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The mean field game (MFG) system

—0wu — Lu+ H(x, Du(t,x)) = F(x, m(t))

Orm — L*m — div(mD,H(x, Du(t, x))) =0
m(to) = mo,

u(T,x) = G(x, m(T)).

in (to, T) x RY,
in (to, T) x RY,

(MFG)
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The mean field game (MFG) system

—0ru — Lu+ H(x, Du(t, x)) = F(x, m(t)) in (to, T) x RY,
dem — L*m — div(mD,H(x, Du(t,x))) =0 in (t, T) x R, (MFG)
m(to) = Mo, U(T,X) = G(Xa m(T))

@ Here H = H(x, p) and L is a Lévy (constant coefficient) operator:
Lu(x) = B - Du(x) + div (A - Du(x)) + / (u(x + z) — u(x) — Du(x) - z1g(,1y(2)) v(dz),
R4

where BER?, A>0, [(1A|x|*)v(dx) < oo and L* is the formal adjoint of L.
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m(to) = Mo, U(T,X) = G(Xa m(T))

@ Here H = H(x, p) and L is a Lévy (constant coefficient) operator:
Lu(x) = B - Du(x) + div (A - Du(x)) + / (u(x + z) — u(x) — Du(x) - z1g(,1y(2)) v(dz),
R4

where BER?, A>0, [(1A|x|*)v(dx) < oo and L* is the formal adjoint of L.

@ System (MFG) consists of a backward Hamilton—Jacobi (H-J) equation and a
forward Fokker—Planck (F-P) equation.
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The mean field game (MFG) system

—0ru — Lu+ H(x, Du(t, x)) = F(x, m(t)) in (to, T) x RY,
dem — L*m — div(mD,H(x, Du(t,x))) =0 in (t, T) x R, (MFG)
m(t()) = Mo, U(T,X) = G(Xa m(T))

@ Here H = H(x, p) and L is a Lévy (constant coefficient) operator:

Lu(x) = B - Du(x) + div (A - Du(x)) + / (u(x + 2z) — u(x) — Du(x) - z1g(0,1)(2)) v(dz),

R4
where BER?, A>0, [(1A|x|*)v(dx) < oo and L* is the formal adjoint of L.

@ System (MFG) consists of a backward Hamilton—Jacobi (H-J) equation and a
forward Fokker—Planck (F-P) equation.

@ We say that (u, m) solves (MFG) if u is a classical solution of H-J and m is a
distributional solution of F-P.
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The mean field game (MFG) system

—0ru — Lu+ H(x, Du(t, x)) = F(x, m(t)) in (to, T) x RY,
dem — L*m — div(mD,H(x, Du(t,x))) =0 in (t, T) x R, (MFG)
m(to) = Mo, U(T,X) = G(X7 m(T))

@ Here H = H(x, p) and L is a Lévy (constant coefficient) operator:

Lu(x) = B - Du(x) + div (A - Du(x)) + / (u(x + 2z) — u(x) — Du(x) - z1g(0,1)(2)) v(dz),

R4
where BER?, A>0, [(1A|x|*)v(dx) < oo and L* is the formal adjoint of L.

@ System (MFG) consists of a backward Hamilton—Jacobi (H-J) equation and a
forward Fokker—Planck (F-P) equation.

o We say that (u, m) solves (MFG) if u is a classical solution of H-J and m is a
distributional solution of F-P.

e F(x,m(t)), G(x, m(T)) — nonlocal/smoothing coupling.
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The mean field game system — model

—0ru — Lu + H(x, Du(t, x)) = F(x, m(t)) in (to, T) x RY,
dem — L*m — div(mDpH(x, Du(t,x))) =0  in (to, T) x R, (MFG)
m(to) = mo, u(T,x)= G(x,m(T)).

@ Purpose: modeling games with large number of similar players with the use of an
“infinite-player’ game.
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@ Purpose: modeling games with large number of similar players with the use of an
“infinite-player’ game.

@ Introduced independently by Lasry and Lions, and Caines, Huang and Malhamé in
mid 2000s.
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Purpose: modeling games with large number of similar players with the use of an
“infinite-player’ game.

Introduced independently by Lasry and Lions, and Caines, Huang and Malhamé in
mid 2000s.

@ H-J ~ value function, F-P ~ distribution of a generic player.

e L ~ idiosyncratic/individual noise.

Artur Rutkowski (NTNU) Master equation with Lévy diffusions Trondheim 24.05.2023 3/21



The mean field game system — model

—0ru — Lu + H(x, Du(t, x)) = F(x, m(t)) in (to, T) x RY,
dem — L*m — div(mDpH(x, Du(t,x))) =0  in (to, T) x R, (MFG)
m(to) = mo, u(T,x)= G(x,m(T)).

@ Purpose: modeling games with large number of similar players with the use of an
“infinite-player’ game.

@ Introduced independently by Lasry and Lions, and Caines, Huang and Malhamé in
mid 2000s.

@ H-J ~ value function, F-P ~ distribution of a generic player.
e L ~ idiosyncratic/individual noise.

@ Many other models exist, e.g., common noise, no noise at all, games with a major
player.
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The mean field game system — some literature

—0tu — Lu + H(x, Du(t, x)) = F(x, m(t)) in (to, T) x RY,
dem — L*m — div(mD,H(x, Du(t,x))) =0  in (to, T) x RY, (MFG)
m(to) = mo, u(T,x) = G(x,m(T)).

L=A
@ P.-L. Lions' lectures at College de France (notes by P. Cardaliaguet).
o Lasry—Lions: Jpn. J. Math. (2007), C. R. Acad. Sci. Paris (2006) T¢.
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The mean field game system — some literature

—0tu — Lu + H(x, Du(t, x)) = F(x, m(t)) in (to, T) x RY,
dem — L*m — div(mD,H(x, Du(t,x))) =0  in (to, T) x RY, (MFG)
m(to) = mo, u(T,x) = G(x,m(T)).

L=A
@ P.-L. Lions' lectures at College de France (notes by P. Cardaliaguet).
o Lasry—Lions: Jpn. J. Math. (2007), C. R. Acad. Sci. Paris (2006) T¢.
° ...

L= (—A)/?
o Cesaroni et al. (2019), stationary on T?, a € (1,2).
o Cirant-Goffi (2019), time-dependent on T¢, o € (0, 2).
o Chowdhury—Jakobsen—Krupski (2021), fully nonlinear on R¥.
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The mean field game system — some literature

—0tu — Lu + H(x, Du(t, x)) = F(x, m(t)) in (to, T) x RY,
dem — L*m — div(mD,H(x, Du(t,x))) =0  in (to, T) x RY,
m(to) = mo, u(T,x) = G(x,m(T)).

(MFG)

L=A
@ P.-L. Lions' lectures at College de France (notes by P. Cardaliaguet).
o Lasry-Lions: Jpn. J. Math. (2007), C. R. Acad. Sci. Paris (2006) T°.
° ...

L= (—A)/?
o Cesaroni et al. (2019), stationary on T, a € (1,2).
o Cirant-Goffi (2019), time-dependent on T¢, o € (0, 2).
o Chowdhury—Jakobsen—Krupski (2021), fully nonlinear on R¥.

L — more general Lévy operator

@ Graber—Ignazio—Neufeld (2021), A + nonlocal perturbation on (0, ).

o Ersland-Jakobsen (2021), time-dependent on R9, order a € (1, 2).
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The master equation

Q: How to prove that the games with a large number of players “converge” to the mean
field games?
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The master equation

Q: How to prove that the games with a large number of players “converge” to the mean
field games?

A: Use the master equation!

P. Cardaliaguet, F. Delarue, J.-M. Lasry, and P.-L. Lions. The master equation and the
convergence problem in mean field games. Annals of Mathematics Studies 201, 2019. J
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The master equation

Q: How to prove that the games with a large number of players “converge” to the mean
field games?

A: Use the master equation!

P. Cardaliaguet, F. Delarue, J.-M. Lasry, and P.-L. Lions. The master equation and the
convergence problem in mean field games. Annals of Mathematics Studies 201, 2019. J

Assume that (u, m) solves (MFG) on (tp, T) with initial measure mg and let

U(to,X, mo) = U(l’o7X).
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The master equation

Q: How to prove that the games with a large number of players “converge” to the mean
field games?

A: Use the master equation!

P. Cardaliaguet, F. Delarue, J.-M. Lasry, and P.-L. Lions. The master equation and the
convergence problem in mean field games. Annals of Mathematics Studies 201, 2019. J

Assume that (u, m) solves (MFG) on (tp, T) with initial measure mg and let
U(to,X, mo) = U(to7X).
Formally, it is easy to show that U is the unique solution of the master equation:
0:U(t,x,m) = —LU(t,x, m)+ H(x, D«U(t,x, m)) — F(x, m)
+ f]Rd Dy%(tv x,m, y)Hy(y, D, U(t, y, m)) m(dy)

= Joa Ly5m(t,x,m,y) m(dy) in (0, T) x R x P(RY),
U(T,x,m) = G(x,m) inR?x P(RY).

(ME)
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The space of probability measures

P(RY) is the space of all probability measures on R9. Let m, m" € P(RY).
Kantorovich—Rubinstein distance

do(m, m') = sup

¢ELipy 1

/R 600 (= m)(e)]
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The space of probability measures

P(RY) is the space of all probability measures on R9. Let m, m" € P(RY).

Kantorovich—Rubinstein distance

do(m, m') = sup
¢ELipy 1

/R 60 (' — m)(a)|.

o Lipi1 = {¢ € Co(R?) : |¢[|cc + | D]l o < 1}.
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The space of probability measures

P(RY) is the space of all probability measures on R9. Let m, m" € P(RY).

Kantorovich—Rubinstein distance

do(m, m') = sup
¢ELipy 1

AﬁUMM—mw@-

o Lipis = {6 € Go(RY) : [[6]lo0 + [ Déllow < 1}.

@ dy is a metric for the narrow convergence of measures (tested with Cp(RRY)).
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The space of probability measures

P(RY) is the space of all probability measures on R9. Let m, m" € P(RY).

Kantorovich—Rubinstein distance

do(m, m') = sup
¢ELipy 1

/R 60 (' — m)(a)|.

o Lipi = {¢ € Go(R%) : [[¢llos + 1Dg ]l < 1},
@ dy is a metric for the narrow convergence of measures (tested with Cp(RRY)).

@ Most of the works on MFGs in the whole space use 1-Wasserstein or 2-Wasserstein
distances, which are equivalent to weak convergence + convergence of 1, resp. 2,
moments. The metric dy does not require any moments.
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Derivative in the space of probability measures

Derivative in P(RY)

We say that V: P(RY) — R is C! if there exists a mapping %: PRY) x RY = R,
bounded and continuous in both variables, such that for all m, m’ € P(R9),

. V(m+ h(m' — m)) — V(m) % ;
I = = = dy).
lim, - [ () (= m(a)
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Derivative in the space of probability measures

Derivative in P(RY)

We say that V: P(RY) — R is C! if there exists a mapping %: PRY) x RY = R,
bounded and continuous in both variables, such that for all m, m’ € P(R9),

im V(m+ h(m' — m)) — V(m)
h—0+ h

= [ Sortmn) (o = ey,

@ Similar to the Gateaux derivative, but the space is not linear.
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Derivative in the space of probability measures

Derivative in P(RY)

We say that V: P(RY) — R is C! if there exists a mapping %: PRY) x RY = R,
bounded and continuous in both variables, such that for all m, m’ € P(R9),

im V(m+ h(m' — m)) — V(m)
h—0+ h

= [ Sortmn) (o = ey,

@ Similar to the Gateaux derivative, but the space is not linear.

@ The above definition does not give uniqueness of %.
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Most relevant references on the master equation

o Cardaliaguet—Delarue-Lasry—Lions, chapter 3. Torus/periodic boundary conditions.

@ M. Ricciardi. The master equation in a bounded domain with Neumann
conditions. Comm. PDE (2022).

@ Ambrose-Mészdros. Trans. AMS (2023). Sobolev space setting on torus.

@ Di Persio—Garbelli-Ricciardi. The master equation in a bounded domain with
absorption. arXiv:2203.15583. Dirichlet boundary conditions.

o Graber—Sircar. Master equation for Cournot mean field games of control with
absorption. J. Differential Equ. (2023).

All the results above are for local diffusions.
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Most relevant references on the master equation

o Cardaliaguet—Delarue-Lasry—Lions, chapter 3. Torus/periodic boundary conditions.

@ M. Ricciardi. The master equation in a bounded domain with Neumann
conditions. Comm. PDE (2022).

@ Ambrose-Mészdros. Trans. AMS (2023). Sobolev space setting on torus.

@ Di Persio—Garbelli-Ricciardi. The master equation in a bounded domain with
absorption. arXiv:2203.15583. Dirichlet boundary conditions.

o Graber—Sircar. Master equation for Cournot mean field games of control with
absorption. J. Differential Equ. (2023).

All the results above are for local diffusions.

Our contribution to the well-posedness of the master equation:

@ Nonlocal, local and mixed diffusions.

o Handling the whole space for probability measures without moment conditions, using
analytic methods (new even for £ = A).
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Assumptions on the heat kernel

We adopt the following order condition for £ from Ersland and Jakobsen:
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Assumptions on the heat kernel

We adopt the following order condition for £ from Ersland and Jakobsen:

We heavily use (K) in Duhamel’s formula:
{(‘%u —Lu=f

u(0) = wo

= u(t,x)z(K(t)*uo)(x)—i—/ /dK(t—s,x—y)f(s,y)dyds. J
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Assumptions on the heat kernel
We adopt the following order condition for £ from Ersland and Jakobsen:

There is £ > 0 and a € (1, 2], such that the heat kernels K and K™ of £ and L*
respectively are smooth densities of probability measures, and for K € {K, K*} and

B >0 we have

- _1sl
IDR(t,)lixeey < Kt~ = (K)

We heavily use (K) in Duhamel’s formula:

{it(g)—zﬁlll::f — U(t,X):(K(t)*uo)(X)—i-/ /d K(t —s,x — y)f(s,y)dyds. J

Examples:
o L= (—A)?forac(1,2],
o v(z) = |z|79 for |z| < 1, a € (1,2), (Grzywny-Szczypkowski, Forum Math. 2020)
0 L= (85) 2 4 (050)" 2 + o+ (8,

o L = L1+ L2, where L, satisfies (K) and £, is any Lévy operator.

)"‘d/2 for a1, an,...,aq > 1,
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Assumptions on H

(H1) H:RY x RY — R is smooth and for every | € N*! with |/| < 4,
sup,cga |[D'H(x, )| is locally bounded.

(H2) For every R > 0 there exists Cg > 0 such that for x,y € R? and p € R,

|H(x, p) = H(y, p)l < Cr(1 + |p])Ix — yI.
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Assumptions on F, G
Note: dy — Rubinstein—Kantorovich distance, o € (1,2] ~ order of £. Jo € (0,0 — 1) :

(F1) F:RY x P(R?) — R satisfies

sup )HF('-, m)Hcﬁ(zd) < oo,

meP(Rd
/
wp PR =R
XERY, motm’ do(m, m')

(F2) There exists C > 0 such that for all m, m’ € P(R?),

<G,

2o (rY, €21 (RY))

oF
(e

oF oF 0 ,
”ﬁ(Bmv')*m(wm o < Cdo(m, m').

C2to(RY,C2H7 (RY))

(G1) G:R? x P(RY) — R satisfies

sup HG(W’")HC””(W) < 00,
meP(RY) "

|G m) = Gxu )] _

sup do(m, m’)

x€RD m#m’
(G2) There exists C > 0 such that for all m, m’ € P(R?),

<G,
Cato (R, CHO (RY))

0G
[#Scm

6G 6G ’
”E('ymv') - m('ym : < Cdo(m, m').

3t (RY,C2H (RY))
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Monotonicity conditions

(M1) The Lasry—Lions monotonicity condition holds for F and G, that is, for
all m,m' € P(RY),

/d(F(x, m') — F(x,m))(m" — m)(dx) >0

/d(G(x, m') — G(x,m))(m" — m)(dx) > 0.

(M2) (F2) and (G2) hold and for every p € C; >~ (R?) := (CZ"°(R?))* and
m € P(RY) we have
dF(-,m,")
() o

<<‘5G( m) oy ,,> >0,

where (-, )x, (-, -}, are the pairings between CZ**(R9) and C,>~?(R?) in
x and y respectively.
(M3) There exists ¢; > 1 such that for all x € R?

1
IS DZ,H(x,-) < cila.
1
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Digression: monotonicity conditions vs normalization of %

/ (F(x,m') = F(x,m))(m — m)(dx) =0, m,m €P(R?, (M1)
]Rd

<<%ap>y’ P> >0, pe G (R (M2)
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Digression: monotonicity conditions vs normalization of %

/ (F(x,m') = F(x,m))(m — m)(dx) =0, m,m €P(R?, (M1)
]Rd

6F('7m7') —2—0 d
((PFemd) o) 20 peqo@) o)
The following condition is often used in the literature to ensure uniqueness of g—fi:

/g—g’(m,y) m(dx) =0, me PRY). (1)
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Digression: monotonicity conditions vs normalization of %

/ (F(x,m') = F(x,m))(m — m)(dx) =0, m,m €P(R?, (M1)
]Rd

oF s, m, - —2—0

((Eemd ) ) 20 pemom). ()
The following condition is often used in the literature to ensure uniqueness of g—fi:

1)

/—U(m,y) m(dx) =0, m e P(RY). (1)

om
Example
If p € C°(R?) and F(x, m) = p* m(x), then under (1),

o ey m,y) = plx = ) = p x m().

For nontrivial odd ¢ (M1) is always satisfied, but (M2) is never satisfied.

o In particular, (M1) does not imply (M2).

Artur Rutkowski (NTNU) Master equation with Lévy diffusions Trondheim 24.05.2023 13/21



Digression: monotonicity conditions vs normalization of %

/d(F(x, m') — F(x,m))(m" — m)(dx) >0, m,m e P(RY), (M1)

oF s, m, - —2—0

((Eemd ) ) 20 pemom). ()
The following condition is often used in the literature to ensure uniqueness of %:

ou

/ U y)m(dx) =0, m e P(RY). o)

om
Example
If p € C°(R?) and F(x, m) = p* m(x), then under (1),

o (s moy) = plx = y) = p e ().

For nontrivial odd ¢ (M1) is always satisfied, but (M2) is never satisfied.

@ In particular, (M1) does not imply (M2).
@ We do not adopt condition (1).
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Main results — well-posedness for the MFG system

Theorem (Well-posedness of the MFG system)

Assume that (H1), (H2), (K), (F1), and (G1) hold. Then,
o for any mo € P(RY) the system (MFG) has a solution (u, m) such that

||8tu||L°°(Rd) + tes[l:pT] ||U(t, ')”Cg*U(Rd) < C(da T7 Fa Ga H: ['7 0-)7
0>

do(m(t), m(s)) < C(d, T, F,G,H,L)|t —s|?, t,se€ [t T].

o If in addition (M1) and (M3) are true, then the solution is unique.
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Main results — well-posedness for the MFG system

Theorem (Well-posedness of the MFG system)

Assume that (H1), (H2), (K), (F1), and (G1) hold. Then,
o for any mo € P(RY) the system (MFG) has a solution (u, m) such that

||8tuHL°°(]Rd) + tes[l:pT] ||U(t, ')”Cﬁ*”(Rd) < C(da T7 Fa Ga H: ['7 U)a
05

do(m(t), m(s)) < C(d, T, F, G, H,L)|t —s|?, t,set,T].

o If in addition (M1) and (M3) are true, then the solution is unique.

We allow H = H(x, u, p) here under appropriate additional assumptions. Uniqueness
follows from a modified monotonicity argument, but it seems too weak to obtain stability
needed for the master equation.
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Main results — well-posedness for the master equation

Theorem (Well-posedness for the master equation)

Assume that (H1), (H2), (K), (F1), (F2), (G1), (G2), (M1), (M2), and (M3) hold and

let (u, m) be the solution to the MFG system on (to, T) with initial measure
mo € P(RY). Then U defined as

U(t07X7 mO) = U(t(), X)
is the unique classical solution of the master equation

OrU(t,x,m) = —L, U(t,x,m)~+ H(x, D«U(t,x, m)) — F(x, m)

+ fRd D}’%(L X, may)HP(.y7 D}’U(tay7 m)) m(dy)

— Joa £y 32 (t,x,m,y) m(dy) in (0, T) x RY x P(RY),
U(T,x,m) = G(x,m) inR?x P(RY).
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Main results — well-posedness for the master equation

Theorem (Well-posedness for the master equation)

Assume that (H1), (H2), (K), (F1), (F2), (G1), (G2), (M1), (M2), and (M3) hold and
let (u, m) be the solution to the MFG system on (to, T) with initial measure
mo € P(RY). Then U defined as

U(t07X7 mO) = U(to, X)
is the unique classical solution of the master equation

OrU(t,x,m) = —L, U(t,x,m)~+ H(x, D«U(t,x, m)) — F(x, m)

+ fRd D}’%(n X, mvy)HP(.y7 D}’U(tay7 m)) m(dy)

— Joa £y 32 (t,x,m,y) m(dy) in (0, T) x RY x P(RY),
U(T,x,m) = G(x,m) inR?x P(RY).

In the remainder of the talk we will discuss the main ingredients of the proof of the above
theorem.
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Auxiliary results

We use (and prove) several results for single equations.

@ Schauder estimates for linear equations and Hamilton—Jacobi equations. We gain
o — € derivatives over f, but it seems that (K) might be too weak to gain a.
Linear: Mikulevitius—Pragarauskas (1992), supercritical case: Chaudru de Raynal-Menozzi
—Priola (2020), nonlinear case: Dong-Jin—Zhang (2018).
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Auxiliary results

We use (and prove) several results for single equations.

@ Schauder estimates for linear equations and Hamilton—Jacobi equations. We gain
o — € derivatives over f, but it seems that (K) might be too weak to gain a.
Linear: Mikulevitius—Pragarauskas (1992), supercritical case: Chaudru de Raynal-Menozzi
—Priola (2020), nonlinear case: Dong-Jin—Zhang (2018).

o Existence, uniqueness and time regularity for F=P in P(R9) with mo € P(R).

Certain versions of the above were done in Ersland—Jakobsen.
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Auxiliary results: well-posedness in L!

Lemma

Assume (K) and let Vi € Go([0, T] x RY), V» € L°°([0, T], L}(R?)), and po € L}(RY).
Then there exists a unique mild solution (satisfying Duhamel) p € C([0, T], L*(R?)) to

dep — Lp — div(Vip) — div(Va) =0,  in (0, T) x RY,
p(o) = po, in Rd-

The mild solution is also a distributional solution.
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Auxiliary results: well-posedness in L!

Lemma

Assume (K) and let Vi € Go([0, T] x RY), V» € L°°([0, T], L}(R?)), and po € L}(RY).
Then there exists a unique mild solution (satisfying Duhamel) p € C([0, T], L*(R?)) to

dep — Lp — div(Vip) — div(Va) =0,  in (0, T) x RY,
p(0) = po, in RY.

The mild solution is also a distributional solution.

In addition to that we get (Kolmogorov—Riesz) compactness properties:

@ uniform equicontinuity of translations:

a—1
sup_ ot -+ 2) = p(t; )l ey < llpo(- + 2) = polla(ray + €|z,
tel0,

@ uniform equicontinuity in time: ||p(t) — p(s) || ;1 (rey < Cw(|t — s]),
@ uniform tightness by a generalized moment bound.
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Existence of and the linearized system

In order to get existence and regularity of D Eyg—g we use estimates for the

following forward-backward linear system:
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Existence of % and the linearized system

In order to get existence and regularity of gg, D, gg, L 2~ we use estimates for the
following forward-backward linear system:

Theorem (Well-posedness of the linearized system)

Assume (K), (F2), (G2), and (roughly)
o e C([to, T), CA(RY)) and 0 < T < Cly, V€ L*([to, T], CZT7(RY)),
o be L=([to, T], CZT°(R?)), zr € CZT7(RY),
o c€L([to, T],C; 7 (RY)), po € C,%(RY).

Then, the following system has a unique solution:

—0kz — Lz 4 V(t,x) - Dz = (3£ (x, m(t)), p(t)) + b(t,x) in (to, T) x RY,
Op— L p—div(pV) —div(mlDz+c) =0 in (to, T) x RY,
2(T,x) = (550, m(T)), p(T)) + zr(x),  p(to) = po.

Furthermore, z € B([0, T], C2*°(R?)) and p € B([0, T], C, >~ (RY)).

Recall: C, ”(RY) = (C] (R))* for v > 0.
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Existence of % and the linearized system

In order to get existence and regularity of gg, D, gg, L 2~ we use estimates for the

following forward-backward linear system:

Theorem (Well-posedness of the linearized system)

Assume (K), (F2), (G2), and (roughly)
o e C([to, T), CA(RY)) and 0 < T < Cly, V€ L*([to, T], CZT7(RY)),
o be L=([to, T], CZT°(R?)), zr € CZT7(RY),
o ce L' ([to, T], G 7 (RY), po € C,*(RY).

Then, the following system has a unique solution:

—0kz — Lz 4 V(t,x) - Dz = (3£ (x, m(t)), p(t)) + b(t,x) in (to, T) x RY,
Op— Lp—div(pV) —div(mDz+¢c) =0 in (to, T) x RY,
2(T,x) = (550, m(T)), p(T)) + zr(x),  p(to) = po.

Furthermore, z € B([0, T], C2*°(R?)) and p € B([0, T], C, >~ (RY)).

Recall: C, ”(RY) = (C] (R))* for v > 0.

General recipe for solving: Cardaliaguet—Delarue-Lasry—Lions (A on torus).
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Linearized system — comments

@ On the proof:

> Approximate the data and use the Leray—Schauder theorem.
Problem: since we are in the whole space, pg and ¢ may be so bad (e.g. Banach limits)
that convolving with a C2° function does not regularize them.
Solution: Use the so-called measure representable functionals.
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Problem: since we are in the whole space, pg and ¢ may be so bad (e.g. Banach limits)
that convolving with a C2° function does not regularize them.
Solution: Use the so-called measure representable functionals.

> Need compactness in negative Holder spaces. Arzela—Ascoli does not work because we
do not have || ||c=~ < || - [loo- Instead we use || - || -~ < || [|2 and Kolmogorov—Riesz.
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@ On the proof:

> Approximate the data and use the Leray—Schauder theorem.
Problem: since we are in the whole space, pg and ¢ may be so bad (e.g. Banach limits)
that convolving with a C2° function does not regularize them.
Solution: Use the so-called measure representable functionals.

> Need compactness in negative Holder spaces. Arzela—Ascoli does not work because we
do not have || ||c=~ < || - [loo- Instead we use || - || -~ < || [|2 and Kolmogorov—Riesz.

o Why is the data so bad?
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Linearized system — comments

@ On the proof:

> Approximate the data and use the Leray—Schauder theorem.
Problem: since we are in the whole space, pg and ¢ may be so bad (e.g. Banach limits)
that convolving with a C2° function does not regularize them.
Solution: Use the so-called measure representable functionals.

> Need compactness in negative Holder spaces. Arzela—Ascoli does not work because we
do not have || ||c=~ < || - [loo- Instead we use || - || -~ < || [|2 and Kolmogorov—Riesz.

o Why is the data so bad? If (u, m) solves (MFG), then 2¥ is obtained from:
—0rz — Lz + DyH(x, Du) - Dz = (2£(x, m(t)), p(t)) in (to, T) x R,
dep — L p — div (pDpH(x, Du)) — div(mD2,H(x, Du)Dz) =0 in (to, T) x R,
2(T,x) = (350 m(T)), p(T)),  p(to) = po.

Artur Rutkowski (NTNU) Master equation with Lévy diffusions Trondheim 24.05.2023 19/21



Linearized system — comments

@ On the proof:

> Approximate the data and use the Leray—Schauder theorem.
Problem: since we are in the whole space, pg and ¢ may be so bad (e.g. Banach limits)
that convolving with a C2° function does not regularize them.
Solution: Use the so-called measure representable functionals.

> Need compactness in negative Holder spaces. Arzela—Ascoli does not work because we
do not have || ||c=~ < || - [loo- Instead we use || - || -~ < || [|2 and Kolmogorov—Riesz.

o Why is the data so bad? If (u, m) solves (MFG), then Y is obtained from:

sm

—0rz — Lz + DyH(x, Du) - Dz = (2£(x, m(t)), p(t)) in (to, T) x R,
dep — L p — div (pDpH(x, Du)) — div(mD2,H(x, Du)Dz) =0 in (to, T) x R,
2(T,x) = (350 m(T)), p(T)),  p(to) = po.

oU
p0:5}’ = Z(t(),X) = 67m(t0)x7 mO,y);
o w0U
po = 0”6y = z(to, x) = 9, 5 (to, x, Mo, y)-
In the worst case we use two derivatives in y, so |a| =2 = po € C, *(RY).
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Linearized system — more comments

@ lIrregular ¢ appear while studying continuity in mg and to of
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Linearized system — more comments

S|
gl

o Irregular ¢ appear while studying continuity in mg and tp of g—g, DygT‘i, D}%

o Ricciardi: in the linearized system result use L' instead of a uniform bound in time
for ¢ = less regularity required from the data.

Artur Rutkowski (NTNU) Master equation with Lévy diffusions Trondheim 24.05.2023 20/21



Linearized system — more comments

f 5U D U D26U

@ Irregular c appear while studying continuity in mo and ty o y S0 Dy 5

o Ricciardi: in the linearized system result use L' instead of a uniform bound in time
for ¢ = less regularity required from the data.

@ To apply and improve/fix that idea we prove the following result.

Lemma
Assume that (K) holds, Vi € C([0, T], C3(R?)), V» € C([0, T], (M(R?), dv)) and
bounded in total variation, and po € C, *(R?). Then the problem
{&p — Lp—div(pVi) — div(Va) =0, on (0, T) x R,
p(0) = po.
has a distributional solution p such that p € C((0, T], C;*(R)) n B([0, T], C, 2(R%))
for every v € (0, ) and

sup_[|t=p(t)ll 2oy < C(V2)( sup IVa(O)ll7v + llpoll c—2(ra))-
te(0,T] tefo, T, &

If po is measure representable, then p(t) is as well for all t € [0, T].
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Thank you for your attention!

Artur Rutkowski (NTNU)

Master equation with Lévy diffusions




Existence for the master equation

Recall that U(to, x, mo) = u(to, x) where (u, m) solves the system (MFG). For h > 0,

U(to + h, x, mo) — U(i’o,X7 mo) - U(to + h, x, m(to + h)) - U(to,X, mo)
h n h
U(t0+h,X, m(to-i—h))—U(to—l—h,X,mo) ) h
— h = /1 — /2.
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Existence for the master equation

Recall that U(to, x, mo) = u(to, x) where (u, m) solves the system (MFG). For h > 0,
U(to + h, x, mo) — U(i’o,X7 mo) - U(to + h, x, m(to + h)) - U(to,X, mo)
h N h
U(t0+h,X, m(t0+h))—U(t0—|—h,x,mo) ) h
— h = /1 - /2 .

Note that U(to + h, x, m(to + h)) = u(to + h, x), hence by H-J,

I et Oru(to, x) = —Lu + H(x, Du) — F(x, m).
-0
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Existence for the master equation

Recall that U(to, x, mo) = u(to, x) where (u, m) solves the system (MFG). For h > 0,

U(to + h,x, mo) — U(to, x, mo) - U(to + h,x, m(to + h)) — U(to, x, mo)
h n h
_ U(to + h,x,m(to + h)) — U(to + h, x, mg)
h

Note that U(to + h, x, m(to + h)) = u(to + h, x), hence by H-J,

I — Oru(to, x) = —Lu + H(x, Du) — F(x, m).
h—0

By the fundamental theorem of calculus for m and F—P (o:m — £*m — div(mbpH(x, D)) = 0),

t independent, use as test function in F-P

/ / to+h X, /\m(to+h)+(1—/\)mo, )(m(to+h)—mo)(dy) d\

— [ (Fly DUy m)D, 3 (6 xemiy) = £,57 (85 mey) ) m(dy).

h—0t
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Uniqueness

The uniqueness proof consists in showing that every solution V' of ME can be related to
the MFG system:
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Uniqueness

The uniqueness proof consists in showing that every solution V' of ME can be related to
the MFG system:

@ For mo € P(R?) construct a flow of measures (m(t)) such that

{&rﬁ(t) — L£*m(t) — div (m(t)D,H(x, D, V(t,x, m(t))) =0, in [to, T] x RY,

ﬁ(to) = my.
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Uniqueness

The uniqueness proof consists in showing that every solution V' of ME can be related to
the MFG system:

@ For mo € P(R?) construct a flow of measures (m(t)) such that

{atn?(t) — L£*m(t) — div (m(t)D,H(x, D, V(t,x, m(t))) =0, in [to, T] x RY,

ﬁ(to) = my.

@ Let v(t,x) = V(t,x,m(t)) and use the master equation to show that v solves H-J.
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Uniqueness

The uniqueness proof consists in showing that every solution V' of ME can be related to
the MFG system:

@ For mo € P(R?) construct a flow of measures (m(t)) such that
{aﬁq(t) — L£*m(t) — div (m(t)D,H(x, D, V(t,x, m(t))) =0, in [to, T] x RY,
I‘ﬁ(to) = myg.
@ Let v(t,x) = V(t,x,m(t)) and use the master equation to show that v solves H-J.

© Then (v, m) solves the same MFG system as (u, m), so by uniqueness for (MFG)
(u,m) = (v, m) and therefore V = U.
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