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Functions on partition permutations: definitions and problematic Definitions

Partitioned permutations

Let n € Z>¢. Following [Collins—Mingo—Sniady-Speicher '07], set:

e S(n) the set of permutations on n elements;
e P(n) the set of partitions of {1,...,n};

U =1{{1,2,4,5,6,8,9},{3,7}}
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Functions on partition permutations: definitions and problematic Definitions

Partitioned permutations

Let n € Z>¢. Following [Collins—Mingo—Sniady-Speicher '07], set:
e 5(n) the set of permutations on n elements;
e P(n) the set of partitions of {1,...,n};

o 1,={{1,....n}}; :

e Given v € S(n), 0, € P(n) is the partition
whose blocks are the cycles of .
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e 1,={{1,...,n}};

e Given v € S(n), 0, € P(n) is the partition
whose blocks are the cycles of .

o U={U,....,U},V={V1,..., Vu} € P(n).
U>Vifvi, 3jst. V; C U, 3

Séverin Charbonnier (CNRS — IRIF) Moment-Cumulants relations TR and combinatorics 05/11/2021 5/26



Functions on partition permutations: definitions and problematic Definitions

Partitioned permutations

Let n € Z>¢. Following [Collins—Mingo—Sniady-Speicher '07], set:

e S(n) the set of permutations on n elements;

e P(n) the set of partitions of {1,...,n};

e 1,={{1,...,n}};

e Given v € S(n), 0, € P(n) is the partition
whose blocks are the cycles of .
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Functions on partition permutations: definitions and problematic Definitions

Partitioned permutations

Let n € Z>¢. Following [Collins—Mingo—Sniady-Speicher '07], set:

e 5(n) the set of permutations on n elements;
e P(n) the set of partitions of {1,...,n};
e 1,={{1,...,n}};
e Given v € S(n), 0, € P(n) is the partition
whose blocks are the cycles of 7. U
o U={U,....,U},V={V1,..., Vu} € P(n).
U>Vifvi, 3jst. V; C U,
e The join U V V is the smallest W € P(n) s.t.
U<Wand V < W.
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Functions on partition permutations: definitions and problematic Definitions

Partitioned permutations

Let n € Z>¢. Following [Collins—Mingo—Sniady-Speicher '07], set:
e 5(n) the set of permutations on n elements;
e P(n) the set of partitions of {1,...,n};

o 1,={{1,...,n}};

e Given v € S(n), 0, € P(n) is the partition

whose blocks are the cycles of . v = (1,2,9)(4,5,8,6)(3,7)
o Z/[Z{Ul,...,Uk},V:{Vl,...,\/g} S P(n)
U>Vvifvi Jjst V;C U;. 3

e The join U V V is the smallest W € P(n) s.t.
U<Wand V < W.

Definition (Partitioned permutations)

(U,~) is a partitioned permutation on n elements:
UeP(n), ~e€S(n), and U>0,.

PS(n) is the set of partitioned permutations on n
elements; PS := J,5o PS(n)

4
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Product on PS(n)

The length of (U,~) € PS(n) is
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Functions on partition permutations: definitions and problematic

Product on PS(n)

Definitions

The length of (U,~) € PS(n) is

|(U,~)| == n+ Fcycles of v — 2#blocks of U.

Remark: |(U,~)] > 0. |(0i4,id)| =0
Product on PS(n):
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Functions on partition permutations: definitions and problematic

Product on PS(n)

Definitions

The length of (U,~) € PS(n) is

|(U,~)| == n+ Fcycles of v — 2#blocks of U.

Remark: |(U,~)] > 0. |(0i4,id)| =0
Product on PS(n):

v=(1,2,3,4)(5,6)

(16,7)| = 6 |(Ox, m)[ =1 |(Oym, ym)[ = 5

Séverin Charbonnier (CNRS — IRIF) Moment-Cumulants relations TR and combinatorics 05/11/2021

6/26



 Functions on partition permutations: definiions and problematic  Definions
Functions on PS
Let f, g : PS — C. Their convolution is

(f+g)U,7) =

D

(V,7r)~(W,o):(u,7)

f(v,m)g(W,o).
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Functions on partition permutations: definitions and problematic Definitions

Functions on PS

Definition (Convolution of functions)
Let f, g : PS — C. Their convolution is

(Fxg)(U,v) = > F(V,m)g(W,0).
(V,m)-(W,o)=(U,7)

Definition (Function zeta)
Define the function ¢ : PS — C as:

1 ifu=o0,

0 otherwise.

C(U,’Y)={
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Functions on partition permutations: definitions and problematic Definitions

Functions on PS

Definition (Convolution of functions)
Let f, g : PS — C. Their convolution is

(f*g)U,7) = >, fV,meW,o0).

(V,TF)-(W,O’):(U,’}/)

Definition (Function zeta)
Define the function ¢ : PS — C as:

1 ifu=o0,

0 otherwise.

C(U,'V)Z{

Definition (Multiplicative functions)
Let f : PS — C. f is multiplicative if:

e f(1,,7) depends only on the conjugacy class of ;
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Functions on partition permutations: definitions and problematic Definitions

Functions on PS

Definition (Convolution of functions)
Let f, g : PS — C. Their convolution is

(f*g)U,7) = >, fV,meW,o0).

(V,TF)-(W,O’):(U,’}/)

Definition (Function zeta)
Define the function ¢ : PS — C as:

1 ifu=o0,

0 otherwise.

C(U,'V)Z{

Definition (Multiplicative functions)
Let f : PS — C. f is multiplicative if:

e f(1,,7) depends only on the conjugacy class of ;
o f(U,7) = II f(1u,7lv).
Ueu
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Convolution with ¢ and generating series

cycle of
size /1

Let f : PS — C multiplicative. Define fy, 4 = f(loy4ottn, "1 -+ 7n).

«O> «F>r «=)» <

it
i
ut
S
»
i)



Convolution with ¢ and generating series

cycle of
size /1

Let f : PS — C multiplicative. Define fy, 4 = f(loy4ottn, "1 -+ 7n).

Let ¢, kK : PS — C be multiplicative functions such that p = ( * k. '
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Functions on partition permutations: definitions and problematic Problematic

Convolution with ¢ and generating series

cycle of
size /1

Let f : PS — C multiplicative. Define fy, 4 = f(loy+oten, "7 -+ 7n).

Assumption
Let ¢, k : PS — C be multiplicative functions such that ¢ = ( * k. J
Encode ¢y, . ¢, and kg, ¢, into the generating series:
M(x) =1+ 3 @pxt, Cw) =1+ kewt,
>1 >1
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Functions on partition permutations: definitions and problematic Problematic

Convolution with ¢ and generating series

cycle of
size /1

Let f : PS — C multiplicative. Define fy, 4 = f(loy+oten, "7 -+ 7n).

Assumption
Let ¢, k : PS — C be multiplicative functions such that ¢ = ( * k. J
Encode ¢y, . ¢, and kg, ¢, into the generating series:
M(x) =1+ 3 @pxt, C(w) =1+ kewt,
>1 >1
¢ ¢ ¢ ¢
M(xt,....oxk) = > Qo Xt X5 Clwe,.oo,wi) = Y0 Repow .. W,
£y, >1 £y, >1
Question

Given k > 1, is there a functional relation between M(xi, ..., xx) and
C(Wl, 560 0 Wk)?
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Functional relation for k = 1

Clx M(x)) = M(x) I
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Functions on partition permutations: definitions and problematic Functional relations: results

Functional relation for k = 1

Theorem [Speicher '94]

C(x M(x)) = M(x)

Proof. Meaning of ¢ = ( x k for k = 1:

0 = Z CV,m)c(W,0) = Z K(0r, )

(V,W)'(W,O’):(lg,’yg) TI'ENC(n)

7 =(1,5,6,9)(2,3,4)(7,8) 8 3
m € NC(9)
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Functions on partition permutations: definitions and problematic Functional relations: results

Functional relation for k = 1

Theorem [Speicher '94]

C(x M(x)) = M(x)

Proof. Meaning of ¢ = ( x k for k = 1:

e = Z C(V,TF)IQ(W,O') = Z ’/”-(07”7[-)

(V,W)'(W,O’):(lg,’yg) TI'GNC(n)

Proof in [Speicher '94] relies on the tree structure of NC(n) (non-crossing permutations):

¢
pr = =2 kX Pner
size of first cycle r=0 b+l =L—r
At the level of generating functions, this identity translates as C(xM(x)) = M(x). O
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Functions on partition permutations: definitions and problematic Functional relations: results

Functional relation for kK = 2

Theorem [Collins—Mingo-Sniady-Speicher '07]

M(x1,x0) = [C(Wh wa) — W1W2aw?;wZ log (WlC(Wmlxz:ﬁC(WZ))” —iM(x)

X i) o 01 M) 5 (e M(x2))

o = = =, Z[= DAl
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Functions on partition permutations: definitions and problematic Functional relations: results

Functional relation for kK = 2

Theorem [Collins—Mingo-Sniady-Speicher '07]

M(x1,x0) = [C(Wh wa) — W1W2aw?;wQ log (WlC(W;/z:ﬁC(WZ))” —iM(x)

X i) o 01 M) 5 (e M(x2))

Proof. Meaning of ¢ = ( * k for k = 2:

Pey 0y = C(V,W)K/(W,O')
(V,ﬂ')'(W,U):(le1+[2 77172)
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Functions on partition permutations: definitions and problematic Functional relations: results

Functional relation for kK = 2

Theorem [Collins—Mingo-Sniady-Speicher '07]

M(x1,x0) = [C(Wh wa) — W]-WZBW?;WQ log (W1C(WM1/1):$§C(W2)>jH —iM(x)

X i) o 01 M) 5 (e M(x2))

Proof. Meaning of ¢ = ( x k for k = 2:

Pey 0y = C(V,W)H(W,O’)
(V,ﬂ')'(W,O’):(le1+£2 77172)

Solutions of (V,7) - (W, o) = (14,65, Ve,7e,) are “(1o,4¢,,7172)-non-crossing”, they are of 2
types. Sort the sums by handling those 2 types. O
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Functions on partition permutations: definitions and problematic Functional relations: results

Functional relation for kK = 2

Theorem [Collins—Mingo-Sniady-Speicher '07]

M(x1,x2) = [C(Wl, wo) — W1W23W?2W2 log (WIC(W;/B:sz(WZ))” —xiM(x)

X M )IM(XQ) aixl(xl M(Xl))a%@()@ M(x2))

Proof. Meaning of ¢ = ( x k for k = 2:

Pey 0y = C(V,W)H(W,O’)
(V,ﬂ')'(W,O’):(le1+£2 77172)

Solutions of (V,7) - (W, o) = (14,65, Ve,7e,) are “(1o,4¢,,7172)-non-crossing”, they are of 2
types. Sort the sums by handling those 2 types. O
And for k > 37

The number of types of (14...4¢,,71 - - - Yk )-non-crossing partitioned
permutations grows quickly = the proof is hard to generalise.
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Functions on partition permutations: definitions and problematic Functional relations: results

Main result — teasing

Theorem [Borot—C.—Garcia-Failde-Leid-Shadrin +21]

Consider the change of variables x = w/C(w). For k > 3, we have:

div)-1  d(v)-1 / k " 5 \J
TERNES 3 o I (cayemon)
teTy j1=0 Jk=0 i=1
v d(v;)—1
ji (é%'_% 1+ : ) 1
v W e(t)
~— WI)X (WI) y=C(w;)—1
CoefFofVlj’

e T, are trees with multiedges, with k labeled vertices;
e d(v;) is the degree of the vertex i;

o &(t) is expressed in terms of the generating series C(w;,, ..., w;, ).
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Relations with free probabilities, combinatorics and topological recursion

Table of contents
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o Free probabilities: higher order moments and free cumulants
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o Topological recursion
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Relations with free probabilities, combinatorics and topological recursion Free probabilities: higher order moments and free cumulants

Relation to free probabilities

Definition (HOPS)
(A, ®) is a higher order probability space if:
e A is a tracial algebra;

e © = (pn)n>1 where ¢, : A" — C is linear and tracial, and s.t.
01(1) =1, ¢n(l,a2,...,a,) =0 for n > 2.
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Relations with free probabilities, combinatorics and topological recursion Free probabilities: higher order moments and free cumulants

Relation to free probabilities

Definition (HOPS)
(A, ®) is a higher order probability space if:
e A is a tracial algebra;

e © = (pn)n>1 where ¢, : A" — C is linear and tracial, and s.t.
01(1) =1, ¢n(l,a2,...,a,) =0 for n > 2.

Decorate PS with A: PS(A) =5 PS(n) x A"

For1 <<k, setl;= Zle ¢;. The moments are multiplicative functions defined by:

i

90(151+~-~+£k771 .. .'yk)[al, ey agl+...+gk] = gpk(al cee @y al 41 aLk)
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Relations with free probabilities, combinatorics and topological recursion Free probabilities: higher order moments and free cumulants

Relation to free probabilities

Definition (HOPS)
(A, ®) is a higher order probability space if:
e A is a tracial algebra;

e © = (pn)n>1 where ¢, : A" — C is linear and tracial, and s.t.
01(1) =1, ¢n(l,a2,...,a,) =0 for n > 2.

Decorate PS with A: PS(A) =5 PS(n) x A"

For1 <<k, setl;= Zle ¢;. The moments are multiplicative functions defined by:

i
90(151+~-~+£k771 .. .'yk)[al, ey agl+...+gk] = gpk(al cee @y al 41 aLk)

The free cumulants are defined by Kk = % p < p = ( * k.
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Relations with free probabilities, combinatorics and topological recursion Free probabilities: higher order moments and free cumulants

Relation to free probabilities

Definition (HOPS)
(A, ) is a higher order probability space if:
e A is a tracial algebra;

e © = (pn)n>1 where ¢, : A" — C is linear and tracial, and s.t.
v1(1) =1, pn(1,a2,...,an) =0 for n > 2.

Decorate PS with A: PS(A) =5 PS(n) x A"

For1 <<k, setl;= ZJ,':1 ¢;. The moments are multiplicative functions defined by:

gp(lgl+...+gk, - .'yk)[al, ey agl+...+gk] = gpk(al cee @y al 41 aLk)
The free cumulants are defined by kK = u* p < o = ( * k.

Remark: higher order freeness

(Aj)ies are free if k(1,,7)[a1,...,an] =0 Vr € S(n) whenever
Ji(p) # i(q) st. ap € Ajp), ag € Aj(q)-
If o, = 0 for n > 2: recover first order freeness.
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Relations with free probabilities, combinatorics and topological recursion Free probabilities: higher order moments and free cumulants

Relation to free probabilities

Definition (HOPS)
(A, ) is a higher order probability space if:
e A is a tracial algebra;
e © = (pn)n>1 where ¢, : A" — C is linear and tracial, and s.t.
01(1) =1, pn(1,a2,...,a,) =0 for n > 2.

Decorate PS with A: PS(A) =5 PS(n) x A"

For1 <<k, setl;= Zle ¢;. The moments are multiplicative functions defined by:

gp(lgl+...+gk, - .'yk)[al, ey agl+...+gk] = gpk(al cee @y al 41 aLk)
The free cumulants are defined by kK = u* p < o = ( * k.

Remark: higher order freeness
(Aj)ies are free if k(1,,7)[a1,...,an] =0 Vr € S(n) whenever

Ji(p) # i(q) st. ap € Ajp), ag € Aj(q)-
If o, = 0 for n > 2: recover first order freeness.

The functional relations are moment-cumulant functional relations.
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Relations with free probabilities, combinatorics and topological recursion Combinatorics: maps and fully-simple maps

Combinatorics: formal hermitian matrix models

d .
Hpy: set of N x N hermitian matrices. Set V(u) = ”72 - %u’ and the measure on Hpy:
Jj=3

1

2
du(A) = —e NV A where  Zo = / dAeoNTr 7
Hy

2y

Expectation value: (-} = Sy, - du(A).
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Relations with free probabilities, combinatorics and topological recursion Combinatorics: maps and fully-simple maps

Combinatorics: formal hermitian matrix models

d .
Hpy: set of N x N hermitian matrices. Set V(u) = ”72 - %u’ and the measure on Hpy:
Jj=3

1

2
dM(A)ZZ)e*a’VTfV(A)dA where  Zp = /H dAeoNTr 7
N

Expectation value: (-} = Sy, - du(A).

Classical moments of the matrix model, and associated classical cumulants:

<TrAﬁ1...TrAfk> and M (Tral, . TrAl)
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Relations with free probabilities, combinatorics and topological recursion Combinatorics: maps and fully-simple maps

Combinatorics: formal hermitian matrix models

d .
Hpy: set of N x N hermitian matrices. Set V(u) = ”72 - %u’ and the measure on Hpy:
Jj=3

]_ 2
du(A) = —e NV A where  Zo = / dAeoNTr 7
Hy

2
Expectation value: (-} = S, - d1(A).

Classical moments of the matrix model, and associated classical cumulants:
<TrA41...TrAfk> and M (Tral, . TrAl)

Lj

For1<j <k, setL;=>%"_ ¢ and Py= 1
m:Lj_1+1

Expectation values and classical cumulants:

Am,(m):
N
(Pyy...Py)  and MNP, P
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Relations with free probabilities, combinatorics and topological recursion Combinatorics: maps and fully-simple maps

From free probabilities to combinatorics via matrix models

Matrix model and free probabilities

oo = lim N2M(Tr Al Tr A%)

N—oo

o k—2 _(N)
Koy, bl = NlinooN Ck ('Py17 Ce 7P7k)

o = = =, Z[= DAl
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Relations with free probabilities, combinatorics and topological recursion Combinatorics: maps and fully-simple maps

From free probabilities to combinatorics via matrix models

Matrix model and free probabilities

oo = lim N2M(Tr Al Tr A%)

N—oo
o k—2 _(N)
Kby, b = NlinooN C (P717 0oc va)

Lemma [Brézin—ltzykson—Parisi-Zuber '78, Borot—Garcia-Failde '17]

(T AL, TrAf) =3 N2k Maplé]

(€1,---,0k)
g>0
c,((N)(P%, oy, Py) = Z N2_2g_k_LkFSMapE%}W.’[k)
>0

o

Remark: for more general multi-tracial hermitian measures, relation with stuffed maps.
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Relations with free probabilities, combinatorics and topological recursion Combinatorics: maps and fully-simple maps

From free probabilities to combinatorics via matrix models

Matrix model and free probabilities

oo = lim N2M(Tr Al Tr A%)

N—oo
o k—2 (N)
Kby, b = NlinooN C (P717 0oc 777%)

Lemma [Brézin—ltzykson—Parisi-Zuber '78, Borot—Garcia-Failde '17]

CIEN)(Tr AR Tr A = Z N2_2g_kMap[g]

(€1,---,0k)
g>0
MNP, P =Y N2_2g_k_LkFSMapEfﬂ’m’Zk)
g>0

Remark: for more general multi-tracial hermitian measures, relation with stuffed maps.

Free probabilities to maps

0 0
Ply,.. e = Map{g]h”_,gk)a Ry, by = FSMapEfll,...,ek)
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Relations with free probabilities, combinatorics and topological recursion Topological recursion

Topological recursion

(see Elba Garcia-Failde’s talk)

Conjecture in [Borot—Garcia-Failde '17]:

Theorem [Bychkov—Dunin-Barkowski—Kazarian-Shadrin '21, Borot—C.—Garcia-Failde '21]

Generating series of MapEﬂ ) and FSMapEﬂ ) satisfy topological recursion

with spectral curves S = (x,y) and S = (y, x) respectively.

[m] = = =
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Relations with free probabilities, combinatorics and topological recursion Topological recursion

Topological recursion

(see Elba Garcia-Failde’s talk)
Conjecture in [Borot—Garcia-Failde '17]:
Theorem [Bychkov—Dunin-Barkowski—Kazarian—Shadrin '21, Borot—C.-Garcia-Failde '21]

Generating series of Map%ﬂ ) and FSMapEﬂ ) satisfy topological recursion

with spectral curves S = (x,y) and S = (y, x) respectively.

As a consequence, one obtains the relation for k = 3 in the case of HOPS arising from
unitary-invariant hermitian matrix models.
Consider the change of variable x = % (& w=xM(x)):

C Wi, Wj +%
Cwiwaw) | ! 9 J-g,( () + 12

fllc(Wi)X’(w,-) i—1 C(wj)x'(w;) " Ow; 3

M(x1,x2,x3) =
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~ Fonctional relations for higher moments and cumulants
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Functional relations for higher moments and cumulants Formula and example

The functional relation: preliminaries

Definition

For k > 1, T, denotes the set of trees t with
k labeled vertices vi, ..., vk and with
multi-edges e € E(t).
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Functional relations for higher moments and cumulants Formula and example

The functional relation: preliminaries

Definition

For k > 1, T, denotes the set of trees t with
k labeled vertices vi, ..., vk and with
multi-edges e € E(t). 1-edges are not
allowed.

te Ty

forbidden
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Functional relations for higher moments and cumulants Formula and example

The functional relation: preliminaries

Definition

For k > 1, T, denotes the set of trees t with
k labeled vertices vi, ..., vk and with
multi-edges e € E(t). 1-edges are not
allowed. C(ws, wr) + %

Let t € Ty and e be a multi-edge of t,
adjacent to the vertices vj,...,v;,. The
weight C(e) of e is given by:

Wi, Wi, C(W37 Wy, Ws, W6)

C(e) = C(Wi17 ey W,'m) + 5m,2(W_ —ws )2
n 2
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Functional relations for higher moments and cumulants Formula and example

The functional relation: preliminaries

Definition

For k > 1, T, denotes the set of trees t with
k labeled vertices vi, ..., vk and with
multi-edges e € E(t). 1-edges are not
allowed.

te Ty

Let t € Ty and e be a multi-edge of t,
adjacent to the vertices vj,...,v;,. The
weight C(e) of e is given by:

C(Wla wa, W3)

Wi, Wi, C(W37 Wy, Ws, W6)

C(e) = C(W,-l, e W,'m) + 5m,2(W_ — W )2
n 2

The weight of t is then: &(t) = C(wr, wa, wz) C(ws, wa, ws, we)
T e < (C(wawr) + s )

ecE(t)
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Functional relations for higher moments and cumulants Formula and example

The functional relation: preliminaries

Definition

For k > 1, T, denotes the set of trees t with
k labeled vertices vi, ..., vk and with
multi-edges e € E(t). 1-edges are not
allowed.

te Ty

w3 wy
—W7)2

Let t € Ty and e be a multi-edge of t,
adjacent to the vertices vj,...,v;,. The
weight C(e) of e is given by:

C(wy, wo, w3)

C(ws, wa, ws, we)

Wi, Wi
C(E) = C(W,'l, e W,'m) + 5m’2(W,'1 l V;i2)2
The weight of t is then: €(t) = C(wi, wa, w3)C(ws, wa, ws, we)
T e x((Cws, wr) + s )
ecE(t) d(V3) =3, d(V,') =1 17é 3

The degree of v; is noted d(v;).
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Functional relations for higher moments and cumulants Formula and example

The functional relation: main result

Theorem [Borot—C.—Garcia-Failde-Leid—-Shadrin +21]
Consider the change of variables x = w/C(w) (& w = xM(x)). For k > 3, we have:

teTk h=0 Jk=
d(v;)—1
a vi
i (W_Fl-i-y) 1
v e P L
N w; )x' (w;) y=C(w;)—1
Coeff of v/

Remark: the sums are finite.
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The functional relation: example

For k = 3, the l.h.s. is M(x1, x2, x3).

«O> «F>r «=)» <

it
i
ut
S
»
i)



Functional relations for higher moments and cumulants Formula and example

The functional relation: example

For k = 3, the Lh.s. is M(x1, x2,x3). On the r.h.s, T3 has 4 elements:

e VANV
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Functional relations for higher moments and cumulants Formula and example

The functional relation: example

For k = 3, the Lh.s. is M(x1, x2,x3). On the r.h.s, T3 has 4 elements:

S VAN

J1—1 J2—1 13—1

nN=p=7 p=j3=0 j1=j3=0 sa1=j2=0
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Functional relations for higher moments and cumulants Formula and example

The functional relation: example

For k = 3, the Lh.s. is M(x1, x2,x3). On the r.h.s, T3 has 4 elements:

S VAN

. =1 2=1 ;=1
nN=p=7 p=j3=0 j1=j3=0 sa1=j2=0
Clmnrw) 10 C‘W“Wz’*wiiffzﬂ) (C(W“W3)+<W:VIVZ>2>+ o
1 Clwm)x'(wm)  Clm)xTw) 4 O 111 C(wim)x! (W)
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Functional relations for higher moments and cumulants Formula and example

The functional relation: example

For k = 3, the Lh.s. is M(x1, x2,x3). On the r.h.s, T3 has 4 elements:

S VAN

. =1 2=1 =1
nN=p=7 p=j3=0 j1=j3=0 h=jp=0
M 1 W]_i C(W17W2)+W£7V:V22)2) (C(W17W3)+ (WIViVZ)2> + O
1 Clwm)x'(wm)  Clm)xTw) 4 O [[1 C(wim)x! (W)

Cwi, W) + oy

M+3; 6Jg,< (v 0) + G

C(w)x'(w;) " Ow;

IT C(wi)x'(w;) =1 (wi)x'(wi) W
i=1

M(X17X27X3) =

3
mlll C(wWm)x' (W)
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Functional relations for higher moments and cumulants  Sketch of the proof

Sketch of the proof

The proof has 2 main steps.

Step 1

There exist vectors ®, K indexed by partitions of integers with value in

C[[H]] s-t.

p=Cxr & Yn>1 VAkn, 0y =2z [H<]s K.
pEn

Séverin Charbonnier (CNRS — IRIF) Moment-Cumulants relations TR and combinatorics 05/11/2021 21/26



Functional relations for higher moments and cumulants  Sketch of the proof

Sketch of the proof

The proof has 2 main steps.

Step 1

There exist vectors ®, K indexed by partitions of integers with value in

C[[H]] s-t.

p=Cxr & Ynz1 VAFn, & =2z00) Y [H K.
pEn

Step 2

Apply the theorems of Bychkov—Dunin-Barkowski—Kazarian-Shadrin '20 , '21:

If ®y =2z(A) > [H<]auK, for all A+ n, then the relations between
pEn

M(x1,...,xk) and C(w,...,wx) hold for k > 3.

Remark: the techniques employed for the second step involve identities of operators on the
bosonic Fock space F = C((h))[[p1, p2, 3, - - -]]-
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Focus on step 1

Let n > 1, A+ n. Define ®,, Ky € CJ[[a]] as:

Ori= 3 RO ), K= Y AV, 5

VeP(n) VeP(n)
V>A V>A

«O> «F>r «=)» <

it
i
ut
S
»
i)



Functional relations for higher moments and cumulants  Sketch of the proof

Focus on step 1

Let n > 1, A\ n. Define &, K\ € C[[A]] as:

¢>\ — Z hKVﬁ)‘)lSD(V;rY/\)a K/\ — Z hl(v”y)‘)‘l"i(v,')/)\)
VEP(n) VEP(n)
VA V>A

Given A, pu = n, let [H]y , be the strictly monotone double Hurwitz number (see Elba
Garcia-Failde's talk) and

n—1
< A r <
[HD = D W H e
r=0
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Functional relations for higher moments and cumulants  Sketch of the proof

Focus on step 1

Let n > 1, A\ n. Define &, K\ € C[[A]] as:

¢>\ — Z hKVﬁ)‘)lSD(V;ry/\)a K/\ — Z hl(Vﬁ*)‘ﬁ(V,w\)
VEP(n) VEP(n)
VA V>A

Given A, pu = n, let [H]y , be the strictly monotone double Hurwitz number (see Elba
Garcia-Failde's talk) and
n—1

[Hu =D R H e
r=0

Lemma [Borot—C.—Garcia-Failde-Leid—Shadrin +21]

p=Cxr & Yn=1,VAkn, &y =z(0)) [H K,
uEn

!
where z(\) = |C'(’)\)|.
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Functional relations for higher moments and cumulants  Sketch of the proof

Focus on step 1: remarks

Remark 1: the inspiration for this lemma comes from combinatorics.

Lemma [Borot—-Garcia-Failde '17, Borot—C.-Do-Garcia-Failde '19]

For all A\ n,
Map} = z(A) >0 [H<]\ ,FSMap;,
pkEn
o, =2() Zg [H<xu K,
u—n .
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Functional relations for higher moments and cumulants  Sketch of the proof
Focus on step 1: remarks

Remark 1: the inspiration for this lemma comes from combinatorics.

Lemma [Borot—-Garcia-Failde '17, Borot—C.-Do-Garcia-Failde '19]
For all A F n,

Map} = z(A) > [H<]>\7MFSMapl°L
pkEn

oy, =z(N) X[H Dy K,

pEn

Remark 2: the lemma is the genus 0 part of a stronger statement. ¢, ¢, k can be defined

as functions on surfaced permutations (U,~,g) € PSG(n) with g : U — Z>q. The
convolution is extended to ¢ = ( * x; ® is changed to:

o, = Z Z RO Ever 26V () 4y )
VZ/\ g:V—>ZZO

Theorem [Borot—C.—Garcia-Failde-Leid-Shadrin +21]

p=Cxk & Yn21VAEn, &y =2z(A)) [H]ruK..
pEn

Séverin Charbonnier (CNRS — IRIF) Moment-Cumulants relations TR and combinatorics 05/11/2021 23/26



~[Functional relations for higher moments and cumulants  Sketchof theproof
Conclusion

Functional relations
M(X17 °00 7Xk)
C(W17<'_'>' ’ Wk)

«O> «F>r «=)» < > = YA



Functional relations for higher moments and cumulants  Sketch of the proof

Conclusion

origin of

Fizs izt Functional relations
Moments <+ Cumulants M(x1, ..., x)

C(Wlaﬁ' ’ Wk)
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Functional relations for higher moments and cumulants  Sketch of the proof

Conclusion

origin of

Fizs izt Functional relations

Moments <+ Cumulants M(x1, ..., xk)

C(Wlaﬁ' ) Wk)
k:\l,7<{é

[Spe 94] [CMSS 07]
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Functional relations for higher moments and cumulants  Sketch of the proof

Conclusion

origin of

Free probabilities Combinatorics

Maps <> fully-simple maps

Functional relations
Moments <+ Cumulants M(xi, ..., xk)

_\}{» C(Wl,ﬁ. 9 Wk)

Hermitian matrix model
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Functional relations for higher moments and cumulants  Sketch of the proof

Conclusion

origin of

Free probabilities Combinatorics

Maps <> fully-simple maps

Functional relations

Moments <+ Cumulants M(xi, ..., xk)
C(wi,S7 ., w

P (m 2 [BD-BKS 21]

[BCG-F 21]

Topological Recursion
Symplectic transformation

Hermitian matrix model
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Functional relations for higher moments and cumulants  Sketch of the proof

Conclusion

origin of

Free probabilities Combinatorics

Maps <> fully-simple maps

Functional relations
Moments <+ Cumulants M(xi, ..., xk)

Cwi, 7.
Sy SO ) [BD-BKS 21]

Spe 94] [CMSS 07] Kk = 3\ [BCG-F 21]

Topological Recursion
Symplectic transformation

Hermitian matrix model
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Functional relations for higher moments and cumulants  Sketch of the proof

Conclusion

Enumerative geometry
Hurwitz numbers

origin of
[BG-F 17]
[BCDG-F 19]
Free probabilities Combinatorics

Functional relations
Moments <+ Cumulants M(xi, ..., xk)

Cwi, 7.
Sy SO ) [BD-BKS 21]

Spe 94] [CMSS 07] Kk = 3\ [BCG-F 21]

Topological Recursion
Symplectic transformation

Maps <> fully-simple maps

Hermitian matrix model

Séverin Charbonnier (CNRS — IRIF) Moment-Cumulants relations TR and combinatorics 05/11/2021

24 /26



Functional relations for higher moments and cumulants  Sketch of the proof

Conclusion

[BCG-FLS +21]  Enumerative geometry
Hurwitz numbers

origin of k>3
- [BG-F 17] \ Inspiration
[BCDG-F 19]
Free probabilities Functional relations Combinatorics

Moments <+ Cumulants M(xq, . .., %) Maps < fully-simple maps

Cwi, 7.
Sy SO ) [BD-BKS 21]

Spe 94] [CMSS 07] Kk = 3\ [BCG-F 21]

Topological Recursion
Symplectic transformation

Hermitian matrix model
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Functional relations for higher moments and cumulants  Sketch of the proof

Conclusion

Future explorations:

e We define a product on PSG(n), a convolution of functions on PSG. Does it pave the
way for higher genus freeness?

e At the level of maps, the duality between ordinary and fully-simple maps is related to
symplectic invariance of TR for a family of spectral curves. More generally, for
moments and free cumulants: is the relation ¢ = ( * k deeply connected with
symplectic invariance of TR?
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Functional relations for higher moments and cumulants  Sketch of the proof

Thank you for your attention!
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