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THE PROBLEM
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Applications:

Anomalous diffusion

Materials with memory

Long-range effects

Large-time behaviour

❑ Decay/growth rates

❑ Profiles Cortázar-Q-Wolanski: JFA 2021, ….

Innocent looking linear problem, BUT…



THE OPERATORS
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Caputo fractional derivative:

Nonlocal:  memory effects

Fractional Laplacian:

Nonlocal: long-range effects



HOMOGENEOUS PROBLEM 
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Smoothing effects

Fundamental solution:  
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Asymptotic simplification:
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Fundamental solution:  

Fourier spatial variable:

Mild solution



HOMOGENEOUS PROBLEM
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smooth outside the origin

Memory



HOMOGENEOUS PROBLEM
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subcritical Smoothing effect: 
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subcritical

[Kemppainen-Siljander-Vergara-Zacher, 2016], [Cortázar-Q-Wolanski, 2021] 

not subcritical:

Asymptotic simplification:

BUT



HOMOGENEOUS PROBLEM
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supercritical

AVOID THE ORIGIN ! (in selfsimilar variables)

Outer regions:

❑ Diffusive scale: 

❑ Most of the mass is here



HOMOGENEOUS PROBLEM
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compact

“Weak” asymptotic simplification (memory)



HOMOGENEOUS PROBLEM: RATES
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[Kemppainen-Siljander-Vergara-Zacher, 2016]
Critical dimension

phenomenon

RATES:

Critical :



THE INHOMOGENEOUS PROBLEM
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“Duhamel”:



INHOMOGENEOUS PROBLEM: PRECEDENTS
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[Biler-Guedda-Karch, 2004], [Dolbeault-Karch, 2006]

[Dolbeault-Karch, 2006]
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Space-time convolution:



INHOMOGENEOUS PROBLEM

Fernando Quirós On nonlocal and nonlinear PDEs 24/5/2023   16



INHOMOGENEOUS PROBLEM

Fernando Quirós On nonlocal and nonlinear PDEs 24/5/2023   17

Space-time convolution

HOWEVER



INHOMOGENEOUS: COMPACT SETS
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INHOMOGENEOUS PROBLEM: STATIONARY CASE
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BUT



INHOMOGENEOUS PROBLEM: PRECEDENTS
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[Kemppainen-Siljander-Zacher-JDE-2017]



LARGE DIMENSIONS:
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INHOMOGENEOUS PROBLEM
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SIMPLIFICATION
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OUTER REGIONS
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COMPACT SETS: 
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THANKS FOR YOUR ATTENTION!
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