Exercise Set b

Problem 1

The equilibrium points are given by the following curves in the (u, u) plane (see
figure below):

u=20
9—pu=20
pA2u—u?=0

At (p,u) = (—1,1), Z—Z changes sign. We have
Fulity ) = (9 — 2up — 2u® + )

Hence f,(—1,1) =10 # 0 and (—1, 1) is a regular turning point where stability
is exchanged.

We differentiate f, once more and get

S = —2u?

At (u1,u1), the intersection between the two curves 9— pu = 0 and p+2u—u? =

0, fu =0 but f,, does not vanish. Thus, we have a double point and stability
is exchanged (theorem 2.4, p.370 in Logan).

fun(0,0) =0 but f,,(0,0) =9 # 0. (0,0) is a double point and stability is also
exchanged (theorem 2.5, p.371 in Logan).

It then suffices to compute the sign of f,, at one point of each curve to determine
the stability along all the curves. We have

fu= (9= p) (p + 2u — ) — pupe + 2u — u®) +u(9 — pu)(~2u + 2)

We choose for example (u,u) equal to (0,2), (0, —oc0), (1, %) uw— oo. We get

fu(0,2) = —180
lim f,(0,u) = —o0
p——
9
im fu(p, 9—) = —o0
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The thick lines indicate stable equilibrium points
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Problem 2

The infinitesimal change ds* due to the chemical reaction is as in the textbook
ds* = (—kis*e* + k_1c")dt* (1)

The infinitesimal change due to the reactor is

)

ms

dS* = d(v—
R

where mg is the mass of substract in the reactor. Since
dms = Vsodt* — Vs*dt ,
we get

v
ds* = V—R(so — §")dt” (2)

We add up the two contributions (1) and (2) and get

ds* Vv
di* =—kis*e* +k_1c" + V—R(so —s%)

We proceed in the same way for the remaining variables c¢*, e*, p* and get the



following system of o.d.e :

ds* 14

di* = —kls*e* —+ k_lc* + V_R(SO - S*)

d k

dj* =kis"e" —k_1¢" — ko™ — VKRC*

d *

dj;* = —kis*e" + k_1c" + kac" + VKR(GO —€)
. _ koc™ — Vo

dre 2 VRp

Summing equations (3), (4) and (6), we obtain

e P)=y0 Ty p

and, similarly with (4) and (5),

d (c*+e*) = Ke - l(c* +e")
dt* B Vr 0 Vr

We set
f*:c*—f—e* and g*:S*—f—C*—Fp*

The previous system of ode is then equivalent to

= ks (" ) e+ 0 — )
dC* * * * * * V *
T =kis*(f* — ") — k_1¢" — kac VRC
df* 1% .

ar V—R(€0 - f")

dt* Vg 09

We rescale the problem

s* = sps ¢ =epc fF=eof
* N t
=S = —
g 09 F1eo
and set
k_1+ ko ko
K=ol TR A= 12
k1so k1so
€o \%4
E = — =
50 a Vrkieg



We end up with the following equivalent but simpler system of ode
$=—fs+(s+r—ANc+pu(l—s)
eé=fs—(s+kK)c—epc
f=un-f)
g=mnl-yg)

The equilibrium points (§ = ¢ = f = g = 0) satisly

f=1
g=1
and
—s+(s+r—Nec+pu(l—s)=0 (8)
s—(s+kK)c—euc=0 (9)

Adding up these two equations, we get
(A+ep)e+ps=p (10)

We use equation (10) to express s in function of ¢ and plug the result into
equation (9). We get

Fle)=(p = A tep)e)(l —¢) = (k+ep)pe =0

F(c) is a quadratic polynomial. F'(0) = p > 0and F(1) = —u(k+ep) < 0 imply
that there exists c. € (0,1) such that F(c,) = 0. F has an other root in (1, 00)
because lim._,o, F/(¢) = 400 but this root cannot give a equilibrium point since
1 = ¢+ e (at equilibrium) implies that ¢ < 1 (e is positive). Therefore, if we
have an equilibrium point, we must have ¢ = c,.

Once ¢, is known, the value of s at equilibrium (which we denote s.) is given
by (10) and p,. and e, (the values of p and e at equilibrium) by (7). We have
to check if these values are admissible i.e. if they are positive (concentrations
must be positive). In dimensionless variables, equation (7) yields

fe=1=ci+e, and g, =1=s,+¢ec.+ps«

Since ¢, € (0,1), e, > 0. It remains to check that s, > 0 and s, + ¢, < 1 so
that p, > 0. (9) implies
_ (ep+K)es
T 1—c¢c
and since ¢ € (0,1), s, > 0. (10) gives

A
€y + 5., =1——



and therefore ec, + s, < 1.

We have then proved that there exists an admissible equilibrium point and that
it is unique. We now investigate the stability of this equilibrium point. We
write down the matrix corresponding to the linearized system at (s, cs, f« =
17 g* = 1)

—1l+c—p Se+KE—A —s« 0

1—cx —(ss+he) —Ep 5 0
M = € € €
0 0 —u

0 0 0 —u

The eigenvalues of M are given by the roots of det[M — AI|. We have

det[M — X| = (—p — X)2det[M — \]

~ —1l+c—p Se+K—A
M = 1—cs —(s«+K)—ep |-

9 9

where

—p is a double eigenvalue. The two remaining eigenvalues of M are the same
as those of M. The product of the eigenvalues of a 2x2 matrix is equal to the
determinant of the matrix while the sum is equal to the trace. We have

~ 1
detM = - [(ep + M) (1 —cu) + pu(se + K +eu)) >0

and
Sy« + K

€

trM = —(1 —¢,) — 2p —

If A1 and Ao, the eigenvalues of ]\Zf, are real, A\ Ay > 0 implies that A1 and A,
have the same sign but, since A; + A2 < 0, they can only be strictly negative.

If Ay and Ay are imaginary, they must be conjugate: A2 = M. M+ <O
implies A\;1 + A1 < 0. Hence,

Re[/\l] = RGP\Q] <0

In both cases, we have a stable equilibrium point.



