choice.

Remark 2.3. The extension (2.1) of groups leads to a gerbe on the classifying
space BDiff(X). If L happens to be the tangent bundle of X , then the exten-
sion (2.1) is split by the derivative. In general, the isomorphism class of the gerbe
depends on the residue class of deg(L) modulo the degree of the tangent bundle,
which is the Euler characteristic of X .
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The group
π0G(X) = [X ,T] = H1(X ;Z)

of components is the group of homotopy classes of maps X → T, and its structure
does depend on the topology of X : it is free abelian of rank 2g(X), where g(X)

denotes the genus of X . This implies that the extension (2.2) can be split, but there
is no canonical splitting, and we will fortunately never have the need to choose
one.

2.2 The Picard torus

Gauge theory provides for geometric models of some classifying spaces related to
gauge groups, and this will be explained now.

The gauge group G(X) acts on the space A(L) of unitary connections on L via
conjugation:

du·A = udAu−1 = dA +udu−1 = dA−u−1du.

Example 2.4. If u = exp(2πi f ) for some real function f , then

u−1du = 2πi ·d f . (2.3)

In particular, if u is constant, then u ·A = A, so that the subgroup T of constant
maps stabilises all connections.

In any case, we have
Fu·A = FA. (2.4)

In other words, gauge equivalent connections have the same curvature. The con-
verse need not hold. In fact, the set of gauge equivalence classes of unitary con-
nections with a fixed curvature form is a 2g(X)-dimensional torus. We will explain
this for a particular choice of curvature form: the harmonic one. To do so, let

Ah(L)⊆A(L)

be the subspace of unitary connections with harmonic curvature. By (2.4), this
is G(X)-invariant. If a unitary connection B has harmonic curvature, then so

7



has B+ iα if and only if dα = 0. This gives Ah(L) the structure of a non-empty
torsor for the vector space Z1

X of closed real 1-forms. In other words, any choice
of such a B gives rise to an identification

Z1
X
∼=Ah(L). (2.5)

Equation (2.3) shows that u = exp(2πi f ) in G0(X) acts on this space by sub-
traction of 2πd f . This means that the orbit spaces can be identified with certain
quotient spaces as follows.

Proposition 2.5. Any choice of a unitary connection B with harmonic curvature
determines, via (2.5), an identification

Ah(L)/G0(X)∼= Z1
X/B1

X = H1(X ;R)

of the orbit space with the first de Rham cohomology of X. Similarly, there result
identifications A(L)/G0(X)∼= Ω1

X/B1
X .

Remark 2.6. Since the subgroup T of constant maps acts trivially, we could have
used one if its complements in G0(X) throughout.

The residual action by π0G(X) = H1(X ;Z) shows the following.

Proposition 2.7. Any choice of a unitary connection B with harmonic curva-
ture determines an identification of the orbit space Ah(L)/G(X) with a 2g(X)-
dimensional torus.

In contrast, the orbit space A(L)/G(X) only has the homotopy type of a 2g(X)-
dimensional torus.

Definition 2.8. The orbit space Ah(L)/G(X) will be called the Picard torus, and
it will be denoted by Pic(X ,L).

Note that this torus does no come with a preferred base-point; we had to choose
the base point [B]. And, a fortiori, it does not come with a group structure.

Remark 2.9. The Picard torus Pic(X ,L) just defined can be canonically identi-
fied with one single component of what one would usually define to be the Picard
group Pic(X) of X : the one corresponding to L. The identification sends a holo-
morphic line bundle to its Chern connection, compare with Remark 1.2.
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3 The vortex equations

Let again (X ,L) be a Riemann surface X with a Hermitian line bundle L on it.

Definition 3.1. The vortex equations for a section ϕ of L and a unitary connec-
tion A on L are

∂ Aϕ = 0 (3.1)

FA =
i
2
(|ϕ|2−1)ω. (3.2)

Since it will be convenient to work with real 2-forms rather than with imaginary 2-
forms, the second vortex equation will also be written in form

iFA =
1
2
(1−|ϕ|2)ω.

And, later on, we will also have occasion to replace (3.2) with the more general τ-
vortex equation

FA =
i
2
(|ϕ|2− τ)ω (3.3)

which involves another (real) parameter τ , the Taubes parameter.

The vortex equations can be understood as a 2-dimensional version of the Seiberg-
Witten equations. They have been studied by Ginzburg, Landau, Jaffe, Taubes,
Bradlow, Garcı́a-Prada and many others. See [JT80], [Tau80], [Bra90], [G-P93],
[G-P94], [G-P96a], [Jos98], [Tau99] and the references therein.

3.1 Symmetries

The gauge group G(X) acts on the set of pairs (ϕ,A) via

u(ϕ,A) = (uA,uϕ),

where the action uA is explained in Section 2.2, and uϕ is just the usual pointwise
multiplication of a section by a function. The space V(X ,L) of solutions to the
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vortex equations is easily checked to be invariant: The first vortex equation (3.1)
implies

∂ uA(uϕ) = u∂ A(u
−1uϕ) = u0 = 0,

and the second vortex equation (3.2) for (uA,uϕ) follows from the one for (A,ϕ)
using FuA = FA and |uϕ|= |u| · |ϕ|= |ϕ|.

If a function u stabilises a connection A, then u−1du = 0, which is the case if and
only if the function u is (locally) constant. However a constant function u 6= 1
stabilises a section ϕ if and only if ϕ = 0. Therefore, the stabiliser of a pair (ϕ,A)
is the entire group T if ϕ = 0, and trivial else. If we define

V×(X ,L) = {(ϕ,A) ∈ V(X ,L) |ϕ 6= 0},

then T acts freely on V×(X ,L), and the projection to the orbit space

M×(X ,L) = V×(X ,L)/T

defines a principal T-bundle over M×(X ,L).

3.2 Properties of solutions

Let us set

τ0 =
4π deg(L)

vol(X)
.

The factor 4π should be thought of as the volume of the Riemann sphere of
radius 1.

Proposition 3.2. Every solution (ϕ,A) of the vortex equations satisfies

‖ϕ‖2 = (1− τ0) ·vol(X).

Proof. This result is easily obtained by integrating the second vortex equa-
tion (3.2).
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3.3 Spaces of solutions

If τ0 > 1, then Proposition 3.2 shows that there can be no solutions to the vortex
equations, so that the solution space V(X ,L) is empty.

If τ0 = 1, then Proposition 3.2 shows that ϕ = 0 is necessary for a solution. Propo-
sition 1.1 implies for solutions with ϕ = 0 that the second vortex equation (3.2) is
satisfied if and only if the curvature form of A is harmonic. Thus, in this case, the
moduli space is a torus of dimension 2g(X) by the results described in Section 2.2.

If τ0 < 1, then every solution has ϕ 6= 0. In [Bra90], Bradlow has shown that for
every section ϕ there is a unique unitary connection A satisfying the second vortex
equation. Consequently, the moduli space is identified with the space of effective
divisors of degree d = deg(L), i.e. with the d-fold symmetric power of X . This
space maps to the Picard torus with projective spaces as fibres.

The following result is well-known.

Proposition 3.3. On each Riemann surface X there are only finitely many iso-
morphism classes of line bundles L such that the vortex equations on (X ,L) have
a solution.

Proof. On the one hand, the degree deg(L) of L has to be large enough such
that the bundle has a non-zero holomorphic section. On the other hand, Proposi-
tion 3.2 implies that there are no solutions in case the degree deg(L) of L is larger
than vol(X)/4π .

4 The vortex map

As in Section 1, let (X ,L) be a pair consisting of a Riemann surface X together
with a Hermitian line bundle L.
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4.1 The based vortex map

We will use a unitary base connection B on L with harmonic curvature FB to
parametrize the space of unitary connections by the space Ω1

X of real 1-forms. The
harmonic assumption is inessential; it is only used to write τ0/2 instead of i ?FB

sometimes, see Section 5.3.

Definition 4.1. The vortex map for (X ,L) based at B is the G(X)-equivariant map

vB = vB(X ,L) : Ω
0
X(L)⊕Ω

1
X −→Ω

01
X (L)⊕Ω

2
X ⊕H1

X ⊕Ω
0
X (4.1)

which sends (ϕ,α) to

(∂ B+iαϕ, iFB+iα −
1
2
(1−|ϕ|2)ω,hα, [d∗α]),

where hα is the image of α under the projection to the space H1
X of harmonic 1-

forms, and [d∗α] is the class of d∗α modulo constants in Ω
0
X = Ω0

X/R. More
generally, the τ-vortex map vτ

B(X ,L) for (X ,L) based at B is defined by building
in the Taubes parameter τ according to vortex equation (3.3).

Implicitly, will shall pass to L2
4- and L2

3-completions in the source and target,
respectively. Then the vortex map for the pair (X ,L) based at B is a continuous
map between Hilbert spaces.

4.2 Variation of the base connection

In order to eliminate the dependence on the choice of the unitary connection B
with harmonic curvature form, we may consider the G(X)-equivariant map

Ah(L)×
[
Ω

0
X(L)⊕Ω

1
X

]
−→Ah(L)×

[
Ω

01
X (L)⊕Ω

2
X ⊕H1

X ⊕Ω
0
X

]
over Ah(L), which sends (B,(ϕ,α)) to (B,vB(ϕ,α)).

The group G(X) is not a compact Lie group. It does not even have the homotopy
type of a finite CW complex, unless X has vanishing genus. Since it is technically
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easier to work with compact Lie groups, we shall handle the information encoded
in the G(X)-equivariance of the vortex map following Bauer [Bau04b] again: We
shall keep the action of the compact subgroup T of G(X), so that everything is
sight is still T-equivariant. And, we incorporate the rest of the action by working
parametrized over a classifying space for a complement of T, for which a gauge
theoretical model has been described in Section 2.2. Note that T acts trivially on
connections, but the residual action of G(X)/T is free.

After L2-completions, this leads to a T-equivariant map

Ah(L) ×
G(X)

[
Ω

0
X(L)⊕Ω

1
X

]
−→Ah(L) ×

G(X)

[
Ω

01
X (L)⊕Ω

2
X ⊕H1

X ⊕Ω
0
X

]
(4.2)

of Hilbert bundles over the Picard torus Ah(L)/G(X) = Pic(X ,L).

Definition 4.2. The map (4.2), which is T-equivariant and parametrized over the
Picard torus Pic(X ,L), is called the vortex map of (X ,L), and it will be denoted
by v = v(X ,L).

5 Analytic estimates

The purpose of this section is to provide for the necessary estimates to show that
the vortex map can be used to define a stable homotopy class.

Theorem 5.1. The vortex map is a continuous map between Hilbert spaces.
Preimages of bounded sets are bounded, and the map can be written as a sum
of a linear Fredholm operator and of a compact map.

The proof of this result takes the rest of this section.

5.1 An a priori bound

Given a real 1-form α let A be the connection B+ iα . Since A is also unitary,

∆|ϕ|2 = d∗d〈ϕ,ϕ〉= 2〈d∗AdAϕ,ϕ〉−2〈dAϕ,dAϕ〉 ≤ 2〈d∗AdAϕ,ϕ〉.
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Inserting the Weitzenböck formula (Proposition 1.3), this leads to the pointwise
estimate

∆|ϕ|2 ≤ 4〈∂ ∗A∂ Aϕ,ϕ〉+2〈i?FAϕ,ϕ〉. (5.1)

Consequently, if ϕ and A solve the τ-vortex equations (3.1) and (3.3), it follows
that

∆|ϕ|2 ≤ (τ−|ϕ|2)|ϕ|2.

If ϕ is non-zero, the maximum of |ϕ|2 is non-zero, namely ‖ϕ‖2
∞, and at the

maximum one has ∆|ϕ|2 ≥ 0. It follows that ‖ϕ‖2
∞ ≤ τ so that the ϕ are uniformly

bounded.

More generally, assume that there are L2
3-bounds on

ψ = ∂ Aϕ and b = i?FA−
1
2
(τ−|ϕ|2). (5.2)

The aim is to show that there are L2
4-bounds on ϕ and α .

5.2 Uniformly bounding the section ϕ

One may insert the new notation (5.2) into the pointwise estimate (5.1). Using

∂
∗
Aψ = (∂ B+iα)

∗
ψ = ∂

∗
Bψ +((iα)0,1)∗ψ,

and the notation x . y if x ≤ Ky for some constant K which is independent of x
and y, but may otherwise vary from inequality to inequality, one obtains

∆|ϕ|2 . 4|∂ ∗Aψ||ϕ|+(τ +2b)|ϕ|2−|ϕ|4

.
(
‖∂ ∗Bψ‖∞ +‖α‖∞‖ψ‖∞

)
|ϕ|+(1+‖b‖∞) |ϕ|2−|ϕ|4.

The Sobolev embedding of L2
2 into C0 gives

‖∂ ∗Bψ‖∞ . ‖∂ ∗Bψ‖2,2 . ‖ψ‖2,3,

and therefore

∆|ϕ|2 . (1+‖α‖∞)‖ψ‖2,3|ϕ|+(1+‖b‖2,3) |ϕ|2−|ϕ|4. (5.3)
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5.3 Uniformly bounding the form α

If p > 2, then there is the Sobolev embedding of Lp
1 into C0. Using the elliptic

inequality, and d∗α = 0, one finds

‖α‖∞ . ‖α‖p,1 . ‖dα‖p.

One has i ? FA = i ? FB− ?dα . In the case when the curvature FB of the base
connection B is harmonic, then we also have i?FB = τ0/2. This gives

?dα =
1
2
|ϕ|2− 1

2
(τ− τ0)−b

and therefore

‖dα‖p . ‖|ϕ|2‖p +‖τ− τ0‖p +‖b‖p

. ‖ϕ‖2
∞ +‖τ− τ0‖p +‖b‖2,3.

The preceding two inequalities lead to the estimate

‖α‖∞ . ‖ϕ‖2
∞ +‖τ− τ0‖p +‖b‖2,3. (5.4)

5.4 Uniformly bounding both the section ϕ and the form α

Inserting the previous inequality into (5.3) and evaluating at a point where ϕ is
maximal, one obtains a uniform bound for ϕ . Then (5.4) gives a uniform bound
for α .

5.5 Bootstrapping

One may now use the uniform bounds on ϕ and α , the assumed L2
3-bounds on ψ

and b, and the vortex equations to show that there are in fact L2
4 bounds on ϕ

and α .
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First use the Hölder multiplication from L2p×L2p to Lp for some p > 2 to get Lp
1 -

bounds as follows. By definition,

‖ϕ,α‖p
p,1 = ‖ϕ,α‖

p
p +‖∂ Bϕ,dα‖p

p.

The first term on the right hand side is bounded by the uniform bounds. For the
other one, the notation (5.2) gives

‖ϕ,α‖p
p,1 = ‖ϕ,α‖p

p +‖ψ− iα0,1
ϕ,

1
2
|ϕ|2− 1

2
(τ− τ0)−b‖p

p

≤ ‖ϕ,α‖p
p +‖ψ,b‖p

p +‖α0,1
ϕ‖p

p +
1
2
‖|ϕ|2‖p

p +
1
2
‖τ− τ0‖p

p.

Now the second term is bounded by assumption and the last term is constant. For
the term in between use the above-mentioned multiplication to get

‖α0,1
ϕ‖p

p +
1
2
‖|ϕ|2‖p

p . ‖α‖
p
2p‖ϕ‖

p
2p +

1
2
‖ϕ‖2p

2p.

Thus indeed the L2p-bounds on ϕ and α give Lp
1 -bounds on them.

Similarly use the Sobolev multiplication on Lp
1 for p > 2, which yields

‖α0,1
ϕ‖p

p,1 +
1
2
‖|ϕ|2‖p

p,1 . ‖α‖
p
p,1‖ϕ‖

p
p,1 +

1
2
‖ϕ‖2p

p,1,

to get Lp
2 -bounds. The embedding of Lp

2 into L2
2 then gives L2

2 bounds. And using
the Sobolev multiplication on L2

k for k > 1 one gets L2
3- and finally L2

4-bounds as
desired.

6 Stable cohomotopy invariants

We have already defined the vortex map for a pair (X ,L) in Section 4 and studied
some of its analytic properties in Section 5. Now we will distill this information
into a stable homotopy class.
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6.1 The Bauer-Furuta construction

The Bauer-Furuta construction, see [BF04, Section 2] and [Bau04b, Section 2],
which generalizes earlier work of Švarc, see [Šva64], allows us to pass from
certain non-linear perturbations of linear Fredholm operators to stable homotopy
classes of maps. For later reference, we state their result in the following form.

Theorem 6.1. A continuous map between Hilbert spaces with the property that
preimages of bounded sets are bounded, and that can be written as a sum of a
linear Fredholm operator ` and of a compact map, defines a stable homotopy
class S`→ S0 between (finite-dimensional) spheres. (If the index of ` is negative,
then the one-point-compactification S` has to be interpreted as a spectrum.) More
generally, an equivariant family of such maps between G-Hilbert space bundles
over finite CW complexes B defines a class that lives in

[S`
B,S

0
B]

G
B (6.1)

the 0-th G-equivariant parametrized stable cohomotopy over B.

Often, the group (6.1) can also be interpreted in a non-parametrized way, by pass-
ing to the Thom spectrum of the index bundle. This will be explained later.

6.2 The linearisation of the vortex map

The Taylor expansion at (0,0) of the vortex map vB = vB(X ,L) for (X ,L) based
at B is

vB(ϕ,α) = (0, iFB−
1
2

ω,0,0)

+ (∂ Bϕ,−dα,hα, [d∗α])

+ (i ·dα ·ϕ, 1
2
|ϕ|2ω,0,0).

Let us work out the index of the linearization

(α,ϕ) 7−→ (∂ Bϕ,−dα,hα, [d∗α]),
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which can be decomposed as a real part and a complex linear part.

On the one hand, the real operator

α 7−→ (−dα,hα, [d∗α]),

is elliptic with real index −1. In fact, this linear map is precisely the restric-
tion vB(X ,L)T of the vortex map vB(X ,L) to the T-fixed point set, and we will
shall pause to discuss this in some detail now.

Proposition 6.2. The fixed point map vB(X ,L)T is injective but not surjective.

Proof. If (0,α) is a fixed point, then it is sent to (0,−dα,hα, [d∗α]). If that image
is zero, then we have dα = 0 and d∗α = 0, so that α is harmonic. Therefore α =

hα = 0. This shows that vTB is injective. Since the index is negative, it cannot be
surjective: the image is the orthogonal complement of the (1-dimensional) space
of harmonic 2-forms.

If we vary the pair (X ,L) in a family, then the index of the real part of the lineari-
sation of the vortex map is the negative of a line bundle over the base of the family.
This is a real line bundle, the so-called Hodge bundle β = β 2(X) of harmonic 2-
forms in the fibres. It only depends on the variation of X , of course. This bundle
is flat, hence trivial as soon as the fundamental group of the base vanishes, but
also in many other cases. The universal example lives over BDiff(X), where the
fundamental group is the mapping class group of the surface X . Because of our
assumption that Diff(X) is the group of orientation preserving diffeomorphisms,
the Hodge bundle for the families considered here will always be trivial, and a
nowhere-zero section is given by the family of volume forms.

On the other hand, the complex operator

∂ B : Ω
0
X(L)−→Ω

01
X (L)

is also elliptic, and its complex index is given by the well-known Riemann-Roch
formula as deg(L)+1−g(X).

As the class of B varies over the Picard torus, the Chern classes of the index
bundle, the Riemann-Roch bundle ρ = ρ(X ,L), can be computed using the
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Grothendieck-Riemann-Roch theorem for the push-forward of the Poincaré line
bundle on X×Pic(X ,L), see [ACGH85] for example. The result is

ck(ρ) = (−1)k θ

k!
, (6.2)

where θ is the class of the theta divisor in H2(Pic(X ,L);Z). For the purposes of
this text, it will be sufficient to know that the θ -divisor is a translate of the image
of the product

Symg(X)−1(X)⊆ Pic(X),

where more generally the n-th symmetric product Symn(X) maps to the compo-
nent Picn(X)⊆ Pic(X) of line bundles of degree n via

[p1, . . . , pn] 7−→ O(p1)⊗·· ·⊗O(pn).

In particular, for g(X) = 0, the θ -divisor is empty, and for g(X) = 1, it is a point.

6.3 Stable homotopy theory invariants

The general construction reviewed in Section 6.1 above, together with the specific
properties of the vortex map proven in Section 5, lead to the first main result of
this paper.

Theorem 6.3. For each pair (X ,L), consisting of a Riemann surface X and a
Hermitian line bundle L, the vortex map defines a stable homotopy class

v(X ,L) ∈ [Sρ

Pic(X ,L),S
1
Pic(X ,L)]

T
Pic(X ,L)

in the group of T-equivariant stable homotopy classes of maps parametrized by
the Picard torus Pic(X ,L).

Since the Hodge bundle β 2(X) over the Picard torus Pic(X ,L) is always trivial,
a standard base change adjunction, see for example [CJ98, II.1.3], shows that the
group in the theorem can be identified with the group

π
1
T(Pic(X ,L)ρ),
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where the notation Pic(X ,L)ρ refers to the Thom spectrum of the Riemann-Roch
bundle ρ = ρ(X ,L) over the Picard torus Pic(X ,L), at least if that bundle can be
represented by an actual vector bundle minus a trivial bundle, so that the Thom
spectrum is a (de)suspension of a Thom space.

7 Group actions and families

The preceding theory that culminated in Theorem 6.3 has extensions to both the
cases where compact Lie groups act on the situation, and where one considers
families. This can be set up with only minor changes to the author’s previous
work in the context of the Bauer-Furuta invariants, see [Szy02], [Szy08], [Szy10],
and [Szy12]. Therefore, the form and function of these extensions in the context
of the vortex equations will only be sketched here.

7.1 Group actions

If a compact Lie group G acts on X preserving a complex line bundle L, then
there is an extension G of G by T such that the homomorphism G→ Diff(X) lifts
to a homomorphism G→ Aut(X ,L). As explained in [Szy02] and [Szy12], in a
situation which corresponds to the case g(X) = 0, there is a G-equivariant stable
homotopy class which lives in π1

G(S
ρ) and maps to the vortex class under the

forgetful map
π

1
G(S

ρ)−→ π
1
T(S

ρ).

In the case g(X) 6= 0, the Picard torus is easy to build in, replacing the sphere Sρ

by the Thom space Pic(X ,L)ρ of the index bundle. This lead to forgetful maps

[Sρ

Pic(X ,L),S
1
Pic(X ,L)]

G
Pic(X ,L) −→ [Sρ

Pic(X ,L),S
1
Pic(X ,L)]

T
Pic(X ,L)

and
π

1
G(Pic(X ,L)ρ)−→ π

1
T(Pic(X ,L)ρ),

respectively.
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7.2 Families

As explained in [Szy10], there are characteristic cohomotopy classes for families
with fibre (X ,L) over compact bases B, and a universal characteristic class which
lives in the group π1

T(BAut(X ,L)ρ).

A typical class of examples of families arises from group actions, and it is instruc-
tive to spell this out in detail.

Example 7.1. In the case of a group action G→ Aut(X ,L), as in the preceding
Section 7.1, the twisted bundle construction defines a family with fiber (X ,L) over
the classifying space BG, and the universal characteristic class for families can be
restricted from the Thom spectrum BAut(X ,L)ρ to the Thom spectrum BGρ . In
this way, we obtain a class in π1

T(BG
ρ).

The family invariants of the preceding example and the equivariant invariants from
Section 7.1 can be compared by means of a common unification. This will be
explained next.

7.3 A common unification

There is a universal equivariant class in π1
G(BAut(X ,L)ρ) which maps to both of

the classes mentioned above under the obvious maps. The diagram

π1
G(BAut(X ,L)ρ)

yy %%

π1
G(S

ρ) π1
T(BAut(X ,L)ρ)

��

π1
T(BG

ρ)

summarizes the situation, see [Szy10].
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8 The spherical case

If X is a Riemann surface such that the genus g(X) vanishes, then the topology
of the surface X is that of a 2-sphere S2. In this case, the situation simplifies
considerably, because the group G(S2) is connected and the Picard torus is a point.
Let us write (S2,d) for (S2,L) when d is the degree deg(L) of L.

The Riemann-Roch formula implies that the rank of ρ is d +1, so that the vortex
class is an element

v(S2,d) ∈ [S(d+1)C,S1]T.

We will give some numerical information about these groups right away.

8.1 Computations

While the precise structure of the groups [S(d+1)C,S1]T in which the vortex class
lives, is only known in some cases, compare Remark 8.2, there is the following
general result.

Proposition 8.1. The group [S(d+1)C,S1]T is always finite, and trivial for nega-
tive d.

Proof. If d is negative, then −(d +1)> 0, and there is an isomorphism

[S(d+1)C,S1]T ∼= [S0,S1−(d+1)C]T

which shows that this group is zero.

If d is not negative, then there is a cofibration sequence

S(Cd+1)+ −→ D(Cd+1)+ −→ S(d+1)C −→ ΣS(Cd+1)+ −→ S1

with D(Cd+1)+ 'T S0. It induces a long exact sequence

[S0,S1]T←− [S(d+1)C,S1]T←− [ΣS(Cd+1)+,S1]T←− [S1,S1]T. (8.1)
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Since T acts freely on the unit sphere S(Cd+1), there is also an isomorphism

[ΣS(Cd+1)+,S1]T ∼= [S(Cd+1)+,S0]T ∼= [CPd
+,S

0],

and this group is isomorphic to the direct sum of a copy of the integers Z, which
comes from the base point, and to a copy of the group [CPd,S0], which is easily
seen to be finite using Serre’s finiteness of the stable stems in positive dimensions.

Clearly, the group [S0,S1]T is zero. The group [S1,S1]T ∼= [S0,S0]T is (canoni-
cally) isomorphic to Z. In the long exact sequence induced by the cofibration
sequence, it injects into the group [S(Cd+1)+,S0]T, as can be seen by looking at
the forgetful maps.

[S(Cd+1)+,S0]T

forget
��

[S0,S0]Too

forget
��

[S(Cd+1)+,S0] [S0,S0]oo

The arrow on the right is an isomorphism, and the arrow on the bottom is injec-
tive, since there is a (non-equivariant) section of the map from S(Cd+1) to the
singleton. This shows that the map on the top is injective as well, as claimed.

Remark 8.2. It is not hard to determine the structure of the finite groups [CPd,S0]

up to isomorphism for small values of d: For d = 0 the group [CP0,S0] = [∗,S0] is
trivial, while for d = 1 one is concerned with the group [CP1,S0] = [S2,S0] which
has order 2. For d = 2 the group [CP2,S0] is again trivial.

8.2 An integral invariant

Let us review a way to extract integral information from the vortex classes, fol-
lowing [Bau04b]. The starting point is the isomorphism

[S(Cd+1)+,S0]T ∼= [CPd
+,S

0],

which already appeared in the course of the proof of Proposition 8.1. The right
hand side maps to

[CPd
+,HZ] = H0(CPd;Z) = Z,
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using the unit S0→ HZ of the integral Eilenberg-MacLane spectrum HZ.

Now we look at the long exact sequence (8.1) again. Since the group on the
left is zero, every element in the group [S(d+1)C,S1]T can be lifted to an element
in the group [S(Cd+1)+,S0]T. However, the lift will depend on the choice of a
null-homotopy. Therefore, we have to make a choice, unless we have a preferred
choice of null-homotopy. The set of possible choices is a torsor for the image of
the group [S1,S1]T = Z which is mapped injectively, as we have already seen in
the course of the proof of Proposition 8.1.

Remark 8.3. The traditional way to derive numerical invariants from such sit-
uations is to integrate over M×(X ,L) the top power of the characteristic 2-form
which is associated to the principal T-bundle V×(X ,L)→M×(X ,L).

8.3 Families of spheres

So far we have only considered single 2-spheres. Now we shall turn our attention
to families of 2-spheres, in particular to the universal family.

The group Diff(S2) of orientation preserving diffeomorphisms of a 2-sphere is
homotopy equivalent to SO(3), by Smale’s theorem [Sma59]. We have

H∗(BSO(3);Z)∼= Z[e, p1]/(2e),

and the total space of the universal family of 2-spheres is homotopy equivalent
to BSO(2)' BT' CP∞, because this family can be modelled as

S2 = SO(3)/SO(2)−→ BSO(2)−→ BSO(3).

There is an equivalence G(S2)' T, and the extension

G(S2)−→ Aut(S2,d)−→ Diff(S2)

is equivalent to the split extension

T→ T×SO(3)→ SO(3),
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if the degree d is even, or to

T→ U(2) = Spinc(3)→ SO(3),

if the degree d is odd, compare Remark 2.3.

Because Aut(S2,d) is connected in both of the cases, the (flat) Hodge bundle over
the classifying space BAut(S2,d) is trivial. Since the Picard torus Pic(S2,d) is
a point in this case, the Riemann-Roch bundle is trivial as well. Therefore, the
vortex class for a family that is classified by a map B→ BAut(S2,d) lives in the
group

[S(d+1)CB
B ,S1

B]
T
B ,

which is isomorphic to [Σ(d+1)CB+,S1]T, again by a base change adjunction.
These groups may very well be non-trivial, even rationally.

For each fibre, the family invariant gives rise to an element in [S(d+1)C,S1]T by
restriction. In this way, we get the invariant of the fibre back, compare [Szy10,
Section 3.1].
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