75048 Mathematical modeling 1998

Exercise 4

Advice/Solution: 1998–10–08/1998–10–15

Problem 1: Lin & Segel problem 9 (p. 320).

Problem 2 [Exam, December 1990]: We shall consider the same enzyme reaction as in Lin & Segel:

s^∗ + e^{∗ k1}Æ_k �1 c^∗ → p^∗ + e^∗

but with a new twist: We shall assume that the enzyme, rather than being dissolved in water, is bound in spherical particles (“pellets”) of radius a, while the substrate is made available by being dissolved in water filling the void between these pellets. The concentration of substrate in the water is kept at a constant value s̄ (by new substrate being added as the reaction proceeds), while the enzyme concentration within each pellet has the value ē when no substrate is present.

The substrate enters the pellets through diffusion with a diffusivity of D^∗, so that the flux density of substrate is −D^∗∇s^∗. The end product is also transported by diffusion, while enzyme and complex are assumed immobile.

We shall combine the chemical kinetics described above with diffusion within one of the pellets. Use the scaling ⃗x^∗ = a⃗x for the position vector, so that the pellet is given by |⃗x| ≤ 1. (a) Give arguments supporting the equations

s_t = DΔs − s + (s + κ − λ)c, μc_t = s − (s + κ)c

for |⃗x| < 1, and express D in terms of D^∗ and the other parameters of the problem. Also justify the boundary condition s = 1 for |⃗x| = 1.

(b) After a while we assume the process is stabilized, so that the different concentrations are stationary within the pellet. Deduce an ordinary differential equation, with boundary conditions, for the determination of s as a function of r = |⃗x|. The total reaction rate within the pellet is the amount of substrate transformed into the end product per time unit. Express this rate in terms of s^′(1).

(c) Assume that ε = λ/D is a small parameter, and find s(r) to an accuracy of order ε^2. In other words, we accept an error O(ε^3) in the answer. (Hint: First solve the problem for ε = 0, then substitute the solution s_0 in s = s_0 + εs_1 + ε^2s_2 + · · · before you try to establish equations for s_1 and s_2. You may need a couple of terms from the power series 1/(a + εb) = ∑_∞ k=0(−1)^k(εb)^k/a^{k+1} or some similar series).

(d) Assume instead that η = D/λ is small. The solution s(r) will now exhibit a boundary layer at r = 1. Solve the problem to an accuracy corresponding to an error O(η). (Hint: For the inner solution, let r = 1 − δρ where δ is a small parameter. Pick a suitable δ in relation to η. It is enough to find an approximate expression for ρ as a function of s (expressed as a definite integral)).

Useful fact: If u(⃗x) is a radially symmetric function of ⃗x in three dimensional space, i.e., u(⃗x) = v(r) where r = |⃗x|, then

Δu = 1 r^2

(r^2v^′)^′

where^′ is derivation with respect to r.

75048 Mathematical modeling 1998: Exercise 4 Page 2

Problem 3: The following modified Lotke-Volterra system has been suggested to model an ecosystem with one prey species (x^∗) and one predator species (y^∗): dx^∗ dt^∗ = r_1x^∗ ( 1 − x^∗ K − b_1c_1y^∗ b_1x^∗ + c_1 ) dy^∗ dt^∗ = r_2y^∗ ( 1 − y^∗ b_2x^∗ )

(a) Try to justify the model, and comment on the various constants as well as any shortcomings you find with the model. Explain how a reasonable scaling might bring the model to the dimensionless form dx dt = x ( 1 − x − αy x + β ) dy dt = εy ( 1 − y x )

(b) Find the singular points and try to determine their type. Study the behaviour of the solutions (numerically) with α = 2, ε = 0.2, and β = 0.15. What happens if β is varied with α = 2 and ε = 0.2?