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Functions on partition permutations: definitions and problematic Definitions

Partitioned permutations

Let n ∈ Z≥0. Following [Collins–Mingo–Śniady–Speicher ’07], set:

• S(n) the set of permutations on n elements;

• P(n) the set of partitions of {1, . . . , n};

• 1n = {{1, . . . , n}};
• Given γ ∈ S(n), 0γ ∈ P(n) is the partition

whose blocks are the cycles of γ.

• U = {U1, . . . ,Uk},V = {V1, . . . ,V`} ∈ P(n).
U ≥ V if ∀i , ∃j s.t. Vi ⊂ Uj .

• The join U ∨ V is the smallest W ∈ P(n) s.t.
U ≤ W and V ≤ W.

Definition (Partitioned permutations)

(U , γ) is a partitioned permutation on n elements:

U ∈ P(n), γ ∈ S(n), and U ≥ 0γ .

PS(n) is the set of partitioned permutations on n
elements; PS :=

⋃
n≥0 PS(n)

U ∈ P(9)

U = {{1, 2, 4, 5, 6, 8, 9}, {3, 7}}

γ = (1, 2, 9)(4, 5, 8, 6)(3, 7)

0γ = {{1, 2, 9}, {4, 5, 6, 8}, {3, 7}}U = 19

1

2 9

8

6

4

5

3

7

U ≥ VNot comparable

1

2 9

8

6

4

5

3

7

U

V

γ = (1, 2, 9)(4, 5, 8, 6)(3, 7)

(0γ , γ)

(U , γ)

1

2 9

8

6

4

5

3

7

U ∨ V

1

2 9

8

6

4

5

3

7
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• S(n) the set of permutations on n elements;

• P(n) the set of partitions of {1, . . . , n};
• 1n = {{1, . . . , n}};
• Given γ ∈ S(n), 0γ ∈ P(n) is the partition

whose blocks are the cycles of γ.

• U = {U1, . . . ,Uk},V = {V1, . . . ,V`} ∈ P(n).
U ≥ V if ∀i , ∃j s.t. Vi ⊂ Uj .

• The join U ∨ V is the smallest W ∈ P(n) s.t.
U ≤ W and V ≤ W.

Definition (Partitioned permutations)

(U , γ) is a partitioned permutation on n elements:

U ∈ P(n), γ ∈ S(n), and U ≥ 0γ .

PS(n) is the set of partitioned permutations on n
elements; PS :=

⋃
n≥0 PS(n)

U ∈ P(9)

U = {{1, 2, 4, 5, 6, 8, 9}, {3, 7}}

γ = (1, 2, 9)(4, 5, 8, 6)(3, 7)

0γ = {{1, 2, 9}, {4, 5, 6, 8}, {3, 7}}U = 19

1

2 9

8

6

4

5

3

7

U ≥ V

Not comparable

1

2 9

8

6

4

5

3

7

U

V

γ = (1, 2, 9)(4, 5, 8, 6)(3, 7)

(0γ , γ)

(U , γ)

1

2 9

8

6

4

5

3

7

U ∨ V

1

2 9

8

6

4

5

3

7
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Functions on partition permutations: definitions and problematic Definitions

Product on PS(n)

The length of (U , γ) ∈ PS(n) is

|(U , γ)| := n + #cycles of γ − 2#blocks of U .

Remark: |(U , γ)| ≥ 0. |(0id, id)| = 0

Product on PS(n):

(U , γ) · (V, π) :=

{
(U ∨ V, γ π) if |(U , γ)|+ |(V, π)| = |(U ∨ V, γπ)|
0 otherwise.

|(16, γ)| = 6|(0γ , γ)| = 4

·

1 2

4 6

3 5

γ = (1, 2, 3, 4)(5, 6) π = (35)

|(0π, π)| = 1

1

2

3

4 5 6
1

2 3

4 6

5

=

1

2
3

4

γπ = (1, 2, 3, 6, 5, 4)

6

5

|(0γπ, γπ)| = 5
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Functions on partition permutations: definitions and problematic Definitions

Product on PS(n)

The length of (U , γ) ∈ PS(n) is

|(U , γ)| := n + #cycles of γ − 2#blocks of U .

Remark: |(U , γ)| ≥ 0. |(0id, id)| = 0
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Functions on partition permutations: definitions and problematic Definitions

Functions on PS

Definition (Convolution of functions)

Let f , g : PS → C. Their convolution is

(f ∗ g)(U , γ) =
∑

(V,π)·(W,σ)=(U ,γ)

f (V, π)g(W, σ).

Definition (Function zeta)

Define the function ζ : PS → C as:

ζ(U , γ) =

{
1 if U = 0γ

0 otherwise.

Definition (Multiplicative functions)

Let f : PS → C. f is multiplicative if:

• f (1n, γ) depends only on the conjugacy class of π;

• f (U , γ) =
∏
U∈U

f (1U , γ|U).
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Functions on partition permutations: definitions and problematic Problematic

Convolution with ζ and generating series

Let f : PS → C multiplicative. Define f`1,...,`n := f (1`1+···+`n ,

cycle of
size `1︷︸︸︷
γ1 . . . γn).

Assumption

Let ϕ, κ : PS → C be multiplicative functions such that ϕ = ζ ∗ κ.

Encode ϕ`1,...,`n and κ`1,...,`n into the generating series:

M(x) := 1 +
∑̀
≥1

ϕ`x
`, C (w) := 1 +

∑̀
≥1

κ`w
`,

M(x1, . . . , xk) :=
∑

`1,...,`k≥1

ϕ`1,...,`kx
`1
1 . . . x`kk , C (w1, . . . ,wk) :=

∑
`1,...,`k≥1

κ`1,...,`kw
`1
1 . . .w `k

k

Question

Given k ≥ 1, is there a functional relation between M(x1, . . . , xk) and
C (w1, . . . ,wk)?
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Functions on partition permutations: definitions and problematic Functional relations: results

Functional relation for k = 1

Theorem [Speicher ’94]

C (x M(x)) = M(x)

Proof. Meaning of ϕ = ζ ∗ κ for k = 1:

ϕ` =
∑

(V,π)·(W,σ)=(1`,γ`)

ζ(V, π)κ(W, σ) =
∑

π∈NC(n)

κ(0π, π)

Proof in [Speicher ’94] relies on the tree structure of NC (n) (non-crossing permutations):

π = (1, 5, 6, 9)(2, 3, 4)(7, 8)

π ∈ NC (9)

1
2

3

4

56

7

8

9

ϕ` =
∑

size of first cycle

κ3

ϕ3

ϕ2
ϕ1

κ3

ϕ2

ϕ2 ϕ2
κ3

ϕ3

ϕ0

ϕ3

1
2

3

4

56

7

8

9

=
∑̀
r=0

κr
∑

`1+···+`r=`−r
ϕ`1 . . . ϕ`r

At the level of generating functions, this identity translates as C (xM(x)) = M(x). �
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Functions on partition permutations: definitions and problematic Functional relations: results

Functional relation for k = 2

Theorem [Collins–Mingo–Śniady–Speicher ’07]

M(x1, x2) =
[
C (w1,w2)− w1w2

∂2

∂w1∂w2
log
(
w1C(w1)−w2C(w2)

w1−w2

)]∣∣∣
wi=xiM(xi )

× 1
M(x1)M(x2)

∂
∂x1

(x1M(x1)) ∂
∂x2

(x2M(x2))

Proof. Meaning of ϕ = ζ ∗ κ for k = 2:

ϕ`1,`2 =
∑

(V,π)·(W,σ)=(1`1+`2
,γ1γ2)

ζ(V, π)κ(W, σ)

Solutions of (V, π) · (W, σ) = (1`1,`2 , γ`1γ`2) are “(1`1+`2 , γ1γ2)-non-crossing”, they are of 2
types. Sort the sums by handling those 2 types. �

And for k ≥ 3?

The number of types of (1`1+···+`k , γ1 . . . γk)-non-crossing partitioned
permutations grows quickly =⇒ the proof is hard to generalise.
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Functions on partition permutations: definitions and problematic Functional relations: results

Main result – teasing

Theorem [Borot–C.–Garcia-Failde–Leid–Shadrin +21]

Consider the change of variables x = w/C (w). For k ≥ 3, we have:

M(x1, . . . , xk) =
∑
t∈Tk

d(v1)−1∑
j1=0

. . .

d(vk )−1∑
jk=0

(
k∏

i=1

(
wi

C (wi )x ′(wi )

∂

∂wi

)ji

[v jii ]︸︷︷︸
Coeff of v

ji
i

(
∂
∂y + vi

1+y

)d(vi )−1
1

C (wi )x ′(wi )

∣∣∣
y=C(wi )−1

)
C(t)

• Tk are trees with multiedges, with k labeled vertices;

• d(vi ) is the degree of the vertex i ;

• C(t) is expressed in terms of the generating series C (wi1 , . . . ,wim).
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Relations with free probabilities, combinatorics and topological recursion Free probabilities: higher order moments and free cumulants

Relation to free probabilities

Definition (HOPS)

(A, ϕ) is a higher order probability space if:

• A is a tracial algebra;

• ϕ = (ϕn)n≥1 where ϕn : An → C is linear and tracial, and s.t.
ϕ1(1) = 1, ϕn(1, a2, . . . , an) = 0 for n ≥ 2.

Decorate PS with A: PS(A) :=
⋃

n≥0 PS(n)×An.

For 1 ≤ j ≤ k , set Lj =
∑j

i=1 `j . The moments are multiplicative functions defined by:

ϕ(1`1+···+`k , γ1 . . . γk)[a1, . . . , a`1+···+`k ] := ϕk(a1 . . . a`1 , . . . , aLk−1+1 . . . aLk )

The free cumulants are defined by κ = µ ∗ ϕ⇔ ϕ = ζ ∗ κ.

Remark: higher order freeness

(Ai )i∈I are free if κ(1n, π)[a1, . . . , an] = 0 ∀π ∈ S(n) whenever
∃i(p) 6= i(q) s.t. ap ∈ Ai(p), aq ∈ Ai(q).
If ϕn = 0 for n ≥ 2: recover first order freeness.

The functional relations are moment-cumulant functional relations.
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Relations with free probabilities, combinatorics and topological recursion Combinatorics: maps and fully-simple maps

Combinatorics: formal hermitian matrix models

HN : set of N × N hermitian matrices. Set V (u) = u2

2 −
d∑

j=3

tj
j u

j and the measure on HN :

dµ(A) =
1

Z0
e−αNTrV (A) dA where Z0 =

∫
HN

dAe−αNTrA
2

2 .

Expectation value: 〈·〉 = 1
Z
∫
HN
· dµ(A).

Classical moments of the matrix model, and associated classical cumulants:〈
TrA`1 . . .TrA`k

〉
and c

(N)
k (TrA`1 , . . . ,TrA`k )

For 1 ≤ j ≤ k , set Lj =
∑j

i=1 `j and Pγj =
Lj∏

m=Lj−1+1

Am,γj (m).

Expectation values and classical cumulants:

〈Pγ1 . . .Pγk 〉 and c
(N)
k (Pγ1 , . . . ,Pγk )
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Relations with free probabilities, combinatorics and topological recursion Combinatorics: maps and fully-simple maps

From free probabilities to combinatorics via matrix models

Matrix model and free probabilities

ϕ`1,...,`k = lim
N→∞

Nk−2c
(N)
k (TrA`1 , . . . ,TrA`k )

κ`1,...,`k = lim
N→∞

Nk−2c
(N)
k (Pγ1 , . . . ,Pγk )

Lemma [Brézin–Itzykson–Parisi–Zuber ’78, Borot–Garcia-Failde ’17]

c
(N)
k (TrA`1 , . . . ,TrA`k ) =

∑
g≥0

N2−2g−kMap
[g ]
(`1,...,`k )

c
(N)
k (Pγ1 , . . . ,Pγk ) =

∑
g≥0

N2−2g−k−Lk FSMap
[g ]
(`1,...,`k )

Remark: for more general multi-tracial hermitian measures, relation with stuffed maps.

Free probabilities to maps

ϕ`1,...,`k = Map
[0]
(`1,...,`k ), κ`1,...,`k = FSMap

[0]
(`1,...,`k )
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Séverin Charbonnier (CNRS – IRIF) Moment-Cumulants relations TR and combinatorics 05/11/2021 15 / 26



Relations with free probabilities, combinatorics and topological recursion Topological recursion

Topological recursion

(see Elba Garcia-Failde’s talk)

Conjecture in [Borot–Garcia-Failde ’17]:

Theorem [Bychkov–Dunin-Barkowski–Kazarian–Shadrin ’21, Borot–C.–Garcia-Failde ’21]

Generating series of Map
[g ]
(`1,...,`k ) and FSMap

[g ]
(`1,...,`k ) satisfy topological recursion

with spectral curves S = (x , y) and Š = (y , x) respectively.

As a consequence, one obtains the relation for k = 3 in the case of HOPS arising from
unitary-invariant hermitian matrix models.
Consider the change of variable x = w

C(w) (⇔ w = xM(x)):

M(x1, x2, x3) =
C (w1,w2,w3)
3∏

i=1
C (wi )x ′(wi )

+
3∑

i=1

1

C (wi )x ′(wi )
wi

∂

∂wi

∏
j 6=i

(
C (wi ,wj) +

wiwj

(wi−wj )2

)
3∏

m=1
C (wm)x ′(wm)
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Functional relations for higher moments and cumulants
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Functional relations for higher moments and cumulants Formula and example

The functional relation: preliminaries

Definition

For k ≥ 1, Tk denotes the set of trees t with
k labeled vertices v1, . . . , vk and with
multi-edges e ∈ E (t).

1-edges are not
allowed.

Let t ∈ Tk and e be a multi-edge of t,
adjacent to the vertices vi1 , . . . , vim . The
weight C(e) of e is given by:

C(e) := C (wi1 , . . . ,wim) + δm,2
wi1wi2

(wi1 − wi2)2

The weight of t is then:

C(t) :=
∏

e∈E(t)

C(e)

The degree of vi is noted d(vi ).

t ∈ T7

forbidden

v1

v2 v3

v4

v5

v6

v7

C (w1,w2,w3)

C (w3,w7) + w3w7
(w3−w7)2

C (w3,w4,w5,w6)

C(t) = C (w1,w2,w3)C (w3,w4,w5,w6)

×
(
C (w3,w7) + w3w7

(w3−w7)2

)
d(v3) = 3, d(vi ) = 1 i 6= 3
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Functional relations for higher moments and cumulants Formula and example

The functional relation: main result

Theorem [Borot–C.–Garcia-Failde–Leid–Shadrin +21]

Consider the change of variables x = w/C (w) (⇔ w = xM(x)). For k ≥ 3, we have:

M(x1, . . . , xk) =
∑
t∈Tk

d(v1)−1∑
j1=0

· · ·
d(vk )−1∑
jk=0

(
k∏

i=1

(
wi

C (wi )x ′(wi )

∂

∂wi

)ji

[v jii ]︸︷︷︸
Coeff of v

ji
i

(
∂
∂y + vi

1+y

)d(vi )−1
1

C (wi )x ′(wi )

∣∣∣
y=C(wi )−1

)
C(t)

Remark: the sums are finite.
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Functional relations for higher moments and cumulants Formula and example

The functional relation: example

For k = 3, the l.h.s. is M(x1, x2, x3).

On the r.h.s, T3 has 4 elements:

v1

v2 v3

v1 v1 v1

v2 v2 v2v3 v3 v3

j1 = j2 = j3 = 0
j1 = j3 = 0 j1 = j2 = 0

j1 = 1
j2 = j3 = 0

j2 = 1 j3 = 1

C(w1,w2,w3)
3∏

m=1
C(wm)x ′(wm)

1
C(w1)x ′(w1)w1

∂
∂w1

(
C(w1,w2)+

w1w2
(w1−w2)2

)(
C(w1,w3)+

w1w3
(w1−w3)2

)
3∏

m=1
C(wm)x ′(wm)

+ 	

M(x1, x2, x3) =
C (w1,w2,w3)
3∏

i=1
C (wi )x ′(wi )

+
3∑

i=1

1

C (wi )x ′(wi )
wi

∂

∂wi

∏
j 6=i

(
C (wi ,wj) +

wiwj

(wi−wj )2

)
3∏

m=1
C (wm)x ′(wm)
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Functional relations for higher moments and cumulants Sketch of the proof

Sketch of the proof

The proof has 2 main steps.

Step 1

There exist vectors Φ, K indexed by partitions of integers with value in
C[[~]] s.t.

ϕ = ζ ∗ κ ⇔ ∀n ≥ 1, ∀λ ` n, Φλ = z(λ)
∑
µ`n

[H<]λ,µKµ.

Step 2

Apply the theorems of Bychkov–Dunin-Barkowski–Kazarian–Shadrin ’20 , ’21:
If Φλ = z(λ)

∑
µ`n

[H<]λ,µKµ for all λ ` n, then the relations between

M(x1, . . . , xk) and C (w1, . . . ,wk) hold for k ≥ 3.

Remark: the techniques employed for the second step involve identities of operators on the
bosonic Fock space F = C((~))[[p1, p2, p3, . . . ]].
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Functional relations for higher moments and cumulants Sketch of the proof

Focus on step 1

Let n ≥ 1, λ ` n. Define Φλ, Kλ ∈ C[[~]] as:

Φλ :=
∑
V∈P(n)
V≥Λ

~|(V,γλ)|ϕ(V, γλ), Kλ :=
∑
V∈P(n)
V≥Λ

~|(V,γλ)|κ(V, γλ)

Given λ, µ ` n, let [H<
r ]λ,µ be the strictly monotone double Hurwitz number (see Elba

Garcia-Failde’s talk) and

[H<]λ,µ :=
n−1∑
r=0

~r [H<
r ]λ,µ.

Lemma [Borot–C.–Garcia-Failde–Leid–Shadrin +21]

ϕ = ζ ∗ κ ⇔ ∀n ≥ 1, ∀λ ` n, Φλ = z(λ)
∑
µ`n

[H<]λ,µKµ

where z(λ) = n!
|C(λ)| .
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Functional relations for higher moments and cumulants Sketch of the proof

Focus on step 1: remarks

Remark 1: the inspiration for this lemma comes from combinatorics.

Lemma [Borot–Garcia-Failde ’17, Borot–C.–Do–Garcia-Failde ’19]

For all λ ` n,

Map•λ = z(λ)
∑
µ`n

[H<]λ,µFSMap•µ

Φλ Kµ= z(λ)
∑
µ`n

[H<]λ,µ

Remark 2: the lemma is the genus 0 part of a stronger statement. ϕ, ζ, κ can be defined
as functions on surfaced permutations (U , γ, g) ∈ PSG (n) with g : U → Z≥0. The
convolution is extended to ϕ = ζ ? κ; Φ is changed to:

Φλ =
∑
V≥Λ

∑
g :V→Z≥0

~|(V,γλ)|+
∑

V∈V 2g(V )ϕ(V, γλ, g)

Theorem [Borot–C.–Garcia-Failde–Leid–Shadrin +21]

ϕ = ζ ? κ ⇔ ∀n ≥ 1,∀λ ` n, Φλ = z(λ)
∑
µ`n

[H<]λ,µKµ.

Séverin Charbonnier (CNRS – IRIF) Moment-Cumulants relations TR and combinatorics 05/11/2021 23 / 26



Functional relations for higher moments and cumulants Sketch of the proof

Focus on step 1: remarks

Remark 1: the inspiration for this lemma comes from combinatorics.

Lemma [Borot–Garcia-Failde ’17, Borot–C.–Do–Garcia-Failde ’19]

For all λ ` n,

Map•λ = z(λ)
∑
µ`n

[H<]λ,µFSMap•µ

Φλ Kµ= z(λ)
∑
µ`n

[H<]λ,µ

Remark 2: the lemma is the genus 0 part of a stronger statement. ϕ, ζ, κ can be defined
as functions on surfaced permutations (U , γ, g) ∈ PSG (n) with g : U → Z≥0. The
convolution is extended to ϕ = ζ ? κ; Φ is changed to:

Φλ =
∑
V≥Λ

∑
g :V→Z≥0

~|(V,γλ)|+
∑

V∈V 2g(V )ϕ(V, γλ, g)

Theorem [Borot–C.–Garcia-Failde–Leid–Shadrin +21]

ϕ = ζ ? κ ⇔ ∀n ≥ 1, ∀λ ` n, Φλ = z(λ)
∑
µ`n

[H<]λ,µKµ.
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Functional relations for higher moments and cumulants Sketch of the proof

Conclusion

M(x1, . . . , xk)
↔C (w1, . . . ,wk)

Functional relations

Free probabilities

Moments ↔ Cumulants

origin of

k = 1, k = 2
[Spe 94] [CMSS 07]

Combinatorics
Maps ↔ fully-simple maps

Hermitian matrix model

Topological Recursion
Symplectic transformation

[BD-BKS 21]
[BCG-F 21]k = 3

Enumerative geometry

Hurwitz numbers

[BG-F 17]
[BCDG-F 19]

[BCG-FLS +21]

Inspiration
k ≥ 3
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Functional relations for higher moments and cumulants Sketch of the proof

Conclusion

Future explorations:

• We define a product on PSG (n), a convolution of functions on PSG . Does it pave the
way for higher genus freeness?

• At the level of maps, the duality between ordinary and fully-simple maps is related to
symplectic invariance of TR for a family of spectral curves. More generally, for
moments and free cumulants: is the relation ϕ = ζ ∗ κ deeply connected with
symplectic invariance of TR?
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Functional relations for higher moments and cumulants Sketch of the proof

Thank you for your attention!
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