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Main results

(GPME) {8tu + (=)™ =0 in RN x (0, T),
u(-,0) = up on RV,

Think of £ as A or —(—A)?Z, but it is also more general.
o L'-[*°-smoothing.
o (—£)7* with kernel G_g(x — y) = [;° H-g(x — y, t) dt.

@ Their relation with functional inequalities like
Gagliardo-Nirenberg-Sobolev (and Nash):

1 1,01o
1l SN=2)2F 2y Flle S IFILlI(=L)2F 17,
where 2* > 2 and p > q.

@ JE, M. BoNFORTE. Boundedness of solutions of nonlinear and nonlocal diffusion equations

driven by a convex nonlinearity of porous medium type. In preparation, 2022.
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The linear case

O+ (—L)[u] =0
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Linear case (m = 1). Scaling

Consider

(HE) {atu +(=A)u] =0 in RN x (0, T),

u(-,0) = up on RV

Assume that we are searching for an estimate of the form
e, )y S £ e 72 g
What are the unique admissible values of 01,057
If u solves (HE), then
i(x,t) .= ku(=x, At) for k,Z,A >0

also solves (HE) with initial data dp(x) := ku(=x,0) as long as
=2 = A. Fix & with mass M =1, then Kk = M~1=N and &y € L.



Linear case (m = 1). Scaling

Consider
- = in RN T
(HE) Oru+ (—A)[u] =0 in Nx(Q ),
u(-,0) = uo on R™.
l.e.,

G, E)oe ey < ¢ 10l1 3 g

= u(Z A oemy S A7) T2 [ u(=, 0))|7F
_ -1 —o1—=—N. o

= gO2 /\Ul(/\t) o1= UZHUOHLE(RN)

— H02_15201_N02(At)_01HUOHCL?(RN

with o1 = (N/2)02 and oo = 1.

)7

Hence, .
s t)[ oo mmy St 2 [|uol| 2y
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Linear case (m = 1). Scaling

Consider
_ — in RV T
(HE) Oru+ (—A)u] =0 in R N>< (0, 7),
u(-,0) = ug on R™.
l.e.,

30, Ollmqamy S 7 10] e
= [[u(=, At ey S AT (AL TR u(Z, 0)IITE gy
— K02~ 1/\01(/\1_.) Gl_iNUzHUOHLl(RN)

= KT NT (N ) g 72

with o1 = (N/2)J2 and oo = 1.

@ J. L. VAzQUEZ. Smoothing and decay estimates for nonlinear diffusion equations. Oxford Lecture
Series in Mathematics and its Applications, volume 33. Oxford University Press, Oxford, 2006.

Jorgen Endal Nonlocal nonlinear diffusion equations



Linear case (m = 1). Heat kernel

The function

i) = [ ly)H-alx =y, ).

with
2
Hoa(x—y,t) = Fgexp(-W) (the constant is (477)_%),
is the solution of
Oru + (—=A)[u] =0 in RV x (0, T),
(HE) o+ (A n &Y (0.7)
u(-,0) = uo on R™.

_N
2

Since 0 < H_a(x —y,t) St 2, we immediately have

_n
[u(t) [ oo mny St 2 || uoll 2.y
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Linear case (m = 1). Nash inequality

Assume (by the Gagliardo-Nirenberg-Sobolev ineq.)

17112y < 117 gy IV Il ey
(

with
12% -2

T 22 -1
Define Y (t) := Hu(t)Hiz(R,\,), and consider

V() = [ owt) =2 [ udeu = <2 [ u(-)[u] = ~2| Tulfagen)

29

_1
< YO (D) iy < ol

where 2* = 2N /(N — 2).

9 140
)Y(t) =

Solving the differential inequality gives

_1-9 _N
”“(t)HiZ(RN) =Y() St 7 ”UOH%(RN) =t 2 HUOHil(RN)~
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Linear case (m = 1). Nash inequality

Assume
1Ly < 17 IV 1z
We have \
[u()2mmy St # ol 2 (mny,

and then, by duality,
l|lu(t)||L= = sup /u(t) ‘: sup /St[uo]gb'
lloll,2=1

6l a=1
— sup /s [S. [uo]]gb‘ sup ‘/Sé[uo]sé[gb]'
61221 ol
< WTUP X 15 [woll| 215 [¢]ll2 S t_7||5§[uo]||L2
1=

_n
St 2ol

@ E. H. LieB AND M. Loss. Analysis. Graduate Studies in Mathematics, volume 14. American
Mathematical Society, Providence, RI, 2001.
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Linear case (m = 1). Nash inequality

Assume
17l caqgmy S 11 g 1V F 122 oy
We have N
[u(E)2mmy St 2 lluoll 2wy,

and then, by duality,
lu(®)lie = sup /amﬂ

[ o
oMl ,1=1

lloll1=1
= s | [sylslwllo| = sup | [ 5,lualsylo]
llll1=1 lloll,1=1

_N
< sup [1SyluollizSs el S €5 1S Ll
H¢”L1:1

N
St 2ol

Note that the symmetry of the semigroup (which is a linear
property) is not needed if one applies the Moser iteration instead.
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Linear case (m = 1). Nash inequality implied by smoothing

Recall
Oeu+ (=A)[u] =0, [u(B)lleee < CEN2[|uo|l 2
from which we will deduce the Nash inequality
1l S WLV

Again, we differentiate the L2-norm:

d
A s = —2/ Vu(t)]2 dx > _/ Vol dx,
dt RN RN RN

where the latter follows by
d
dt

Integratlng the diff. ineq. on (0, T) and using the smoothing
effects we obtain, for all T > 0,

luolZ2 < TV uollZa+lu(T) | (T2 S TIVuollfz+ Tl fa-
Optimizing in T gives the Nash inequality for f = wug.

|Vu( )|2dx—2/ VuV(@tu)dx——2/ (Au)?dx <0.
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Linear case (m = 1). Overview 1

Nagh inequalibyl . o

|2 enery ne |
‘I’Nﬂd’\/er\fj/l%, ﬂ\ +D@ca13 ‘1 audmtic

L 1% - smoothuin g

-7 smo()%\nmo\
1boumleli|/
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e 7] R
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Linear case (m = 1). Overview, Green function implication

(N-o)

ne G500 £ Clanl™
J (HO ) L—A)‘%HJHLZ £ CIE]

(D LI, e Il

Legendit trans formy @

L gy & CIEOTAN,

Hord, buy ) U L"-mterfo(n{?m

poswm
(NY I+ AN IR

I*(RY) 16 ()
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Linear case (m = 1). Overview 2

b W% k] — | Sebslev vhoquality
A\
Coseful
maggm{ﬂm @

[ HE e L'= 1-smpothuino

Triveal @\
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The nonlinear case

ou+ (—L)[u™ =0
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Nonlinear case (m > 1). Introduction

(GPME)

Oru+ (—L)[um =0 in RV x (0, T),
u(+,0) = up on RV,

Cons:
@ We do not have a representation formula.

@ It is harder to find the correct functional set-up.

Pros:
o We still have scaling (always time-scaling).

@ Some estimates are true in the nonlinear, but not true in the
linear.
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Nonlinear case (m > 1). A neat trick

Consider the operator — £ +— | — £, i.e.,
ohut (I =™ =0 <= Gu+ (L =—-u"

Then t — Y(t) solves Y'(t) = —Y(t)'(m1) so

1

Y(t) < <(m—11)t) =y

Moreover, comparison (with Y(0) = o0) yields

1

()] ey < Y(2) < ((mll)t)ma

Holds independently of the operator! But needs “good” nonlinearity.
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Nonlinear case (m > 1). A neat trick

Consider the operator —£ — | — £, i.e.,
dut+ (I =L)u"=0 <= ut+(-L"=-u"

Then t — Y(t) solves Y'(t) = —Y(t)*H(m1), so
1 =
(e = ((m—l)t) '

Moreover, comparison (with Y (0) = oo) yields

(Ol < Y00 < (cmgye) ™

@ L. VERON. Effets régularisants de semi-groupes non linéaires dans des espaces de Banach. Ann.
Fac. Sci. Toulouse Math. (5), 1(2):171-200, 1979.
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Nonlinear case (m > 1). A neat trick

Consider the operator —£ — | — £, i.e.,
dut+ (I =L =0 <= dut+(-L)u"=-u"

Then t — Y(t) solves Y'(t) = —Y(t)*H(m1), so
1 =
(e = ((m—l)t) '

Moreover, comparison (with Y (0) = oo) yields

(Ol < Y00 < (cmgye) ™

@ L. VERON. Effets régularisants de semi-groupes non linéaires dans des espaces de Banach. Ann.
Fac. Sci. Toulouse Math. (5), 1(2):171-200, 1979.
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Nonlinear case (m > 1). Why not the Moser iteration?

Idea: limp_oo ||f]|p = || F]|Loo-
The Stroock-Varopoulos inequality gives

18 = [0y =p [ 10w =—p [ -l

4 p+m—1
= —PQ—Q[UP_17 u™ < _(,3’?:)5:_1))2 _elu 2]

The Gagliardo-Nirenberg-Sobolev inequality reads
101
1Flleomny < CHHVZ&(RN)Q_QVPQ ),

where
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Nonlinear case (m > 1). Why not the Moser iteration?

Idea: limp_yoo ||f]|p = || F]|Loo-
The Stroock-Varopoulos inequality gives

L1618 = [0y =p [ 10w =—p [ -l

4 ptm=1
— pQ e ") < — (p’"f(n’j))o o[u=F]

The Gagliardo-Nirenberg-Sobolev inequality reads
1
IFllisny < ClIFagy @-2lF1207,

where
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Nonlinear case (m > 1). Tools

(GPME) {8tu + (=)™ =0 in RV x (0, T),

u(-,0) = up on RV,

We need:
o (Weak dual solutions: ;U + u™ = 0, with U := (—£)7[u].)
o (—£)* with kernel G_g(x — y) = [;° H-g(x — y, t)dt.

1
e Time scaling. up(x,t) := Am-Tu(x, At) solution when u is.
@ Comparison principle.

o [P-bounds.
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Nonlinear case (m > 1). Tools

(GPME) {8tu +(—)[um =0 in RN x (0, T),

u(-,0) = up on RV,

We need:
o (Weak dual solutions: ;U + u™ = 0, with U := (—£)7[u].)
o (—£)* with kernel G_g(x — y) = [;° H-g(x — y, t)dt.

1
@ Time scaling. up(x,t) := Am-Tu(x,At) solution when u is.
@ Comparison principle.

o [P-bounds.
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Nonlinear case (m > 1). Time-monotonicity

1
e Time scaling. up(x,t) := Am—Tu(x,At) solution when u is.

@ Comparison principle.

Provides the well-known nonlinear estimate

u

>__ -
Oru = (m—1)t

@ D. G. ARONSON AND P. BENILAN. Régularité des solutions de I'équation des milieux poreux
dans RN. C. R. Acad. Sci. Paris Sér. A-B, 288(2):A103—-A105, 1979.
P. BENILAN AND M. CRANDALL. Regularizing effects of homogeneous evolution equations. In

Contributions to analysis and geometry (Baltimore, Md., 1980), pages 23-39, Johns Hopkins
Univ. Press, Baltimore, Md., 1981.

M. CRANDALL AND M. PIErRRE. Regularizing effects for u; + Ap(u) = 0 in L*. J. Funct. Anal.,
45(2):194-212, 1982.
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Nonlinear case (m > 1). “Representation formula”

Oru+ (—L)[u™ =0 — um = —(—2)_1[8tu]
<— um = —0iu*, G_g
= mo Y G
S m oy e
Hence,
(u 1) < g [l G-slx = y)d
UX7 _(m—].)t RNUy’ —SX .y y
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Nonlinear case (m > 1). “Representation formula”

oru+ (—L)[u™ =0 — u™ = —(—£)7[0:u]
<— um = —0iux*, G_g
u
m < - "
= = (m—1)t #xGoe
Hence,
(ubs )"t [ ulrt) Eax—y)
w6 D) St fen U —e(x—y) dy.

=Jo° H g(x—y,t)dt

@ M. BonrorTE AND J. L. VAzQUEZ. A priori estimates for fractional nonlinear degenerate
diffusion equations on bounded domains. Arch. Ration. Mech. Anal., 218(1):317-362, 2015.
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General Green function assumptions

(G1) Forall R >0, some xp € RN, and some a € (0,2],
fBR(XO) G™y(x)dx < KiR®,
for x € RN\ Br(x0), G*%(x) < KoR=(N=),
(G}) Forall R >0, some xp € RN, and some a € (0,2],
IBR(XO) G™%(x)dx < K1R?,
for x € RN\ Bgr(x0), G*%(x) < max{Ksz, KiR=(N=)}.
(Gy) For some xo € RV,

1G % [l 2 (mny = |’G9£"L1(RN) < (G < oo.
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Nonlinear case (m > 1). Assumption (G;)

For some fixed R > 0, we have

um(xo, t)

(/BR( 0) /IRN\BR xo)> uly, )GZe(y) dy

C() ¢(m)

KiR® + ||U0||L1(RN) KQR_(N_O‘).

< ()] ooy

The Young inequality applied to the first term yields

1 m m-—1 C( ) a mml
—|u(8) [ amy + = (T KaR?)

By taking the supremum, with respect to xg € RN, we get

am

mR’” ' =1 |[uo | 2 (mn
()| ooy < 5 Le(m) <1+ HOLLEY))
tm R(’"*l)ga

We then choose R = (tﬁ”UOHLl(RN))(m_l)GQ.
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Nonlinear case (m > 1). Green function estimates

For some fixed R > 0, we have

u™(xo, t)

C(m)</ +/ >U(y, t)GZ%(y)dy
t Br(x0) J/RN\Bgr(x0)

C(m) C(m)
t

KyR~(N=2),

< () oo (mmy KiR™ + [luo|| 11 (mw)

The Young inequality applied to the first term yields

1 m m—1,C(m),  _,\m1
—|u(e) oy + = (T KaR?)

By taking the supremum, with respect to xg € RV, we get

E(m)m

1
Rm-1 tm=1||u
<1+ | OHLl(R’V))'

1
t'" R (m=1)6a

l\)\l—l

Hu(t)H,Lnoo(RN) <

Le., [Ju(t)l| poommy St~ N%HUOHU(RN)
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General Green function assumptions

(G3z) For some xp € RN and some p € (1, o0),

IG ellio@my = IG7_ellp(@m) < Cp < oo
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Nonlinear case (m > 1). “Representation formula”

( 8tu+u )*XG/ e
u

m
< (-
u _(( —1)t+u >*XG/,2

m

1 m—1
ut < (m + ||u(t)||Loo(RN)>u *x Gi_g.

Hence, we arrive at two cases:

1 m—1 1
()T ey < m—1t ()l o ey > (m—1)t

The second gives

(u(x, t))m < 2[fu(t)||] R’V)/ u(y, t)Gj_g(x — y)dy.



Nonlinear case (m > 1). “Representation formula”

= Oru+ (I = L)[u™ —u™=0
= u™ = (I — )0+ u™
= um = (=0ru+ u") % Gy_¢

m u
< u S(m%-u )*XG/—2
<~

1
u™ < (m + [u(t )HLOO(RN )U #x Gr-g.
Hence, we arrive at two cases:

1 m—
IOy < Gy o Nu(ON ey >

1
(m—1)t
The second gives

Ju(t) ] ooy < 20u(B)]] o mi) 1G1—gll Lo@my-
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Nonlinear case (m > 1). “Representation formula”

m S 1
ut s ((m — 1) + H (t)HLOO(RN)>u 3% G[,Q,

Hence, we arrive at two cases:

(O, <

The second gives

) 1
m or H ()HLOO]RN m

[u(E)] oo mmvy < 201Gl Lomylluoll 2wy
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Nonlinear case (m > 1). “Representation formula”

Oru+ (—L)[u™ =0
oru+ (I —L)u™ —u"=0
u™ = (I = L) =0u + u™
um = (=0ru+ u") % Gy_¢
(
(

um

IN

u
W +u > *x G_g

1
e IO ) a2 Gre.

P it

um

IN

Hence,
u() oo ry S 0D 4 [|ug| 2 gy
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Nonlinear case (m > 1). Examples

Oru+ (—L2)[u™ =0

e —£=(-A)2 with a € (0,2] gives
[u(t)]] oo mmy S t’NG"‘Huonf(“RN) where 6, == (o + N(m — 1)) L.

Note that H_g(x — y, t) < t= N/,

@ A. pE PaBLo, F. QUIRGs, A. RODRIGUEZ, AND J. L. VAzQUEz. A general fractional porous
medium equation. Comm. Pure Appl. Math., 65(9):1242-1284, 2012.
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Nonlinear case (m > 1). Examples

Oru+ (—L£)[u™ =0

e —£=(-A)2 with a € (0,2] gives
()] oo vy S t—N9a||u0||gngN), where 0, := (o + N(m — 1))

Note that H_¢(x — y,t) <t~ N/,

o — &= (K2 —A)z — k™I with & > 0 and a € (0,2) gives
o — 0
Hu(t)HLOO(R’V) St HUOHLI(RN) +1t NGZHUOHilzRN)

Note that H_g(x — y, t) < t—N/o 4 ¢=N/2,

o —o=YN (- Xx)z with a € (0,2) gives

—-1/(m—-1
u(t)|| ooy St /(m=1) 4 [ uol| L1 (mwy.-
Strange estimate? Let us comment on it.



Nonlinear case (m > 1). Examples

Oru+ (—L)[u™ =0
o —£= zﬁ"zl(—agxl_)% with a € (0,2) gives

u(t) oo @my S 70D+ o] 2 gy

Strange estimate? Let us comment on it.
Note that G™;(x) = oo (for some values of «)!

But HG)IQLEHLP(]RN) S Cp < 0.
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Nonlinear case (m > 1). Examples

oru+ (—L)[u™ =0
o L= le-vzl(—a)%xi)% with a € (0,2) gives

()| e qmy S 7D 4 Jluol| o amy-

Strange estimate? Let us comment on it.

Moreover, H_g(x — y,t) < t=N/@ hence, we have

()| ooy S £ luoll gy

in the linear case. We therefore expect a homogeneous result in the
nonlinear case too.

Indeed, —£ is a-homogeneous, so we can use scaling to get the
first estimate on an invariant form:

Ju() ey S £ oy where B = (o + N(m — 1)) .



Nonlinear does not imply linear

Consider
Oru + (—L)[u™] =0,

with
~Sll() = 600 = | dEx = 2)dz = (1 = Jelul)
where J > 0 such that ||J[|j1gvy =1 and J € LP(RN).
o If m=1, then
u(x, t) = up(x)e™ " + W(x, t),
where W > 0 is some smooth function. Hence, no smoothing.

@ F. ANDREU-VAILLO, J. M. Mazon, J. D. Rossi, J. ToLEpDO-MELERO. Nonlocal diffusion

problems. Mathematical Surveys and Monographs, volume 165. American Mathematical Society,
Providence, RI; Real Sociedad Matematica Espafiola, Madrid, 2010.
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Nonlinear does not imply linear

Consider
Do+ (~9)[u™ =0,
with
—(x) = /w Jx — 2)dz = (I - J)[](x)

where J > 0 such that ||J||;1gny = 1 and J € LP(RV).

o If m=1, then
u(x, t) = up(x)e™ " + W(x, t),
where W > 0 is some smooth function. Hence, no smoothing.
e If m> 1, then
u(t) oo @my S 70D+ o] 2 gy
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Thank you for your attention!
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