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687#7:9	;0<	=?>	@�ACBED8F G%H#BEF F GJIKBEHMLNBEO	G%F F GQPRPCG%SRGUT�VWG%S�XYLNPCGZB[I�F L \^]RG�_`Xa_MG%b0SRG�_)c0bWdeVEH�F L b0SRL SRb0G%S

(x2 − x) + (y2 + 2y) + (z2 − 2z) = 0.f G%HMG�_Y_MG%HWgC_MI^LNPCGQXWT�BEHMG%S,_MGQXYG%SRG�_ML FhdigRF FNXa_MG%S�PCL b0Gj\^IKB0PCH`BK_MG%HQk^c0b8I^L
deVEH
(x2 − x+ 1/4) + (y2 + 2y + 1) + (z2 − 2z + 1) = 1/4 + 1 + 1

(x− 1/2)2 + (y + 1)2 + (z − 1)2 = (3/2)2.f G�_Y_MGjO	G�_al^H�BK_W\^gRF G�m	BK_MG%S�]�BEHWH`B0PCL g�X
3/2

c0bnXYG%S,_MHMgRDoL�TRgRSR\,_MG�_
(1/2,−1, 1) p

687#7:9	;0<	=q�h@jA^LNPCG%SjBE\CXYG%F G%H`B0Xirac0S�XYI0G%\,_Mc0HMG%SWdiHMG%D8\0c0D8D8G%HhI0GQP�VWPCG%HML I0G%HMG#]�B0Xa_ML b0]RG�_`XYI0G%\,s
_Mc0HMG%S

v(t)
D8GQP�]RG%S�XYl^S�T�V

t
kR]�BEHWI^L

v(t) =

∫

a(t) dt =

∫

(2j − 6tk) dt = 2tj− 3t2k + c1,

]^I0c0H
c1
G%HJG%Sn\0c0S�Xa_`BES,_MI0G%\,_Mc0H p A^LNPCG%S v(0) = 5k

k,DnV�I^L�]�B�BK_
c1 = 5k

k,c0b�PCG�_Y_MGtO	G�_al^H
BK_

v(t) = 2tj + [5 − 3t2]k pu B0Xa_ML b0]RG�_`XYI0G%\,_Mc0HMG%S8diHMG%D8\0c0D8D8G%H!I0GQP�VvPCG%HML I0G%HMG�T	c,XYLNXirac0S�XYI0G%\,_Mc0HMG%S
r(t)

D8GQP�]RG%SCs
XYl^S�T�V

t
kRXMVqI^L�]�BEH

r(t) =

∫

v(t) dt =

∫

(2tj + [5 − 3t2]k) dt = t2j + [5t− t3]k + c2,

]^I0c0H
c2
G%H?G%S2\0c0S�Xa_`BES,_MI0G%\,_Mc0H p A^LNPCG%S r(0) = 2i

k!DnVwI^Lt]�BxBK_
c2 = 2i

k!c0bxPCG�_Y_MG
b0L H

r(t) = 2i + t2j + [5t − t3]k p?y c,XYLNXirac0S�XYI0G%\,_Mc0HMG%S�_ML FJT�BEHY_ML \^\0G%F G%SwL t = 10
ORF L H�PRB

r(10) = 2i + 100j− 950k p
687#7:9	;0<	=z��@�{)B

P1
IC|}HMGjT�BEHY_ML \^\0G%F G%S~]^I^LNXWO�BESRG�G%Htb0L _Y_�B[I�T�BEH`BED8G�_MG%HYdiHMG%DnXa_ML F F L SRb0G%S

x = t, y = 2t2
k}c0bzFNB

P2
IC|}HMG�PCG%S�BES�PCHMG~T�BEHY_ML \^\0G%F G%S p�� GQP2VxXYG�_Y_MG�L SRS x = t

L
gC_Y_MHMl^\^\0G�_

y = 2t2
k^deVEH!I^L

y = 2x2 kCc0bqXYLNPCG%S t ≥ 0
D8GQP^de�EHMG%H}BK_

x ≥ 0
k^XYG%H!I^LhBK_}O�BESRG%S

_ML F
P1
G%HWb0L _Y_�B[I?b0H`BKdiG%S?_ML F�F L b0SRL SRb0G%S

y = 2x2, x ≥ 0� PCICXZ�a]��El^HMG���PCG%F)B[I?F L b0SRL SRb0G%S
y = 2x2 � pA^G�S�VqT�V

P2 p A^LNPCG%S~I^L�b0G%SRG%HMG%F _W]�BEHWBK_ sin2 t+ cos2 t = 1
k^deVEHWI^L

x2 + y2 = (
√

3/2)2(sin2 t+ cos2 t) = (
√

3/2)2.
f G�_Y_MGtO	G�_al^HJBK_

P2
O	G%I0G%b0G%HUXYG%b�LRG%SnXYL HM\0G%FCD8GQPqH`B0PCL g�X √

3/2
c0D8\^HML SRb�c0HML b0c�kKD8GQP8Xa_`BEHY_

L
x =

√

3/2, y = 0 pU� �EF b0G%F L bqI^L F�O�BESRG%SRG�_ML F)PCG�_McnT�BEHY_ML \^F G%SRG�\^HMlCXMXYG�]^I0G%H`BES�PCHMG pA^G�S�V�T�V
P1
L bQraG%S pJ� VEH!\^HMlCXMXYG%H!PCG%S�O�BESRG%Sn_ML F P2 ��� c�kCPCG�_WXY\QraG%H}S�VEH}PCG%S�X}B[ICXa_`BES�P_ML F�c0HML b0cqG%H √

3/2
k�PCICX}S�VEH

√

x2 + y2 =
√

x2 + 4x4 =
√

3/2.f G�_Y_MG}b0L H#d raG%H`PCG%b0H`B0PRXYF L b0SRL SRb0G%S
4x4+x2−3/2 = 0

k0XYc0D�\KBES8XYGQX#T�V�XYc0D�G%S8BES�PCHMG%b0H`B0P^s
XYF L b0SRL SRb8D8GQP�IKBEHMLNBEO	G%F

x2 pU� LhdeVEHtPRB

x2 =
−1±

√

1 − 4 · 4 · (−3/2)

2 · 4 =
−1 ± 5

8
,�



� ���N�^�Y�M�`���}�^���R�}�^���N���z�W�h�
�z�Y�M�`�
PCICX

x2 = 1/2
�
x2 \KBES�L \^\0G�IC|}HMG�SRG%b,BK_ML I � p f G�_Y_MG�D8GQP^de�EHMG%H�BK_

x =
√

1/2
G%F F G%H

x = −
√

1/2
kRD8G%S�XYLNPCG%S

x ≥ 0
BEF F _MLNP�bQraG%FNPCG%HWdic0H

P1
kRG%H

x =
√

1/2
G%SRGQXa_MGjDvgRF L b0]RG�_ pA^LNPCG%S

y = 2x2 BEF F _MLNPwbQraG%FNPCG%H�dic0H P1
k#XYG%H�I^LZBK_�PCG8_Mc~O�BESRG%SRGn\^HMlCXMXYG%H�]^I0G%H`BES�PCHMGqL

TRgRSR\,_MG�_
x =

√

1/2, y = 1 p A^LNPCG%S x = t
bQraG%FNPCG%H�dic0H

P1
k�XYG%H�I^L:BK_�PCG%SRSRGqT�BEHY_ML \^\0G%F G%S

S�VEHt\^HMlCXYSRL SRb,XYTRgRSR\,_MG�_�S�VEH
t =

√

1/2 p u I0c0HtO	G���SRSRG%H P2
XYG%b?I0GQP�PCG�_Y_MG�_MLNPRXYTRgRSR\,_MG�_ �

� c0H�PCG%SRSRG8T�BEHY_ML \^\0G%F G%S�bQraG%FNPCG%H y =
√

3/2 sin t
k�XMV�S�VEH

t =
√

1/2
G%H
y ≈ 0.8 p f G�_Y_MGO	G�_al^HtBK_�PCG�_McnT�BEHY_ML \^F G%SRG�L \^\0G�\0c0F F LNPCG%HMG%H p

687#7:9	;0<	=��)@j �G%SRG%HMG%F _t]�BEH}I^L)BK_WG%S~F L SKraGjD8GQP�T�BEH`BED8G�_MG%HYdiHMG%DnXa_ML F F L SRb

x = a1 + at, y = b1 + bt, z = c1 + ct

T�B0XMXYG%HMG%HJbQraG%SRSRc0D¡TRgRSR\,_MG�_
(a1, b1, c1)

k,c0b�G%HZT�BEH`BEF F G%F F�D8GQP8I0G%\,_Mc0HMG%S
v = ai+ bj+ ck p

� L�DnV8PCG%HYdic0H}��SRSRGjgC_tc0D¢PCG�_Mc8I0G%\,_Mc0HMG%SRG

v1 = −6i + 4j + 2k

v2 = 3i− 2j− 1k

G%HvT�BEH`BEF F G%F F G p�� c0HqV�bQrY�EHMG?PCG�_Y_MG�\KBES£I^LZHMG%b0SRGngC_q\^HMlCXMXYTRHMcCPCgR\,_MG�_ v1 × v2

� ]^g�XY\zBK_
_McnI0G%\,_Mc0HMG%HWL�HMc0D8D8G�_�G%HtT�BEH`BEF F G%F F G�]^I^LNXWc0b8O�BEHMGj]^I^LNXtPCG%HMGQXW\^HMlCXMXYTRHMcCPCgR\,_WG%HtS^gRF F I0G%\,s
_Mc0HMG%S � k^D8G%S�G%S�H`B0XY\0G%HMGtD8G�_McCPCG�G%HWVvc0O�XYG%HMI0G%HMG�PCL HMG%\,_MG�BK_ v1 = −2v2 p f G�_Y_MG�I^LNXYG%HWBK_I0G%\,_Mc0HMG%SRG � c0bnPCG%HYdic0H}c0b,XMVvF L SKraG%SRG � G%HWT�BEH`BEF F G%F F G p
687#7:9	;0<	=£�h@jA^GvT�V8��b0gRHv¤[¥ p ¦Cp § T�V�XYLNPCGn¨[©0©nL#ªZPC«}BEH`PRXtc0b y G%SRSRG%l0k
G%F F G%Ht��b0gRH�¬ p © p ¥LZ{�c0HMG%S,_M%G%S�G�_qBEF p u I^LNX ∆t

G%H�G�_j_MLNPRXYL S,_MG%HMIKBEF F®k)G%H
r(t0 + ∆t) − r(t0)

I0G%\,_Mc0HMG%SwXYc0D
dic0HMORL S�PCG%HZ�¯_MgRTRT	G%SRG��jB[I

r(t0 + ∆t)
c0b

r(t0) pU� G%\,_Mc0HMG%S
∆r(t0)

∆t
=

1

∆t
[r(t0 + ∆t) − r(t0)]

G%H�T�BEH`BEF F G%F F)D8GQP�PCG%SRSRG p {)B θ O	G�_MG%b0SRGvI^L SR\0G%F G%S�D8G%F F c0D ∆r(t0)
∆t

c0b�G%S�_`BESRb0G%S,_MI0G%\,_Mc0H
T
L	TRgRSR\,_MG�_}O	GQXa_MG%D�_}B[I

r(t0) p:� GQP�VjI0G%F b0G ∆t
F L _MG%S�SRc0\q\KBES�I^L�deV

θ
_ML FhV�ORF L	I^L F \CVEHMF L b

F L _MG%S�k
c0b?I^L#\KBES~_MG%SR\0GvT�V
θ
XYc0D°G%S�\0c0S,_ML S^gRG%HMF L b8digRSR\CXirac0S�B[I

t
k
PCICX

θ = θ(t) p f G�_Y_MGO	G�_al^HtBK_
lim

∆t→0
θ(t) = 0,

SRc^GjXYc0DoD8GQP^de�EHMG%HtBK_tI0G%\,_Mc0HMG%S

r′(t0) = lim
∆t→0

∆r(t0)

∆t
= lim

∆t→0

1

∆t
[r(t0 + ∆t) − r(t0)]

G%HWT�BEH`BEF F G%F F
D8GQP
T p

687#7:9	;0<	=²±�@�³)´Kµ`¶�· ¸%¹wº0» � LJ]�BEH�BK_ c = u + v
k#]^I0c0H

u = ba
a+b

c0b
v = ab

a+b
p A^LNPCG%S

a > 0
c0b

b > 0
kh]�BEH

u
XMBED8D8G8HMG�_MSRL SRb~XYc0D

a
c0b

v
XMBED8D8G8HMG�_MSRL SRb�XYc0D

b p f G�_jG%HPCG%HYdic0H}SRc0\�VqI^LNXYGjBK_
c
]�BEF I0G%HMG%H}I^L SR\0G%F G%S�D8G%F F c0D

u
c0b

v pA^LNPCG%S |u| = |v| kJG%HvT�BEH`BEF F G%F F c0b0H`BED8D8G�_jgC_`XYT	G%S,_nB[I u
c0b

v
G%S£HMc0DvO	G p�� G%\,_Mc0HMG%S

c
PRBESRSRG%HvG%S£PCLNBEb0c0S�BEFUL}PCG%SRSRG?HMc0DvO	G%S�k#c0b�T�V�b0HMgRSRSxB[IwXYl^D8D8G�_MHML G%SxDnV

c
]�BEF I0G%HMG

I^L SR\0G%F G%S�D8G%F F c0D
u
c0b

v p³)´Kµ`¶�· ¸%¹n¼^»t{)B
θ
O	G�_MG%b0SRG�I^L SR\0G%F G%S?D8G%F F c0D

a
c0b

b
k^FNB

ψ1
O	G�_MG%b0SRG�I^L SR\0G%F G%S�D8G%F F c0D

a
c0b

c
kRc0bqFNB

ψ2
O	G�_MG%b0SRG�I^L SR\0G%F G%S�D8G%F F c0D

b
c0b

c p f BqbQraG%FNPCG%H

0 ≤ ψ1, ψ2 ≤ θ ≤ π.

{)Bqc,XMX!��SRSRGjF G%SRb,PCG%S
c
B[I

c p A^GjT�Vv��b0gRHMG%S�SRGQPCG%SCdic0H



���N�^�Y�M�`���}�^���R�}�^���N���z�W�h�
�z�Y�M�`� �

�
�

�
�>Z

Z
Z

Z~

�
�

�
�>

Z
Z

Z
Z~�

�
�

�>

θ

θ

π − θ

ab
a+b

ba
a+b

� GQP~VqORHMgR\0Gj½�c,XYL S^g�XMXYG�_MSRL SRb0G%S?deVEHWI^L

c2 =
b2a2

(a+ b)2
+

a2b2

(a+ b)2
− 2 · ba

a+ b
· ab

a+ b
· cos(π − θ)

=
2a2b2

(a+ b)2
[1 − cos(π − θ)]

=
2a2b2

(a+ b)2
[1 + cos θ],

]^I0c0HWI^L�ORHMgR\,_MGvBK_
cos(π − x) = − cosx

dic0H
x ∈ [0, π] p}� V8\KBES�I^L�HMG%b0SRGjgC_�TRHML \^\^TRHMcEsPCgR\,_MG�_

a · c T�Vv_Mc8DnVK_MG%H pU� L�]�BEH

a · c = a · ba + ab

a+ b
=
a2b(1 + cos θ)

a+ b
,

XMBED�_MLNPCL bnXYc0DoI^Lh]�BEH

a · c = ac cosψ1 =

√
2a2b

√
1 + cos θ cosψ1

a+ b
.

f G�_Y_MGjb0L H
cos2 ψ1 =

1

2
+

1

2
cos θ = cos2

θ

2
,

c0b8T�V8XMBED8D8G�DnVK_MGj]�BEH}I^L
cos2 ψ2 = cos2

θ

2
.

¾ S,_`BxS�VxBK_
cosψ1 = − cos θ

2 p A^LNPCG%S θ
2 ∈ [0, π

2 ]
deVEH?I^L�PRBxBK_

ψ1 ∈ [π
2 , π] p u I^LNX

cosψ2 = − cos θ
2

deVEH#I^L
ψ2 ∈ [π

2 , π]
kEc0b�F L \^]RG�_MG%S

θ = ψ1+ψ2
D8GQP^de�EHMG%H:BK_

ψ1 = ψ2 = π
2� ]^g�XY\?BK_

0 ≤ θ ≤ π � p u I^LNX θ = π
G%H!I^L	diH`BED8D8G0k^]^I^LNX!L \^\0G�]�BEH!I^L
G%S�D8cE_`XYL b0G%FNXYG p#¿ PCG�_XYLNXa_MG�_ML F diG%F F G�_�DnV8I^L�PRB8]�B8BK_

cosψ1 = cos θ
2

kRSRc^G�XYc0Dob0L H
ψ1 = θ

2 p f G�_Y_MGjb0L HWL bQraG%S�BK_
ψ2 = θ−ψ1 = θ

2

k^c0bqI^L
G%H!diH`BED8D8G pUÀ L FNXYIKBEHMG%S�PCG�\KBES�I^L�XYG�T�V cosψ2
c0bvHMGQXYc0SRSRG%HMG�T�V

XMBED8D8G�DnVK_MG p
687#7:9	;0<	=xÁh@ � B � {)B r(t)

O	G�_MG%b0SRG�b0c0F diO�BEF F G%S�X}T	c,XYLNXirac0S�XYI0G%\,_Mc0HQkCFNB
v(t)

O	G�_MG%b0SRGvPCG%S�X
]�B0Xa_ML b0]RG�_`XYI0G%\,_Mc0HQk:c0b�FNB

a(t)
O	G�_MG%b0SRG~PCG%S�X8BE\CXYG%F G%H`B0Xirac0S�XYI0G%\,_Mc0H p�� L}]�BEHnPRB a(t) =

−gk kRXYc0Dob0L H
v(t) =

∫

a(t) dt =

∫

(−gk) dt = −gtk + c1,

]^I0c0H
c1
G%HWG%S~\0c0S�Xa_`BES,_MI0G%\,_Mc0H p A^LNPCG%S v(0) = v0

deVEHWI^L
v(t) = v0 − gtk

kCc0bnPCG�_Y_MGjb0L H

r(t) =

∫

v(t) dt =

∫

(v0 − gtk) dt = tv0 −
1

2
gt2k + c2,

]^I0c0H
c2
G%HtG%S~\0c0S�Xa_`BES,_MI0G%\,_Mc0H p:� V8b0L H r(0) = 0

BK_
c2 = 0

kRc0b
r(4) = 200i + 200j

b0L H
PRB8BK_

v0 = 50i + 50j + 2gk.



Â ���N�^�Y�M�`���}�^���R�}�^���N���z�W�h�
�z�Y�M�`�
� O � � VqG%H a(t) = 2i− gk

kRXYc0Dob0L H

v(t) =

∫

a(t) dt =

∫

(2i− gk) dt = 2ti− gtk + c1,

]^I0c0H
c1
G%HUG%Sn\0c0S�Xa_`BES,_MI0G%\,_Mc0H p A^LNPCG%S v(0) = v0

deVEHUI^L�BK_
v(t) = v0 +2ti−gtk p f G�_Y_MGb0L H

r(t) =

∫

v(t) dt =

∫

(v0 + 2ti− gtk) dt = tv0 + t2i− 1

2
gt2k + c2,]^I0c0H

c2
G%H�G%S�\0c0S�Xa_`BES,_MI0G%\,_Mc0H p {�L \^]RG�_MG%S r(0) = 0

BK_
c2 = 0

k	c0b
r(4) = 200i + 200jb0L HtPRB8BK_

v0 = 46i + 50j + 2gk.� ½ � u G%H#G%H#PCG�_)O�BEHMGZVtXYG�_Y_MGJL SRS�gC_Y_MHMl^\^\0G�_�dic0H v0
L,gC_Y_MHMl^\^\0G�_hdic0H

r(t)
L,PCGJ_McW_ML F diG%F F G%SRG p

� c0H � B � deVEHWI^L

r(t) = tv0 −
1

2
gt2k = 50ti + 50tj + gt(2 − 1

2
t)k,

c0bqdic0H � O � deVEHWI^L

r(t) = tv0 + t2i− 1

2
gt2k = t(46 + t)i + 50tj + gt(2 − 1

2
t)k.

687#7:9	;0<	=�Ã�@ f G�_Wde�EH`Xa_MGjXYc0DoO
�EHtbQrY�EHMGQX!]RG%HWG%HtVv_MG%b0SRG�BEF _tXMBED8D8G%S~L
xy
sÄTRFNBESRG�_ pUy Vb0HMgRSRS~B[In_MG%\^SRLNXY\0G�TRHMc0ORF G%D8G%H}G%HWL \^\0GjPCG�_Y_MGjORF L _Y_�bQrac0HY_WLhFN�0XYSRL SRb,Xadic0H`XYFNBEb0G�_ p� B � {)B rP (t)

c0b
rQ(t)

O	G�_MG%b0SRGqT	c,XYLNXirac0S�XYI0G%\,_Mc0HMG%SRGj_ML FU]RG%SR]Rc0FNPRXYI^LNX�TRgRSR\,_MG�_
P
c0b

TRgRSR\,_MG�_
Q p)� GQPjG�_)_MLNPRXYTRgRSR\,_ t PRBESRSRG%H rP (t)

I^L SR\0G%F G%S
10πt

D8GQPjPCG%S�T	c,XYL _ML I0G
x
s¯BE\CXYG%S�k

XMVqI^L
deVEHWgRD8LNPRPCG%F O�BEHY_�BK_
rP (t) = 20 cos(10πt)i + 20 cos(10πt)j.u I0c0HWFNBESRbnG%HWTRHMcEraG%\CXirac0SRG%S

p
B[I�Xa_`BEb0G�_tSRGQP�T�V

x
s¯BE\CXYG%S~I0GQP~PCG�_Y_MG�_MLNPRXYTRgRSR\,_MG�_ � � GQPVqORHMgR\0G y l,_`BEb0c0H`B0X!XYG%HWI^L)BK_

|p| =
√

402 − (20 sin(10πt))2 = 20

√

4 − sin2(10πt).f G�_Y_MGjb0L H

rQ(t) = 20 cos(10πt)i + 20

√

4 − sin2(10πt)i = 20

[

cos(10πt) +

√

4 − sin2(10πt)

]

i.

� O � {)B vQ(t)
O	G�_MG%b0SRGj]�B0Xa_ML b0]RG�_`XYI0G%\,_Mc0HMG%Sn_ML F�TRgRSR\,_MG�_

Q p f Bq]�BEHWI^L
vQ(t) = r′Q(t)

= 20

(

d

dt

[

cos(10πt) +

√

4 − sin2(10πt)

])

i

= −200π sin(10πt)



1 +
cos(10πt)

√

4 − sin2(10πt)



 i.


