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A colleague came across some mentions of the double and triple mean value theorems today (see
the references). As neither he nor I had heard about these theorems before, we were naturally
intrigued.

All the references seem to state the double mean value theorem in roughly the same form:

Let f ∈ C2(R), and max {|η|, |λ|} � ξ, then

|f(ξ + η + λ)− f(ξ + η)− f(ξ + λ) + f(ξ)| . |f ′′(θ)||η||λ|,

where |θ| ∼ |ξ|.
We were actually somewhat at a loss as to the exact meaning of this statement, so I sat down
and thought about it for a moment. No references were given to this – presumably – elementary
result. Well, as it turns out, it is elementary, but perhaps not quite so obvious.

The ordinary mean value theorem can be deduced from a simple integration: If f ∈ C1(R) then

f(ξ + η)− f(ξ) = η

∫ 1

0

f ′(ξ + tη) dt. (1)

We could easily leave it at that, or we could notice that the integral is a mean value of the
continuous function f ′ over the interval with end points ξ and ξ + η, so it equals f ′(θ) for some
θ in that interval.

The double mean value theorem is easily deduced by two applications of the above. Assuming
f ∈ C2(R), apply (1) to the function F given by F (ξ) = f(ξ + λ) − f(ξ) = λ

∫ 1

0
f ′(ξ + sλ) ds.

Then F ′(ξ) = λ
∫ 1

0
f ′′(ξ + sλ) ds, and so (1) becomes

f(ξ + η + λ)− f(ξ + η)− f(ξ + λ) + f(ξ) = ηλ

∫ 1

0

∫ 1

0

f ′′(ξ + sλ + tη) dsdt. (2)

Again, we can rewrite the righthand side as ηλf ′′(θ) for some θ in the smallest interval containing
all the function arguments on the lefthand side.

From this, any competent mathematician should be able to derive an estimate of the form
used in the referenced papers. Moreover, this makes it abundantly clear precisely what is required
to use the estimates.

The triple, and quadruple, etc., mean value theorems are all easily derived by repeating the
same procedure. E.g., to get the triple mean value theorem, let F (ξ) be the two sides of (2), but
with η replaced by (say) γ, then apply (1) to this function. The result is

f(ξ+η+λ+γ)−f(ξ+η+γ)−f(ξ+λ+γ)−f(ξ+η+λ)+f(ξ+γ)+f(ξ+η)+f(ξ+λ)−f(ξ)

= ηλγ

∫ 1

0

∫ 1

0

∫ 1

0

f ′′′(ξ + sλ + tη + uγ) dsdt du.

The pattern and proof of the higher order mean value theorems should be obvious from this.
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