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Preface

These are the lecture notes accompanying a one-semester course. The aim of the course is to
pick up the readers with a background in multi-variable calculus and linear algebra and to take
them on a direct path to the fascinating world of differential topology.

In order to make the ideas and techniques as accessible as possible the arguments are ex-
plained in great detail. Thus instead of aiming for the most elegant and shortest argument we
often take a longer walk and pick up every flower along the way by hand. We hope that the
amount of detail will make it easier for a relatively unexperienced mathematician to witness
and understand what is happening and to appreciate how some relatively straight-forward ideas
lead to exciting and deep results.

This has the consequence that these notes are not brief and do not just summarise the main
ideas and theorems in differential topology. For a brief and comprehensive account we recom-
mend the excellent books by Milnor [13] and Guillemin—Pollack [5] on which these notes are
based on.

The chapters are accompanied by a list of exercises. We highly recommend to work through
all the exercises. At the end of the book there are suggestions for solutions to all exercises. For
some it may be tempting to glimpse at the solutions before trying to solve the problems, other
will rather try on their own first. We think that the readers may decide for themselves how they
prefer to learn new mathematics.

We are grateful to many colleagues and students who helped to improve these notes. In
particular, we would like to thank Torgeir Aambg, Johanna Aigner, Anders Alexander Ander-
sen, Torgeir Aambg, Daria Barjaktarevic, Denis Bergmann, Erlend Bergtun, Dagmar Coelle,
Eivind Xu Djurhuus, Robin Fissum, Sigurd Gaukstad, Knut Bjarte Haus, Hévard Skjetne Lille-
heie, Abigail Linton, Martin Locsei, Chileshe Mwamba, Trygve Poppe Oldervoll, Leona Ro-
denkirchen, Sindre Strgm, Marius Thaule, Inga Maria Tillmann, Melvin Vaupel, and Glen
Matthew Wilson.



1.

Introduction

Geometry vs topology

Classical geometers were interested in measuring angles and distances. For example, two
things are the ‘same’ — more mathematically speaking they are congruent — in classical geom-
etry! if you can transform one into the other by moving or rotating them. A first variation to
allow flexibility, is projective geometry: Two things are considered the same if they are both
views of the same object. For example, an ellipse and a circle can be projectively equivalent:
for one can look like the other when you look at them from the right perspective. In topology,
we take this idea a big step further and consider two objects the same if we can continuously
transform one into the other. For example, a triangle is equivalent to a circle and both are
equivalent to a square. In differential topology, the part we study in this class, we only allow
smooth transformations. Then square and circle are , because a square has vertices
which are not smooth points while the circle does not. As a slogan we may say that differential
topology is the study of properties that do not change under smooth transformations. Smooth-
ness of an object is something we check locally, i.e., by looking at every point and a small
neighborhood around it. The smoothest space we know is Euclidean space. This leads to the
following first working definition of what kind of objects we are going to study:

(Working definition: What is a manifold?) A manifold is a geometric
object which locally, i.e., in a small neighborhood of every point, looks like R".

In order to get a first idea, let us look at a fundamental example:

Example 1.2 (Spheres) Let us look at the unit circle
Sl={(x,y) eR?: x> +)> =1} c R%.

The circle is something one-dimensional. But how do we describe that precisely when
we need two coordinates to describe its points. One way is that if we zoom in at any
point it just looks like a bended line segment. Looking very closely it even looks almost
like a straight line segment. See Figure 1.1. So, locally, and we will make precise what
that means very soon, the circle looks like a segment of R!. The unit circle S!, more
generally, the n-dimensional sphere

_ +1 . .2 2 _
S" = {0 X)) ER™ DXyt b = 1)

is an example of a smooth manifold.

TA on colors: We make extensive use of colors in the text. Sometimes is used for
, while NTNU blue is used for key words. The use of the latter is quite frequent. The reason is that these
notes are also used as actual printed notes during lectures where it is desirable to spot the key words of an argument
easily. This might be a for the reader for which we apologize in advance.

10
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Figure 1.1: Each segment of the circle looks like an open interval in R.

While not being precise at all, our working definition may sound at the same time quite strict.
In a small neighborhood every point looks the same. How can this lead to interesting objects?
We will see that there is in fact a universe of examples of smooth manifolds of very different
kind. The point is that even though all points look pretty much the same locally, manifolds may
look very different globally. As a first simple example consider the two-dimensional sphere
and the two-dimensional torus. They look the same locally, but they are quite different globally:
the torus has a whole in the middle while the sphere does not. In fact, one of the main goals in
topology is to classify all types of manifolds.

Important idea: introduce invariants

A key method to analyse spaces and maps, or more generally any kind of complicated object
in mathematics, is to attach to them interesting invariants. These are usually numbers, groups,
vector spaces, ..., any sort of algebraic objects which are much easier to understand and to
distinguish than the spaces and maps we started with. The name invariant comes from the
fact that we require that the algebraic objects, for example numbers i(X) and j(f) we attach to
each object X and each map £, under the geometric transformations we allow.
For smooth manifolds, the transformations we allow are diffeomorphisms, or, later on, smooth
homotopy equivalences. For example, assume we would like to understand two manifolds X
and Y. Let us assume they are defined in complicated ways so that it is not easy at all to check
if they are maybe the same objects after all. If we can calculate the invariants i(X) and i(Y') and
get i(X) # i(Y), then X and Y could not have been the same to begin with. If X and Y were
vector spaces, then we are very familiar with the idea of an invariant, namely the dimension.
That is, if dim X # dim Y, then we know that there is no linear isomorphism between X and
Y. If dim X = dimY, then we can construct an isomorphism X = Y by choosing bases for
both X and Y. In fact, a smooth manifold has a tangent space at every point. The tangent
space is a real vector space, and it will be one of the main tools for our study. However, tangent
spaces and the dimension are not sufficient to study smooth manifolds and we will need more
sophisticated tools and invariants. For example, we will develop intersection theory and will
show that the smooth manifolds S”, the n-sphere, and RP”, the n-dimensional real projective
space, are not diffeomorphic for n > 2. In fact, we will show that they are not even homotopy
equivalent for n > 2.
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«  Here are some examples of invariants in differential topology:

» dimension

Brouwer degree
» intersection number
« Euler characteristic

« index of a vector field

» Some important theorems

After developing the theory of smooth manifolds with and without boundaries we will prove
the following famous theorem: Let D" be the n-dimensional unit disc

D" = {(x},....x,) € R" : x?*‘""’"‘i <1).

Theorem 1.3 (Brouwer Fixed Point Theorem) Every continuous map f : D" — D"
has a fixed point, i.e., there is an x € D” such that f(x) = x.

This theorem has a lot of very important applications. In particular, one way to apply it is
to first transform a problem into finding a solution x,, of an equation of the form f(x) = x and
to use Brouwer’s theorem to show that such a solution exists. It will require a good amount of
exciting work to prove the theorem.

Then we will introduce the most important invariant in differential topology: the Brouwer
degree of a smooth map. It will turn out to be an extremely powerful tool. We will first introduce
a mod 2-version of the degree and use it for example to show the following important and deep
result of Hopf:

Theorem 1.4 (A Hopf invariant one primer) There is a smooth map S* — S? which
is not homotopic to a constant map.

The map S — S? of the theorem is an example of Hopf fibration which only exists in
certain dimensions. We will use this important map as a running example throughout these
notes. The way we talked about invariants so far may suggest that they only allow to show that
something does not exist. However, there are also some very important situations where an
equality of invariants implies that spaces are equivalent. A very famous example of such a case
is the following theorem which uses the integer-valued Brouwer degree which we will study in
this course after introducing orientations:

Theorem 1.5 (Hopf Degree Theorem) Let X be a compact, connected, oriented
smooth k-manifold without boundary. Then two continuous maps X — S* are homo-
topic if and only if they have the same degree.
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As a generalization of the degree we will develop mod 2-intersection theory on smooth
manifolds. Surprisingly, we can use it to prove the following purely algebraic result: Let R"” X
R"” — R", (a,b) — a - b, be an R-bilinear map with no zero-divisors, i.e., a - b implies a = 0
or b = 0. Assume that we have a - b = b - a for all a,b € R”. Such a map is called a
commutative division algebra structure on R”. We are very familiar with commutative division
algebra structures on R” for n = 1 and n = 2: They are given by the field of real numbers R
for n = 1 and the field of complex numbers C = R? for n = 2. We will show that there are no
other possible cases:

Theorem 1.6 There is no commutative division algebra structure on R” for n > 2.

A vector field on a smooth manifold X is a map which assigns to each point x a tangent
vector to X at x. A zero of a vector field is a point to which the field assigns the zero vector.
The Brouwer degree allows us to define the index of a zero which is an integer that characterises
the geometry of the vector field around the zero. The sum of the indices of the zeros of a vector
field a priori depends on the smooth structure of the manifold. On the other hand, the manifold
X is also equipped with an integer, the Euler characteristic y(X). This is a purely topological
invariant which means it does not change if we transform X continuously and it does not depend
on the fact that X is not just a space but a smooth manifold. One of the highlights of this course
is the proof of the following famous result which relates the geometry of vector fields on a
smooth manifold to its Euler characteristic. This is a first example of an index theorem which
is part of a fascinating and very influential area in mathematics:

Theorem 1.7 (Poincaré—Hopf Index Theorem) Let X be a compact, oriented smooth
manifold and let v be a vector field on X with only finitely many zeros. Then the sum
of the indices of v equals the Euler characteristic of X.

Before we are able to prove these exciting results we set out to develop the basic theory of
smooth manifolds in the following chapters.



2. Smooth manifolds

2.1 Topology in R”

2.1.1 Open and closed subsets in Euclidean space

Recall from Calculus that the norm of a vector x = (x{,...,x,) € R”" is defined as the non-
negative real number

_ 2020 a2 >0
|x|—\/x1+x2+ + x;, € R=".

The norm defines a distance between two points x, y in R” by taking the norm |x — y| of the
difference of x and y. For any n, the space R” together with this norm is called n-dimensional
Euclidean space. It is a topological space in the following way:

+ (Open sets in R") Here are important examples of open subsets in R":

« Let x be a point in R” and r > 0 a real number. We define the n-dimensional open
ball with radius r around x

B.(x)=B(x)={yeR": |x—y|l <r}.
Note that we drop the superscript ” whenever possible.
» The open balls B,(x) are the prototypes of open sets in R".

» A non-empty subset U C R" is called open if for every point x € U there exists
a real number € > 0 such that B, (x) is contained in U.

» The empty set @ are defined to be open.
» The whole space R" is open.
« A subset Z C R" is called closed if its complement R" \ Z is open.

- Arbitrary unions of open sets are open and finite intersections of open sets are
open.

Examples and remarks:

- Familiar examples of open sets in R are open intervals, e.g., the open interval (=2, 1).
» The cartesian product of n open intervals (an open ‘rectangle’) is open in R”.

- Similarly, closed intervals are examples of closed sets in R, .e.g., the closed interval
[-2,1].

14
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Figure 2.1: An open ball in R3.

An important example of a closed set is the n-dimensional sphere S” defined as
S"={xeR™ :|x|=1}.
The cartesian product of n closed intervals (a closed ’rectangle’) is closed in R”.

The empty set # and R” itself are by definition both open and closed sets.

Not every subset of R” is open or closed. There are a lot of subsets which are neither
open nor closed. For example, the interval (0, 1] in R or the product of an open and a
closed interval in R,

vitkeudt by

W 7///A m with b

Withoset Docnddary oitle becee

apmnch-ile w®

L bslrlonbi B vethe pon v doond

Figure 2.2: Examples of subsets in R

Definition 2.1 (Relative open sets) Let X be a subsetin R”. Then we say that V' C X
is open in X (or relatively open) if there is an open subset U C R” which is open in R”
with V' = U N X. More concretely: V' C X is open in X if and only if for every point
x € V there exists a real number € > 0 such that B(x) N X C V. See Figure 2.3.

In order to decide whether a subspace is open or closed it is very important to take the
ambient space into account:

Remark 2.2 (Warning) It is important to note that the property of being an open
subset very much depends on the bigger space we are looking at. Hence open always
refers to being open in some given space. For example, a set can be open in a space
X C R, but not be open in R?, see Figure 2.4.




2.1. Topology in R”

Xalt tpm:..x

Figure 2.3: A relative open subset of X: X NnU is open in X.

Figure 2.4: The relative open subset of X N U is open in X, but is not open in R2.
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Examples:

Let X = S? be the two-dimensional sphere. We consider it as a subset in R3 with the
subspace topology. Let x, € S? be a point on S?. An example of a subset in S? which is
open in S? and contains x,, is the set

SN B3 (x) with By (vg) = { y € R* 1 [yl < 7}
2 2

In fact, every subset which is open in S? and contains x, contains a subset if the form
S% N B(x,) with € > 0 sufficiently small.

,the set S2 N [EB31 (xg) is open in R3. For there is no -dimensional open
2
ball [EB? (xo) which is completely contained in S?n [EB31 (x)-
2

Open sets are nice for a lot of reasons. First of all, they provide us with a way to talk about
things that happen close to a point.

(Open neighborhoods) We say that a subset V' C X containing a point
x€ Xisa if there is an open subset U C V with x € U. If V itself
is open, we call V' an

Second, a collection of open subsets in a set X, define a on X:

(Spaces) We establish the following convention for the use of the word
space:

A set together with a topology, i.e., a collection of open sets, is called a topological
space.

From now on, when we talk about a space, we mean a topological space, i.e., a
set together with a specified topology.

Here we observe that the word topology is used in several ways. On the one hand, it is
the name of a whole area in mathematics. On the other hand, it is the name for an additional
structure on a set. We are familiar with this phenomenon: for example, the word algebra
denotes both an area in mathematics and a structure on a set.

2.1.2 Continuous maps

The type of maps that preserve open sets, i.e., respect the topology on a set, are called contin-
uous maps:
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(Continuous maps: abstract definition) Continuous maps are charac-
terized as follows:

Let X and Y be topological spaces. Amap f: X — Y is called if,
for every open subset U C Y, the subset f~!(U) is open in X.

In the subspace topology in R": If A is a subset of R” with the subset topology,
thenamap f: A - R"is if and only if, for every open subset
U C R™, there is some open subset ¥ C R” with f~1(U) = V n A (in other
words f~(U) is open in A).

Remark 2.6 Justin case you have heard of categories before: topological spaces form
a category with morphisms given by continuous maps.

We are familiar with continuous maps from Calculus. The e-6-characterization of continuity
looks as follows:

Lemma 2.7 (Continuous maps: familiar description in R") Let A be a subset in R”
and a € Abe apoint. Amap f: A — R™ is continuous at ¢ if it satisfies the following
condition: for every € > 0, there is a 6 > 0 such that

O<|x—al<déandx € A= |f(x)— f(a)| <e.

In our new fancy notation, we can reformulate the last condition as follows: for every
€ > 0, there is a 6 > 0 such that

x €Bia)N A= f(x)€B"(f(a).

Proof of Lemma 2.7: First, assume f satisfies e-6-continuity. Let U C R™ be an open set
in R”. If £~1(U) is empty, it is open by definition. So let @ € f~'(U) be a point in f~1(U).
The fact that U is open means that there is an € > 0 such that B”(f(a)) C U. Given this ¢, the
fact that f is continuous means that

there is a 6 > 0 such that x € B3(a) N A = f(x) € B!'(f(a)).

But

fx)eB(f(@) U

which implies f(x) € U and hence x € f -L(U). Thus, for every x € Bg(a) N A, we have
x € f~1(U). In other words,
Bi(@nAC f(U).

Since a was an arbitrary point in f~'(U), this shows that f~!(U) is open in A.

Second, assume f~!(U) is open in A for every open subset U C R™. Given a € A and
€ >0, let B”(f(a)) C R™ be the open ball around f(a) with radius e. Since B (f(a)) is open
in R™, our assumption tells us that f‘l([EBZ‘(f(a))) is open in A. Since a € f‘l([E{SZ'(f(a))) this
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means that
there is a 6 > 0 such that B{(a) n A C f_l([BZ’(f(a))).
But that means
x €Bi(a)n A= f(x) € B!'(f(a)).
Hence f is continuous at a. Since a was arbitrary, f is continuous. ]

Next we specify the maps which have inverses in the category of topological spaces:
(Homeomorphisms) Let X and Y be topological spaces. A continuous

map f: X > Yisa if it is one-to-one and onto and its inverse f~!

is continuous as well. Homeomorphisms preserve the topology in the sense that: if

f: X — Y is a homeomorphism then U C X is open in X if and only if f(U) C Y is
openin Y.

Examples:

The map tan: (—x/2,7/2) — R is a homeomorphism.

The map f : R — R, x — x> is a homeomorphism.

However, the map g: R - R, x — x2 is a homeomorphism, since it is neither
one-to-one nor onto.

There are also more interesting examples:
Example: A bijection which is a homeomorphism

Example 2.9 (A bijection which is a homeomorphism) Let
S!'={(x,y) e R® : x> +)?> =1} c R?

be the unit circle considered as a subspace of R?. Define a map
f:10,1) = S!, t > (cos(2xt), sin(2xt)).

We know that f is bijective and continuous from calculus and trigonometry. However, the

function f~! is . For example, the image of the open subset U = [0, %)
under f, i.e., the subset f(U), is in S'. Let us first remark that U = [O, i) is

indeed open in [0, 1), since for examples U = [0, 1)N (—i, zlt ) Now we look at the point

f(0)=(1,0) € S!. Since 0 € U, f(0) is a point in f(U). However, for every open ball
[Bg((l, 0)) ¢ R?, the intersection [EBg((l, 0)) N S' contains points with strictly negative
y-coordinate. In particular, [EBE((l, 0)) N'S! contains points which are in f(U),i.e.,

B2(1,0)nS") ¢ f(U).
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Alternatively, we could observe that f~!(B2((1,0)) n'S') C [0, 1) contains points which
are close to 1 in [0, 1) and therefore do not lie in U, i.e.,

ST @BA.0)NnSH ¢ U.
This shows that we find an open subset V' of R? such that
VvV nS! = f(U).
Hence f(U) is not open in S'.
{
X 3 {w)
r SN v
1 C. e VaS! V

{00

QM
=
-e‘.'h—'

Figure 2.5: Wrapping the interval around the circle via f is a bijection, but not a homeomor-
phism, since f(U) may not be open in S!.

2.1.3 Topological properties

One could characterize Topology as the study of properties which are preserved under homeo-
morphisms. Hence we may call a property that is preserved under homeomorphisms a topolog-
ical property. We often refer such a topological property as a global property, since we cannot
check that a space has it just by looking at small neighborhoods of all points. Many interesting
phenomena in differential topology require an interplay of local and global properties. We will
now recall some such topological properties that will play an important role for our study of
smooth manifolds. We will recall here what it means for a space to be

compact,
connected,

path-connected.

Compactness

(Compact space) A topological space X is called if every
open cover {U,}; of X, i.e., a collection of open subsets U, C X such that X = |J, U, is
the union of them, has a finite subcover. That is, among the {U,}, it is always possible
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1

to pick finitely many U; , ..., U; with

Z=U, u..UuU,.

I In

Recall that a subset Z C R” is called if there is some, possibly big, r > 0 such
that Z C B,(0). For subspaces in Euclidean space we then have the following important char-
acterization of compact subsets.

Theorem 2.11 (Theorem of Heine—Borel) A subset Z C R” is compact if and only
if it is closed and bounded.

Examples and remarks:

Closed balls in R" are compact.

The n-dimensional sphere S” is an important example of a compact space. According to
the previous theorem we can show this by remembering that S” is a closed subset of R"*!
and to observe that it is bounded as it is contained in, for example, [EB;+l (0), the open ball
of radius 2 around the origin.

Theorem 2.11 tells us that open subsets in R” cannot be compact. For example, open
balls in R” are never compact.

Compactness makes a lot of things easier. On the one hand, it makes it easier to keep
track of things, as we can cover the space with finitely many open sets. On the other
hand, the previous theorem tells us that points cannot lie too far off, at least for subspaces
in R", since compact spaces in R” are bounded. Hence we can think of compactness as
a general condition which helps to avoid trouble.

Lemma 2.12 (Compact and discrete implies finite) Every compact and discrete
subset .S of R” is

Proof: Assume S was finite. Compact subsets of R” are bounded. Hence there is an
€ > 0 such that § is contained in the n-dimensional box with edges of length € and center 0.
Divide this box into 2" many n-dimensional boxes of equal size. The length of their edges is
€/2. If S was infinite there must be at least one small box which still contains infinitely many
points of . We take this box and divide it again into 2" many »n-dimensional boxes of equal
size. The length of their edges is now £/4. Again, if .S’ was infinite there must be at least one of
the smaller boxes which still contains infinitely many points of .S. By repeating the argument,
we see that we can find an infinite sequence of points in .S which converges. Since S is also
closed, any convergent infinite sequence of points in .S must have a limit in .S. Call this limit
s. But then the subset {s} would not be open in .S, since every open subset of R” containing s
would also contain other points of .S. Hence .S would . 0J
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2.1. Topology in R”

Connected spaces

(Connected spaces) Recall that a topological space X is called
if X cannot be written as the union of two nonempty disjoint open subsets; or

equivalently, if X and @ are the only subsets which are both open and closed in X.

Familiar examples of connected spaces are intervals in R. For example, the closed inter-
val [0, 1] is connected.

If X is not connected, it has subsets Z, C X which are both open and closed. Each such
Z, is called a connected component of X. Hence X can be considered as the possibly
infinite union of its connected components.

Here is a type of argument we will meet frequently: Let X C R* and Y C R" be two
topological spaces and we would like to show that there cannot be a homeomorphism
between them. First, if the numbers of connected components of X and Y are different,

. f
then there cannot be a homeomorphism X — Y.

The previous argument is often used indirectly in the following way: if X and Y have
the same number connected components, we remove a suitable point x € X and count
the number of connected components of X \ {x} and Y \ { f(x)}. If these numbers are

. . f . .
different, there cannot be a homeomorphism X — Y. For if such an f exists, then the

restriction X \ {x}— Y \ { f(x)} is still a homeomorphism. Continuing this or a similar
process often leads to the desired conclusion.

Another frequent application of connectedness is the following: Givenamap f : X — S
from a topological space X to any set .S. Recall that f is called if for
every x € X there is an open neighborhood U, C X such that f; is constant.

Lemma 2.14 Let X be a connected space and f : X — S be locally constant. Then
f is constant.

Proof: Let s € S be a value of f,i.e., s = f(x) for some x € X. We can write X as the

disjoint union of the sets

A={xeX : f(x)=s}and B={x€ X : f(x) # s}.

Since f is locally constant, both A and B are open. For, if a € A, then there is an open
neighborhood U, C A with f(U,) = {s},ie.U, C A. Similarly, if b € B, then there is an
open neighborhood U, C X with f(U,) = { f(b)},i.e.U, C B. Butsince X is connected and
A # @, we must have A = X, and f is constant. OJ
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Path-connected spaces

The criterion for connectedness is elegant to state, but also rather abstract. For example, it
does not tell us if we can walk, i.e., draw a line without interruptions, from one point to another,
as one would intuitively expect for a connected space. This leads to a related and more concrete

property:

Definition 2.15 (Path-connected spaces) A topological space X is called path-
connected if for any two points x,y € X there is a continuous map y : [0,1] - X
with y(0) = x and y(1) = y.

Path-connectedness is the stronger property:

Lemma 2.16 (Path-connected implies connected) If a space is path-connected, then
it is also connected.

Proof: Suppose X is path-connected. If X was not connected, then there would be two
disjoint nonempty open subsets A and B with X = A U B. Since A and B are nonempty, we
can choose two points a € A and b € B. Since X is path-connected, there is a continuous map
y: [0,1] - X withy(0) = aand y(1) = b. Hence 0 € y~'(A) c [0, 1]and 1 € y~'(B) c [0, 1].
Since A and B are disjoint and open, the subsets y ' (A) and y~!(B) are disjoint and open in
[0,1]. Since X = A U B, we would have [0, 1] = y~1(4) U y~'(B) which contradicts the fact
that [0, 1] is connected. Hence X must be connected. [

X

7 8

Figure 2.6: Not all points may be connected by a path.

» We will show later that smooth manifolds, however, are connected if and only if they are
path-connected.

« But be aware that there are connected spaces which are not path-connected. A standard
example, illustrated in Figure 2.7, is the subspace

X = {(x,sin(logx)) € R* : x>0} U (0 x[-1,1]) c R2.
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Figure 2.7: A connected but not path-connected space.

2.2 Smooth maps

2.2.1 Maps on open domains

Let U C R" and V C R™ be open sets. Recall that a map f: U — V is called totally
differentiable at o € U if there exists a linear map L, : R" — R™ such that

i @t = fl@ - Ll _
1m =

0.
h—0 |h|

Note that if such an L, exists, it is unique and is the best possible linear approximation of f at

a. Moreover, if L, exists it can be represented in the standard bases of R"” and R™, respectively,

by the Jacobian matrix at a, the m X n-matrix with (i, j)-entry the partial derivative %(a).
j

Recall that a differentiable map is in particular also continuous.

Conversely, if we know that all partial derivatives at a exist and are continuous, then f is
differentiable at a. We say that f is differentiable if it is differentiable at every point a in U.

In differential topology we usually require that maps are not just once but infinitely many
times differentiable. In this case, we call them smooth. More precisely, we define:

.

Definition 2.17 (Smooth maps on open subsets) Let U C R” and V' C R™ be open
sets. Amap f : U — V iscalled smooth if, at every point x € U, the partial derivatives

k
of f of all orders exist and are continuous, i.e., all the partial derivatives aL(a)

le...éxjk

exist and are continuous for all £ > 1.

Examples:

» The familiar maps exp, cos, sin and all polynomials are smooth maps from R to R.

» Let p(x;, x,, ..., x,) be a polynomial with coefficients in R in the variables x|, x,, ..., x,.
Then p induces a smooth map p: R” — R by evaluating p on the coordinates of R”, i.e.,
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k
by sending a = (ay, ... ,a,) to p(a,, ..., a,). The partial derivative xa—px(a) is just the
9%
partial derivative of the polynomial p. The latter always exists and is continuous.

Let py,ps,....p,, be polynomials with coefficients in R in the variables x, x,, ..., x

» v
They induce a smooth map P : R" — R™ by evaluating p, ..., p,, on the coordinates of
R”, i.e., by sending a = (ay, ..., a,) to the m-tuple

(pl(al,...,a,,),p2(a],... Ay s Dplay, ... ,a,,)).

k
— 9P () is just the partial derivative of the polynomial p;. The
ox ox .] p p y 1
10 9%
latter always exists and is continuous.

The partial derivative

For example, the map R?> — R? defined by (x, y) —= (x> — y?, 2xy) is smooth.

Another example of this type is the smooth map

X
! 2x1X3 + 2x,%y
X
F:R*S R 72| 2xx3 —2x,x, |. 2.1)
X3 2 x2—x2— 2
X4 1T 73T

To convince ourselves let us calculate some partial derivatives. For example, at a point
a=(a,a,,a3,a,) € R* we get

=2 oh (@=0
—i((a) = 2a,, a)=0,
0x3 " oxy0x,

0F, 0°F,

—(a) = —2ay, (a) = -2,
a 1 0x10x4

0F; 0 F,

—(a) = 2a,, (a) =2,

a 2 0x20x2

2.2.2 Extension to arbitrary subsets

Now we would like to extend smoothness to maps between arbitrary sets subsets of R”. But
there is an issue we need to discuss:

In Calculus, we learned what it means for a function f: (a — €,a + €) —» R defined on
an open interval to be differentiable at the point a. However, the definition only makes sense
if there is some space on the left and right hand side of a in the interval, i.e., if € > 0. For
example, we cannot talk about differentiability of a function f : [a,a + €) — R at a. The
definition requires that we can approach a from both the left and the right when we take the
limit. That is why we required all maps to be at least defined on an open neighborhood of the
point a.
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, there is a way out of this: Given amap f: X — R” where X C R" is an
arbitrary subset. For f to be smooth at a € X, we require that f is actually just a shadow
of a map which is indeed defined on an open ball B?(a) in R". We will see that this simple
trick makes the whole machinery work very nicely. To make things more precise, here is the
definition:

(Smooth maps on arbitrary subsets) Let X C R" and Y C R” be
arbitrary subsets. Amap f: X — Y iscalled if for each x € X there exist an

open subset U C R” containing x and a smooth map F : U — R™ that coincides with
fonallof XNU,i.e.,

F is smooth and Fyy = fxnu-

(OTasD
\T’/‘

Snmﬁmp

9

flu)

Figure 2.8: Smoothness of a map f with an arbitrary domain is defined by finding at each point
a smooth map F that restrict to f on relatively open subset.

Note that smoothness at a point x is a local property, i.e., we need to check it only in a
small neighborhood of x.

Examples and remarks:

The identity map of any set X is smooth.
Iff: X —>Yandg: Y — Z are smooth, then the composition go f is also smooth.
The projection map

7:S' >R, (x,y)— x

is smooth, since it can be extended to the projection R*> — R onto the first coordinate
which is smooth.

Let f: S3 — S? be the map defined by

X
xl 2x1x3 + 2x5xy
18582 [ 2] 2xx3 —2x,x,
X3 2 4+ x2 — x2 — 2
172737
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This map is the restriction of the map F defined in (2.1) and hence smooth. Since F is
smooth, it remains to check that if x = (x|, x,, x3, x4) is in S3 ¢ R4, then f(x) e S
R

2.2.3 Diffeomorphisms

(Diffeomorphism) A smoothmap f: X — Y iscalled a
if f is one-to-one and onto, and its inverse f~! is smooth as well. We say that
X and Y are if there exists a diffeomorphism f: X — Y.

Note that every diffeomorphism is a homeomorphism, but not the other way around. Here
are some examples for which it is an exercise to verify the assertions.

Examples:

Themap g: R —» R, x — x* + x is a diffeomorphism.

,f: R = R, x - x’ is a homeomorphism but a diffeomorphism, since
the inverse map is not differentiable and therefore not smooth at the origin.

The map R?\ {(0,0)} = R?\ {(0,0)}, (x,y) = (x* — y*,2xy), is a diffeomorphism
— even though its derivative is invertible everywhere — because it is not one-to-one.

Let S? = {(x,y,z) € R3 : x>+ y* + z> = 1} be the two-dimensional sphere. The map

1

£ SINO,0,D) = R, (x,3,2) = 7—

(x,y)

is a diffeomorphism. We will meet it again soon and see that it is quite useful.

The map f : S? — S? defined by

X
! 2x1%x3 + 2x7%y
X
f:S=S% |7 | 2xx; —2xx,
X3 22— x2—y2
x, TR T B!
is a diffeomorphism, since it is . For example, the whole unit circle

in the x,-x,-plane on S, i.e., points on S* with x; = x, = 0, is mapped to the north
pole (0,0, 1) on S2. The whole unit circle in the X3-Xx4-plane on S3, ie., points on S3
with x; = x, = 0, is mapped to the south pole (0,0,—1) on S2. In fact, we will see
in Exercise 2.8 that each fiber of the Hopf fibration f is diffeomorphic to a circle on
S*. However, as we will show later, none of these circles intersect even though they are
all linked into each other. This is a fascinating and very rare phenomenon. More on

'"We will study this map further though in different disguise in the exercises and will meet it many times in these
notes. But let us remark anyway that if x7 + x3 + x3 + x] = 1, then

2

(2%, 25 + 25,%,)% + (2,5 — 2x,X,)° + (x% + xi - x;— xi)2 = (xf + x% + x§ + xi)2 =1.
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this later. For the moment, we conclude this example with the remark that after defining
tangent spaces for manifolds we will see that, in fact, there cannot exist a diffeomorphism
between S* and S2.

Remark 2.20 (Diffeomorphic spaces are equivalent) From the point of view of dif-
ferential topology, diffeomorphic spaces are equivalent, and we may (and will) consider
them as copies of the same abstract space, which may happen to be differently situated
in their surrounding Euclidean spaces.

2.3  Smooth manifolds

2.3.1 How to describe a space of solutions?

Many interesting spaces are given as the set of solutions of an equation of the form

fx)=»b

where f: X — Y isamap and b € Y is some specified point. It is a natural and important
question: how we can best describe the space

S={xeX: f(x)=»>b} CX?

« (Goal) We would like to describe the space S in a simple and efficient way while
still expressing all its interesting properties.

Let us look at a familiar situation and consider the linear map

X1

X 2X2 + ZX4
A: R* - R3, x2 = 2x3 —2x4
3 X1 + Xy — X3 — Xy
X4
ans solve the equation
Ax) =0.

We can use, for example, Gauss elimination to get the set of solutions
L={xeR*:x,=0,x;3=2x,x =—-x,} CR*

This is a line in R*. In particular, it is something one-dimensional, i.e., we can describe all the
points in L by using just one variable, say ¢:

L=<{xeR*:x=¢-
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We think of the variable ¢ as a parameter and would like to say that t parametrizes the set of
solutions L. In a more formal way we have the map

v:R-o>Lt—t-

S - O =

In fact, y is a linear isomorphism. Hence we may think of y as a mean to express

the one-dimensionality of L, and

that L has a linear structure.

We call the map y a parametrization of L.

Now let us look at the map?

x
! 2x1x3 + 2%,y
X
X3 2 4 x2 — 52— 52
x, 1752737
This map is , since we multiply variables. W have seen such maps in multivariable

calculus and know how to calculate their derivatives. In fact, f is a smooth map, since each
of its coordinates is a polynomial. The equation f(x) = 0 has only a single solution — the zero
vector. So let us rather determine the solutions the equation

0
fx=b=:|1
0

After some calculation we arrive at the set of solutions
4. 2 2 4
S={xeR" : x3=xp,x4=—xp,x] +x;=1/2} CR".

This is a straight line in R*. However, it looks like something one-dimensional, since
knowing one of the variables, say x, determines x,, x5 and x,, and thereby x. Well, hold on:
Let us fix a value x; = t. Then we get

1/2=x1+x3 =17 +x; > x, =+1/1/2 -1~

Hence x, is only determined up to a choice. To remedy this defect, let us restrict our attention
to points X € S with x, > 0, then x; = 7 determines x completely. We write S, ., for the set
of such points.

2The map f is modelled on the famous Hopf fibration S — S? which is one of the very few smooth maps
between spheres whose fibers are all spheres themselves. We will meet the Hopf map many times during this class.
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In addition, we need to make sure that the square root is defined, i.e., we need that ¢ only
varies in the range t € [—\/ 1/2,4/ 1/2] . Hence we can use the map

t

_— R 4, V1/2 -1
b, [ \/1/2,\/1/2] Sy,20 C R 1 Vi2-2

-t
to describe one part of the set of solutions S. And we check that this map is a bijection.

This is very similar to the parametrization we used to describe L. However, this map is

. There is no way to fix this, since f was not linear in the first place. But we can

check that f is differentiable at many points. In particular, it is continuously differentiable at

all points in S. Hence we would like our map ¢, to be differentiable as well. In fact, we would
like it to be smooth, since f is smooth at all points in S.

To achieve this, we need to make sure that the domain of ¢ + 18 open and the partial deriva-
tives are defined. Hence we replace ¢, with the map

t

bt (VIRNTPD) =S e [ V22D
—t
defined on an open interval.
The map ¢, is now a diffeomorphism, the best we can hope for, and does a similar job as

the parametrization y above: it expresses

the one-dimensionality of S for points in S, ., and

that S has a smooth structure? for points in S.,>0-

Since ¢, describes only some part of S, we call the map ¢, a parametrization of S.

Finally, we observe that we are missing out on some points of S, in particular where x, < 0.
Hence we need further local parametrizations similar to ¢, to cover all of S. The collection
of such maps will then express S as a one-dimensional and smooth subspace of R*. In fact,
these maps give S the structure of a one-dimensional smooth manifold, a notion we will now
define rigorously based on what we learned from this example.

2.3.2 Smooth manifolds - the definition

Let X C R” be an arbitrary subset. We learned what it means for subsets in X C R" to be open.
One reason why open sets are useful is that they give us a way to talk about things that happen

3This is not yet a well-defined term. So for the moment we may think of it as saying that S does not have any
corners or any other nasty points.
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close to a point. In order to facilitate this way of thinking we are going to use the following
terminology:

Definition 2.21 (Neighborhoods) We say that a subset ¥ C X containing a point
x € X is aneighborhood of x if there is an open subset U C V with x € U. If V itself
is open, we call V' an open neighborhood.

We will also use the following abbreviation:

Remark 2.22 (A way of speaking: Local properties) If we refer to something that
happens in the neighborhood of a point x € X, then we are often going to say that it
happens locally at x. Moreover, a property of a space or a function that we only need to
test for a neighborhood of each point is a local property. For example, smoothness
of a map is a local property, since we test it in a neighborhood of each point. In contrast,
there are global properties which are properties that describe the whole space.

Manifolds are now spaces that locally look like Euclidean spaces in the following sense:

e Y

Definition 2.23 (Smooth manifolds) Let R" be some big Euclidean space.

o A subset X C RY is a k-dimensional smooth manifold if it is locally diffeo-
morphic to R¥. The latter means that for every point x € X there is an open
subset V' C X containing x and an open subset U C R such that U and V are
diffeomorphic. Note that the number k is the same for all points in X.

» Any such diffeomorphism ¢p: U — V is called a local parametrization.
« The inverse diffeomorphism ¢=! : ¥ — U is called a local coordinate system

onl.

. J

The natural number N in the previous definition is not specified. We just assume that there
is some RY big enough to fit X into it. We are going to discuss what we can say about the
minimal N later. It is actually a very interesting question.

% UsR* "
Jo/G=D

2- Gloe S Lorus.  Sks'
Mm@'“ v muﬂf(/

Figure 2.9: Points on S? and on T2 have both open nighborhoods diffeomorphic to open subsets
in R%. However, S and T? have different global properties.
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Figure 2.10: A hyperboloid is an example of a smooth 2-manifold. The cone, however, is

a manifold, since it has a point an open neighborhood diffeomorphic to an open subset
of R%. More about these two spaces in Exercise 2.5.

Remark 2.24 (Local coordinates) The set U in the definition of a local parametrization
is a subset of R¥, and it may therefore seem plausible to express a point u € U by its
coordinates u = (u;, u,, ... ,u; ). More precisely, given a coordinate system

oV SU

on V', we can talk about the coordinates (¢1_1 (x), d);l (x), ..., gb;l (x))ofapointx € V C
X. Writing u;(x) = ¢i‘l(x) fori = 1, ..., k, we usually drop mentioning ¢~! and just
talk about the coordinates (u(x), u,(x), ..., u,(x)) of x. Hence we need to remember
that the uy, ..., u; are really

Remark 2.25 (Simplified notation for parametrizations) Let X C R" be k-
dimensional manifold and x € X a point. Let ¢: U — V be a local parametrization
around x, i.e., U C R¥ and V C X are open subsets with x € Vandg¢: U - Visa

diffeomorphism. Then we also write ¢ : U — X for the composite U—¢> V < X. We
usually assume that ¢ is adjusted such that ¢(0) = x.

2.3.3 First examples

We are very well familiar with some simple examples:

An open subset U C R* is a k-dimensional manifold. The identity map U — U is a
parametrization for all of U. For example, any k-dimensional open ball Bf(x) around
some point x € R* is a manifold of dimension k.

In particular, Euclidean space R* is a k-dimensional manifold.

A 0-dimensional manifold M just consists of a collection of discrete points. Given x €
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M, the set {x} C M consisting of x alone is open in M and is diffeomorphic to the
one-point set R® = {0}.

A fundamental example that will play an important role during the whole semester is the
n-dimensional sphere. We start with the one-dimensional case: the unit circle.

Example 2.26 (The unit circle) We start with n = 1: Let
S'l={(x,») eR?: x*+y* =1} c R?

be the . We are going to show that S! is a one-dimensional manifold. First,
suppose that (x, y) lies in the upper semicircle where y > 0. Then

¢ (x) = (x, V1 —x?)

maps the open interval W = (—1,1) C R bijectively onto the upper semicircle. It is a
smooth map (—1,1) — R?2, since its partial derivatives exist and are continuous. Here
it is important that we do not include the endpoints of the interval (—1, 1). Its inverse is
the projection map

—1
¢ (x,y)=x
which is defined on the upper semicircle. This q’)l_l is smooth, since it extends to a smooth

map of all of R? to R!. Therefore, ¢, is a parametrization.
A parametrization of the lower semicircle where y < 0 is similarly defined by

¢y(x) = (x,— V1 — x?) with inverse gbgl(x, y) = x.

These two maps give local parametrizations of S! around any point except the two points
(1,0) and (-1, 0). To cover these points, we can use the maps

d3(») = (V1 —-y%y) and gy(y) = (=V1 =%, y)

which map W to the right and left semicircles, respectively.
This shows that S' is a 1-dimensional manifold.

More generally, we will show in the exercises:

Example 2.27 (n-sphere) The n-sphere
S"={xeR"! :|x| =1} c R"™!

18 an n-dimensional smooth manifold.

Another example is the set of solutions S C R* of the equation f(x) = b that we have
seen at the beginning of the chapter. We can check that the map ¢, we defined is a local
parametrization of S. Using what we learned from the local parametrizations of S! it
should not be too difficult to write down the missing local parametrizations for S. We
just need to adjust for how 8 sits inside R*. It is a good exercise to work this out on your
own. Note that we will meet the map f and the set S again during this course.
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Bnbinchon il cocle

Figure 2.11: A simple parametrization of the 1-manifold S!.

In fact, we will see later that many smooth manifolds arise as the set of solutions of a
suitable equation involving a smooth function.*

The definition of a manifold requires parametrizations that cover the whole space. It is
a natural question, what the minimal number of such maps is. The answer depends on the
manifold we look at. Here is a first thought about this number for the sphere:

Remark 2.28 (Need at least two parametrizations on the sphere) Note that we
have used four parametrization maps in the above example. It is an exercise to show
that it is possible to cover S! with only two parametrizations. But note that just

, because S! is compact. For, if there was a dif-
feomorphism ¢: S! = U c R! to an open subset, it would mean that U is compact
contradicting the Theorem of Heine-Borel which says that the compact subsets of R! are
closed and bounded. This argument actually holds for the n-sphere in every dimension
n>1.

J

There are many different ways to choose parametrizations for a sphere. There is a very
economical one which shows that two parametrizations suffice to cover the n-sphere:

Remark 2.29 (Stereographic projection) The method of stereographic projection
yields a cover of the n-sphere with only two parametrizations. In Exercise 2.7 we find
the formulae for the corresponding diffeomorphisms.

This is an illustration of the stereographic projection for the 2-sphere S>. We study the
formulae of the maps involved in the exercises and will show that this actually defines a sufficient
parametrization.

“If you cannot wait, you may want to fast-forward to Section 4.2.1 on regular values to have a first glimpse.
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Figure 2.12: A diffeomorphism between S" \ { N} and R".

(Morphisms between smooth manifolds: smooth maps) Let X C
RN and Y c RM be two smooth manifolds. Then a between the manifolds
X and Y is just a smooth map in the sense we defined previously. In fact, those are the
maps which respect the smooth manifold structure on X and Y. Hence smooth maps are
the morphisms in the category of smooth manifolds.

Manifolds have subsets. We are interested in those subsets which are manifolds on their
own, possibly of lower dimension:

(Submanifolds) Let X C¢ RN and Z C X be a subset considered
as a topological space with relative topology induced from X and hence from RY. If
both Z and X are manifolds — possibly of different dimensions — then Z is called a

of X. In particular, X itself is a submanifold of RY. Any open subset of
X is a submanifold of X.

Examples and remarks:

We could consider the equator in S? as a copy of S! and hence as a submanifold.

Similarly, we have basically two ways of considering a copy of the circle on the two-
dimensional torus: once as a horizontal circle, once as a vertical circle.

We can generalize these examples to consider copies of S!, S?, ..., S"! as submanifolds
of §". As in the previous cases there are different ways of how these submanifolds sit
inside the bigger manifold. Understanding all possible ways of how submanifolds can
sit inside a bigger manifold is actually a very interesting and useful problem to study.
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We will get back to this question when we discuss embeddings and intersection theory.
O

2.3.4 Product manifolds

To find submanifolds in already existing manifolds is an important way to define and study new
manifolds. But there are also other ways to produce new manifolds:

Lemma 2.32 (Creating new manifolds out of old ones) Let X C RN and Y C RM
be manifolds of dimensions k and /, respectively. Then X x Y € RN*M is a manifold
of dimension k + [.

For, let W C R* an open set with ¢ : W — X a local parametrization around x € X, and
U c R* an open set with y : U — Y a local parametrization around y € Y. Then we can
define the map

dXy: W XU = XXY, (¢xXy)w,u) = (p(w), yu)).

from the open set W xU C R*xR/ = R¥* to X xY. This map defines a local parametrization
around (x, y). We recommend it to check this assertion as an exercise.

Example 2.33 (Torus) One way to define the two-dimensional torus is to think of
it as the product T?> = S! x S'. Then the general statement above implies that T? is a
two-dimensional manifold. This is convenient. , this way we consider T2 as a
subset of R*, since S! being a subspace of R? forces us to take the product of R? with
itself to embed T?2. Since we are more used to visualise the torus as a subspace in three
dimensions, we will discuss a way to describe T2 as a subspace in R? in the exercises.

Ol
2.3.5 A non-example
Finally, we are now going to discuss the case of a space which is a manifold:
Let X denote the union of the x- and the y-axis in R2, in other words,
X = {(x,y) € R? such that xy = 0}.
The point is the origin O = (0, 0), as every other point on X has an open neighborhood

which is diffeomorphic to an open interval in R. But no point in RY with 4 > 2 has an
open neighborhood in R? diffeomorphic to an open interval in R'.> Hence X could only be
1-dimensional.

Now let us check the point O = (0, 0). If X was a manifold of dimension one, there would
be an open subset ' C X around O diffeomorphic to an open interval in R!. By definition of
open sets in a subset of R2, there must be an open ball BE(O) such that [EBz(O) N X is contained
in V. Let I be the open interval in R homeomorphic to [EBg(O) nx.

>We can prove this fact when we have introduced tangent spaces.
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The subset B,(O) N X looks like a cross and contains, in particular, the points
P, =(—€/2,0), P, =(0,¢/2), and P; = (¢/2,0).

In Bg(O) N X, there are paths, i.e., continuous maps y : [0,1] — [EB?(O) NnxX,

7, from P, to P; passing through P,.
7, from P; to P; passing through P,

y3 from P; to P, passing through P;.

But there is no triple of distinct points with this property in the open intervall / C R. In
more detail, we can argue as follows:

Since P;, P,, P; are pairwise distinct points, their images under ¢ must be pairwise distinct
as well. Since R is a totally ordered set, we can order these three points. Assume first ¢(P;) <
¢(P,) < ¢(P3). Then the Intermediate Value Theorem of Calculus implies that for the path

poy, : [0,1] > BX(0) N X with y,(0) = Py and y,(1) = Py

there is an s € (0, 1) such that (¢poy,)(s) = ¢(P,). This would imply y,(s) = P, contradicting
the choice of y,. Thus the diffeomorphism ¢ with the assumed ordering ¢p(P)) < ¢(P;) < ¢(P3)
cannot exist.

Now we can adjust and repeat this argument for any ordering of the three points ¢(P,),
¢(P,) and ¢(P;) and get contradictions to the choices of paths y;, v, and y;.

Hence the homeomorphism ¢ : [EB?(O) NX -1 exist. We conclude that O does
not have a neighborhood homeomorphic to an open interval in R, and X is not a manifold.

Paths and path-connectedness - an alternative argument

In the discussion above, we used implicitly that we were looking at path-connected spaces.
Recall that a topological space X is called if for any two points x, y € X there
is a continuous map y : [0, 1] — X from the unit interval to X with y(0) = x and y(1) = y.
Path-connectedness is a topological property, i.e. it is preserved under homeomorphisms.

The union of the coordinate axes in R? is an example of a path-connected space and every
interval in R is path-connected. Now assume ¢ : Bg(O) N X — I was a homeomorphism to
an interval I C R. Let ¢(O) € I be the image of the origin. If we remove ¢(O) from I, we
get two components of the interval. Points in the same component can be connected by a path,
whereas points from different components cannot be connected to each other via a path without
crossing ¢(0).

If we remove O from [EB?(O) NX we get a space with four components. Again, points in the
same component can be connected by a path, whereas points from different components cannot
be connected to each other via a path.

We call these subsets the of the spaces I'\ {¢(0O)} and ([EBg(O)nX N{0}.
The key observation is that if ¢ was a homeomorphism, b iB2(0)nx)\ (0} would still be a home-
omorphism. But homeomorphic spaces need to have the same number of path-components,
assuming that number is finite. This is the background for the argument we used above.
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B (0)

Figure 2.13: Three points on the coordinate axes, two of which can be connected without pass-
ing through the other one.

2.4 Tangent spaces and the derivative

We are now going to introduce one of the key tools to study smooth manifolds.

2.4.1 The tangent space - motivation

Let x be a point on the smooth manifold X . By definition, we can choose a local parametrization
¢ : U — X around x which tells us that, at least locally at x, X is the image of U C R¥ under
the diffeomorphism ¢. Images under diffeomorphism are nice, but images under linear maps
are even better since the latter are vector spaces.

So how could we describe X, at least locally at x, via a vector space? Well, X is itself not a
vector space, but what we can look for is a linear approximation of X at x. This is the purpose
of the tangent space at x.

In order to motivate our construction we begin with a familiar situation. Let f: R - R
be a smooth function and let f/(x) be the derivative of f at x. In Calculus, we think of the
derivative often as the slope of the tangent line at the graph of f at the point (x, f(x)). The
graph of £, i.e., the subset I'(f) = {(x, f(x)) € R? : x € R} C R?, is an example of a smooth
manifold. We have the natural map

¢: R =>T(f), x = (x, f(X).

This map is smooth since f is smooth, and ¢ is injective because of the first coordinate and
surjective by definition of I'(f). Moreover, the projection (x, f(x)) — x defines a smooth
inverse. Thus, ¢ is a diffeomorphism and yields us a parametrization for all points of I'(f).
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The tangent line at the point (x, f(x)) is the prototype of an example of a tangent space of
smooth manifold. More precisely, we prefer to consider the parallel translate of the tangent
line to the origin, since we want the tangent space to be a vector space. See Figure 2.14. How
can we describe the tangent line L passing through the origin? It is determined by its slope,

i.e.,
— . 1 2.
Lx—{t <f’(x)>€R .IER}.

Now we observe that < ) is exactly the derivative at x of the map ¢ we defined above,

1
f')
ie,dp, = < 7 ,tx)>. Thus, the tangent line L, is the image in R? of the linear map

dp.: R - R%
w (x, ‘!GO)

Laacls

P s s {liok
/[ |
J
W'ﬁ ﬂcazz{.m(aam

Figure 2.14: The tangent line at the graph I'(f) of f is the parallel translate of the tangent space
of I'(f).

Our goal is to generalize this observation to an arbitrary smooth manifold by following
the same recipe: the tangent space at a point should be the image of the derivative of a local
parametrization. To make this precise we recall some facts about the derivative of a smooth
map. Let

$d:U->V

where U ¢ R” and ¥V c RY are open subsets. Let u € U be a point in the domain of f and

h € R" be a vector in R”. Then the derivative of ¢ in the direction A can be defined as the

limit
¢(u +1h) — ¢

do,(h) = .

For a fixed u, the derivative is a map
dg,: R" - RN

sending a vector 1 € R" to the vector d¢,(h) € RN. In Calculus we learned that this map is
R-linear, i.e., d¢,(h + g) = d¢,(h) + d¢,(g) and d¢p,(Ah) = Ad¢,(h) for all h, g € R" and
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A € R. In particular, the derivative of ¢ is a map on its own which is defined on all of R"” even
when ¢ may not be. Recall that we can calculate d ¢, in the standard bases of Euclidean spaces
as the Jacobian matrix. Its entry in row i and column j is the partial derivative %(u).

j

Remark 2.34 (The derivative is a linear approximation) One way to appreciate the
significance of the derivative is to think of it as a simple and useful approximation to ¢
at u, i.e., knowing ¢(u) and d ¢, gives us a good guess for what ¢(u + £) might, namely
something close to ¢p(u) + d¢,(h).

2.4.2 The tangent space - definition

Now we are ready to define tangent spaces in general:

Definition 2.35 (Tangent space) Let X C RY be k-dimensional manifold and x € X
apoint. Let ¢ : U — V be a local parametrization around x with ¢(u) = x. We define
the tangent space of X at x to be the image of the linear map d¢, : R¥ - RN. We
denote it by T’ (X). This is a vector subspace of RN,

By this definition, a tangent vector to X € RN at x is a point v € R¥ that lies in the vector
subspace T,.(X) C RY. However, we usually picture v geometrically as the arrow pointing
from x to x + v in the translate x 4+ T, (X). See Figure 2.15.

x1dgs xt & (X)

R" N
S,

MM {ihr{.ranfr

Figure 2.15: The tangent space is the isomorphic image of a R* in RV, We visualize it as the
parallel translate of this plane attached to the point of the manifold.

- Tangent spaces are useful: While tangent spaces may look quite boring, since they are
just vector spaces, we will see very soon that they are extremely useful for understanding
manifolds. Many important geometric conditions can be stated in terms of tangent spaces.
The most important example for us might be transversality, a key condition for making
intersection theory work. L]

Lemma 2.36 (Dimension of T, (X)) If X is a k-dimensional manifold, then T\ (X) is
a k-dimensional vector space over R.




Chapter 2. Smooth manifolds 41

Proof: Since a local parametrization ¢ is a diffeomorphism onto its image, its derivative
d¢, is injective. Hence by definition of the vector space T,.(X) of the image of R¥ under d¢,,,
the dimension of T,.(X) is k. L]

2.4.3 Independence of choices: T, (X) is well-defined

In order to define T,(X) we made a choice of a parametrization ¢. We have to check what
happens if we choose a parametrization.

Question: Do we get the same tangent space?

We can find an answer to this question by taking another local parametrization and check
whether 7T',.(X) changes. Solet  : V' — X be another local parametrization around x with
w(0) = x. If necessary, we shrink U and V', i.e., we replace U with ¢~ (¢p(U) Ny (V)) Cc U
and V with w1 (¢p(U) nyw(V)) C V. After doing this we can assume

$U) = w().

Then the map
0 :=q/_lo¢>: U->V

is a diffeomorphism, since it is the composite of two diffeomorphisms and the chain rule
implies that this yields a diffeomorphism as well. By definition of 8, we have ¢ = yo6. Taking
derivatives yields by the chain rule

d¢y = dyyodé,.
This implies that the image of d ¢, is contained in the image of dy:
dopy(R¥) C dyy(R¥) in RN.
By switching the roles of ¢ and y in the argument, we also get:
dy(R¥) C dgpy(R¥) in RN.
Hence d¢y(R¥) = dyy(RF) in RN, This shows that whatever local parametrization around x

we start with, the vector subspace T, (X) C R" is always the same. In mathematical terms we
say that T\ (X) is well-defined. Ll

2.4.4 Some examples

Example 2.37 (Tangent spaces of the unit circle) Let p = (a,b) € S' be a point with
b > 0. A local parametrization around p with ¢(0) = p is given by

d: (—e,e) > St (t+a,V1-(C+a)?)
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for some small enough real number € > 0. The derivative at ¢ is the linear map

1
dp,: R > R2 dp, = __ 1+ .
V1-=(t+a)?

Hence the image of R under d¢, in R? is the line spanned by (—b, a) where we use

b=+vV1-a2

We can extend this to dimension two:

Example 2.38 (Tangent spaces of the two-sphere S?) Let p = (a, b, ¢) be point on S?
which is not the north pole. Then we can use the stereographic projection ¢, : R? — S?
as a local parametrization.”

Recall that

1

Hx—2.|_y2 (2x,2y,x2 +y2 - 1) o

¢N(x9 J’) =

The derivative at (x, y) is the linear map d¢y : R? — R? which, with respect to the
standard bases of R? and R?, is given by the matrix

) 1= x?+y? —2xy
— 2 _ .2
x y

The image of R? under the linear map d(¢ N)(x.y) 18 the tangent space T¢N(x’y)§2. This
image is spanned by the two column vectors of the matrix d(¢y )y ,)- Let us check that
we get the space we would have expected, i.e., the plane which is orthogonal to the

vector ¢ (x, y):

1—x%+32
<2x, 2y, x* +y* — 1) . —2xy
2x

=2x(1 — x> + y*) — 4xy* + 2x(x> + y* — 1)
=2x — 2x3 + 2xy% — 4xy? + 2x + 2xy* — 2x

=0.
Similarly,
—-2xy
(2x,2y,x2+y2 - 1) A1+ x%2—y?
2y

= —4x%y 4+ 2y(1 + x2 = ) + 2y(x* + y2 = 1)
= —4x2y +2y+ 2x2y - 2y3 + 2x2y + 2y3 -2y
= 0.

Hence the plane spanned by the column vectors is orthogonal to ¢ (x, y).

“We do not have to translate first to get ¢, (0) = p. That is up to us.
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Open subsets and tangent spaces

Let X ¢ RY be a k-dimensional manifold and W be an open subset. Then W is also a
k-dimensional manifold, since we can restrict all local parametrizations to the intersection with
W (which is again open in X). In fact, for x € W,let ¢ : U — X be a local parametrization
around x of X. We can assume ¢(0) = x. Then dwnu ¢ "W NU) - W is a local
parametrization around x of W. Since the derivative only depends on an open neighborhood
around a point, we get d¢py = d(¢np)o- In particular, for the tangent spaces at x, we get

T(X) = dgy(R") = d (e ®") = ()
as vector subspaces of RV .

We summarize this discussion as a lemma:

Lemma 2.39 (Tangent spaces and open subsets) Let X be a k-dimensional manifold
and W be an open subset. At any point x € W, we have

T (X) = T (W).

A simple way to produce new manifolds is by taking products. We have already met an
important example of this construction: the two-dimensional torus T? = S! x S!. The tangent
space of such a product behaves as nicely as we can imagine:

~ N

Lemma 2.40 (Tangent space of a product) Given two smooth manifolds X € RV
and Y C RM and points x € X, y € Y, then the tangent space of the product X and Y
is the product of the tangent spaces, i.e.

Tie (X X Y) = T, (X) X T,(Y).

Proof: This follows from the fact that we can choose neighborhoods in X X Y by taking
the product of neighborhoods in X and Y, respectively. Moreover, it is easy to check that
f: X > X"and g: Y — Y’ are smooth maps, then the derivative of the product map is the
product of the derivatives, i.e.,

d(f X g)(x’y) = dfx X dgy

forall (x,y) € X XY. O

2.4.5 The induced derivative

Now we will turn to the effect of smooth maps on tangent spaces. In fact, every smooth map
between manifolds induces a linear map between tangent spaces. These linear maps are very
useful.

Let f: X — Y be a smooth map from a k-dimensional smooth manifold X C RN to an
I-dimensional smooth manifold Y € R™. We would like to define a map best linear approx-
imation of f at a point (x, f(x)). For y = f(x), this should result in a linear map of vector
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spaces
T (X) = T,(Y).

Suppose that ¢ : U — X is alocal parametrization around x withU C R*¥,andy : V - Y
a local parametrization around y with ¥ C R’. We can assume ¢(0) = x and y(0) = y. Then
we define amap 6 : U — V by the following commutative diagram:®

X ! Y
dJT WT Ly
N
U V.
0=y lofogp

(The derivative d f,) Taking derivatives yields a diagram of linear

maps and we d f, to be the linear map which the diagram commutative:
df,
T (X) vy Ty(Y)
d%T )d(zp-])x wao
RF R
do, ’
Since d ¢, is an isomorphism, we can df, as

df, := dyyoddyod(p7)),.

We call d f, the

Remark 2.42 (Why so complicated?) You may wonder why we need to take this
detour to define d f, when we could also consider f as a map of subsets of Euclidean
spaces and take the derivative of that map, since we assume X C¢ RY and Y ¢ RM
for some N and M anyway. This works nicely if X is an open subset in R™. For if
X c RY is open, we can choose ¢ as the identity map and have T (X) = TX(IRN ).
Then the derivative d F, : T, (X) = TX(RN y=RN - Ty(Y) is actually the derivative
as a smooth map between Euclidean space.

However, in RN we need to work a bit harder. By definition of
smoothness, there is an open subset W C R" and a smooth map F : W — RM such
that Fyny = fiwnx- The derivative of F at x is a linear map d F, : RN — RM. But
what we want is a linear map defined on 7T,(X) C RY and with image in T, (YY) C RM.
When we look at the gymnastics we do to define d f,, we see that this is exactly what
we do: we restrict and adjust d F, to the vector subspace T,(X) C R such that it has
image in 7),(Y). Thus, in the end, the seemingly complicated definition is just the linear
algebra necessary to assure that d £, has the correct domain and codomain. We will see
later when we learn about regular values and transversal intersections that there is often
a short cut to make our first intuition work.

®which means that it does not matter which way we walk around from U to Y.



Chapter 2. Smooth manifolds 45
2.4.6 The derivative is well-defined:

We should check that the derivative is well-defined, i.e., that d f, does depend on the choice
of local parametrizations around x and y = f(x). Solet ¢': U - X andy': V' - Y
be another choice of local parametrizations around x and y, respectively. Again after possibly
shrinking both U, U’, V and V' we can assume that (U) = ¢'(U") C X andw (V) = ¢/ (V') C
Y.

Then d¢, and d ¢6 differ by a linear isomorphism of R¥, say a: d¢, = d¢6oa. Similarly,
there is a linear isomorphism # of R’ such that dy,, = dy/(’)oﬂ. Let 8’ : U — V be defined
similarly to 6, i.e., we set 8’ = y'~'o fog’. This gives us the following diagram in which each
square commutes

df,
T (X)) oy T (V)
Td% dq/(’)T
dgo|  RK , R | dw
T d90 T
a B
Rk R
o,

The relation between d 6, and d 9(’) is given by
do) = podByoa".
Putting all relations together we get

dy}od6lod(@ "), = dw/o(Bodfyoa Yod (@' ™),
= (dy}op)odbyo(a yod (@' ™))
= dyyodfyod(p™),.

This implies the desired identity for the a priori different constructions of d f, ..

Before we look at an example, we would like to know that the new derivative satisfies a
chain rule, since this is a very useful rule.

The chain rule:

Letg: Y — Z be another smooth map. Lety : W — Z be alocal parametrization around
z = g(y) with an open subset W C R™ and 7(0) = z. Then we have a commutative diagram

f g

X Y z
d I §
U 14 w

sz’lofoqb 1=r,’logoy/
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which gives us the commutative square

X 8o/ z
(4 T’I
U — w.

Thus, by definition,
d(gof), = dnyod(100)yod(¢p™"),.

The chain rule from Calculus for maps of open sets of Euclidean spaces, then gives
d(108), = (d1g)o(d8y).

Thus
d(gof), = (dnyodigod(y™"),)o(dyyodOyod(¢™"),) = dg,od f,.
Hence we have in fact the desired rule.

Theorem 2.43 (Chain Rule) If X—J; Y- Z are smooth maps of manifolds, then

d(gof), = dgf(x)odfx‘

2.4.7 Example: The Hopf fibration

We conclude this section with another important example and some concrete calculations. Re-
call the Hopf map f : S* — S? defined by

X
! 2x1%3 + 2x,%y
X
18582 |2 2xx; —2xx4
X3 2+ x2 — x2 — 2
x, 1727 3T

We will now compute the derivative of f at two points concrete points in S*. Later we will be
able to appreciate the relevance of these computations and the choice of points much better. For
the moment, we consider this just as training and illustration.

First, let us pick a point which is mapped to the south pole s, = (0,0,—1) € S*. The
formula for f shows that all points (x;, X,, X3, x,) € S* with x; = x, = 0 are mapped to0 s,.
Hence, in particular, the north pole n; = (0,0,0, 1) € S3is mapped tos, = (0,0,-1) € S2. So
let us look at the point n; which is sent to s,.

Since the formula for the stereographic projections can be quite involved when the number
of variables increases, we use the local parametrizations given as the inverse of the projection
onto the first coordinates. We used them in Example 2.26 for the S!. We choose the open ball

B>(0,) around the origin 05 in R? of radius’ 1/ \/5 and use the local parametrization

D1 U =B 0= Wi, (x.y.2)r (%72 V=252 +20)

"The choice of the radius will become apparent in a minute when we compute f o¢ which needs to have image
in the subset of points in $? with x5 < 0.
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where Wj; C Si >0 C S? denotes the open subset of S? consisting of points with coordinate
4

x4 > 0 and Zx% + 2x§ < 1. Note that ¢ maps 05 to n;. Similarly, we choose the open ball
[B%(Oz) around the origin 0, in R? of radius 1 and use the local parametrization

vV =B0) ~ Wi ()= (2 —VI= (2 +))
where W, = Si < C S? denotes the open subset of S? consisting of points with coordinate
3
x3 < 0. Note that y maps 0, to s,.

Now we need to calculate the induced map 6 : R3 — R? such that the diagram commutes

f

Wi w,
e
B> (0 B2(0 . .
W T e 102)

We calculate the effect of the maps step by step. Recall that we write |x| for the norm of
points x € R¥. First we apply ¢ to a point in B3(0;):

p:x=|yl— . .
z
V1—|x|?

Next we apply the composite fo¢ to a pointin U:

x 2xz +2y\/1 — |x]?
fop:ix=|y|l~]| 2yz—2x11—|x|?
z x2+ 2 —z2 =1+ |x/|?

Recall that the inverse y~! is just the projection onto the first two coordinates. Hence applying

the composite ' og to a point in R3 yields:

x
_ 2xz + 2y 1 — |x]?
1 .
W ofogp:x=|y r—>< Ak
- 2yz —2xy/1 — [x]

This is the map y~lofogp: U — V.3

Now we need to apply this result to compute the horizontal map d f,,. such that following
diagram for tangent spaces commutes:

dfy
Tn3(§3) ........................ S Tsz(§2)
d¢°3T >d<¢-'>n3 Td%
R3 R?
dby, :

8 A good reality check is that @ does map the origin 0, to the origin 0, as we claimed.
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In particular, we need to calculate the derivative d6, : R3 — R? at the origin 0;. We do
this by first computing the Jacobian matrix J, of 6:

__2xy _ 2 _ 2y2 __2yz
2z Wi 24/1 — |x| 2x Wi

— 1-|x|?
- 2
=241 - x|+ 2x 2z + 2 2y + 2x2

Vi-IxP I-IxP? Vi-IxP

This looks annoyingly complicated. However, there is good news. We want to calculate the
matrix representing d 6y, at the origin. Hence we set x = y = z = O and see that d 6, : R3 - R?

is given by the matrix
0 20
d6o, = (-2 0 0)

with respect to the standard bases of R3 and R?.

By our definition of T, (S?) as the image of dey, R3 — R*. As a basis of Tn3(§3) we

can hence choose the images of the standard basis e?, eg, eg of R3 under d ¢, With respect this

basis d q’>03 (ei ), d qbo% (eg), d q’>03 (eg) for Tn% (S?) and the standard basis for R3, the derivative
d(@ ™, T, (S7) > R?

is represented by the 3 X 3-identity matrix.
Similarly, for TSZ(SZ) we can choose the image of the standard basis e%,eg of R? under

dll’oz- With respect to the standard basis for R? and the basis dq/ﬂ2 (e%), du/02 (e%) for TSZ(§2) the
derivative

dyy, 1 R* - T, (S?)
is represented by the 2 X 2-identity matrix.

Hence — with respect to these bases for Tnx (S3) and TSz (S?) — we see that the composition

d [, = dyy,0d0y 0d(¢™)y,

is given by the matrix
0 20
df“s=<—2 0 0)'

Note that our choices of bases make it very easy to compute the matrix for d f,, . So in the
end, there is not as much to compute as one might fear. To make things even more explicit we
observe that d f,, has the effect on the basis vectors:

depy,(€)) = 0 - dyy, (€]) =2 - dsy, (&),
depg,(€3) = 2 - dysy (€]) + 0 - dysy (€3), and
depy,(€3) = 0 - dysy,(€7) + 0 - dysy (€3).
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Remark 2.44 (Something we learn from this example) Among other things we see
in this example that — once we have computed 6 — there is a straight-forward way to
compute a matrix which describes d f,. For, in this setting, there is a canonical choice
for the bases of T,,(X) and T,(Y): the images of the standard basis vectors of R"” and R™
under the isomorphisms d ¢, and dy,, respectively.

Then we can compute the matrix which represents the linear map d f, : T,(X) —
T,(Y) with respect to these bases just as the matrix which represents d6, with respect to
the standard bases of R” and R™. And we get this matrix as the Jacobian matrix of 8 at
the origin.

Second, let us apply what we just learned and practice a bit more. So let us look at a point
on S which is mapped to the north pole n, = (0,0, 1) € S%. The formula for f shows that all
points (x;, X,, X3, x,) € S* with x3 = x, = 0 are mapped to n,. Hence, in particular, the point
q; = (1,0,0,0) € S3 is mapped to n, = (0,0, 1) € S. So let us pick that q; mapping to n,.

Much of the calculation is the same as in the previous case. However, there are some in-
teresting changes, in particular, of some signs. Again, we will be able to appreciate this more
later.

We choose the open ball B*(0;) around the origin 05 in R? of radius 1/ \/5 and use the local
parametrization

:U=B) 0= W (ry.0 (VIZ(@ 7+ x.2)

Y

where W5 C Si 20 C S? denotes the open subset of S® consisting of points with coordinate
1

x; > 0and 2x§ + Zxﬁ < 1. We choose the open ball [B%(Oz) around the origin 0, in R? of radius
1 and use the local parametrization

vV =B Wa ()= (20 V1= (2 +)7)

where W, C Si .o denotes the open subset of S? consisting of points with coordinate x5 > 0.
3

We need to calculate the induced map 0 : R> — R? such that the diagram commutes

W, ! W,
S
B> (0 B2(0 ' )
VR T o eres 102)

We calculate the effect of the maps step by step. Recall that we write |x| for the norm of
points x € R¥. First we apply ¢ to a point in B>(05):

V1-—x|?
X
p:x=|yl— X
z y
z
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Next we apply the composite fog:
x 2yv/1 = |x|2 + 2xz

fop:ix=|y|l| 2xy-2v1-|x|2z
z 1— x| +x?—y* - 22

2y 1 — |x|? + 2xz
=|2xy —24/1 - |x|2z |-

1 —2y?—2z72

Applying the composite ' og to a point in R? yields:

X k|2
ylofod: x=|y|m 2yV 1 = [x|? +2xz .
. 2xy —24/1 — |x|2z

This is the map y~lofogp: U = V.

Now we need to apply this result to compute the horizontal map d f, such that following
diagram for tangent spaces commutes:

df
qu(§3) ....................... By Tn2(§2)
d¢o3T ) d(¢™ g, lelloz
R3 R2.
doy,

In particular, we need to calculate the derivative d6, : R3 — R? at the origin 0;. We do
this again by computing the Jacobian matrix J, of 6:

2xy 2 2y2 2yz
2z — —— 2¢/1—[x|* - 2x — —=——
J, = Vi-Ixp X i Vi-Ixp
6 2xz 2yz 222 21/1 — X|2 :

2 2
YPme TTVeme Vi

At the origin we set x = y = z = 0 and see that 46, : R3 — R? is given by the matrix

02 0
‘m"s:(o 0 —2>

with respect to the standard bases of R? and R?, respectively.

Now we make our standard choice of bases of Tq3(§3), 1e., d(,i)o3 (e?), d¢03 (e;), d¢03 (eg),
and of T, nz(82), 1.e., dwoz(e%), dl,uoz(eg). Then — with respect to these bases for Tq3(§3) and
TI12 (S?) — the composition

g, = Ay, 06,0497,

02 0
dqu=<o 0 —2>'

is given by the matrix
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In this case, we observe that d fa, has the effect on the basis vectors that it sends d b0, (ef) to
the zero vector, d q’)03 (eg) to the vector 2 - d Vo, (ef) +0-d Vo, (eg), and d q’)03 (eg) to0-d l[l()z(e%) —
2+ dyy, (€3).

Remark 2.45 (Outlook to orientations) We will appreciate this example even more
when we have learned about orientations. For the above computation shows that d f,
sends a positively oriented basis to a oriented basis. In other words, d qu
reverses orientations. More on this later.

2.5 Tangent Bundle

In this section we look at yet another example of an interesting space, the tangent bundle, which
is formed by the collection of tangent spaces of a given smooth manifold X. We will see that
it is itself a smooth manifold. Later on we will learn that it tells us quite a lot about the
geometry of X. Moreover, the tangent bundle will turn out to be an extremely useful tool for
many constructions. See for example Section 9.6.

Advice: The reader who may not feel comfortable yet with tangent spaces and what they
are may want to skip this section first and get back to it later when we use the tangent bundle.

2.5.1 Tangent Bundle - the definition

Let X ¢ RN be a smooth manifold. For every x € X, the tangent space T,.(X) to X at x is a
vector subspace of R™V. If we let x vary, these tangent space will in general overlap in R™ . For
example, if X is a vector space itself, they will all be equal.

Hence in order to be able to keep track of the information contained in all the different
tangent spaces we need a smart device that keeps those spaces apart:

(Tangent bundle) The of X, denoted T'(X), is the
subset of X X RN ¢ RN x RV defined by

T(X) :={(x,v) € X xRN : v e T (X)}.

In particular, T(X) contains a natural copy of X consisting of the points (x,0). In
the direction perpendicular to X, it contains copies of each tangent space T, (X)
embedded as the sets

{(x,v) € T(X) : for a fixed x} .
There is a natural projection map

7. T(X)-> X, (x,v) > x.



52 2.5. Tangent Bundle

Any smooth map f : X — Y induces a global derivative map

df : T(X) = T(Y), (x,0) = (f(x),d f (V).

Note that, since X € R™ and T.(X)C RN for every x, T(X) is also a subset of Euclidean
space:
T(X) c RV xRN,

Therefore, if Y ¢ RM, then d f maps a subset of R?V to R?M

Lemma 2.47 Themapdf: T(X) — T(Y) is smooth as a map between subsets of
R2N to R?M.

Proof: Since f: X — RM is smooth, it extends by definition around any point x € X
to a smooth map F: U — RM, where U is an set of RY. We will now show that the
derivative d F : T(U) — R*M also locally extends the derivative d f: Since U C R is open
and hence T,(U) = R" foreveryu € U, T(U) is all of U X RV. Since U x R" is an open set
in RZN, dF is a linear and hence smooth map defined on an open subset of R?V . This shows
that d f : T(X) — R?M may be locally extended to a smooth map on an open subset of R*V,
meaning that d f is smooth. L

We can also say something about the derivative of the composition of smooth maps: Given
smoothmaps f: X — Y and g: Y — Z, the global derivative of the composite is equal to
the composite of global derivatives:

d(gof)=dgodf: T(X)—>T(Z).
For, the chain rule implies that, for any (x, v) € T(X),

d(go f)(x,v) = ((gof)(x),d(gof).(v)
= ((8(f (%)), (dg 5y 0d f)(V)
=dg(df(x,v))
=dgod f(x,v).

Now, if f: X — Y is a diffeomorphism, then d f : T(X) —» T(Y) is a diffeomorphism:

Lemma 2.48 (Tangent bundles are intrinsic) Diffeomorphic manifolds have diffeo-
morphic tangent bundles. As a result, T(X) is an object intrinsically associated to X,
i.e., it does on the ambient Euclidean space.

2.5.2 Tangent bundles are manifolds

Finally, we are going to show that T'(X) is in fact itself a smooth manifold. We will use this
fact for example in the proof of Whitney’s theorem.
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Theorem 2.49 (Tangent bundles are manifolds) Let X be a smooth n-dimensional
manifold. Then the tangent bundle 7'(X) is a smooth manifold of dimension 2n.

Proof: Let W be an open set of X. In particular, W is also a manifold, and we can consider
its tangent bundle T'(W). Since T, (W) = T .(X) for every x € W, T(W) is by definition

TOW)={(x,0) eTX): xeW}=TX)n(W xR™) c T(X).

Since W x RN is openin X x RN, T(W) is in T(X). Now suppose that W is the image
of a local parametrization ¢: U — W, where U is an open set in R¥. Then the global
derivative d¢p : T(U) — T(W) is a diffeomorphism. But T(U) = U x R* is an open subset
of R?*, so d¢ is a parametrization of the open set (W) in T'(X). Since every point of T(X)
sits in such a neighborhood, we have proved the assertion. 0J

In the following sections, we are going to use the tangent bundle as a tool to construct new
maps. The key will be that the tangent bundle gives us extra space for manoeuvring.

2.5.3 Tangent bundles are vector bundles

Tangent bundles are examples of a more general class of spaces, called smooth vector bundles.
They can be defined on any topological space. But let us assume we have a manifold X. Roughly
speaking, an n-dimensional E consists of two data:

an assignment of an n-dimensional vector space V' to each point x € X

a rule for how to glue all these vector spaces together in a nice way.

More precisely, an n-dimensional vector bundle E over X consists of a topological space
E together with a continuous map 7 : E — X which satisfy the following condition:

for every point x € X there is an open subset U C X around x and a homeomorphism
h: U XxR" - z7!(U) such that for every y € X the map v — (, v) defines a linear
isomorphism between the vector space R” and 7z~ ().

it is possible to choose the open subset around x in the above condition to be all of X,
thenwecall E - X a

We can refine this definition and say that E — X is a smooth vector bundle if we require
in addition that

E is a smooth manifold
7. E — X is a smooth map

each of the 4 above is a diffeomorphism.
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The tangent bundle is an important example a smooth vector bundle.

Vector bundles have a rich and very interesting theory and many problems can bee formu-
lated in terms of vector bundles. For example, we will see in a later chapter that there is a nice
classifying space for vector bundles, called the Grassmannian. See Section 9.5 for more about
this important object. The idea of a classifying space is extremely powerful and we will not be
able to appreciate it in this course. However, we encourage everybody to continue reading in
this.

We conclude the detour with a famous example of a problem which can be phrased in terms
of vector bundles:

Remark 2.50 (Parallelizable spheres) A manifold for which the tangent bundle is
trivial is called . Examples of manifolds which are parallelizable are S',
S? and S7, whereas S? is not parallelizable. In fact, it is a famous and deep result that S”
is parallelizable if and only if » = 0, 1, 3 or 7. This is a consequence of the famous and
fundamental result on the possible multiplicative structures on R”. For the above
statement follows from: Let R” X R” — R” be a map with two-sided identity element
and no zero-divisors. Then n must be either 1, 2, 4 or 8.
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2.6 Exercises and more examples

2.6.1 Smooth maps and manifolds

Exercise 2.1 Consider the map f : R? - R?, (x,y) — (x> — %, 2xY).

(a) Check that f is smooth by calculating the partial derivatives.

(b) Show that the Jacobian matrix of the restriction
fiu: U= R2\ {(0,0)} = R?\ {(0,0)}, (x,y) — (x> — y?,2xy), is invertible for
every point in U

© Is flua diffeomorphism?

Exercise 2.2 Let X C RN, Y € RM and Z C R’ be arbitrary subsets, and let
f:X—>Y,g:Y — Zbesmooth maps with f(X) C Y.

(@) Show the composite gof : X — Z is smooth if g and f are smooth.

Hint: If all subsets are open, this is just the Chain Rule from Calculus.

(b) Show thatif g and f are diffeomorphisms, so is go f.

Exercise 2.3 For a real number r > 0, let B, = B*(0) = {x € R* : |x| < r} be the
open ball around the origin with radius r in R.

(a) Show that the map
rx

\Vr?—|x|?

f:B, - R x>

is a diffeomorphism from B, to R
Hint: Compute the inverse directly, and use the previous exercise to show smooth-
ness.

(b) Suppose that X is a k-dimensional manifold. Show that every point in X has a
neighborhood diffeomorphic to an open ball in R¥ around the origin.

(c) Suppose that X is a k-dimensional manifold. Show that every point in X has a
neighborhood diffeomorphic to all of R¥.

Exercise 2.4 Show that every k-dimensional vector subspace V of RY is a manifold
diffeomorphic to R¥ and that any linear map V' — R is smooth.

Comment: Recall that choosing a basis for V' corresponds to choosing a linear iso-
morphism ¢ : R¥ — V. Expressing a vector in V' in terms of this basis means to attach
coordinates to this vector. Since ¢ is linear, we refer to the corresponding coordinates as
linear coordinates.
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Exercise 2.5 Recall the hyperboloid and the cone drawn in Figure 2.10:

(a)  Prove that the subspace of R3, defined by x? + y*> — z> = a, is a manifold if a > 0.

(b) Explain why x? + y? — z% = 0 does not define a manifold.

Exercise 2.6 The torus T(a, b) is the set of points in R3 at distance b from the circle
of radius a in the xy-plane, where 0 < b < a. Prove that each T(a, b) is diffeomorphic to
S! x S! ¢ R*. What happens when b = a?

Exercise 2.7 Let N = (0,...,0,1) € S¥ be the ‘north pole’ on the k-dimensional
sphere. The stereographic projection ¢]‘V1 from S* \ {N} onto R¥ is the map which
sends a point p to the point at which the line through N and p intersects the subspace in
R¥*+! defined by x,,; = 0. See Figure 2.12 for the case k = 2.

(@) Show that qml is given by the formula

(Xqs ey Xpq) = (s ee s Xp).

1= X4
(b) Find a formula for the inverse ¢ of gbj_vl , and check that both maps are smooth.

(0 LetS = (0,...,0,—1) € S* be the ‘south pole’. Describe the parametrization
using the stereographic projection starting in .S instead of N, and conclude that S*
is a k-dimensional manifold.

Exercise 2.8 We consider S® as a subset of C2, ie., S* = {(z,2) € C? : |z|* +
|z,|?> = 1}, and S? as a subset of C X R, i.e., S = {(z,x) € CX R : |z|> + x> = 1}.
Then the Hopf map = is the map S* — S? given by

(20, 21) = (22921, 120l* — 121 1%) -
(a) Check that this actually defines a map S* — S?.

(b) Show that 7(z,, z;) = n(wy, w;) if and only if there is a complex number @ with
|a|?> = a@ = 1 such that (wy, w,) = (azy, @z;).

(¢)  Show that, for every point p € S?, the fiber z~!(p) is diffeomorphic to S'.

We conclude that the Hopf map 7 realizes 3 as a disjoint union of fibers which each
look like S'.
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2.6.2 Tangent spaces

Exercise 2.9 Let V be a vector subspace of RY. Show that T.V)y=ViforxeV.

Exercise 2.10 Determine the tangent space to the torus S' x S! ¢ R* at an arbitrary
point p. Recall the description of the torus T(a, b)) C R3 from the previous exercise set.
Can you describe the tangent space at a point in T(a, b)?

Exercise 2.11 Determine the tangent space to the subspace of R? defined by x? + y* —
2> = aat (1/a,0,0) for a > 0.

Exercise 2.12 The graph of amap f : X — Y is the subset of X X Y defined by
I'(f)={(,f(x) e XXY : x€ X}.

Define F: X — I'(f) by F(x) = (x, f(x)). We assume that X and Y are smooth
manifolds and f is a smooth map.

(@) Show F is a diffeomorphism, and conclude that I'(f) is a smooth manifold.

(b) We also write F for the composite map F: X - X XY, x = (x, f(x)). Show
that d F,(v) = (v,d f,(v)). (You can use T, ,,(X X Y) =T, (X) XT,(Y).)

(c) Show that the tangent space to I'(f) at the point (x, f(x)) is the graph of
dfy: Ty(X) = Ty (Y).

Exercise 2.13 A curve in a manifold X is a smooth map ¢ — ¢(#) of an open interval
of R into X. The velocity vector of the curve c at time ¢ in x, = c(fy), denoted simply
%(IO), is defined to be the vector dcto(l) € TXO(X), where a’c,0 R > TxO(X).

(@) For X =RFandc(r) = (c;(®), ..., ¢ (1)), show that
%(to) = dcto(l) = (Ci(to)’ cees Cllc(to)) S TXOIRk.

(b) For an arbitrary k-dimensional smooth manifold, use the above observation and
local parametrizations to prove that every vector in T, (X) is the velocity vector
of some curve in X.

Aside: This shows that there is a correspondence between tangent vectors at x, € X
and velocity vectors at 7, of curves ¢ : I — X with c¢(t)) = x,. Note that two curves
c;: I - Xandc,: J — X, with I and J open in R, have the same velocity vector
inci(t)) = xp = ¢y(t,) if d(cl)tl(l) = d(cz),z(l) (S TXO(X). One can show that having
the same velocity vector in a point of X is an equivalence relation on the set of curves
through x in X . Using this relation, we have shown that there is a unique correspondence
between tangent vectors at X in x and equivalence classes of smooth curves through x,,
in X.



3. The Inverse Function Theorem, immersions and
embeddings

3.1 The Inverse Function Theorem and local diffeomorphisms

For understanding smooth manifolds, it can be smart to study maps between manifolds even
though it sounds like making things even more difficult. But assume we know something about
X and about amap f: X — Y, then we might be able to say something interesting about Y.
In addition, there are a lot of interesting problems which can be stated in terms of properties of
maps.

Solet f: X — Y be a smooth map between smooth manifolds. Remember that the deriva-
tiveatx € X,df,: T,X — Ty)Y,is alinear map between vector spaces. We have learned
that we may think of the derivative as the best linear approximation at a point. Since it is eas-
ier to understand linear maps, it would be nice if we could classify maps like f by the behavior
of d f, (with x varying in X).

[ Question  How much does d f, tell us about the map f? ]

For the behaviour d f,, there are three cases which we are going to study:

» dimX = dimY in which case the nicest possible behaviour of f at x is that d f, an
isomorphism.

- dim X < dimY in which case the nicest possible behaviour of f at x is that d f, one-to-
one.

- dim X > dimY in which case the nicest possible behaviour of f at x is that d f,. onto.

We are going to consider these cases separately.

- First case: df, is an isomorphism. We begin with the nicest case when d f, is an
isomorphism. This implies in particular: dim X = dimY.

Manifolds are characterized by the way they look in a neighborhood around any point. So
let us think locally. In the nicest case, f sends a neighborhood of a point x diffeomorphically
to a neighborhood of y = f(x). In this case, f is called a local diffeomorphism at x. More
precisely, we define:

Definition 3.1 (Local diffeomorphism) Let f: X — Y be a smooth map between
smooth manifolds. Then f is called a local diffeomorphism at x if there is an open

58
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subset U C X containing x such that f(U) C Y is open in Y and
flp: U= f@O)

is a diffeomorphism. We say that f is a if it is a local diffeomor-
phism at every x € X.

If £ is a diffeomorphism U — V between neighborhoods U around x € X and y = f(x) €
Y, respectively, let £~! be its smooth inverse. Then we have f~lof = Idy and fof “l=7 dy.
The chain rule implies

d(Idy), = d(f~),0d f,, and d(Idy), = d fod(f™),.

But we obviously have d(Idy) = Idy (x, for any manifold X and any point x € X. Hence d f
is an isomorphism with inverse d(f_l)f(x).

Thus a necessary condition for f to be a local diffeomorphism at x is that its derivative
df,: T.(X) = Ty(Y) is an isomorphism. It is an important result that this is actually a suffi-
cient condition. In order to prove this, we recall the corresponding result for Euclidean space
from Calculus:

Theorem 3.2 (The Inverse Function Theorem in Calculus) Suppose that f : R" —
R” is continuously differentiable in an open set containing a point a € R”, and
detd f, # 0, i.e., d f, is an invertible linear map R"” — R”. Then there is an open set
V' C R” containing a and an open set W C R” containing f(a) suchthat f: V - W
has a continuous inverse f~': W — V which is differentiable and for all y € W
satisfies

d(f™, = (df1) 7

Remark 3.3 (It’s a map not a fraction) Note that this is exactly the formula you are
used to from Calculus 1 where we learned

Y=o

You may be used to this formula as (f 1) (y) = from Calculus. But the fraction

1
1o
here is misleading, since (f~!')’(y) is a linear map. The superscript “to the —1" really
means take the inverse map! In dimension 1, the inverse map happens to be given by
multiplication by the inverse number. But for linear maps or matrices in dimensions > 1,

we cannot write the inverse as a fraction.

Theorem 3.4 (Inverse Function Theorem) Let X and Y be smooth manifolds. Sup-
pose that f : X — Y is a smooth map whose derivative

dfy: To(X) = Ty (Y)

at a point x € X is an isomorphism. Then f is a local diffeomorphism at x.
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The great thing about the Inverse Function Theorem (IFT) is that it tells us that in order to
check that f is a diffeomorphism in a neighborhood of a point x, we just need to check that a
single number, the determinant of d f,, is

Idea of Proof: We can assume that X and Y are subsets in R for some large N. Let
¢ : U — X be alocal parametrization around x € X, and y : W — Y alocal parametrization
around y = f(x) € Y with U C R" and W C R" open and ¢(0) = x and y(0) = y.!

We define the map 0 : U — W as in the following diagram:

X ! Y
¢T T‘V p!
U w.
92:1//_lofo¢

Then recall that d £, is defined such that the following diagram commutes

dfy

T (X)) vty Ty(Y)
d%T )d(qﬁ—])x TdWo
Rk R!

de, ’

Our assumption is that d f, is an isomorphism which implies that d0,, is an isomorphism.
By the IFT in Calculus, this implies that
there is an open neighborhood V' C U around 0 and
there is an open neighborhood V' € W around 0 such that
6, : V — V'is a diffeomorphism.
Since ¢ and y are diffeomorphisms, ¢(V) C X and w (V') C Y are open neighborhoods

of x and y, respectively. Moreover, ¢, and y,;, are local parametrizations around x and y,
respectively, and

fipory: V) = w(V")

is a diffeomorphism. O

Note that this is a local statement, i.e., if d f is invertible, it only tells us that f is invertible
in a neighborhood of x. Even if d f, is invertible for every x € X, one cannot conclude that
f: X — Y is globally a diffeomorphism. But such an f is a local diffeomorphism for every
point x € X. We call such a map a (without having to refer to a point).

Example 3.5 (A global diffeomorphism) The map
(-n/2,x/2) - R, t+ tant

is a global diffeomorphism.

'Note that the dimension has to be the same when the tangent spaces are isomorphic.
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Example 3.6 (A local but not global diffeomorphism) The map
f:R' 5 S! cR? 1+ (cost,sint)

is a local diffeomorphism but a global diffeomorphism. Let us check how this ex-
ample works:

First, f is a global diffeomorphism because it is not injective. And we have seen
that f is not a homeomorphism even when we restrict it to [0, 27) — S!. We could also
argue that S' is compact and R is not, so there is no chance of finding a diffeomorphism
between them.

However, the Inverse Function Theorem 3.4 tells us that f is indeed a local dif-
feomorphism since d f; is an isomorphism for every t € R. For, let 7, € R such that
cos(ty) > O (for other points the argument is similar, we just want to be able to choose a
parametrization), and consider the local parametrization

w:W=(L1)>VCR%, yw (V1-)Ly)

of S! around f () with V = {(x,y) € S! : x < 0}. The inverse is given by projecting
onto the second coordinate: yw~!(x, y) = y.

Let € > 0 be such that both cos(ty — €) > 0 and cos(fy +€) > 0. Welet¢: U =
(ty — €.ty + €) = R be the local parametrization around 7, to be the inclusion (we don’t
shift U to be centred around 0). Then the map 8: U — W (see proof of the IFT) is
defined as

0= w_lofoqb,t > sint.
Then we get
dg,: R - R, z+ (cost) - z.

at any point ¢ in U. Since ¢ is the identity at each point it is defined, we know d¢, = id.
To calculate the derivative of y, we consider it first as a map W — R2. Then we get

dl//y: R—>R2, ZI—><—L,1>'Z.
V1-—y?

Remember that the tangent space Tf(to)Sl is by definition the image of dy, : R — R?
where y, is the point in W which maps to f(#;). Thus we have

TrapS' = dw, (R) = span{(—sin(y), cos(ty))} C R,
Now we collect all this information

dfto = dwsintoode

Iy
and hence
Sin to
df, (2=~
cost
=(—sinty, costy) - z.

s 1) (costy) - z

Summarizing we have
df,,: T,R = Tsq,)S'
z = (—sin(tgy), cos(ty)) - z

which is an isomorphism. For any other point in R, there is a similar argument.
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Figure 3.1: Locally, the map f is a diffeomorphism at any point. But it cannot be a global
diffeomorphism, since it is not injective.

Lemma 3.7 A bijective local diffeomorphism is a global diffeomorphism.

Proof: See Exercise 3.2. OJ

Remark 3.8 (df, looks like the identity) In some situations it would be nice if we
could assume that the linear isomorphism d f, was the identity. This is usually not the
case of course. But our freedom of choosing local parametrizations allows us to do the
following. Assume that d f, is an isomorphism as in the IFT. Then we can choose local
parametrizations” ¢ : U — X and y: U — Y around x and f(x), respectively, with
the same open domain U C R”, such that the diagram commutes:

X J Y

! I

U
For example, in Example 3.6 above, we would replace

1d,,

« W =(-1,1)withU = (1, — &,y + €) and

oy with

v.t— (—V1- sin’ 7, sint) = (cost,sin?).

“We are going to explain how to choose suitable parametrizations in the next sections.
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3.2 Immersions and embeddings

3.2.1 Immersions

We continue our study of smooth maps between manifolds using the behaviour of their deriva-
tive. Let f : X — Y be a smooth map. We would like to understand how much do we know
about f if the derivative is injective. Note that this is only possible if dim X < dim Y, so this
is a silent assumption in this chapter.

Let us introduce some terminology for this case.
(Immersion) Let f: X — Y be a smooth map. If d f is injective, we

say that f is an . If f is an immersion at every point, we say that f is
an

Let us look at some first examples:

Every linear injective map L : R — R” is an immersion. This follows from the fact
that L equals its own derivative d L, at every point x € R¥.

Every local diffeomorphism f : X — Y is also an immersion. Considering our exam-
ples for local diffeomorphisms, this also shows that an immersion f does not have to be
injective itself, only its derivative d f is injective at every x.

Let f be the map defined by

t -t Lt -t
it e (26,427

We check in the exercises that this map is an immersion.
Let f : R? - R3 be the map
fi(s, )~ ({(1+2coss)cost, (1 +2coss)sint,2sins)

is smooth, since all its components are smooth functions. The derivative of f at a point
(s,1) can be described in the standard bases of R? and R, respectively, by the matrix

—2sinscost —(2coss+ 1)sint
—2sinssint  (2coss + 1)cost
2cos s 0

We claim that this matrix has rank 2 for all (s, #). This follows from the following two
observations: From the third row we get that the two columns can only be linearly depen-

dentif coss = 0, i.e.,if s € {n%ln eZ } However, the determinant of the submatrix

of the two top rows is

—2sins(2cos s + l)cos2 t—2sins(2coss + l)sinzt
= —2sins(2coss+ 1)
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which is # O forall s € {nz : n € Z}. Thus the two columns are always linearly
independent which proves the claim. Hence f is an immersion. The image of f is the
torus T'(1,2) consisting of all points in R at distance b from the circle of radius a in the
xy-plane. We learn from this example, that f itself does not have to be one-to-one to be
an immersion. It is about the derivative. We also observe that the image of f is a smooth
manifold in R,

Before we study more examples and interesting phenomena, we pause for a moment and
show a technical and useful result about immersions.

Towards the local immersion theorem

We have all seen many injective maps before. In fact, among all the maps RF —
R” with k < n there is a simplest one, namely the map

K RF S R (xp,ux) e (3, X, 0,000, 0)

which sends the coordinates of a point x € RF to the first k coordinates in R” and adds 0 at the
remaining n — k positions. This corresponds to the inclusion R¥ x {0} c R” where 0 denotes
the (n — k)-tuple of zeros. The map z’ri is called the from RF into R".
The matrix which represents 1ﬁ with respect to the standard bases of R* and R”, respectively,
is the n X k-matrix J r]f which has the k X k-identity matrix in the first kK rows and only zeros in
the remaining n — k rows at the bottom. Not all injective maps R¥ — R” are as simple as z"; .
However, we will see very soon that it does not get that worse either, at least locally.

To motivate the next theorem let us start with a linear injective map L : R* < R”. Say
we do not like transformations between spaces of different dimensions. The only one we think
is OK is the canonical one 1 ,. And say we do like isomorphisms of R" to itself. Then we could
write L as the composition

k
kl” n? n
R*— R"— R

n
k

of R" to the images v, = L(e’l‘), sV = L(ei) in R” of the standard basis vectors of R* and
by sending the remaining basis vectors €}, ..., e, of R" to basis vectors Wy, ..., w, of the
orthogonal complement of the image of L in R”. Since L is injective, this complement has
dimension n — k.

where «a is a linear isomorphism determined by sending the first k standard basis vectorse”, ... , e

So what happened is that we placed a copy of R¥ into R” as the k-dimensional plane con-
taining the origin via z’,; and then we move this plane inside R” to the position of L(R¥).

Actually, we are used to such a manoeuvre. For what a does is changing the basis of R”
from the standard basis to the new basis which consists of the vectors vy, ..., v, W, 1, ..., W,.
With respect to this new basis for R” and the standard basis for R¥, the matrix which repre-
sents L is the n X k-matrix S’; described above.

We can translate this idea to immersions between smooth manifolds. In other words — up
to diffeomorphisms — the canonical immersion is locally the only immersion:
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Theorem 3.10 (Local Immersion Theorem) Let X and Y be smooth manifolds of
dimensions k and n, respectively, with k < n. Suppose that ' : X — Y is an immersion
at x, and write y = f(x). Then there exist local coordinates around x and y such that

f(xl,...,xk) = (xl,...,xk,o,...,()).

More precisely, we can choose local parametrizations ¢: U — X around x and

v . W — Y around y such that in the commutative diagram

f
X Y
¢ 74
U canonical immersion
9:1//_1 ofog

the map 6 : U — W is the canonical immersion restricted to U.

65

Proof of the Local Immersion Theorem 3.10: We start by choosing any local parametriza-

tiong: U - X withgp(0) =xandy : W — Y with w(0) = y:

X / Y
¢T Tu/
U w.
|9=y/_lofo¢

The plan is to manipulate ¢ and y such that 8 becomes the canonical immersion.

By the assumption, d6, : R — R" is injective. Hence, after choosing a suitable basis for
R", we can assume that d @, is given by the n X k-matrix J f which has the k X k-identity matrix

in the first k rows and only zeros in the remaining n — k rows. Now we define a new map
®: UxXR" = R", by O(x, z) = 6(x) + (0, 2).

It is related to € by the commutative diagram

U canonical U x Rk

immersion
x /

R”.

Since 0 is a local diffeomorphism at 0, we can choose U and V' small enough such that § sends
open sets to open sets. By the assumption on d,, and the construction of ®, d©,, is represented
by the n X n-identity matrix. By the Inverse Function Theorem, this implies that © is a local
diffeomorphism of R” to itself at 0. Hence we can find an open subset V' C U x R"~* and
W' C R” such that O,y is a diffeomorphism. After possibly shrinking U to an open subset U’
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we get the commutative diagram

Since y and @ are local diffeomorphisms at 0, so is the composition yo®. Hence we can
use y o0 as a local parametrization around y.

Thus, we have constructed the desired commutative diagram

f

X Y
| T
U’ .canonic.:al w’
mmersion
which finishes the proof. [

Remark 3.11 We observe from the proof that to be an immersion is a local condition,
ie., if f: X — Y is an immersion at x, then it is also an immersion for all points
in a neighborhood of x. For, the local parametrization ¢ : U — X of the proof also
parametrizes any point in the image of ¢. This is an open subset around x because ¢ is
a diffeomorphism onto its image. Hence in order to say more about f we need to add
some global topological properties to the local differential data. Recall that for a local
diffeomorphism to be a global one, it suffices to require to be one-to-one and onto. We
will now study what kind of additional property we wish to impose on immersions to
behave nicely.

3.2.2 The image of an immersion

Even though an immersion does not have to be one-to-one itself, the injectivity of the derivative
does not leave much room for different phenomena in the fibers. So let us have a closer look at
the image of an immersion f : X — Y, i.e., the subset f(X) C Y.

' D

Question  We can ask at least these two questions:
Is f(X) always a submanifold?*

Is f adiffeomorphism onto its image?

“Recall that a subset Z C X of a smooth manifold X is called a submanifold if and only if Z is itself
a smooth manifold, possibly of lower dimension.

First observations:



Chapter 3. The Inverse Function Theorem, immersions and embeddings 67

Recall the map f: R?> — R? in the above examples for which the image is the two-
dimensional torus. This provides an example where f(X) is a submanifold. However, f
is a diffeomorphism onto its image, since f is

Note also that we can, in principle, answer the second question independently of the
first. For we can check if f has an inverse which is defined on the subset f(X) C Y and
check if this map is smooth. However, we will see below that if f is a diffeomorphism
onto f(X), then this will provide the subspace f(X) C with the structure of a smooth
manifold and hence this will be a submanifold in Y.

We have seen that f(X) often is a manifold. But there are also examples where this is
the case. We will have a look at them now:

Example 3.12 (Figure eight as twist) We just look at Figure 3.2 without making the
formula for f explicit. We see here that f(X) is a manifold as a subset of R2, since
the intersection point of the two branches does not have a local parametrization. We also
see that f is a diffeomorphism onto its image, since f is not one-to-one.

X =.Sl y:Jl'amt eéld-

AN £(X) s wia

T 2R e mmifeld

n.do.s--..;‘& m J (s Wi Oue-D-oeue,
ot

civections

Figure 3.2: The map f twists the circle once. It is an immersion, but it is not injective. The
image of f, considered as a subspace of R, is a submanifold.

Example 3.13 (Figure eight immersion as wrap) So let us modify the map to make it
one-to-one. Consider the map

f: (~m,7) > R%, t (sin2t,sin?).

The image of f is called a lemniscate, the locus of points (x, y) satisfying x> = 4y*(1 —
y%). See Figure 3.3.

We can check that f is smooth, one-to-one and an immersion. For the latter note
that d f, can be represented by the 2 X 1-matrix

2 cos 2t
T = < cost )

which is never zero for ¢ € (—x, 7) and hence, as a linear map between one-dimensional
vector spaces, d f; is an isomorphism for all 7.
Nevertheless, f is still a diffeomorphism onto its image. In fact, we see that f is
a homeomorphism onto its image f(X). Moreover, the image f(X) is the same as
above and a manifold.
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s uf @
M Bilo) wauifolol, v
=R s %aJLjis ovet-ove.
F- fye gt

e w:d&e SOOM abore

Figure 3.3: The map f wraps R along the figure eight. It is an immersion and one-to-one.
However, the image of f, considered as a subspace of R, is still not a submanifold. Note that,
even though f is a local diffeomorphism and bijective onto its image, this is not a contradiction
to Lemma 3.7, since the image of £, i.e., the figure eight, is not a manifold in R2.

3.2.3 A curve on the torus

Let us look at a classical example of another case of a map which is a one-to-one immersion,
but not a homeomorphism — and hence not a diffeomorphism — onto its image. We will not,
however, show that f(X) is not a submanifold.

Let g: R — S! C C be the local diffeomorphism 7 + e**. We define
G: R - S'xS'=: T c C, G(s.1) = (g(s). (1))

The map G is a local diffeomorphism from the plane onto the two-dimensional torus T2.

We define the map y by
iR = T2 y(0) = (g(0), g(an).

where « is an irrational number.

| G
T

imac. 03 [line with  swational Slepe

Figure 3.4: The map y wraps a line around the torus. If the slope is irrational, then the image
will never meet itself and is dense on T?2.
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Example 3.14 (Image of a line with irrational slope) The map y is an immersion
because dy, is nonzero for every 7, and, as above, a linear map from a one-
dimensional vector space to another is automatically injective. Moreover, y itself is in-
jective, since y(¢;) = y(t,) implies

g(t;) = g(1,) and g(at,) = g(at,)
= elzritl — eeri12 and e27riat1 — e27zia12

=>t1—1‘2€Zand(x(tl—t2)€Z.

Since , this implies #; = #,. One can show that the image of y is a dense
subset in T2.

However, y is a diffeomorphism onto its image, since it is even a homeo-
morphism:

For, look at the set y(Z) = {y(n) : n € Z}. By Dirichlet’s Approximation Theorem,
for every € > 0, there are integers n and m such that

|lan — m| < e.

Since the line segment between two points 2”1 and e***2 on the unit circle is shorter
than the circular arc of length |¢; — #,]|, we have

|27ian _ o27im| < D xlan — m| < 27e.
Therefore, with coordinates in C2, we get

ly(n) = y(0)]
— |(e27rin,e27rian) _ (eO,eO)l — | (l,eZn'ian) _ (1, l)l

= |2 _ 27IM| < Dr|an — m| < 27e.

Thus, there is a sequence of integers such that y(n) converges to y(0), i.e., y(0) is a limit
point in y(Z). The image of a convergent sequence under a continuous map is again
a convergent sequence.” Hence if y~! was continuous, then 0 = y~!(y(0)) had to be a
limit point as well. However, Z does have any limit points in R. Hence y is a
homeomorphism onto its image.

We can also show that y(R) with the subspace topology in T? is a manifold. We
leave this as an exercise for the moment.

“This is actually an alternative way to define what continuity means.

3.3 Embeddings

3.3.1 Embeddings

We have seen that both our questions we asked earlier may have negative answers. Let us now
focus on the situation when they do have a positive answer. We give this case a name:
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(Embedding) An immersion f : X — Y is a called an
if f(X) C Y considered with the subspace topology is a manifold and f is a diffeo-
morphsim onto its image.

Note that an embedding must be one-to-one, since it is a diffeomorphism onto its image.

Now let f: X — Y be an immersion which is also one-to-one. Let us try to show what f
is an embedding to see which additional assumption we have to make:

By the Local Immersion Theorem 3.10, we can choose local parametrizations ¢ : U —
W C X around x and w : V — W' C Y around y = f(x) such that the induced map
6 : U — V is the canonical immersion. This provides the commutative diagram

X ! £
open ./J
fiwe=
/4 Fw)

AN
IR

fiwod
_/ ¥ivoy=Liovy)
canonicaT

V oy (fW).

=

immersion

Since the bottom horizontal map is the canonical immersion, the restriction f W is a
diffeomorphism. As ¢ is one as well, we see that the composite f; |qub U - f(W)is
a diffeomorphism. Thus f(W) is diffeomorphic to an open subset in R”".

Since we can do this for every point y € f(X), we would like to say that the collection
of diffeomorphisms f|;, o¢ for varying ¢ provide local parametrizations for f(X).

However, we do that f(W) is in f(X). This does not follow from the
given assumptions on f.

Let us assume for a moment that we were lucky and f (W) was open for each open subset
W C X. Then we could conclude that f is a diffeomorphism onto its image. For then f
would be a bijective and a local diffeomorphism, since for every point x € X there would
be an open subset x € W C X and an open subset f(W') C f(X) such that f|W isa
diffeomorphism W — f(W). A bijective local diffeomorphism is a diffeomorphism
by Lemma 3.7 and Exercise 3.2.

Thus we can conclude: If f(W) is open for each open subset W C X, then f is a
diffeomorphism onto its image.

3.3.2 The embedding theorem

We learn from this discussion that we need to find conditions which ensure that (W) is open
in f(X). This is the case if f is an open map, i.e., if f sends every open subset in X to an
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X—E—s {9 ¥

.. et uecessant (3
W

fiw ;yﬁ) *u&gW!
«|

UL sR"

Figure 3.5: One might think that f (W) provides a local parametrization, but it is not neces-
sarily open in f(X). Hence it is notguaranteed that f(X), considered as a subspace of Y, is a
manifold.

n

open subset in Y. Equivalently, we could require that f is a closed map, i.e., f sends every
closed subset in X to a closed subset in Y. Note that this fits well into what we have seen in
the last two examples. For, there f was neither closed nor open and f: X — f(X) failed to
be a homeomorphism. A condition that is often easier to test is the following: Recall that for a
general continuous map, the image of any compact set is compact. However, the preimage of
a compact subset is, in general, not compact.

Definition 3.16 (Proper maps) Amap f : X — Y between topological spaces is said
to be proper if the preimage of every compact subset is a compact subset.

Being proper turns out to be a sufficient global topological constraint for our purposes:

Theorem 3.17 (Embedding Theorem) Let f: X — Y be a one-to-one immersion
which satisfies one of the following conditions:

» f is an open map, or
» f is aclosed map, or
« f is a proper map.

Then f is an embedding.

Before we prove the theorem, let us assume for a moment that X is compact. Then every
continuousmap f : X — Y is proper. This follows from the fact that closed subsets of compact
sets are compact. Hence we can deduce from the theorem the following important special case:

Corollary 3.18 (Compact domain) For a compact smooth manifold X, every one-to-
one immersion f : X — Y is an embedding.
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Proof of the Embedding Theorem 3.17:

We know from our previous arguments that f: X — f(X) is a diffeomorphism if f is
open. Since a bijective continuous map is open if and only if it is closed, f: X — f(X)is
a diffeomorphism if f is closed. Now assume that f is proper. We are going to prove that
this implies that f is a closed map and thereby prove the theorem. Actually, we show the
following general statement, formulated in Lemma 3.19. Proving the lemma will finish the
proof of Theorem 3.17. 0

Lemma 3.19 A continuous bijective proper map f : X — Y is a homeomorphism.

Proof of Lemma 3.19:> We have Y = f(X). Let Z be a closed subset in X. Let y €
Y \ f(Z). We are going to show that this is an open subset of f(X) which then implies that
f(Z)is closed in Y. Since Y is a subspace in Euclidean space, Y is locally compact which
means that we can find a K of yin Y, i.e., there is an open subset
U and a compact subset K such that y € U c K. Then f~!(K) is compact, since f is
proper. Hence f~!(K) N Z is compact, since it is a closed subset in f~!(K) ¢ RN. Hence
f(fYK)NZ) = Kn f(Z)is compact, since the continuous image of a compact set is always
compact. Since K is a subspace in Euclidean space and thereby Hausdorff, this implies that
K n f(Z) is closed in K and hence also closed in Y. Thus, since U is open in Y, the subset
U\ (Knf(Z))isopeninY as well. Now, by choice of y, we know y € U \ (K N f(Z)). This
shows that y has an open neighborhood in Y \ f(Z), and the latter is an open subsetof Y. [

2We will use a little bit more general topology in this proof than we recalled so far. We hope that is ok.
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3.4 Exercises and more examples

3.4.1 Diffeomorphisms, immersions and embeddings

Exercise 3.1 Let A: R" — R” be a linear map, and b € R". Show that the mapping
fiR"S>R" x> Ax+b

is a diffeomorphism of R” if and only if A is invertible.

Exercise 3.2 Let f: X — Y be a smooth map. Assume that f is a local diffeomor-
phism, and assume that f is bijective as a map of sets. Show that f is a diffeomorphism.

Exercise 3.3 Show that the map

t -t t_ —t
f:[R—>[R2,tl—> e+e ’e e
2 2

is an embedding.

Exercise 3.4 Show that the map f : R?> — R3 defined by
(s,1) > ((2 4+ cos(2xs)) cos(2xt), (2 + cos(2xs)) sin(2xt), sin(2xs))

is an immersion. Is it an embedding?

Exercise 3.5 Lety,, be the curve on the torus defined by
Yab ‘R - gl % Sl, PRI (e2m'at’e27ribt)

where we consider S! as a subset of C =~ R?. Let a and b are integers with a # 0. Show
thaty, , factors through an embedding S! - S!'xS!,i.e., find amap 8ub: S! - s!xs!
which is an embedding such that y,, is the composite of a map R — St b 27,
followed by g, .

Exercise 3.6 Consider the map f : (0,37/4) — R?, t — sin(2t)(cost,sint).

(a) Show that f is an immersion.

(b) LetIm(f) = £((0,37/4)) C R? be the image of f considered as a subspace in
RZ2. Show that f : (0,37 /4) = Im (f) is not a homeomorphism. (Draw a picture
of the image of f.)

(¢) To test your understanding answer the following questions (and give reasons for
your answer):
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What is the difference between Im (f) and the graph I'(f)?

Is the map F : (0,37/4) — (0,37/4) X R, t — (¢, f(¢)), an embedding?
Would f be an embedding if it was defined on the closed interval [0, 37 /4]?
Is the map g : (0,37/4) —» R3, t — sin(2t)(cost,sint, t) an embedding?

Isthe map A : [0,37/4] = R3, t — (sin(2¢) cost, sin(2¢) sin ¢, 2¢) an embed-
ding?

Exercise 3.7 Let X be an n-dimensional smooth manifold, Z be a k-dimensional
smooth submanifold of X, and let z € Z. Show that there exists a local coordinate
system (xy, ..., x,,) defined in a neighborhood U of z in X such that Z N U is defined by
the equations x;; =0, ...,x, = 0,1.e., ZNU is the subset of points in U for which the
functions x;{, ..., x,, all vanish.



4. Submersions and regular values

4.1 Submersions

4.1.1 Submersions

Let f: X — Y be a smooth map. We will now turn to the question how much do we know
about f if the derivative is surjective. Note that this will require that dim X < dimY, and
this is a silent assumption in this chapter. We will see that this case will lead to a very useful
observation about the fibers of smooth maps.

We begin with some terminology:

(Submersion) Let f: X — Y be a smooth map. If d f, is surjective,
we say that f is a . If f is a submersion at every point, we say that f
isa

Let us look at some first examples:

Every linear surjective map L : R — R” is a submersion. This follows from the fact
that L equals its own derivative d L, at every point x € R¥.

Every local diffeomorphism f: X — Y is also a submersion. Considering our exam-
ples for local diffeomorphisms, this also shows that a submersion f does not have to be
surjective itself, only its derivative d f is surjective at every x.

Let f be the map defined by
g: RZS R, (x,9) - x> — )2

We check in Exercise 4.2 that g is not a submersion. However, it is a submersion at every
point (x, y) # (0,0).

The Hopf map f: S? — S? is a submersion. We show this in the exercises. So far,
our previous calculations show that the derivative of f is surjective at the north pole
n; = (0,0,0,1) € S’ and at q; = (1,0,0,0) € S’. For we showed that d f,, can be

represented by the matrix ( 0 20

20 0), while d fq, can be represented by the matrix

2 . N
<0 0 _02> Both these matrices have rank two and the corresponding linear maps are

surjective. Hence f is a submersion at ny and q5. In the exercises we develop a more
elegant way and generalize these computations and show that f is a submersion.

75
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We define the map

f:R*S R,

2 3 4
(1, X, X3, X4) = X1 + X5 + x5 + X,.

The derivative d f, at a point z = (x;, X,, X3, X,) is a linear map R* — R given in the
standard basis by the 1 X 4-matrix

df,=(1 2x, 3x3 4x}).

Since d f, is a linear map with values in R, it suffices to observe that d f, is not the zero
map to conclude that d £, is surjective for all z € R*. Hence f is a submersion.

Let M (n) denote the space of real nxn-matrices. It is isomorphic as a vector space to R™,
since we can write every n X n-matrix as a column vector of length n?. Hence M (n) is
smooth n*-dimensional manifold. Let G L(n) denote the group of invertible nxn-matrices
with group operation given by matrix multiplication. This is an open subset and hence a
submanifold of M (n), also of dimension n?. The determinant map

det: M(n) » R

is a submersion at every matrix A € GL(n). We will discuss this claim later in this
section and in Exercise 4.9.

As for immersions, we can — at least locally — make submersions look as simple as pos-
sible. We will discuss this useful observation next.

4.1.2 The Local Submersion Theorem

The possibly simplest map R” — R” with n > m is the map

0;‘1 R R (X ey Xy X s oo 0 X)) B (X5 e, X))

which sends the coordinates of a point x € R” to the point in R™ with the first m coordinates
and forgets the remaining n — m ones. The map o7 is called the from
R" onto R™. The matrix which represents o, with respect to the standard bases of R" and R™,
respectively, is the m X n-matrix S which has the m X m-identity matrix in the first m columns
and only zeros in the remaining n — m columns on the right hand side.

Starting with a linear surjective map L : R" — R™ we can split L into a composition of
the form

o 0’,’:,
R"— R"— R"™
where « is a linear isomorphism of R" as follows: Since L is surjective, the kernel of L has
dimension n—m, and the quotient vector space space R"” /Ker L has dimensionm. Letv,...,v,,
be vectors in R” which map to a basis of R”/Ker L and such that L(v,) = e;’, s L(vy,) = €
inR". Letwy,...,w,_, be abasis of Ker L. We define @ by sending the first m standard basis
vectors e’f, ...,e” of R" tovy,...,v, and the remaining » — m basis vectors " _,...,e” of R"
m m+ n
tow,...,w,

1’

—m*



Chapter 4. Submersions and regular values 77

In this way we move all the action into R” while the second step, where the dimension drops,
always consists of one fixed map which just forgets coordinates.

Again, this is a familiar manoeuvre. For a changes the basis of R” from the standard basis
to a new basis which consists of the vectors v, ..., v,, W, ..., w,_,.. With respect to this new
basis for R” and the standard basis for R™, the matrix which represents L is the m X n-matrix
S, described above.

We can translate this idea to submersions between smooth manifolds. In other words — up
to diffeomorphisms — the canonical submersion is locally the only submersion:

Theorem 4.2 (Local Submersion Theorem) Let X and Y be smooth manifolds of
dimensions »n and m, respectively, with n > m. Suppose that f : X — Y is an submer-
sion at x, and write y = f(x). Then there exist local coordinates around x and y such
that

SO o X X1 -0 X)) = (X4, o0, X))

More precisely, we can choose local parametrizations ¢: U — X around x and
v . W — Y around y such that in the commutative diagram

X d Y

¢ Tw
canonical submersion
U
9:1//_1 ofog

the map 6 : U — W is the canonical submersion from R” to R™ restricted to the open
subset U.

Proof of the Local Submersion Theorem 4.2: We start by choosing any local parametriza-
tions¢p: U - X withgp(0)=xandy : V - Y withyw(0) = y:

X / Y
3 ¥
U 1%
b=y ofod

Now we are going to manipulate ¢ and y such that 8 becomes the canonical submersion.

By the assumption, we know d6, : R" — R™ is surjective. Hence, after choosing a suitable
basis for R", we can assume that d6, is given by the m X n-matrix .S7' which has the m X m-
identity matrix in the first m columns and only zeros in the remaining n — m columns.! We
define a new map

0: U - R", by O(X) = (0(X), X415 --- - X,,)

The only reason we make this change of bases is to make sure that the map © we are about to define is a local
diffeomorphism which we know since d®,, is the identity matrix. Without the change of bases we would not be sure
that d®, is an isomorphism.
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for a point x = (xy, ..., x,,). It is related to @ by the commutative diagram

v—29% L Rm

\ /nor’ncal submersion

By the construction, the derivative d®,, at 0 is given by the n X n-identity matrix. Hence ®
is a local diffeomorphism at 0. Thus we can find a small enough neighborhood U’ around 0
in R” such that ®~! exists as a diffeomorphism from U’ C R” onto some small neighborhood
around O in U. By construction, 8 equals the composition of the canonical submersion with @,
i.e., we have 0o®~! = o on U’. This gives us the commutative diagram

Y A.1)

4 , canonical

submersion

UI

Hence it suffices to replace U with U’ and ¢ with ¢o®~! to get the desired commutative diagram

X ! Y
T I
’ canonical
v submersion 4
which proves the theorem. 0J

Remark 4.3 (Local property) We observe from this proof thatif f: X — Y isa
submersion at x, then it is also a submersion for all points in a neighborhood of x. For
if d @, is surjective, then d, is surjective for all points u in a small open neighborhood
of 0in U.

We now look at an example to improve our understanding of how the Local Submersion
Theorem 4.2 works.

Example 4.4 (Local Submersion Theorem for the Hopf map) Let f: S* — S? be
the Hopf map. defined by

X
1 ZXIX3 + 2XZX4
X
f:S8->S% 72| 2xx; —2xx, |. (4.2)
X3 PRI N N
x4 1 2 3 4

In Section 2.4.7 we computed the derivative of f at n; = (0,0,0,1) € S3 which is
mapped to s, = (0,0, —1) € S%. Let B3(0;) be the open ball around the origin 05 in R?
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of radius 1/ \/5 We start with the local parametrization

¢ U=BT/ 2(03)—>§3, (x,¥,2) — <x,y,z, \/1 - (x2+y2+zz)>

\/—

which maps 05 to n;. Let [EB%(OZ) be the open ball around the origin 0, in R? of radius 1.
We use the local parametrization

w:V=B30,) > S% (x,9) ~ (x,y\/l - (x2+y2)>

which maps 0, to s,. In Section 2.4.7 we computed the induced map 6. As in the proof of
Theorem 4.2 we will now replace ¢ with a suitable local parametrization ¢’ : U — X
such that the new induced map 6’ is the restriction of the canonical submersion og to U’

to obtain a diagram as in (4.1). We do this by finding the inverse map ®~! : U’ — U of
©. The inverse exists on the sufficiently small open subset U’ C R? by the argument in
the proof of Theorem 4.2.

To find ©~! we observe that yoc; has the effect

(yoo3)(x,y,2) = w(x,y) = (x, y/1-(x2+ y2)> :

Now, @~! satisfies the identity fogpo®~! = u/oag. Thus, using the description of the

Hopf map f in (4.2), to determine ®~!, for a given <u, v,4/1— (u?+ 02)> € S?, we
need to find (x, y, z) € U such that

(fod)(x..2) = f <x, yz 1= (2 + 52 + z2)>

Hence using the description of the Hopf map f in (4.2), we need to find (x,y,z) € U
such that

2xz+2y\/1 — (x2+y? + 22)

2yz = 2x/1 = (x2 4+ 52 + 22) :
yz —2x+4/1 = (x2+ 32 +z :
1— (12 +0?)

X2+ -zt = (1= (x*+ ) +22))

The fact that ® is a local diffeomorphism implies that we can solve these equations to
find (x, y, z) in a sufficiently small open ball U’. The map ®~! is then given by sending
a point (xy, ¥y 29) € U’ to the point (x, y, z) in U. However, the formulas for (x, y, z) in
terms of u and v may be quite involved. We see in this concrete example that the point
of the Local Submersion Theorem 4.2 is that we can hide all the complications in the
parametrization ¢o®~! and can make look f, in the local coordinate systems, like the
canonical submersion.

79
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4.2 Regular values

4.2.1 Manifolds as preimages

Suppose we have a smooth map between manifolds f : X — Y and a point y € Y. We would
like to understand the geometry or topology of the fiber of f over y, i.e., the set

floy={xeX: fx)=y}CX.

For example, we would very much like £~!(y) to be a smooth manifold itself. Remember
that this was a situation we started with when we defined manifolds. The fiber f~!(y) is the set
of solutions of the equation f(x) = y.

Remark 4.5 (Be aware) Unfortunately, in general, there is no reason for the set £ ~!(y)
to be a manifold.

However, life is much nicer in the world of submersions:

We now assume that f : X — Yisa . Assume n = dim X >
dimY = m. Sety = f(x,) or in other words x, € f~!(y). We choose local parametrizations
¢p: U >V CcXandy: W — W’ C Y around x and y, respectively, with ¢(0) = x,, and
w(0) = y and open subsets U C R" and W C R™. See Figure 4.1. By the Local Submersion
Theorem 4.2, we can choose these parametrizations such that & = yw~!ofo¢ becomes the
canonical submersion R” — R™ restricted to U':

X d Y
open JOPCU
B ) fiv !
Vo) 4 1
\4 TW
u1=...:um=0 0 = canonical
U : w.
submersion

Since w~!(y) = 0 and since ¢ and y are diffeomorphisms, we have
xeVnfly < ¢ '(x)=0.

We now write
¢ (%) = u(x) = (U (%), up(x), ..., u, (x))

to make the local coordinates in U of points in x € V explicit. With this notation, we can
rewrite the above equivalence as

xeVnfley) < 0(ux),uy(x), ... u,x)) =0.
Now, since @ is the canonical submersion, we can rewrite this yet again as

xeVnfly) = ux) =uyx) = =u,(x)=0.
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Hence in terms of sets we get
OV ={xeV i u(x) = = u,(x) =0}.

However, on f~'(y) N V, the remaining local coordinate functions Uy 1(x), ..., u,(x) do not
have to satisfy any additional condition. Hence we can use them to define a local coordinate
system in R"™" for points x € f~!(y) N V. In fact, the subset f~'(y) NV c f~1(y)is
in f~1(y), since V is open in X and f~!(y) has the subspace topology. Similarly, the subset
{0} xR"™™)n U is openin {0} x R"™™ since U is open in R”. We now identify {0} x R"~"
with R"™™ and write U’ C R"™" for the open subset corresponding to ({0} X R""™) N U.

Summarizing, we have shown that the restriction of ¢~ to f~!(») NV
70V - ({0} XR™™ AU, x - (U1 (x), ..., 1,(x))

defines alocal coordinate system for f~!(y) around x,. In particular, this is a diffeomorphism
between open subsets. We write

¢ ({OXR"™nU=:U" - f'OHnV

for the inverse diffeomorphism where U’ C R"™™ is an open subset. That is ¢’ is a local
parametrization around x, in f~!(y).

We would like this to be possible for every point in the fiber f~!(y). This is not always the

case. So let us give the desired case a name:

(Regular points and regular values) Let f : X — Y be a smooth map
of manifolds. A point x € X is called a regular point for f if d f, : T, (X) - T,(Y)is

surjective, i.e., f is a submersion at x. Anelement y € Y is called a for f
if all points x € () are regular, i.e., y € Yisaregularvalueifd f, : T\(X) — T\,(Y)
is surjective at point x € X such that f(x) = y.

The above argument shows the following very important result:

Theorem 4.7 (Preimage Theorem) Let f: X — Y be a smooth map of manifolds.
If yisa for f : X — Y, then the fiber f~!(y) over y is a submanifold of
X, with dim f~!(y) = dim X —dim Y.

Remark 4.8 The above Theorem 4.7 is actually one of the main tools to show that a
space is a smooth manifold. It is an important mile stone on our journey and we should
always have it in mind whenever we are asked to show that a space has the structure of
a smooth manifold.

Before we look at some examples, we determine the tangent spaces of the submanifold given
as the preimage of a regular value:
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Figure 4.1: At a regular point we can use the additional coordinates to define a local coordinate
system of the fiber.

Lemma 4.9 (Tangent space of a regular fiber) Let f: X — Y be a smooth map of
manifolds, and let y be a regular value. Let Z = f~!(y) be the fiber y € Y. Then the
tangent space T, (Z) at a point x € Z is the kernel of the derivative

df,: Tu(X) = T,Y),

ie., T.(Z) = Ker (df,).

Proof: Since f(Z) = {y}, f is constant on Z. Therefore, d f, vanishes on the subspace
T.(Z) Cc T.(X). Hence d f, sends all of T,.(Z) to zero. More concretely, using the notation of
the argument to prove Theorem 4.7, we have the following commutative diagram:

T(Z)—— T,(X) — L T (¥)

d¢6T d¢o]\ lelfo
dby=oy,

R R" R™,

Since o, is the canonical submersion, the composition of the lower horizontal map is zero.
Since T,(Z) is defined as the image of d (;b(’) and since the diagram commutes, this shows that
df, sends all of T,.(Z) to 0. This proves T,(Z) C Ker d f,.

On the other hand, since y is a regular value, d f, is surjective. Hence the dimension of the
kernel of d f, is dim T ((X) — dim 7),(Y) = dim X —dim Y = dim Z. This shows that 7,(Z) is
a subspace of the kernel of d f, of the same dimension as Ker d f,.. Thus T,(Z) = Kerdf,.

O
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4.2.2 First examples

Let f : R™! = R be the map

2_ 2 2
X=(Xp o X)) P |x[T =74 X0
The derivative d f, at the point x = (x4, ..., x,,) is the linear map given by the matrix

(2x; ... 2x,.,1) expressed in the standard basis. Thus d f, : R™*! — R is surjective un-
less f(x) = 0, so every nonzero real number is a regular value of f. In particular, we get
again that the sphere S" = f~!(1) is an n-dimensional manifold.

We will show in the exercises that 1 € R is a regular value of the determinant function
det : GL(n) — R. This will show that the subgroup .S L(n) of matrices with determinant
one is a smooth manifold. It is is called the special linear group. More on such groups
later.

Recall the map

f:R*S R,

2 3 4
(X5 X2, X3, Xg) = X1 + X5 + X3 + X,

We showed above that f is a submersion. In particular, this implies that O is a regular
value for f. Hence the preimage

Z=fY0)= {1, %9, X3,X4) € R* : X +x§ +x§ +xi =0}

is a submanifold in R*. Its dimension is dim R* — dim R = 3.

Let py, ..., p, be polynomials with real coefficients in variables ¢, ... ,7,,. We can con-
sider the collection (py, ..., p,) as a smooth map p : R™ — R". Then the set of common
zeros of p,,...,p, is a smooth submanifold of R™ if 0 = (0,...,0) € R” is a regu-
lar value of p. This is the case if the Jacobian matrix Jg at a point s = (s, ..., 5,,),
i.e., the matrix with (i, j)-entry the partial derivative %(s), has maximal rank whenever

p(s) = 0. For example, if n = m, this requires that jdet J, # 0. While, if n = 1 and
m > 1, then this only requires that the partial derivatives do not vanish simultaneously.
Such a set of zeros of polynomials is often referred to as an algebraic variety. See also
Exercise 4.8. O

Remark 4.10 (Algebraic Geometry in a nutshell) The study of the zeroes of poly-
nomials is the central theme in Algebraic Geometry. This is a classical and fascinating
part of pure mathematics. In the past three decades, deep and fascinating connections
between algebraic geometry and homotopy theory have been developed. This is the field
of Motivic Homotopy Theory.

J

Since f~!(y) can be very complicated if y is not regular, the values which are regular
get the following name:
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(Critical values) Let f: X — Y be a smooth map of manifolds. A

point x € X is called a critical point for f if d f, is surjective, i.e., if x is not a
regular point. An element y € Y is called a for f if itis a regular
value for f.

For example, we will show in Exercise 4.9 that the critical value of the determinant

map det : M(n) - Ris 0.

Remark 4.12 All values y which are in the image of f also are regular values for
f. For, if f~1(y)is the , then there is no condition to be satisfied.

Depending on the relative dimensions of X and Y we can now say how regular values can
arise.

Remark 4.13 (Summary for regular values) Suppose f: X — Y is a smooth map
of manifolds. Then y being a regular value for f has the following meaning:

if dim X > dimY: yis a regular value if and only if f is a submersion at each
point x € f~1(y);

if dim X = dim Y: yis a regular value if and only if f is a local diffeomorphism
at each point x € f~1(y);

ifdim X < dim Y: yis aregular value if and only if y is in the image of f'; for,
all values in the image are critical (d f, cannot be surjective when dim 7, (X) <
dim Ty (Y)).

4.2.3 More examples: Matrix subgroups are manifolds

A very important application of the Preimage Theorem is that we can use it to show that various
matrix groups are smooth manifolds. Let M (n) again denote the space of real n X n-matrices
and G L(n) denote the group of invertible matrices in M (n).

Let O(n) be the subgroup of matrices A of G L(n) which satisfy AA" = I where A’ denotes
the transpose of A and [ is the n X n-identity matrix. Note that O(n) is the subgroup of invertible
matrices which preserve the scalar product of vectors. In particular, matrices in O(n) preserve
distances and angles in R".

Our goal is to show:

Theorem 4.14 (Orthogonal matrices form a smooth manifold) The group O(n) of
orthogonal matrices is a smooth manifold of dimension n(n — 1)/2.
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Figure 4.2: Orthogonal transformations preserve the geometry of the plane.

Proof: First, we note that AA’ is a symmetric matrix:

(AATY = (A"Y A" = AA.

The subspace S(n) of symmetric matrices is a smooth submanifold of M (n) diffeomorphic
to R¥ with k = n(n 4 1)/2. The dimension is determined by the fact that the entries below the
diagonal are determined by the entries above the diagonal such that there are n(n + 1)/2 free
choices. We consider the map

f: Mm) > Sh), A AA'.

This map is smooth, since multiplication of matrices is smooth and taking transposes is smooth
as well as we just reshuffle the entries in the matrix. Now we observe O(n) = f~'(I). Hence,
in order to show that O(n) is a smooth manifold, we just need to show that [ is a regular value
for /. In order to check that I is a regular value, we need to show that derivative of f at a
matrix A,

dfs: Ty(M(n) = Tr4y(S(n)),

is surjective for all A € O(n). Since M (n) and S(n) are vector spaces, we have
So let us compute the derivative of f at a matrix A:

f(A+5B) = f(A) _

(A4 SB)(A+5B) — AA

df.B) =l li
Sa(B) =lim s k) s
. (A+sB)A"+sB)—AA" | AA"+sBA'+sAB' + sBB' — AA’
= lim = lim
s—0 S s—0 S
t t 2 t

_im SBAFSAB + BB _ i BA' 4 AB' + sBB

s—=0 Ky s—0

= AB' + BA'.

Hence, given a matrix C € S(n), we need to show that there is a matrix B € M (n) with
df,(B)= BA'+ AB' = C. Since C is symmetric, we have

c=%@cy—%c+®=

=5 (c+C').

N —
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4.3. The Stack of Records Theorem

Now we set B = %CA and compute, using AA" = I:

dﬁAB)=<%CA>A’
|

CAA +

2

1 1
=-C+=C'

2 2
=C.

1

2

1 t
+A<—CA>
2

AA'C!

Thus, I is a regular value, and O(n) is a submanifold of M (n). We can also calculate the

dimension of O(n):

dim O(n) = dim M (n) — dim S(n) = n

o _n(n+1)  nn-1)
2 2

O

We end this section with an outlook to an exciting field which has ramifications to almost

all areas of mathematics:

Remark 4.15 (Lie groups) The manifold O(n) is an example of a very important
class of smooth manifolds. For, O(n) is both a smooth manifold and a group such that
the group operations are smooth. For both the multiplication map

O(n)x0On) - O(n), (A,B)— AB
and the map of forming the inverse
O(n) —» O(n), Ar> A™!

are smooth. For the latter note A~! = A’ for A € O(n), though taking inverses is also
smooth for other matrix groups.

In general, a group which is also a manifold such that the group operations are
smooth is called a . Lie groups are extremely interesting and important
and have a rich and exciting theory. For example, the tangent space at a Lie group at the
identity element is a Lie algebra, a vector space with a certain additional operation. Such
Lie algebras can be classified completely. Lie groups and Lie algebras play an important
role in many different areas of mathematics and physics. We will take a closer look,
though by now way sufficient for their very rich theory, at Lie groups in chapter 5.

4.3 The Stack of Records Theorem

We will now take a closer look at a specific and imp
be useful later at several occasions.

ortant situation for regular values. This will

We assume in this section that f: X — Y is a smooth map with dim X = dimY and X
compact. Our goal is to understand the fibers f~!(y) of regular values. We do this in a series

of observations:
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Let y € Y be a regular value for f such that f~!(y) is not empty. Let x be a point in
f71(y). Since yis aregular value, x is a regular point, i.€., d f, is surjective and hence an
isomorphism as dim X = dim Y. Hence f is a local diffeomorphism at x. Let V C X
and U C Y be open neighborhoods around x and y, respectively, such that f;y : V' — U
is a diffeomorphism.

If x’ is another point in f~!(y) with x # x’. Then d f,. is an isomorphism as well, and
we can choose an open neighborhood ¥/ C X around x’ such that f},, : V' — U’ is a
diffeomorphism onto an open subset U’ C Y containing y.

Lemma 4.16 The subsets V and V' are disjoint. ]

Proof: If V NV’ # @, then f restricts to a diffeomorphism from the open subset V' N V'’
ontoU NU’. Sincey € UNU’ and f(x) = y = f(x), this would imply x = x’ € V nV’,
since x and x’ are the unique points in V and V', respectively, which map to y. So if x # x/,
we must have V n V' = §. O

Hence all the points in f~!(y) lie in pairwise disjoint open subsets of X. We conclude
that f~1(y) is , 1.e., it is a space in which every subset is open. Since the subset
{y} is closed in Y, the fiber f~!(y) is a closed subset of X. Since X is and
since closed subsets in compact spaces are compact, this implies that f~!(y) is compact
as well. Hence f~!(y) is a compact and discrete subset of Euclidean space. We have
shown previously in Lemma 2.12 that this implies that f “ly)isa

Let f~'(» = {x,,...,x,}. We can thus pick pairwise disjoint open subsets W/, ..., W,
in X with x; € W; and open subsets Uy, ..., U, in Y, each containing y, such that f maps
W, diffeomorphically onto the open subset U;. We define the set

U:=WUn--nU)\ fX\(W,U...UW)).

Lemma 4.17 The subset U is openin Y. ]

Proof: First, the finite intersection U; N --- N U, is open in Y. Second, the set W :=
WU ...UW,is openin X and its complement X — W in X is closed. Since X is compact,
X \ W is compact and hence f(X \ W) is compact. Since Y is Hausdorff, or since Y is
a subspace in RN in which compact subsets are closed by Theorem 2.11, this implies that
(X \ W) is aclosed subset in Y. Hence the subset /(X \ W)isclosedin U; n--- N U,. This
shows that U is open. L

We also know y € U,sincey e Uy n---nNU,and y & f(X \ W) by our choices of the
U;’s and W;’s.

WesetV, :=W,n f~Y(U). Then f”,i : V; = U is a diffeomorphism and maps x; to y.
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Figure 4.3: Every point yin Y has an open neighborhood U such that f~!(U) consists of disjoint
copies of open subsets V; in X which are diffeomorphic to U. In three-dimensional space this
may be drawn as several old school records stacked on top of each other. One key consequence
is that the fiber over y is a finite and discrete set.

Thus the inverse image f~!(U) is a disjoint union of open subsets V;, ..., V, with x; € V;
and the restriction of f to any of the V; is a diffeomorphism onto U.

Hence we have shown the following very useful result, illustrated in Figure 4.3:

Theorem 4.18 (Stack of Records Theorem) Suppose dimX =dimY, f: X - Y
is a smooth map and X is . Let y € Y be a regular value for f such that

f~1(y) # 0. Then:

the set f~!(y) is a discrete finite subset {x, ..., x,} of X, and

we can choose an open neighborhood U C Y around y such that f~'(U) C X is
the disjoint union V; U---UV, of open subsets of X with x; € V; and the restriction
of f to any of the V; is a diffeomorphism onto U.

The above situation is a particular instance of an important phenomenon:

Remark 4.19 (Covering spaces) If in addition to the assumptions of the theorem
all values in Y are regular, then X — Y is an example of a . In Topology, a
continuous map f : X — Y is an unramified covering if every point in Y has an open
neighborhood U such that f~!(U) is the disjoint union of open sets V; such that f maps
each V; homeomorphically onto U. Coverings play an important role in topology and
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l homotopy theory. J

Given a regular value y, the fiber () is either empty or finite. Hence it makes sense to
talk about the number of elements in the set £~ (). We denote this number by #/~!(y). We
can then make the following observation:

Lemma 4.20 (Locally constant fiber) The function y + #/~!(y) from the set of
regular points for f to the integers is , 1.e., for every regular value y,
there is an open neighborhood U C Y of y, such that #£~!(y) = #/ () forally € U.

Proof: We split the proof into considering the cases f ‘l(yo) # @and f ‘l(yo) = @ sepa-
rately.:

First we assume f~!(y,) # @. By the Stack of Records Theorem 4.18 we can choose
the open neighborhood U of y, in Y such that f~!(U) = ¥} U --- U V,, is the pairwise
disjoint union of open neighborhoods V; of x; which are all mapped diffeomorphically
onto the open subset U. Thus, for every point y € U, there is exactly one point in V;
which maps to y. And these are the only points in X which map onto y by the choice of
U. Thus

#f~ () =#f""(yp) forally e U

and the function y — #f~!(y) is constant on the open subset U.

Now assume f ‘l(yo) = @. Since X is compact, f(X) is compact and hence closed in
Y. Thus Y \ f(X) is open in Y. Since by our assumption y, € Y \ f(X), the subset
U :=Y \ f(X) is therefore an open neighborhood around y, such that

#f7'(y) = #f"1(yy) forall y e U. O

Along the way we have also collected the pieces for the proof of the following observation
which we now state for future reference and prove in detail:

Lemma 4.21 The set R of regular values for f is openin Y. ]

Proof: Let x, € X be a regular point for f, i.e., d I is surjective. Since we assume
dim X = dimY, this actually implies that d f, is an isomorphism. By the Inverse Function
Theorem 3.4, there is an open neighborhood W around x, such that d f, is an isomorphism for
all x € W. Hence the subset of regular points is open in X. Consequently, its complement in
X, the set of critical points C is a closed subset in X. Since X is compact, this implies that C
is a compact subset. Since f is continuous, f(C) is a compact subset in Y. Since Y is Haus-
dorff, or since Y is a subspace in R" in which compact subsets are closed by Theorem 2.11,
this implies that f(C) is closed in Y. The set f(C) is the set of critical values of f and its
complement is the set R of regular values. Hence R is openin Y. 0J
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4.4 Milnor's proof of the Fundamental Theorem of Algebra

As an application of regular values we will now study Milnor’s proof of the Fundamental The-
orem of Algebra [13, page 8-9]:

Theorem 4.22 (Fundamental Theorem of Algebra) Every non-constant complex
polynomial has a zero. More precisely, let

P(z)=a,z"+a, 12" '+ +az+a

withn > 1, ag, ...,a, € C and g, # 0. Then there is a z, € C such that P(zy) = 0. As
a consequence, P(z) must have exactly » zeros when we count them with multiplicities.

Before we look at the details of the proof let us outline the argument:

o (Outline of the proof) Let us first summarize the idea of the proof:
« We will show that P : C — C is surjective. So 0 is a value of P.

« We do this by replacing P with a smooth map f : S? — S? such that
fisonto < P isonto.

The key feature is that S? is compact while C is not!

+ We show that the assumption that f is not surjective leads to a contradiction as
follows:

The Stack of Records Theorem implies that the function y — #f~1()
is constant on the set of regular values on S?>. Here we use that P is a
polynomial such that d P, has only finitely many critical points.

o If f was not surjective, #f~1(y) = 0 for all regular values.

« Then f would have to be constant, since S?\ {critical values} is connected.

But f is not constant, since P is not constant.

J

The same argument does not work for real polynomials, at least not for polynomials of
degree at least two:

Remark 4.23 (R is too one-dimensional) If we tried the above strategy for a real
polynomial P: R — R, we would replace P with a smooth map f : S' — S!. Then f
is smooth defined on a compact domain and f has only finitely many critical values. But
the conclusion that the function y — #f~!(y) is constant on the set of regular values on
S! would not work anymore. For, after removing at least two different points from S'
we get a space which is not connected. And for a polynomial of degree at least two, we
cannot exclude the possibility that f may have two critical values. See also Remark 4.27.
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4.4.1 The proof of Theorem 4.22

We are going to identify the complex numbers C with the points in real plane R?, but we keep
in mind that C is a field, i.e., we can multiply and form inverses for points in C. To prove the
theorem we need to extend the map P: C — C to a map on a compact space. Recall that
S? is a compact subspace of R? and that we can relate S? and the real plane R? via stereo-
graphic projection, recall Figure 2.12. The formulae for the projection from the north pole
N =(0,0,1) € S? are

ot SP\ (N} = R% (x, x5, %3) = (xy,x,) and

I—X3

dn: R2 = S\ (N}, (x,x,) — (2x1,2x5, [x]* = 1).

1+ |x|?

The formulae for the projection from the south pole S = (0,0, —1) € S*:

o5 S\ (S} = R, (x1. x5, x3) = (x1,%,) and

1+X3

bg: R* = S2\ {S), (x1,x,) = (2x1,2x5, 1 = |x?).

1+ |x|?

Considering our polynomial P as a map from C to C we define a new map

PRI {f(x) = ¢pyoPodi!(x) forallx € S?\ {N) w3

f(N):=N forx = N.

Lemma 4.24 (First claim: Smoothness) The map f : S? — S? is smooth.

Proof: Since ¢ and qbl_vl are smooth and polynomials are smooth as well, it is clear that f
is smooth at all points which are not the north pole. It remains to show that it is also smooth in
a neighborhood of N. In order to do this we use the projection from the south pole and define
a map

Q: C— CbyQ :=¢5'ofogy.

Note that Q(0) = 0, since ¢4(0) = N, f(N) = N and ¢§1(N) = 0. To compute Q for
other values we need to calculate the composite d)l_vlod) . For a point x = (x, x,) # (0,0) we
get

dlopg(x),xy) = P ;(236 2x5, 1= |x*) ) = 1 l S
N °Ps(x1, X, N\Txpp o [ — 1—|>f_|z L4 [x]27 1+ [x]?
1+]x|

1+ |x|? 2x4 2x, 1 ( )
= , = ——(x,%).
20x2 \ 1+ [x2° 1+ |x|2 Ix|2 72

Remembering complex conjugation z — z on C and |z|?> = zZ, we can rewrite this as:

¢y obs(z) = —= = 1/zforall z € C\ {0}.

z
|z



92 4.4. Milnor's proof of the Fundamental Theorem of Algebra
Similarly, we get

¢;O¢N@)=Tﬁ5=1/zﬁnm1zeC\{oy
Z

Thus, for z # 0, we get

0(z) = ¢ opyoPodylodg(z) = ¢ oy (P(1/2))
= pSlopn(a, 2" +a, 127"V + o +a,27 +q)
=1/(a,z"+a,_;z7" V4 +az' +a)

=2"/ (@, + a,_ z+ - +a;z"" +ayz").

Note that z = 0 is not a zero of D(z) := a,+a,_,z+-+a,;z"~! +ayz", since a, # 0. Thus
in small a neighborhood of z = 0 in C, the denominator in the expression for Q(z) is bounded
below, i.e., there is a small € > 0 and a ¢ > 0 such that | D(z)| > cforall z € [EBg(O) c C. Since
0(z) = 2"/ D(z), this shows that Q is smooth at z = 0. See also Remark 4.25 below.

This implies that Q is smooth in a small open neighborhood of 0. Since ¢4 and gbg,l are
diffeomorphisms and since ¢ g sends an open neighborhood of N in S? to an open neighborhood
of 0 in C, this implies that

f=¢5'o0ogg

is smooth in an open neighborhood of N. [

Remark 4.25 (Derivative of Q) We can also calculate the derivative of Q at 0. Since
we checked above that Q(0) = 0, we get

1O - 1im Q=00 _ h'/ (@, + @, h+ - +ah") =0
Qo = fim ———— = lim n
. hn—l
= lim

h=0 @, + h(a,_, + - + agh™")

_f1/a, ifn=1
"o ifn>2.

Now we use the fact that P is a complex polynomial. This will give us a simple way to
calculate its derivative. For the derivative of the real function P : R> — R? is the same
as the underlying derivative of P : C — C as a complex function.” More importantly,
the derivative of a polynomial has at most finitely many zeros. Recall that a point x € S?
is called a critical point for f if the derivative d f fails to be surjective.

Lemma 4.26 (Second claim: Finitely many critical points) The map f: S? —» S?
has at most » many critical points. In particular, f has only many critical points.

2We also have the additional information that the derivative is C-linear, not just R-linear.
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Proof: Since ¢, and d’z_vl are diffeomorphisms, the only points that might be critical for
f are the points where P to be a local diffeomorphism, and possibly N. But the derivative
of P, as a linear map
dP,: C->C, w—dP, - w,

is given by
n

dP,= P'(z) = Z:jajzj_1
j=1

Hence d P, fails to be an isomorphism, only if it is the zero map, i.e., d P, = 0. However, as a

function of z, d P, is a polynomial of degree n — 1 and it is identically zero, since a, # 0.
This shows that there are at most » — 1 complex numbers z such that d P, = 0. Hence there are
only finitely many z where d P, is an isomorphism. O

Remark 4.27 The computation of the derivative of O at 0 in Remark 4.25 and the chain
rule imply that N is, in fact, a critical point of f when n > 2. Hence, for a polynomial P
of degree two, f has, in fact, two critical points since P’(z) is of degree one and therefore
has a zero. This observation is relevant in case we would like to apply the argument to
a real polynomial P.

Lemma 4.26 implies that f has at most # critical values. Thus, the set R of regular val-
ues for f is S? with only many points removed. This shows that R is connected.

Now we use that fact that S is compact: The map f satisfies the assumption of the Stack
of Records Theorem 4.18, and we can apply Lemma 4.20 to see that the function

R =S?\ {critical values} — Z, y+— #£~1(»),

is locally constant. Since it is defined on a connected space, it must be constant by
Lemma 2.14.

Lemma 4.28 (Third claim: Infinitely many values) The map f has many
different values.

Proof: Assume f had only many different values y,, ..., y, € S?. Then we could
write S? as the union S? = f‘l(yl) U--u f‘l(yk). Fory; # y;, we have f‘l(y,-) N f‘l(yj) =
. Bach f~(,) is a closed subset of S?, since {y,} is a closed subset and f is continuous.
Moreover, each f ‘l(yi) is also open since the complement is a finite union of closed subsets
and therefore closed. Thus, we could write S? as the union of non-empty, open, and closed
subsets. Since S? is connected, this is implies k£ = 1. However, this would mean that f was
constant. However, P is constant, and ¢, and d’z_vl are diffeomorphisms. Thus f is

, and our initial assumption had to be wrong. L]

This enables us to show:

Lemma 4.29 (Fourth claim: Surjectivity) The smooth map f is . ]
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Proof: Assume there is a y, € S* with f~'(y,) = @, i.e.,, #/ 7' (3,) = 0. Then y, is a
regular value for f by definition. Since the function y — #f~!(y) is constant on the set of

regular values, it would have to be zero for regular value. Hence #/~'(y) # 0 for
critical values y. But that would mean that f had only finitely many values, as f has only
finitely many critical values. This the previous claim. Thus f must be surjective.

O]

Conclusion: In particular, /~!(.S) # @ for the south pole .S on S. Hence there must be
at least one point x € S? with f(x) = .S. Since ¢ w 1s a diffeomorphism and ¢, (0) = .S,
X must satisfy P(qbl‘vl (x)) =0. Hence z .= d)]_\,l (x) € Cis a zero of P. ]
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4.5 Exercises and more examples

4.5.1 Submersions and regular values

Exercise 4.1 Let f: X — Y be a submersion and U an open subset of X. Show that
f(U)is open in Y. In other words, submersions are open maps.

Exercise 4.2 We define the map g by
g: RZS R, (x,9) - x? =y~
Determine the set of regular values of g, and determine the set of critical values of g. Is

g a submersion?

Exercise 4.3 Recall that a space Y is called connected if Y cannot be written as the
union of two nonempty disjoint open subsets; or equivalently, if Y and @ are the only
subsets which are both open and closed in Y.

(@) Show that if X is compact and Y is connected, then every nontrivial submersion
f: X — Y is surjective.

(b) Show that there exist no submersions from compact manifolds to R” for any n.

Exercise 4.4 Show that the orthogonal group O(n) is compact.
Hint: Show that if A = (g;;) lies in O(n), then for each i, Zj al.zj = 1.

Exercise 4.5 Show that the tangent space to O(n) at the identity matrix [ is the vector
space of skew symmetric n X n-matrices, i.e., matrices B satisfying B’ = —B.

Exercise 4.6 Let M (2) denote the set of all real 2 X 2-matrices.

(a) Show that the determinant function is a submersion on the open submanifold of
nonzero 2 X 2-matrices M (2) \ {0}.

(b) Conclude that the set R; of all 2 X 2-matrices of rank 1 is a three-dimensional
submanifold of R* = M (2).

Exercise 4.7 In this exercise we prove Euler’s identity for homogeneous polynomials:
Let P(xy, ..., x;) be a homogeneous polynomial of degree m in k variables, i.e.,

P(txy,...,1x;) = t*P(x,, ..., x;) for all 7.
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4.5. Exercises and more examples

Show Euler’s identity

D x;0P/ox; = mP. (4.4)

Hint: Define a new function Q by
Q(xl, ,xk,t) = P(txl, ,txk) - th(xl, ,xk)

and compute its derivative.

Exercise 4.8 In this exercise we show that the fibers of homogeneous polynomials form
manifolds.
Let P(xy, ..., x;) be a homogeneous polynomial of degree m in k variables We con-
sider P as a map
R = R, (X1, ..., %) = P(x, ..., %)

(a) Show that O is the only critical value of P. Conclude that P~!(a) is a k — 1-
dimensional submanifold of R for all a # 0.

Hint: You may want to use Euler’s identity for homogeneous polynomials.
(b) For two positive real numbers a,b > 0, show that P l(a) is diffeomorphic to

P~!(b). Similarly, For two negative real numbers a,b < 0, show that P~!(a) is
diffeomorphic to P~1(b).

Exercise 4.9 The set S L(n) of n X n- matrices with determinant +1 form a subgroup
of GL(n). In this exercise we show that .S L(n) is a smooth manifold of dimension n* — 1
and compute its tangent space.

(@) Show that O is the only critical value of det : M (n) — R.

Hint: You may either want to think of det as a homogeneous polynomial given by
Leibniz’ formula

det(4) = ) <sgn(a) Haig(i)> (4.5)
o i=1

where the sum runs over all permutations of the set {1, ..., n} and sgn(c) denotes
the sign of the permutation ¢. Then use a previous exercise.

Or you use the formula det A = Y7 (—1)""/a;; det A;; where A;; denotes the
(n — 1) X (n — 1)-matrix defined by removing the ith row and jth column from A.

(b) Conclude that S L(n) is a submanifold of M (n) of dimension n? — 1.

(¢) Show that the tangent space to .S’ L(n) at the identity matrix consists of all matrices
with trace equal to zero.

Hint: Recall that we proved: If Z = f~!(y) C X is a submanifold defined by a
regular value y of a smooth map f: X — Y, then T,.(Z) = Ker (d f,,) C T,.(X).
You may also want to use Leibniz’ formula for det.
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Exercise 4.10 Recall the Hopf map that we have seen previously: We consider S3 as a
subset of C?, i.e., S* = {(z¢,z;) € C? : |zy|?> + |z;|> = 1}, and S? as a subset of C X R,
ie,S?={(z,x) € CxR : |z|> + x? = 1}. Then the Hopf map = is the map S* — S?
given by

w(zg,21) = (22021, |z0|2 — |21|2) .

(a)  First we consider 7 as amap 7 : R* ~ C?> - C xR = R3 using the same formula
as for «, i.e., # = 7|s3. Compute the derivative of 7 at a point g = (2, z,).

(b) Letg € S*. Explain why the restriction of d T, to Tq§3 has image contained in
T,,S*
7(q)

(¢) Consider the points a = (0,0, 1) and b = (0, 1,0) on S? ¢ R3 = CxR. Determine
the fibers 7~ (a) and z~!(b) and show that a and b are regular values for 7.

(d) Now show that actually each point in S? is a regular value for 7.



5. A brief excursion to Lie groups

Very important examples of smooth manifolds are given by Lie groups. We have seen first
examples in a previous section and will now discuss them further taking the group structure
into account. The study of Lie groups and their associated Lie algebras is a fascinating subject
in mathematics and we highly recommend to read more about them in other books. Here we
will only give a brief introduction considering Lie groups as examples of smooth manifolds.

5.1 Lie groups - the definition

Definition 5.1 (Lie groups) A Lie group is a group G which is also a smooth manifold
such that the two maps

u.GGxG -G, (g,h~g-h=:gh
and
1 G—>G,g|—>g_1

corresponding to the two group operations of multiplication and taking inverses, respec-
tively, are both smooth.
In fact, we can summarize the condition that i and 1 are smooth by requiring that

GxXG -G, (g, h)— gh™!

1s smooth.

Translations and tangent spaces

» If G is a Lie group, then any element g € G defines maps
L,and R, : G - G,
called left translation and right translation, respectively, by

L,(h) = gh and R,(h) = hg.
Since L, can be expressed as the composition of smooth maps
i
G5 GxG5 G,

98
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with i g(h) = (g, h), it follows that L, is smooth. It is actually a diffeomorphism of G,
because L,-1 is a smooth inverse for it. Similarly, R, : G — G is a diffeomorphism.

In fact, many of the important properties of Lie groups follow from the fact that we can
systematically map any point to any other via a canonical global diffeomorphism given by
translation by a suitable element in G. This translation makes the study of Lie groups
much more accessible compared to arbitrary smooth manifolds. In particular, we can
move an open neighborhood around any point in G to make it an open neighborhood of
the identity element. Hence, in a Lie group, we basically only need to study neighbor-
hoods of the identity element.

This observation has important consequence for the tangent spaces of Lie groups. In
fact, the translation property of Lie groups implies that the tangent space to a Lie group
G at any matrix in G is isomorphic to tangent space to G at the identity element. It is
a vector space with an additional structure, a Lie bracket, and is an example of a Lie
algebra. The classification of Lie algebras and thereby Lie groups is a highlight in the
history of mathematics. L

Here are some simple first examples of Lie groups:

The real numbers R and Euclidean space R” are Lie groups under addition, because the
coordinates of x — y are linear and therefore smooth functions of (x, y).

Similarly, C and C" are Lie groups under addition.
Any finite group with the discrete topology is a (compact) Lie group.

Suppose G is a Lie group and H C G is an open subgroup, i.e., a subgroup which is also
an open subspace. Then H is a Lie group as well.

The set R* = R\ {0} of nonzero real numbers is a 1-dimensional Lie group under multi-
plication. The subset R>? of positive real numbers is an open subgroup, and is thus itself
a 1-dimensional Lie group — still with multiplication as the group operation.

The set C* of nonzero complex numbers is a 2-dimensional Lie group under complex
multiplication.

The unit circle S' C C* is a Lie group under the operations induced by multiplication of
complex numbers.
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A finite product of k copies of S! is a Lie group. We denote it by T*. In particular, the
2-dimensional torus T? = S' x S' is a Lie group.

More generally, the product of Lie groups is again a Lie group.

We will see more examples below. But before, we introduce the notion of maps between
Lie groups which respect the Lie group structure.

(Lie group homomorphisms) If G and H are Lie groups, a

from G to H is a smooth map F : G — H that is also a group homo-
morphism. It is called a if it is also a diffeomorphism, which
implies that it has an inverse that is also a Lie group homomorphism. In this case, we
say that G and H are isomorphic Lie groups.

Here are some examples of Lie group homomorphisms:

The inclusion map S' < C is a Lie group homomorphism.

Considering R as a Lie group under addition, and R* as a Lie group under multiplication,
the map

exp: R—>R*, r ¢

is smooth, and is a Lie group homomorphism, since e**’ = eSe¢’. The image of exp is the

open subgroup R>? consisting of positive real numbers. In fact, exp : R = R>? is a Lie
group isomorphism with inverse log : R>? - R.

Similarly, exp: C — C* given by exp(z) = e* is a Lie group homomorphism. It is sur-
jective but not injective, because its kernel consists of the complex numbers of the form
2rik, where k is an integer.

The map

€: R =S 1 27

is a Lie group homomorphism whose kernel is the set Z of integers.

Similarly, the map
€ R" = T", (t;,....1,) — (2™, ..., &¥n)

is a Lie group homomorphism whose kernel is Z".
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If G is a Lie group and g € G, conjugation by g is the map C,: G — G given by
C,(h) = ghg~!. Because group multiplication and inversion are smooth, C, is smooth
and it is a group homomorphism:

C,(hh') = ghh'g™" = (ghg™")(gh'g™") = C,(W)C,(h).

In fact, it is a Lie group isomorphism, because it has C,-1 as an inverse. A subgroup
H C G is said to be normal if Cg(H) = H forevery g € G.

Lie group homomorphisms behave much nicer in many respects than arbitrary smooth maps
between manifolds. For example, the rank of the derivative is constant:

Theorem 5.3 (Constant Rank Theorem) Let f : G — H be a Lie group homomor-
phism. Then, as a linear map, the derivative d f, has the same rank for all g € G.

Proof: Let e; and ey denote the identity elements in G and H, respectively. Suppose g,
is an arbitrary element of G. We will show that d f % has the same rank as d f,. The fact that f
is a homomorphism means that for all g € G,

F(Lg (8) = f(808) = f(80)/(8) = Ly (£ (8)):

or in other words, foL, = L, of. Taking differentials of both sides at the identity and
using the chain rule yields

dfgod(Ly),. =d(Lsg).,d e,

Recall that left multiplication by any element of a Lie group is a diffeomorphism, so both
d(Lg),, and d(L )., are isomorphisms. Because composing with an isomorphism does
not change the rank of a linear map, it follows that d f, and d f,  have the same rank. [

Remark 5.4 (Lie group isomorphisms revisited) Using the constant rank theorem,
one can now show that every bijective Lie group homomorphism f : G — H is auto-
matically a Lie group isomorphism. This is yet another point which makes Lie groups
special among all smooth manifolds. Here is a hint why this could be true: We will learn
soon about Sard’s theorem which will tell us that the subspace of regular values of a
smooth map is dense in the codomain. In particular, there is at least one regular value,
say h, €H, for our Lie group homomorphism f. Since f is bijective, h, must be in the
image of f. Hence, at the unique point g, € G with f(g,) = h,, we know that d f, %0 is
surjective. But then d f, must be an isomorphism, since otherwise the Local Submer-
sion Theorem would imply that f looked like the canonical submersion and would have
nontrivial kernel. Hence f would be bijective. According to the previous theorem,
this implies that d f, is an isomorphism for all g € G. Hence f is a bijective local dif-
feomorphism everywhere. Bijective local diffeomorphisms are global diffeomorphisms.
Since the map is a Lie group homomorphism, it is a Lie group isomorphism.
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5.2 Examples of Lie groups

Now let us study some more interesting examples:
The General Linear Group

The general linear group

GL(n)={A € M(n) : detA+#0}

2

of all invertible n X n-matrices with entries in R, is a smooth manifold of dimension »n~, since it

is an open subset of M (n) = R . To check that it is open, look at its complement
M(n)\ GL(n) = {A € M(n) : det A =0} =det™!(0).

Since det : M (n) — R is continuous, being a polynomial in the entries of the matrix, and since
{0} is a closed subset of R, det_l(O) is closed in M (n).

We claim that GL(n) is a Lie group: To show this we need to check that multiplication
and taking inverses are smooth operations. Given two matrices A and B in G L(n), the entry in
position (i, j) in AB is given by

n

(AB);; = ) ayby;.
k=1

Hence (AB);; is a polynomial in the coordinates of A and B. Thus matrix multiplication
u: GL(n) X GL(n) - GL(n)
is a smooth map.

Recall that the (7, j)-minor of a matrix A is the determinant of the submatrix A; j of A ob-
tained by deleting the ith row and the jth column of A. By Cramer’s rule from linear algebra,
the (i, j)-entry of A~! is

_ 1 it
(A l)ij = A (=)™ ((j, i)-minor of A),

which is a smooth function of the a;;’s provided det A # 0, i.e., the map
M@ - R, A (A7),
is smooth because it depends smoothly on the entries of A. Therefore, the map of taking inverses
1: GL(n) »> GL(n)

is also smooth. L]

Remark 5.5 (GL(n) exists over many bases) In fact, we can matrices with entries
in any ring K. We denote the corresponding matrix groups by M (n, K), GL(n, K), ....
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Since K = R is the most important case for us, we omit mentioning the base when it is
clear that we work over R.

Another very important case is K = C. The complex general linear group G L(n, C)
is also a Lie group. It is a group under matrix multiplication, and it is an open subman-
ifold of M (n, C) and thus a 2n*-dimensional smooth manifold. It is a Lie group, since
matrix products and inverses are smooth functions of the real and imaginary parts of the
matrix entries.

Note that the determinant is a Lie group homomorphism for both R and C:

det: GL(n,R) - R* and det: GL(n,C) —» C*.

The Special Linear Group: SL(n) = {A € M(n) : det A =1}

In terms of geometry, note that .S L(n) consists of all transformations of R” into itself which
preserve volumes and orientations.We have shown in the exercises that S L(n) = det_l(l) is
a smooth manifold of dimension n> — 1. Since it is a subset of the Lie group G L(n) with the
operation inherited from the one of G L(n), S L(n) is also a Lie group. In the exercises we cal-
culate the tangent space of .S L(n) at the identity to be the subspace in M (n) of all matrices with
trace zero. L]

The Special Orthogonal Group

Recall that the orthogonal group O(n) is defined as the subset of matrices A in M (n) such
AAT = I. This equation implies, in particular, that every A € O(n) is invertible with A=! =
AT . Hence the determinant of an A € O(n) must satisfy (det A)> = 1, i.e., det A = +1. Thus,
O(n) splits into two disjoint parts, the subset of matrices with determinant +1 and the subset of
matrices with determinant —1.

If A and B have determinant —1, then their product AB has determinant +1. Hence the
subset of matrices with determinant —1 is not closed under multiplication and therefore
a subgroup of O(n). But the other part is a Lie subgroup of O(n) and is called the Special
Orthogonal Group denoted by SO(n)

SO(n)={A€O0(n) :detA=1} C On).

The subgroup SO(n) is a Lie group [

Unitary and Special Unitary Groups

The unitary group U (n) is defined to be
Umn) :={AeGL(n,C): ATA=1)},

where A denotes the complex conjugate of A, the matrix obtained from A by conjugating every
entry of A. A similar argument as for O(n) shows that U (n) is a submanifold of G L(n, C) and
that dim U (n) = n.
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The special unitary group SU (n) is defined to be the subgroup of U(n) of matrices of
determinant 1. ]

Remark 5.6 (Spin groups) There are other important examples of Lie groups which, in
general, do not arise as closed subgroups of G L(n, R) or G L(n, C). For example, the nth
Spin group Spin(n) is the n-dimensional Lie group which is a double cover of SO(n).
The latter means that Spin(n) is equipped with a smooth surjective map z : Spin(n) —
SO(n) such that each point in SO(n) has an open neighborhood U such that z='(U) is
a disjoint union of open subsets in Spin(n) each of which is mapped diffeomorphically
onto U by n. The map x is part of a short exact sequence of groups

1 - Z/2 — Spin(n) -» SO(n) — 1.

Spin groups can be constructed for example via Clifford algebras. However, there are
some exceptional isomorphisms in low dimensions which we can write down:

Spin(1) = O(1),

Spin(2) = SO(2),

Spin(3) = SU(2),

Spin(4) = SU(2) x SU(2),
Spin(6) = SU (4).

5.3 Topology of Lie groups

For some important Lie groups, we will now study the topological properties we singled out in
the beginning: compactness, connectedness and path-connectedness.

We showed in the exercises that O(n) is compact. As a closed subset , SO(n) is compact
we well. Similarly, U (n) and SU (n) are compact. The general linear group G L(n), however, is
not compact as an open subset of M (n).

Moreover, note that both SO(#) and its complement are both open and closed in O(#n). They
are the two connected components of O(n). In particular, there is no continuous path in O(n)
from a matrix with determinant +1 to one with determinant —1. In fact, there is no such path
in G L(n):

[ Lemma 5.7 The general linear group is connected. ]

Proof: Let y be a path in G L(n), i.e. a continuous map
y . [0,1] = GL(n).

Since y and det are continuous, so is their composite

y det
detoy: [0,1]— GL(n)— R.
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Hence if det(y(0)) > 0 and det(y(1)) < 0, then the Intermediate Value Theorem from Cal-
culus implies that there must be a real number ¢, € (0, 1) such that det(y(¢y)) = 0 € GL(n).
Hence y would have to leave G L(n). ]

Thus also G L(n) has two connected components, one of which is an open subgroup con-
sisting to all matrices A with det A > 0. The other one is just an open subset consisting to all
matrices A with det A < 0.

Lemma 5.8 The general linear group G L(n, C) is path-connected.

We see the difference between G L(n,R) and G L(n,C) most clearly for the case n = 1:
GL(1,R) = R* is not path-connected, since we cannot cross 0; whereas GL(1,C) = C* is
path-connected, since we can just walk around O in the plane.

Proof of Lemma 5.8: More generally, to show that G L(n, C) is path-connected, it suffices
to show that there is a path from any matrix A € G L(n, C) to the identity matrix I € G L(n,C).
Therefore, we define first the function

P: C—C, z det(A+ z(I — A)).

Then we have P(0) = det A # 0 and P(1) = detI = 1 # 0. Since P is a polynomial of
degree n, it has only finitely many zeroes. We also note that neither 0 € C nor 1 € C are zeroes
of P. Since C \ {finitely many points} is path-connected, we can find a path y : [0,1] - C
with y(0) = 0, y(1) = 1 and which avoids the zeroes of P, i.c.,

P(y(1)) % 0 for all 1.

Then the continuous map
I': [0,1] > GL(n,C), t— A+y(){ — A)

is the desired path from A to I. L
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Figure 5.1: Two points in G L(n, R) may not be connected. In G L(n,C), however, we can
always find a path between two matrices. This reduces via the determinant function to the fact
that the plane remains path-connected after removing finitely many points.
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Remark 5.9 The fact that GL(#n, C) is connected while G L(n, R) is not plays a crucial
role for orientations of vector spaces, vector bundles, manifolds etc. For, every complex
vector space, complex vector bundle, complex manifold, etc has a natural orientation.
We will get back to this later.

Open neighborhoods of the identity:

5.4. Lie subgroups

Recall that if G is a group and .S C G is a subset, the subgroup generated by .S is the

smallest subgroup containing .S, i.e., the intersection of all subgroups containing .S. One can
check that the subgroup generated by .S is equal to the set of all elements of G that can be
expressed as finite products of elements of .S and their inverses.

~

Lemma 5.10 (Neighborhoods of the identity) Suppose G is a Lie group,and W C G
is any neighborhood of the identity. Then

W generates an open subgroup of G.

If G is connected, then W generates G. In particular, an open subgroup in a
connected Lie group must be equal to the whole group.

Proof:

Let W C G be any neighborhood of the identity, and let H be the subgroup generated by
W . To simplify notation, if A and B are subsets of G, we write

AB :={ab:ac Abe B}, andA~! :={a”! : a € A}.

For each positive integer k, let W)_denote the set of all elements of G that can be expressed
as products of k or fewer elements of W U W ~!. As mentioned above, H is the union of
all the sets W), as k ranges over the positive integers.

Now, W~! is open because it is the image of W under the inversion map, which is a
diffeomorphism. Thus, W; = W U W ~! is open, and, for each k > 1, we have

Wi =W W1 = Ygew, LWy _).

Because each L, is a diffeomorphism, it follows by induction that each W) is open, and
thus H is open as a union of open subsets.

Assume G is connected. We just showed that H is an open subgroup of G. It is an
exercise to show that an open subgroup in a connected Lie group is equal to the whole
group. L]

5.4 Lie subgroups

In the previous paragraph we talked about subgroups of a Lie group. But we did not discuss how
the subgroup structure relates to the structure as a smooth manifold. Actually, this is a subtle
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and interesting point that illustrates the importance of the distinction between immersions and
embeddings once again. So here is the definition of a Lie subgroup:

(Lie subgroups) A of a Lie group G is an abstract
subgroup H C G such that

there exists a smooth manifold X and an immersion f : X — G such that H =
Im (f) C G is the image of f, and

the group operations on H are smooth, in the sense that the compositions

xx x4 6x 62 6, and
f 1
X— G- G

are smooth.

Note: It is important to note that, in the above definition, we do require H to have
the subspace topology induced by being a subset in G. Instead we can think of the map f
to define a topology on H in the sense that a subset U C H is open if and only if f~'(U)
is open in X.

Let us have a closer look at this rather complicated definition:

An abstract subgroup simply means a subgroup in the algebraic sense. The group oper-
ations on the subgroup H are the restrictions of the multiplication map u and the inverse
map ! from G to H.

If H were defined to be a submanifold of G, then the multiplication map H X H — H
and similarly the inverse map H — H would automatically be smooth, and the definition
would be much shorter. However, since a Lie subgroup is defined to be an immersed
submanifold, it is necessary to impose the last condition.

If H is in fact also a submanifold, then H is a Lie subgroup as the following result shows.

Lemma 5.12 (Embedded Lie subgroups) If H is an abstract subgroup and a subman-
ifold of a Lie group G, then it is a Lie subgroup of G. In this case, the inclusion map
H < G is an embedding, and we call H an embedded subgroup.

Proof: Since H is a subgroup, multiplication and taking inverses in H are just the re-
strictions of multiplication and taking inverses in G and both have image in H. Since H is a
submanifold we can take X = H in the above definition, the restrictions of smooth maps to H
are again smooth. [

Here are some examples of embedded subgroups:

The subgroups S L(n) and O(n) of G L(n) are both submanifolds, and therefore embedded
Lie subgroups.
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One easily verifies that

C* =GL(1,C) = GL(,R), z=x+iy+ <_xy ;t)

is an embedding.

More generally, this map induces an embedding

GL(n,C) > GL(2n,R)

by replacing each entry z = x + iy in A € GL(n, C) by the block (_x y>:

y X

X111 ~Yn Xin ~Vin

Xty e X Ty, yu X Yin  Xin
xn1+iyn1 xnn+iynn Xnl  —Vni Xnn " Ynn
Yn1 Xn1 Yun Xnn

This way, G L(n, C) is an embedded Lie subgroup of G L(2n, R).

Now let us get back to understanding the definition of a Lie subgroup. The subtle differ-
ences of immersed and embedded subgroups can be illustrated by a familiar example:

Example 5.13 (An immersed but not embedded Lie subgroup) Recall from Sec-
tion3.2.3themaps g: R = S' c C, 1+ ¢, and

G: R?> = S!xS!'=T2, G(s,1) = (g(s), g(1))

The map G is a local diffeomorphism from the plane onto the torus T2. Given a real
number a, we defined the map y, by

Yo: R = T2 y(t) = (g(t), g(a - 1)).

We learned that y, is always an immersion, but its image is a submanifold of T2 ifa
is an irrational number. However, when « is rational, then y,(R) is a submanifold of T Z
Recall Figure 3.4. After checking that y,(R) is an abstract subgroup, we see that y,(R)
is in fact a Lie subgroup of T? for real number a.

For an explanation of why a Lie subgroup is defined in such a complicated way, we refer to
a fact we will only be able to appreciate when we learn more about Lie theory:

Remark 5.14 (Why so complicated?) A fundamental theorem in Lie group theory
asserts the existence of a one-to-one correspondence between the connected Lie sub-
groups of a Lie group G and the Lie subalgebras of its Lie algebra g, i.e., tangent space
at the identity with its Lie bracket:

1-1
{connected Lie subgroups in G} «— {Lie subalgebras in g}.

In the previous example, the Lie algebra of T2 has R? as the underlying vector space,
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and the one-dimensional Lie subalgebras are all the lines through the origin with addition
as group operation. Such a line is determined by its slope «. Hence every a should
correspond to a Lie subgroup y,(R) in T2.

, if a Lie subgroup had been defined as a subgroup that is also a submani-
fold, then one would have to all the lines with as Lie subgroups
of the torus. In this case it would be possible to have a one-to-one correspondence
between the connected subgroups of a Lie group and the Lie subalgebras of its Lie al-
gebra. But this correspondence is extremely useful in Lie theory.

\. J

The following theorem is a very useful fact which we state here without proof. See for
example [11, Theorem 7.21].

Theorem 5.15 (Closed Subgroup Theorem) Suppose G is a Lie group and H C G
is a Lie subgroup. Then H is closed in G if and only if it is an embedded Lie subgroup.

5.5 Exercises and more examples

5.5.1 Lie groups

Exercise 5.1 (a) Show that SO(2) is diffeomorphic to S!.

(b) Show that SU(2) is diffeomorphic to S3.

Exercise 5.2 (a) Show that a local diffeomorphism f : X — Y which is bijective is
a diffeomorphism.

(b) Show that a local diffeomorphism f : X — Y which is one-to-one is a diffeomor-
phism of X onto an open subset of Y.

(¢) Show that a bijective smooth map f : X — Y of constant rank is a diffeomor-
phism.

Comment: You can assume that f is a submersion to simplify things. If you want
to challenge yourself, you could only assume that X is compact. Showing that f
also is a submersion in general requires the use of Baire’s category theorem.

(d) Show that a bijective Lie group homomorphism is a Lie group isomorphism.

Exercise 5.3 Show that an open subgroup H, i.e., a subgroup which is also an open
subset, of a connected Lie group G is equal to G.
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Exercise 5.4 Let G be a Lie group and let e € G be the identity element.

(@) Letu: GXxXG — G denote the multiplication map, and let g, 7 € G. Recall that
we denote by L, the left translation in G by g, and by R, the right translation by .
Using the identification T(, (G X G) = T,(G) X T;(G), show that the differential
of u at (g, h)

diign  Ty(@) X TH(G) = Tyy(G)

is given by

d g (X Y) = A (X, 0) + d g 1y (0,Y) = d(Ry) o (X) + d(Ly(Y).

Hint: Calculate d Hig. (X, 0) and d Hg, n)(0,Y) separately.
(b) Leti: G — G denote the inversion map. Show that
di,: T,(G) - T,G)
is given by d1,(X) = - X.

(c) Use the previous point to show that, for any g € G, the derivative of 1 at g is given
by

dig: T,(G) = T, 1(G), Y = —d(Ry 1) (d(Lg1)g(Y)) forall Y € T,(G).

Exercise 5.5 Show that for any Lie group G, the multiplication map y: G X G —> G
is a submersion.

Exercise 5.6 Show that the differential of the determinant map det : GL(n,R) — R at
A € GL(n,R) is given by

d(det) ,(B) = (det A) - (tr A™'B) for all B € M(n).

In particular, d(det) ,(AB) = (det A) - (tr AB) for all B € M (n).



6. Transversality

6.1 Transversality and preimages

Now we would like to understand what happens when we do not take the preimage of just a
single point, but the preimage of a whole submanifold.

Let X and Y be smooth manifolds and let f: X — Y be a smooth map. Assume that
Z C Y is a submanifold of Y. We would like to understand:

[ Question  Under which conditions is the subset f~!1(Z) C X a smooth manifold?

6.1.1 Transverse preimages of submanifolds

Let us denote n = dim X, m = dimY and k = dim Z. Let x, € X be a point with
f(xg) =zy € Z C Y. The inclusion of subsets Z < Y is an immersion. Hence we can
apply the Local Immersion Theorem 3.10.

We can choose local parametrizations as follows:

v U=V withy(0) = f(xg)and V C Y and U C R" open subsets,

and, since Z is a smooth manifold, ¢: W — Z n V with ¢(0) = f(x,) and
W c R¥and Z NV C Z open subsets, such that

inclusion

ZNVE |4 (6.1)
d &
W canonical s U

immersion

commutes.
The inverse map w~!: V' — U is a local coordinate system on the open neighborhood
V around z, € Y. We write u;: V — R for the ith component of y~!, i.e., a point

y € w(W) has the local coordinates
w3 = @), .. 4, () € R™.

Since the lower horizontal map in (6.1) is the canonical immersion, the points in Z N
V are exactly those points in ' on which the coordinate functions u;_, ..., u,, vanish.
Hence we have

ZnV={yeV:u, () = =u,y =0}.

111
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6.1. Transversality and preimages

Let us write g : V' — R™ for the map given by y (uk+1(y), ,um(y)). The above
relation then reads
ZnV =g 0).

Now we take the preimage of Z NV along f and get

i Zznovy= g '0) = (gof)(0). (6.2)

Since f is continuous and V is open in Y, the subset
[ Zavy=@n )
is an open subset of f~!(Z) containing x,,.!

Now if f~1(Z n V) is a manifold, then X has an open neighborhood in f ~1(Z) which
is diffeomorphic to an open subset in R”%. Hence, if every point x € f~!(Z) has such
an open neighborhood, then f~!(Z) is a smooth manifold.

And we do have a criterion that guarantees that this is the case. For, according to (6.2),
f~Y(Z nV) is a manifold if 0 is a regular value for the smooth map gof.

Thus we would like to have that go f is a submersion at every point

x€ fNZnV)=(gof)"(0).

One way to check this is to show that 0 is a regular value of the composite go f. The
chain rule tells us

d(gof)x = dgf(x)odfx
Thus, the map

d(gof), : T.(X) — R"¥is surjective
dg s(y) maps the image of d f,, onto R™k,

-1
The smooth map g: ¥V — R™ K is the composite V L Rm o R of yo! with
the projection onto the last m — k coordinates. Since w~! is a local diffeomorphism, its
derivative is an isomorphism. This implies that the derivative of g at f(x),

dgrit Trw(V) = Typ(Y) » R"K,

is a surjective linear map on the whole tangent space to Y at f(x) for all x such that

g(f(x)) =0.

By Lemma 4.9, which was a consequence of the Preimage Theorem 4.7, the kernel of
dg(x) 1s the subspace T,(Z). Thus dg(,, induces an isomorphism

dg st Troo(V)/Tr(Z)— R"E.

"Here we equip as always f~1(Z) C X has the subspace topology induced from X.
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+ This means that (dg(x))|m @y, can only be surjective if Im(d f,) generates the quo-
tient space T oY) / Tt (Z). In other words, (dg 70 [Im (d 7,) can only be surjective if
Im(d f,) and Tf(x)(Z ) together span all of Tf(x)(Y).

« We conclude that go f is a submersion at x € f~1(Z n V) if and only if

Im(df,)+ Tf(x)(Z) = Tf(x)(Y)-

We give this condition a name:

Definition 6.1 (Transversality) Let f: X — Y be a smooth mapand Z C Y a
submanifold. Then f is said to be transverse to 7, denoted / M ~Z, if

Im(df,)+T(Z) =Tru)(Y)

at every point x € f~!1(Z) in the preimage of Z.

The above discussion then provides the proof for the following fundamental result:

Theorem 6.2 (Transverse intersections yield submanifolds) Let f: X — Y bea
smooth map, and let Z C Y be a submanifold. Assume that f is transverse to Z.
Then f~!(Z) is a submanifold of X, and the codimension of f~!(Z) in X equals the
codimension of Z in Y, i.e., we have

dim f~(Z) = dim X — (dim Y — dim 2Z).

- Note that regularity is a special case of transversality: If Z = {y} consists of a single
point, then T,,(Z) is a trivial vector space consisting just of the zero vector. Hence, in
this case, transversality means Imd f, = T,(Y) at all points with f(x) = y, i.e., yisa
regular value of f.

» Note that transversality tells us something about how the image of f and Z meet in Y.
We will give further geometric intuition for transversality soon.

Let us look at some simple examples of transversality and non-transversality. We consider
Y = R? with the submanifold Z being the x-axis. Then

- The map f: R' — R? defined by f(r) = (0,¢) is transverse to Z, with f~1(Z) =
{(0,0)}.

o The map f : R! > R? defined by f(t) = (t, 1), however, is not transverse to Z, with
f~1(Z) = {(0,0)}. See Figure 6.1.

« The map f: R!' = R? defined by f(t) = (t,¢> — 1) is transverse to Z, with f~!(Z) =
{(=1,0),(1,0)}.

< The map f: R!' - R? defined by f(t) = (t,cost — 1) is not transverse to Z, with
f~1(Z) = {(0,0)}. See Figure 6.2.
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V=R

-

{w=(ie)
2= a:-cﬂk Zex-0xis

N

Jmfcqo)-ﬂ;2= rovs 2T V=R'

Figure 6.1: On the left, f is transverse to the x-axis, since Im (d f;;) and T;Z span all of T,)Y =
R2. On the right, however, f is transverse to Z, since both Im (d f|)) and T;) Z span the same
one-dimensional subspace.

y=R*
nof tunsimce!

2= X-a5s 2= X-a%S

’ C Ser@ st~
Ve 7T

Figure 6.2: We begin to see a pattern in the plane: f is transverse to the x-axis unless the x-axis
is tangent to the graph of f.

More generally, let p(t) = t" + a,_,t"~! + --- + a, be a polynomial with real coefficients.
We can consider p(f) as a smooth map R — R. The map f: R! — R? defined by
f(@) = (1, p()) is transverse to the x-axis Z if and only if all zeros of p are simple, i.e.,
if and only if we can write p(¢) as a product

pOy=@C—r)-(E—ry)-...-@t—r,
with r; # r ifi # j.
The reason is that the derivative of p: R — R at ¢, is given by multiplication by p'(z),
1.e.,

dp, : R - R, s p/() - 5.

This map is nontrivial and hence surjective if and only if p’(¢,) # 0, i.e., if and only if 7,
is not a zero of p’. In other words, dp’(t,) is trivial only if # is a multiple zero of p.
Now the tangent space of Z at a point f(t,) € R?> =Y is the x-axis Ty)Z =Rx{0} C
R?, and the derivative d [, of f attg is the map

1
. 2
df,: R—)R,SHs-<p,(t0)>.

Now we observe that the vectors ( (1)> and < > are linearly independent in R? if

/
p(ty)
and only if p'(¢,) # 0. Hence Tt Z and Imd s, span Ty, )Y if and only if p(ty) # 0.
For transversality of f and Z, we need to check that Ty \Z +Imd = Ty, Y forall

te f~14(2),i.e., for all zeros of p. ]
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6.1.2 Tangent space of a transverse preimages

We return to the general situation: X and Y are smooth manifolds, Z C Y is a submanifold,
and f : X — Y is a smooth map. We assume now that f meets Z transversally. Hence f~1(Z)
is a manifold, and we would like to have a formula for the tangent space of f~!(Z) at a given
point:

Theorem 6.3 (Tangent space of preimage) Let f: X — Y be a smooth map and
Z be a submanifold in Y. Assume that f is transverse to Z. Then T, (f ~1(2)) is the
preimage of T(,,(Z) under the linear map

dfy: Tu(X) = Tri(Y)
As a formula:

T.(f7(2) = (@[ (Ty(2)).

Proof: Let x € f~1(Z) and z := f(x). We can choose suitable local parametrizations
and find an open subset ¥V C Y and a smooth map g: V — R” % such that ZnV = g~1(0).
Since tangent spaces are determined locally, the tangent spaces T,(Z N V') and T,,(Z) are equal
as subspaces of 7,(Y'). Since 0 is a regular value for g, we know that the tangent space of Z at
z is given by

T,(Z)=Kerdg, C T,(Y) (6.3)

where dg, : T,(Y) — R™ k. Now we use that 0 is also a regular value for the composite go f.
Again, since tangent spaces are determined locally, we get

T.(f~(2)) = Ker (d(gof),)
= Ker (dgy(y)od f) (by the Chain Rule)
= (df) " (Ker (dg ()
= (d )" (T;(2)) (by (6.3) above).

This finishes the proof. Ll

6.2 Transverse intersections

We will now study the most important case, at least for us, of transversality: the intersection
of two submanifolds X and Z in the same given bigger manifold Y. This becomes, in fact, a
special case of our previous studies by letting f to be the inclusion map i : X < Y. For to
say a point x € X belongs to the intersection X N Z is equivalent to say that x belongs to the
preimage i~1(2Z).

We would like the intersection X N Z to be a submanifold in Y. Transversality is the crucial
condition to ensure this is the case:
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The derivative di, . T,(X) = T,(Y)1is the inclusion map of 7}, (X ) into T, (Y') as a subspace.
Hence we get i M Z if and only if, forevery x € X n Z,

T(X) + T (Z) = T(Y).

Note that this equation is symmetric in X and Z.

Definition 6.4 (Transverse submanifolds) Two submanifolds X C Y and Z C Y are
transverse, denoted X M Z,if T, (X)+ T (Z) =T, (Y)forallx € X N Z.

« Warning: For equation T,(X) + T,(Z) = T,(Y) to be true, it is not sufficient that
dim 7, (X)+dim T, (Z) = dim T, (Y). The two subspaces together must span all of 7' (Y).

A simple example if the intersection of Z with itself,i.e., X = Z, withdim Z = % dimY.
Then we have dimT,(X) + dimT,(Z) = dimT,(Y), but the tangent spaces 7,(Z) and
T,(X) are equal and do not span T,(Y).

- However, we will see later a way to make self-intersections interesting. This will be
made possible by Thom’s transversality theorem and invariance under homotopy. More
on this later in the chapter on intersection theory.

6.2.1 Intersection of submanifolds

The theorem on transversality for this special case says:

Theorem 6.5 (Intersection of transverse submanifolds) The intersection of two
transverse submanifolds X and Z of Y is a submanifold of Y. Moreover, the codi-
mensions in Y satisfy

codim (X N Z) = codim X + codim Z.

=R s

= TS RS+ RV
st Tvangral

Figure 6.3: The intersection of a sphere and a circle is transverse unless the there is only one
intersection point.
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The additivity of codimensions follows from the codimension formula of the previous
theorem:

codimi~'(Z)in X = codim Z in Y
=>dmX -dmXNZ=dmY —dimZ
=>dmY —dimXNZ =(dimY —dim Z) + (dimY — dim X)
= codim X N Z = codim Z + codim X.

Remark 6.6 (Intersect as little as possible) We have just learned that two manifolds
intersect transversally if their tangent spaces together span the whole ambient space. A
different way to think of transversality is: Two manifolds intersect transversally if they
intersect as little as possible at every point. And we measure the degree of intersection
in terms of tangent spaces: If two submanifolds intersect, then they intersect transver-
sally if the intersection of their tangent spaces in the ambient tangent space is minimal.

Note that the converse of the theorem is . We have seen a simple example above:
the submanifolds X = {(x,y) € R?> : y=x?}and Z = {(x,y) € R* : y =0} do
intersect transversally at 0 in ¥ = R2, but their intersection X N Z = {0} is a zero-
dimensional manifold. More generally, when X = Z are the same submanifold, then
X N Z is not transverse but X N Z = X = Z is a smooth manifold. , there do,
of course, exist intersections which are not transverse and where the intersection is a
manifold. See Example 6.11.

It is useful to note that any smooth map f: X — Y whose image does meet a
submanifold Z of Y, i.e., f~1(Z) = @, is transverse to Z for trivial reasons. For in this
case there is to be satisfied. In particular, two submanifolds which do not
intersect at all are

On the other hand, if f: X — Y is a submersion, then f is transverse to every sub-
manifold Z of Y since then Im(d f,) =T oY) for every x.

Wi

travgversal v R* ot fousvevsa( Ewmply mivs. =>Transmsd

Figure 6.4: The intersection of two circles in the plane is transverse unless the there is exactly
one intersection point.
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Remark 6.7 (The ambient space matters!) Transversality of X and Z also depends
on the ambient space Y. For example, the two coordinate axes intersect transversally
in R2, but not when considered to be submanifolds of R3. In general, if the dimensions
of X and Z do not add up to at least the dimension of Y, then they can only intersect
transversally by not intersecting at all. For example, if X and Z are curves in R>,
then X MY ifandonly if X N Y = @.

By applying the formula we got for the tangent spaces of f~!(Z) to f being the inclusion
map X C Y we get the following useful result:

Theorem 6.8 (Tangent space of intersections) Let X C Y and Z C Y be subman-
ifolds such that X M Z in Y. Then the tangent space to X N Z is the intersection of
the tangent spaces, i.c.,

T.XNnZ)=T,(X)NnT (Z)forallxe X n Z.

6.2.2 Examples

Let us have a look at some examples:

Example 6.9 (A primer to Brieskorn manifolds) Recall the map
f:R*S R,
(X1, X9, X3, X4) = X + x% + xg + xi.
We showed before that f is a submersion and hence that the preimage
Z = f710) = {(x), x5, X3, %) €R* 1 x) + x5 +x] +x; =0}

is a manifold in R*.

Now we show Z and S® intersect transversally in R* where S*> ¢ R* denotes the
three-dimensional sphere. This will imply that Z N S? is a smooth manifold.

To do this we need to check that T,(Z) + T,(S?) = T,(R*) = R*forall z€ Zn S°.
Since T,(Z) and TZ(§3) are both three-dimensional subspaces of R4, it suffices to show
that, for every z € Z NS>, there is at least one vector v in T,(Z) which is contained
in T,(S?).

The tangent space to Z in a point z € Z is the subspace in R* given by the kernel of
the derivative d f, which in the standard bases is given by the 1 X 4-matrix

df,=(1 2x, 3x3 4x]).
Let z = (x;, X,, X3, X4) be any point in Z N S3. Then the vector

12x,
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lies in T,(Z), since

12x,
6x
— 2 3) . 2
df,(v) = (1 2x, 3x3 4x4) 4xs
3X4
= 12x) + 12x5 + 12x3 + 12x]
=12/(2)
=0.

But vis an element in TZ(S3). For, recall that Tz(§3) is the subspace in R* which
is orthogonal to the vector z, i.e.,

T,(S) = {weR*: z L w=0).
We can check orthogonality via the scalar product in R*:
zlw & z-w=0.

For v we calculate

12x,
6
z-V= (xl Xy X3 x4) . 42 = 12x%+6x§+4x§+3xi > 0.
3xy
Thus v is an element in TZ(§3). Hence Z and S® meet transversally in R*.

By the theorem, the codimension of Z N'S? in S? equals the codimension of Z in R*.
Thus dim Z N S* = 2.

Example 6.10 (Hyperboloid meets a sphere) In Y = R3, we consider the two sub-
manifolds

X={(xy2eR: x*+y -22=1)
and the sphere
Z,={(x,y,2) €R®: x* +y* + 2> = a}

with a > 0. See Figure 6.5. We would like to understand for which a do these two
submanifolds intersect transversally in Y.

Therefore, we need to determine the tangent spaces of X and Z, at points where
they intersect. We observe that X = f~!(1) for the map

f: R} > R, (x,y,z)r—>x2+y2—z2.

Expressed as a matrix in the standard bases the derivative d f,, at a point p = (x,,, ¥, 2,)
has the form

df,=(2x,2y, —2z,): R’ > R.
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This map is surjective for all p € R3 \ {0}. Hence 1 is a regular value of f and the
tangent space to X at p is the kernel of d f,. For p = (x,, y,,z,) € X with z, # 0, this
is

T,(X) = Ker (d f,) = span{(z,, 0, x,), (0, z,,y,)} C R3.
Forall p = (x,,,,0) € X, this is
T,(X) = Ker (d f,) = span{(—y,, x,,0),(0,0, 1)} C R3.
Similarly, we observe that Z, = g~!(a) for the map
g: R’ > R, (x,y,z)|—>x2+y2+zz.

Expressed as a matrix in the standard bases the derivative dg, at a point p = (X, y,, 2,)
has the form

dg, = (2x,2y,2z,): R? > R.
This map is surjective for all p € R3\ {0}. Hence a > 0 is a regular value of g and the
tangent space to Z at p is the kernel of dg,. For p = (x,, y,, z,) € Z, with z,, # 0, this
is
T,(Z,) = Ker (dg,) = span{(-z,,0,x,),(0,~z,,y,)} C R>.
Forall p = (x,,y,,0) € Z,, this is
T,(Z,) = Ker (dg,) = span{(-y,, x,,0), (0,0, 1)} C R3.
Now X and Z intersect in the points p = (x, y, z) which satisfy
x2+y2—zz—1:0:x2+y2+zz—a.
Subtracting both equations yields the condition
222=a-1. (6.4)
This gives us

If a < 1, then X and Z, do not intersect, i.e., X N Z, = @, since there isno z € R
which satisfies condition (6.4).

If a = 1, then we have z = 0 and X and Z, intersect in the circle with radius 1
in the xy-plane in R3 with the origin as center, i.e.,

XNZ ={(xyz2)€R®: x*+)*=1and z=0}.

If a > 1, then X and Z, intersect in two disjoint circles which lie in the planes
parallel to the xy-plane in R? with z-coordinate z = ++1/(a — 1)/2:

ana={(x,y,z)eR3 cxP 4y = agl andz=i\/(a—1)/2}-
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Now we check transversality:*
« if a < 1, then the intersection is empty and therefore transversal.

« if a = 1, then we see TP(X ) = T,(Z 1) from the above descriptions of the tangent
spaces, since z, = 0 for all points in X N Z,. In particular, the tangent spaces
span the same plane in R3, and not all of R3, at every p € X N Z,. Thus the
intersection is not transversal.

«ifa>1,letp=(x,y,z,) €XNZ, Inthis case, we have z, # 0. Then T,,(X)
and T,(Z,) together span all of R3: For any point p = (X, Vpr 2,) EX N Z,, X,
and y, cannot both be zero. If x, # 0, then the vector (-z,,0,x,) € T,(Z,) is not
a linear combination of the vectors (2,0, %) and (0, Zps Vp) which span T,(X).
And if y, # 0, then the vector (0, -z, y,) € T,(Z,) is not a linear combination
of the vectors (0 0, X,) and (0, Zps Vp)- Since T,(X) is 2-dimensional, this shows

T,(X)+T,Z,) =R>atevery p€ X n Z,.

Thus the intersection is transverse.

“Recall T,(R?) = R at every p

> Q=|

Figure 6.5: The intersection is transverse if a > 1, and not transverse if ¢ = 1. In both cases,
however, the intersection is a smooth manifold.

Here is an example of an intersection which is not transverse and where the intersection
is not a manifold:

Example 6.11 (A non-transverse intersection) Let Y = R? and let Z be the hyper-
plane defined by
Z={(x,y,2)€R?: x=1}
and let X be the hyperboloid defined by
X = {(x,y,z)elR3 : x2+y2—22= 1}.
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The intersection of X and Z is given by the points satisfying x = 1 and x> +y* —z? = 1,
i.e., all points such that x = 1 and y*> = z2. This means

anz{(X,y,Z)€R3 . x=l, y:iz}

We have seen in Section 2.3.5 that a space consisting of two lines crossing each other
is not a manifold. The intersection point, i.e., the point p = (1,0, 0), does have a
neighborhood in X N Z which is diffeomorphic to an open subset in Euclidean space.
Thus X N Z is . See Figure 6.6.

As a reality check, let us look at the tangent spaces to X and Z at p: Since Z is
a parallel translate of a vector subspace of R>, we see that T,(Z) is the yz-plane in R3
(all points with x = 0). The tangent space to X was calculated in the previous example
(and in an exercise). At p = (1,0,0), T,(X) is the vector subspace in R3 spanned by the
vectors (0, 1,0) and (0,0, 1). In other words, Tp(X ) is the xy-plane in R3. Thus Tp(Z )
and T,(X) do T,(Y) = R3. The problem here is that Z is’the tangent plane to
X at p.

'anz'fuo

CPOS'.-E'&% l thes

Figure 6.6: The intersection is not transverse and X N Z is not a manifold, since we get two

axes that cross each other.

Famous examples of transverse intersections are provided by Brieskorn manifolds:

Remark 6.12 (Exotic Spheres) Consider the following intersections in C° \ {0}:

SZ ={z% + z% +z§ +z‘31 + zgk_l =0}

2 2 2 2 2
N {lzy|° + 1257 + 2317 + |z4]° + |25]" = 1}

In Exercise 6.6, we show that this is a transverse intersection. One can show that, for

each value k = 1, ..., 28, the space SZ is a smooth manifold which is homeomorphic
to the seven-sphere S7. But manifolds are .
These are so called . They were constructed by Brieskorn and repre-

sent each of the 28 diffeomorphism classes on the space S”. That such exotic 7-spheres
is a famous and groundbreaking result of Milnor. Milnor’s work started an amazing
story about the diffeomorphic structures on spheres which culminated in the solution of
the Kervaire Invariant One Problem by Hill, Hopkins and Ravenel in 2009.
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6.3 Exercises and more examples

6.3.1 Transversality

Exercise 6.1 As a first test, answer the following questions:

(@) Letz = (a,b) €S' C R?andlet N, = {(a,y) : y € R} be the vertical line
intersecting the circle at z. When is S! C R? transverse to N, C R??

(b)  Which of the following linear spaces intersect transversally?

The xy-plane and the z-axis.

The xy-plane and the plane spanned by {(3,2,0), (0,4, —1)}.

The plane spanned by {(1,0,0),(2,1,0)} and the y-axis in R3.

R* x {0} and {0} x R’ in R”. (The answer depends on k, /, and n.)
V x {0} and the diagonal in V' X V, for a real vector space V.

The spaces of symmetric (A’ = A) and skew symmetric (A’ = —A) matrices
in M (n).

(¢) Do SL(n)and O(n) meet transversally in M (n)?

Exercise 6.2 Recall the maps

el+e! e —e”
2 2

t
f:[R{—>[R{2,t|—>< >andg:[R2—>[R,(x,y)|—>x2—y2
from previous exercise sets. Is the set Im (f), the image of f in R?, a manifold? Is the
set (gof)~1(1) a manifold?

f .
Exercise 6.3 Let X— Y —> Zbea sequence of smooth maps between manifolds, and
let W C Z be a submanifold. Assume that g is transversal to W. Show:

f @ g~ (W) if and only if (go f) M W.

Exercise 6.4 LetV be a vector space, and let A be the diagonal of V' X V. For a linear
map A: V — V, consider the graph I'(A) = {(v, Av) : v € V'}. Show that I'(A) M A if
and only if +1 is not an eigenvalue of A.

Exercise 6.5 Let f: X — X beamap, and let x be a fixed point of f,i.e., f(x) = x. If
+1 is not an eigenvalue of d f, : T, (X) = T,(X), then x is called a Lefschetz fixed point
of f. The map f is called a Lefschetz map if all its fixed points are Lefschetz. Prove that
if X is compact and f is Lefschetz, then f has only finitely many fixed points.

Hint: Show that the intersection of the graph of f and the diagonal of X is a O-
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dimensional submanifold of X X X.

Exercise 6.6 Consider the following intersections in C° \ {0}:

7 2.2, .2 3, 6k-1 2 2 2 2 2
Sy={zi+z+z5+z,+ 2z =0} n{lz)|"+ [z5]" + |25 + [24]° + |z5]7 = 1}

Prove that SZ is a 7-dimensional manifold by showing that the intersection is trans-

verse in C° \ {0}.
Hint: At some point you may want to show that, at a point z = (z, ..., z5), the vector

w = (Ezl’ 3220 5323, 3 24> 6k—_125>, withm :=2.3.(6k — 1), lies in one of the tangent

spaces but not in the other.



7. Sard’s theorem and Morse functions

7.1 The Theorem of Brown and Sard

In the previous sections we have seen how useful regular values are. This motivates to ask:

Question  Let f: X — Y be a smooth map. How many regular values are there in
Y?

Recall that a y € Y which is not a regular value for f is called a critical value. Hence we
may ask the equivalent question: How many critical values are there?

We have seen an answer to the above question in one situation:
« In Milnor’s proof of the Fundamental Theorem of Algebra, we showed that the smooth

map in question had only finitely many critical values. Actually, we showed that the set
of critical points of the map S> — S? we defined using the given polynomial was finite.

- We might hope that the set of critical values is always finite.
- However, finiteness is too good to be true when we allow X and Y to be arbitrary smooth

manifolds.

So what is the correct analog of finiteness for our situation? Here is our first answer:

Theorem 7.1 (Sard’s Theorem) Let X and Y be smooth manifoldsandlet f: X - Y
be a smooth map. Then the set of regular values of f is a dense subset of Y, i.e., every
open subset of Y contains a regular value.

« This theorem is a key result in differential topology, and we will apply it many situations.
For example, it is crucial for Thom’s Transversality Theorem 13.25 which will make
intersection theory work. See Section 14.1.

We will now reformulate and simplify the theorem. To do this we are going to use the
following terminology:

Definition 7.2 (The interior of a set) Let X be a topological space, and .S a subset
of X. Then the interior of .S, denoted int(.S), is the union of all open subsets of X
contained in S. By definition, the interior of any .S is an open subset of X. In fact, it
is the largest open subset of X which is contained in .S. See Figure 7.1.

125
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« If § ¢ RY then int(S) is the set of all points s € .S such that there is a small open
ball centred at x which is contained in .S.

« If U is an open subset of X then int(U) = U. In particular, if X C R" is open
then int(X) = X. In general, however, int(.S) is a proper subset of X.

Figure 7.1: The interior of a subset S in the topological space X is the union of all open subsets
of X which are contained in .S.

We recall the following key facts from general topology:

» Asubset A C X has empty interior if and only if its complement X \ A is dense in X.
» The countable intersection of open dense subsets is a dense subset in R?.

« Equivalently, the countable union of compact subsets with empty interior in R? is a
subset with empty interior.

- The analogous statements hold in every smooth p-dimensional manifold. '
We also introduce some more notation:

+ Forasmoothmap f: X — Y we denote by C the set of critical points of f, by D/ the
set of critical values, and by R/ the set of regular values.

» Note that it follows from the Local Submersion Theorem 4.2 that C ’ is a closed subset
of X.

We will show that Sard’s theorem is a consequence of the following result:

Theorem 7.3 (Euclidean case) Let f: R" — R? be a smooth map. Then the set of
regular values of f is a dense subset of R?. Equivalently, the set of critical values of f
is a set with empty interior.

'This means that R” and smooth manifolds in general are Baire spaces.
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Before we start proving Theorem 7.3 we show it implies Sard’s Theorem.

Proof that Theorem 7.3 implies Sard’s Theorem 7.1: First assume ¥ = R?. Let x € X
be a point and let ¢ : R” — X be a local parametrization.” We set W := ¢(R") and K =
¢([FB’1' (0)), where [EB? (0) is the closed unit ball in R". In particular, K is a compact subspace in
X. By Theorem 7.3, the set of critical values of fo¢

Doy = f(CrnW)

has empty interior. Thus, since C ¥ is closed and hence C rNK is compact, f(C N K) is
a compact subset of R? with empty interior. Since X can be covered by countably many
neighborhoods of the form K, D, = f(Cy) is a countable union of compact subsets with
empty interior. This implies that D, has empty interior. Thus, the complement Y \ Dy, i.e.,
the set of regular values of f, is a dense subset.

Second, for an arbitrary smooth p-dimensional manifold Y, we can find countably many
local parametrizations y; of Y such that the union of the compact sets K; := u/i([@’]’ (0)) covers
Y. By the first case, the intersection of the D, with any of these sets K;, is a compact subset
with empty interior. Hence D is a countable union of compact subsets with empty interior
and has itself empty interior. 0J

Proof of Theorem 7.3: The proof will proceed in two steps: First we prove the result for a
smooth function R” — R. Second we use this to reduce the case R” to R?~! and will conclude
by induction.

The case p = 1, i.e., f : R"” — R is a smooth function.

If n = 0, there is nothing to prove. Now assume that the assertion is true for n — 1. Let
C; C R" be the closed set of points where all partial derivatives of f of order < i vanish. We
then have C; = C; and C; > C, D C3 D -+, and hence

C;=(C;\C) U U(C,_;\C)UC,.

This impllies
Dy =f(C\NCHU - U f(C,_  \CYU f(C).

Hence the theorem follows for n if we can show that each of the sets f(C; \ C,,) for all
i > 1and f(C;) for i > nis a countable union of closed subsets with empty interior. This
will be shown in the following two lemmas:

Lemma 7.4 The set f(C; \ C;,,) is a countable union of closed subsets with empty
interior for all i > 1.

Proof: We claim the following: For each u € C; \ C;, there is a compact neighborhood K
disjoint with C;; and an (n— 1)-dimensional submanifold Z C R” such that C;NK C Z. Then
every point of C; N K is critical for f|,, since it is critical for f. By our induction hypothesis,

“Note that we can choose the domain of ¢ to be all of R”, by stretching an open ball B"(0) to all of R" via a
diffeomorphism.
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f(C;n K) is then a closed subset in R without interior points. Since C; \ C,, can be covered
by countably many arbitrarily small compact neighborhoods K, this will prove the lemma.

Now we prove the claim. Since u € C; \ C,,, there is some i-th order partial derivative
of f whose first order partial derivatives do not all vanish at u. We denote this partial deriva-
tive by g. Then u is a regular point for g. By definition of C;, we know g(u) = 0. By the
Local Submersion Theorem 4.2, we can then find an open neighborhood U of u such that 0
is a regular value for gu- Hence, by the Preimage Theorem 4.7, g='(0) N U is an (n — 1)-
dimensional submanifold in U. Moreover, since C; C g~'(0) by definition of g and C;, we can
set Z := g~'(0) N U and choose a sufficiently small compact neighborhood K of u in U. By
definition of g, we also know that K is disjoint with C; . O

Lemma 7.5 The set f(C);)is a countable union of closed subsets with empty interior
fori > n.

Proof: By Taylor’s Theorem, we have

G _:1)!d;+1f(x+ Au)

FO+u) = £ +0,/(X) + - + l.—l,a;;ﬂx) +

for any two points x and u in R”, where 0 < A < 1 is a real number and 0, is the differential
operator
0, =u;0/0x; + -+ +u,0/0x,,.

Thus, if x € C;, then by definition of C;:

Lyt fx+ Au).

f(x+u)—f(x)=(l.+1)! ’

If in addition x and y := x + u lie in a convex set K, then x + Au is also in K, and we get the
inequality
1F ) = f () lmax < ely = x5

where |w|,,,x = max{|w|,...,|w,|} and ¢ is a constant depending on K and f only.

max

Now we let K be the unit cube in R” and consider the subdivision of K into k" subcubes
with sides of length 1/k. Let K’ be one of these subcubes and suppose x € C;nK and y € K'.
Then

|y_ xlmax < 1/k

This implies that £(C; N K') is contained in an interval of length ¢ /k*!.
Thus f(C; n K) is contained in a union of k" intervals of joint length
k'c/kt < c/k

where we use that i > n by our assumption. Since k is any positive integer, this length can be
arbitrarily small. Hence the set f(C; N K) must have empty interior. Finally, R" and therefore
C, is contained in a countable union of unit cubes K. This proves the lemma. Ol

The case p > 2, i.e., a smooth map f : R"R?.
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We assume the assertion holds for every smooth map f : R” — RP~1,

Let O C R? be an nonempty open subset of R?. We will show that f has regular values in
O. This implies that the set of regular values for f is dense in R?.

If O contains points which are in f(R"), then these points are regular values for f, and
we are done.

Hence assume O C f(R"). Let 7: R? — RP~! be the projection onto the first p — 1
coordinates. Then z(0) is open in R?~!, since 7 is a submersion and hence an open map.? By
our induction hypothesis, the map 7o f : R” — RP~! has a regular value y € z(0). In other
words, f is transverse to the line Y’ = z~!(y) in R?.

Now let f/: X’ — Y’ be the induced map. Since O C f(R"), the open set O meets Y,
ie., Y NnO #@. Since Y’ is diffeomorphic to R, f’ has a regular value y”” € Y’ n O by the
case p = 1.

Thus, we have shown

f is transverse to Y’ in R?, and

f': f71(Y") = Y’ has a regular value y in Y’ n O.

By the chain rule and what we learned about transversality, this implies that y” € Y/ n O
is a regular value for /. This finishes the proof of Theorem 7.3. [

At the end we used a fact we proved in the exercises: If f: X — RP? is transverse to a
submanifold Y’ ¢ R” and the induced map f’: f~'(Y’) - Y’ is transverse to Y”' C Y/,
then f is transverse to Y.

Holm therefore thinks of the argument for the general case as splitting off a transverse
component of lower dimension to use induction.

To conclude this section, we remark that Sard’s Theorem is often formulated as follows:

Theorem 7.6 (Sard’s Theorem revisited) Let f: X — Y be a smooth map of mani-
folds with dim Y = p. Define the set C to be

C={xe€ X :rank(df,) <p}.

Then the subset f(C) C Y of has measure zero in Y.

Before we recall some basic measure theory, we observe how the different versions of the
theorem are related:

This result is stronger than the previous version, and we invite the reader to investigate
the relationship between measure zero sets and sets with empty interior. However, the

3We proved this fact in the exercises.
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version we proved suffices for our purposes. For, we will apply the theorem for knowing
that any small open neighborhood of a point contains a regular value.

o (Measure zero in a not-measure zero box) A rectangular solid in R” is just a
cartesian product of # intervals in R”, and its volume is the product of the lengths of the
n intervals. An arbitrary set A in R” is said to have (L.ebesgue) measure zero if, for
every € > 0, there exists a countable collection {5, .5,, ...} of rectangular solids in R”,
such that A is contained in the union of the .S;, and

[o0]

D vol(S) <e.

i=1

Then in a manifold X, an arbitrary subset C C X has measure zero if, for every local
parametrization ¢ of X, the preimage ¢~!'(C) has measure zero in Euclidean space.
Note that measures and volumes depend on the ambient space!

» An example of a measure zero subset is given by the set of rational numbers in R.
» Hence for measure theorists, almost every real number is irrational. This example il-
lustrates that something that happens almost never, can still happen often enough to be

noticed.

« By definition, no nonempty rectangular solid in R” has measure zero. Hence it cannot be
contained in a set of measure zero.

- Now, every nonempty open subset of R” contains some nonempty rectangular solid.
Thus, no nonempty open subset of R” has measure zero.

« Hence, no nonempty open subset of a manifold Y has measure zero. In other words, no
set of measure zero in a manifold Y can contain a nonempty open subset of Y.

7.2 Morse Functions

We will now study a very interesting application of Sard’s Theorem. We understand the
local behaviour of smooth maps at regular points by the Local Submersion Theorem 4.2. But
what about the local behaviour at critical points? In fact, it is often at critical points that
the interesting stuff happens. For example, it is often at critical points that the topology of a
manifold can change.

For example, let f : X — R be a smooth function. If X is compact, then we know that
f must have a maximum and a minimum. At a point x € X where f(x) is either a maximal
or a minimal value, f does not change in any direction in X. In other words, the derivative
d f, must vanish (recall d £ (h) is a measure for the change of f in direction /). Hence x is a
critical point in our terminology.
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7.2.1 Height function on the torus

A standard example is given by the height function on a torus, see Figure 7.2:

f

evilical points at critical valies
°S h e .l-mdﬁfdft"
\ oj Y vl wts

| —
| = /.f
|© " lodedth

Zo e coutiupeo... ‘;""‘""‘"

Figure 7.2: The critical points of the height function yield a decomposition of the torus.

Change of homotopy types: We observe in this example that the homotopy type of the
fiber can change at critical points. You may have noticed that have not defined what the term
homotopy type means. Roughly speaking, it is equivalence class of a space under the relation
of homotopy equivalence (which we have not defined either). For example, all contractible
spaces have the same homotopy type (with some assumptions in place). Anyway, we are not
going to fix this lack of precise definitions now. Instead, we look at what happens with the
fibers on the torus in this concrete example:

For s < 0, the preimage A~!([0, s)) under the height functions is empty.

The value is s = 0. For sufficiently small s > 0, the preimage h~!([0, s))
has changed and looks like a two-dimensional disk, just a bit punched in at the center.
In particular, the preimage is contractible in this range.

But when we pass the , the light green dot on the vertical number line,
another significant change happens. For after it, the preimage A~!([0, 5)) looks like a
bent cylinder. On this cylinder, there are loops which are not homotopic to a constant
map, e.g., the dark green circle. Thus, above the critical value, the preimage h1([0, 5))
is anymore. Hence the homotopy type of the preimage has changed at
a critical value.

The next change of the homotopy type happens when we pass the .
The preimage h~1([0, 5]) of the closed interval [0, s] becomes homeomorphic to a com-
pact surface of genus one, i.c., it has one hole, with a circle as boundary.

Finally, after passing the last critical value, the preimage is the whole torus. The torus has
the homotopy type of a compact surface with genus one, i.e., still one hole, but
. In total, we see that a lot of interesting stuff happens at the critical values.
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7.2.2 Morse functions on Euclidean space
We now study smooth functions, i.e., smooth maps to R. We want to understand how critical
points look like locally.

Let us look a smooth function f : R¥ — R. Locally around a point ¢ € R¥, we can describe
f by

S of | — 0f
R T I
Ifcisa , then by definition
_(9f 9 () =
dfc_<axl(c)’~"’axk(c)>_0

(otherwise d f, was surjective as a linear map R¥ — R). Hence the best possible approximation
for the local behavior of f at ¢ is the Hessian matrix of the second partial derivatives. Critical
points where the Hessian matrix is invertible is the we can hope for.

(Non-degenerate critical points and Morse functions) For a smooth
function f: R¥ — R, a point ¢ € R¥ where d f. vanishes, but the Hessian matrix

H(f), = ( i (c)) is invertible at ¢, is called a A

0x;0x;

smooth function f : R*¥ — R for which all critical points are non-degenerate is called a

Non-degenerate critical points are much easier to study than arbitrary critical points, since
they are isolated from the other critical points, i.e., there is an open neighborhood
which does not contain any other critical points. Hence Morse functions are easier to
understand than arbitrary smooth functions.

We check that non-degenerate critical points are : We define a map
0 0
g: R — RX by the formula g = <—f,,—f> (7.1)
0x; 0xy,

Then: df, =0 < g(x)=0.

Moreover, the matrix representing the derivative dg, is the Hessian of f at x. So if

, then not only is g(x) = 0, but g maps a neighborhood of x diffeomorphically
onto a neighborhood of 0 as well. In particular, g is injective in that neighborhood of x. Thus
g can be zero at no other points in this neighborhood, and f has no other critical point in this
neighborhood. [

Another reason to be interested in Morse functions is the fact that there are a lot of them.
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Theorem 7.8 (Morse functions on R* are generic) Let f: U — R be a smooth
function defined on some open U C R¥ and a € R¥, define

foX)=f(x)+a-x.

Then, for almost all a € R, f, is a Morse function.

Proof: We us again the function g from (7.1).The derivative of f, at a point p € U then
satisfies

_ (% Ua .\ —
(dfa)p - <a_x](l’)” axk(p)> - g(p)+a

Hence the critical points of f, are the points p € U with g(p) + a = 0. Moreover, the Hessian
of f, at p is the matrix dg,, i.e.

H(f),=H(f),=dg,
Hence

fq1s Morse < det(H(f,),) # 0 at all critical points p
< det(dg,) #Oatall pwithg(p)+a=0

& —aisaregular value of g.

By Sard’s Theorem, —a is a regular value of g for almost all a € R¥. Therefore almost every
f, is a Morse function. O

7.2.3 Morse functions on manifolds

Now we would like to transport the concept of non-degenerate critical points to manifolds.

Lemma 7.9 (Independence of choice) So let X be a smooth manifold. Suppose that
f: X — R has a critical point at x and that ¢ : U — X is a local parametrization
with ¢(0) = x. Then

d(fop)y = df,odp,

and hence O is a critical point for the function fo¢p. We call x a
if 0 is a non-degenerate critical point for fog.

Independence of choice:

Since we made a choice of a local parametrization for this definition, we need to make sure
that the criterion is independent of the choice.

Solet w: V — X be another local parametrization with y(0) = x. We define § :=
wlogp: U = V. Since 6 is a diffeomorphism, the critical points of fo¢ and foy o8 are the
same.
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Assuming that x is a critical point of f, i.e., d f,, = 0, the chain rule implies for the two
Hessian matrices at 0:

H(fod)y = (d0y) H(f ow)yd0.

Since d6, is invertible, we see

H(fog@),isinvertible <= H(foy), isinvertible. [l

7.2.4 Morse Lemma

An important result on Morse functions is that they can be described in some sort of canonical
form. It extends our understanding of the local behavior of smooth maps and is a key result
in this section:

Lemma 7.10 (Morse Lemma) Let X be a smooth manifold and f: X — Rbea
smooth function. Suppose that a € X is a non-degenerate critical point of f. Then
there is a local parametrization ¢ : U — X with ¢(0) = a and a local coordinate
system ¢~! = (x,, ..., x,) around a such that

— 2 2 2 2
fF@=fl@—x{—...—x2+X  +...+x;

for all x € ¢p(U) where s is the number of negative eigenvalues of the Hessian of f at
a.

For the proof of Lemma 7.10 we follow [12, Part I, §2.1]. We are going to use the following
general observation:

Lemma 7.11 Let f: B*¥ - R be a smooth function defined on an open ball around
the origin in R* with f(0) = 0. Then we have

k
SO, x) = Zx,-gi(xl,...xk)
i=1

for some suitable smooth functions g; : B - R with g;(0) = %(0).

Proof: We have

I
VICTR =/0 dflxy,otxy)

dt
1 k
0
=/ Z—f(txl,...,txk)-xidt.
0 i=1 ax[
Hence we may set g;(x,...x;) = /01 %(txl, s X)) - x;dt. U

Proof of Lemma 7.10: Without loss of generality, we can assume that a is the origin and
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that f(a) = f(0) = 0. By Lemma 7.11 we can write

k
S(xq,.0,x) = ijgj(xl,...xk)
j=1

in a small neighborhood of 0. Since 0 is a critical point, we must have

0
50 =L =0

J

Hence we can apply Lemma 7.11 to each g; and get

k
gi(Xps .o xy) = ijhij(xl, e Xp)
j=1

for suitable smooth functions 4;; defined on the small neighborhood around the origin. Com-
bining these expressions we get

k
fxp,,x) = 2 xixjhij(xl,...xk)

ij=1

We can assume that h;; = h;; since we can replace h;; with h;; = %(hij + hj;) and then get

h;; = hj; and f = ¥ x;x;h;;. By construction we then get
o f
h..(0) = 0).
i/(0) 0xiaxj( )

Thus the matrix H with entry A;;(0) in position (i, j) is the Hessian matrix of f, computed in
the local coordinate system defined by ¢. Since 0 is a nondegenerate critical point, the Hessian
is invertible.

Now we have to show that we can choose a coordinate system such that f has the simple
form of the lemma. To do so, we write H := H(fo¢)), for the Hessian matrix and x =
(x{, ... »x;). Then we have locally

f=x"Hx.

Since the Hessian matrix H is real symmetric, there is an orthonormal matrix P such that
P'H P is a diagonal matrix. Note that multiplying with P’, or P, corresponds to a change of
basis R — R¥. We write y = P’x for the coordinates with respect to the new basis. Let
Ats ..., A, be the eigenvalues of H, where we order them, and hence the columns in P, such
that the first s 4; are negative and the remaining k — s are positive. Note that H does not have
eigenvalue 0, since it is invertible by the assumption on a being a nondegenerate critical point.
Then we get

k
f=xPPHPP'x=yPHPy=Y Ly
i=1

Finally, we make the change of basis R¥ — R* given by rescaling

z; = \/|4;|y; foreachi =1, ... k.
In the new local coordinate system z we have
— 2 2
f=—zi—...—z]+z

2 2
PRI R - L]
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Example 7.12 Letus look at the example of the height function on the torus. To make
the notation compatible with the above theorem, we denote the hight function by f.
This is just a projection onto the vertical coordinate of the points on the torus. At the
point p on the torus with f(p) = 0, we can choose local coordinates x, y and write

) =)+ + ) =X+
At the next two critical values, we can choose local coordinates x, y write f as
f(x,y) = constant + x? - y2.
At the final critical value, we can choose local coordinates x, y such that

f(x,y) = constant — x? - yz.

7.2.5 Morse functions are generic

We are now going to discuss some situations where the Morse Lemma 7.10 is useful. We will
see another important application in Section 18.6 when we discuss the Poincaré—Hopf Index
Theorem 18.16. First, we can generalize the fact that almost all functions are Morse to the
level of manifolds: Suppose X C RN, and let X{,.... Xy € RN be the usual coordinate
functions on RN . If £ : X — R is a smooth function on X and a = (a,, ..., ay) is an N-tuple
of numbers, we define again a new function f, : X — R by

fa :=f+a1x1 + "'+aNxN.

Theorem 7.13 (Morse functions on manifolds are generic) For every smooth function
f: X = R and for almost every a € RV, f, is a Morse function on X, i.e., all its
critical points are nondegenerate.

Proof: We would like to use the above result for U C R¥ open. Since X C R" is in general
(in fact, it is never open if dim X < N), the strategy is to cover X by open subsets
and then try to lift the k-dimensional result to open sets in R™.

So let x be any point in X. First we are going to choose a suitable local coordinate system
around x. Let vy, ..., v, € RN be abasis of T,,(X) (for k = dim X). Then the matrix [v; -+ v;],
having the v;’s as columns, has rank k. Hence it has k linearly independent rows, say iy, ..., ij.
Let 7 : RN — Rk be projection defined by (x, ..., xy) — (x;> > x;, ) where the x, ..., xy
denote the standard coordinates on RY. Then

(a’zrx)m(x) T (X)) — R* is an isomorphism
by construction. Hence, by the Inverse Function Theorem,
Ty X - R is a local diffeomorphism.

Hence we can take the k-tuple of functions (x; ,...,x; )1 X — R* to define a local coordinate
system around x.
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Therefore we can cover X with open subsets U, € R" such that on each U, some k-tuple of
the functions xy, ..., x;y on RN form a coordinate system. Moreover, by some general nonsense
on the topology of Euclidean space, it is always possible to choose a countable subfamily of
the U,’s. Hence we may assume there are only countably many U,,.

Let S € RY be the subset of a such that £, is . Since the countable union of
sets with measure zero has measure zero, it suffices to show that for each U, the set .S, of a’s
such that f,: U, — R is ot Morse, has measure zero.

So let us look at one of the U,’s. We want to show that .S, has measure zero in RV,

To simplify the notation, assume x, ..., x; form a coordinate system around x on U,. We
can write any a € RN as a = (b, ¢), where b denotes the first k coordinates and ¢ denotes the
last N — k coordinates. Around a given point x, we can thus write

o) =F(x)+c- (Xpqp o Xny) + b (xq, ..., xp).

The function x = f(x)+ ¢ - (X}, ..., Xy) is smooth. Hence we can apply our previous result
on genericity of Morse functions on open subsets in R¥ to this function and get that £, is a
Morse function for almost every b € R,

Thus, for a fixed c, the subset of all b € R¥ where f, 1s not Morse, has measure zero in
R*. Hence S, N (R¥ x {0}) has measure zero in RV . It is a classical result in Measure Theory,
called Fubini’s Theorem, which then implies that the set .S, of all a = (b, ¢) where a does not
yield a Morse function has measure zero in R™. Hence f, is a Morse function for almost every
a. L]

Finally, we can also show that being a Morse function is a stable property. In order to prove
stability, we start with a little lemma:

Lemma 7.14 Let f be a smooth function on an open set U C R*. For each x € U, let
H(f), be the Hessian matrix of f at x. Then f is a Morse function if and only if

(det(H(f),))* + Z (ﬁ( )) > 0 forall x € U. (7.2)

. J

Proof: A point x is regular if d f, = (af (x), . af (x)) # 0, and x is a nondegenerate

critical pointif d f, = 0 and det(H(f),) # 0 Hence f 1s Morse if and only if (7.2) is satisfied.
O

Lemma 7.15 Suppose that f, is a homotopic family of functions on R¥. If f; is a
Morse function on some open subset U C R* containing a set K C RX, then
every f, for ¢ sufficiently small is a Morse function.

Proof: We define the map

k af 2
F:UX[0.1] > R, (x,1) > (det(H(f)))* + Y, (a(x)> :
i=1 4
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Since f is smooth, F depends smoothly on both variables. By Lemma 7.14 and the assumption,
we know F(x,0) > O forall x € U X {0}. Since K C U is compact, F has a minimum on
K x {0}, i.e. there is a 6 > 0 such that F(x,0) > 26 for all x € K. Since F is continuous,
there an open neighborhood W C U X [0, 1] containing K X {0} such that F(x,t) > ¢ for all
(x,1) € W. In fact, we can cover K X {0} by open subsets W; C U X[0, 1] such that F(x,t) > ¢
for all (x,t) € W;. Each such open subset W, has the form V; X [0, ¢;) for some open V; C U
and ¢; > 0. Since K is compact, finitely many such open W; suffice to cover K X {0}. Let e
be the minimum of the finitely many ¢;. Then we have F(x,t) > ¢ for all (x,7) € K X [0, €).
Since F is continuous, for any fixed ¢ € [0, €), there is again an open subset V' R¥ containing K
such that F(x,t) > O for all (x,7) € V X {t}. Thus f, is Morse in a neighborhood of K for all
sufficiently small z. L

Finally, we can prove stability of Morse functions.

Theorem 7.16 (Stability of Morse functions) Let X be a smooth manifold,
let f,: X — R be a smooth function and f, be a homotopy of f. If f,, is Morse, then
there is an € > 0 such that f; is a Morse function for all ¢ € [0, €).

Proof: For x € X, let ¢, : U, — X be alocal parametrization around x. Then fo¢, is
a Morse function on U. Since {0} is a compact subset of U, Lemma 7.15 implies that there
is an open subset V, C U, containing {0} and an £(x) > 0 such that f; is Morse on V, for all
t € [0, (x)). The images ¢ (V) are open in X and cover X. Since X is compact, finitely many
suffice to cover X, say

X=¢,V,)UUd, (V)

Then we can set € := minimum of &(x,), ..., &(x,). Then f, : X — R is a Morse function for
allt € [0, ). O



8. Smooth Homotopy

In this chapter we are going to introduce one of the most important concepts in topology: ho-
motopies between maps. The idea of studying objects up to homotopy has turned out be ex-
tremely successful in many areas in mathematics. One motivation for allowing maps to vary up
to homotopy is that it is far too complicated to try to classify and understand all maps between
manifolds. We will soon define invariants, i.e., numbers that we attach to smooth manifolds
and the maps between them. These numbers do not change if we modify a map by a homo-
topy. In fact, we will see that this behavior makes the numbers all the more useful. See also
Remark 8.5 below.

8.1 Smooth homotopies and bump functions

8.1.1 Homotopies

We begin with a fundamental definition:

(Homotopy) Let X and Y be two topological spaces and let I = [0, 1]
denote the unit interval in R. We say that two continuous maps f; and f; from X to Y
are , denoted f;, ~ f}, if there exists a continuous map

F: Xx[0,1]-Y

such that F(x,0) = fy(x) and F(x,1) = f;(x). The map F is called a
between f, and f;. We also write f;(x) for F(x,#). In other words, a homotopy is a
family of continuous functions f, which continuously interpolates between f;, and f.

Here are some first examples:

Example 8.2 Consider f: R — R?, x — (x,0) and f1: R — R2?, x — (x,sinx)
with homotopy F : R x [0,1] = R?, (x,f) — (x,sinx). See Figure 8.1.

Example 8.3 Lety: [0,1] = R?be aloop, i.e., a continuous map where start and end
points agree: y(0) = y(1). Then y is homotopic to the constant map [0, 1] — {0} C
R2. See Figure 8.2. In fact, this is true when we replace R? with any R, since R* is
contractible as we will show in the exercises.

139
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{

A

Figure 8.1: A family of maps which interpolates between a constant map and the sine function.

v

Figure 8.2: Every loop in R? can be shrunk to a point, since R? is contractible.

Example 8.4 In Exercise 8.4 we will show that the antipodal map on the k-sphere
Sk — Sk, x —» —x, which sends a point to the point on the other side of the sphere, is
homotopic to the identity on S* if k is odd. See Figure 8.3. If k is even, however, the
antipodal map is not homotopic to the identity. To prove this claim will require more
sophisticated tools that we will develop in this course. See Exercise 16.4.

o
\

N—

Figure 8.3: The antipodal map on the sphere may or may not be homotopic to the identity map.
This is a subtle phenomenon which we will study in more detail later.

Remark 8.5 (The homotopy category) Homotopy is one of the most important con-
cepts in topology. In fact, a lot of properties in topology are invariant under homotopy.
Therefore, they can be studied by considering maps only up to homotopy. This leads
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to the construction of the homotopy category of spaces in which morphisms are ho-
motopy classes of maps, i.e., continuous maps f and g represent the same morphism if
and only if f and g are homotopic. All the functors that assign an algebraic object to a
topological space are, in fact, homotopy-invariant, and hence they descend to the homo-
topy category. Passing to the homotopy category is a which has had
tremendous influence in many areas of mathematics. We will, however, not be able to
fully appreciate the homotopy category in this course. You will meet homotopies also
in algebraic topology, homological algebra, model categories, co-categories, the theory
of motives in algebraic geometry, new foundations of logic and set theory and in many
other areas of mathematics.

8.1.2 Smooth homotopies

For the study of smooth manifolds, it is desirable to strengthen our assumptions on what a
homotopy is and to require it to be a smooth family of maps. We first present the necessary
definition and will then see that it actually is not such a strong restriction after all.

(Smooth homotopy) Let X and Y be smooth manifolds. We say that
two smooth maps f;, and f| from X to Y are , denoted f, ~ f1,
if there exists a smooth map F : X X [0, 1] — Y such that

F(x,0) = fo(x) and F(x, 1) = f,(x).

F is called a between f, and f|. We also write f,(x) for F(x,?). In
other words, a homotopy is a family of smooth functions f, which smoothly interpo-
lates between f, and f;.

Recall that smoothness of F in the second variable means that we can extend F to a
smooth map X X (—&,1 + €) —» Y for some small € > 0.

To allow only smooth homotopies might seem like a strong restriction. However, it turns
out that we can always approximate a continuous map by a smooth map within its homotopy
class:

Theorem 8.7 (Whitney Approximation Theorem) Let X and Y be smooth manifolds.

Let g: X — Y be a continuous map. Then g is homotopic to a map
f: X — Y. Moreover, if g was already smooth on a closed subset Z C X, then
one can choose f such that fla=8a-

Let gy, g, : X — Y be two smooth maps which are homotopic. Then they are
smoothly homotopic.

We will prove this important result in Section 13.2. See Theorem 13.20 in particular. The
key tool we will use for the proof are tubular neighborhoods that we will introduce and study in
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Section 13.1. For the moment, however, we rather move on and show that smooth homotopy is
an equivalence relation and will then see an application of homotopies.

8.1.3 Bump functions

In order to show that being smoothly homotopic defines an equivalence relation we need to
introduce a new tool: smooth bump functions. Such functions will turn out to be extremely
useful in many applications later.

(Bump function) A on R” is a smooth function R” —
R which takes the value 1 on some neighborhood of the origin and the value O outside
some larger neighborhood of the origin.

We will now show that such functions exist:

Lemma 8.9 (Bump functions exist) For every pair of real numbers 0 < a < b, there
is a smooth function ¢ : R"” — [0, 1] C R such that

) 1 for|x|<a
x) =
? O Tl

In other words, @(x) is equal 1 on the closed ball with radius a around the origin, is 0
outside the open ball with radius b, and between 0 and 1 on the intermediate points.

Proof: We start with the function

e /% fort>0

R - R, =
! A {0 fort <0.

We observe that f is smooth: We only need to think about # > 0. The ith derivative has the
form =1/ times a rational polynomial. Such a product is differentiable and

lim fP@) =0
t—0

since e~/ goes faster to 0 than any rational polynomial can go to +oo. The key feature of the
map f is that it provides a smooth transition from O to positive values.

For given real numbers a < b, we then define the function

f(t—a)
f@—a)+fb-1)
The function g is well-defined and therefore smooth since f(t — a) + f(b —t) > 0 for all ¢.
Moreover, g(t) = 0 if and only if < a and g(¢) = 1 if and only if f(b —1t) = 0, i.e., if and only
if ¢ > b. In other words, g is a smooth function such that

g =

g)=0 fort<a
O0<gt)y<1l fora<t<b
gt)=1 fort > b.
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Finally, we can also define the bump function ¢ by setting

@: R"> R, p(x) :=1-g(|x]). 0

8.1.4 Being smoothly homotopic is an equivalence relation

Now we are ready to improve the following important fact:

Lemma 8.10 (Smooth homotopy is an equivalence relation) Let X and Y be smooth
manifolds. Smooth homotopy defines an equivalence relation on the set of smooth
maps from X to Y. The equivalence class to which a mapping belongs to is called its
homotopy class.

Proof: We need to check that ~ is reflexive, symmetric, and transitive:

Reflexivity: This is clear as every map is homotopic to itself via the homotopy f, = f
for all ¢.

Symmetry: Suppose f ~ g and let F be a homotopy. Then the map defined by (x, t) —
F(x,1 —1?)is a homotopy from g to f. Hence g ~ f as well.

Transitivity: Suppose f ~ g and g ~ h, and let F be a homotopy from f to g and G
be a homotopy from g to 2. We would like to compose F and G to get a homotopy from
f to h. Since we require our homotopies to be smooth, we need to make sure that the
transition from F to G is smooth.

In order to this, we need to manipulate F and G a bit. And here we are lucky that we
have smooth bump functions at our disposal. So let ¢ : R — R be a smooth function
such that

oo Jo 1<
PPV 2374

and define new homotopies F from f to g and H from g to h by

F(x,t) := F(x, o)) and G(x,1) := G(x, ¢(1)).

Now we can define the map

F(x,21) t €1[0,1/2]
H: Xx[0,1]-7Y, H(x,t) =< .

G(x,2t—-1) te[l/2,1].
This map is well-defined and smooth, since F(x,2t) = g(x)t € (3/8,1/2] and g(x) =
G(x,2t — 1) fort € [1/2,5/8). Thus H is a smooth homotopy from f to h. Hence ~ is
also transitive and an equivalence relation. O
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8.2. Simply-connected spaces

Remark 8.11 We emphasize that the role of ¢ in the proof of Lemma 8.10 is merely
to make sure that the transition from F to G is smooth. While ¢t — F(x,2t) and ¢t —
G(x,2t — 1) are smooth in ¢, their concatenation, i.e., the map given by F forz > 1/2
and by G for t > 1/2, may not be smooth at ¢t = 1/2. The smooth bump function ¢,
however, makes both F(x,27) and G(x,2t — 1) constant in ¢ equal to g(x) in an open
neighborhood of t = 1/2.

~

8.2 Simply-connected spaces

We will now explore some more ideas and results related to homotopies. We will formulate
parts of this section for topological spaces and not just smooth manifolds, even though we
are interested in the latter. Recall that by Whitney’s Approximation Theorem 13.20 we can
assume that all homotopies are smooth whenever we consider maps between smooth manifolds,
for example maps S¥ — S”. Thus, when we study manifolds, we can use the techniques we
developed for smooth maps to study homotopies. We begin with the following definition:

(Homotopy equivalence) Let X and Y be topological spaces. A

continuous map f: X — Y iscalleda if there exists a contin-
uous map g: Y — X such that fog ~ idy and gof =~ id,. Wecall g a

of f. We say that X and Y are if there exists a homotopy

equivalence X — Y.

Every homeomorphism is also a homotopy equivalence. However, the converse is
true. For example, recall that a topological space X is called if its iden-
tity map is homotopic to some constant map X — {x} where x is any point of X. A
contractible space X is homotopy equivalent to a one-point space, but it may not be
homeomorphic to it. For example, R” is homotopy equivalent to the one-point space {0}
consisting of the origin in R”. However, R" is homeomorphic to {0} for n > 1, since
any map R"” — {0} cannot be injective.

All properties of a space which invoke a homotopy are preserved under homotopy equiv-

alences. Being contractible is such a property. The following definition provides another ex-
ample of such a property.

(Simply-connected) A topological space X is called
if X is connected and every continuous map S! — X is homotopic to a

constant map.

We study simply-connectedness also in Exercise 8.4 and Exercise 11.2. Here we focus on

the following observation:
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Lemma 8.14 Let X and Y be topological spaces. Assume that X and Y are homotopy
equivalent. Then X is simply-connected if and only if Y is simply-connected.

Proof: Let f : X — Y be a homotopy equivalence with homotopy inverse g : ¥ — X. Let
H: Y x[0,1] —» Y be a homotopy between H(y,1) = fog(y) and H(y,0) = yforally €Y.
Assume that X is simply-connected, and let y : S! — Y be a continuous map. The composition

goy . stLyS xis homotopic to a constant map c. Let A : S' x [0, 1] = X be a homotopy
with A(s, 1) = g(y(s)) and h(s,0) = c. Then we can define a homotopy I' : S! x [0,1] — Y by

ot = {H(y(s), 21) if0<t<1/2
f(h(s,2(1=1)) if1/2<t<1.
We need to check that this map is well-defined. For ¢ = 1/2 we compute
H(y(s), 1) = fog(r(s)) = f(g(r(s)) = f(h(s, 1))
Moreover, we have
[(s,0) = y(s)and I'(s,1) = f(c) forall s € S'.

Thus I' is a homotopy between y and the constant map with value f(c) € Y. This shows that
Y is simply-connected. By applying the argument with the roles of X and Y reversed, we get
the assertion. O

Remark 8.15 We note that Lemma 8.14 helps us classifying spaces up to homotopy
equivalence. There is the bucket of spaces which are simply-connected and the one of
those which are not simply-connected.

For every n > 2, the n-dimensional sphere S” is an example of a simply-connected space:

Theorem 8.16 (S”" is simply-connected for n > 2) For n > 2, the n-dimensional
sphere S” is simply-connected.

Remark 8.17 In Exercise 8.2 we use Sard’s Theorem 7.1 to show that every smooth
map X — S” from a smooth manifold X of dimension k is homotopic to a constant map
whenever k is than n. Since every continuous map S' — S” is homotopic
to a smooth map S' — S” by Whitney’s Approximation Theorem 13.20, this implies
the assertion of Theorem 8.16. Since we have not yet proven Theorem 13.20, we give
an alternative proof that does not make use of smooth maps.

J

Proof of Theorem 8.16: Let p € S" be any point. Stereographic projection defines a
diffeomorphism S" \ {p} = R". In R” every continuous map is homotopic to a constant map.
Hence the assertion follows from the following Lemma 8.18. O

Lemma 8.18 (Paths avoiding a point) Letn > 2 and p € S". Every path y in $"
with y(0) # p # y(1) is homotopic to a path in §" \ {p}.
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Proof of Lemma 8.18: Let U = S"\ {p} and V' = S§"\ {—p}. Then S" is the union the two
open subsets U and V. Both U and V' are diffeomorphic to R” via stereographic projection. By
Lebesgue’s number lemma!, we can find a subdivision by < -+ < b, of the unit interval [0, 1]
such that, for each i, the set y([b;_;, b;]) is contained either in U or in V. If there is an index
i such that y(b;) € U NV, ie., if y(b;) € {p.—p}, then we modify the subdivision as follows:
Each of the sets y([b,_;, b;]) and y([b;, b;]) is either contained in U orin V. If y([b;]) € U,
then both of these sets must lie in U. Then we may delete b; from our subdivision to obtain a
new subdivision ¢, < ... < c,_; that still satisfies the condition that y([c;_;, ¢;]) is contained
either in U or in V for each i. If y([;]) € V we proceed similarly. After a finite number of
steps, this leads to a subdivision gy < --- < a,, of [0, 1] such that y([a,_,, a;]) is contained either
inU orinV and y(a;) € U NV for each i.

For each i, we choose a path y; : [a;_;,a;] — S" as follows: If y([a;,_;,a;]) C U, we set
Vi = 7lia_,.a1- X r(a;_1,a;]) C V, then we let y; be a path which is homotopic to y|, 4,
which avoids p with y;(a;,_;) = y(a;_;) and y,(a;) = y(a;). We can find such a path, since
V' is homeomorphic to R”. Composing the y,’s as paths yields a path [0,1] — S" which is
homotopic to y with the same start- and endpoint and which avoids p. L]

, not all spaces are simply-connected. The following example shows that S! is
simply-connected. We will see further examples later.

Example 8.19 (The circle is not simply-connected) The constant map f: S! —
R2\ {0}, p (1,0),is homotopic to themap g : S! = R?\ {0}, p —~ p. We are not
yet able to prove this claim. It often turns out that showing that a homotopy exist
is much harder than to find a homotopy. We will later develop techniques and invariants
that will allow us to handle such problems. In particular, degrees and winding numbers
will help us. There are also other ways to prove the claim. For example, we will show
the claim in Exercise 11.2 using Brouwer’s fixed point theorem which we will discuss
and prove in Section 11.4.

8.3 Homotopy groups

An important and elegant tool to study a space up to homotopy is provided by homotopy groups
that we will now define.

(Homotopy groups) Let X be a topological space and let x € X be a
point. Let p € §" C R"+1 be the point with coordinates (1,0, ...,0). For n > 1, the set
m,(X, x) is defined as the set of equivalence classes of continuous maps S" — X which
send p to x modulo homotopy. One can show that z,(X, x) is, in fact, a group which
is even abelian when n > 2 and does not depend on the choice of the points p and x.
We note that the neutral, or null element, of 7, (X, x) is the class of the constant map
which sends all of S” to {x}. Even though we will not discuss the construction of the
group operation in this course, we will refer to z,(X, x) as the nth of

A fact from general topology: Let (X, d) be a compact metric space, and let .A be an open cover of X. Then
there is a number 4 > 0 such that for every x € X, thereisa U € A with B,(x) C U.
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X. Forn=1, n;(X,x) =0is called the of X.

One may think of z,(X) as an attempt to understand X by studying how we can map a
given space, i.e., the sphere, into X. Seen this way the role of S$" is as some kind of test
space. However, computing r,(X) may be extremely difficult. In particular, the structure of
the homotopy groups of spheres, i.e., the structure of 7, (S") is in general unknown. Many of
the tools in differential topology have been invented with the goal to compute 7z, (S"). There
are, however, many known cases as well.

Example 8.21 The fundamental group of a simply-connected space is the trivial group.
In particular, Theorem 8.16 implies that the fundamental group of S”, for all n > 2, is
trivial, i.e., 7;(S") = {0}. On the other hand, Example 8.19 indicates that 7[1(81 , p) is not
trivial. In fact, Hopf’s Theorem 17.1 shows that ,(S") is isomorphic to the integers for
all n > 1. To prove this result will require a considerable amount of effort and motivates
many of the forthcoming constructions. See also Section 16.3.

We will show in Exercise 8.2 that x; (X) is trivial for all smooth manifolds of dimension

than k. In particular, we know 7, (S") = O for k < n. A much more interesting

question is whether 7, (S") is trivial or not for k > n. For n = 1, one can show that ﬂk(Sl) is
the trivial group for all k£ > 2. For n = 2, we may then ask:

Question  Is 7;(S?) trivial or not?

In fact, we know of an interesting map f : S* — S2, namely the Hopf map. Hence we
may ask the concrete question whether the Hopf map is homotopic to a constant map. In
Section 12.4.3 we will show that f is homotopic to a constant map. This implies that 7;(S?)
is trivial. This is a famous result due to Heinz Hopf [7] and is one of the highlights of early
stages of differential topology. To show this result will require the development of important
invariants, in particular the Brouwer degree, linking numbers and the Hopf invariant. We
should therefore keep this question in mind as a motivation for the forthcoming chapters.

8.4 Stable properties

We will now study the following question:

Question Assume that f, has a given property, for example let us say that f, is a
submersion. If there is a smooth homotopy between f,, and f;, do we know that f; also
is a submersion? In other words, we would like to know which properties of maps are
or are invariant under homotopy.

In fact, many of the properties we have studied so far are ,1.e., if fyhasa
property P and f, is a homotopy from f; to f, then it is often not true that f| has property P.
For example, we could start with an embedding £, and end up with a constant map f.
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So let us ask a more modest question: given f,, has property P, is there always a small
€ > O such that f, has property P for all t € [0, €)? For example, if f, is an embedding there
is always a small € > 0 such that f, remains an embedding for 0 < r < €. We will say that
being an embedding is stable:

Definition 8.22 (Stable properties) A property P of smooth maps is called a stable
provided that whenever f; : X — Y possesses the property and f, : X — Y is asmooth
homotopy of f|, then, for some € > 0, each f, with < € also possesses property P.

« We also call the maps which have a stable property, a stable class. Examples are the
classes of embeddings, local diffeomorphisms, submersions,... as we will learn soon.

« Note that stability is a very natural condition to ask for: For real-world measurements,
only stable properties are interesting, since any tiny perturbation of the data would make
an unstable property appear or disappear.

In order to get a better idea of stability let us look at some examples:

« That a smooth map f,: R — R? passes through a fixed point in R? is not a stable
property. It disappears immediately. See Figure 8.4.

{o

Figure 8.4: Passing through a point is not stable.

- That a smooth map f,, : R — R? merely intersects the x-axis is not a stable property.
It disappears immediately. See Figure 8.5.

\

X-oxs

Figure 8.5: Mere intersection is not stable.
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- However, that a smooth map f, : R — R? intersects the x-axis transversely is a stable
property. It persists after a small perturbation. See Figure 8.6. This reveals yet another
very important feature of transversality.

—~

lt Y- axls

fo

Figure 8.6: Transverse intersection, however, is indeed stable.

« That two smooth curves (connected 1-dimensional manifolds) meet in R> is not a stable
property. It disappears immediately. See Figure 8.7.

RS
f:O

Figure 8.7: Intersection of curves in three-dimensional space is not stable.

« That a smooth curve and a smooth surface (2-dimensional manifold) intersect trans-
versely in R3 is a stable property. It persists after a small perturbation. See Figure 8.8.

The following theorem tells us that the properties which turned out to be useful for us so far
are all stable.

s “

Theorem 8.23 (Stability Theorem) Let X and Y be smooth manifolds. We assume
that X is compact. The following classes of smooth maps from X to Y are stable
classes:

(a) local diffeomorphisms,
(b) immersions,
(¢) submersions,

(d) maps which are transversal to any fixed closed submanifold Z C Y,

(e) embeddings,
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Figure 8.8: Intersection of a surface and a curve in three-dimensional space is not stable. The
dimensions have to add up.

l (f) diffeomorphisms. J

Note that the assumption that X is compact is crucial and not just made for convenience.
The next example will show that we cannot drop this assumption for any of the properties in
theorem:

Example 8.24 (Compactness matters) The assertion of the Stability Theorem 8.23
fails to be true in general when X is not compact. For a simple example, letp: R - R
be a smooth function with p(s) = 1 for |s| < 1 and p(s) = 0 for |s| > 2. Then we define

fii R = R, f,(x) = xp(tx).

Fort =0, fy(x) = x for all x, i.e., f, = Id. Hence f,, is a local diffeomorphism, an
immersion, a submersion, an embedding, a diffeomorphism and transversal to every
submanifold of R.

However, for any fixed 7 > 0, we have |tx| > 2 when x > 2/|t|. Hence, for this fixed
t, f;(x) =0forall x > 2/|t.

Thus f; is neither a local diffeomorphism, an immersion, a submersion, an embed-
ding, nor a diffeomorphism, and is not transverse to {0} C R.

To emphasise what is going wrong, let us replace the domain with a closed interval,
say X = [a, b] with b > 0, which is a compact subspace of R. Then we can choose
€ > 0 which is small enough such that 1/ > max(|a|, |b|). This implies that x is not
bigger than 1/|¢|. Then we have f,(x) = x for all x and all 7 < e.

Proof of Theorem 8.23:

(a) First we note that local diffeomorphisms are just immersions in the special case when
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dim X = dimY, so (a) follows from (b).

Assume f;: X — Y is an immersion and dim X = m. Letf, be a homotopy of f,.
That f|, is an immersion means that d(f,), is injective for all x € X. We need to show that
there is an € > 0 such that d(f,), is injective for all points (x,7) in X X [0,€) C X X I:

Given a point x, € X, that d(fy),, is injective implies that the matrix representing d(fy),,
(in local coordinates) has an mXxXm-submatrix A(x,, 0) with nonvanishing determinant. Since
the determinant is continuous, this submatrix will have nonvanishing determinant in an
open neighborhood of (x,,0) in X X [0, 1]. Since X is , finitely many such neighbor-
hoods suffice to cover all of X X {0}. Hence there is a small € > O (it is the minimum for the
open intervals [0, €;) covering {0}) such that the intersection of these finitely many neighbor-
hoods contains X X [0, €). Thus d(f,), is injective for all (x,7) € X X [0, €). This is what we
needed.

If f, is a submersion, almost the same argument works. We just need to choose an
n X n-submatrix of the surjective map d(f,), withn =dimY.

Let Z C Y be a closed submanifold, and assume that f,, is a map which is transversal
to Z. Then we have shown that, for every point x € X, there is a smooth function g which
sends a neighborhood of f(x) to 0 € R®%™Z and such that go f,, is a submersion. Since Z is
closedin Y, f~'(Z) is closed in X and therefore also compact. Therefore, , there is an
€ > Osuch that go f, is still a submersion for all # < €. This is means that f, is still transversal
to Z forallt < e.

Assume that f{; is an embedding, and let f, be a homotopy of f,. Since X is compact,
fo and each f, are automatically proper maps. Hence we need to show that when f is a
one-to-one immersion, then so is f; in a small neighborhood. We just checked that being an
immersion is stable. Hence it remains to show that f; is still one-to-one if 7 is small enough.

Therefor we define a smooth map
G: XXI-=>YXI, G(x,t) 1= (f(x),1).

Then ,1.e., if f;, was in some small neighborhood of 0, then, for
every € > 0, we can find at with 0 < 7 < € and x, y € X such that f,(x) = f,(y). For example,
for every €; = 1/i, we could find such a t;, x; and y;. Thus there is an infinite sequence 7, — 0,
and an infinite sequence of points x; # y; € X where f; fails to be injective, i.e., such that

[1,(x) = G(x;, 1) = Gy 1) = £, ().

Since X is compact, we may pass to subsequences which converge x; — x, and y; — y,.
Since G is continuous, this implies

G(x0,0) = lim G(x;.1,) = im G(y,.1,) = G(p.0).

But G(x(,0) = fy(xq) and G(yy,0) = fy(xy). By assumption, f is injective, and hence
XO = yo.

Now, after choosing local coordinates, we can express the derivative of G at (x,, 0) by
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the matrix
%
d(fo)y,
dG(xo,O) = XO "
0---0 1

where the Os in the lowest row arise from the fact that the first coordinates do not depend on
t, and the 1 in the bottom right hand corner is the derivative of the function ¢ - .

Since f is an immersion, d(fy),, has k = dim X many independent rows. Thus the
matrix of dG, () has k + 1 independent rows, and hence dG, () is an injective linear map.
In other words, G is an immersion around (x,, 0) and hence G must be one-to-one on some
neighborhood of (x,,0).

But we have shown above that the sequences (x;,;) and (y;,?;) both converge to (x,,0).
This means that for large i both (x;,¢;) and (y;,t;) belong to this neighborhood. This contra-
dicts the injectivity of G.

(f) Assume that f;: X — Y is a diffeomorphism. Since X is compact, this implies that
Y is compact as well. Let f, be a homotopy of f,. We need to show that there is an € > 0 such
that f, is diffeomorphism for all 0 <7 < €.

Since X is compact, X has only finitely many connected components, and so does Y.
Hence we can check the statement for each of these connected components separately. For, this
gives us an ¢; for each component. Since there are finitely many components, we can just take
the minimum of the ¢;’s as the € for all of X and Y.

Thus we may assume that X and Y are connected. By (a) and (e), we know that being a
local diffeomorphism and being an embedding is a stable property. Thus there is a € > 0 such
that f, is a local diffeomorphism and an embedding. For f, being a diffeomorphism, it remains
to show that f; is surjective.

We fix a0 < t < e. Since f; is a local diffeomorphism, f; is an open map and hence
fi(X)isopenin Y. But f,(X) is also closed, since it is compact being the image of a compact
space. Since Y is connected, this implies f,(X) =Y. L]
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8.5 Exercises and more examples

Exercise 8.1 A manifold X is called contractible if its identity map is homotopic to
some constant map X — {x} where x is any point of X.

(a) Show that if X is contractible, then all smooth maps ¥ — X from an arbitrary
manifold Y to X are homotopic.

(b) Conversely, show that if all maps of an arbitrary manifold Y to X are homotopic,
then X is contractible.

(¢) Show that R is contractible.

Exercise 8.2 Let X be a smooth manifold of dimension k. If k < n, show that every
smooth map f : X — S" is homotopic to a constant map.
Hint: Use Sard’s Theorem 7.1.

Exercise 8.3 Show that the antipodal map S¥ — S*, x +— —x, is homotopic to the
identity if k is odd. (We will see later that this is not true if # is even.)
Hint: Start off with k = 1 by using the linear maps defined by

[0,1] = M(2), t — (COS(n:t) —Sin(n't)>.

sin(zt)  cos(xwt)

Exercise 8.4 Show that all contractible manifolds are simply-connected.

Note that the converse is false. As an example consider X = S2. The 2-sphere
is simply connected, but it is not contractible. For example, the antipodal map is not
homotopic to the identity. We will have to develop further techniques to be able to check
this.

Exercise 8.5 Show that every connected smooth manifold X is path-connected, i.e.,
given any two points x,, x; € X, there exists a smooth map f : [0, 1] — X with f(0) =
xg and f(1) = x,.

Hint: Use the fact that homotopy is an equivalence relation to show that the relation
Xo and x| can be joined by a smooth curve is an equivalence relation on X. Then show
that the equivalence classes are both open and closed subsets of X.

Exercise 8.6 Let X be a smooth manifold. Let f,g: X — S* be two continuous maps
such that | f(x) — g(x)| < 2 for all x € X, where the norm is taken as elements in R¥+1.

(@) Show that f and g are homotopic.
Hint: What does the assumption say geometrically about f(x) and g(x)?

(b) Show that f and g are smooth, then they are smoothly homotopic.
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Exercise 8.7 Let X C RN be a smooth manifold. A vector field on X is a smooth
section of 7 : T(X) — X, i.e., a smooth map o : X — T(X) such that zooc = Idy.
An equivalent way to describe such a section is to give a map s : X — RN such that
s(x) e T (X) C RN for all x (with corresponding o(x) = (x, s(x))). A point x € X is a
zero of the vector field o if 6(x) = (x, 0) or equivalently s(x) = 0.

(a) Show that if k is odd, there exists a vector field on S¥ having no zeros.
Hint: For k = 1, use (x{,x;) = (=x,, x1).

(b)  Prove that if S¥ has a vector field which has no zeros, then its antipodal map x
—x is homotopic to the identity.

Hint: Show that you may assume |s(x)| = 1 everywhere. Now contemplate about
(cos(xt))x + (sin(xt))s(x) when ¢ varies from O to 1.

(¢)  Show that if k is even, then the antipodal map on S* is homotopic to the reflection
map
. gk k
r: ST = SY(xq, LX) P (5X X, e Xy )

Hint: Consider also the reflections

X e X)) = (X, e =X e Xpp )

Show that r;or;, ; is homotopic to the identity on S.



9. Abstract Smooth Manifolds

0.1 Abstract manifolds - the definition

We would like to define manifolds without referring to a given embedding into some R™. The
key idea that should be preserved in any new definition is that a manifold is a space which
locally looks like Euclidean space. First, we recall an important concept from topology:

(Hausdorff spaces) A topological space X is called if, for
any two distinct points x, y € X, there are two disjoint open subsets U,V C X such
that x € U and y € V. In other words, in a Hausdorff space we can separate points by
open neighborhoods.

Every subspace of RV with the relative topology is a Hausdorff space.

However, there are spaces which are Hausdorff. For a typical example of a space
which is Hausdorff, consider two copies of the real line ¥, := R X {1} and Y, :=
R x {2} as subspaces of RZ2. On Y, UY,, we define the equivalence relation (x, 1) ~ (x, 2)
for all x # 0. Let X be the set of equivalence classes. In fact, X looks like the real line
except that the origin is replaced with two different copies of the origin:

éhe with e Qh.scks

Figure 9.1: A space that looks like a line with a double-point. The topology is such that we
cannot separate the two points by open subsets.

The topology on X is the quotient topology: a subset W C X is open in X if and only
if both its preimages in R X {1} and R X {2} are open. Away from the double origin,
X looks perfectly nice like a one-dimensional manifold. But every neighborhood of one
of the origins has a non-empty intersection with any neighborhood of the other origin.
Hence we the two origins by open subsets, and X is

In the definition of an abstract manifold, we want to avoid such pathological spaces. There

155
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are several reasons for this choice. First of all, manifolds are characterised by how open neigh-
borhoods of points look like, and we would like to be able to find separate neighborhoods for
distinct points. That is exactly the Hausdorff property. But there are also slightly deeper rea-
sons. For example, we would like to use the fact that a compact subset Z of a closed subset
Y C X is itself closed in X. This general conclusion requires that X is a Hausdorft space.

Definition 9.2 (Charts) Let X be a topological space. A chart on X is a pair (V, y)
where V' C X is an open subset and y : V' — U is a homeomorphism from ¥ to an
open subset U C R,

Now we can define manifolds:

Definition 9.3 (Abstract manifolds) An abstract smooth k-manifold is a Hausdorff
and second-countable space X, i.e., there exists a countable basis of the topology, to-
gether with a collection of charts (V,,y,) on X such that

» every point in X is in the domain of some chart, and

« for every pair of overlapping charts y, and y, i.e.,

Vaﬂ '=VaﬂVﬁ¢ﬂ,

the change-of-coordinates map
l/fﬂ°l//(;1 Sy Vap) = ws(Vap)

is smooth as a map between open subsets of R¥. In fact, this means that the
change-of-coordinates maps are diffeomorphisms, since they are mutual smooth
inverses to each other.

Definition 9.4 (Smooth maps between abstract manifolds) Let X be an abstract
smooth k-manifold.

» A continuous map f : X — R”"is called smooth if for every charty, : V, = U,,
the composition
f owa_l U, - R"

is smooth as a map from an open subset of R* to R”.

» More generally, let Y an abstract smooth n-manifold and f: X — Y a contin-
uous map. Then f is smooth at x € X if, for every chart X : V — U on X
around x and every chart Y : V/ — U’ on Y around f(x), the map

Y X\—1 o X -1
178 OfIan—l(V/)o(lI/ )IUny/X(an‘l(V’)) U N /8 (V n f (VI)) b d Ul

is a smooth map as a map from an open subset of R¥ to an open subset of R”. We
call f smooth if it is smooth at every x € X.

Note that the smooth k-dimensional manifolds X C RN we have been studying so far are
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X
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céu,‘r ,Sw.:d., F-

Figure 9.2: On a manifold every point is contained in the domain of a chart. If two charts
overlap we can look at the composition of the chart maps and get a map between open subsets
in R*¥. We call this the change-of-coordinate map and require this map to be smooth in the
usual sense.

examples of abstract smooth k-manifolds:

The HausdorfF property is satisfied in RY and therefore also for every subspace of RV
with the relative subspace topology.

Moreover, every open cover {U,} of R has a countable refinement. For, we can take
the collection of all open balls which are contained in some U,, which have rational
radii, and which are centred at points having only rational coordinates.

For an open cover {V,} of a subset X C R, we can write V, = U, N X for some open
subsets U, of RN, Then let {U,} be a countable refinement of {U,} in R", and define
V.=U,nX.

The charts are just what we called local coordinates and the inverses of charts are what
we called local parametrizations. One difference is that we required local parametriza-
tions to be diffeomorphisms. For an abstract manifold X, we use the charts to define
what smoothness means for a map on X. Hence it makes only sense to talk
about the smoothness of the change of coordinate maps. A posteriori we can then check
that charts are in fact diffeomorphisms.

Similarly for smooth maps between manifolds. We only know what smoothness of maps
between Euclidean spaces means. Hence we need to use the charts to first translate the
maps into maps between Euclidean spaces.

In the abstract definition, we take care of the fact that the images of the charts/local
parametrizations overlap. In fact, we use the overlap to the smooth structure.
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Finally, a chosen collection of charts is called an on the manifold. One can show that
every manifold has a maximal atlas, i.e., the images of the charts are as big as possible.

Luckily, our initial definition fits nicely into this picture:

Lemma 9.5 (Smooth manifolds are also abstract manifolds) Let X be a smooth
manifold according to our initial definition. Then X is also an abstract smooth mani-
fold.

Proof: Subspaces in RN are Hausdorff. By our definition of a smooth manifold, we can
cover X by the open subsets associated to local parametrizations. Since X ¢ RY, it suffices to
use countable many such open sets to cover X. It remains to show that X has charts.

Letx € X beapointin X andlet¢p, : U; — V;and ¢, : U, — V, belocal parametrizations
around x with open subsets U;,U, C R¥ and V;,¥, C X. The overlap of V] and V, is not
empty, since it contains x. Moreover, V| NV, is an open subset of X. Since both ¢, and ¢, are
homeomorphisms, ¢! (V; N V;) C U, and ¢;'(V}; N V3) C U, are both open subsets in R¥.
Since both ¢, and ¢, are diffeomorphisms, the transition map

¢;lop, VNV = ¢ (Vi Ny

is a diffeomorphism between open subsets in R¥. Thus our local parametrizations (or rather
our local coordinate systems) do equip X with the structure of an abstract smooth manifold.
O

N

Remark 9.6 (It all fits together) It is nice and important to have such an intrinsic
definition of a manifold. However, the definition is quite abstract indeed. And, in
fact, we are going to show that every abstract smooth manifold can be embedded
into Euclidean space and is therefore a manifold for our previous definition. Hence all
the machinery we have developed can be applied to abstract manifolds.

9.1.1 Tangent space of an abstract smooth manifold

Abstract smooth manifolds also have tangent spaces. There are several different, though equiv-
alent, ways to define the tangent space of an abstract manifold. We will look at just one way
which is closest to our intuitive and concrete approach. In addition, we have seen it in earlier
exercises.

Let X be an abstract smooth manifold of dimension k and let x € X be a point. We consider
the set of all smooth curves through x on X, i.e., the set of all smooth maps y : R — X with
7(0) = x. On this set we define the following equivalence relation:

Lety;: R - X and y,: R — X be two smooth curves with y;(0) = x = y,(0). We
consider y; and y, to be equivalent, written y; ~ y,, if for all charts y : V' — U with
x € V and U c R* we have an equality of derivatives at 0

(wory)'(0) = (woy,) (0)
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where the derivative is taken as maps R — RK. Hence (woy))(0) = (woy,) (0) is just
an equality of vectors in R¥.

Definition 9.7 (Abstract tangent spaces) The tangent space of X at x, denoted
T,.(X), is defined as the set of all equivalence classes of curves through x.

« Actually, it is not necessary that the curves y are defined on all of R. It suffices that
there is an open subset W C R containing 0 and y : W — X is a smooth map defined
on W with y(0) = x. In a more sophisticated terminology, it suffices to consider the
set of germs of curves through x. Then we consider the set of all such curves and the
equivalence relation only requires that the derivatives of the composite with any chart are
equal. Anyway, we see that T, (X) only depends on the local structure of X at x. 0J

9.2 Real projective space

This is an important example which we can easily be described with the new definition of an
abstract manifold, but for which it is not obvious at all how we can embed it into RV .

Definition 9.8 (Real Projective Space) The real projective n-space RP” is the set of
all straight lines through the origin in R"*!. As a topological space, RP” is the quotient
space

RP" = (Rn+l \ {O}) / ~

where the equivalence relation is given by x ~ y if there is a nonzero real number 4
such that x = Ay. This means that a subset V" is open in RP” if and only if its preimage
U = {x e R\ {0} : [x] € V} is openin R\ {0}.

« Note that each line through the origin intersects the unit sphere in two antipodal points.
Hence RP" can also be described as S"/ ~ where the equivalence relation is given by
x ~ —x. As a quotient of S", we see that RP” is actually compact. As we have seen, this
is always very good to know about a space.

Theorem 9.9 (RP” is a smooth manifold) Real projective n-space RP” is an abstract
n-dimensional smooth manifold.

Proof: If x = (x(,...,x,) € R+! \ {0}, we write [x] for its equivalence class considered
as a point in RP”. One also often writes [x] = [xg : ... © x,].

For0 <i <n,let
V= {[x]€RP" : x; #0} .

1

The preimage of V; in R"*! is the open subset {x € R"*! : x, # 0}. Hence each V; is open in
RP". By varying i, this gives an open cover of RP" because every representative (x, ..., x,,)
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of a point [x] € RP” must have at least one coordinate # 0 (otherwise it would be the origin
which is excluded).

For each i, we have the maps ¢, : R" =V

(X oo s K eesXy) o [xg 0o T X T LDyt D]
and ¢~ V; > R"

1
ot oix L ix,] e ~ (X0 oo s Ko eves X,)
i

where X; means that x; is omitted. Note that the quotient xl is well-defined on all of V;.

Since we use a representative of an equivalence class for the definition of ¢,»_1, we need to
check that the definition is independent of the chosen representative:
Ifxg:...ox; 0o ix,]=[Axg ... 0 Ax; ¢ ... ¢ Ax,] for some A # 0, then

1 1

_ 1
¢ ([Ax]) = T A0y oo Xy WXyt oo A,)
]

1 —
= x_(xO, e ,xi_l,xi+1, ,xn) = ¢k1(['x])
i

It is easy to see that ¢b; and qb’._] are mutual inverses which are both continuous.

Finally, the change-of-coordinate maps are smooth: For the composite

—1

&; j
-1 -1
67 VNV VinV,— ¢V Y)
is just
~ 1 ~
(xo,...,xi,...,xn) > o (xo,...,xi_l, 1,x,~+1,...,xj,...,xn)
J

which is smooth whenever x ;F 0.! ]

Remark 9.10 (Tangent space of RP") Intuitively, we can think of the tangent space of
RP”" at a point [x] € RP" as follows: We can consider the point [x] as a pair of antipodal
points (x, —x) in S”. Then a tangent vector at [x] may be viewed as a pair of ’antipodal
vectors’ (v, —v) where v € T,S" and —v € T_,S". To write —v may be justified by
identifying both T, S" and T_,S" with the subspace in R"*! which is orthogonal to the
line L through x and —x:

T RP" = {(v,-v) : vE€ L+ =T,S" c R"™!}. 9.1)

In Remark 9.21, and in the arguments leading up to it, we will see that there is a more
precise and canonical description of the tangent space of RP” at a point [x] € RP”" as

T;,yRP" = Homg(L, L") (9.2)

'Our notation seems to indicate that j must be bigger than i. But this is of course not the case. Both cases i < j
and i > j work out in the same way.
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where L ¢ R"*! is the line through the origin determined by [x] and L+ denotes the
orthogonal complement of L in R"*!,

There are many reasons why real projective space is important. One is that it comes equipped
with a very useful additional structure:

Remark 9.11 (Canonical line bundle) We discussed vector bundles briefly in Sec-
tion 2.5.3. One class of vector bundles are line bundles, i.e., each vector space at a point
is one-dimensional. Real projective n-space has a , often also
called the tautological line bundle. A point in RP” consists of a line L in R"*! through
the origin. Considering L both as a point in RP” and as a one-dimensional vector space
defines a line bundle on RP”".

It turns out that for every sufficiently nice topological space Y with a line bundle
L — Y, there is a continuous map ¥ — RP” (for n large enough) such that L is the
pullback of the canonical line bundle along this map. Up to homotopy, this map is in
fact unique. We refer to this phenomenon as that RP” is a classifying space for line
bundles. The idea is classifying spaces is very powerful and important.

Another, more geometric reason for considering projective spaces is the following:

Remark 9.12 (Intersection at ) A plane V in R3 can be described as the orthogonal
complement of given vector v # 0 in R3:

V= {(xo,xl,x2) eER’: XoUg + X1 U; + X900, = 0} .

Since multiplying the equation xyvy + x;v; + Xx,0, = 0 with a nonzero real number does
not change the set of solutions, we can consider the equivalence classes in RP? of the
points of V. This gives us a line £ in RP*:

L= {[XO . X1 . xZ] E RPZ . xOU0+xlU1 +x2U2 =0}.

In fact, every line in RP? is represented by a plane through the origin in R? and is hence
determined by a nonzero vector v in R3. Moreover, v and Av with A # 0 determine the
same line.

Now assume we are given two distinct lines £, and £, in RP? determined by two
distinct vectors v, w # 0in R3, i.e.,

ﬁ] = {[XO X x2] (S RPZ 5 XOU0+x1U1 +le)2 =0}

[:2 = {[XO CXp x2] S RP2 5 x0w0+x1w1 +x2w2 =0}

The orthogonal complements of v and w, respectively, are two planes through the
origin. Hence they meet in a line through the origin in R3 which is the set of solutions
of the two linear equations defining £, and £, above. This is a one-dimensional vector
subspace of R> (the kernel of a 2 X 3-matrix). By definition of RP?, this subspace
corresponds to a point in RP?. This is the intersection point of £, and £, in RP?. If
this intersection line happens to be the z-axis, i.e., when L, and L, are represented by
the planes given by the xz-plane and the yz-plane, then the intersection pointis [0 : O :
1] € RP2. We can think of it as the point at infinity in RP2.
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In the Euclidean plane R2, however, it may very well happen that two lines are
parallel and hence do not intersect. The idea for RP? is to add a point at infinity
which is the intersection point for all parallel lines.

9.3 Torus and Klein bottle

9.3.1 The torus as an abstract manifold

We already know the torus as an important example of a two-dimensional compact manifold.
So far we have constructed it via coordinates in R3 or as a product S' xS! in R*. Here is another
way to construct a two-dimensional torus T2 without referring to an ambient space:

On the product R X R we consider the relation
(xl,yl)N(xZ,yQ) = xl—xze.Zandyl—yzEZ.

We readily verify that this is an equivalence relation. W equip the quotient space with the
quotient topology and can check that it is just the torus

R xR

~

~Slxs! =72

(xe '£°|° = e;ds b
[ e s

a
.Sqﬂ:vc C all.‘lwbl "law.;

Figure 9.3: The torus T? can be constructed by gluing together the opposite edges of a square.

However, let us have a closer look because we would like to use this picture to equip T with
the structure of a manifold:

Claim: The quotient map
RxR

~

qg: RXR -
is an open map, i.e., ¢ sends open subsets to open subsets.

Let U € R X R be open. By definition of the quotient topology, the image V' = q(U) is
open in T if and only if g7'(V) = ¢!(q(U)) is open in R x R. The latter subset is

V) =q N qU)) = U Ugpmy With U, = {(x, ) ERXR : (x =,y —m) € U}.

nme”zZ

This is a union of open subsets, each homeomorphic to U, and hence open in R X R. L]
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Now we can check that T = =& js a Hausdorff space. Moreover, it has a countable basis

for its topology. Let us just accept these facts. For we are much more interested in the charts
that turn T2 into a manifold. In fact, defining these charts is almost trivial:

Let (x,y) € R X R and let [x, y] be its equivalence classin T. Let U, = IEBf(x, Yy CRXR
be the open ball of radius » > 0 around (x, y). Then the map

RxR

~

dQu, : U, -
is a homeomorphism onto its image for all r < % For it is surjective and it is injective, since
for any two points in U, the difference of the x- or y-coordinates, respectively, is strictly less
than 2r < 1 by the choice of r. Moreover, the inverse is continuous, since we checked that g is
an open map. We use ¢;; as a chart around the point [x, y]. The change-of-coordinate maps
are of the form (or almost, we need to restrict the maps accordingly, but the notation would
become too annoying, so we simplify):

IBrl(x]ay]) -T- Brz(x2ay2)7 (x,y) e (x+ (x2 _x])’y+(y2 _y]))

This is a linear map and hence smooth.

In summary: We have shown that the quotient space T = w is an abstract smooth mani-
fold. And if we ignore or accept the topological general nonsense in the beginning, this was a
very simple way to show that the torus is a manifold. [

9.3.2 The Klein bottle

Another famous and slightly more complicated space is the Klein bottle defined as follows:
This time we consider the relation on R X R defined by

x,y) ~(x3,¥) <= x;+x,€Zandy, —y, € Z.

This is again an equivalence relation and the quotient map is open.

ﬁww'd&{fs d«/a\'fa odfma‘»
v W ”K“IJ[“Q MGQ(JPS UJK

3,(-{,,0 JZM%JA
aﬁ»" e ﬁwlmévaa&gézda‘/,.

Figure 9.4: The Klein bottle can be constructed by gluing together the opposite edges of a
square, but we twist one pair of the two edges.

<

The quotient space K = @ is a Hausdorff space and is the famous so-called Klein

bottle. It is a two-dimensional space which we cannot embed into R*. However, one can draw
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its shadows in three-dimensional space. We see that it may not be the best strategy to first embed
K into an RY. However, to show that K is an abstract smooth manifold is not so difficult.
The charts for K are as simple as for the torus: Again, let (x,y) € R X R and let [x, y] be its
equivalence class in K. Let U, = [Bf(x, ¥) C R X R be the open ball of radius r > 0 around
(x, y). Then the restriction of the quotient map

qu - U, = K

is a homeomorphism onto its image for all r < % for the same reason as for the torus. We use
gy, as a chart around the point [x, y]. The change-of-coordinate maps are of the form (again
we cheat a bit here):

B, (x1,y1) = K = B, (x3, ), (X,9) = (=x+ (X3 +x1), ¥+ (2 — ¥1))-

This is a linear map and hence smooth. L]

Remark 9.13 In the exercises we study Hopf manifolds as another important and
interesting class of examples. They play a crucial role in complex geometry, since they
provide the simplest examples of compact complex manifolds which do not admit a
Kihler metric and therefore cannot be embedded into complex projective space.

9.4 Stiefel manifolds

Definition 9.14 (Stiefel manifold) A /-frame in R"™ is a k-tuple [vy, ..., v;] of
orthonormal vectors in R"**. Define the Stiefel manifold Vk(R"“‘) as the subset

V (R"™F) = { k-frames in IR””‘} C ROk,

Note that we have already met a Stiefel manifold before, since V;(R"*!) may be identified
with §".

The topology on V}(R"*¥) is given as follows: We consider V} (R"*¥) as the subspace of
Skl % ... x §"*=1 of k copies of spheres S+~ given by all orthonormal k-tuples and
equip V,(R"+*) with the subspace topology. It is a closed subspace since orthogonality of two
vectors can be expressed by an algebraic equation. In particular, V, (R"**) is compact, since
the product of spheres is compact (and closed subspaces of compact spaces are compact). In
fact, we can show that Vk(R"+k) actually deserves the name manifold:

7

Theorem 9.15 (Stiefel manifolds are manifolds) The space V, (R"*¥) of k-frames is
k(k=1)

a compact smooth manifold of dimension nk + >

Remark 9.16 We observe that Vk(R””‘) can be identified with the quotient O(n +
k)/O(n). For, if [v,, ...,v; ] and T € O(n + k), then multiplying each v; with T yields
another k-frame [Tvy,...,Tv,]. In fact, any two k-frames are connected in this way,
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ie., if [v,..., v, ] and [U’l, e, U;C] are two k-frames then there is an T € O(n + k) such
that
[W}.....v ] =[Tvy, ..., Tyl

In other words, O(n+ k) acts transitively on the set of k-frames. Moreover, the stabilizer
subgroup of a given frame is the subgroup isomorphic to O(n) which acts nontrivially
on the orthogonal complement of the space spanned by that frame.

J

Proof of Theorem 9.15: We have already proven that V} (R"*¥) is compact. It remains to
show the manifold part. Note that a k-frame [v, ..., v, ] corresponds to an (n + k) X k-matrix
A with v; as ith column. That the column vectors are orthonormal is equivalent to that the
product of the transpose of the ith column with the jth column is 1 if i = j and O otherwise. In

a formula:
. 1 ifi=j
U,’ : Uj = P .
0 ifi#j.

A represents a k-frame in R"™* = A'A = I,

In other words,

where I, denotes the k X k-identity matrix. Let M (n+ k, k) be the space of (n+ k) X k-matrices
and S'(k) denote the space of symmetric k X k-matrices. We define the map

fiMmn+kk)— Sk), A A'A

and we observe V, (R"™) = f=1(1,).

Hence, in order to show that ¥, (R"*X) is a smooth manifold, we need to show that I, is a
regular value for f. We have computed the derivative of f at a matrix A € V,(R"**) in the
proof of Theorem 4.14. There we showed

dfs(B)=A'B+ B'A.
In order to check that I, is a regular value, we need to show that
dfp: Ty(M(n+k,k)) = M(n+k, k) > S(k) =Tr4)(S(k))

is surjective for all A € V,(R"*¥). Recall for the above computation that M (n+k, k) = Rk
and S(k) = RKk+D/2 are vector spaces and that the tangent space of a vector space equals the
vector space. For C € S(k), we set B = %AC € M(n+ k, k) and get

1 1N 1 1 11
df,(B =z¥<—AC>+<—AC>14=—ADM?+—CU¥A=—{?+—C’=Cﬂ
Sa(B) 2 2 2 2 2 2

By the Preimage Theorem 4.7, this shows that ¥ (R"*¥) is a smooth manifold of dimension

dim V,(R"**) = dim M (n + k, k) — dim S(k)
k(k + 1 k(k —1
(_F)znk+ ( ) o

=(m+k)k - 5
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9.5 Grassmannian

There is another very important space that arises from Stiefel manifolds. Any k-frame in R"**
spans a k-dimensional linear subspace in R+,

(Grassmannian) The set of all k-dimensional linear subspaces in R"*+*
is called the , or short the ,

Gr (R"*) = {k-dimensional linear subspaces in R"*}.

The Grassmannian Gr k(R"+k) can be identified with the quotient of the Stiefel manifold
Vk(R"+k) of orthonormal sequences
[V],.... 0]
of vectors v; € R, modulo the equivalence relation given by [U’l, . v;c] ~vg, .., 0d it
and only if there exists an orthogonal k X k-matrix T such that
[W).....v ] =[v),....00] - T,

In other words, Gr,(R"¥) is the quotient of V, (R"*¥) that we get by identifying k-frames
which span the same subspace in R"**:

q: Vi(R™) = Gr (R™), [vy,...,v,] = span(vy, ..., v;) in R"K,
We have already seen an example of a Grassmannian:

Example 9.18 (Projective spaces are Grassmannians) For k = 1, Grl(IR’”'l) is the
space of lines, i.e., one-dimensional subspaces, in R”*!. Thus we have

Gr (R") = RP"

the real projective space of dimension n.

It is actually to embed projective spaces and Grassmannians into Euclidean
spaces. For the moment, we content ourselves with noting that Gr, (R"**) can be embedded
at least in R+ However, it is an interesting and difficult question what the
dimension N such that we can embed them into R™. We will get back to this point in a general
context in Section 9.6.

There are many reasons why Grassmannians are important. We will now sketch one
of them. If it does not make complete sense to you yet, consider it as a advert for a future
adventure.

9.5.1 The canonical bundle

We mentioned vector bundles briefly in Section 2.5. The tangent bundle on a smooth manifold is
an important example. The Grassmannian is equipped with a or tautological vector
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bundle, denoted yZ“Lk. It is defined as follows: A point in Gr,(R"**) consists of a k-plane V in
R”+!. We can consider V" both as a point in Gr,(R"**) and as a k-dimensional vector space,

and we can pick a vector v € V. The space y;’”‘ consists of the collection of such pairs, i.e.,

i ={W,v) vV eGr,R"™), veVy.

Together with the projection 7 : yZ+k — Gr,(R"**) defined by sending (V,v) to V turns yZJ’k
into a a vector bundle on Gr,(R"+).

This vector bundle is extremely useful. Let X € RY be a smooth manifold of dimension k.
Let n be a natural number such that N = n + k. Let x € X be a point and 7T, X be the tangent
space at x. This is a k-dimensional vector subspace of R"**. Hence we can consider T, X as
an element in Gr(R"*%). This defines a map

f1 X = Gr (R, x > T (X).

Now recall that the tangent bundle T'X consists of pairs (x,v) with x € X andv € T, X.
Sending the pair (x,v) to the pair (T, X, v) defines amap f: TX — yl’:+k. Assuming the
results we will prove in this section, both these maps f and f are smooth. Moreover, they fit

into a commutative diagram

TX —L— itk

|

X T) Grk(R”+k).

We can show that this actually defines a morphism of vector bundles. This diagram is often
called a generalized Gauss map. The maps f and f are very useful for studying manifolds.
More importantly, this picture actually has a fascinating generalization:

Theorem 9.19 (Grassmannians classify vector bundles) Let Y be a sufficiently nice
topological space Y with a k-dimensional vector bundle £ — Y. Then, for n large
enough, there is a continuous map f : ¥ — Gr,(R"**) such that E is the pullback of
the canonical vector bundle along this map:

% f

| |

Y — Gr (R"k),

Up to homotopy, the map f is in fact for the isomorphism class of E — Y.
We refer to this phenomenon by saying that Gr,(R*) is a classifying space for k-
dimensional vector bundles. The concept of classifying spaces is very powerful and
we strongly encourage to learn more about it in the future.

9.5.2 Grassmannians are manifolds - geometric proof

Now we show the following key fact:
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Theorem 9.20 (Grassmannians are manifolds) The Grassmannian Gr,(R"¥) is a
compact smooth manifold of dimension k - n.

Note that we will be cheating a bit for the moment. For, we define a map
f: Gr (R - RN

to be smooth if and only if the composite fog: V,(R"*) — RV is smooth. We will
get back to this point later. Recall that in order to shorten our sentences we will often
refer to a k-dimensional linear subspace as a k-plane.

Proof: Since the quotient map ¢ : V,(R"™*) — Gr,(R"¥) is continuous and surjective
and since Vk([R{"”‘) is compact, we see that Gr k([R"“‘) is compact. It remains to show that it is
a smooth manifold.

Let V' C R"* be a k-dimensional linear subspace in R"**, and let '+ be the orthogonal
complement of V' in R"** (with respect to the standard inner product). Define the subspace
Uy, C Gr (R"**) consisting of k-dimensional linear subspaces V'’ of R"** with the property
that V' nV+ = {0}:

Uy ={V' €Gr,(R"™) : V' nVt={0}}.

Equivalently, U3, is the set of all k-dimensional subspaces ¥’/ C R"** which are mapped sur-
jectively onto V by the projection p: R™* =V @V, - V.

We will use subsets of the form U/}, to construct local parametrizations. To do this we need
to check several things:

First claim: U is an open neighborhood of V.

To show that U}, is open in Gr(R"*¥) it suffices to show that its preimage U/}, under q is
open in V; (R™), since we defined the topology on the Grassmannian as the quotient topology
induced by

q: Vi(R"™) = Gr (R™), [vy,...,0v,] — span(vy, ..., v;) in R"K,
By definition of g and U7, the set 17'V consists of all orthonormal k-frames [v’l, e, u;c] such
that
! ! 1 _
span(vy, ..., v, ) N V= ={0}. (9.3)

Let {wy,...,w,} be a basis of W := VL. Then condition (9.3) is equivalent to saying
that the set of vectors {U’l, e U;c, wy, ..., w,} forms a basis of Rk, since they are linearly
independent and span an (n+ k)-dimensional subspace of R"*X. Equivalently, the (n+k)x (n+
k)-matrix M(U’l, e l};{, wy, ..., w,) with column vectors v/, ..., l};{, wy, ..., w, has nonzero
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determinant. Keeping the basis of W fixed, we see that T/}, consists of the preimage of the
open subset R \ {0} under the map

det : V,(R"™) = R, [v'l, ..., U] P> det (M(v'l, s U WY, ...,wn)) )
Hence Uy, is an open subset. This proves the first claim.

Now we are going to define a map from V), to Euclidean space. We can think of each
V' € Uy, as the graph of a linear map V' — W = V' as follows:

Given V' € Uy, let prgl be the orthogonal projection of ¥V’ onto V and pr;,' be the
orthogonal projection of ¥/ onto W. Note that since V' N V+ = {0} and dim V' = dim V,
we know that prg, is an isomorphism. Hence we can define a map

vy @ Uy = Homg(V, W), V' &y, (V') = prg/,o(pr:;,)_l

from Uy, to Homg(V, W). See Figure 9.5.

Figure 9.5: A vector v/ in V'’ defines a linear transformation from V' to W by taking orthogonal
projections.

The space Homg(V, W) is a real vector space isomorphic to R"¥.
We can define an inverse to yy, as well: Given a linear map f : V' — W, the graph of f,
I(f)={v+fw)eVeWw)cVew xR,
is a linear subspace of dimension k£ which satisfies
rHNW =vnw ={0}.
Hence I'(f) € U}, and we define a map 1;/;1 by

w;, 't Homg(V, W) > Uy, f L(f).
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Second claim: yy, and 1//;1 are mutual inverses.

First, note that I'(y, (V")) = V' by definition of vy, (V') by considering V' as the graph of
amap V — W. Now let f: V' — W be alinear map. Then

wy (D)) = priyoprl, )™ (w) = pri, ) (w + () = £ (v).

Hence y,(I'(f)) = f. This proves the second claim.
Third claim: y, is a diffeomorphism.

To prove the claim it remains to show that y, and w;l are smooth. Note that we consider
Homg (V, W) as a topological space by identifying it with R, That is we fix an orthonormal
basis vy, ..., v, for V and an orthonormal basis wy, ..., w, for W = VL. Then we identify
linear maps f : V' — W with their associated matrix A, with respect to these bases. The
entries in A s are real numbers and we can collect them to # - k-tuples, i.e., elements in Rk,

We show first that T is smooth: By definition of the topology on the Grassmannian and our
definition of smoothness on Gr(R"**), T is smooth if and only if the composite

UV, =q\Uy) ——1;,
m} l‘l’v
Homg(V, W)
is smooth. Let [U; Y e v; ] be an orthonormal k-frame which spans V. The entries in the matri-

ces of the maps prEV, and (pr{f/)_l, respectively, expressed in the bases of V, W and V', depend

smoothly on the coordinates of the U; . Hence matrix of the map yy, (V') = prg/,o(prllf,)_1
depends smoothly on the k-frame [0/, ..., v} ] and y, o is smooth.

Now let f: V' — W be a linear map and let A  be its representing matrix (in the bases we
chose). Then there is a unique orthonormal basis v/, ..., v/ of I'(f) with

vi=v+ fv) =, + A (v)

for all i. Hence the coordinates of each U; depend smoothly on the entries in A,. Hence the
k-frame [u’1 s, Ul]in V,(R"*k) depends smoothly on f. Since the k-frame [u’1 s, U] spans
I'(f) = 1;/;1 (f), we can interpret this as I'(f) depends smoothly on f and 1//;1 is also smooth.
This proves the third claim.

In total we have shown that an arbitrary point V' € Gr,(R"*¥) has an open neighborhood
Uy, which is diffeomorphic to R"*. In other words, Gr,(R"**) is indeed a smooth manifold of
dimension » - k. 0

Remark 9.21 (Tangent space of the Grassmannian) The local coordinate chart v,
gives us also a way to understand the tangent space of Gr, (R"**) at V. The map v, be-
haves like a linear map (if we keep vectors small enough) and the image Homg(V/, 189)
of yy, is a vector space. Hence the tangent space of Homg (V, V4)at0is Homg (V, 1789)
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itself. Therefore, we can use dy, to get a linear isomorphism

Ty (Gr (R"*)) = Ty(Homg (V, V1)) = Homg (V, V7).

9.5.3 Grassmannians are manifolds - linear algebraic proof

We now give an alternative argument using row vectors and more linear algebra to prove
Theorem 9.20:

Any k-dimensional linear subspace in R"** is spanned by in Rk, Hence
any such k-dimensional linear subspace V' can be represented by a k X (n + k)-matrix

U1 Ulngk
A=] : - :

Ukt Ukntk

where any two such matrices A and A’ represent the same element in Gr,(R"**) if and only if
there is an invertible matrix k X k-matrix T such that

A =T - A.

NowletI = {i,...,i,} C {l,...,n+k} beak-tuple withi; <i, < --- <i,. We define the
subset U7 of Gr k(lR””‘ ) to be the set of all k-planes which are represented by a kX (n+ k)-matrix
A such that the k X k-submatrix consisting of the columns iy, ..., i, is invertible. We call this
submatrix the of A. Recall that elementary row operations that we learned
about in our very first encounter with linear algebra do not change the row space, i.c., the
space spanned by the row vectors. Hence, after performing suitable row operations, we see
thatevery V' € U7 is represented by a unique k X (n+ k)-matrix in which this I-th kX k-minor
is the k X k-identity matrix. In other words, we can make the following observation:

Lemma 9.22 Every V' € U is represented by a unique k X (n + k)-matrix A;(V') in
which the jth column is the standard basis vector e; of length k if j € I and an arbitrary
vector of length k if j & I.

Example 9.23 (Representing planes by minors) For a concrete example, let k = 3 and
n+k=>5and I = {1,3,4}. Let V be the 3-plane, i.e., 3-dimensional linear subspace,
spanned by the rows of the matrix

36 0 1 —18
A=l3 1 1 0 -7
56 1 1 =21

The I-th minor is the matrix

consisting of the first, third and fourth column of A. This minor is an invertible matrix
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with
1 1 -1
M'=|-3 =2 3
-2 -3 3

Then V' € U7 is uniquely represented by the matrix

1 1 00 —4
Aj=M"'-A=|0 -2 1 0 5
0 3 01 -6

in which the first, third and fourth column form the 3 X 3-identity matrix.

Back to the general discussion:

, any kX (n+k)-matrix with invertible I-th kX k-minor defines a unique k-plane
in U7.

Thus, for each I, the k - n entries in the remaining columns of any k X (n + k)-matrix of this
form define a bijection of sets

wy i Up— RFT

Example 9.24 (Real projective space) For k = 1, we have seen that Grl(R"“) = RP".
A point in RP" is represented by an (n + 1)-tuple x4, ..., x,,, ;. Recall that we denote the
equivalence class by [x] = [x; : ... ! x,,;]. The sets I then consist each of just one
number i € {1,...,n+ 1}. The set U; is then equal to the subset V; we have defined
previously:

U; =V, ={[x] € RP" : x; # 0}.

1

The representing matrix A; of [x] is the matrix with just one row
(x1/%;s oo Lo X1 /x;) and e; = 1 in column i.

Claim: For each I, the subset U7 is open in Gr  (R"5).

By definition of U7, each k-plane in U7 is represented by a k X (n + k)-matrix A such that
I-th k X k-minor consisting of the columns iy, ..., i, is invertible. We define det; to be the map
which sends a k X (n + k)-matrix to the determinant of its I-th k X k-minor. Then det; is a map
on the space of all k X (n + k)-matrices with values in R. This map is continuous, since the
determinant of the I-th minor is a polynomial in the entries of this minor. Thus det; depends

continuously on these entries. Finally, U7 is a preimage of the open subset R \ {0} under det;.
O

We also note that the subset y; (U N U7y,) is open in R*" for every pair I, I’. Now we
can give the second proof:

Proof of Theorem 9.20: We already know that Grassmannians are compact. To show it
once again anyway we could argue as follows: Let E, be the k-plane in R"** spanned by the
first k standard basis ey, ..., e, € Rtk of length n+ k. We deduce from what we learned above
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that we have a surjective map
q: O(n+k)— Gry (R, T — T - E,.

Since O(n + k) is compact and the continuous image of compact sets is compact, this shows
that Gr, (R"*¥) is compact.

We need to show that, for every pair I, I’, the map

yroyyp

v (U NnUp)—— y; (U NUY)

is a smooth map between open subsets of R¥", where we omit to denote the appropriate re-
strictions of y; and y, to simplify the notation. To prove this let V" be a k-plane in U; N U'p.
Let A; be a matrix representing V' with its I-th k X k-minor being the identity matrix and let
A be a matrix representing V' with its I’th k X k-minor being the identity matrix. Let TII, be
the I'th k X k-minor of A;. Then we have

TII, . AI/ = AI'

Since the entries of T I’, vary smoothly with the entries in Ay, it follows that the entries in A
also vary smoothly with the entries in A;. Thus y; oy, is smooth. [

9.6 Embedding abstract manifolds in Euclidean space

We will now study the following fundamental question:

Question  Given an abstract smooth manifold X in the sense of Definition 9.3: Is it
possible to embed X into Euclidean space? That is, is there a natural number N and
an embedding X < RN?

The answer to this question is yes which may justify our initial approach to smooth man-
ifolds as subsets of Euclidean space. We will discuss the proof only for compact manifolds
in Section 9.6.2. The non-compact requires much more familiarity with arguments in general
topology and we omit this discussion.

Once we know that every smooth abstract manifold can be considered as subspace of some
Euclidean space we will try to answer the following question:

Question Given a k-dimensional manifold X ¢ RY: What is the minimal » such
that we can be sure that there is an embedding X C R"?

We will approach an answer to this question in two steps: In Section 9.7.1 we show that
there always is an one-to-one immersion of X into R?**!. If X is compact, this immersion
will automatically be an embedding as we learned in Section 3.3. In Section 9.6.2 we will then
show that also for non-compact smooth k-manifolds there is always an embedding into R2*+1,
In fact, Whitney showed that N = 2k always works. The proof is much harder, and we will not
discuss it in these notes.
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9.6.1 Partition of unity

In several proofs in this section we will employ an important and very useful tool. It will also be
useful in several occasions later on. First we recall some terminology from general topology:

Definition  9.25 (The closure of a subset) Let X be a topological space and A be
an arbitrary subset. The closure of A in X, denoted A, is the intersection of all closed
subsets in X which contain A.

We are familiar with the closure of subsets in many cases. For example, the closure of an
open ball B,(0) in R is just the closed ball

B.(0) = {x € RV : |x| <&}

We need the closure of a subset for example when we want to talk about the support of a
function:

e "

Definition 9.26 (Support of a function) Let X be a smooth manifoldand f: X — R
be a smooth function. The closed subset

supp(f) 1= {[x € X : f(x) #0)

is called the support of /.

We are now going to introduce a fundamental tool for studying manifolds:

Definition 9.27 (Partition of unity) Let X be a smooth manifold and let {U,} be an
open cover, i.e., a collection of open subsets in X such that |, U, = X. A sequence
of smooth functions {p, : X — R} is called a partition of unity subordinate to the
open cover { U, } if it has the following properties:

(@) 0 < pi(x) <1lforall x € X and all 7.

(b) Each x € X has a neighborhood on which all but finitely many functions p; are
identically zero.

(¢) For each i, supp(p;) C U, for some a.

(d) For each x € X, ), p;(x) = 1. Note that according to (b), this sum is always
finite.

The most general existence result for partitions of unity (only requiring that each p; is merely
continuous and not smooth) is that they exist on every paracompact space, i.e., spaces on
which every open cover has a locally finite refinement. The latter means that every point has
a neighborhood that intersects only finitely many sets in the cover.

We will postpone the proof of the existence of partitions of unity on abstract smooth man-
ifolds to Section 9.8 . It is a rather technical proof which would diverts our attention from our
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main story. We will therefore first look at some applications of partitions of unity and will then
show that they actually exist.

9.6.2 Embedding abstract manifolds in Euclidean space
We use partitions of unity to prove the following important result:

Theorem 9.28 (Embedding abstract manifolds in Euclidean space) Let X be a
compact abstract smooth k-manifold. Then there is an embedding X < R" for some
large N.

Proof: The collection of all V,, for all charts (V,, ¢,) is an open cover of X. Since X
is compact, we can cover X by the domains of a finite number of charts V;,...,V,. Let
{p;} be a partition of unity subordinate to the open cover defined by the V;’s. For a chart

¢;: Vi —» U, C RK, we define a new map

pi(x) - ¢;(x) forx eV,

o X - Rk, (x) =
/i fix) {0 for x € X \ supp(p,).

The map f; is well-defined, since if x € V; \ supp(p;), then both definitions agree to be 0.
Moreover, f; is smooth, since its restrictions to the two subsets V; and X \ supp(p;) are
smooth.

Remark 9.29 At this point we see why we do not use X \ V; in the definition of f;
because that would be a subset. We also observe that it would not work to drop
the p; and just use the ¢;, since there is no reason why ¢; would get closer to zero the
closer we get to the boundary of V;. Hence there are several reasons why continuity and
smoothness would be guaranteed without the p;.

Now we define the map
G: X >R'xR™* x> (P1(X), ooy (X)), [1(X), ooy [(X)).

We observe that G is continuous, since the f;’s and the p;’s are continuous.
Claim: G is an injective proper map.

Since X is compact, G is proper. Now we show that G is injective. So assume G(x) =
G(y). Then p;(x) = p;(y) for all i by the definition of G. However, by the definition of a
partition of unity, for at least one i, we must have p;(x) = p;(y) . Thus x and y must lie
in the same V, since p; is supported on V;, i.e., p;(x) # 0 implies x € V; and similarly for y.
Hence, since we have f;(x) = f;(y) and p;(x) = p;(y) , we must have

i(x) = ¢;(¥).

Since ¢; is a bijection, this shows . Thus G is injective.
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Finally, we can show that G is an immersion. However, we have not yet defined what that
means for abstract manifolds. While this is just an exercise in translating the definitions, we
omit this discussion here. L]

e D

Remark 9.30 (All manifolds can be embedded in Euclidean space) In fact, every ab-
stract k-manifold X can be embedded in Euclidean space. One can just keep on going
with the above argument in the non-compact case and use local charts to map pieces
of X into R*. Though when using only finitely many copies of R* to accommodate
infinitely many neighborhoods of X, we loose injectivity. The key tool that restores
injectivity is a partition of unity which evens out the troubles caused by overlapping
neighborhoods. For this to work, it is crucial that the topology on X has a countable
basis. This is a technical point which we do not discuss any further because it would
divert us too far from the main story.

9.7 Whitney's Theorems for smooth manifolds

9.7.1 Whitney’s Immersion Theorem for smooth manifolds

As Theorem 9.28 tells us that manifolds can always be embedded into Euclidean space, we now
turn our focus to the following question:

Question Assume we know that a smooth manifold X can be embedded into RV .
For example, X ¢ R" could be a smooth manifold in the sense of Definition 2.23. How
much can we reduce the dimension N in general?

We first consider this problem for an immersion:

Theorem 9.31 (Whitney’s Immersion Theorem) Let X C RN be a smooth k-
dimensional manifold. Then X admits a one-to-one immersion into R2k+1,

Remark 9.32 Note that Theorem 9.34 does not necessarily give us the minimal N for
an individual manifold. For example, we know that S” is embedded in R"*! for every
n. In fact, Theorem 9.34 tells us that N = 2k + 1 always works. The example of real
projective space shows that N cannot, in general, be reduced beyond 2k — 1 if we require
an immersion: if there is an immersion RP2" — R2*k_ then k must be at least 2" — 1.
We will learn about the techniques that allow to show this in more advanced algebraic
topology course. An excellent book to read more about this fact is [14].

\. J

Proof of Theorem 9.31: Assume that X is a smooth k-dimensional manifold which is
a subset in RN for some N > 2k + 1. In particular, we are given an injective immersion
X < RM. Our goal is to show that we can choose N to be 2k + 1 and still have an injective
immersion. Therefor we are going to construct a linear projection RN — R2**! that restricts
to a one-to-one immersion X < R?**! on X. The construction will proceed by induction:
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Whenever we are given an injective immersion f : X < RN with N > 2k + 1, then we
will show that there exists a vector a € R" such that the composition

XLRY S H:=(beRY : bla)

of f with the projection map 7 carrying RY onto the orthogonal complement H of a is
an injective immersion. The complement H = {h € RN : b 1 a}is an N — l-dimensional
vector subspace of R™, hence isomorphic to RN~!. Thus, after choosing a basis for H, we
obtain an injective immersion into RV~!. Continuing this procedure yields a chain of linear
maps

RN 5 RN 5 ... 2K+

such that the composition X — RY — R*+1 jg still an injective immersion.
So we now assume that we have an injective immersion
f: X o RN with N > 2k + 1.
We define two smooth maps
XXXXR
lh

T(X) —5—RY

by
h: XXX xR = RN, (x,y,0) = t(f(x) = f())

and, using Ty(RN ) = RN atany y € R" and hence the derivative d fy 18 a smooth map
df,: T.(X)— RN, by

g: T(X) = RN, (x,v) = df, (v).

By Sard’s Theorem 7.1, the sets of regular values R, and R, for g and h, respectively, are
dense subsets in RY. Thus their intersection is and there exists a point in RV
which is a regular value for g and h simultaneously.

Since dim T (X) = 2k, dim(X X X X R) =2k +1,but N > 2k + 1, the regular values
of g and h are the points in R which are in the image of g or 4. Hence there exists a point
a € RN which is in the image of g nor in the image of /. Note that, since 0 belongs to
both images, we must have

Remark 9.33 (Cannot reduce beyond 2k + 1) Before we move on, note that we could
only make this argument for N > 2k + 1. Hence this induction argument of shrinking
N further and further cannot be extended beyond 2k + 1.

Let 7 be the projection of RY onto the orthogonal complement H of a.

First claim: zof : X — H is injective.



178 9.7. Whitney's Theorems for smooth manifolds

To prove the claim, suppose that o f (x) = mo f(y). Then, since x is linear, we have
z(f(x)— f(») =0,
1.e.,

f(x) — f(») € Ker (x) = span(a) in RY

={weR"N :w=t-aforsomet e R}.
Thus there is at € R with f(x) — f(y) = ta. If x # ythent # 0, since f is injective. But then
a=1/1(f(x) = f(y) = h(x,y,1/1)

which the choice of a being in the image of A.
Second claim: zof : X — H is an immersion.

To prove the claim we suppose there was a nonzero vector v in T,.(X) for which d(xo f), =
0. Because x is linear, we have dz (., = 7 and the chain rule yields

d(zof), = nodf,.

Thus z(d f,(v)) = 0, so d f,(v) = ta for some t € R. Because f is an immersion, we must
have ta # 0. Since we know a # 0, this implies # # 0. Thus, since d f, is linear,

a=rdfwy=df, (10) =g (x10)
t t t
which again the choice of a being in the image of g. 0J

For compact manifolds, one-to-one immersions are embeddings. So we have just proved
the embedding theorem in the compact case.

Theorem 9.34 (Whitney’s Embedding for compact manifolds) Every compact
smooth k-dimensional manifold X ¢ R admits an embedding into R2<+1

9.7.2 Whitney’s Embedding Theorem

In order to extend Whitney’s Theorem 9.31 to non-compact manifolds, we have to modify the
immersion to make it proper. This is a topological, not a differential problem. The key tool
to solve this problem will again be partitions of unity. In particular, they allow us to prove the
following key lemma:

Lemma 9.35 (Existence of proper functions on manifolds) On every smooth manifold
X, there is a proper smooth function p: X — R.
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Proof: Let {U,} be the collection of open subsets of X that have compact closure, and let
{p;} be a subordinate partition of unity. Then

[o0]

px) = ) ip(x)

i=1

is a well-defined smooth function, since, in a neighborhood of every point, it is a finite sum of
smooth functions.

In order to show that p is proper, we need to show that the preimage of any compact subset
of R is again compact. Every compact subset K C R is contained in a closed interval of the
form [—j, j] for some large enough natural number j. Hence if we can show that p~!([—j, j])
is compact, then p~!(K) is a closed subset of a compact set and therefore also compact.

For a given natural number j, assume we have p;(x) = - = p j(x) = (0 forany x € X.
Then, by definition of a partition of unity, we have

2 r0)=1

i=j+1
and therefore

PO =G+ Y a0 =j+1>).
i=j+1

This shows

Jj
p(=iih e | Jx e X 1 pix) £ 0).
i=1

Since {p;} is a partition of unity subordinate to {U,}, we have supp(p;) C U,. Since U, has
compact closure and the finite union of compact sets is compact, this shows that p~!([—j, j])
is a closed subset in a compact set and therefore it is also compact. L]

Theorem 9.36 (Whitney's Embedding Theorem) Every smooth k-dimensional man-
ifold X ¢ R" admits an embedding into R?*+1,

Remark 9.37 We note that the strongest general result is that N = 2k suffices. But
this is much harder to prove. There are, of course, many examples of smooth manifolds
for which an even lower dimension suffices: e.g., the n-sphere S” is embedded in R"*!.

. J

Proof of Theorem 9.36: The idea is to replace the injective immersion f : X — RN
with the map (f,p): X & RN*! with a proper p: X — R. Then (f, p) is still an injective
immersion, and it is proper, since p is proper. It remains to reduce the dimension N + 1. The
details are a bit more involved:

Starting with X € R™ we have seen that we can find an injective immersion f : X —
R?*+1, By composing f with the diffeomorphism

X

R2k+1 N B2k+1 0 , X ,
r O 1+ |x|?



180 9.7. Whitney's Theorems for smooth manifolds

we can assume that | f(x)| < 1 for all x € X.

Let p: X — R be a proper function which we know to exist by Lemma 9.35. We define a
new injective immersion

F: X = R*2 x (f(x), p(x)).

Since 2k +2 > 2k + 1, we can apply the argument from the proof of the previous theorem
by Whitney and find a nonzero vector a € R**+2 such that

moF: X - H

is still an injective immersion, where 7 is the projection onto the orthogonal complement
H = {b € R**2 : p 1 a} of ain R?**2, By rescaling we can assume |a| = 1. In other words,
we can assume a € S?+1,

Since 7o F is an injective immersion for almost every a € S***!, we can assume that a is
neither the north nor the south pole on S***!. For if 7o F failed to be an injective immersion
on these two points, it would suffice to rotate S***! a bit (which is a diffeomorphism of S?k+1)
in order to avoid north and south pole.

This will allow us to show that zo F' is proper as follows:

Claim: Given any bound c, there exists another number d such that

{xeX :|(moF)x)| <c}C{xeX :|px)|<Ld}

The claim implies properness: Since p is proper, the set
(xe X :|px)| <d}=p(-d.d])

is a compact subset of X. Thus the preimage under zo F of every closed ball in H is a compact
subset of X. Since every compact subset K of H is a closed subset of some closed ball in X,
this shows that (o F)~!(K) is a closed subset of a compact subset in X and therefore also
compact.

Proof of the claim: If the claim was , then there exists a ¢ and a sequence of points
{x;} in X for which

|(moF)(x))| < ¢, but |p(x;)| = oo

as there would be no d bounding |p(x;)|. By definition of the projection onto an orthogonal
complement, for every z € R*+2, z(z) is the one point in H for which z — 7(z) is a multiple
of a. In particular,

F(x;) — n(F(x;)) is a multiple of a for each i,
and hence so is the vector

w, 1= P(in) (F(x) — m(F(x)))) -
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Let us look at what happens when i tends to infinity:

F(x,') f(x,')
= ,1)—(,...,0,1
) (p(xi) > ( )

because | f(x;)| < 1 for all i and p(x;) — co. We have

‘H(F(xi)) <_¢
p(xp) |7 IpGepl

Thus
M - 0=w;,—(,...,0,1).
p(x;)

But each w; is a multiple of a. Hence the limit of the w; must be a multiple of a as well.
We conclude that a must be either the north or south pole of S¥*! which
on a. This proves the claim and finishes the proof of the theorem. [

9.8 Existence of partitions of unity on abstract manifolds

Now we return to partitions of unity and prove that they exist on smooth manifolds. Before we
can start the proof, we need some further preparation.

9.8.1 Bump functions revisited

Lemma 9.38 (Separating closed subsets) Let A and C be disjoint closed subsets in
RN . Then there are disjoint open subsets U and V such that ACc U and C C V.

Proof: For each a € A, choose an ¢, > 0 such that B), (a)nC = @. This is possible since
C is closed. Similarly, for each ¢ € C, choose an &, > 0 such that B,, (c) N A = ). We define

U i=UzeqB, (@ and V :=U.cB, ().
Then U and V are open subsets with A C U and C C V. We claim that U and V are disjoint.
For,if x € U NV, then
X € Bga(a) N Bgc(c)
for some a € A and ¢ € C. By the triangle inequality, this implies
la—c| <eg,+e,.
But,if ¢, < €., then |a—¢| <2¢,and a € By, (¢). And, ife, < ¢,, then [a —c| < 2¢, and
c e BZ% (a). Both cases are . ]

An important tool that we will need are smooth bump functions which we introduced in
Section 8.1. Now we will need them in a slightly more interesting form:
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Lemma 9.39 (Smooth bump functions revisited) Let U C R" be open and K C U
be compact. Then there is a smooth function ¢ : RY — R with ¢(x) = 1 forallx € K
and ¢(x) = 0 for all x € RN \ C for some closed subset C with K ¢ C C U.

Proof: By Lemma 8.9, we can construct a smooth, nonincreasing function h’ as in Fig-
ure 9.6

such that
h(x)=1 [x—a|<r
O<h(x)<l r<|x—al<r+e
hi(x) =0 |x —a|>r+e
A

-

Figure 9.6: A function with a smooth transition from having constant value 1 to having constant
value 0.

This gives us a smooth function R — R which has value 1 on the compact subset B,(a)

and has value 0 the closed subset B, (a). Now let U C R be open and K C U be
compact. For this general situation we need to work a bit harder and rearrange the argument
as follows:

Let y be the function

1
v: RNV SR, wkx) = eXp<|X|2—1> Xl <1
0 |x] > 1.

We remember from Calculus that this is a smooth function. For a given € > 0, we define
v, : RN - Rby
v (x) = vix/e)
/ RN w(x/e)dx

This is still a smooth function with fR ~v W.dx = 1 where dx denotes the standard Lebesgue
measure on RV,
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Since RN \ U is closed and K is compact, we can choose by Lemma 9.38 a small € > 0
such that, for each point x € K, we have B, (x) N U = @. Thenthe V' := U, g B, (x) is an
open set containing K with compact closure V' C U contained in U.

Let y,, be the on V, i.e. the function

)(V:RN_’R’ xx)=1 forxeV
xy(x)=0 forxgV.

The function y) is identically 1 on K and has compact support contained in U. But it is
of course not smooth on RY, not even continuous. Hence we need to modify it, to make it
smooth. The function y_, for the fixed £, will serve as a tool to make y; smooth.

Then the desired smooth function ¢ is the convolution y, * y;, of y}, and y,:

p: RN SR, x+— /N v (x =y xy(dy.
R

Note that the integral is well-defined, since the support of yy,, i.e., the closure of V, is compact.
O]

9.8.2 Existence of partitions of unity

We are going to show that partitions of unity exist on manifolds step by step with increasing
difficulty. We start with the case of compact subspaces in R". Then we are going to transport
this result to compact smooth manifolds. Finally, we discuss arbitrary compact smooth k-
manifolds. There is no need to restrict to compact manifolds. In fact, partitions of unity exist
on every paracompact topological space, i.e., on spaces where every open cover has a locally
finite refinement. This is a class of spaces which is much larger than abstract manifolds.

First case: X C RN compact.

Let {U,} be an open cover of X. Since X is compact, {U, } has a finite subcover {U,, ..., U, }.
A partition of unity subordinate to the finite subcover is also a partition of unity subordinate
to the

Step 1: We are going to show that we can to anopen covering {V; ..., V,}
such that V; Cc U, for each i.

Consider the closed subset
A:=X\(U,u--UU),

of X. Since {U,,...,U,} cover X, we know A C U;. Since A and X \ U, are closed disjoint,
we can choose an open subset V; containing A such that V] is disjoint to an open subset W
which contains X \U,. Thus V] is contained in the complement X \ W. Since X \ W is a closed
subset which contains V;, we know 71 C X \ W since the closure of V] is the intersection
of all closed subsets which contain V;. Since X \ U; C W by the choice of W, we have
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X\ W c X\ (X \U,) = U,. Thus we have V|, C U,. Since ¥, contains the complement of
U, U - UU,in X, the collection {V},U,, ..., U,} covers X.

Now we proceed by induction as follows: Given open subsets V|, ..., V) _; such that
X={V,....Vic, U, Uyy,.... U, },
let A, be the subset
Ay =X\WNU-—UV,_pDUU,, U--UlU,).

Then A, is a closed subset of X which is contained in the open set U,. Choose an open subset
V) containing A, such that V', c U,. Then {V},....V,_,V}, U4y, ..., U, } covers X. At the
nth step of the induction we are done.

Step 2: Given the open covering {U, ..., U, } of X, we use Step 1 to choose an open cover
{Vi,...,V,} of X such that V; C U, for each i. Then we repeat this process and choose an
open cover { W, ..., W,} of X such that W; C V; for each i.

For each i, we choose by Lemma 9.39 a smooth bump function

@; © X = [0, 1] such that qoi(Wi) = {1} and ,(X = V) = {0}.

Since ¢ '(R \ {0}) C V;, we have
supp(g;) C Vi cU,.

Note: Here is the point where we see why we need to ep : If we were working
with the V}’s instead of W;’s, then we would have supp(¢) C U, instead of supp(p) C U, as
required for a partition subordinate to the cover {U;}.

Since {W, ..., W,} covers X, we have

p(x) .= @;(x)>0forall x € X.

n
i=1

Finally, for each i, we define

@;(x)

P =0

Second case: X C R and X = X, U X, U X5 U --- where each X; is compact and
X; Cint(X; ).
Let {U,} be an open cover of X. For each i, we define
U! :=U, N (X4 \ int(X;_,)).
Then {U;} is an open cover of Y; := X, \ int(X,_,). Since int(X;_;) is an open subset, Y;

is a closed subset of X; and therefore Y; is also compact. Then, for each i, the first case implies
that there is a partition of unity (pfx on Y; subordinate to the cover {U l; }.
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For each x € X, there is an i such that x € X; and hence ¢£(x) = Oforall j > i+2. Hence,
for each x € X, the sum

P(x) 1= Z @ (x)

is a finite sum in some open set containing x. For each a, we define
i

@, (%)

@(x)

This is a partition of unity subordinate to the open cover {U,}.

pl(x) 1=

Third case: X C R" is open.

Define subsets
X, :={x € X : |x| < i and the distance to R \ X is > 1/,}.

Then these subsets satisfy:

« each X; is compact, since it is the intersection X N B;(0) N (X \ (U ern\ x By /:(p)) and
therefore closed and bounded in RV ;

o foreachi: X; Cint(X,,);

L4 X=X1 UXZU"'.
Hence we can apply the second case.
Fourth case: X C RV arbitrary.

Let {U,} be an open cover of X. By the definition of the subspace topology on X, for each
a, there is a subset V, C RN open in R" such that U, = X N V,. Let Y be the union of all the
V, in RN, By the third case, there is a partition of unity on Y subordinate to the open cover
{V,}. This is also a partition of unity on X subordinate to the open cover {U,}.

Last case: X is a compact abstract smooth k-manifold.

Let {V,} be an open over of X. By intersecting with the domains of charts on X, we get a
refinement of the cover. Hence we can assume that V,, are the domains of charts on X. Since
X is compact, the domains of finitely many charts on X suffice to cover X. Let us label them
W, d0. ... (V,, @,). Then each U; = ¢;(V;) is an open subset in Rk.

Now we can proceed exactly as in the case of a compact subspace in R” for the finite
cover {U,,...,U,} of the space Y := U, U .- U U, C RK. This yields a partition of unity
{p;} subordinate to the cover {U,, ..., U,}. Composition of each p; with ¢, yields a partition
of unity {p;o¢,;} on X subordinate to the cover {V}, ..., V,}. [
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9.9 Exercises and more examples

Exercise 9.1 Let X be the set of all straight lines in R? (not just lines through the
origin).

(a) Show that X is an abstract smooth 2-manifold by showing that we can identify X
with an open subset of the real projective plane RP?.“

(b) Show that there is a bijection between X and the set of equivalence classes
(S'xR)/ ~
where ~ is the equivalence relation defined by

(s,x) ~(y,t) < t=xsand y = x.

“Here we use that open subsets of abstract smooth k-manifolds are again abstract smooth k-manifolds.

Exercise 9.2 Recall the Hopf map = that we have seen previously: We consider S> as
asubset of C2,ie., S* = {(z,w) € C? : |z|> + |w|* = 1}, and S? as a subset of C X R,
ie,S?={(z,x) € CXR : |z|*> + x?> = 1}. Then the Hopf map x is the map S°> — S?
given by

m(z,w) = (2zw, |z|* — |w|?) .

In this exercise we study another way to define the Hopf map:

Let CP' denote the complex projective space consisting of all complex-one-
dimensional linear subspaces in C>. We can consider CP! as the set of pairs (z, w) #
(0, 0) of complex numbers modulo the equivalence relation

(zg, wp) ~ (z;,w)) &= 2z = Az5and w; = Aw, for some 4 € C\ {0}.

We consider CP! as a topological space as the quotient (C? \ {(0,0)})/ ~ and write
[z : w] for the equivalence class of (z, w).

(@) Show that CP! is a two-dimensional abstract smooth manifold.

Hint: Follow the outline for RP”.

(b) We consider S? as a subset in C>. Show that CP! also can be defined as a quotient
CP! = S3/ ~, by an appropriate equivalence relation ~ .

(¢)  We consider S? as a subset in C? and define the map
p: S > CP, (z,w) P [z : w).
Find a map 2 : CP' — S? such that the composition
32 cpl L 82
equals 7.
Hint: Think of the stereographic projection.

(¢) Let [z, wy] be apoint in CP'. Describe the fiber p~!([z, : wp]).
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In the next exercise we let a group act on a space. If you are not familiar with group actions
yet, you may want to skip this exercise or first read about group actions in a textbook of your
choice.

Exercise 9.3 In this exercise we study examples of Hopf manifolds:
Let 0 < 4 < 1 be a fixed real number. We let k € Z acton C" \ {0} by

(Zps ..., 2,) = (AFzy, ..., Ak z).
The Hopf manifold H f” is defined as the quotient
H;" :=(C"\ {0})/Z,

i.e., we identify points z and A*z for every k € Z.

We can show that H f" is a 2n-dimensional abstract smooth manifold. To focus on
the important features, we will restrict our study to the cases n = 1 and n = 2. Though
the general argument follows the same outline. We are also going to fix a A4 and write
H?* for H f".

(a) Show that H? is a 2-dimensional abstract smooth manifold.”

(b) LetA={z€C :1<]z|] <2} c C. Show that H> homeomorphic to the
quotient A/Z and deduce that H? is a compact space.

(c) Show that H* is a 4-dimensional abstract smooth manifold.

Hint: It is the same argument as for n = 1. We are just practising a bit more.

(d) Show that there is a homeomorphism between H* and S® x S'. Then show that
this actually a diffeomorphism by showing that the compositions with coordinate
charts are smooth.?

Note: The Hopf surface H j is the simplest example of a compact complex manifold
which cannot be equipped with a Kdhler metric and cannot be holomorphically embedded
into complex projective space. This follows from that fact that Hj' ~ S3 x S! implies
that the first cohomology of a Hopf surface is one-dimensional, whereas every Kéhler
manifold must have an even-dimensional first cohomology. This is a first glimpse at the
exciting theory of complex geometry.

“Once we have learned more general theory, we can say that this follows from the fact that the action of
Z on C" \ {0} is free and discrete.

bNote that H? is called the Hopf curve, since it is usually considered as a complex manifold of complex
dimension one.

“Note that H* is called the Hopf surface, since it is usually considered as a complex manifold of complex
dimension two.

In general, H?" is diffeomorphic to $*"~! x S'. The previous point for n = 1 is a special case of this
fact, since A/Z = S! x S!.
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Exercise 9.4 For 0 < m < n, the real Milnor hypersurface H (m,n) is defined by

H(m,n) = {([xo Dt x, LDyt y) ERPTXRPT DY xyy, =0}.

i=0

Show that H (m, n) C RP™ X RP" is an abstract smooth manifold of dimension m+n— 1.

Hint: Show that the subsets Vi = {(Ixg ¢ oo 2 x, L [yg 2 -.. t y,)) € Him,n)
x; #0,y; # 0} are open and their union for all i # j covers H (m, n).



10. Manifolds with Boundary

10.1 Motivation: A first glimpse at intersection theory

Before we introduce the main new definition of this chapter, we look at an interesting problem
we like to solve.

Consider the two smooth manifolds S? and RP?, real projective 2-space. We have seen that
both are smooth manifolds of dimension 2, both are connected and compact. So one might
wonder if there is any topological feature that distinguishes these two spaces. In other words,
one might even wonder: are they homeomorphic or even diffeomorphic? The answer is

« (A new challenge) The manifolds S? and RP? are homotopy equivalent and
therefore not diffeomorphic. But how can we prove this?

To attack this problem, we need a new idea. For example, we could study the homotopy
classes of loops on S? and RP?, i.e., of continuous maps S' — X for X being either S? or RP?.
If these two spaces were homeomorphic, the sets of such homotopy classes of loops would be
the same. But we can show that the sets we get for S* and RP?, respectively, are different and
hence S? # RP%:

For S2, every continuous map S' — S? is homotopic to a constant map. In fact, S is
a simply-connected space. One way to show this is to use the stereographic projection
and to use that R? is contractible. This requires, however, to show that every loop is
homotopic to a loop which does not pass through a given point on S%. This is not difficult,
but takes some time to write down. We skip this for the moment, but we could do it!

For RP?, however, there isamap £ : S! — RP? that is homotopic to a constant map.

Let us see how suchamap £ : S' — RP? could look like: We define f via the commutative
diagram

[0.27] — L 2

| §

Sl T)RPZ =§2/ ~

where 7 is the quotient map, the left vertical map sends ¢ to (cos t,sint) € S! and f is defined
by
f:10,27] = S%, t+ (cos(t/2),sin(t/2),0).

Since (cos 0, sin0,0) = (1) - (cos «, sin z, 0), the map zo f induces a continuous map

f:10,271/(0 ~27) = S' - RP2.

189
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We can even show that f is smooth: We show this locally for the induced map on local
coordinate charts. On RP? we use the charts we defined previously. Then we can check:

- For the charts (0, 7) - S' and (z,27) — S' defined by ¢  (cost,sint), f induces the
map
cos(t/2)
| ——=.0]).
sin(1/2)
- For the charts (7/2,37/2) — S! and (37/2,57/2) — S! defined by ¢ — (cost,sint), f

induces the map
sin(t/2)
= ,0).
cos(t/2)

All of these maps are smooth and hence f is smooth. But now we need to answer the question:

[ Question ~ How do we show that £ is not homotopic to a constant map?

The answer will be given in Section 14.1 and Section 14.4:

o (Intersection Theory will do it!) We will develop a theory of intersections up to
homotopy that will help us solve the problem. For we will be able to show: If g : S! —
RP? is any curve homotopic to f so that g @ Im(f), then #g~' (Im(/)) is an odd
number. In particular, we will have g~! (Im (f )) # . However, the constant map
c: S! - RP? withimage [1 : 1 : 1] has no intersection with Im (). Hence ¢ i Im (f)
with ¢! (Im (f)) = @. Thus f cannot be homotopic to c.

In order to obtain such a theory of intersections, we already have many tools available, for
example, homotopy and transversality. But we still lack one important piece of the puzzle:
manifolds with boundary. For allowing manifolds to have a boundary will make it possible to
include, in particular, the closed interval [0, 1] and, more generally, products X X [0, 1] which
we use in the definition of homotopies.

10.2 Manifolds with Boundary

In order to be able to analyse a wider class of phenomena we would like to enlarge the class of
manifolds. A typical example which we would like to include is the domain of a homotopy
X %[0, 1] for a smooth k-dimensional manifold X. The points on X X {0} and X X {1} do not
have an open neighborhood which is diffeomorphic to R¥. Another example is the closed unit
ball in R,

So far such spaces do not qualify as a smooth manifold. From now on, we would like
to allow such spaces. This sounds like an laborious endeavour, and it is one. However, the
good news is that most of the theorems we have proved so far are also valid for manifolds with
boundary.
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The idea for what a manifold with boundary should be is the same as before: it is a space
which locally looks like some model space with boundary which we understand well. Hence
we need to choose a suitable new model space:

(New Euclidean model) The standard model of a Euclidean space
with boundary is the half-plane

H* = {(xl,... ,Xy) € R : X > 0}
in R¥. The of H¥, denoted oH¥, is given by

oH* = {(x},...,x) € R¥ : x, =0} =R* ' x {0} c R*.

Now a manifold with boundary is a space which locally looks like H*:

(Manifolds with boundary) A subset X of RY is a
if every point x of X there is an open neighbor-
hood V' C X containing x and an open subset U C H¥ together with a diffeomorphism
¢: U — V. As before, any such a diffeomorphism is called a
of X.
The of X, denoted 0X, consists of those points that belong to the image
of the boundary of H* under some local parametrization. Its complement is called the
of X, denoted Int(X) = X \ 0X.

A manifold X with X = @ is just a smooth manifold in our previous terminology. In or-
der to make the distinction clear, if necessary, we call them also
or

Example 10.3 (The closed unit interval) The unit interval [0, 1] is a one-dimensional
smooth manifold with boundary and the boundary consists of the two endpoints {0, 1}.
We can choose local parametrizations

¢o: [0,1) = [0,1], x = x, and ¢p; : [0,1) = [0,1], x> 1 —x

defined on [0, 1) which is an open subset on H' = [0, c0) € R!. The interior is the open
interval (0, 1).

. The interior of X C RN as a manifold is in general different from the interior
of X as a subspace of R™. The interior of X as a manifold is the complement of the
boundary, whereas the interior of the topological space X is the union of all its open
subsets. But also every point in d.X lies in some open neighborhood of X.
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e i Yo of cpn bt s H

Figure 10.1: There are two types of open balls in H*. The balls where all points satisfy x, > 0
are well-known. The balls which allow x;, = 0 are new.

10.2.1 The interior is well-defined

Let X be a manifold with boundary. We need to check that our definition of points in the
interior and on the boundary is independent of the choice of a local parametrization.

So let x € X be a point which is in the image of a local parametrization¢: U - V C X
such that U C H* is an open set of H* which is contained in the interior of H*. Then R¥ is
an open subset of R¥. Now assume x is also in the image of another local parametrization
¢ U -V cX.Thenx €W :=V nV'c X, and the composition ¢'ogp~! : ¢~ (W) -
(¢")"1(W) is a diffeomorphism. Hence, after possibly shrinking U’, we see that U’ is also an
open subset in R¥. Thus x is being an interior point is well-defined. [

This shows in particular: if X is a manifold with boundary, then the interior of X, Int(X),
is a boundaryless manifold of the same dimension as X.

10.2.2 The boundary is well-defined

It remains to show that being a boundary point is also well-defined. We show this by proving
the following interesting result:

Theorem 10.4 (Boundaries are manifolds) If X is a k-dimensional manifold with
boundary, then d.X is a (k — 1)-dimensional manifold without boundary.
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Proof: Let x € X and let ¢ and y be two local parametrizations around x. After possibly
shrinking the domains and codomains, we can assume that ¢ : U — V andy : W — V are
both diffeomorphisms from open sets U C H¥, W C H* to the same open subset V' C X.

We would like to show ¢p(0U) = w(0W'). For then o0V = ¢(dU) is independent of our
choice of local parametrization and therefore well-defined. Moreover, since 0U = U noHF is an
open subset of R¥~!, we would get that every point y € dX is contained in a local parametriza-
tion ¢y 1 UN 0HK — 0X. This will show that X is a manifold of dimension k — 1.

By our assumption on ¢ and s, it suffices to show w(dW') C ¢(dU). The other inclusion
will follow by symmetry. Hence we would like to show:

Claim: ¢~ (w(0W)) C aU.

To simplify notation, we define the map g := ¢ 'oy : W — U. Suppose that the claim
is and there is a point w € W which is mapped to an interior point u = g(w) of U by
g. Since both ¢ and y are diffeomorphisms, g is a diffeomorphism of W onto an open subset
g(W) of U, and the derivative d(g_l)u is an isomorphism. However, since u € Int(U), g(W)

contains a neighborhood of u that is . Thus the Inverse Function Theorem 3.4,
applied to the map g~! defined on this open subset of R¥, implies that the image of g~! contains
a neighborhood of w that is . This contradicts the assumption w € dW'. U

10.3 Derivatives and tangent spaces vs boundaries

Tangent spaces and derivatives are still defined in the setting of manifolds with boundary.
Derivatives of smooth maps can be defined as before: Since smoothness at a point requires
a functions to be defined on open neighborhood around that point, we need to be a bit more
careful at boundary points:

10.3.1 Derivatives on H*

Suppose that g is a smooth map of an open set U of H to R’. If u is an
interior point of U, then the derivative d g, is defined as before. If u € dU is a boundary
point, the smoothness of g means that it may be extended to a smooth map G defined in
an neighborhood of u in R¥. We to be the derivative dG,, : R* — R/,

[ Lemma 10.6 This definition is independent of the choice of G. ]

Proof: Let G’ be another local extension of g. We need to show dG!, = dG,. The equality
of the two derivatives is no problem at points in the interior Int(U) of U, because then we have
a small open neighborhood which is still in Int(U). We are going to use this and approximate
u be a sequence {u;} of interior points u; € Int(U) which converge to u.
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Since G and G’ agree with g on Int(U), we have
dG, =dG, foralli.

Since the derivative of a smooth map at a point depends continuously on the point, this implies
that dG, — dG, and d G! — dG! when u; — u and both limits agree. Hence dg, is well-
defined at boundary points as well. ]

. It is important to observe that, at all points, dg, is still a linear map of all of R* to
R’. For we have defined dg, as the derivative dG, of an extension G to an open subset
of R¥.

10.3.2 Tangent spaces

Let X C RN be a smooth manifold with boundary, and x € X. Let ¢: U — X be a local
parametrization with U C H* open. Let u € U be the point with ¢(u) = x. Note that we cannot
assume u = 0 when x is an interior point. Then we have just learned that we can form the
derivative

do,: RF - RN

no matter what kind of point x is.

(Tangent spaces revisited) Let X be a smooth k-manifold with
boundary. As before, we define the to X at x, denoted T, (X), to be
the image of R¥ in RN under the linear map d¢,.

It follows again from the Chain Rule that T, (X) does not depend as a subspace of R™ on
the choice of ¢.

10.3.3 Derivatives on tangent spaces

Now let f : X — Y be a smooth map between manifolds with boundaries with X ¢ R" and
Y c RM. Given a point x € X. Then after choosing local parametrizations ¢ : U — X with
¢w)=xandy : V - Y with w(v) = f(x), then we define

dfy: To(X) = Ty (Y)

as the unique linear map which makes the following diagram commutative

dfy
T (X)) sy Ty(Y)
dd)uT wau
Rk R/
do ’

u

where @ is the map w~!o fog (note v = (). O
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10.3.4 Products and boundaries

We see that things work out nicely so far for manifolds with boundaries. But:

. Sometimes we do when we apply our developed concepts
to manifolds with boundaries. For example, the product of two manifolds with boundary
may not be a manifold anymore.

Example 10.8 (Square is not a manifold) The square S = [0, 1] X [0, 1] is a
smooth manifold with boundary:

S was a smooth manifold with boundary. Then the corner s = (0, 0) had
an open neighborhood V' C S and there is a diffeomorphism f: U — V to an open
U C H? such that f(dV) C oH>. After shrinking V if necessary, let F : V — R?be
a smooth extension of f on a subset ¥ ¢ ¥ C R? open in R2. Then the derivative
d F, is an isomorphism, since f is a diffeomorphism. Writing I = (F}, F,) we have
F,(x,0) = 0 = F,(0, y) for any (x,0) and (0, y) in U, since dV is mapped to oH? =
{(x,y) € R? : y =0}. Thus taking partial derivatives yields

0F, 0F,
—=(s5) =0, and —=(s) = 0.
ox ay

But this implies that d F(e;) and d F(e,) both lie in R X {0} C R?, where e; and e,
denote the first and second standard basis vector in R?, respectively. In particular, d F,(e,)
and d F(e,) are linearly dependent. This that d F, is an isomorphism and
therefore the existence of the diffeomorphism f.

However, if manifold has a boundary we are ok:

Lemma 10.9 (Products and Boundaries) The product of a manifold without bound-
ary X and a manifold with boundary Y is a manifold with boundary. Furthermore,

(X XY)=X x0Y,

and dim(X X Y) =dim X + dimY.

Proof: If U ¢ R¥ and V' c H' are open, then
UxV CRFxH = H

is open. Moreover, if¢p: U - X andy : V — Y are local parametrizations, sois ¢ Xy : U X
V->XXY. ]

Example 10.10 (Closed cylinder) The closed cylinder S!' x [0, 1] is a manifold with
boundary, see Figure 10.2, and the boundary consists of

S!'x {0} uS!' x{1}.
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Figure 10.2: A cylinder has the two outer circles as its boundary.

Example 10.11 (Domain of a homotopy) More generally, if X is a manifold without
boundary, then the domain X X [0, 1] of a homotopy X X [0, 1] — Y is a manifold with

boundary.

10.4 Regular values and transversality

One of the most important concepts we have studied is transversality of smooth maps to
submanifolds. We would like to extend this to manifolds with boundary. This is possible, but

requires some care.

10.4.1 Regular values of smooth functions

We start with the special case of regular values for functions on manifolds without boundary.
This is a well-known case, but it turns out that it actually produces manifolds with boundary as

follows:

Lemma 10.12 (Regular values for real-valued functions) Suppose that.S is a manifold
without boundary and that f: .S — R is a smooth function with regular value 0.
Then the subset {s € .S : f(s) > 0} is a manifold with boundary, and the boundary is

710

Proof: The set {x € S : f(x) > 0} is open in .S, since it is the preimage of the open
subset (0, 0) C R under the continuous map f. It is therefore a submanifold of the same
dimension as .S. Hence every point in {x € S : f(x) > 0} has an open neighborhood which
is diffeomorphic to an open subset of R, k = dim S. It remains to study the preimage of 0.

So suppose that s is a point with f(s) = 0. By assumption, O is a regular value which
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means that s is a regular point of f. Hence, locally near s, we can show as in the proof of the
Local Submersion Theorem 4.2 that f is equivalent to the canonical submersion. But for the

canonical submersion
f:H 5 R, gy ey Xp) = X

the lemma just states the definition of the boundary of H*:

oH* = £710) = {(x},....x) €RF : x, =0}. [

An immediate consequence of this fact is:

Example 10.13 (Spheres are boundaries) Let 7 be the smooth function defined by

5 k 2
fiRESR, (xpsx) o 1= )0,
i

Then 0 is a regular value of 7z, and the closed unit ball D in R¥ can be described as
D* = {x € R¥ : f(x)>0}.

The boundary of D is the (k — 1)-sphere S¥~! = £~1(0).

10.4.2 Fibers over regular values with boundary

Recall that transversality is formulated as a criterion on tangent spaces and derivatives. We
would like to formulate a similar criterion for maps between manifolds with boundary.

As we learned above, the boundary 0.X of a k-manifold with boundary X is a manifold
of dimension k — 1 without boundary. Let x € dX be a point on the boundary. We have
dimT,(0X) = k—1and dim T, (X) = k. Moreover, since dX is a submanifold of X, we know
that

T.(0X) CT.(X)

is a vector subspace of in T,.(X) (recall that the latter means the difference of
dimensions equals 1).

(Notation: Restriction to boundary) For any smoothmap f: X —
Y, we introduce the
of = flox
for the restriction of f to 0X. The derivative of 0/ at x is just the restriction of d f, to
the subspace T,.(0.X):

Now let f: X — Y be a smooth map from a smooth manifold with boundary X to a

boundaryless manifold Y, and let Z C Y be a submanifold. We would like to know under
which circumstances is £ ~!(Z) a submanifold with boundary of X, i.e., a subset of X which
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is itself a smooth manifold with boundary, such that we have control over the boundary in the
sense that we would like to have

of \(2)= Y (Z2)nox. (10.1)

It turns out that it is to ask that f is transversal to Z in the previous sense, i.e.,

Example 10.15 Even for the restriction of the canonical submersion
o: H> > R, (x],%,) = X,

our previous condition for transversality is to guarantee that Equation 10.1
is satisfied as we will now explain:

The derivative do(x x) " R?> — R is just the projection onto the second factor.
Hence it is surjective at every point (x;, x,). In particular, 0 is a regular value for o.
Let Z := {0}. Then

o (Z) = {(x},x) ER? : x, =0} = oM.

Since 0 is regular value, we know that ¢~'(Z) is a submanifold of dimension one. The
problem is that the boundary does the condition of Equation 10.1:

J (G_I(Z)) = (), whereas G_I(Z) NoX = oH?

In order to make sure that the boundary behaves nicely, we need to impose an
transversality condition on 0 f. We start again with regular values:

Theorem 10.16 (With boundary: fibers of regular values) Let g be a smooth map of
a k-manifold X with boundary onto a boundaryless n-manifold Y, and suppose that
y € Y is a regular value for f: X >Yandof: 0X — Y. Then the preimage
f~'(») is a (k — n)-dimensional manifold with boundary and

o(f'») =r"'»nox.

Note that d(df), is the restriction of d f, to the subspace T, (0X) C T,(X). Hence, if
X € 0X is a regular point for d f, then it is also a regular point for d f,. However, not
every point in f ~1(y) is in 0.X, and we also need the points x € Int(X) N f~!(y) to be
regular points.

Proof of Theorem 10.16: That f~!(y) is a manifold with boundary is a local question.
This means that it suffices that each point in f~'(y) has an open neighborhood which is a
manifold with boundary. So let x € X be a point with f(x) = y. After choosing local
coordinates, we can assume that f is a map of the form

f: HF > R

If x is an interior point in X, then f~!(y) is a manifold without boundary in an open neigh-
borhood around x by the Preimage Theorem 4.7 for boundaryless manifolds.
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So let us look at what happens when x € dX. That f is smooth at x means by definition
that there is an open subset U C R* and a smooth map

F:U—-> R” such that FUﬂ[HIk = fUl’][H]k‘

After possibly replacing U with a smaller subset, we can assume that F has points
in U. Then F~!(y) is a smooth manifold by the Preimage Theorem 4.7 for boundaryless
manifolds. We need to show that

') = F~'(y) n H* is a manifold with boundary.
In order to show this, we set S := F~!(y) and let z be the projection to the last coordinate:
w8 =R, (x1,..., %) = x4
Then 7z is a smooth map and .S’ is a smooth manifold with

SNHK={se S : x(s)>0}.
Claim: 0 is a regular value of .

If we can show the claim, then Lemma 10.12 implies that SNH* is a manifold with boundary
and the boundary is 7~1(0).

To prove the claim we assume there was an s € S with both z(s) = 0,1i.e.,5s € SN oH¥,
and dz, = 0. We want to show that the assumption dz, = 0 leads to a contradiction. To do
so, first note that  is a linear map, and therefore dz, = x. Thus,

drn,=n:TJ(S)—->R
being trivial, just means that the last coordinate of every vector in 7,(X) is 0, i.e.,
dr,=0= T,(S) C T,(0H) = R* 1,

Hence we want to show T,(.S) ¢ R*=!. The tangent space to .S = F~!(y) at s is the kernel of
daGy:

T.(S)=T,(F'(y)) =Ker (dF, =d f,: R* - R"

where d f, = d F, by definition of d f,. We know that d(df), is the restriction of d f, : R¥ — R
to R*-1:
d0f); = (df )it

Thus, if T,(S) = Ker (d f;) € R*!, then
Ker (df,) = Ker (d(df),). (10.2)

Now, finally, we apply the assumption of regularity of y. Since y is a regular value of
f and 0f, we know that both d f, and d(dg), are surjective. This implies

dimKer (dg,) = k — nand dimKer (d(dg),) =k —1—n.
This Equation 10.2. Thus, we must have
T,.(S) =Ker (df,) ¢ R*.

Hence we know dr; # 0 and therefore dz, is ,and 0 is a regular value. U
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10.4.3 Preimages of manifolds with boundary

We can now generalize Theorem 4.7:

Theorem 10.17 (Preimages of manifolds with boundary) Let f be a smooth map
of a manifold X with boundary onto a boundaryless manifold Y, and suppose that

fi: X —>Yandof: 0X — Y are transverse with respect to a boundaryless submani-
fold Z in Y. Then the preimage f~!(Z) is a manifold with boundary

of "2y =r(2Z)noax,

and the codimension of f~!(Z) in X equals the codimension of Z in Y.

Proof: The restriction of f to the boundaryless manifold Int(X) is transversal to Z. Hence,
by the Preimage Theorem 4.7 for boundaryless manifolds, the intersection with the interior
of X, ie., f~'(Z)NnInt(X), is a manifold without boundary of correct codimension. Thus, it
remains to examine f~'(Z)ina neighborhood of a point x € f~1(Z)NoX. Let! := codim Z
in Y. As in the boundaryless case, we can choose a submersion 4: W — R’ defined on an
open neighborhood W of f(x)inY to R! such that Z N W = h~1(0). Then hof is defined in
a neighborhood V of x in X, and f~1(Z) NV = (hof)~1(0).

Now let ¢ : U — X be a local parametrization around x, where U is an open subset of HF.
Then define
g :=hofog: U > R

Since ¢p: V — ¢p(V) is a diffeomorphism, the set
f -1 (Z) is a manifold with boundary in a neighhorhood of x

< (fog) 1 (Z) = g7(0) is a manifold with boundary near u = ¢~ (x) € oU.

Since f and 0f are transverse to Z by assumption, we know that O is a regular value of

g. Hence we can apply Theorem 10.16 which finishes the proof. L

10.4.4 Sard’s Theorem with boundary

Finally, also Sard’s Theorem has a version with boundary.

Theorem 10.18 (Sard’s Theorem with boundary) Let f: X — Y be a smooth map
from a manifold X with boundary to a manifold Y without a boundary. Then the set
of regular values for fand df is a dense subsetin Y.

Proof: For any point x € dX on the boundary of X, we have

d0f)y =@ Ir.ox) ¢ Te(0X) = Ty (X).

This implies that, if d(d f), is surjective, then d £ is surjective. Hence if 0 f is regular at x, so
is f. Thus, the set of y € Y which are regular value of both f and 0 f is the intersection of the
set of regular values for f : Int(X) — Y and the set of regular values fordf : dX — Y. Since
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Int(X) and 0X are manifolds without boundary, both sets of regular values are dense subsets
of Y by Sard’s Theorem 7.1 for manifolds without boundary we have shown before. Since the
intersection of two dense subsets is again a dense subset, this proves the claim. 0J
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10.5 Exercises and more examples

10.5.1 Manifolds with boundary

Exercise 10.1 Let U C R*¥ and V' C H* be open neighborhoods of 0. Show that there
exists no diffeomorphism of V' with U.
Hint: Use the Inverse Function Theorem 3.4.

Exercise 10.2 Prove thatif f: X — Y is a diffeomorphism of manifolds with bound-
ary, then d f maps dX diffeomorphically onto dY.
Hint: Use the Inverse Function Theorem 3.4.

Exercise 10.3 We define the smooth maps
F:Rx[-1/2,1/2] » R3 (t,s) — (cost,sint, s)
and

G: Rx[-1/2,1/2] - R,
(,s) — ((1 + scos(t/2)) cost, (1 + scos(t/2)) sint, s sin(t/2)).

We define X to be the image of F in R?, and Y = G to be the image of G in R3.

(@) Show that X is a 2-dimensional manifold with boundary whose boundary is diffeo-
morphic to the disjoint union of two copies of the unit circle. (Convince yourself
that X is a cylinder obtained by starting with a rectangular surface and then glueing
two opposite edges together.)

(b) Show that Y is a 2-dimensional manifold with boundary whose boundary is diffeo-
morphic to just one copy of the unit circle. (Convince yourself that Y is a Mobius
band obtained by starting with a rectangular surface and then glueing two opposite
edges after twisting one edge once. If you do not get through all the formulae,
make sure you understand the answer visually at least.)

Exercise 10.4 Suppose that X is a manifold with boundary and x € dX. Let¢p: U —
X be a local parametrization with ¢(0) = x, where U is an open subset of H*. Then
do,: Rk — T,(X) is an isomorphism. Define the upper halfspace H,(X) in T,(X) to
be the image of H* under doy, H(X) = d¢0(Hk).

(a) Prove that H (X) does not depend on the choice of local parametrization.

(b) Show that there are precisely two unit vectors in 7,(X) that are perpendicular to
T,(0X) and that one lies inside H,(X), the other outside. The one in H,(X) is
called the inward unit normal vector to the boundary, and the other is the outward
unit normal vector to the boundary. Denote the outward unit normal vector by n(x).

(¢) If X c RN, we consider n(x) as an element in R" and getamap n : 0X — RN,
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Show that » is smooth.

Exercise 10.5 Let X = {(x,y) € R? : x> —1},Y =R and
fiX =Y, (xp)e- X+

(@) What is the boundary of X? Show that 1 is a regular value of f. Is 1 a regular
value of 0 f?

(b) Determine f~!(1),0(f~!(1))and f~'(1)ndX. Why does the answer not contradict
the assertion of the Preimage Theorem for manifolds with boundary?



11. Brouwer Fixed Point Theorem

11.1 One-Manifolds

The following theorem gives us a complete list of smooth one-dimensional manifolds. Note that
in general, since every manifold is the disjoint union of its connected components, it suffices to
classify connected manifold.

Theorem 11.1 (Classification of one-Manifolds) Let X be a connected smooth one-
dimensional manifold.

(a) If X is compact and , then X is diffeomorphic to S

(b) If X is compact , then X is diffeomorphic to [0, 1].

(¢) If X is noncompact , then X is diffeomorphic (0, 1).

(d) If X is noncompact , then X is diffeomorphic to either [0, 1) or
(0, 11.

As a first consequence of the classification of one-manifolds we can deduce the following
fact about the boundary of a one-manifold:

Lemma 11.2 (Boundary of one-manifolds) The boundary of a compact one-
dimensional manifold with boundary consists of an number of points.

Proof: Every compact one-manifold with boundary X is the disjoint union of finitely many
connected components. Each component is diffeomorphic to a copy of [0, 1]. Hence the
boundary of each component consists of two points. The boundary of X consists of these
finitely many pairs of points. [

11.1.1 Some heuristics for the classification

Before we prove the theorem, we begin with the rough idea why it should be true.

(a): Assume X is a nonempty, compact, connected 1-manifold. Each point has a neighbor-
hood diffeomorphic to (—1, 1). By compactness, finitely many such neighborhoods Uy, ..., U,
cover X. If n was equal 1, then X = (-1, 1). But an open interval is not compact. Thus, there
must be at least two neighborhoods. Since X is connected, these two charts must overlap.
The union of these two intervals has to be either an open interval (if they overlap on one side of

each) or a circle (if they overlap on both sides). But if their union is an open interval, there has

204
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to be another chart, by the compactness of X. Since there are only finitely many U;’s, we must
eventually arrive at the situation where the neighborhoods intersect on both sides and form a
circle. Then one has to use this to construct a diffeomorphism to S!.

(b): Let X be a compact, connected, one-dimensional smooth manifold with boundary.
Since X has at least one boundary point, there must be a neighborhood in X containing that
boundary point. This neighborhood must be diffeomorphic to [a, b) for some a, b. Since this
interval is not compact, there must be another neighborhood in X. This neighborhood either
intersects another boundary point which would yield us X = [a, c] for some ¢, or it does not
contain a boundary point. In the latter case, the union of the neighborhoods is diffeomorphic to
a half-open interval [a, d) which is not compact. Hence there has to be another neighborhood.
Since X is compact, this process will end after finitely many steps when we eventually get that
X is the union of neighborhoods which is diffeomorphic to a closed interval.

(c) and (d): When X is not compact, we repeat the above processes. The difference is that
the process may not terminate and we end up with open or half-open intervals. [

u,
PR
5(3
Figure 11.1: We can cover a compact one-manifold by finitely many open subsets which look
like an open interval. Either we get back to the beginning and get a circle or we stop with

another boundary point. This is the heuristic idea for the classification. There are some details
to be straightened out though.

11.2  Proof of the classification theorem

We will follow Milnor’s proof using arc-lengths given in the appendix of [13]. In this section
X, will aways denote a smooth one-manifold.

(Parametrization by arc-length) Let I be an interval, i.e., a con-
nected subset of R. Amap f: I — X is called a
if £ maps I diffeomorphically onto an open subset of X, and if the velocitiy vector
d f;(1) € Ty X has length one foreacht € I, where d f, : R=T,1 - T, X.

Note that the definition forces that I can have a boundary only if X has a boundary. The
proof of the classification theorem relies on the following lemma:
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Lemma 11.4 (Number of components) Let f: I — X and fg: J — X be two
parametrizations by arc-length. Then f(I)N g(J) has at most two components. If it has
only one component, then f can be extended to a parametrization by arc-length of the
union f(I) U g(J). If it has two components, then X must be diffeomorphic to S!.

Proof: We write U := f(I)Nn g(J) C X. Note that U is open in X, since both f(I) and
g(J) are open. In order to determine the number of components of U we define the map

_1 A (g|)_1 -1
Kk: f(U)y— U—— g '(U)

where f, | and g denote the restrictions of f and g, respectively, such that the maps are defined.
By definition of parametrizations by arc-length, « is a local diffeomorphism with derivative
equal to +1 and maps open subset of I diffeomorphically onto open subsets of J. In particular,
it is an open map. We consider the graph of «, denoted by I' C I X J, given by

'={(s,nelIxJ: f(s)=g®}.

Since I is the preimage of the diagonal A in X X X under the map (f,g): I XJ - X X X
and since A is closed in X X X, I' is a closed subset of I X J. Since dx,, = £1, dx , takes
values in the discrete set {+1}. Hence dk,, is locally constant and is therefore constant on
each connected component of I'. Thus, thinking of I X J as a rectangle with sides I and J, I"
consists of line segments of slope either +1 or —1. We need to understand how many such line
segmens there are. Note that the image of x equals the projection of the components of I" to J.
Now let K be a connected component of I,

Claim: The endpoints of K lie on the boundary of I X J.

Proof of the claim: Since I' is closed, K is closed in I X J as well. Assume that K ends in
the interior of I X J with endpoint a. Then the projection of K onto J has endpoint x(a). But
since « is a local diffeomorphism, the image of x has to contain an open neighborhood around
x(a). Hence k(a) be an endpoint of a subinterval of J. This proves the claim.

Moreover, since k is one-to-one, each of the four edges of the rectangle I X J can contain
at most one endpoint of a component of I'. Since each component has two endpoints, I" can
have at most two components. This proves the first assertion in the lemma.

Now we show the second assertion by considering the two cases:

Assume [ has one component: Then x has constant slope and I" is just a linesegment in
the rectangle I X J. Hence we can extend « to a linear map L : RtoR. Since both f, g
and L are smooth and have equal derivatives, we can glue f and goL, -, together to
get an extension

F: TUuL'(J)-> f(DHugl)

which is a parametrization by arc-length of the union f(I) U g(J).
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Assume I" has two components: Then all four edges are hit by the components. This
implies that the slope of both components must be the same. Let us assume the slope is
+1. The case with slope —1 is analogous. Let a < d be the endpoints of I and y < f
be the endpoints of J. Let @ € J be the starting point and b € I be the endpoint of the
first component of I', and let ¢ € I be the starting point and 6 € J be the endpoint of
the second component. After possibly translating the interval J in R we can assume that
y = c and 6 = d. By the previous arguments, we then have

a<b<c=y<d=o6<La<y.

a 5 o AT

Figure 11.2: The case when I" has two components. The slope is the same for both components,
here +1. All four edges of the rectangle I X J are hitby I'.

Now we can defineamap h: S' — X as follows: We write 0 := 2zt /(a — a) and define

f@®) fora<t<d,

h(cos 0,sin0) =
gt) forc<t<p.

We need to check that £ is actually well-defined. First, if ¢ varies between a and f, 6 takes
all values in [0, 27], since @ < B. Thus h is defined on all points of S!. Second, we need
to check what happens on the overlaps. We have two intervals on which # is defined by
two apriori different terms: for 7 between ¢ = y and d = 4, and for ¢ between a and f.
However, by definition of I', we have f(c +r) = gy + r)for0 <r<d-c=6—-y.
Similarly, we have f(a+r)=gla+r)for0<r<b—-a=pf—-a.

Hence A is well-defined and since f and g are smooth, A is smooth. Moreover, A is an
open map, since f and g are. Thus A(S') is an open subset of X. Since 4 is continuous
and S' is compact, A(S') compact and hence a closed subset of X, as X is Hausdorff. As
X is connected, this implies that A(S!) = X. Since f and g are local diffeomorphisms,
so is h. Thus, A is a diffeomorphism. [

Proof of the Classification Theorem 11.1: Let f: I — X be any parametrization by
arc-length. If there exists a parametrization by arc-length g : J — X with I N J # {J, then we
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can glue these parametrizations together to get a parametrization by arc-length I UJ — X as
described in the previous lemma. Hence after possibly extending f as far as possible to the
left and then as far as possible to the right, we can assume that f is maximal in the sense that
it cannot be extended over any larger interval as a parametrization by arc-length. If X is not
diffeomorphic to S!, we will prove that f is onto. This will imply that f is a diffeomorphism,
since we already know it is injective and a local diffeomorphism.

If the open set f(I) C X was all of X, then there would be a limit point x of f(I) in
X \ f(I). Then we can parametrize a neighborhood of x by arc-length. The previous lemma

then implies that f can be extended over a larger interval. This the assumption
that f is maximal. The assertion of the theorem now follows from the comparison with the
different types of intervals in R. L]

At least as interesting as the theorem are its consequences which are surprisingly rich. We
will begin to study them next.

11.3 Boundaries and retractions

Now we study the surprising consequences of the classification of one-manifolds.

(Retraction) Let X be a smooth manifold and Z C X be a submani-

fold. Then a is a smooth map g : X — Z such that f| is the identity.
id
Z——7Z
| A4
X

There is an important restriction for the existence of such retractions for manifolds with
boundary:

Lemma 11.6 (No retraction onto boundary) If X is any compact manifold with
boundary, then there is no retraction of X onto its boundary.

Proof: Suppose there is such a smooth map g: X — 0X such thatdg: 0X — dX is the
identity. By Sard’s Theorem 10.18, we can choose a regular value z € d.X of g. Since dg is
the identity, all values in 0X are regular for dg. Hence z is regular for both g and dg. By the
Preimage Theorem 10.17 for manifolds , we know that g~!(z) is a submanifold
of X with boundary given by

d(s7'(@) =g (22N aX. (11.1)
Moreover, the codimension of g~!(z) in X equals the codimension of {z} in 0X, namely

dim X — 1 as {z} has dimension 0. Hence g~'(z) is one-dimensional. Since it is a closed
subset in the compact manifold X, it is also compact. Thus, if g is a retraction onto d.X, then
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by Lemma 11.2 we must have

#0 (g7'(z)) must be even. (11.2)
By definition of dg as the restriction of g to X, we have for just set-theoretic reasons

(08)7'(2) = (g)9x) ' (2) = (goi) ' (2) = i\ (g(2)) =g () N 0X
where i : dX < X denotes the inclusion of d.X into X. Hence, using Equation 11.1, we have
08)7'(2) = a(g™' (2)).
Since dg = gyx = Id,x, this implies
d(g7'(2) = 08 (2) = (z).

In particular, this shows that d (g_l(z)) consists of an odd number of points. However, this
contradicts the conclusion in Equation 11.1. Hence the retraction g cannot exist. L]

11.4 Brouwer Fixed Point Theorem - smooth case

We can now prove a famous consequence of Lemma 11.6:

Theorem 11.7 (Brouwer Fixed Point Theorem for smooth maps) Let f: D" — D"
be a smooth map of the closed unit ball D" = {x € R” : |x| < 1} C R” into itself.
Then f has a fixed point, i.e., there is an x € D" with f(x) = x.

Before we prove the theorem, let us have a look at dimension one, where the result is very
familiar:

Remark 11.8 (Familiar in dimension one) Note that we have seen this theorem for
n = 1 in Calculus 1: Every continuous map f : [0, 1] — [0, 1] has a fixed point. For
define the function g(x) = f(x) — x which is a continuous map from [0, 1] to itself. We
have g(0) > 0 and g(1) < 0, since f(0) > 0and f(1) < 1. If g(0) =0or g(1) =1, we
are done. And if g(0) > O and g(1) < 1, then the Intermediate Value Theorem implies
that there is an x, € (0, 1) with g(x,) = 0, i.e., f(xg) = x,.

Proof of Brouwer Fixed Point Theorem 11.7:

Suppose that there exists an f without fixed points. We will show that such an f would
allow us to construct a retraction g: D" — 0D”". But, since D” is compact, we have just
proved in Lemma 11.6 that such a retraction cannot exist.

So suppose f(x) # x for all x € D". Then, for every x € D", the two different points x
and f(x) determine a line. Let g(x) be the point where the line segment starting at f(x) and
passing through x hits the boundary dD". This defines amap g : D" — dD". See Figure 11.4.

However, if x € dD”, then g(x) = x by construction of g. Hence g: D" — 0D” is the
identity on 0D". Thus, in order to show that g is a retraction, it remains to show that g is
smooth.
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gt of
ouy e .
{: [o.3—Tgi

snnst oross 1

Figure 11.3: In dimension one this is the Intermediate Value Theorem. The graph has to cross
the diagonal which consists of fixed points of f.

b

Figure 11.4: We construct g by extending the line from f(x) to x until we hit the boundary.
If this map existed for all x, then we would have found a retraction. That is a contradiction to
Lemma 11.6.
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So let us describe g(x) more explicitly. As a point on the line from f(x) to x, g(x) can be

written in the form
g(x) =x+tv, wherev := x——f(x)

lx — f(0l
for some real number ¢ = #(x). Note that, since we assume x # f(x), the vector v is always
defined. In fact, it is the unit vector pointing from f(x) to x. Moreover, since f is smooth, v
depends smoothly on x. We need to calculate ¢ and show that r depends smoothly on x. Since
g(x) is a point on boundary of D", we know |g(x)| = 1, and ¢ is determined by the equation

=g’ =(x+1t) - (x+10)=x-x+2x-v+12v v
or, equivalently,
O=@- ) +Q2x-v)t+x-x—1. (11.3)

By definition of v, we know v - v = |v]? = 1. Since v points from f(x) to x, we know that ¢
must be positive. Now we just need to find the positive solution of the quadratic Equation 11.3
for ¢ and get

_=2x 0+ VA0 —4(x - x— 1)
- 2
=—x-v+Vx-v2-x-x+1

t

where (x - v)*> — x - x 4+ 1 is positive, since x - x = |x|?> < 1 and (x - v)> > 0. Since the scalar
products and square roots involved depend smoothly on x, we see that ¢ depends smoothly on
x. Hence g is smooth. ]

Remark 11.9 (Proof in dimension one) Note that, for » = 1, in the above proof we
would have constructed amap g : [—1,1] — {—1, 1} which would send —1 to —1 and 1
to 1. Such a map cannot be continuous, since [—1, 1] is connected.

11.5 Brouwer Fixed Point Theorem - continuous case

Actually, just as in the one-dimensional case, the theorem also holds for continuous maps:

Theorem 11.10 (Brouwer Fixed-Point Theorem for continuous maps) Every con-
tinuous map F : D" — D" has a fixed point.

The idea is to deduce Theorem 11.10 from Theorem 11.7 by approximating F by a smooth
map.

Lemma 11.11 (Approximation by a smooth map) Let F : D" — D" be a continuous
map. For every € > 0, there exists a smooth map P : D" — D" such that

|P(x) — F(x)| < 2¢ for all x € D".
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Proof: Since D" is compact, we can apply Weierstrass’ Approximation Theorem, which
says: Given € > 0, there is a polynomial function O : D" — R” with

|O(x) — F(x)| < € for all x € D".

However, Q may send points in D" to points outside of D”. In order to remedy this defect,
we replace Q with

O(x)
1+¢

P(x) :=

The map P is still a polynomial and hence smooth. Since |F(x)| < 1, the polynomial P
satisfies:

(I+8)[P()| =10(0)] < [0(x) — F)| + |[F(x)| <e+1

where we apply the triangle inequality. Hence | P(x)| < 1 and P isamap D" — D”". Moreover,
we have

(1+&)|P(x)— F(x)| = 0(x) = (1 + &) F(x)|
= |0(x) — F(x) + e F(x)|
<10(x) = F(x)| + €| F(x)|
< 2e

where we use that | F(x)| < 1. Since 1 + € > 1, this shows

|P(x) — F(x)| <2eforallx e D". [ (11.4)

Now we can prove the continuous case:

Proof of Theorem 11.10: We that F(x) # x for all x € D". Then the continuous
function

D" - R, x> |F(x) — x|
must have a minimum g since D” is compact. Since F(x) # x for all x, we must have

Now, for € = u/2, we can find, by Lemma 11.11, a smooth map P : D" — D" such that
| P(x) — F(x)| < u for all x € D".
However, since | F(x) — x| > u for all x € D", the triangle inequality yields

H < |F(X) = x| = |F(x) — P(x) + P(x) — x|
< |F(x) = P(X)| + [P(x) — x|.

This implies that | P(x) — x| > 0, and therefore P(x) # x for all x € D". Hence P is a
map from D" to itself . This contradicts Theorem 11.7 and completes the
proof. 0J
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11.6  Counter-example on an open ball

The assertion of Theorem 11.7 is not true for the open ball:

Let BII‘(O) = {x € R¥ : |x| < 1} be the open ball in R*. We define the map

X

@: BYO) - RF, x —»

This is a smooth map with smooth inverse
y

1. Rk k
1 R* > B0), yr
V1+1y?
Thus ¢ is a diffeomorphism [B’l‘ (0) —» Rk,

The translation 7: R¥ — RK, x — x + 1 does not have a fixed point. Hence the
composite map
@ 'oTop: B{(0) — BJ(0)

is a smooth map which does not have a fixed point. For, if it had a fixed point x, then

o (T (p(x) = x = T(p(x)) = p(x),

i.e., T had a fixed point, which is not the case.

11.7 Some interesting consequences

Brouwer’s Fixed Point Theorem has many important applications. Here is one of them:

Theorem 11.12 (Brouwer Invariance of Domain) Let U be an open subset of R”,
and let f : U — R” be a continuous injective map. Then f(U) is also open.

Instead of studying the proof of this theorem, let us note a consequence of this result. You
can read more about this story and the proof on Terence Tao’s blog.

Theorem 11.13 (Topological Invariance of Dimension) Ifn > m,and U is anonempty
open subset of R”, then there is no continuous injective map from U to R™. In partic-
ular, since a homeomorphism from R” to R™ would be such a continuous injective map,
R”" and R™ are not homeomorphic whenever n # m.

Even though it sounds like an obvious fact, this is a rather deep theorem. Note that there
exist weird things like a continuous surjection from R” to R” for m < n due to variants of the
Peano curve construction. Hence often we have to be careful with our topological intuition.

Proof Theorem 11.12 implies Theorem 11.13: If there was such a continuous injective
map from U to R™, then we could compose it with the embedding

R”Z, (R” x {0}) C R".


https://terrytao.wordpress.com/2011/06/13/brouwers-fixed-point-and-invariance-of-domain-theorems-and-hilberts-fifth-problem/
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Hence the composite would yield a continuous injective map from U into R". By Theo-
rem 11.13, the image would be both open in R” and lie in the subspace R™ x {0}. But no

subset of R” can be contained in R™ X {0}, since we must be able to fit at least a tiny open
ball of R” into that subset and there is no room for such a ball in the direction of the remaining
n — m coordinates. L]

Note that invariance of domain and dimension for smooth injective maps is just a con-
sequence of the Inverse Function Theorem. But for maps which are just continuous and
injective, it is much harder to achieve.
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11.8 Exercises and more examples

11.8.1 Brouwer Fixed Point Theorem

Exercise 11.1 Prove the Theorem of Perron—Frobenius: Let A be an n X n-matrix A
with only nonnegative entries. Then A has a real nonnegative eigenvalue.

Hint: We can assume that A is invertible, otherwise 0 is an eigenvalue. Let A also
denote the associated linear map of R”, and consider the map v - Av/|Av| restricted to
S§"™! — S"!. Show that this maps the first quadrant

0={(x,...x,) €S : allx, >0}

into itself. Now use the fact that there is a homeomorphism D"~! — Q to get a continuous
map D"~! — D"~ 1,

Exercise 11.2 In this exercise we use the following fact: A space X is simply-connected
if it is path-connected and every continuous map f : S! — X can be extended to a con-
tinuous map F : D? — X such that Fis1 = f. In this exercise we are going to show that
X =R?\ {(0,0)} is not simply-connected using Brouwer’s Fixed Point Theorem 11.10.

(a) Consider the antipodal map a: S' — S! which sends p to —p. Composing with
the inclusion S! ¢ X = R?\ {(0,0)}, we consider aas amap f : S' = X. Show
that, if X = R?\ {(0,0)} was simply-connected, then this would induce a map

g:|D2—>X—>§1;>[D2.

(b)  Still assuming X = R?\ {(0,0)} was simply-connected, show that g does not have
a fixed point.

(¢) Conclude that X = R2 \ {(0,0)} is not simply-connected.

Exercise 11.3 Deduce from the previous point that the composed map

el 4 2
1:S— S CcR\{(0,0)}, p—p,

is not homotopic to the constant map ¢ : S' — R?\ {(0,0)} sending all points to (1,0).
Hint: Use that R? \ {(0,0)} is not contractible, since it is not simply-connected.



12. The Brouwer Degree modulo 2

12.1 The Brouwer Degree of maps modulo 2

We will now define a very important and powerful invariant for smooth maps, the degree modulo
2. Despite its rather simple definition, the degree determines a lot of the interesting properties
of a map. In this chapter we define the degree with values in Z /2, the integers modulo 2. This
has the advantage that the degree is defined for a large class of maps and the definition only
requires what we have learned so far. In Section 12.3 and Section 12.4 we will study important
applications of the degree modulo two.

Let us first give a rough outline of what is about to come: Let f : X — Y be smooth map.
We will always assume in this chapter that X is compact and without boundary. Moreover, we
will assume that X and Y have the same dimension. The for the degree is rather simple:
Pick a regular value y for f. By the Stack of Records Theorem 4.18, the fiber f~!(y) is a finite
set. Hence we may count how many points there are in £ ~!(y). Since we also know that#£~(y)
is locally constant, we may want to use the number #f ~!(y) to characterise f. However, there
are two caveats. First, the number #/~1(y) may not be constant for all regular values. Second,
since describing maps and manifolds up to homotopy seems to be a much more promising task,
we would like to have a number that only depends on the homotopy class of f. Luckily, we can
remedy the defects of our initial idea with a little care and construct an invariant which only
depends on the homotopy class of f and not on the choice of regular value. The price we pay is
that we only get a number modulo two. We note, however, that there is also an integer-valued
version of the degree which we will meet in chapter 16.

12.1.1 The Homotopy Lemma mod 2

The first step for the construction is to understand how the number of points in the fiber over a
regular value depends on the homotopy class of a map:

Lemma 12.1 (Homotopy Lemma mod 2) Let X and Y be smooth manifolds. We
assume that dim X = dimY and that X is compact and without boundary. Let
f.g: X — Y be two smooth maps. Assume f and g are smoothly homotopic. If
y €Y is a regular value for f and g, then

#f ' =#g7'(y) mod 2.

Proof: Let F: X x [0,1] — Y be a smooth homotopy between F, = f and F| = g.
First we suppose that y is a regular value for F. By the Preimage Theorem 10.16 with
boundary, this implies F~!(y) is a submanifold with boundary of X x [0, 1] of dimension
dim X X [0,1] —dimY = 1, since we assume dim X = dim Y. Moreover, the boundary of

216



Chapter 12. The Brouwer Degree modulo 2 217
F~l(y)is
OF ' (y) = F'() na(X x[0,1]) = (F;' () x {0}) U (F; () x {1})
= (/% {0})u (el x{1}).

Since X is compact, X X [0, 1] is compact. Since {y} is a closed subset of Y, F ~1(y) is closed
in X x [0, 1]. This implies that F~!(y) is compact. Hence Lemma 11.2, which follows from
the classification of compact one-manifolds, implies that 0 F~!(y) must consist of an even
number of points. Thus, computing mod 2 we get

# () +#g T (») =0,
and hence
#7' () =#g"'(») mod 2.

Now suppose that y is a regular value of F (but still a regular value for f and g). By
Lemma 4.20, the functions y — #f~1(y/) and y — #g~!(y/) are both locally constant on
the set of regular values y’ € Y of f and g, respectively. Thus there is an open neighborhood
U, C Y of y consisting only of regular values of f so that

#1710 =#f"1(y) forall y € U,.

Similarly, there is an open neighborhood U, C Y of y consisting only of regular values of g so
that

#g71(y) = #g7 () for all y € U,.
The intersection U; N U, is an open subset of Y. Hence, by Sard’s Theorem 10.18, there is a
regular value z of F in U; N U,. By the first case we have #1~1(z) = #g7(z) modulo 2 and we

get

# M =#f' ) =#g (@) =¢"'()) mod2. [

12.1.2 The Isotopy Lemma

In order to make to make our construction independent of the choice of a regular value, we will
need a special type of homotopy which preserves more information than homotopies in general:

(Isotopy) An is a homotopy A, in which each map #, is a
diffeomorphism. We say that two diffeomorphisms are if they can be joined
by an isotopy. An isotopy is called if the maps A, are all equal to

the identity map when restricted to the complement of some fixed compact set.

The following result will allow us to move points on connected manifolds via a family of
diffeomorphisms. The fact that every map in the homotopy family is a diffeomorphism makes
it much easier to keep track of the orientation numbers at preimages.
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Lemma 12.3 (Isotopy Lemma) Let Y be a connected smooth manifold. Given any
two points y and z in Y, there exists a diffeomorphism #: Y — Y such that

* h(y) =z and
 h is isotopic to the identity.

Moreover, the isotopy can be chosen to be compactly supported.

We proof Lemma 12.3 and an extension to finitely many points in Section 12.2.

Using the Homotopy Lemma 12.1 and the Isotopy Lemma 12.3 we can now prove the fol-
lowing key result:

r

Theorem 12.4 (Fiber modulo 2 is well-defined) Let f: X — Y be a smooth map
from a compact manifold X to a connected manifold Y and dim X = dim Y. Assume
y and z are regular values of f. Then

#71) =#f"(z) mod 2.

This common residue class #~!(y) modulo 2 only depends on the homotopy class of

f.

J

Proof: Let y and z be two regular values of f. Since Y is connected, we can apply the
Isotopy Lemma 12.3 and find a diffeomorphism A : Y — Y which is isotopic to the identity
and with A(y) = z. Since & is a diffeomorphism, z is a regular value of the composite /o f.
Since A is homotopic to the identity, the composite 4o f is homotopic to f. Hence the Homotopy
Lemma 12.1 implies that

#(ho ) '(z) =#f'(z) mod 2.
The left-hand fiber is given by
(hof)™' (@) = 7' (2) = 7).
Hence we have
#hof)™'(2) = #£7 ().
Thus we can conclude
#77') =#/"(z) mod 2.
To prove the second assertion, assume that g : X — Y is a smooth map which is smoothly

homotopic to f. By Sard’s Theorem 10.18, there exists an element y € Y which is a regular
value for both f and g. By the Homotopy Lemma 12.1, this implies

#7'(») =#g7'(y) mod 2.

This completes the proof of the theorem. 0J
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12.1.3 A well-defined invariant

As a consequence of the above observations we conclude that the number #f ~!(y) is indepen-
dent of the choice of y and only depends on the smooth homotopy class of f. Hence we make
the following definition:

(Degree modulo 2) Let X be a compact smooth manifold X without
boundary and Y a connected smooth manifold with dim X = dimY. Then the
, denoted deg,(f), is the mod 2 residue class of #f ~1(y) for any regular
value y of f.

The degree mod 2 is defined only when the range manifold Y is connected, the
domain X is compact, and dim X = dimY. Whenever we write deg,, we assume that these
assumptions are satisfied.

Now that we have the invariant deg,, let us contemplate on what it is good for. First of all,
we note that there are upsides and downsides equipped to deg,:

The first good news is that deg,(f) is a powerful invariant as we will see soon.

The second good news is that deg,(f) is easy to calculate: just pick any regular value y
for f and count preimage points

deg,(f) =#f"'(») mod 2.

The bad news is that its power is limited. For example, the map
C-¢_C, z— 7",

which wraps the circle S! smoothly around S! » times, has mod 2 degree zero if n is

even, and degree one if n is odd. For example, deg, of the constant map S' — S!

is equal to deg, of the squaring map S! — S! sending z + z?. Hence deg,
between many different maps.

We now prove an important property of the degree that we will use in the following sections:

Lemma 12.6 (deg, is additive) Let X and Z be compact smooth manifolds without
boundary and let Y be a connected smooth manifold with dim X = dim Z = dimY.
Let f: X U Z — Y be a smooth map. Then we have

deg,(f) = deg,(f|x) + deg,(f|2)-

Proof: Let y be aregular value for f. Thendeg,(f) = #f ~1(y), and the number of elements
in #f~1(y) is the sum of the number of elements lying in X and Z, respectively. These two
numbers are deg,(f|x) and deg,(f| ), respectively. O

We close this section with a remark that puts our previous observation in Remark 4.23 about
the necessity of the connectedness of the set of regular values for the number of points in the
fiber to be constant with the findings of this section:



220 12.1. The Brouwer Degree of maps modulo 2

Remark 12.7 (No contradiction to previous observation) One may wonder why
Theorem 12.4 does not contradict our observations when we discussed Milnor’s proof
of the FTA in Section 4.4. In Remark 4.23 we stated that it is not sufficient for Y to be
connected that the number #£~!(y) is constant for all regular values. For the number
#£~1(») to be constant for all regular values, we actually need that Y\ {regularvalues}
is connected.

In fact, in the proof of Theorem 12.4 we compose f with the diffeomorphism 4
and then use that deg, is homotopy-invariant. However, the Homotopy Lemma 12.1
only shows that #f~1(y) 2 is constant within the homotopy class of f. Fore
example, if deg,(f) = 0, the fiber f ~1(y) can be empty for some regular value, while
it can be non-empty consisting of an even number of points for others. All we know is
that the parity of #f~!(y) does not change, but the number #f~!(y) itself may vary.

12.1.4 Some applications of the mod 2 degree

There are many important and powerful applications of deg,. Here we just have a glimpse at a
few of them.

Application: Compact manifolds without boundary are contractible

Let X be a compact smooth manifold without boundary of dimension at least one. The
identity map on X has degree one, since #(id_l(y)) = 1 for every y € X. Thus deg,(id) = 1.
Now let ¢ : X — X be a constant map with value x, € X. Then every x # x; is a regular
value for ¢, since every point not in the image is regular. Thus deg,(c) = 0. Hence we can
conclude deg,(id) # deg,(c). Since deg, is invariant under smooth homotopy, we have proven
the following interesting fact:

Theorem 12.8 A compact manifold without boundary of dimension at least one is
smoothly contractible.

An immediate consequence of this result is a useful result we have proven previously. See
Lemma 11.6.

Lemma 12.9 (No retraction to the boundary - revisited) There is no smooth map
f: D! = S" which leaves S" pointwise fix, i.e., we cannot have f| |sn = idgn.

Proof: If such a map f : D"*! — S" existed, then we could define a smooth map
F:S"x[0,1] = S", F(x,t) = f(tx).
This map would be a smooth homotopy between a constant map and the identity map which

Theorem 12.8. L]

Application: Obstruction to extending maps to boundary
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Theorem 12.10 (Boundary Theorem for deg,) LetY be a connected smooth manifold.
Assume X = dW is the boundary for some compact manifold W and that f: X —
Y is a smooth map which can be extended to all of W, i.e., there is a smooth map
F: W — Y with Fjzy = f. Then deg,(f) = 0.

« Note that when W is compact, then the closed subset X = dW is also compact. Hence
deg,(f) is defined.

Proof: Let F: W — Y be an extension of f. By Sard’s Theorem 10.18, there is an
element y € Y which is a regular value for both f and F. By the Preimage Theorem 10.16
with boundary, this implies F~!(y) is a submanifold of W of dimension dim W — dimY = 1,
since we assume dim X = dim Y and dim W = dim X + 1. Since W is compact and since {y}
is a closed subset of Y, F~!() is closed in W. This implies that F~!(y) is compact. Hence
Lemma 11.2 implies that #9(F~'(y)) must be even. Moreover, the boundary of F~!(y) is

OF' =F'noWw =F'O)nX =Fx) ' =r"0).
Thus, computing mod 2 we get

deg,(f)=#f"'0) =#a(F~'(»)=0. O

This has a useful consequence:

Theorem 12.11 (Obstruction for extending maps) Let Y be a connected smooth
manifold. Let W be a compact manifold withdimW =dimY +1and f: W — Y a
smooth map. If deg,(f) # 0, then f cannot be extended to a smooth map W — Y on
all of W.

- Application: Existence of zeros for complex valued functions

Suppose that p : R? — R? is a smooth map and W C C is a smooth compact region in the
plane, i.e., a two-dimensional compact manifold with boundary.

Question: Is there a z € W with p(z) = 0?

Assume that p has no zeros on the boundary 0. Then
L. ow > s
|pl

is defined and smooth as a map of compact one-manifolds. Now if p has no zeros inside W/,
then I;%I is defined on all of W, i.e., the map I;%I : OW — S! can be extended to a smooth map

W — S! on all of W. If this is the case, we just learned that we must have deg, (I%) =0.
See Figure 12.1.
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Theorem 12.12 (Existence of zeros via deg,) If the mod 2 degree of I:%I : oW — S!
is nonzero, then the function p has a zero inside W'. O

- Note that calculating deg, (;ﬁ) simply consists of picking a point z € S!, we could

think of it as a direction, and just counting the number of times we find a w € dW with
p(w) = z, i.e., how often p(w) points in the chosen direction.

o Theorem 12.12 says that this simple procedure tells us whether p has a zero inside 1W/.

» Finally, if you have learned about Complex Analysis, then this should remind you of the
Residue Theorem and Cauchy’s formula.

« We look at some applications of Theorem 12.12 in the exercises, see Exercise 12.3 and
Exercise 12.4.

4 C 4 c
TZPI g!

—_ Nﬂ’" )=p(11)
:-K )
(o] >

v

Figure 12.1: The degree is able to detect a zero of the polynomial in the region W'.

12.2  Proof of the Isotopy Lemma

We now provide the proof of the Isotopy Lemma, an important result for the construction of the
Brouwer degree. We will then prove a generalization of the lemma.

Proof of Lemma 12.3: For the proof, we call two points y and z isotopic if the statement of
Lemma 12.3 holds. This defines an equivalence relation on the set of points in Y. The proof
of Lemma 12.3 will consist in showing that each equivalence class is open. Since equivalence
classes are disjoint, this will show that Y is the disjoint union of open subsets. Since Y is
connected, this implies there can only be one equivalence class, i.e., the assertion holds for all
points in Y.

To prove that the equivalence classes are open, we will first construct an isotopy /, on
Euclidean space R* such that
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hy is the identity,

each A, is the identity outside some specified small ball around 0, and

h,(0) is any desired point sufficiently close to 0.

Then we transport the isotopy to Y: Given y € Y, choose a local parametrization ¢ : R* —
V c Y with ¢(0) = y. Let B be a small open ball around 0 such that &, on R* is the identity
outside B. Since ¢ is a diffeomorphism onto V', ¢(B) is an open subset in Y contained in V.
Then the map H, := ¢oh,0¢p~! extends to an isotopy on all of Y by defining H, to be the
identity outside ¢(B). Then the existence of the isotopy H, shows that y is isotopic to all points
in the open subset ¢(B) of Y. Hence the isotopy-equivalence class of y is open.

Now we construct the isotopy &, on R:

We begin with the case k = 1: Given € > 0, by Lemma 8.9 we can find a smooth function
@ : R = R that vanishes outside (=&, £) and equals 1 at 0. For z € R! and ¢ € [0, 1], we
define

h(x)=x+1-p(x)-z.

Then A is the identity and A,(x) = x if x & (—¢,¢) for all #, and h;(0) = z. To show
that A, is an isotopy we compute its derivative with respect to x:

Rx)=1+1-¢'(x)-z

Since |@’(x)| vanishes outside a compact set, it must be bounded. Hence as long as |z|
is small enough, |¢ - '(x) - z| < 1 forall 7 € [0,1] and x € R. Thus h/(x) > 0 for all ¢
and x and A, is strictly increasing. By the Inverse Function Theorem 3.2 this implies
that inverse of A, is also smooth. Hence #, is a diffeomorphism of R! for all z with |z|
small enough.

Now let k > 2: We are going to use what we just learned from the case k = 1. Given any
point p in R¥ near the origin, we may rotate the coordinate axes so that the point lies on
the first axis. Hence, writing R¥ = R! x R¥~!, we can assume that p has coordinates of
the form p = (z,0) with z € R1.

First we choose a function p as for k = 1. Given € > 0, let again @ be a smooth function
that vanishes outside (—¢, €) and equals 1 at 0. By Lemma 8.9 we can choose a function
o : RF! - R such that 6(0) = 1 and ¢ is zero outside some small ball of radius 6. We
then define A, : Rk - RK-T a5 follows: for (x, y) € R! x R¥1 we set

h(x,y)=(x+1-0() - @(x)- 2z,
We need to check that A, has the desired properties:

» We have &,(x,y) = (x,y) unless |x| <&, |y| <, and ¢ > 0.

» h,(0,0) = (z,0) by the choice of ¢ and p.
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« It remains to show that 4, is a diffeomorphism of R* when |z| is small. First, we
observe that A, is one-to-one and onto: We can show as above that |- 6(y) - ¢’ (x) -
z| < 1 for all # and x if |z| is small enough. Hence, for each fixed y € R¥"!, h,
restricts to a diffeomorphism of R! x {y}. Since h, is the identity on Rk h, must
be one-to-one and onto on all of R¥. Since h, is smooth, it remains to check this its
inverse is also smooth: The derivative of A, at (x, y) € R! x R¥~! is represented by
the following matrix in the standard basis:

l+t-6(y)-@'(x)-z s - %
0
: I
0

where I,_, is the (k — 1) X (k — 1)-identity matrix. When |z| is small enough, we

can show as above that the left-hand corner entry 1 +7 - 6(y) - ¢’(x) - z is always

positive. Hence the matrix always has strictly positive determinant. By the Inverse
Function Theorem 3.2 this implies that the inverse of A, is smooth. O

We can actually extend the assertion to any finite number of points. We will use this result
later.

Theorem 12.13 (Isotopy Theorem) Suppose that Y is a connected manifold of di-
mension bigger than 1, and let {y,,...,y,} and {z,,...,z,} be two sets of distinct
points in Y. Then there exists a diffeomorphism 2 : Y — Y which is isotopic to the
identity with

h(y)) =zy,...,h(y,) = z,.

Moreover, the isotopy may be taken to be compactly supported.

Proof of Theorem 12.13: The proof is by induction. The Isotopy Lemma 12.3 is the case
n = 1. Now we assume the assertion being true for n— 1. Then we have a compactly supported
isotopy A/ : Y \ {y,.z,} = Y \ {,. z,} such that h’l(yl-) = z; foralli < nand h6 =Id.

Since dimY > 1, the punctured manifold Y\ {y,, z,} is connected. Since the isotopy A;
has compact support, there are open neighborhoods around y, and z,, in Y on which the /] are
all equal to the identity. Hence we can extend the family 4] to a family of diffeomorphisms of
Y that fix those two points.

Now we apply the induction hypothesis again to the punctured manifold
Y\{y.---s¥_1>215---+2,_1 } and the points y,, z,,.

Then we get a compactly supported isotopy 4" with 4Y/(y,) = z, and hj = Id. By the same
argument as for h/, we can extend 4!’ to an isotopy on all of Y such that all 4!’ satisfy h/'(y;) = z
for all i < n. Then

hy = hl'oh!

is the desired isotopy. 0J



Chapter 12. The Brouwer Degree modulo 2 225
12.3  Winding Numbers and the Borsuk—Ulam Theorem

Now we study an important application of the degree modulo 2 and prove a famous theorem.
First we introduce a useful new invariant.

12.3.1 Winding numbers modulo 2

Let X be a compact, connected smooth manifold, and let
f:X->R"

be a smooth map. We assume dim X = n — 1. Let z be a point of R” not lying in the image
f(X). We would like to understand how f(x) winds around z. To do this, we look at the unit
vector

_ ) -z
|f(x)—z|

It points in the direction from z to f(x) and has length one. With z fixed and x varying, we
can consider u as a map

u(x)

u: X - S

We would like to know how often this vector points in a given direction, i.e., how often u(x)
has a given value. We learned in Section 12.1.3 that the degree of u is an invariant that encodes
this information:

« The number #u~!(y) modulo 2 is by definition deg,(x). This number is constant for regu-
lar values y of the map u. To be a regular value means that y — z hits f(X) transversally,
or in other words, the line through z and y must hit f(X) transversally. See Figure 12.2.

Definition 12.14 (Winding number) We give this number a name and call it the
winding number of f around z. We denote it by

Wa(f.2) 1= deg,(u).

Our goal is to prove the following famous result:

Theorem 12.15 (Borsuk-Ulam Theorem) Let f: S¥ — R¥*!1\ {0} be a smooth
map, and suppose that f is odd, i.e., f satisfies the symmetry condition

f(=x) = —f(x) for all x € S*. (12.1)

Then the winding number of f equals one, i.e., W,(f,0) = 1.

In other words, any map that is anti-symmetric around the origin must wind around the
origin an odd number of times.
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Figure 12.2: The winding number of f around z: we count the number of times the vector
f(x) — z points in a given direction where we neglect tangential points. Note also that some
points on the graph may contribute multiple times. In the end we take our count modulo 2.

Aside: We will see below, there is a nice interpretation of this result for the meteorologists
among us: At any given time, there are two antipodal points on the Earth that have the same
temperature and pressure. Assuming temperature and pressure vary smoothly on the surface
of the Earth. L]

Before we approach the proof, we observe that the Borsuk—Ulam theorem is equivalent to
the following assertion:

Theorem 12.16 (Equivalent formulation of the Borsuk—Ulam Theorem) If f : Sk —
Sk is a map which sends antipodal points to antipodal points, i.e., f(—x) = —f(x),
then deg,(f) = 1.

Proof of Theorem 12.15 <= Theorem 12.16: First assume Theorem 12.15 is true:
Given a smooth map f : S¥ — S¥ with f(—x) = —f(x), we can consider it as amap f : S¥ —
Sk ¢ R*¥*!. Then we have f = f/|f| and therefore

1= Wy(f,0) = degy(f /| f]) = degy (/).

Now assume Theorem 12.16 is true: Given a smooth map f: SK — R\ {0} with
f(=x) = —=f(x), then f/| f] is a well-defined smooth map f/|f|: S¥ — S*. Hence we have

1 =degy)(f/If) =W1(f.,0)
by definition of winding number of f around 0. O

Recall that we called real functions f with f(—x) = —f(x) odd. Hence, as a slogan, we
can remember the Borsuk—Ulam Theorem for a smooth map f : Sk — Sk as follows:

[ + (Borsuk—-Ulam Theorem in a nutshell) If f is odd, its degree is odd. ]
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12.3.2 Winding numbers and boundaries

In order to prove the theorem, we first need to investigate the relationship of winding numbers
and boundaries:

Theorem 12.17 (Winding numbers and boundaries) Suppose that X = 0D is the
boundary of a compact n-dimensional manifold D with boundary, and let F : D — R”

be a smooth map extending f : X — R", ie., dF = f. Suppose that z is a regular
value of F that does belong to the image of f. Then F~!(z) is a finite set, and

W,(f,z) =#F~'(z) mod 2.

In other words, f winds X around z as often as F hits z, at least modulo 2.
Proof: We prove the assertion by studying the following two cases:
First case: F~!(z) =0, ie.,#F~!(z) = 0.

In this case, the map

u: X=0D-S"! x— M
|f(x) = z|
can be extended to a map
D—- S x Fo-z
|F(x) -z

since F'(x) — z is never 0. Hence, by the Boundary Theorem 12.10 for deg,, we have

W5(f,z) =deg,(u) =0 mod 2.
Second case: F~1(z) # @.

Since D is compact and of dimension n, F~!(z) is a zero-dimensional closed submanifold
of D, and hence compact and hence a finite set. Suppose

F' @) = {y1, s Y}

Then we can choose local parametrizations around each y; in D and let B; be the image of a
closed ball in R” around y;. See Figure 12.3. Since z is a regular value, the Stack of Records
Theorem 4.18 shows that F~!(z) is discrete and disjoint to X = 0D. Thus we can choose the
radii small enough such that these balls satisfy

B;NB;, =@andB,n X =@ foralli#j, andi=1,...,m.

We define
fi = FlaBi . 0[EB, b Rn.

to be the restriction of F to dB;.
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9D

Figure 12.3: We split the contributions of the f; and f by considering them as restrictions of
F.
Now we observe that the subset
D := D\ (U,Int(B;))
is a closed submanifold of D with boundary
0D =0D U 4B,V - UIB,,

the disjoint union of the boundaries of D and the B;’s. By the choice of the B;’s, we have
F~Y(z) n D = @. Hence
Fl@)nD = (Fp)~(2) =¥

Hence the winding number of 0F|; at z is . Since degrees and hence winding numbers
are additive with respect to connected components this yields

0=W,00Fp,2) = Wo(f,2) + Wr(f1,2) + - + W)(f,, 2)  mod 2.
Since we are working , this implies

W,(f,z) = Wy(fy,2) + - + Wy(f,,2) mod 2.

Now it remains to show W,(f;,z) =1 foreachi =1, ..., m. For then
#F Y (z)=m= Z Wy(fi2) =W (f,z) mod 2.
Since z is a regular value and dim D = n, dF, is an isomorphism. Thus, by the Inverse
Function Theorem 3.4, we can choose the radlus of B; small enough such that Fig_is a diffeo-

morphism onto its image (which contains z). By continuity, this implies also that f; = dF, 1B,
is one-to-one onto the boundary of F(B;).

By possibly rescaling and translating, we are reduced to showing:

Let B be the closed unit ball in R” and F: B — B be a diffecomorphism. Let f =
O0F : S"! - $" 1. Then

#F1(0) = Wo(f,0)=1 mod 2.
And this follows from W,(f,0) = deg,(f) = #f~1(v) =1 forany v € S" 1. [
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12.3.3 Key lemma: Lifting self-maps of the circle

Now we are almost ready to attack the proof of the Borsuk—Ulam Theorem. The proof will
proceed by induction on the dimension. To treat the case k = 1, we need one more ingredient
which we will discuss next. It will turn out, however, that the effort we put in proving the
following lemma will pay off later on.

Lemma 12.18 (Lifting self-maps of the circle) Let f: S' — S! be a smooth map,
andlet p: R — S! C C be the map defined by  — exp(2zit) = e?*. Then we have:

There exists a smooth map g : R — R such that the following diagram commutes

R— 4R

”l lp
S

f

The map g satisfies

gt+1)=g(t)+ g forall t € R for some fixed g € Z.

deg,(f) = g modulo 2, i.e., deg,(f) = 1 if and only if g is odd.

Proof of Lemma 12.18: The idea is that, given any smooth map f : S' = S', we can lift
f locally and then patch the pieces together to get a smooth map, see Figure 12.4,

g: R — R such that p(g(¥)) = f(p(1))
where p is the covering map
p: R— Sl 1t expQrit) = 2™,
If such a map g exists, we must have
p(gt+ 1) = f(p(t+ 1)) = f(p(1)) = p(g(®)) for all 7.
Since p(t;) = p(t,) if and only if t; — 1, € Z, we get

gt+1)—gt)eZ.

Since the function ¢ — g(r + 1) — g(¢) is continuous and takes only values in the discrete space
Z, it is locally constant. Since R is connected, the function must be constant. In other words,
for all t € R, we have

gt + 1) = g(t) + q for some fixed g € Z.
This ¢ is a fixed integer depending only on f. We can actually think of g as measuring how

fast f wraps S' around itself.

Assuming that the lift g exists, we now show g = deg,(f) modulo 2:
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X 8!

Figure 12.4: We think of R lying as a spiral above S!. That makes it easier to imagine how we
lift f to a map g, first by local lifts which then are patched together.
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First, note that if f is surjective, then we can pick a point y ¢ f(S!). This y is auto-
matically a regular value. Since #f~!(y) = 0, we must have deg(f) = 0. In this case, we have
q=0,1ie., g(t+ 1) = g(). As otherwise pog was surjective and hence f would be surjective.
Recall that, since the stereographic projection map S' \ {y} — R is a diffeomorphism and R is
contractible, the space S! \ {y} is contractible. Hence f is a map to a contractible space and
therefore homotopic to a constant map and has degree 0.

Now we assume that f is surjective. Let y be a regular value of f. We have deg,(f) =
#/~1(»). Hence we must count the preimages of y. Let x € f~!(y) and s € R be such that
p(s) = x. We then have

y=f(x)= f(p(s) = p(g(s)) = p(g(s) + k) for every k.

And since p(u) = p(u') if and only if u — v’ € Z, the points of the form g(s) + k are the
only points with p(u) = y. Hence we need to count how often we have g(t) = g(s) + k for
t € [s,s + 1]. See Figure 12.5.

We assume that ¢ > 0. If ¢ < 0, then we use a similar argument with —q. By the Interme-
diate Value Theorem in Calculus, we know that the smooth function g, ¢,y ¢ [s,s+ 1] = R
takes the value g(s) + k for each integer k € {0, 1,...,q — 1} an odd number of times and the
values g(s) + k for any other integer k an even number of times.! Hence, , there are
g many points ¢ in the interval® [s, s + 1) such that

p(g(®) = p(g(s)) = f(»).
Thus, , there are ¢ many points in f~!(y), and we have shown deg,(f) =gq. ]

Now we explain why such a lift g exists:

We first consider the composite 2 = fop:

0.1] R
Lo
f

where we restrict p to [0, 1] C R. We make a choice of a preimage point s, € R with p(s;) =
h(0). The restriction py of the covering map

Pt (59— 1/2,50+1/2) = S'\ {p(s + 1/2)}
is a diffeomorphism. Hence we can use the inverse ps_o1 to construct a local lift ps_oloh in a
neighborhood U, of 0 in R small enough such that h(U,) C S' \ {p(so + 1/2)} =: S':

p;oloh
UO e s R

T h -

s! figl_.

'Here we use that y being regular implies det(d f,) # 0 and hence dg(t,) # 0 for all 7, with g(z,) = g(s) + k.
2Remember that p(g(s + 1)) = p(g(s)). Hence we only need to take one of s and s + 1 into account.
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Figure 12.5: An application of an important theorem of Calculus. We count how many times
the graph of g hits integer values, marked by the horizontal lines. We know that if the graph
drops below a given value it has to pass it again to reach the value g(s) + g eventually. Counting
modulo 2 we get g crossings of the horizontal lines.

Now we continue this procedure to construct enough local lifts to cover all of [0, 1]. That this
works can be shown as follows:? We have just constructed a lift of 4 on the interval [0, s] for
some s with 0 < s < 1. Thus the set

D={re0,1]] h: [0,f] — S' can be lifted to a map
g:10,7] —» R beginning at s}

is not empty. Since D is bounded by 1, it has a least upper bound d € [0, 1].
. deD.

To prove the claim, let U be an open subset of S! containing 4(d) such that p maps each
component of p~!(U) diffeomorphically onto U. Since & is continuous, there is an open
subset W C [0, 1] containing d with A(W') C U. By definition of D and d, there is a point
s’ € Wsuchthat 0 < s’ < d and s’ € D. Since we can lift 4 to g: [0,s'] = R, we have a
unique point g(s’) € R. We also have g(s") € p~' (h(s)).

Let V' C R denote the component of p~!(U) with g(s’) € V. Since h(s’) and h(d) are both
in U, we can use (p“,)_1 to define a local lift (pr)‘loh 1 [0,s'] = Rof hon[s’,d]. Now the
previous lift of 4 on [0, s'] and the new one on [s, d] agree at s’ by construction. Hence we

3You find a proof of this fact in almost every textbook on Algebraic Topology in the section on covering spaces
and lifting of paths. Here we follow the argument in [19, page 88].
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can glue them together to get a lift : [0,d] — R of & on the entire interval [0, d].* Thus
d € D as claimed.

° d=1

d < 1. For the open set W C [0, 1] as above, we have d € W. Since W is open,
it still contains the open interval (d — 2¢, d + 2¢) for some small ¢ > 0. Then we could use the
above argument to extend the lift of A to [0,d + €]. Thus we would have d + ¢ € D which

that d is the least upper bound of D. Hence we must have d = 1 as claimed.

Hence we have shown that there is a smooth map g : [0, 1] — R such that

commutes. We then have

p(E(M) = f(p(1)) = f(p(0)) = p(&(0))

and hence
g(1) = g(0) + g for some fixed g € Z.

Finally, we define g : R — R by setting

g(t) :=g() forallt € [0,1], and
gt+1)=g@t)+qforallr eR.

This finishes the proof of the lemma. L]

Remark 12.19 (R is a covering space of S') There is a deeper reason why this
works. In fact, R is a (universal) covering space of S!, and continuous paths can always
be lifted to a covering space. You will learn more about this phenomenon later.

12.3.4 Proof of the Borsuk-Ulam Theorem

Now we are ready to prove Theorem 12.15. The proof will proceed by induction.

“4Actually, this gives us only a continuous lift a priori. But we can compose with appropriate smooth bump
functions to smoothen out any possible singular points. Since the notation would get extremely annoying, we skip
this step.
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Since we showed that Theorem 12.15 and Theorem 12.16 are equivalent, it suffices to show
thatamap f : S! — S! with f(—x) = —f(x) has deg,(f) = 1. By Lemma 12.18, we can find
asmoothmap g: R — R with fop = pog and g(t + 1) = g(¢) + g for some g € Z.

If f is odd, then

Fp@+1/2)) = f(=p®) = —f(p(®))

where we use p(t + 1/2) = exp2zi(t + 1/2)) = —exp(2zit) = —p(t). Hence

(gt +1/2) = f(p(t +1/2)) = —f(p(1)) = —p(g(®)).

‘We also have

p(sy) = —p(sy)
<> exp(2ris;) = —exp(2mis,)
< exp(2ris,) = exp(2zwis, + 7i)
& s, = 5, + m/2 for some odd m € Z.

This implies
gt+1/2) = g(t) + m/2 for some odd m € Z.

Applied to t = 1/2, this yields
g)=g(1/2+1/2)=g(1/2)+m/2 =g(0)+m/2+m/2 = g0) + m.

Thus ¢ = m is odd. Hence, by the previous lemma, we have deg,(f) = ¢ =1 mod 2. This
finishes the case k = 1.

Assume the theorem is true for k — 1 and k > 2. Let f: S¥ — R**1\ {0} satisfy the
symmetry condition (12.1). We consider S¥~! to be the equator of S¥, embedded by

gy e xg) = (g, oo, Xy, 0).

The idea is to compute W, (f,0) by counting how often f intersects a line L in RA+L
By choosing L disjoint from the image of the equator, we can use the induction hy-
pothesis to show that the equator winds around L an odd number of times. Finally, it
is easy to calculate the intersection of f with L once we know the behavior of f on the
equator.

Let g: S¥=! — RK+1\ {0} be the restriction of f to the equator. By Sard’s Theorem 7.1,
we can choose a value y € S which is regular for both smooth maps

The symmetry condition implies that y is regular for both these maps if and only if —y is
regular for both maps, since the derivatives at preimages of y and —y just differ by multiplying
with (—1).
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Since dim S¥~! < dim S*, the only way y can be a regular value of £- is when y is

gl
£

the image. Hence neither y nor —y are in the image of rE

Thus, for the line L := R - y = span(y), we have

yis aregular value of g < Im(g)Nn L =0.

That y is regular for L means by definition

[f]
f k
1 d| — =T (S%).
m< <|f|>x> 5D

235

in

The tangent space to S* at y is the orthogonal complement of the line pointing in direction

x)

of y. The map x — L s the composite of f and the map x +— x/|x| which is smooth in

. . [£ (0l
dimensions k > 2.

The derivative of the latter map satisfies

Im (d(x/]x]),) = (span(x))* c R¥!, ie., Ker (d(x/|x]),) = span(x).
For f/|f|, this means

Ker <d <—> > = span(f(x))NIm(d f,).

 o() ) = s o)) -

< span(f(x)) nIm(df,) = {0}
< span(f(x)) ¢ Im(d f,)

& L+Im(df,)=R!

& fmL.

Thus

Summarizing the argument, we have obtained

y is a regular value of % < f ML =span(y).

(12.2)

Now we are going to exploit these two observations for calculating W,(f,0). By defini-

tion, we have

-0 f F\"
WLr(f,0)=d — ) =d — )| =#[ — d 2.
2(.0) egz<|f—0|> egz<|f|> <|f|> ) mo

By symmetry, we have
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From (12.2) we know

iy ={xesk: f(x) e L}

={xeSk: EACI . +y}

e
(SN <L) _
_<If|> Wolir) o

Thus

7\ 1,
#| — = —# L).
<|f|> () = #/7HD)

Hence we need to calculate the number %# £~1(L), at least modulo 2.

By symmetry, we can do this on the upper hemisphere S* of S¥, i.e., the points on S
with x; | > 0. Let f, be the restriction of f to Sﬁ. By the choice of y, L does not meet the
equator, and hence no point on the equator is in f~!(L). This implies

277U =417 D).

The upper hemisphere is a manifold with boundary

0Sk = {x=(xp, o, xq) 1 ), X7 = land xgy =0} = S
i

being the equator.

Now we would like to apply Theorem 12.17 to the f, and g = df, and use the induction
hypothesis. However, the target of f, has dimension k + 1, whereas for both the theorem and
the induction hypothesis we need as target a Euclidean space of dimension k. So we need to
fix this.

The key is that the orthogonal complement of L in R¥*!, denoted by V, is a vector space
of dimension k. By choosing a basis of V', we can identify it with Rk,

To complete the argument, let 7 : R¥*! — 1 be the orthogonal projection onto V. Since
g is symmetric and z is linear,

mog . S S vis symmetric : 7(g(—x)) = n(—g(x)) = —x(g(x)).
Moreover, we have
7(g(x)) =0 <= g(x) € L, hence 7(g(x)) # 0 for all x € S¥~!

by the definition of z and the choice of L. Thus, after choosing a basis for V', we can consider
mog as a map
mog: SK1 o R¥ \ {0}.

Now we apply the induction hypothesis to 7og and get W,(7og,0) = 1.
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To finish, recall f, M L and hence for

zof,: Sk =V, (mof,) @ {0}.

In other words, O is a regular value of zof, . Hence we can apply Theorem 12.17 to zwo f.
and its boundary map d(zo f) = wog to get

W,(zog,0) = #(zof,)~(0).
But, by the choice of L, we have
n(f(x)) =0 < f,(x) € L, and hence (wof,)~'(0) = /7' (L).
This shows

Wy(f,0) =#f7'(L) = Wy(rog,0) = 1. [

Remark 12.20 Going back to the definition of W5 (f, z) and Figure 12.2: we learn from
the proof, in particular, that lines tangential to f(X) are not allowed for calculating

Wi(f, 2).

Theorem 12.21 (Corollary of the Borsuk—-Ulam Theorem) If f : Sk — R\ {0} is
symmetric about the origin, i.e., f(—x) = — f(x), then f intersects every line through
0 at least once.

Proof: Let L be aline in R**! through the origin. If f never hits L, then#f~!(L) = 0 and
f M L. By repeating the above proof using this f and L for calculating W, (f, 0), we would get
the contradiction to Theorem 12.15

W, (f,0)=#f"1(L)=0. O

In the exercises we study further consequences of the Borsuk—Ulam Theorem. So have a
look!

12.4  Linking numbers and the Hopf invariant modulo 2

In this section we will have a first glimpse at the Hopf invariant in a modulo 2 version. We will
discuss the actual Z-valued Hopf invariant in the exercises later.

There are many different ways to define this tremendously influential invariant. Here we
follow Milnor’s outline [13, Problems 13-15] of Hopf’s original approach using linking num-
bers.

12.4.1 Mod 2 linking number

We begin with the following definition:
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(Linking number) For k > 1, let X,Y C RK*! be two disjoint
smooth manifolds. We assume that X and Y are compact and without boundary, of
dimensions dim X = m and dim Y = n such that m+n = k. The mod 2
Ly(X,Y) :=deg,(4) of X and Y, see Figure 12.6, is defined to be the mod 2 degree of
the map 4, i.e., L,(X,Y) := deg,(4), where A is given by

A X XY > Sk (x,y) — St

lx -yl

Figure 12.6: The red circle is the boundary of a compact manifold D. In both cases the green
curve intersects the manifold D. The linking number detects the intersection. However, multiple
intersections may occur. The circles on the left-hand side are linked and cannot be moved apart.
The curves on the right-hand side are not linked and can be moved.

Example 12.23 (Linking number of two circles in R*) Suppose X,Y C R3 are two
circles embedded in R3. Let us try to understand why A detects how the two circles are
linked:

First, let us assume that X and Y are linked. In this case, we can move them
completely apart in R3 using an isotopy. Then A: X XY — S?is ,
since the vectors x — y cannot cover all directions of lines through the origin in
R3. Hence every point p in S? which is in the image of 4 is a regular value.
Since A=!(p) = @ and hence #4~!(p) = 0, we have deg,(1) = 0. For example, if X
consists of points with strictly positive first coordinate and Y consists of points with
strictly negative first coordinate, then x — y will always have strictly positive first
coordinate. Hence the hemisphere of S? of points with negative first coordinate
will be in the image of A. See also Lemma 12.24.

Second, assume that X and Y are linked once as on the left-hand side in Fig-
ure 12.6. In this case, we can express every direction of lines through the origin
in R3. A little bit of work shows that, if we take orientations of both circles into
account and use signs, then every direction is expresses once. This implies that
#A~1(p) = 1 for every point p € S?.

Note that, since X and Y are disjoint, the map A is well-defined and smooth.

The order of X and Y does not matter modulo 2, i.e., L,(X,Y) = L,(Y, X). For the
oriented linking number that we will study later this will be . Then we have



Chapter 12. The Brouwer Degree modulo 2 239

to consider a sign and have L(Y, X) = (=1)"+D#+D (X Y). This will imply that the
Hopf invariant vanishes when # is odd. See Section 16.4.

Lemma 12.24 (Linking and boundary) Assume that X is the boundary of a smooth
(m + 1)-manifold W which is from Y. Then we have L,(X,Y) = 0.

Proof: Since Y does not have a boundary, the product W X Y is a smooth manifold with
boundary o(W X Y)=0W XY = X X Y. Since W and Y are disjoint, 4 extends to a smooth
map on W X Y. Then the Boundary Theorem 12.10 for degrees implies that deg,(41) = 0.

O

Now we extend the definition of the linking number to submanifolds X, Y in S¥*! as follows:

(Linking number on spheres) Let X and Y be compact subman-
ifolds of S¥*! without boundary with dim X + dimY = k. Since S¥*! is connected
and since X and Y are closed subsets, there must be a point p which is contained
in either X or Y. We identity S¥*! \ {p} with R¥*! via the diffeomorphism defined by
stereographic projection ¢, from p. Then we consider the images ¢,(X) and ¢,(Y) of X
and Y, respectively, under this stereographic projection as submanifolds of R**!. Now
we define the Ly(X,Y)of X and Y to be Ly(¢,(X), ¢,(Y)) of $,(X)
and ¢,(Y) as in Definition 12.22.

12.4.2 Mod 2 Hopf invariant
The main situation we are interested in is the following:

f: 8" 5 §" Letw # z € S" be two regular values for f. Then f~!(w) and
f~(z) are compact submanifolds of S” without boundary and their linking number
L,(f ~l(w), f~1(z)) is defined. We define the of f, denoted
H,(f), to be the mod 2 linking number of f—1(w) and Uz, ie.,

(Hopf invariant modulo 2) For n > 1, consider a smooth map

Hy(f) := L, (f'(w), f7(2)) .

Our next goal is to show that this number does not depend on the choice of w and z and
only depends on the homotopy class of f.

Lemma 12.27 (Linking number is homotopy invariant) Let F: S ! x[0,1] - S"
be a smooth homotopy between f;, f; : S*'~! — S". Let w, z € S" be regular values
for F, and both f;; and f|. Then we have the equalities

Ly (f5'w), f71(2) = Ly (f7'w). £5') = L, (f7 ), /7' (2)) . (123)

. J

Proof: Since w is a regular value for F, the Boundary Theorem 10.16 implies that the
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subset F~'(w) c S$*1 x [0,1] ¢ R**! is a compact submanifold with boundary 0 F~!(w)
given by

OF Y(w) = Fl(w)n (S ' x {1} uS™ I x {0})
= f7 w) x {1} u £ (w) x {0}

Since fo_ I(z)isa compact manifold without boundary, the product F “lw)x fo_ l(z)isa compact
manifold of with boundary given by

OF (W) x f31(2)) = (f7 w) x {1} X 51 @) 1 (f; (w) x {0} X f77(2)).

Thus the maps 4y : f'(w) X f3'(z) - $* % and A, : f7'(w) x f§(z) - S$*"72 are the
restrictions of the map

Apt ) x f7(2) > $72, (x,)) = lx Y |
X—=Yy

to the two boundary components. By the Boundary Theorem 12.10 for deg,, this implies
degy (4oL 41) =0
where A, U 4, denotes the induced map (fo_l(w)xf()‘l(z))l_l(fl_l(w)xfo_l(z)) — S22 Since
deg, is by construction additive on connected components, this implies that
Ly (f3'w), f7'(2)) + Ly (f7'w), f7'(2)) =0 mod 2.
Thus we have
Ly (f5'w), f7'(2)) = Ly (f7'w), f;'(2))  mod 2.

This proves the first equality in (12.3). Applying the same argument for the second factor proves
the second equality. 0J

Lemma 12.28 The linking number L, ( fYw), f ‘1(2)) is locally constant as a func-
tion of w and of z.

Proof: Because of the symmetry we only prove the assertion for . The Local Submersion
Theorem 4.2 implies that the set of regular values is an open subset of S”. Hence we can choose
an € > 0 so that the open e-neighborhood of w contains only regular values. Let v be a point
in §" with |[v — w| < . We can choose a family of smooth rotations r,: §" — S”" so that
ri(w) = v, and so that

r, is the identity for 0 <7 < 6, forsome 0 < 6 < 1,
rrequalsry for1 =6 <t <1, and
each rt_l(v) lies on the great circle from w to v, which implies that it is a regular value

for f.

Now we can define a homotopy
F: S 1x[0,1] = S", F(x,t) = r,(f(x)).

By our choice of r, and v, note that, for each fixed ¢, v is a regular value for the composition
roof © $2"~1 — §". This implies that v also is a regular value for the map F. Now we can
apply Lemma 12.27 to deduce the assertion. 0J
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Lemma 12.29 (Hopf invariant is well-defined) For a smooth map f : S*'~! — S”,
the number L, ( flw), f1 (z)) does not depend on the choice of regular values w and
z and only depends on the homotopy class of f.

Proof: By Lemma 12.28, the assignment (w, z) — L, (f‘l(w), f‘l(z)) is a locally con-
stant function. Since Y is connected, the assignment is constant. Now if g: $?"~! — §”
is a smooth map homotopic to f, then there is a homotopy F between f and g. By Sard’s
Theorem 7.1, the set of regular values for f, g and F are dense in Y. Hence we can find ele-
ments w and z in Y which are regular values for f, g and F simultaneously. Now we can apply
Lemma 12.27 to deduce that H,(f) = H,(g). [

Remark 12.30 (H, is a map on homotopy groups) Denoting by z,,_,(S") the (2n—1)-
homotopy group of S”, we can view the mod 2 Hopf invariant as a map

H2 o ﬂ'zn_l(gn) - Z/2.

12.4.3 The mod 2 Hopf invariant of the Hopf fibration

Now we are going to compute the Hopf invariant for the Hopf fibration z: S* — S2, an
extremely important example of a smooth map. We recall the definition of z: We consider S°
as a subset of C2, i.e., S* = {(zg,2,) € C? : |zy|® + |z;|> = 1}, and S? as a subset of C X R,
ie,S?={(z,x) € CxR : |z|> + x> = 1}. Then the Hopf fibration r is the map S* — S?
given by

(29, 21) = (22921, 1201* = 1211?) -

We checked in Exercise 2.8 that this actually defines a map S* — S2.

We will now prove the following famous result due to Hopf:

Theorem 12.31 (Hopf invariant of the Hopf fibration is non-trivial) We have
H,(z)=1in Z/2.

This result has many important consequences. Here are just a few:

We can conclude that 7 is homotopic to a constant map. This is a famous result
of Heinz Hopf providing examples of non-contractible maps between spheres where the
dimension of the domain is bigger than the codomain.

We have shown in Exercise 2.8 that the Hopf map realizes S° as a disjoint union of
fibers which each look like S!. Since the Hopf invariant is the linking number of any two
distinct circles on S3, this shows that all these disjoint circles are linked in each other
and cannot be pulled apart.

Hence z exhibits a very special behavior of maps between spheres that only exists in a
handful of dimensions. The latter is a famous result of Frank Adams, known as the Hopf
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invariant one problem, and is actually concerned with the integral version of the Hopf
invariant that we will study later. Adams’ theorem had enormous consequences on the
development of mathematics.

Proof of Theorem 12.31: We have shown previously that 7 is a submersion. Thus every
point in S? is a regular value. Here we consider a = (0,0,1) and b = (0,1,0) on S? ¢ R? =~
C X R. The fiber of z over a is

7M@) = {(20,0) € S € C* : |zo]* = 1}.
To determine the fiber over b, we write z) = x( + iy, and z; = x; + iy;. Then we get

7m(zg,21) = (0,1,0) = 2zyz; =i and |zO|2 = |Z1|2 =

N =

1
= Yo = X1, V) =—x0andx(2)+x?=§.

Thus the fiber over b has the form

7l (b) = {(zo,zl) €Sz = }

_2_20

By definition of H,(x), we need to choose two distinct regular values w and z of z and
calculate the mod 2 linking number of 7z~ !(w) and z~!(z). Since we showed that each value is
regular, we can for example choose w = a = (0,0,1)and z = b = (0, 1,0) on S? c R3 = CxR.

To calculate the linking number of z~1(a) and 7~1(b) we need to choose a point on S3
disjoint from these two subsets and stereographically project S* from this point onto R3. By
our choice of a and b, we get that the north pole N = (0,0,0, 1) is neither on z~!(a) nor on
7~1(b). Recall that the formula for the stereographic projection q’)]_\,l : S\ {N} = R3is, with
the notation we use here, given by

1
(xO’yO’xlsyl)H 1 (x()7y()’x1)

-N
Hence we get

S, 1= ¢y (a7 (@) = {x = (x0, x|, X,) ER’ : x; + x7 = 1 and x, = 0}
and

L (1 = yp)?
S, =y (b)) = {y=(J/o,Y1,Y2)€R3 LYI=W andy§+y%=T° -

Now we can calculate H,(r) as deg,(4) with

X-y
Ix —y|

A SaXSb—>§2,(X,y)l—>

To compute the degree of 4 we pick a convenient point of S? and determine the fiber over
this point. Then we check that we actually picked a regular value.



Chapter 12. The Brouwer Degree modulo 2 243
So let us look at p = (1,0, 0). The equation A(X,y) = p then implies

xl =y1 zoande—y():le—yol

The latter condition implies that v, — wy is positive. This does not look very helpful at first
glance, but we also know
1= x% +x% = xé,i.e.,xo = =1,
and
2 (1 - y0)2
Yo = 0
Hence we can check for the four possible permutations of the signs whether they yield xy—y, >

— y0=i\/5—1.

0 and get three points: one with x5 = 1, y, = \/5— 1, one with xy = 1, yg = —\/5— 1, and
one with xy = -1, yy = —\/5— 1. Hence we get three points (X,y) in S, X S, with A(x,y) = p.
Hence, once we have shown that p is a regular value, we will have proved H,(7) = deg,(4) = 1
mod 2.

It remains to check the derivatives of A at these points and to show that p is a regular value.
Hence we have to show that the determinants at each point are nonzero.

Since S,, is the unit circle in the xy-plane, the tangent space of S, at a point x is given by
T,S, = {u = (uy, u;,uy) € R : u, = 0 and uyxy + u;x; = 0}.

Similarly, S, lies in the plane P in R? of points y = (3o, ;,,) With y, = y,. Then S, is the
fiber of the map

(- y0)2

& PR y=0oyLy) - yg+y = 2

After a simple computation we get

The derivative of g, as amap from P — R s given by the (2X 1)-matrix (we could also consider
it as a map R? — R?)
d(gb)y = (2y0 + 2’ 2y1)

Hence we get

TWSb = {ll - (uo,ul,uZ) (S RS . U2 = uland uo(yo + 1) +U1y1 - 0}

Now we calculate the derivative of A. First we do this as a map

Z:R:;XR:;—)R:;,(X’) ) .
y
|X )l

This will help us, since g;04 is constant on S, X S,. Hence d Z(X’y) sends the subspace T, S, X
T,S, € R* xR* to T, 5% C R?.

We determine d /Nl(x,y) by computing its partial derivatives %(x, y) and g—j"(x, y) with respect
J J

to the variables x,, x, x, and yg, 1, ¥5:
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For i # j, we have

aZi (xi - yi)(xj - yj') 02,.
_(X7 Y) = = _-(Xv Y)

0x; Ix —y|3 9y,

Fori = j, we get

(x; = y)> +(x, —p,)* ifi=0
—I3- (X0 = Yo)> + (x, —yp)? ifi=1
(xo = Yo)> +(x; —y)? ifi=2

and
0,1,.( ) az,.( )
—(x,y) = ——(X,Y).
0y; y ox; y

Now we evaluate these formulae at the points (x,y) with A(x,y) = p. For each such point
we found x; = x, = y; = ¥, = 0. Hence we get

az,.( )=0 az,.( )
=5 X7 = = - X$
axj y 0yj y
fori # j,
04, 1 0 ifi=0
—xy) =" e
ox; |xo = Yol 1 ifi=1,2
and

04 1 0 ifi=0
—xy)=——" o
0y, [xo — Yol -1 ifi=1,2.

Now we are equipped to study the linear map d 4 y) : T,S, X T, S, —> TPSZ:

0 0
A basis of T, p§2 is given by the vectors e, =|1|and e; =] 0|.
0 1
0
At each of the points (X, y) we found with A(x,y) = p, the vectora =| 1 |is a basis of T, S,
0
0 0
and the vector b = | 1 | provides a basis of T, S;. The map d 4 ) sends a to P iy i 1land b
1 o
0
L_ .| -1 Hence we have
|xo=yol _
_ 1 _ 1 1
dl(x’y)(a) - . ° 82 and dﬂ(X,y)(b) - e3

e ——
|xo — Yol |xo — Yol |xo — Yol

These two vectors form a basis of TIJS2 and we see that (x,y) is a regular point. Since this is
true for all points in the fiber of p € S?, we conclude that p actually is a regular value. U
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12.5 Exercises and more examples

12.5.1 Degree modulo 2

Exercise 12.1 LetX —f> Y-S Zbea sequence of smooth maps between manifolds with
X and Y compact, Y and Z connected. Assume that all three manifolds are boundaryless
and dim X = dim Y = dim Z. Show that

deg,(gof) = deg,(g) - degy (/).

Exercise 12.2 Let f: X — Y be a smooth map between smooth manifolds with X
compact, Y connected and dim X = dimY.

(a) Show that, if deg,(f) # 0, then f is surjective.
(b) Show thatif Y is not compact, then deg,(f) = 0.

(¢) LetX =Y =S!' c R? be the unit circle and assume that f : S! — S! is a smooth
map without fixed points. Show that f is surjective.

Hint: Show that f is homotopic to the antipodal map a: S! = S!', x —» —x.
What is deg,(a)? Use the previous points.

Exercise 12.3 Show that there exists a complex number z such that

z! +cos(|z|>)(1 +93z%) = 0.

Exercise 12.4 Let m be an odd number and let
p(z)=z"+a;z" '+ +a,

be a complex polynomial. Show that there exists a w € C such that p(w) = 0.

12.5.2 Borsuk-Ulam Theorem

Exercise 12.5 Let f,..., f; be k smooth real-valued odd functions, i.e., f; : Sk 5 R
with f(—x) = —f(x). Show that f|, ..., f; must have a common zero, i.e., there is an
x € Sk such that f1(x) = = fr(x).

Hint: Use the Borsuk—Ulam Theorem 12.15 and its consequence Theorem 12.21.

Exercise 12.6 Letg,...,g, on Sk be smooth real-valued functions. Show that there
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exists a point p € SK such that

g1(p) = g1(=p). ... & (p) = g (=p).

Hint: Use the previous exercise.

Exercise 12.7 Let py, ..., p, be real polynomials in n + 1 variables. Assume each p; is
homogeneous of odd order, i.e., there is an odd number m; such that p;(1x) = A™ip;(x)
for all A € R. We consider each p; as a smooth function R™! - R by sending x to p;(x).
Show that there is a line through the origin in R"*! on which all the p,’s simultane-
ously vanish.
Hint: Use the Borsuk—Ulam Theorem 12.15 and the previous exercises.

Exercise 12.8 LetS' = {(x,y) € R? : x? 4+ »*> = 1} be the unit circle and S? =
{(x,y,2) € R? : x? + y? 4+ z? = 1} be the two-dimensional sphere.

Show that there is no continuous map f: S* — S! with f(-p) = —f(p) for all
pe S

Hint: Assume such a map f existed. Then we could define the continuous map

g: B = () R 42 <1}~ S, g(xy) i= 7 (v VI-¥ = 2).

Show that g satisfies g(—q) = —g(g) for all ¢ € S! = dB?. What is the degree modulo 2
of g? Conclude that f cannot exist.

Exercise 12.9 Use the previous exercise to prove the following special case of our
previous observations: For every smooth map S?> — R2, there is a point p on S? such

that f(p) = f(=p).

Exercise 12.10 Assume the following continuous version of the assertion of Exer-
cise 12.9: For every continuous map S*> — R?, there is a point p on S? such that
f() = f(=p).

Deduce from this fact the following version of Invariance of Dimension:

An open subset in R? cannot be homeomorphic to an open subset in R” for n > 3.



13. Tubular Neighborhoods and Transversality

13.1 Normal bundles and tubular neighborhoods

In this section we study two key tools in differential topology. We will see several important
application in the next sections. We are going to use a generalization of the Inverse Function
Theorem that we will prove first.

13.1.1 A generalization of the Inverse Function Theorem

We begin with the compact case.

Theorem 13.1 (Generalization of the IFT - compact case) Let f: X — Y be a
smooth map that is one-to-one on a compact submanifold Z of X. Suppose that for all
xX€EZ,

dfy: To(X) = Ty (Y)

is an isomorphism. Then f maps an neighborhood of Z in X diffeomorphically
onto an neighborhood of f(Z)inY.

Proof: We know that f maps Z diffeomorphically onto its image f(Z), since [ : Z —
f(Z) is a bijective local diffeomorphism and therefore a diffeomorphism. We would like to
show that we can extend this to an neighborhood around Z.

Since d f is an isomorphism, for each x € Z, there exists an open neighborhood U in X
around x on which f| U, is a diffeomorphism. The collection {U, } is an open cover of Z. Since
Z is compact, we can choose a finite subcover {U, ..., U,}. Weset U := U,U,. Restricted to
the open subset U, f|; is alocal diffeomorphism. It remains to shrink U if necessary to ensure
that f; is also injective, i.e., we need to show that there is some open subset V" in X which
contains Z such that f}, is injective. Then f;) is an injective local diffeomorphism. We
have shown previously that this implies that f;) is a diffeomorphism onto an open subset of
Y. Since Z C U and Z C V, we also have Z C U NV and the assertion is proven.

We are going to show that V' exists by , 1.e., we assume that there
exists at least one point z € Z such that in any small open neighborhood W of z there are
points a # b with f(a) = f(b). By choosing open neighborhoods W; smaller and smaller
around z and by choosing subsequences a; # b; with f(a;) = f(b;), we can assume that both
the a; and b; converge to z. Since f(a;) = f(b;) for all i and f is continuous, we have f(aq;) —
f(z) and f(b;) — f(z). But since d f, is an isomorphism, the previous Inverse Function
Theorem 3.4 implies that there is a small open neighborhood W in X around z such that fy,

247
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is a diffeomorphism. Since a; — z and b; — z, for N large enough, we have a;, b; € W, and

hence f(a;) = f(b;) € f(W,) foralli > N. Butsince fy, is injective, this implies a; = b; for
all i > N. This contradicts the choice of the a; and b;. Ul

The existence of partitions of unity allows us to move from the compact to the general
case. First we recall the following notion from general topology:

(Locally finite subcovers) An open cover {V,} of a manifold X is
called locally finite if each point of X possesses a neighborhood that intersects only
finitely many of the sets V,.

Partitions of unity can be used to show the following lemma:

Lemma 13.3 (Local finiteness lemma) Every open cover {Ua} on a manifold admits
a locally finite refinement { Va}.

Since the above lemma is rather a statement in general topology, we omit its proof here. So
we move on and use it to generalize the Inverse Function Theorem:

Theorem 13.4 (Generalization of the IFT - general case) Let f: X — Y bea
smooth map that is one-to-one on a submanifold Z of X. Suppose that for all x € Z,
dfyt T(X) = Ty)(Y) is an isomorphism. Assume that f maps Z diffeomorphi-
cally onto f(Z). Then f maps an neighborhood of Z in X diffeomorphically
onto an neighborhood of f(Z)inY.

Proof: For each x € Z, there exists an open neighborhood V, in X around x on which £}y,
is a diffeomorphism, since d f, is an isomorphism forall x € Z. Let U, = f(V,) be the open
image in Y. The collection of all U, is an open cover of f(Z), since each f(x) € f(Z) lies
in some U, = f(V,). By the previous lemma, we can choose a locally finite subcover {U,} of
f(Z)in Y. For each U,, there is a local inverse g; : U; — V; C X of fiv.- We define

1
W . ={yeU, : gk = g whenever y € U; N Uj}.
On the subset W, we can define an inverse
g: W — X, g(y) = g;(y) for any i.

This is well-defined by the construction of W, as g(y) = g;(y) = g ;(») whenever y e U, N U;.
Since the g;’s are local inverses of f, we have f(Z) C W.

It remains to show that W contains an subset which still contains f(Z). Let x € Z.
Since f(x) € f(Z), we can find a k such that f(x) € U,. If U, C W, we are done, since then
every point in f(Z) has an open neighborhood which is contained in W. So assume U, is not
contained in W. After shrinking U if necessary, we can assume by the local finiteness of the
cover {U,}, that there are only finitely many of the U,’s which intersect U,, say U, ..., U,.
Then, fori =1, ..., n, we set C;; to be the closure of the set {y € U, n U, : g) # g},
ie.,

Ci={yeUnU, : g # g}
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Since the union of a finite collection of closed subsets is closed, C, := C;, U---UC,, is closed
in Y. Hence

is open in Y. By definition of W and the C;, we know U C W. It remains to make sure that
f(x)isstill in U, i.e., that it does not belong to one of the closures C;;.

Note that f(x) satisfies g;(f(x)) = x = g (f(x)) foralli = 1,...,n. Since df, is an
isomorphism, the usual Inverse Function Theorem implies that there is a small open neigh-
borhood V, C U around x such that f, v, is a diffeomorphism. Hence, foreachi =1, ...,n, we
have

&(f(x) =x" = g (f(x)) forall X" € V, n g,(U)) N g, (U)).

Hence the finite intersection f(V,)NU,NU;N---NU, is an open subset which is not contained
inany of the sets {y € U, n U, : g;(y) # g,(»)}. Thus f(x)is contained in C,. Hence we
have shown that U C W is an open subset containing f(x). ]

13.1.2 Normal bundle

Let X C R™ be a smooth manifold without boundary. We would like to understand the geom-
etry of X with respect to its environment. In order to prove the e-Neighborhood Theorem we
introduce an important geometric tool similar to the tangent bundle.

(The Normal Bundle) Foreach x € X, we define N, (X), the
of X at x, to be the orthogonal complement of 7, (X ) in R™. The
N(Y) is then defined to be the space

NX)={(x,v) e X XR" : v e N .(X)}.

There is a natural projection map o : N(X) — Y defined by o(x, v) = x.

. Note that, unlike T'(X), N(X) is to the manifold Y but depends
on the specific relationship between Y and the surrounding R".

The normal bundle N (X) is actually a smooth manifold itself. In order to show this, we
must recall a fact from linear algebra: Suppose that A : R” — R is a linear map. Its trans-
pose is a linear map A’ : R*¥ — R™ characterised by the dot product equation

Av-w=v-AwforallveR" we Rk

Lemma 13.6 (Help from Linear Algebra) If A is surjective, then the transpose A’
maps R¥ isomorphically onto the orthogonal complement of the kernel of A.
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Proof: First we note that A’ is injective. For if A’w = 0, then Av-w = v - A'w = 0, so
that w L A(R™). Since A is surjective, w must be zero. Now, if v € Ker (A), i.e., Av = 0,
then 0 = Av - w = v - A'w. Thus A’/(R¥) L Ker (A). Hence A’ maps R¥ one-to-one into
the orthogonal complement of Ker (A4). As Ker (A) has dimension m — k, its complement has
dimension k, so A’ is surjective, too. O

Now we can prove:

Theorem 13.7 (Normal bundles are manifolds) Let X C R™ be a smooth n-
dimensional manifold without boundary. Then N (X) is a smooth manifold of dimen-
sion m and the projection ¢ : N(X) — X is a submersion.

Proof: We need to find local parametrizations for N(X). Let x be any point in X. We
learned in the discussion of the Local Immersion Theorem that we can find an open subset
V' C R™ containing x and local coordinate functions (u;, ...,u,,) : ¥ — R™ such that

XnV={veV  u,, ,(v)="=u,) =0}
We define ¢ to be the smooth map
.V ->R" v (u,,(v),...,u,)).

We set U = ¢~ '(0) = X n V. Note that, since V is open in R™, we deduce that U is open in
X. Let N(U) be the normal bundle of U considered as a smooth manifold in R”. We observe
that N(U) equals N(X) N (U x R™), thus it is open in N (X).

Foreach x € U, dp, : R™ — R™" is surjective and has kernel 7,(U) = T,(X) by the
Preimage Theorem 6.3. Therefore the transpose of d ¢, maps R™~" isomorphically onto the
orthogonal complement of Ker (dg,) = T,(X). But this is N,(X) by definition. Hence we
get an isomorphism

(do )" : RS (T (X))* = N (X).
This shows that the map
w: UXR"™™ = NU), (x,0) = (x,do! (1))

is bijective. It is also an embedding of U X R™~" into U X R™, since it is the identity on the first
factor and an injective linear map on the second factor. Hence v is a diffeomorphism. Thus
we have shown that N (U) is a smooth manifold with local parametrization . The dimension
of N(U) is

dmNU)=dmU+m—-—n=n+m—n=m.

Since every point of N (X) has such a neighborhood N (U), N(X) is a smooth manifold.

Note that coy : UXR* — U is just the projection onto the first factor, which is a submersion.
Thus d(coy), ., is surjective at every point (u, w). Hence do, is surjective at every u, and o
is a submersion. 0J
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13.1.3 The Tubular Neighborhood Theorem

Now we are going to study an important application of normal bundles. Let X C R” be a
smooth manifold without boundary. The next theorem will provide us with the desired infor-
mation about the geometry of how Y sits inside its ambient space. More precisely, our goal is to
show that every smooth manifold has a special type of neighborhood. We begin with a lemma
that will give us the existence of interesting neighborhoods of X in R":

Lemma 13.8 (e-Neighborhood Lemma) Let X C R” be a smooth manifold without
boundary. There is a smooth function £ : X — R>? such that every open subset U of
R” with X C U contains the open subspace in R”

Xe={yeR": |y—x| <e(x)forsomex € X}.

If X is compact, € can be chosen to be constant.

\. J

Proof: Foreach point x € X, we can find a small radius £, such that the open ball B, (x) C
U is contained in U. We set
U, :=XnB, (x).

Claim: Uy = {y e R" : |y—x'| <&, forsome x’ € U,} C U.
For, y € U;* means thereis an x’ € U, with |y—x'| < &,. Butx’ € U, means |x'—x| < &,.
Thus the triangle inequality implies
ly—al <|y—x|+|x" — x| < 2¢,.

Thus v € B2€x (x) € U by the choice of €. The collection of all U, forms an open cover {U, }
of X C R". By the existence of partitions of unity for subsets in R”, we can choose a partition
of unity {p;} subordinate to the cover {U, }. Now we define the function

e X >R x> Zpi(x)ex
i
Note that € is a smooth function, since all the p;’s are smooth.
Claim: X¢ c U.

Let y € X*. Then there is a x € X such that |y — x| < &(x). For this x, only ﬁnitely many
of the numbers p;(x) are nonzero, say pll(x) Py (x). This 1mp11es y € U N--N U Let
€; be the maximum of the finitely many numbers Ejsee . Then, since Z p; (x) = 1 we
have e(x) < £ . Hence

ly— x| < e(x) < g implies v € Ul.Ei'” cU.
Thus X¢ c U.

If X is compact, we can reduce {U, } to a finite cover U, , ..., U, and let ¢ be the maxi-
mum of the Ex;- Ol
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Now we would like to realize such neighborhoods X* of X using the normal bundle N (X)
of X in R”. We define the map

h: N(X) - R", (x,v)~ x+ 0.

Since N (X) is a smooth manifold in R” X R" and # is just the restriction of the addition map
on R”, h is smooth. Geometrically, 27 maps each normal space N,(X) to the affine subspace
containing x which is orthogonal to 7, X. The map h provides us with the connection of the
neighborhood X ¢ with the normal bundle in the following way:

(Tubular neighborhoods) Let X C R” be a smooth manifold without
boundary. A of X is an open subset X* of R" containing X such
that 2 maps an open subspace N¢(X) C N(X) diffeomorphically onto X¢ where the
space N¢(X) is given by

NE(X) = {(x,0) €R" : |v] < &(x)}

for a smooth function £ : X —» R>0,

A key feature of smooth manifolds embedded in some Euclidean space is that they always
have a tubular neighborhood. We will first prove this important fact and then study some of its
consequences.

Theorem 13.10 (Tubular Neighborhood Theorem) Let X C R” be a smooth man-
ifold without boundary. Then X has a tubular neighborhood X¢ such that there is a
submersion 7 : X¢ — X for which the restriction of z to X is the identity.

Proof: Let again X, = N 9(X) € N(X) denote the zero-section of N (X), i.e., the subspace
X = {(x,0) : x € X}. The map A maps X diffeomorphically onto X. Our goal is to show
that this extends to an open neighborhood around X,. To do this we show that dh, (, is an
isomorphism for every point (x, 0) in X, as follows:

First, we observe that, since h x : X, — X isadiffeomorphism, dh, ) maps T(, 4,(X,) C
T\ 0)N (X) isomorphically onto 7, (X) C R".

Second, since the restriction of £ to the normal space N,(X) C N(X)is given by v —
x+v, we see that dh, o) maps T, o)({x} X N (X)) C T, o) (N (X)) isomorphically onto
N .(X)CR".

Since we have T,R" =T, X @ N, X, this shows that dh, () is surjective for every x.

Since dim T, (,(N (X)) = n, this implies that dh, ( is an isomorphism for every x.

Hence the assumptions of the generalized Inverse Function Theorem 13.4 are satisfied
and we can conclude that 2 maps an open neighborhood of X, in N(X)
onto an open neighborhood of X in R”. By the e-Neighborhood Lemma 13.8, every open
neighborhood of X contains an X¢ for a smooth function £ : X — R>°. It is clear from the
definition of A that X* is the image the open neighborhood N¢(X) of X, in N(X) for the same
function e.
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Finally, we have shown that there is a smooth map h~! : X¢ - N¢(X) Cc N(X). We define
the map z by

= 0'|NE(X)oh_1 DX - X

Since h~! is a diffeomorphism and ¢ is a submersion, we conclude that 7 is submersion. It
follows directly from the definition of / and o that restriction of 7 to X C X¢ is the identity.
O

We emphasize that a key point for the existence of x is that we do not only have X but
also that we know that it is the diffeomorphic image of N¢(X) under 4. Hence we really
need to use the normal bundle.

For some applications, the important point of the theorem is not so much the existence
of the X?, but rather that they come equipped with the submersion z.

It is crucial that we can find an neighborhood of X, in N(X) which is diffeomor-
phic to an neighborhood of Z in Y. For it is clear that X is diffeomorphic to X,
which is closed in N(X). The difference may become apparent when we look at the
dimensions: dim X¢ = n, whereas dim X < n in general.

Recall from Lemma 13.8 that, if X is compact, then € > 0 can be chosen constant, and
X is the open set of points in R” with distance less than € from X. If ¢ is sufficiently
small, then each point w € X*® possesses a unique closest point in X. Writing z(w) for
this unique point, defines the map 7 : X® — X in this case. After studying the proof of
the theorem, it is a good exercise to check that this actually yields the desired map .

Tubular neighborhoods are very useful, for example for the construc-
tion which is key for proving more advanced results in differential topology. We will
see some applications in the following sections.

13.1.4 Tubular neighborhood - the relative case

We can actually consider normal bundles more generally whenever we have a submanifold
Z C X in order to understand the geometry of Z in X:

(Normal Bundle to a submanifold) Let X C R™ be a boundaryless
manifold, and let Z be a submanifold of X. We define the to
be the set

N(Z,X):={(z,v) 1 z€ Z,veT,(X)andv L T,(Z)} .

We think of N(Z, X) as the relative normal bundle, since we take the normal space
within the tangent space of X, not in the ambient Euclidean space.

Also relative normal bundles are manifolds on their own:
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Theorem 13.12 (Normal bundles are manifolds revisited) The normal bundle
N(Z, X) is a smooth manifold of dimension equal to dim X. The canonical map

. NZ,X)-> Z, o(z,v) = z,

is a submersion.

Proof: Let z be a point in Z. We can find an open subset V' C R™ containing z and local

coordinate functions (uy, ... ,u,) : ¥V — R™ such that
ZnV={veZ:uw=-=u,) =0}
and XNV ={veX:uy,=-=u,) =0}

where n is the codimension of Z in R™ and k is the codimension of Z in X. Let ¢ be the
smooth map given by
@=p,...,u,): V->R"

Weset U := Z n V. We observed above that the map
v:UXR" > Ny(Z,R") :=U xXxR")NN(Z,R™),
(,v) ~ (u,dg' (v))
is a local parametrization of N(Z,R™) = N(Z).

By restricting y to elements in U X R ¢ U x R”, we get a smooth map ¢ defined as the
composite

U x RF 2 N (Z,R™)

O

Ny(Z,X)

where Ny (Z,X) := (U XR™) N N(Z, X) and p is the map induced by the orthogonal pro-
Jection p, : R™ — T, (X) at each z. Note that, for a vector w € R™ which satisfies w L T,(Z),
we have p(w) € T,(X) and p(w) L T, (Z). Let = (uyyq,...,u,): V = R"~*. We observe
that, by our choice of ¢ and @, we know

T,(Z) = (Kerdg,) C Ker (d,) = T,(X)

and the orthogonal projection p, varies smoothly with z. At each z € U, the dimension of the
kernel of the composite

T

do; 2
R"—2 N(Z,R™—% N_(Z, X)

is
dimKer (p,) = dim N, (Z,R") —dim N,(Z, X),

since d (pf is an isomorphism. We can calculate this dimension by

dim N(Z,R™) — dim N,(Z, X) = m — diim Z — (dim X — dim Z) = n — k.
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Thus, ¢ is a diffeomorphism being the identity on the factor and a linear isomorphism on
the second factor. Hence ¢p: U X R¥ — N (Z,Y) is a local parametrization of N(Z, X).
Since Ny (Z, X) is open in N(Z, X) and every point in N(Z, X) lies in such an Ny (Z, X),
we conclude that N(Z, X) is a smooth manifold. Its dimension is

dim N(Z,X) =dimU + dim R* = dim Z + dim X — dim Z = dim X.

We note again that cogp: U X R¥ — U is just the projection onto the first factor, which is a
submersion. Thus d(co¢), . is surjective at every point (u, v). Hence do, is surjective at
every u, and o is a submersion. 0J

Let us look at an example of a normal bundle of an embedded submanifold:

Example 13.13 (Normal bundle to sphere) Consider S~! as a submanifold of S¥
via the embedding
gy e xg) = (g, oo, Xy, 0).

The tangent space T,(S¥~!) is embedded in T,(S) as the subspace consisting of vectors
with last coordinate being 0. Hence the orthogonal complement of Tp(Sk‘l) in Tp(Sk )
is spanned by the vector with coordinates v, := (0, ...,0, 1) (in Tp(Sk)). Hence we can
define a map

S*TxR — NS, SH, (0. ) - (0, Avp).

This map is a diffeomorphism with inverse (p, Av,) = (p, 4).

Note that an n-dimensional vector bundle which is diffeomorphic to the product of the
base space with R” is called . Hence we just showed that N(S¥~!, S¥) is a trivial
one-dimensional bundle.

We get a similar result when we consider S¥=! ¢ R¥ for k > 2. Then, at any p € S¥1,
the unit vector p/|p| spans the normal complement to 7, p(Sk‘l) in R*. Hence there is a
diffeomorphism

SFIxXR = N(SHLR5, (0, ) = (p, 4p/Ip)).

Hence N (S*¥~!, R¥) is a trivial one-dimensional bundle over S*~!.

However, there are a lot of vector bundles as well. Important examples
are the tangent bundle 7'(S?) over S? and the universal bundle over the Grassmannian
Gr (R,

Note that for any z € Z, the preimage 6~!(z) =: N,(Z, X) is the space of normal
vectors to Z at z in T,(X) that we have met before.

Asfor N(X), N(Z,X)is to the manifold Z but depends on the
specific relationship between Z and the surrounding space X.

Now we extend the tubular neighborhood theorem to submanifolds:
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Theorem 13.14 (Tubular Neighborhoods - relative version) Let X C R” be a smooth
manifold without boundary, and let Z be a submanifold of X. Then there is a diffeo-
morphism of an neighborhood Z¢ of Z in X to an neighborhood N¢(Z, X)
of Z, = Z x {0} in N(Z, X). There is a submersion Z* — Z which restricts to the
identity on Z.

Proof: By the Tubular Neighborhood Theorem 13.10 applied to X C R”, we have the
open neighborhood X*x C R” for some positive smooth function € y and a submersion

Ty XX > X,
We define again a smooth map
h: N(Z,X)->R", (z,v) > z+ 0.
The inverse image
W = h~'(X*X) c N(Z, X)

is an open neighborhood of Z, in N(Z, X). Since h(z,0) = z for all z € Z, the composition
h b4
[ WD Xx—> X

is the identity when we restrict it to Z,. By the same argument as above, we can show that
dhy, ) is an isomorphism at every point of Z; in N(Z, X). Since dx is the identity forall z €
Z C X*x,d f(, ) is an isomorphism for every (z,0) € Z, C N(Z, X). Hence the assumptions
of the generalized Inverse Function Theorem 13.4, are satisfied, and we can conclude that
there is an open neighborhood V of Z, in N(Z, X) which is mapped diffeomorphically onto
an open neighborhood U of Z in X by f = woh. Then we can find a positive smooth function
e: Z - R>%such that Z ¢ Z¢ C U and Z¢ is diffeomorphic to an open neighborhood
N&(Z,X)of Zyin N(Z, X). The composition

ONE(Z,X)

1 78— N(Z, X)—220, 7
is the desired submersion. O

Finally, we make the following observation that we will use later:

Theorem 13.15 (Trivial relative normal bundle) Let X C R” be a smooth manifold
without boundary, and let Z be a submanifold of X. Then N(Z, X) is a trivial bundle
over Z if and only if there is a submersion g: U — R* defined on an open subset
U C X such that Z = g~1(0).

Proof: First, we assume that N(Z, X) is trivial, i.e., there is a diffeomorphism ¢ : Z X
R*¥ — N(Z,X). By Theorem 13.14 there are open neighborhoods Z C Z¢ C X and
N&(Z,X) C N(Z,X) with a diffeomorphism Z* — N¥(Z, X). Composition and restric-
tion yield the desired submersion g : Z¢ — N¢(Z, X) — R* such that Z = g~1(0).

Second, we assume that there is a submersion g : U — R¥ with Z = g~!(0). Hence, for
eacchze ZcUCcC X,dg,: T,U =T,X — RFis a surjective linear map. This implies by
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Lemma 13.6 that the transpose (dg,)’ maps R¥ isomorphically onto the orthogonal comple-
ment of 7,7 in T, X for every z € Z. Thus, by definition of N(Z, X), the map

p: ZxR¥ 5 N(Z,X), (z,v) = (z,(dg,) (v))

is a diffeomorphism. [

13.2  Whitney Approximation Theorem

In this section we show that every continuous map between smooth manifolds can be approx-
imated by a smooth map. In particular, we will show that every continuous map is homotopic
to a smooth one. The key tool that makes this work are tubular neighborhoods.

13.2.1 Whitney Approximation Theorem for Functions

We begin with the approximation of maps to Euclidean space. We will show that such maps
can be approximated in the following sense:

(e-close functions) Let X be a smooth manifold and f,g: X — R”
two maps. Let £ : X — R>? be a positive continuous function. Then we say that f and
g are said to be if | f(x) — g(x)| < e(x) forall x € X.

Theorem 13.17 (Approximating maps to Euclidean space) Let X be a smooth
manifold with or without boundary, and let f : X — R” be a continuous map. Let
e: X — R>0 be a positive continuous function. Then there exists a smooth map
g: X — R" which is e-close to f. Moreover, if f is already smooth on a closed subset
A C X, then g can be chosen equal to f on A.

Proof: Let A C X be a closed subset and assume that f|, is smooth. By definition, this
means that there is an open subset U C X with A C U and a smooth map F: U — R” such
that 1,4 = F| 4. We define the set U as

Ujy:={xeX ! |Fx)— f(x)| <ex)}.

This is an open subset in X, since the function x — &(x) — | F(x) — f(x)]| is continuous and U
is the inverse image of the open subset R>? under this function. Note that X \ A C U, since
F(x)— f(x)=0forallx € A. If A = @, we set U, := 0.

Now let x € X \ A and U, be an open neighborhood of x in contained in X \ A which is
small enough such that

|F(y)— f(x)] < %6(x) <e(y)forally e U,.

We can find such a neighborhood, since x is fixed and € and F are continuous maps. The
collection {Ux txe X\ A} of all such neighborhoods for all x is an open cover of X \ A.
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[So]
Now we can choose a countable subcover {Ux.} | and we set U; := U, to simplify the
1 i= 1

notation.

Let {py, p; } be a smooth partition of unity subordinate to the open cover {U,, U;} of X. We
define the map g : X — R” by

g(x) 1= py()F () + Y p(x)f (x).
i=1
Since F, p and the p; are smooth and the f(x;) are fixed values, g is smooth. Moreover, we

have g4 = F|4 = f|4. It remains to show that g and " are e-close: Since Zizo pi(x)=1and
|F(x) — f(x)| < %s(x) for all x € X, we see

800) = F(O] = |po()F () + Y pi(x)f(x) — <po<x) +y p,~<x)> /)
i=1 i=1

< Py F(x) = FG+ D (01 f () = £ ()
i=1

< po(x)e(x) + Z pi(x)e(x) = e(x). U
i=1

13.2.2 Whitney Approximation Theorem between manifolds

Now we can extend this result to smooth manifolds embedded in R"”. Recall that two maps
f.g: X — Y are said to be homotopic relative to a subset A C X if there is a homotopy
H: X x[0,1] - Y suchthat f(x) = H(x,t) = g(x) forall x € Aand all t € [0, 1].

Theorem 13.18 (Whitney Approximation Theorem) Let X be a smooth manifold
with or without boundary and let Y C R” be a smooth manifold without boundary. Let
f 1 X — Y be a continuous map. Then f is to a smooth map X — Y.
Moreover, if f is already smooth on a closed subset A C X, then the homotopy can be
chosen relative to A.

Proof: Let Y C R” be a tubular neighborhood of Y in R” and let e: ¥ — R>? be
the associated positive smooth function. Let z: Y* — Y be the submersion of the Tubular
Neighborhood Theorem 13.10 for which the restriction of 7 to X is the identity. We define &
to be the positive continuous function given as the composition

E=¢eof: X » RO,

By the previous theorem, there is a smooth map g: X — R" with g4 = f|,4 and which is
é-close to f. Now we define the map H : X X [0,1] — Y as the composition of = with a
straight-line homotopy between f and g:

H(x,t) =7 (1 -0 f(x)+18(x)).

Claim: H is well-defined.
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We know |g(x) — f(x)| < &(x) = e(f(x)) for all x € X. Hence g(x) is contained in the
open ball around f(x) with radius e(f(x)). Thus, g(x) and the whole line segment between
f(x) and g(x) are contained in Y* for all x by definition of Y*. This proves the claim.

Hence we can conclude that H is a homotopy between H(x,0) = z(f(x)) = f(x) and
H(x,1) = n(g(x)). Moreover, we have H(x,t) = f(x) for all x € A. The map zog is smooth
and the desired map homotopic to f. [

Remark 13.19 (No boundary is important) The assumption on Y being without
boundary is actually crucial. For a simple example, let X = R and Y = [0, o0). Con-
sider the continuous map f: X — Y given by f(x) = |x| and let A = [0, c0). Then
there does exist a smooth map g: X — Y with g, = f|4. For f is smooth on
the open interval (0, oo0) with % f(x) =1 for all x € (0, ). However, g would have
to satisfy g(x) € Y, i.e, g(x) > 0 for all x € X. From what we learned in Calculus
we can deduce that such a map g cannot be smooth. As a consequence we get that there
is no smooth homotopy A4 : X X [0,1] — Y with h(x,?) = f(x) for all x € A and all
te[0,1].

Theorem 13.20 (Homotopic maps are smoothly homotopic) Let X be a smooth
manifold with or without boundary and let Y be a smooth manifold without boundary.
Let f,g: X — Y be smooth maps. Then, if f and g are homotopic, they are smoothly
homotopic. Moreover, if f and g are homotopic are relative to some closed subset
A C X, then they are smoothly homotopic relative to A.

Proof: Leth: XX[0, 1] — Y be a continuous homotopy between f and g relative to A. We
would like to apply Whitney’s Theorem 13.18 to . However, X X [0, 1] may not be a manifold
with boundary in our sense. Hence, we first extend A to a continuous map 2: X x R — Y by
setting

h(x,1), te[0,1]
h(x,t) =3 h(x,0), <0
h(x,1), t>1.

The restriction of 2 to X x {0} U X x {1} is smooth, since it is equal to fox; on X x {1} and
gom; where 7; : X X R — X denotes the projection. If A is a homotopy relative to A, then h
is also smooth on A X [0, 1].

Now, since X X R is a smooth manifold, with or without boundary, Whitney’s Theo-
rem 13.18 implies that there is a smooth map H : X X R — Y whose restriction to X X
{0} U X x {1} U A X [0, 1] agrees with h. By restricting H to X X [0, 1] we get the desired
smooth homotopy between f and g relative to A. [

13.2.3 Compact manifolds are not contractible

The ideas we used to prove Brouwer’s fixed point Theorem 11.7 together with the approximation
theorems of this section lead to the following stronger form of Theorem 12.8:
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Theorem 13.21 (Compact manifolds are not contractible) Let X be a connected
compact smooth manifold of dimension at least one without boundary. Then the identity
map from X to X is homotopic to a constant map.

The theorem says that no compact manifold of dimension n > 1 has the homotopy type
of a point.

In Algebraic Topology, we learn about this fact when we show that the nth singular ho-
mology group of a connected compact manifold is nontrivial, more specifically we have
H,(X;7Z/2) = Z/2. Since homology is invariant under homotopy and H,({x,}; Z/2) =
0 for n > 1, there cannot be a homotopy equivalence between X and a one-point space.

Here, however, we give a more geometric explanation. For the theorem follows again
from the classification of one-manifolds in Theorem 11.1 together with Whitney’s Ap-
proximation Theorem 13.18.

Proof: Assume there was a smooth homotopy H : X X[0, 1] — X between the identity on
X and a constant map with image x, € X, i.e., H(x,0) = xand H(x, 1) = x,forall x € X. By
Sard’s Theorem 10.18, the map H has at least one regular value y € X. We note that, since
dim X > I, we must have y # x. This follows from the fact that d H, , fails to be surjective,
since H(—,1): X — X is constant.

The fiber H~!(y) is a smooth manifold by the Preimage Theorem 10.16. Since X is com-
pact, so is X X [0, 1]. Since H~!(y) is closed in X x [0, 1], H~!(y) is compact as well. Since
H~'(y) has codimension dim X in X x [0, 1], we have dim H~'(y) = 1.

Moreover, H~!(y) may have a boundary, since X has no boundary and hence X x [0, 1] is
a manifold with boundary. The Preimage Theorem 10.16 for manifolds with boundary implies
that this boundary has the form

OH ') =X x[0,IDNH ') = (X x {0} uX x{1H)n H ' (y).
Since H satisfies H(x,0) = x for all x € X, we have
(X x{0)n H'(y) = (»,0).

For t = 1, however, H(—, 1) is constant with H(x,1) = x, for all x € X. Since we know
, we have

X x{IHhnH 'y =0.

Thus we have 0 H~!(y) = (y, 0). Hence the boundary of H~!(y) consists of a single point. This
Lemma 11.2 which says that a compact one-manifold with boundary always has
an even number of boundary points.

By Whitney’s Approximation Theorem 13.18, we know that if there was a smooth homo-
topy between the identity and a constant map, then there was a continuous homotopy between
the identity and a constant map. Since such a smooth homotopy cannot exist, we get the theo-
rem. [
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13.3 Ehresmann Fibration Theorem

In this section we study another consequence of the existence of tubular neighborhoods.

We begin with an important type of maps:

Definition 13.22 (Locally trivial fibrations) Let f : X — Y be a smooth map between
manifolds. Then f is called a locally trivial fibration if for each y € Y there is an open
neighborhood U C Y of y and a diffeomorphism ¢ : f~'(U) = U x f~(») such that
the diagram

fH ) ——— U x £7y)

flfk /

commutes where p;; denotes the projection onto the first factor.

Here are some examples and remarks:

- Every projection py : X X Z — X is a locally trivial fibration. In fact, it is globally
trivial.

» Every vector bundle 7 : E — Y is a locally trivial fibration.

- Assume we have a vector bundle 7 : E — Y such that each fiber 7~!(y) has a metric
| -] - Then we can form the sphere bundle f : S(E) — Y as follows: we set S(E) =
{ve E :|v|,=1ifz(v) =y} C E, and f is just the restriction to S(E). Then f is a
locally trivial fibration.

» If Y is connected, then the fibers of a locally trivial fibration f : X — Y are all diffeo-
morphic.

- The Hopf fibration f: S* — S? is a locally trivial fibration. This will become clear

after we have proven the main theorem of this section.

The following famous theorem gives us a sufficient criterion for a map to be locally trivial
based on the notions we have studied before:

Theorem 13.23 (Ehresmann Fibration Theorem) Let f : X — Y be a proper sub-
mersion. Then f is a locally trivial fibration. In particular, if X is compact, every
submersion is a locally trivial fibration.

« The second assertion follows from the first, since every continuous map with a compact
domain is proper.
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Ehresmann’s theorem is highly influential in many areas of geometry and topology. For
example, in complex and algebraic geometry it implies that the higher direct images of a
constant sheaf along f form a local system on Y (see [20]).

Let y, € Y be a given basepoint in Y. The theorem also tells us that we can think of a
proper submersion f : X — Y as a family of diffeomorphic copies of the fiber f~!(y,)
varying over the points in Y.

Proof of Theorem 13.23: The assertion is clear if X is the empty set. So assume X and
f~1(») are nonempty for y € Y. Since f is a submersion, y is a regular value for f. Hence
Z := f~1(y) is a submanifold of X. Then the relative version of the Tubular Neighborhood
Theorem 13.14 says that there is a neighborhood Z¢ of Z which is open in X and a submersion
. Z% — Z for which the restriction to Z is the identity. Then we can form the map

q:=(x flze): Z° > ZXY.

Since f is proper, Z = f~!(y) is compact. Moreover, the Preimage Theorem 4.7 tells us
that Z is of dimension dim X —dim Y and T,(Z) = Ker (d f,). This implies that the derivative
dq, of g atany point z € Z C Z* is an isomorphism, as d f, is surjective onto 7,Y and dx,
is surjective onto 7, Z. Hence dgq, is a surjective linear map and since the dimension of T, Z*
is equal to dim X = dim Z + dimY, dq, must be an isomorphism. Thus we can apply the
generalized Inverse Function Theorem 13.4 to Z C Z* and q. Hence we get that there is a
neighborhood Z C W C Z¢ of Z which is open in Z¢ such that g, is a diffeomorphism
onto an open neighborhood of g(Z) in Z X Y.

Finally, since f is proper, it is a closed map. Hence, Lemma 13.24 below implies that
there is an open neighborhood U C Y around y such that Z c f~'(U) ¢ W. Then we
have ¢(f~'(U)) = U x Z and have shown that ¢ := g,y f7/(U) - U x f71(y)isa
diffeomorphism such that f| 1) = pyoe. ]

Lemma 13.24 (Closed maps) Let f: X — Y be a continuous map between topo-
logical spaces. Then f is closed if and only if for all y € Y and open subset W C X
satisfying f~!(y) C W, there is an open neighborhood U of y satisfying f~'(U) C W'.

Proof: We only show the implication we need. The other direction is left as an exercise.
Since W is open, its complement X \ W is closed in X. Since f is closed, the image f (X \ W)
is closed in Y. Hence the complement U :=Y \ f(X \ W)isopeninY. As f~'(y) C W, we
know y ¢ f(X \ W)andhence y e U and f~'(y) C f~1(U) C W. O

13.4 Thom's Transversality Theorem

We are going to review what we have learned about transversality and show that transversality
is actually a generic property. This is a quite long and technical chapter. You may want to skip
some details for the first reading and get back to them later. The good news is that the results we
prove here will lay the ground for the intersection theory we will develop in the next chapter.
So hang in there, it is worth it!
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Main application:

Our main application will be to reach our goal to define an interesting intersection theory
for smooth manifolds which helps us deciding difficult questions. For example, we would like
to use it to show that S? and RP? are not homeomorphic. So assume we have a compact smooth
k-dimensional manifold (without boundary), Y an n-dimensional manifold, and Z a closed m-
dimensional submanifold of Y. Let f: X — Y be a smooth map which is to Z.
Then the Preimage Theorem 6.2 tells us that f~'(Z) is a k + m — n-dimensional submanifold
of X. Since it is a closed subset in the compact space X, f~!(Z) is also compact.

In the special case m = n — k, f~1(Z) is a compact manifold of dimension 0. Thus it is
a finite set of points. This is the starting point for intersection theory. For we can ask: How
many points are in the preimage f~'(Z)? Actually, we will define the mod 2-intersection
number I,(f, Z) as the number #f ~1(Z) modulo 2. The reason why we have to compute this
number modulo 2 is due to our wish to make I,(f, Z) homotopy invariant. Now we would like
to do this with a general smooth map. However, the assumption that f meets Z transverse
is for the above to work. The goal of this section is to show that every smooth map
f i X — Y can be replaced up to homotopy with one a map that is to Z, and the
resulting intersection number will not depend on the chosen homotopic map. This will make
it possible to define I,(f, Z) in the next chapter for an arbitrary smooth map. [

13.4.1 Thom’s Transversality Theorem
We start with the following extension of Sard’s Theorem 10.18:

Theorem 13.25 (Thom’s Transversality Theorem) Let F: X X.S — Y be a smooth
map of manifolds, where only X has a boundary. Let Z be a submanifold of Y without
boundary. If both F and 0 F are transverse to Z, then sES, S
and 0 f; are transverse to Z where f, denotes the map x — f (x) = F(x, s).

Recall that the difference between requiring that F is transverse to Z versus f is trans-
verse to Z is that, for F, the image of T(, ,)(X X .S) under d F{, , has to be big enough,
whereas for f we look at the potentially smaller image of T{, ;,(X X .S) under d(f),.
Similarly for 0 F and df.

Proof: Since both F and J0F are transverse to Z, the Preimage Theorem 10.17 implies
that W := F~!(Z) is a submanifold of X X .S with boundary
W =WnoXxS)=Wn@OX x.S).

Let #: X X.§ — S be the natural projection map. We will show that whenever s € S is a
regular value for the restriction 7 : W — .S, then f; M Z, and whenever s is a regular value
for or: oW — S, then df, M Z. By Sard’s Theorem 10.18 for manifolds with boundary
almost every s € .S is a regular value for both maps, so the theorem follows.

Claim: f, M Z.
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Suppose f(x) = z € Z. Because F(x,s) = z and FF M Z by the assumption, we know
that

dF(x,S)(]—'(X,S)(X X S)) + TZ(Z) == TZ(Y)
Hence, given any vector a € T,(Y), there exists a vector b € T(, (X X §) such that
dF, (b)—aeT,/(2).
We need to find a vector v € T,(X) such that
d(f)(v) —a €T, (Z),
as that would show that d(f,), (T, (X)) + T,(Z) =T (Y). Since
T (X X.8) = T (X) X T(S),

we can write b as a pair (w, e) for vectors w € T,(X) and e € T,(S). If e is zero, we are done
as we will now explain: Since f is the restriction of F' to X X {s}, it follows that d(f,), is the
restriction of dF 5 to T\ (X)X {0} C T (X)X T(S), i.e., the diagram

T, (X) X {0} —— T (X) X T(S)
dF,
d(fon l o
T,(Y)
commutes and hence

dF(x,s)(b) = dF(x,s)(w7 0) = d(fs)x(w)

, e need not be zero. But we may use the projection = to modify w and e as
follows: It is an exercise to check that

dzi, g o T (X)X T(S) = T(S)

is just projection onto the second factor. In fact, this holds for every projection map from a
product of manifolds. Now we use the assumption that s is a regular value of 7. For this
implies that the restriction of dz, ;) to T, (W)

Ty W) — T(X) X T,(S)

ld”(x.x)
A )T 5y 9

T(S)
is surjective. In particular, the fiber over e € T,(.5) is nonempty, and there is some vector of

the form (u, e) in T{, (W).

The restriction Fy:W=F ~1(Z) - Z is amap to Z, so the vector dF s (u,e)is an
element in 7,(Z). Consequently, the vector v := w —u € T,(X) is the vector in T,(X) we
were looking for:

d(fs)x(v) —a= dF(x,s)(w —u, O) —a
=dF, o((w,e) = (u,e)) —a
= (dF(x’S)(w, e) - a) - dF(x’S)(u, e),

and we remember that both dF (w,e)—aand d F, ; (u, e) belong to T (Z). Hence d(f,),(v)—
aisin T,(Z) as we wished to prove.
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Claim: df, i Z.

This is a special instance of what we just proved, for the case of the boundaryless manifold
0X and the map dF : (X)X S — Y. L]

13.4.2 Transversality is generic

This shows that transversality for smooth maps X — R is generic in the following sense:

Let £ : X — RY be a smooth map. Let S be an open ball in RM, and define
F: XxS - RN, F(x,s) = f(x)+s.
The derivative of F at (x, 5) is
dF g =df.ldgn): T(X)XRY > RN,

Thus d F, ;) is surjective at any (x, s). Hence F is a submersion. This implies that F
is transverse to every submanifold Z c RY. Now we can apply the Transversality
Theorem 13.25 we have just proven:

Let Z ¢ RN be a manifold. Since F and 0 F are transverse to Z, for almost every s € .S,
the map f,(x) = f(x)+ s is . Moreover, the map

Xx[0,1]1 = RN, (x,H) > f,,(x) = f(x)+1s

provides a smooth homotopy between f and f,.

This shows us that transversality is generic for maps X — RY. We would like to generalize
this result to an arbitrary boundaryless smooth manifold Y ¢ RY and smooth map f: X —
Y. Given a submanifold Z C Y, we have just learned how to vary a smooth map f: X —
Y C RY as a family of maps X — R" such that for arbitrarily small s, where we
consider Z as a submanifold in R . It remains to project these maps down to Y such that a
small perturbation f, of f remains transversal to the given submanifold Z C Y. We can
do this using normal bundles and tubular neighboorhoods we constructed in the previous
section.

As a first consequence we get:

Theorem 13.26 (Creating families of submersions) Let f : X — Y be a smooth map
where Y is a manifold without boundary. Let .S be an open ball in RN . Then there is
a smooth map F : X X .S — Y such that F(x,0) = f(x), and for any fixed x € X, the
map

F(x,—-): 8§ > Y, s F(x,s)is asubmersion.

In particular, F and 0F are submersions.
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Proof: Let Y ¢ RN and .S be the open unit ball in RY. We define

F: XxS->Y, F(x,s) =n(f(x) + e(f(x))s). (13.1)

Recall the map
r:YE Y

from the Tubular Neighborhood Theorem 13.10. Since x restricts to the identity on Y, we
have

F(x,0) = z(f(x) + 0) = f(x).

For fixed x, the map
@S ->Y s f(x)+e(f(x)s

is the translation of a linear map. Thus d g, is just given by multiplying a vector in 7,(.S) =
RM by the real number £(f(x)) > O to get a vector in T,,(Y*) C RN. This means that
the derivative d @, is just given by multiplying the canonical submersion R¥ — R with the
number £(f(x)), and therefore d ¢, is surjective. Thus ¢ is a submersion.

As the composition of two submersions is a submersion, we get that zop

that is the map
F(x,—)=rmogp: S—(p> yel Y, s — F(x,s)is a submersion.

Hence the restriction Fi, g : {x} XS — Y of F to the submanifold {x} X S is a submersion
for every x € X. Since every point of X X S lies in one of these submanifolds, F must be a
submersion as well. The same argument applied to 0 F and 0. X, shows that 0 F is a submersion.

O

Now we can prove that transversality is generic:

Theorem 13.27 (Transversality Homotopy Theorem) Let f : X — Y be a smooth
map. Let Y be a smooth manifold without boundary and let Z be a boundaryless sub-
manifold Z of Y. Then there a smooth map g: X — Y such that g is homotopic
to f and transverse to Z, i.e., such that

g~fandgm Z anddg  Z.
Proof: For the family of mappings F of Theorem 13.26 the Transversality Theorem 13.25

implies that f; M Z and 0f; M Z for almost all s € S. But each f, is homotopic to f, the
homotopy being

XXI->Y, (x,t)» F(x,ts). [
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13.4.3 The Extension Theorem

In fact, Tubular Neighborhood Theorem 13.10 allows us to prove a stronger form of the
Transversality Homotopy Theorem 13.27. In order to be able to formulate it, we need some
terminology.

r

Definition 13.28 (Transversality on subsets) Let f: X — Y be a smooth map,
Z C Y asubmanifold, and C C X be a subset. We will say f is transverse to Z on C,
if the transversality condition

Im(df,) +T;(Z) =Tru)(Y) (13.2)

is satisfied for all x € C n f~1(2).

» Note that, even if C is a submanifold, the condition of Definition 13.28 is different than
requiring fic M Z since (13.2) involves Im (d f,) = d f, (T (X)), not Im(d(f\c)y) =
d f,.(T,(C)), which is smaller in general.

Now we can formulate an important technical result.

Theorem 13.29 (Thom’s Extension Theorem) Let f: X — Y be a smooth map,
Y without boundary, and Z a closed submanifold of Y without boundary. Let C be a
closed subset of X. Assume that f M Z on C and df M Z on C N dX. Then there
exists a smooth map g : X — Y homotopic to f, such that g M Z and dg M Z, and on
an open neighborhood of C we have g = f.

Since the boundary d.X is closed in X, we obtain the important special case:

Theorem 13.30 (Extension of maps on boundaries) Let f: X — Y be a smooth
map such that 0f M Z. Then there exists a map g: X — Y homotopic to f such
that dg = df and g M Z. In particular, suppose there is a smooth map A: dX — Y
transverse to Z. Then, if 4 extends to any smooth map X — Y, it extends to a smooth
map f: X — Y thatis transverse to Z.

For the proof of the Extension Theorem we need a lemma:

Lemma 13.31 (Extending functions) If U is an open subset which contains the closed
set C in X, then there exists a smooth function y : X — [0, 1] that is equal to 1 outside
U but that is 0 on a neighborhood of C.

Proof: Let C’ be any closed set contained in U that contains C in its interior, and let {p, }

be a partition of unity subordinate to the open cover {U, X \ C’}. Then we just take y to be
the sum of those p; that vanish outside of X \ C’. Ol

Proof of the Extension Theorem 13.29:
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First we show that f M Z on a neighborhood of C i.e. an open subset containing C. If
x € Cbut x ¢ f~1(Z), then since Z is closed, X \ f~!(Z) is a neighborhood of x on which
f M Z automatically.

If x € f~1(Z), then there is a neighborhood W of f(x)inY and a submersion ¢ : W — R¥
such that f i Z at a point x’ € f~1(Z n W) precisely when go f is regular at x’. But if o f
is regular at x, so it is regular in a neighborhood of x. Thus f M Z on a neighborhood of every
point x € C, and so

S M Z on a neighborhood U of C in X.

Second, let y be the function in Lemma 13.31 for the closed subset C and the open neigh-
borhood U of C in X. We set 7 := y2. We have

dr, =2y(x)dy,, and hence y(x) =0 = 7(x) = dr, = 0.
Now we modify the map F : X X.§ — Y which we defined in (13.1) in proving the Homo-
topy Theorem 13.27, where S is the unit ball in RM. We set

G: XXS-Y, Gx,9) := F(x,t(x)s).
Claim: G @ Z.

To prove the claim we first assume 7(x) # 0. Now suppose that (x, s) € G~'(Z). Then the
map
S->Y, r— Gx,r),

is a submersion, since it is the composition of the

diffeomorphism r — 7(x)r with the submersion r — F(x,r).

Hence G is regular at (x, s), so certainly G M Z at (x, s). To show the claim when z(x) = 0, we
need to check that the image of the derivative dG, ) is big enough. To do this, we introduce
the map

m: XXS8->XXS, (x,5) ~ (x,7(x)s).

We would like to calculate the derivative of m. To do so we apply the product rule to the
second coordinate and remember that 7 : X — [0, 1], i.e. 7(x) and d7(v) are both in R for any
v € T,(X). Then we get

dm, (v, w) = (v, 7(x) - w+dz, (V) - 5)
where w and s are vectors in RV.

We observe that G = Fom. Hence in order to calculate the derivative of G, we can apply
the chain rule. Since we are interested in the case where 7(x) = 0 and dz,, = 0 we get

dG(x,s)(U9 w) = dF(x,s)(U, O)

Moreover, since F(x,0) = f(x) for all x by construction of F, we know F,x, o, = f. This
implies
dF(X,S)(U’ 0) = dF(X,O)(U’ 0) = dfx(U)
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Hence we get
dG, (v,w) =d f(v)
and therefore
Im(dG, ) =Im(d f (V) C Ty (Y). (13.3)

Now 7(x) = 0, implies x € U by definition of y and 7. But by the choice of U above, this
implies f M Z at x. Hence (13.3) implies G M Z at (x, s). This proves the claim.

» The same argument shows dG M Z.

Now we can apply the Transversality Theorem 13.25 to G: X X .S — Y and conclude
that we can pick and fix an s for which the map

g(x) :=G(x,s)satisfies g M Z and dg M Z.

The map G is then a homotopy

I = Fixxoy = Gxxioy ~ Glxx(s) = &

Finally, if x belongs to the neighborhood of C on which = = 0, then we even have

gx)=G(x,s) = F(x,0) = f(x). [

Let us summarize what we have achieved:

» (Summary) We have proven three key results about transversality:

(a) The Transversality Theorem 13.25 says that when a homotopy F is transversal
to Z, then, in this homotopy family, almost every f, = F(—, s) is transversal to
Z.

(b) The Transversality Homotopy Theorem 13.27 says that given a map f and a sub-
manifold Z, then there exists a map g transversal to Z and g is homotopic to

f.

(c) The Extension Theorem 13.29 says that, given a map f which is transversal to Z
on a subset C, then we can always replace f with a homotopic map g which is
transversal to Z everywhere (not only on C) and f = g on an open set containing
C.

(a) is a generalization of Sard’s Theorem 10.18. For (b) and (¢), the key for the proof
is the Tubular Neighborhood Theorem 13.10.
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13.5 Exercises and more examples

Exercise 13.1 Prove the General Position Lemma: Let X and Y be submanifolds of
R™. For almost every a € R" the translate X + a intersects Y transversally.

Exercise 13.2 Let X be acompact submanifold of R”, andw € R”. Leto : N(X) - X
denote the normal bundle.

(@) Show that there exists a (not necessarily unique) point x € X closest to w, and
prove that w — x € N, (X).

Hint: If ¢(¢) is a curve on X with ¢(0) = x, then the smooth function |w — ¢(#)|?
has a minimum at 0. Now use that we have shown in Exercise 2.13 that there is a
unique correspondence between tangent vectors at x and velocity vectors at O of
curves ¢ : (—a,a) = X with ¢(0) = x.

(b) Leth: N(X)— R", h(x,v) = x + v, be the map used in the proof of the Tubular
Neighborhood Theorem 13.10. We know that A maps a neighborhood of X in
N (X) diffeomorphically onto X¢ C R”, where € > 0 is constant. We define the
smooth map 7 = coh~!. Use the previous point to show that, if w € X¢, then
7(w) is the unique point of X closest to w.

Exercise 13.3 Let X be a submanifold of RY. Show that ‘almost every’ vector space
V of any fixed dimension k in R" intersects X transversally, i.e.,

V+T.(X)= RN for every x € X.

Hint: Use the fact that the set S C (R )k consisting of all linearly independent k-
tuples of vectors in RV is open in RV*. Show that the map R* x § — RN defined
by

((F1s oo st ) Uy o Up) 2 B U+ oo 10

is a submersion, and apply previous results.

Exercise 13.4 The following is a harder problem, but it is an interesting application of
the Transversality Theorem and tubular neighborhoods. So try it!

(a) Suppose that f: R" — R”" is a smooth map with n > 1, and let K C R” be

compact and € > 0. Show that there exists a map g : R" — R” such that dg, is
never 0, and | f(x) — g(x)| < € for all x € K.
Hint: Let M (n) be the space of n X n-matrices. First show that the map F : R” X
M (n) - M(n), defined by F(x,A) = df, + A, is a submersion. Pick A so that
F, m {0} for Fy: x = (x,A) as in the main text. Now use this knowledge to
construct g. At some point along this way you will have used n > 1. Make sure
you see where and how it has been used.

(b) Show that this result is false for n = 1, i.e., find f, €, K C R such that we cannot
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find such a g.

Hint: You could contemplate on the Mean Value Theory.



14. Intersection Theory modulo 2

14.1 Intersection Numbers modulo 2

A classical geometric approach to classifying maps is to study their fibres. This is directly
related to other fundamental problems in mathematics. For example, if f: X — Y is a map
defined by an equation and given a value y € Y, the set {x € X : f(x) = y} is the set of
solutions of the equation f(x) = y. In geometric terms, we could rephrase the question which
x solve equation f(x) = y by asking how f meets or intersects the subspace {y}in Y.

Building on the methods we have developed so far, we are going to exploit this geometric
idea to derive interesting and powerful invariants. We will start with intersection numbers
modulo 2, i.e., intersection numbers with values in Z /2. In order to define a Z-valued invariant
we will have to introduce orientations later.

14.1.1 Intersecting manifolds

Let us start with a natural situation.

Definition 14.1 (Intersecting manifolds) Two submanifolds X and Z inside Y have
complementary dimension if

dimX +dimZ =dimY.

We assume all manifolds are without boundary for the moment. If X M Z, the Preim-
age Theorem 4.7 tells us that their intersection X N Z is manifold with codim (X N Z) in
X being equal to codim Z in Y. Since codim Z = dim X, X N Z is a zero-dimensional
manifold. If we further assume that both X and Z are closed and that at least one of
them, say X, is compact, then X N Z must be a finite set of points. We are going to
think of this finite number of points in X N Z as the intersection number of X and
Z, denoted by #(X N Z).

We would like to generalize the notion of intersection numbers. A first obstacle is that if X
and Z do not intersect transversally, then it makes in general no sense to count the points in
X N Z. Hence, once again, transversality is key.

Luckily, we have learned how to move or deform manifolds to make intersections transver-
sal: we can alter them in homotopic families. And since embeddings form a stable class of
maps, i.e., for any homotopy i, of an embedding i, there is an € > 0 such that i, is still an
embedding for all # < €, any small homotopy of i gives us another embedding X < Y and thus
produces an image manifold that is a diffeomorphic copy of X adjacent to the original.

272
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#(Y n %)’:?-

Figure 14.1: A tangential or non-transverse intersection is not stable. Any slight perturbation
will change the number of intersection points. We need to avoid such situations.

But we still have to be . For the intersection number may depend on how we move
or deform the manifold.

ORI

Figure 14.2: We can move the two circles in the plane and either move them apart or make them
intersect transversely. In both cases we get a stable number of intersection points. However, 0
is not equal 2, unless we work modulo 2. That is what we are going to do.

For example, take two circles in R?. Assume that they intersect non-transversally, i.e.,
they touch each other in a point such that both tangent spaces agree and together just span a line.
Then we can move the circles by a simple translations x — x + fa in direction a such that they
intersect either in two points or in no points. In both cases, the intersection is transversal, but
the intersection numbers do not agree. We observe, however, that the parity of the intersection
numbers is preserved, i.e., up to a multiple of 2 the intersection numbers after moving into a
transversal intersection agree.

14.1.2 Intersection Number modulo 2

This observation is the starting point for the following generalization:



274 14.1. Intersection Numbers modulo 2

Definition 14.2 (Mod 2 Intersection numbers) Let X be a compact manifold, and
let f: X — Y be a smooth map transverse to the closed manifold Z in Y. Assume
dim X + dim Z = dimY. Then f~!(Z) is a closed submanifold of X of codimension
equal to dim X. Hence f~!(Z) is of dimension zero, and therefore a finite set. We
define the mod 2 intersection number of the map f with Z, denoted I,(f, Z), to be
the number of points in f~!(Z) modulo 2:

L(f,Z) :=#f"1(Z) mod 2.

For an arbitrary smooth map g: X — Y, we can choose amap f: X — Y thatis
homeotopic to g and transverse to Z by the Transversality Homotopy Theorem 13.27.
Then we define I,(g, Z) 1= L,(f, Z).

« Independence of the chosen homotopy:

We have made choices in the definition and we need to check that the intersection number
does not depend on these choices. We will check this in Lemma 14.3 and Lemma 14.4. The
key technical result that allows us to show independence is the Extension Theorem 13.29
which says the following: Let f : X — Y be a smooth map, Y boundaryless, and Z a closed
submanifold of Y without boundary. Let C be a closed subset of X. Assume that f M Z on C
and 0f M Z on C N 0dX. Then there exists a smooth map g: X — Y homotopic to f such
that ¢ M Z and dg M Z, and on a neighborhood of C we have g = f.

We will now prepare our argument with the following observation: Let X, Y and Z C Y
are boundaryless manifolds. The product X X [0, 1] is then a manifold with boundary. We let
C be the boundary of X X [0, 1], i.e., C is the closed subset

C:=0Xx[0,1)=Xx{0}u X x{1}.
Now we apply the Extension Theorem 13.29 to the case of a smooth homotopy
F: Xx[0,1]->7Y.
Then 0F, i.e., F restricted to the boundary of X X [0, 1], is given by the two maps
Jo=F(=0:X->Yand fi=F(-,1): X > Y.

The two conditions ' i Z on C and F i C on CNJX are thus equivalent, and mean f, h Z
and f; M Z. Hence, assuming f, M Z and f|; M Z, the Extension Theorem 13.29 says that
there is a smooth map

G: XX[0,1]>YwithG M Zand oG M Z,
and G = F on a neighborhood of C = d(X X [0, 1]). The latter means that

G is still a homotopy between f, = G(—,0) and f| = G(—, 1).

Now we are ready to prove the following crucial observation:
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Lemma 14.3 (Mod 2 Intersection Numbers are well-defined) If f;: X — Y and
f1: X — Y are homotopic and both transverse to Z, then I,(f,, Z) = I,(f, Z).

Proof: Let F': X X I — Y be a homotopy of f; and f|. By the above discussion, we may
assume that F i Z. By the Preimage Theorem 10.16 with boundary, this implies F~!(Z) is
a submanifold of X X [0, 1] such that

codim F‘l(Z) in X Xx[0,1]=codimZ inY.
Hence

dim F~1(Z) = dim(X x [0, 1]) + dim Z — dimY
=dimX +1+4+dmZ —dimY
=1

since we assume that dim X + dim Z = dim Y. Moreover, the boundary of F~(Z) is
OFN(Z)=F N (Z)naX x[0,1]) = f;(Z) x {0} U fT1(Z) x {1}.

Since X is compact, F~'(Z) is compact. Hence Lemma 11.2 implies that d F~!(Z) must have
an even number of points. Thus, computing mod 2, we get

L(fo. Z) = #f;(Z) = #f71(Z) = I,(f1. Z). [

We can generalise this a bit further.

Lemma 14.4 (All homotopic maps have equal intersection numbers) Ifg,: X - Y
and g, : X — Y are arbitrary homotopic maps, then I,(gy, Z) = 1,(g;, Z).

Proof: As before, we can choose maps f, M Z and f; M Z such that gy, ~ £, 1,(gy, Z) =
I,(fy, Z), and g, ~ f, I,(g,, Z) = I,(f, Z). Since homotopy is a transitive relation', we
have

fo~ & ~ & ~ fi, and hence f, ~ f.

By the previous Lemma 14.3, this implies

I,(gy, Z2) = I,(fy, Z2) = I,(f1, Z) = I)(g1, Z2). L[]

Remark 14.5 (Intersection number and Brouwer degree mode 2) Assume X is
compact, Y is connected and dim X = dimY. Let f : X — Y be a smooth map. Then
we recover the mod 2 Brouwer degree as a mod 2 intersection number as follows. We
let Z = {y} for any y € Y and get from the definition of both sides that

L, (f;y) = degy(f).

Recall that we proved that it is an equivalence relation
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The difference in the two approaches to the degree is that in Section 12.1.3 we used the
Isotopy Lemma 12.3 to show that we can use any regular value for y to calculate the
degree. For I,(f;y), we use the machinery of Thom Transversality of Section 13.4 to
replace f with a homotopic map if necessary. While the approach in Section 12.1.3 is
more direct and simpler, Thom Transversality provides us with a more general theory.

14.2 Intersection of manifolds and self-intersections

Now that we have a solid notion of intersection numbers modulo 2 for maps and submanifolds,
let us return to the situation we started with:

(Mod 2 intersection numbers of submanifolds) Let X be a compact
submanifold of Y and Z a closed submanifold of Y. Assume the dimensions are com-
plementary, i.e., dim X + dim Z = dim Y. Then we can define the

, denoted by I,(X, Z), by

Iz(X, Z) = Iz(i, Z)
where i : X & Y is the inclusion. Note that if X @ Z, then
I,(X,Z)=#Xn Z).

In general, we have to move or deform X into a . That is, we
choose a homotopy i, : X X [0, 1] — Y such that i, is still an embedding and such that
i is transverse to Z. This means that i;(X) is still a submanifold in Y, and we have
i1(X) M Z. Then we I,(X,Z)tobe I,(i;, Z) = #(i;(X) N Z).

Here some important situations:

Example 14.7 (Obstruction to pull apart circles) If I,(X, Z) # 0, then no matter
how X is moved or deformed, it be pulled entirely away from Z.

For example, on the torus Y = S! x S! ¢ C x C, the two circles S' x {1} and
{1} xS! have complimentary dimensions and nonzero mod 2 intersection number.

Example 14.8 (Self-intersection number) If dimY = 2 dim X, then we may consider
I,(X, X) as the mod 2 self-intersection number of X.

An important and interesting example is the central circle X on the open Mdobius
band Y. See Figure 14.3. In Exercise 14.6 we show that /,(X, X) = 1. With-
out actually calculating the intersection number, we can already deduce from the
Intermediate Value Theorem in Calculus that we cannot continuously deform X
such that it does not intersect itself anymore.
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Figure 14.3: We can construct the Mobius band by taking a rectangle and glue to opposite sides
after a twist. The central line then becomes a central circle on the band. If we move it a bit from
its initial position, the new curve has to intersect the original central line. This is a consequence
of the Intermediate Value Theorem, since the two ends of the curve must be on opposite sides
of the central line because of the twist.

14.3  Obstruction to extensions to boundaries

If X happens to be the boundary of some W in Y, then I,(X, Z) = 0. For if Z M X, then,
roughly speaking, Z leaves W as often as it enters. Hence #(X N Z) should be even. This
heuristic can be made rigorous as follows:

Theorem 14.9 (Boundary Theorem for intersection numbers) Suppose that X is the
boundary of some compact manifold W and g : X — Y is a smooth map. If g can be
extended to all of W, then I,(g, Z) = 0 for every closed submanifold Z in ¥ which
satisfies dim X + dim Z =dimY.

Proof: Let G: W — Y be an extension of g, i.e., G is smooth and 0G = g. From the
Transversality Homotopy Theorem 13.27, we obtain a map F : W — Y homotopic to G
with F M Z and 0F M Z. We write f := 0dF. Then f ~ g and hence

I(g.2)=L(f,Z)=#f"1(Z) mod 2.

Now F~!(Z) is a compact submanifold whose codimension in W is the same as the
codimension of Z in Y. Here we use again that X is the boundary of W, for this implies
dim W = dim oW +1 = dim X + 1, and hence dim F~!(Z) = dim X + 1 —dimY +dim Z = 1.
This shows that F~1(Z) is a compact one-dimensional manifold with boundary, so #o(F~!(Z))
is even and hence

#(F~1(2)) = #OF) " (Z)=#f""(Z)iseven. [
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This has an interesting consequence:

Theorem 14.10 (Obstruction for extending maps) Let W be a compact manifold
and f: 0W — Y be a smooth map. If there is at least one closed submanifold Z C Y
such that I,(f, Z) # 0, then g to a smooth map W — Y on all of
w.

We will see some applications of the previous two theorems in the exercises.

14.4  Intersecting circles on S" versus RP”

In this section we discuss an example for how intersection theory can be used to show the exis-
tence of non-trivial elements in the fundamental group. Recall from Section 9.2 real projective
n-space RP" which consists of the set of equivalence classes [x, : x; @ ... : x,] of (n+1)-tuples
of real numbers with the equivalence relation

(Xgs X175 ovn s X,) ~ (AX(, Axq, ..., Ax,) for A€ R\ {0}.

Recall that we showed that RP” is an n-dimensional smooth manifold. Alternatively, we can
describe RP" as a the quotient of S” under the equivalence relation x ~ —x, i.e., we identify
antipodal points on S” to obtain RP":

RP" =S"/(x ~ —=Xx),
and we have a smooth map
S" - RP", x > [x]

which sends a point x in S” to its equivalence class [x] in RP”. One can show that RP! and
S! are diffeomorphic. However, this is the exception special to dimension one as we will now
show. First we observe that the intersection theory for circles on S” is rather simple:

Example 14.11 (Intersecting circles on S?) Let us look at the concrete case for S,
We define a smooth map

j: s' - §2, (cost,sint) — (cost,sint,0)

which maps the circle on the intersection of the sphere with the xy-plane in R3. This
map is homotopic to the map S' — S2,¢+ (0,0, 1). We can show this directly
using the homotopy (cos ¢, sint, s) — (scost, ssint, 1—s). Hence we can smoothly move
j(ShH from itself and get that, on S?, the self-intersection number I, (ji(S), j(S1))
is zero.

Note that if we define, for example, a map j, : S' — S?, t — (0,sint,cos?), then
j(SHn j2(§1) consists of two points: the points (0, 1,0) and (0, —1,0). Hence modulo
2, we still get I,(j(S), j,(S1)) = 0.

Recall from Section 8.2 that a space X is called simply-connected if every continuous map
S! - X is homotopic to a constant map. See also Exercise 8.4 and Exercise 11.2. We proved
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in Theorem 8.16 that S” is simply-connected for n > 2. We will now use this fact to show that
S$" and RP" are not homeomorphic for n > 2. In fact, we will prove a stronger statement via
the following result:

Theorem 14.12 (RP” is not simply-connected) For every n > 1, there is a loop
S! - RP” which is homotopic to a constant map.

Proof: The case n = 1 follows from RP! = S! and the fact that S! is not simply-connected.
This follows from deg,(z — z) = 1. So now we assume n > 2. Our strategy is to find a smooth
map f : S! - RP” and a suitable closed submanifold Z ¢ RP” such that I,(f, Z) is defined
and . Then we know that f is homotopic to a constant map. For, if it was, then
f would be homotopic to a constant map whose image was to Z. Then we would
have f M Z, and hence I,(f, Z) = 0. This is not possible if our strategy works out. Then we
use Whitney’s Approximation Theorem 13.20 which implies that if there was a
homotopy between f and a constant map, then there also was a smooth homotopy. Since the
latter does , the former cannot exist either.

So let us find suitable f and Z. Recall that, given a smooth manifold X, a smooth map
f: S! = X is equivalent to a smooth map on the open interval g : (—¢,27 + €) = X such
that g(0) = g(2x) for some £ > 0. Hence we may define a map f by

f: S!S RP", t+ [cos(t/2) : sin(t/2) : 0 : ... : O].

Now we embed S"~! as a submanifold of " by requiring the coordinate x, to be zero and let
Z C RP” be its image under the quotient map S"” — RP":

Z={[x]=Ixp:x :...:x,]€RP"|x,=0}.

We can check that Z is a submanifold of dimension n — 1 of RP” by restricting the standard
charts (V}, ¢,) for RP": Recall that we defined in Section 9.2, for 0 < i < n, the subsets

V,={[x] €RP" : x;, #0}
and homeomorphisms

1 ~

x,l e — (X e Xy ey X))

ViR, [xg Xt

1

Then the subsets V;* : Z n 'V, and maps (¢; 1),z : V¥ — R"! for 1 <i < n provide charts
for Z. Since S$"! is a closed subset in S”, Z is closed in RP" by definition of the quotient
topology on RP”. Hence the assumptions for applying intersection theory are satisfied.

The only point of Z which is hit by the image of f isthepoint[0 : 1 :0: ... : 0] € Z.
Since we describe f as a map [0, 27] — RP” which extends to a smooth map over the boundary
points of [0,27], we get f~'(Z) = {x} C [0,2z]. Hence the preimage f~!(Z) consists of

. Now we need to check that f and Z are transverse in RP”. We can do
this by studying the impact of the derivative d f, of f at x and the tangent space of Z locally,
i.e., in a chart around the point [0 : 1 : O : ... : 0]. Under the map ¢, : R* — V], the
point [0 : 1 : 0 : ... : 0] € V; corresponds to the origin. For S', we choose the local
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parametrization y : (r —e,7 +¢€) - S\, t — (cos(t/2),sin(z/2)). Then we consider the

diagram

stl— 7 mpr

q e

(ﬂ—e,ﬂ+£)T>[R{"

where f is defined as the composition of the other maps such that the diagram commutes. We
can compute £ as

1
sin(t/2)

f = - (cos(t/2),0, ..., 0).

The derivative of f at t = x is then the linear map

df,: R - R", x+ (=1/2) - (x,0,...,0)
11

2 sin%(1/2) B
first coordinate. The key consequence of this computation is that the image of d f, in R" is
the line R x {0} Cc R”. On the other hand, the tangent space at the origin of the image of
Z under q,')l‘l is the subspace {0} x R"~! ¢ R”. Thus this tangent space and the image of
d f, together span all of R". By definition of the smooth structure on the (abstract) manifold
RP”, the map ¢, : R" — V] is a diffeomorphism. Thus the induced map on tangent spaces
is an isomorphism. Since tangent spaces are determined locally, this shows that f and Z are
transverse in RP”. Thus we have proved

L(f.2)=#fY2)=1

given by multiplying x with the number f'(f) = — for t = 7 and embedding for the

as we set out to show. O

Theorem 14.12 implies that the fundamental group of RP” is non-trivial. Using techniques
from algebraic topology we can say even more:

Remark 14.13 (Fundamental group of RP") In Exercise 14.7 we will show that
2[f]1=01in ﬂl(RPZ,XO), where x is the point [1 : O : ... : O]. Hence [ f] generates a
subgroup Z /2 inside z;(RP?). One can then check that 7, (RP?, x;) & Z/2 and extend
this computation, for example using induction and the Seifert—van Kampen Theorem, to
show

7 (RP",xo) = Z/2 forn > 2.

Example 14.14 (Intersecting circles on RP?) Let us look at the concrete case n = 2.
The map f of the above proof is given by

f: S5 RP?, t+ [cos(t/2) : sin(t/2) : O].

In Exercise 14.8, we study the map f in more detail and check that f is proper and
injective. The submanifold Z

Z ={[x]=I[xy : x; : x,] € RP*|x, =0}
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corresponds to the image of S! under the map
S! - RP?, t+ [0 : sin(t/2) : cos(t/2)].

The intersection of the image of f and Z therefore is the intersection of the images of
the two circles in RP2. This intersection consists of the single point

[0:1:0]1e f(SHnZ.

Hence, in RP?, there is exactly one intersection point. If we had considered the map
and submanifold corresponding to f and Z for S? instead of RP?, we would have gotten
two intersection points: (0, 1,0) and (0, —1,0). Hence on S?, the corresponding mod 2
intersection number is zero. This fits well with the fact that S? is simply-connected. On
RP?, however, we have I,(f,Z) = 1 which implies that it is to move f(S!)
and Z within RP? such that they do not meet.

By Lemma 8.14, Theorem 8.16 and Theorem 14.12 imply that there cannot be a homotopy
equivalence between S" and RP” for n > 2. Since there cannot be a homeomorphism between
spaces which are not homotopy equivalent, we have proven the following theorem:

Theorem 14.15 (S" and RP" are equivalent for n > 2) For n > 2, there is
homotopy equivlance between S” and RP”. In particular, there is no homeomorphism
between S” and RP” for n > 2.

145 R”" as a commutative division algebra

We will now discuss an important and at first glance maybe surprising application of Theo-
rem 14.15. An algebra structure on R” is a R-bilinear multiplication map

R” x R" - R", (a, b) — ab.

Note that it is not required that this multiplication has an identity element. Such a map is called a
division algebra structure if there are no zero-divisors, i.e., ab = 0 implies a = 0 or b = 0. It is
called commutative if ab = ba for all a, b € R". Examples of finite-dimensional commutative
division algebras over R are given by R itself and C = R2. However, there is not much more:

Theorem 14.16 (Commutative algebra structures on R”) There is no commutative
division algebra structure on R” for n > 3.

Proof:? there is a commutative division algebra structure on R”. Then we can
define a map by
fosh o sl fx) = x2/)x2.

This is well-defined, since x # 0 implies x2 # 0 in a division algebra. The map f is smooth,
since the multiplication map R” X R"” — R” is bilinear and hence smooth. Since f satisfies

2The following proof follows Hatcher’s book [6] on Algebraic Topology.



282 14.5. R" as a commutative division algebra

f(=x) = f(x) for all x, f induces a smooth map on the quotient

fiRP s
Claim: f is injective.
To show the claim we assume f(x) = f(»). This implies

2_ 22 _ |x2|
x“=a‘y fora = —2>O.
[y#|
Thus we have
x2—a2y2=0.

Using commutativity and the fact that « is a real number and multiplication is R-bilinear we
see that this equation factors into

(x+ ay)(x —ay) =0.

Since we assume that the multiplication has no zero-divisors, this implies

X = tay.
Since |x| = |y| = 1 and a is a real number, this implies |@| = 1 and hence
X ==y
Thus x and y determine the same point in RP"~!. This proves the that f is injective.

Now we use the nice topological properties of RP"~! and S"~!. First we observe that f is a
map between compact Hausdorff spaces. Since f is injective, it is a homeomorphism onto its
image. Moreover, since RP"~! is compact, its image in S"~! is also compact and hence closed.
Since RP""! and S"~! are smooth manifolds of the same dimension, Invariance of Domain?,
which we stated in Theorem 11.12, implies that the image is also open in $"~!.* Since $"~! is
a connected, f must be a homeomorphism. By Theorem 14.15, we know that for n > 3 there

be a homeomorphism between RP"~! and S$"~!. Hence our initial assumption must

have been . L]

There is a fascinating much deeper story attached to this problem:

Remark 14.17 (Adams’ Theorem: Hopf invariant one) There is a vast generalisation
of the above result: Let R” X R” — R” be a division algebra structure on R”, without
assuming it is commutative. For n = 4, there are the Hamiltonians, or Quaternions,
H =~ R* with a multiplication which is associative and almost as good as the one in C
and R, but it is commutative. For n = 8, there are the Octonions O =~ R3. The
multiplication is neither commutative nor associative. And that’s it! This is a deep
result. And surprisingly it is equivalent to a topological problem on the behavior of
tangent spaces on spheres. It was solved first by Adams. The prove goes way beyond

3Let U C R” be an open subset and 4 : U — R" an injective continuous map. Then A(U) is open in R".
4 Alternatively, we could show that f is a submersion and use that submersions are open maps by Exercise 4.1.
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the methods of this class, unfortunately. However, it turned out to be not that hard using
complex K-theory.“ A key tool for the argument is the Hopf invariant. We have seen
a mod 2 version of the Hopf invariant in Section 12.4 and we will define the Z-valued
version later via a series of exercises in Section 16.4 using intersection theory and linking
numbers.

“One may read about this proof in [16, Lecture 26].
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14.6 Exercises and more examples

Exercise 14.1 Let X —J; Y-S Zbea sequence of smooth maps between manifolds
with X compact, and let W C Z be a submanifold. Assume that g is transversal to W,
so that g~!(W) is a submanifold in Y. Show that

L(f.g~ (W) = L(gof, W).

In particular, verify that if one of these two intersection numbers is defined, then the other
one is defined as well.

Exercise 14.2 Let X be a compact manifold without boundary.

(@) Assume dimX > 1: Show thatif f: X — Y is homotopic to a constant map,
then I,(f, Z) = O for all complementary dimensional closed submanifolds Z in
Y.

Hint: Show that if dim Z < dim Y, then f is homotopic to a constant map X —
{y} for some y € Z. You may assume that Y is connected.

(b) For dim X = 0, show that the corresponding assertion of the previous point is
wrong.

Hint: If X consists of just one point, for which Z will I,(f, Z) # 0?

(¢) Show that S! is not simply-connected. Recall that we call a manifold X simply-
connected if it is connected and if every map of the circle S! into X is homotopic
to a constant map.

Hint: Consider the identity map.

Exercise 14.3 (a) Show thatintersection theory is trivial in contractible boundaryless
manifolds: if Y is boundaryless and contractible, i.e., its identity map is homotopic
to a constant map, and dimY > 0, then I,(f,Z) = 0 for every smooth map
f+ X — Y such that X compact and Z closed, dim X > 1 and dim X +dim Z =
dim Y. In particular, intersection theory is trivial in Euclidean space.

(b) Prove that no compact boundaryless manifold - other than the one-point space - is
contractible.

Hint: Consider the identity map.

Exercise 14.4 (a) Let f: X — Sk be a smooth map with X compact and
0 < dim X < k. Show that, for all closed submanifolds Z C S* of dimension
complementary to X, I,(f,Z) = 0.

Hint: Use Sard’s Theorem 7.1 to show that there exists a p & f(X)N Z. Now use
a stereographic projection and the previous exercises.
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(b)

Show that S? and the torus T = S! x S are not diffeomorphic.

Exercise 14.5 Two compact manifolds X and Z of the same dimension in Y are called
cobordant in Y if there exists a compact manifold with boundary W C Y X [0, 1] such

that

oW = X x {0} U Z x {1}.

The manifold W is called a cobordism between X and Z. See Figure 14.4.

(a)

(b)

Figure 14.4: A pair of pants is a cobordism between the upper boundary X and the lower

Show that if we can deform X into Z, i.e., if there is a smooth homotopy from the
embedding iy : X < Y of X in Y to an embedding i; : X < Y withi|(X)=Z
such that each i, is an embedding, then X and Z are cobordant.

Note that the standard image of a cobordism, a pair of pants as in Figure 14.4,
llustrates that the converse is false: X and Z are cobordant, but we cannot deform
X into Z, since X has one connected component whereas Z has two.

Show that if X and Z are cobordant in Y, then for every compact submanifold C
in Y with dimension complementary to X and Z, i.e., dim X +dim C = dim Z +
dim C = dim Y (where dim X = dim Z because they are cobordant), we have

L,(C,X) = I,(C, Z).

Hint: Let f be the restriction to W of the projection map Y X [0, 1] — Y, and use
the Boundary Theorem 14.9.

X

Wwa clodisn
b, ¥ gucel ,

”/ bufk'amm’a&&m
X b

boundary Z. While X is connected, Z has two connected components.
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Exercise 14.6 Let Z C X be a compact submanifold of X with dim Z = %dim X.

Show that if there is a submersion g : U — R defined on an open subset U C X such
that Z = g=1(0), then I,(Z, Z) = 0.

Hint: Use Theorem 13.14 and Theorem 13.15.

The following exercises require some computations for abstract manifolds. They shed light
on very interesting phenomenons and provide the proof for important results we mentioned in
the main text.

Exercise 14.7 Let X be the open Mobius band given as the quotient of [—1, 1]x (-1, 1)
modulo the equivalence relation (—1, x) ~ (1, —x). Let Z denote the central circle given
by Z = {(x,0) : x e [-1,1]} C X.

(a) Show that I,(Z, Z) = 1. See Figure 14.3.

(b) Conclude using Exercise 14.6 that there cannot be a submersion g : X — R such
that Z = g~1(0).

Exercise 14.8 Let f: S' — RP? be the map defined by sending 1 € [0,2x] to
[cos(z/2) : sin(z/2) : O].

(@) Show that f is a smooth embedding, i.e., explain why it is smooth, injective, and
proper.

(b)  Write Z for the image of f in RP? and consider it as a submanifold of RP2. Prove
that I,(Z,Z) = 1.

(¢) Conclude that f is not homotopic to a constant map.

Aside: Recall that, since every continuous map on S? is homotopic to a constant
map, this implies that there cannot be a homeomorphism between S? and RP?.

Aside: Note that the map [0,27] — S? defined by sending ¢ to the point
(cos(t/2),sin(t/2),0) is not a loop on S?. Hence the image has a boundary and
our intersection theory fails to work. And if we remove the boundary points and
define the map on (0, 27), then we loose compactness and even closedness, so in-
tersection theory will fail as well. However, if we look at the loop [0,27] — S?
defined by sending ¢ to (cos(?), sin(¥), 0) on S?, then we see that the vertical loop
intersects the original loop twice. And we can convince us that any other loop
would intersect the original loop in an even number of points. Hence the mod
2-self intersection number of the loop is indeed zero.

(d) Wewrite2f forthemap?2f : S' — RP? defined by sending ¢ € [0, 2] to [cos(?) :
sin(?) : 0]. Show that 2 f is homotopic to a constant map by constructing a concrete
homotopy. Do you see why the homotopy works for 2 f but not for f?

Aside: The observations for f and 2 f are an indicator for the fact that the fun-
damental group of RP? is cyclic of order two, i.e., 7;(RP?) =~ Z/2, where f
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represents the non-trivial element and [2f] = 0. Apart from the formula for 2 f
this is another explanation of our choice for the name 2 f.



15. Orientation

Our next goal is to improve our definition of degree and intersection number and remedy the
defect that they only have even and odd values.

15.1 Towards integer-valued invariants

One of the reasons for this limitation was that a homotopy can move a non-transversal inter-
section into, for example, either an empty intersection or an intersection in two points. The
idea to handle this phenomenon is to take into account in which direction the intersection hap-
pens and to count intersection points with signs:

Lrauswosal nou- Lvoussal
Lwfosection Prans yesal % wnilzosectiow

move  / move
M/\p,

v
by Wpy 2 ol bipy

I(X2)-#Xa2=0 Weut: T(%2)=+/~/=0

Figure 15.1: We can again move the two circles in the plane and either move them apart or
make them intersect transversely. In both cases we get a stable number of intersection points.
However, O is still not equal 2. But this time we keep track of how the points are oriented by
looking at how the relation of the directions of tangent vectors change.

The technical solution to implement this idea is to introduce orientations. We will see that,
unfortunately, not all manifolds are orientable. For those manifolds that orientable, however,
we will introduce and study integer-valued invariants in the next chapters. In order to get a first
idea why the claimed solution might be reasonable we look back at an important example first.

« A look back: Mod 2 Brouwer Degree of maps S! — S!

In Section 12.3.3 we studied self-maps of the circle. Given a smoothmap f : S! — S!, we
showed that it has a lift g : R — R such that g(r + 1) = g(¢) + ¢ for all ¢ for some fixed g € Z.
The integer ¢ is a number that is attached to f. We then showed that deg,(f) = ¢ modulo 2.
How nice would it be if we had a notion of a degree for f with integer values so that we could
write an equation like

deg(f) =¢qin Z.

288
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If we knew in addition that the number deg(f) is homotopy invariant, i.e., it only depends on
the class of f under the equivalence relation on the set of maps given by homotopy, then we
could use the degree to distinguish between possibly infinitely many different homotopy classes
of maps S! = S!, or even maps S” — S”.

So let us think about how we came up with the formula deg,(f) = ¢ modulo 2 was to look
at the graph of g in Figure 12.5. Then we used the Intermediate Value Theorem and observed
that the graph crosses the horizontal lines g(s) + k for an integer k € {0,1,...,q — 1} an odd
number of times and lines g(s) + k for any other integer k an even number of times. We would
like to improve this count by taking all the values with g(¢) = g(s) + k into account. But there
might be many more such values than just g. How can we fix this?

The idea is to remember the graph of g crosses the lines g(s)+k: when ¢ increases then
g() increases while crossing g(s) + k or decreases. In other words, the derivative of g
is positive or negative at ¢, with g(t,) = g(s) + k. Note that we cannot have g'(t,) = 0,
since y is regular and hence det(d f,) # 0 and therefore also for all t with p(g(?)) = y.

Now, if g’(z;) > 0, we may count ¢, with value +1, if g’(z,) < 0, we may count ¢, with
value —1. See Figure 15.2. Counting all ¢ € [s, s + 1) with g(¢) = g(s)+ k for k € Z, this gives
us the desired value q. Hence if we can improve our definition of the degree such that we can
use this way of counting points on the graph of g, we would get deg(f) = gq.

T

Figure 15.2: The idea is to keep track of how the graph passes the horizontal lines: if g increases
while passing the horizontal line we count the intersection as +1 and if g decreases we count it
as —1.

To generalise this procedure, we need to describe g’(¢,) > 0 or g’(z,) < 0 in more gen-
eral terms. In higher dimensions, we cannot just attach a sign to g’(z) or f/(¢). However, an
alternative way to describe the sign of the derivative of g’(¢) is to say that g preserves the
orientation of the coordinate axes. More generally, thinking of the axes as the tangent spaces
of copies of R, we could say that the derivative of g does or does not preserve the
of the tangent spaces. A line has exactly two orientations, depending on if we walk in one di-
rection or the other. It turns out that this perspective can be generalised to higher dimensions.
Since the derivatives are linear transformations, we can look at their determinants. Then we
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can ask whether the determinant has a positive or a negative sign. Geometrically, this sign will
detect whether or not the linear transformation given by the derivative preserves or reverses
the orientation of the respective tangent spaces. In order to make this idea work we first have
to define what an orientation of a vector space is, and then we need to transfer this to smooth
manifolds. This is what we are going to do next.

15.2  Orientation

We begin with a look back at Linear Algebra.

15.2.1 Orientation on vector spaces

An orientation for a finite dimensional real vector space V' is an equivalence class of ordered
bases where the relation is defined as follows: the ordered basis (v, ..., v,) has the same ori-
entation as the basis (U’l, s U:, ) if the matrix A with

Ul/. = Av; for all i has determinant det(A) > 0.

It has the opposite orientation if det(A) < 0. The fact that this an equivalence relation
follows from the multiplicativity of the determinant function. Thus each finite dimensional
vector space has precisely two orientations, corresponding to the two equivalence classes of
ordered bases.

So an orientation of V is a choice of an equivalence class of ordered bases. To make it
easier to talk about the choice of orientation, we attach to the chosen orientation a positive sign
and a negative sign to the other orientation. We say then that an ordered basis is positively
oriented (respectively negatively oriented) if its equivalence class belongs to the orientation
+1 (respectively —1). We often confuse an orientations with their corresponding signs +1 or
—1.

Remark 15.1 (Warning) The ordering of the basis elements is . Interchang-
ing the positions of two basis vectors changes the sign of the orientation since the the
determinant of the corresponding permutation matrix is negative.

In the case of the zero dimensional vector space it is convenient to define an orientation
as the symbol +1 or —1.

Example 15.2 (Standard orientation on R"”) The vector space R” has a standard
orientation given by the ordered basis (e, ..., e,). We always assign +1 to the standard
orientation of R”.

If p: V - W is an isomorphism of vector spaces, then ¢ preserves or reverses
the orientation. For, given two ordered bases  and ' of V' belonging to the the same equiva-
lence class, the ordered bases @(f) and @(f’) either still belong to the same equivalence class of
ordered bases of W or not. Whether ¢ preserves or reverses the orientation is determined by
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its determinant. If det(¢) is positive, then ¢ preserves orientations, and if det(¢) is negative,
then @ reserves orientations.

15.2.2 Orientation on manifolds

Now we translate orientations from vector spaces to orientations for manifolds. The idea is to
orient each tangent space. However, this needs to be done in a compatible way.

.

Definition 15.3 (Orientation on manifolds) Let X be a smooth manifold. An orien-
tation of X is a smooth choice of orientations for all the tangent spaces 7, X at each
point x € X. That means: around each point x € X there exists a local parametrization
¢: U — X such that the isomorphism d¢, : R — T, X preserves orientations
at each point u of U C H* where the orientation on R* is always assumed to be the
standard one. We use the symbol o, to denote the data of an orientation on X. We will
sometimes write (X, oy ) to express that X is oriented by the orientation oy.

\ J

We now introduce an important distinction to our terminology and distinguish between the
possibility to make a choice or that such a choice actually has been made:

Definition 15.4 (Orientable and oriented manifolds) A smooth manifold X is called
orientable if a smooth choice of orientations of its tangent spaces exists. A smooth
manifold is called oriented if it is orientable and a choice of orientation has been made.

Hence an oriented manifold is a pair consisting of a manifold together with a chosen ori-
entation.

Example 15.5 For zero-dimensional manifolds, orientations are very simple: to each
point x € X we assign an orientation number +1 or —1.

Definition 15.6 (Maps and orientations) A smoothmap f : X — Y between oriented
smooth manifolds is called orientation preserving if its derivative d f, : T,.(X) —
T';()(Y) preserves orientations at every point x € X.

Lemma 15.7 (Diffeomorphisms and orientation) Let X and Y be oriented smooth
manifolds and let f: X — Y be a diffeomorphism. Then f is either preserves or
reverses orientation.

J

Proof: We show in Exercise 15.4 that if d f,, preserves orientation at one point x, then f
preserves orientation at every point. L

Example 15.8 The n-dimensional sphere S” is orientable and has a standard orientation
as we will explain in Example 15.19.
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Example 15.9 (Reflections and orientation) Let r; : R" — R” be the reflection of
the ith coordinate, i.e.,

Fi(Xp, e, X,) = (X7, ey =X, o0, X))

Then r; is an isomorphism which reverses the orientation. The composition r;or; of two
reflections is an isomorphism which preserves the orientation. This shows that —Idg., the
negative of the identity of R”, preserves the orientation if # is even and —Idy. reverses
the orientation if # is odd. Now we can consider the reflection r; : S” — S" on the
n-sphere given by

X, e X)) = (s oo s =X o, Xpp1)-

Since the derivative of r; is a reflection on a vector space, we see that r; is a diffeomor-
phism which reverses the orientation.

Since the antipodal map on S” is induced by a composition of n + 1 reflections, the above
observation yields the following result:

Lemma 15.10 (Orientation and the antipodal map) The antipodal mapa: S" —
§", a(x) = —x, is a diffeomorphism which preserves the orientation if » is odd and
reverses the orientation if # is even.

We just learned that a manifold may or may be orientable. To assign +1 or —1 to
the orientation of T,(X) for every point is a locally constant function. If X is orientable this
assignment is continuous. If X is in addition connected, then this assignment must be constant.
Hence on every connected component of an orientable manifold, the orientation is constant +1
or —1.

Here is a rigorous proof of this fact:

Lemma 15.11 (Orientable manifolds have exactly two orientations) A connected,
orientable manifold with boundary admits exactly two orientations.

Proof: Assume we are given two orientations on X . In fact, we know that there are at least
two, since given one, we can reverse signs everywhere and get another orientation. We need to
show that there are not more than two. We do this by showing that the set of points at which
two orientations agree and the set where they disagree are . Consequently, two
orientations of a manifold are either identical or opposite.

Since X is orientable, we can choose local parametrizations ¢ : U - X and ¢’ : U’ - X
around x € X with ¢(0) = x = ¢’(0) such that d¢, preserves the first orientation and dd); ,
preserves the second, for all u € U and u’ € U’. After possibly shrinking we can assume
dU) = ¢'(U') (replace U and U’ with ¢~ (¢p(U) N ¢'(U")) and &' "N dU)YN @' (U")), respec-
tively). If the two orientations of T, (X) agree, then the map

d(@~'od'): R* > R

is an orientation preserving isomorphism. Thus the determinant of d(¢~'o¢’), is positive.
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Hence the function
@: U =R, det(d(@p'og),)
satisfies @(0) > 0.

Since the derivative depends continuously on #’ and the determinant function is continu-
ous, ¢ is continuous. Hence, since ¢@(0) > 0, there is an open neighborhood V' around 0 in
U’ on which ¢|;,» > 0. But this implies that the orientations of T,(X) induced by ¢ and ¢’,
respectively, agree for all x in the open subset ¢’(V’). Since every point on X has such an
open neighborhood, the set of points where the orientations agree is

If the orientations on T,(X) induced by ¢ and ¢’, respectively, do agree, the same
argument shows that the set of points where the orientations do not agree is open. O

(Reversed orientation) Hence if (X, 0y) is an oriented manifold
X, then we can talk about the manifold X with the opposite orientation. We write
—oy for the opposite orientation. We will often just write —X for the oriented manifold
(X s _DX)'

The product of oriented manifolds inherits an orientation as follows:

(Product orientation) Assume X and Y are oriented and one of
them is without boundary. Then X X Y is a manifold with boundary and inherits an
orientation in the following way: At a point (x,y) € X XY, leta = (vy,...,v;) and
f = (wy,...,w,) be ordered bases of T,(X) and T, (), respectively. We denote the
ordered basis ((v;,0), ..., (v, 0), (0, wy), ..., (0, w,,)) of T\ (X)X T (Y) =T\, ,,(X XY)
by (@ x 0,0 X f) . Now it comes handy that we related orientations of ordered bases to
signs. For we can define the orientation of 7,,(X) X T,,(Y) simply by determining a sign
by setting

sign (@ X 0,0 X f) :=sign (a) - sign (f).

Remark 15.14 (Classification) Not all manifolds are orientable. One of the most

famous examples of a non-orientable manifold is the . We will give a rig-
orous proof of the non-orientability in Theorem 15.17. Other examples of non-orientable
manifolds include the and the RP2. We will discuss

the latter case in Theorem 15.16. As a consequence, we see that the question whether a
smooth manifold is orientable or not helps classifying manifolds up to diffeomorphism:
There is the class of orientable manifolds, and the class of non-orientable manifolds.

Now we study how orientations behave with respect to smooth maps:

Theorem 15.15 (Pullback of an orientation) Let X and Y be smooth manifolds with
or without boundary. Assume that Y = (Y, oy) is oriented and that there is a local
diffeomorphism f: X — Y. Then there is a unique orientation on X such that f
preserves orientations. We call the induced orientation on X the
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induced by f and denote it by f*oy. Moreover, if g: Y — Z is another smooth map
and (Z, o) is an oriented manifold, then the pullback orientation on X induced by go f
is the same as the orientation on X obtained by pulling back the orientation on Z via g
to Y and then further to X, i.e.,

(gof)'0, = f*(g¥0,) as orientations on X.

In other words, the pullback of orientations behaves functorially.

Proof: Since f is a local diffeomorphism, at every point x € X, there are open subsets
UcXandV CY withx € U and f(x) € V such that f; : U — V is a diffeomorphism. By
choosing U and V' small enough, we can assume that there are local parametrizations ¢ : W —
UcXandy: W — V C Y such that fogp = w with W C R” open. Since Y is oriented,
we can choose y such that dy,, determines the orientation on 7)Y for all y = y(w) in V.
Since d f, is an isomorphism for all x by assumption, we can define an orientation on 7, X
by requiring det(d f,) > 0. This defines an orientation on 7, X for all x € U. It remains to
check that this orientation on the tangent spaces for points in U C X does not depend on the
choice of ¢. Solet ¢’ : W' — U’ C X be another local parametrization of X with U nU’ # @.
Then we can find a local parametrization ' : W' — V' C Y of Y such that fy,, : U — V'
is a diffeomorphism. Since Y is oriented, the orientation of 7)Y determined by dy,, and by
dy,,, with w(w) = y = y(w') are the same for all y in ¥ N V. In other words, we have

det(d(ytoy"),, > Oforallw’ € W n W' c R".
Since det(d ) > 0, this implies
det(d(¢~'o@’),, > Oforall w’ € W nW’' c R"

as well. Hence the orientation of 7, X via d¢,, and d ¢iv , is the same forall w,w’ e W nW
with ¢p(w) = x = ¢'(w'). This shows that we have defined an orientation on X. The facts
that f preserves orientations, uniqueness and functoriality follow from the construction of the
induced orientation. L]

Here is an interesting application of Theorem 15.15:

Theorem 15.16 (Orientability of real projective space) Real projective space RP" is
orientable if and only if # is odd.

Proof: Let g: S" — RP”, x — [x], be the canonical projection, and let a: §" —» §”
be the antipodal map. We have g(x) = g(—x) for all x € S", i.e., we have ¢ = goa. Both ¢
and a are local diffeomorphisms. Hence, if RP" is oriented by an orientation opp., then the
orientation on S” induced by ¢ and by goa must be the same. Using the functoriality of the
pullback orientation, we need to have i.e., we must have

q*URPn = (goa)* opp, = a*(q*Oan)-

This shows that RP” can be oriented only if a preserves orientation. By Lemma 15.10 this is
the case if only if n is odd. This proves that RP" is orientable if n is even.

Now we assume that # is odd. We will now define an orientation of RP”. At every point
[x] € RP", the fiber under g consists of two antipodal points g~ ([x]) = {x,—x} C S". Given
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a point x € S", we can use stereographic projection from a point # +x on S” as one local
parametrization ¢ for both x and —x. Let f, be a basis of T, S". We now define an orientation
on T}, RP" by requiring that the image of f, in T},;RP" under dg, has the same sign as f, in
T.S" i.e., we set

sign (dq,(B,)) := sign (B,).

We have to check that this definition is independent of the choice of representing [x] € RP”
by x and —x in §”. By Lemma 15.10, the antipodal map a: §" — S§", x — —Xx, preserves
orientations. Considering the commutative diagram (15.1), this implies that the orientations
of T,.S" and T_,S" are such that the respective images of the standard bases of R” under
dpp1py: R" > T,S" and dpy-1_y) ¢ R" — T_ S" are either positively or nega-
tively oriented.

TS (15.1)

W K

Rn dax T[x] RP”

T_.S"

This shows that we have
sign (a,(B,)) = sign (f,)

where a,(f,) =: f_, is a basis of T_,S". Thus, the orientations on 7}, RP" determined by
T,.S"and T_,S" viadgq, and dq_,, respectively, are the same. Since S” is oriented as explained
in Example 15.19, this defines an orientation on RP” for » odd. L

We now look at an important example of a non-orientable manifold.

Theorem 15.17 The Mobius band is orientable.

Proof: Let X denote the Mobius band. Suppose that X is orientable and assume that we
have chosen an orientation. We will now show that this leads to a contradiction to previously
obtained results. Let Z C X be the central circle. Then Z is orientable as a circle, and it
is a submanifold of codimension one. By Exercise 15.6, this implies that the normal bundle
N(Z,X) is trivial. By Theorem 13.15, this implies that there is a submersion g: U — R!
defined on an open subset U C X such that Z = g~!'(0). By Exercise 14.7, such a g does

. This shows that X cannot be equipped with an orientation. 0J

It is now a long and technical endeavour to check how orientations behave under the main
constructions and relate to the concepts we have developed so far. We will go through them one
by one.

15.3 Induced orientation on the boundary

Let X be an oriented smooth manifold with boundary. Then the boundary submanifold d.X
inherits an orientation as follows:
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At every point x € dX, T,(0X) is a subspace of codimension one in 7, (X). Its orthogo-
nal complement in 7,(X), is a line which contains exactly two unit vectors: one is pointing
inward into T, (X), the other one is pointing outward away from 7, (X).

e
g ¥

oulumd (gt
I-q iova(vedo- wy

Figure 15.3: We define an outward normal vector n, as the image d¢y(—e,;) of the outward
pointing standard basis vector —e,,.

This can be made precise by choosing a local parametrization ¢ : U — X around x with
U c HF open and ¢(0) = x. The derivative doy: R > T (X)) is by definition of T, (X)
an isomorphism. In R, there are two unit vectors: e, = (0, ...,0, 1) pointing into H*, and
—e, =(0,...,0,—1) pointing out of HX. See Figure 15.3. Using the Gram—Schmidt process
we can orthonormalize the image of ¢, under d¢, with respect to T, (d.X) and get the inward
pointing unit normal vector. The orthonormalization with respect to T, (0.X) of d¢y(—e;) is the
outward pointing unit normal vector.'

We denote the outward pointing unit normal vector by n.. We checked in Exercise 10.4
that the construction of n, does not depend on the choice of ¢ and that the assignment x — n,
is a smooth map on d.X. See Figure 15.4.

Now we are ready to orient 7. (0.X):

(Boundary orientation) We define the sign of an ordered basis
(01, ..., U0,_y) In T, (0X) to be the sign of the ordered basis (n,, vy, ..., U,_;) in T,(X),
1.e., we set

sign (vy, ..., ;1) in T,(0X) :=sign(n,, vy, ..., 0,_;) in T,.(X).

Since both the assignment x +— #n, and the choice of sign for ordered bases on 7', (X)) vary
smoothly, this defines an orientation on d.X which is called the

Example 15.19 (Orientation of the sphere) The n-dimensional sphere S” is an ori-
entable smooth manifold. The standard orientation of §” is given as the boundary ori-
entation induced from the orientation of the unit disk D"*! defined by the standard ori-
entation of T, (D"*!) = R"*!. See Figure 15.4.

!'Note that the inner product on T,.(X) is induced by the standard inner product on RY, where X ¢ R" and
hence T,.(X) C RY.
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L

wy +1

Figure 15.4: The outward pointing unit vector n, is the vector orthogonal to the tangent line at
x to S! and pointing away from the origin.

Lemma 15.20 (Orientation of one-manifolds) Let us apply what we just learned to
the case of a one-manifold with boundary. The boundary d X is zero dimensional. The
orientation of the zero-dimensional vector space T, (0.X) equals the sign of the basis of
T, (X) consisting of the outward-pointing unit vector #,.

Example 15.21 (Unit interval) Letus look at the compact interval X = [0, 1] with its
standard orientation inherited from being a subset in R. Note that local parametrizations
of [0, 1] are given by

¢:[0,1) > [0,1],x — x
around O € [0, 1] and
7 [051)_)[051]’le_>€

around 1 € [0, 1]. Hence, at x = 1, the outward-pointing normal vectoris 1 € R =
T,(X). The basis consisting of this vector is positively oriented. At x = 0 the outward-
pointing normal vector is the negatively oriented —1 € R = T;,(X). Thus the orien-
tation of 7', (0X) is +1, and the orientation of 7;,(0X) is —1. Reversing the orientation
on [0, 1] simply reverses the orientations at each boundary point. Thus the sum of both
orientation numbers at the boundary points of [0, 1] is always zero.

Since, by Theorem 11.1, every compact one-manifold with boundary is diffeomorphic is
the disjoint union of copies of [0, 1], we conclude:

Lemma 15.22 (Boundary orientation of one-manifolds) The

at the boundary points of any compact oriented one-dimensional manifold
with boundary is . In particular, the boundary points of a smooth path y on an
oriented manifold X, i.e., asmoothmapy : [0, 1] - X, must have orientation
signs.
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Remark 15.23 This is an important observation which makes it possible to define
homotopy invariant degree of a smooth map with values in Z.

15.4  Oriented Homotopy

As an application of product and boundary orientations, we would like to orient the product
[0, 1] X X for a boundaryless smooth oriented manifold X which is the domain of all homo-
topies on X. This will be crucial for the homotopy invariance of the integer valued Brouwer
degree in the next section.

We just learned that products and boundaries inherit orientations. For each ¢ € [0, 1], the
slice X, := {¢} X X is diffeomorphic to X, and the orientation on X, should be such that the
diffeomorphism

X — X,, x — (t,x) preserves orientations.

For future applications, we are particularly interested in the orientation of the boundary

9([0,11x X) = {0} x X U {1} X X.

So let us try to understand the induced orientation on the boundary:

We start with X |: We see from the local parametrization y above that along X, the outward-
pointing normal vector is

N = (1,0) = (1,0,...,0) € Ty([0, 11) X T (X),

If p = (vy,...,v;) is an ordered basis of T,(X), then 0 X f = ((0,v¢),...,(0,v;)) is an
ordered basis of T, (X,). By definition of the boundary orientation, (n, ;), (0Xf)) is positively
oriented if and only if g is positively oriented. In terms of signs:

sign (n( o), (0 X §)) = sign (f).

If we calculate the orientation induced from the product structure, then we get

sign ((1,0), (0% p)) = (+1) - sign () = sign ().
We learn from these two equations, that the boundary orientation of X is just the orien-
tation of X as a copy in the product [0, 1] X X.
This sounds obvious,
We see from the local parametrization ¢ that along X, the outward-pointing normal vector

is
nox = (=1,0)=(=1,0,...,0) € Ty([0, 1]) X T\(X).
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Hence the orientation on 7,([0, 1]) is opposite to the standard orientation of R. Hence the
formula for product orientations yields

sign ((—1,0),0 x f)) = sign (—1) - sign (f) = —sign ().

Thus the boundary orientation on X, is the reverse of its orientation as a copy of X in the
product [0, 1] X X.

Thus the orientation on the boundary is

([0, 11X X) = X, U (= X).

We will also express this fact by using the notation

a([0,11x X) = X, — X,

X, Y
[0:13 X x

Figure 15.5: The vectors n, and n, point in opposite directions. This provides the two bound-
ary circles with opposite orientations. This fact will turn out to be crucial for the definition of
intersection numbers later.

15.5 Orientation of transverse preimage

Our next goal is to orient preimages. In order to do so, we will have to look at direct sums of
vector spaces, and we need to orient those guys.

Definition 15.24 (Orientation on a direct sum of vector spaces) Suppose that V' =
V, @ V, is a direct sum of vector spaces. Then orientations on any two of these vector
spaces automatically induces a direct sum orientation on the third, as follows: Choose
ordered bases f; of V| and f, of V,. Let f = (§,, f,) be the combined ordered basis of V'
(in this order!). For orientations or signs to be compatible with the structure as a direct
sum, we require the formula

sign (f) := sign (8,) - sign (By).
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It follows immediately from the way matrices on direct sums are put together that the above
formula determines an orientation on the third space if two orientations are given.” Note again
that the order of the summands V; and V5 is crucial.

Now let f: X — Y be a smooth map and Z C Y be a submanifold with f M Z and
of M Z. We assume that X, Y, and Z are all oriented and Y and Z are without boundary. We
would like to define a on the manifold with boundary S = f “L(2):

If f(x) =z € Z and z is a regular value, then, by Lemma 4.9, we have
T.(S) = (df) " (T(Z)) C T(X).

Let N, (S; X) be the orthogonal complement to 7'.(S) in 7, (X). By definition, we have a
direct sum decomposition

N(S; X) ® T,(S) = T.(X).

Hence, by Definition 15.24 on the orientation of a direct sum, we only need to choose an ori-
entation on N, (.5; X) to obtain a direct sum orientation on 7..(.S). Since f M Z, we have

L(Y) = d f(T,(X)) + T(Z)
=df (N(S; X) D T(S) + T.(Z)
= df (N (S: X)) @ T,(Z)

where we use d f(T,(S)) = T,(Z) for the last step. Thus the orientations on Z and Y induce
a direct sum orientation on d f, (N,(S;X)). It remains to show that this also induces an
orientation on N,(5; X): We have

{0} C T,(Z) = Ker (df,) C (df,)"(T,(2)) = T(S),

and hence the restriction of d f, to N, (.S; X) is in fact an isomorphism onto its image. There-
fore, the induced orientation on d f, (INV,(S; X)) defines an orientation on N (5; X) via the iso-
morphism d f,.. Since the orientations on X, Y and Z vary smoothly and d f, also depends
smoothly on x, the induced orientation on 7,.(.5) varies smoothly with x.

We put this into a formula in the following definition:

(Preimage orientation) Let f: X — Y be a smooth map and
Z C Y be a submanifold with f M Z anddf M Z. Let X, Y, and Z be oriented and
Y and Z be without boundary. We choose an ordered basis f; for the vector space V'
which runs through the spaces Txf‘l(Z), T. X, TZ, Ts)Y, and Nx(f‘l(Z); X).

We define the sign of S (s-1(z).x), and thereby the orientation of N (f ~1(Z); X), such
that

sign <dfx <ﬁNx(f—1(Z);X)>> - sign (ﬂTMZ)) = sign <.HTf(X)Y)'

Then we define the sign of ﬂTx £1(2) and hence the orientation of f~!(Z) such that

sign (ﬁNx(f—l(Z);X)> - sign (ﬂTxf—l(Z)> = sign (ﬂTx/\’)‘

2Note that this not only means that orientations on ¥; and V, determine an orientation on V, but also orientations
on V' and, say, V, determine an orientation on V.
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Remark 15.26 (Orthogonality is not important) Note that we did not really use
that N,(S; X) is orthogonal to T',(.S). All we needed was a direct sum decomposition
H & T, (S)=T,(X) with a space H with an orientation induced by the orientation of
X. We will exploit this fact in the proof below.

15.6 Example: Fibers of the Hopf fibration

Recall the Hopf fibration 7 that we have seen previously: We consider S* as a subset of C2,
ie.,S*={(z9,2z,) € C? : |z5|> + |z;|> = 1}, and S? as a subset of C X R, i.e., S* = {(z,x) €
C X R : |z|> + x* = 1}. Then the Hopf fibration 7 is the map S* — S? given by

(2, 21) = (22021, |zO|2 - |z1|2) .
Consider the point ¢ = (0,0,1) on S> ¢ R? =~ C x R. In a previous exercise we have

determined the fiber 77!(a). Now we would like to compute its orientation as a
under 7z.

Recall that the fiber over a is
77 a) = {(25,0) € S* C C? : |zy]> = 1}.

Let ¢ = (x¢,¥.0,0) € 77!(a) be a point in the fiber over a. The tangent space T,S? is the
vector space

_yo 0 0
TS ={ueR:ulq)= 1| % | a_|0f 4_|0
S ={u rulg)=spanqg-=| S l.es=| f.e =],
0 0 1
The orientation of 7T, qS3 as a boundary of the unit ball is such that the pointing

vector g together with the basis vectors of T, q§3 form a positively oriented basis of R*. The
determinant of the matrix

xg =¥ 0 0
Yo X9 0 O
0 0 10
0 0 01

which expresses the basis (¢, g*, e;‘, ei) in the standard basis of R* equals xé + y(z) =1>0.In
particular, it is positive and the basis (g*, eg, ej) is a positively oriented basis of Tq§3.

The tangent space an‘l(a) equals the kernel of d 7, where we consider the map 7 : R* ~
C? > CxR x~R3 using the same formula as for z, i.e.,, 7 = 7"r|§3. In Exercise 4.10, we
computed this map as represented by the matrix

0 0 X0 Yo
dz,=2-10 0 Yo —Xpo]l-
Xg ¥ 0 O
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The kernel of this map is the span of the vector g* that we have just seen above. The normal
space N q(zr‘l (a);$) c Tq§3 of vectors which are orthogonal to qur‘l (a) is the span of (e‘3‘, ei).
The map d7, sends e; and e, to, respectively,

X0 Yo

~ ~ —X
dz,(e) =20 |, dz e =2[ "
0 0

These two vectors form a basis (dﬁq(eg), dfrq(ej:)) of TaSz.

We need to check the orientation of this basis: The tangent space Ta§2 has a basis (e?, eg)
as a subspace in R3. This basis is positively oriented since, together with the pointing
vector a = eg, the basis (eg, e?, eg) is a positively oriented basis of R3.*> The matrix A which
expresses (d ﬁq(eg), d ﬁq(ei)) in terms of the basis (e?, e;) is given by

A=2. <x° Yo > .
Yo —Xo
We see that det A = 4(—x) — y5) = —4 < 0 is . Hence the basis (d7,(€3), d%,(€})) is a
basis of THSZ. This defines an orientation on the normal space N, q(n_l (a); $?)
by declaring the orientation of the basis (€3, €}) to be

Finally, the orientation of T qﬂ'_l (a) is such that the direct sum
1.3 &3 1N\ 3
N,z (a);S) @ T, x” () =T,S
induces the given orientation on T q83.

We make this explicit by looking at the basis (eg, ei, gt) of Nq(ﬂ_l(a); $He qur_l(a). As

a basis of Tq§3, (e;‘, ei, gt) is positively oriented since it arises by two permutations from

the positively oriented basis (ql,e;‘,ej:). Since the sign of (eg,ej) is as a basis of
N q(ﬁ_l(a); S?), we need that g+ also has . Hence the vector ¢+ provides a

basis of Tqﬂ_l(a). Comparing this orientation with the standard orientation

of S! ¢ C c C?, we see that 7~ !(a) has the

We will compute the orientation of the fiber of 7 at another point in Exercise 15.8. You
should try to solve this exercise even though it is a bit involved.

15.7 Orientation on boundary of preimage

Let f: X — Y be asmooth map with f M Z anddf M Z, where X, Y, and Z are all oriented,
Y and Z are boundaryless, and X has a boundary.

Then the manifold 0 f~!(Z) acquires two orientations:

an orientation as the boundary of the manifold f~'(Z), and

3We make two permutations which lead to multiplying with (=1)> = +1.
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an orientation as the preimage of Z under the mapdf : 0X — Y.

It turns out that these two orientations may not agree. However, there is a formula that
relates them:

Theorem 15.27 (Orientation on boundary of preimage) Let /' : X — Y be a smooth
map with f M Z and df M Z, where X, Y, and Z are all oriented, Y and Z are without
boundary, while X has a boundary. Then the orientation of the boundary of f~1(Z)
satisfies the formula:

o2y = (=120 )N 2).
This means the orientations of df~'(Z), induced by being a boundary or by being a

preimage, are the same if codim Z is even, and opposite if codim Z is odd.

Proof: Denote f~!(Z) again by S. Let H be a subspace of T,(0X) complementary to
T.(0S),1i.e.,

H®T,(S)=T,.(0X).
Note that H is also complementary to 7,.(S) in T, (X), i.e.,
H]T.(S)=T.(X).
For we have
HNT/(S)={0}and T ,(S)NT,(0X) =T, (9S),
and

dim H = dim T,(0X) — dim T,,(0S) = dim T,.(X) — dim T,.(S).

Hence we may use H to define the direct sum orientation of both .S and 0.5 at x.
Since H c T,(0X) C T,(X), the maps d f, and d(df), agree on H, i.e.,
df(H)=d(0f),(H).
As in the case of N, (5; X), since
{0} CT(Z) > Ker (df,) C [ (T,(Z) = T(S),

the intersection Ker (d f,) N H is {0}. Hence the restrictions of d f, and d(df), to H are
isomorphisms onto their common image.

Thus f M Z and 0f M Z imply that we have two direct sum decompositions d f,.(H) @
T.(Z)=T,(Y)=d(0f),(H) ®T,(Z), and the two orients of H via these direct sums agree.

To conclude, we obtained that H has a well-defined orientation. Hence we can use this
unique orientation on H to orient

S via H @ T,(S) = T.(X) and 05 via H & T,(3S) = T,(0X).
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It remains to check how this orientation of T, (0.5) relates to the orientation of the boundary
induced from the orientation of T,(.S). Let n, be the outward unit vector to 0.5 in T,.(S), and
let R - n, represent the one-dimensional subspace spanned by n,. We orient this space by
assigning the sign +1 to the basis (n,). Even though n, need not be perpendicular to all of
T, .(0X), it suffices to know that n, lies in the half-space pointing away from 7T,.(X) to know
that the orientations of R - n,, T,(dX) and T, (X) are related by the direct sum

T.(X)=R-n, & T,(0X).

Now we use that H is complementary to both 7,(S) in T,.(X) and 7,(0.S) in T, (0X) and
plugg this into the above direct sum to get

HOT.(S)=R-n, & H®T,0S).

This equation is already almost what we need, since we would like to compare the orientations
T.(S)and R - n, ®T,(0S). For doing so, we need to move R - n, passed H. If dim H = m, H
has m basis vectors (w;, ..., w,,). Remembering the rule for orienting direct sums, this means
we have to apply exactly m transpositions to the ordered set

(n,, wy,...,w,)to getto (wy, ..., W,,, n,).
This results in m shifts of signs. Hence we get

HOT(S)= (D"’ H SR -n_@T,(S).

Since H appears on both sides as the first summand, we can disregard it for the computation
and get that if 0.5 is oriented as a preimage under d f, then its orientation relates to the one of
T.(S) by

T.(S)=(=D"ZR . n @ T (3S).

Now, if 05 is oriented as a boundary, then we have
T.(S)=R-n, & T, (09).
Thus

— (_ 1 )COdim zZ

sign (0.5) as a boundary - sign (05 as a preimage. [

15.8 Example: Simply-connected manifolds are orientable

The following theorem shows that a lot of manifolds are orientable. Recall that a manifold X
is called simply-connected if it is connected and every smooth map S' — X is homotopic to a
constant map.

Theorem 15.28 (Simply-connected implies orientable) Every simply-connected man-
ifold is orientable.
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Proof: We start by picking any point x € X, and choose an orientation for the tangent
space T,(X). Since T,(X) is a vector space, this is always possible. Now let y € X be any
other point in X. Since X is simply-connected, X is connected. By a previous exercise, since
X is a smooth manifold, X is therefore even path-connected. Hence there is a smooth map
y: [0,1] - X with y(0) = x and y(1) = y. For every point in z € y([0, 1]) we choose a local
parametrization ¢, : V, — U, around z. By shrinking V, if necessary, we can assume that
each V, is an open ball in R¥,

The sets U, n y([0, 1]) is open in y([0, 1]), and the collection of {U, N y([0, 1])} for all
z € y([0,1]) is an open covering of y([0, 1]). Since [0, 1] is compact and y continuous, the
image y([0, 1]) is compact. Hence finitely many of the U, suffice to cover y([0, 1]). We label
these open sets Uy, ..., U, and order them such that U;nU,,, # @and x € U}, y € U,,.

For U,, we choose the orientation which is compatible with the chosen orientation of
T.(X). This means: Let ¢p; : U; — X be the associated local parametrization with ¢,(0) = x.

If d(¢,)y: R¥ — T.(X) is orientation preserving, we orient the vector space T,(U,)
such that d (¢1)¢_1 " R > T - (X) is orientation preserving for all a € Uj.
1

If d(¢p,),: R¥ — T.(X) reverses orientation, we first replace ¢, with ¢,: V; —
X, v = ¢;(-v). This new map q’~>1 is also a local parametrization of X with domain
V,, since V] is an open ball in R* and ¢, is therefore symmetric with respect to the ori-
gin.

Hence after possibly replacing ¢, with ¢, we can assume that d(¢, ), is orientation pre-
serving, and we orient all T,,(U,) as above. For U,, we choose the orientation which is compat-
ible with the orientation of the T,(X) for all points a € U; N U,: If d(¢,) b-'(a) is orientation

2

preserving on 7,(X) for a € U; n U,, we orient T,(X) such that d(¢2)¢;l @ R¥ — T,(X)
is orientation preserving for all a € U,. If itis orientation preserving, then we replace

¢,(v) with ¢,(—v). Continuing this way, we obtain an orientation for U,, and therefore an
orientation for 7, (X) after finitely many steps. See Figure 15.6.

It remains to show that the induced orientation on T' »(X) does not depend on the choice
of y and the U;’s. Solet @ : [0, 1] = X be another smooth path with @(0) = x and (1) = y.
As for y, we choose open sets W/, ..., W, covering all points in o([0, 1]) with x € W, and
y € Wyand W, n W, # §. Then we orient T),(X) following the same procedure using the
W;’s. Arriving at y, we do not know a priori whether the orientation of 7),(X) induced by y and
the orientation of T},(X) induced by w agree or not. Now we use that X is

For, walking first along y and then back on @ defines, after readjusting the speed and
smoothing things out, aloop « : [0,1] —» X with a(0) = x = a(1), i.e., a smooth map « : S! -
X. Walking along a, we obtain an isomorphism

J(@) 1 TUX) = Ty0/(X)= Ty (X) = T(X)
by composing

d(g));! d($)). d(y);! d(¢y). AW dQy,).
T (X)——— RF—25 T(X)———— RE— .. L RE

where the subscript « stands for the varying points at which we take derivatives.

T.(X)
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Figure 15.6: We choose a path from x to y and open sets which overlap the path. Then we orient
the tangent spaces such that everything is compatible on overlaps. Simply-connectedness will
make sure that the choice of path and open sets did not matter, since we can shrink any path to
a point.

The isomorphism J(a) is either orientation preserving or reversing. If it preserves the
orientation, then its determinant is positive. If it reverses the orientation, then its determinant
is negative. And J(a) is orientation preserving if and only if the two orientations on T},(X)
induced by y and w, respectively, agree.

Since X is simply-connected, « is homotopic to the constant map ¢, : S' — {x}. Let
F:S'%x[0,1] > Xbea homotopy from « to c,.. Since S' x[0,1]is compact, its image in X
is compact and we can add finitely many open subsets to the collection Uy, ..., U,,, W, ..., W,
to cover F(S' x [0, 1]) with the codomains of local parametrizations.

For each t € [0, 1], F(—,?) defines a smooth loop from x to x. Using the above procedure
for orienting tangent spaces along a path, we obtain an isomorphism

J(F(=,0)): T(X) = T (X)— Tpq(X) = To(X) for each t € [0, 1].
Taking the determinant of J(F(—,)) defines a map
[0,1] = R, t = det(J(F(=,1)))

which is continuous, since each point of X is contained an open neighborhood on which the
orientation is determined by the derivatives of local parametrizations, and these derivatives
vary smoothly with the base-points.

Since each J(F(—,1)) is an isomorphism, its determinant is either strictly positive > 0 or
strictly negative < 0. Since [0, 1] is connected and ¢ — det(J (F(—, ?))) is continuous, we have

either det(J(F(—,1))) > 0 or det(J(F(—,t))) < Oforallz € [0, 1].
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But we know that, for r = 1, F(—, 1) = ¢, is the constant loop at x. Thus
det(J(F(—, 1)) = det(IdTX(X)) > 0.

Hence we must have det(J (F(—,1))) > 0 for all r € [0, 1]. In other words, J(F(—, t)) must be
orientation preserving for all ¢, and in particular, J(a) is orientation preserving. This shows
that the orientation of 7T),(X) does not depend on the choice of y. [

15.9 Summary

Let us summarise the key points we should remember from this chapter:
An orientation of a vector space is a choice of a sign, +1 or —1, for an equivalence of
orderings of a bases. We can think of it as choosing a positive and negative direction.

An orientation on a manifold is a smooth choice of orientations of the tangent spaces
for each point. Such a smooth choice may or may not exist. Hence manifolds can be
orientable or not.

Orientations help us classifying manifolds: there is a box with orientable and a box with
non-orientable manifolds.

For any compact oriented one-dimensional manifold with boundary, the sum of the
orientation numbers at the boundary points is zero.

The boundary of a cylinder has opposite orientations:

([0, 1] x X) = X| — X,.
This is the key point for defining homotopy invariant intersection numbers soon.
There is a formula for the boundary of preimages:

sign (af_l (Z)) as a boundary

= (—1)4mZ . sion (0 ~1(Z)) as a preimage.

An important class of orientable manifolds consists of simply-connected manifolds.
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15.10 Exercises and more examples

Exercise 15.1 Letf = (vy,..., ;) be an ordered basis of a vector space V.

(a) Show that replacing one v; by a multiple cv; yields an equivalently oriented ordered
basis if ¢ > 0, and an oppositely oriented one if ¢ < 0.

(b)  Show that transposing two elements, i.e., interchanging the places of v; and v; for
i # j, yields an oppositely oriented ordered basis.

(c) Show that subtracting from one v; a linear combination of the others yields an
equivalently oriented ordered basis.

(d) Suppose that V' is the direct sum of V; and V,. Show that the direct sum orientation
of V from V; @ V, equals (—1){4imVD@imV2) timeg the orientation from V, @ V;.

Exercise 15.2 The upper half space H* is oriented by the standard orientation of R,
Thus 0H¥ acquires a boundary orientation. But 0H¥ may also be identified with R¥~!,
Show that the boundary orientation agrees with the standard orientation of R¥~! if and
only if k is even.

Exercise 15.3 In this exercise we study the orientation on spheres:

(a) Write down the orientation of S? as the boundary of the closed unit ball B> in
R3, by specifying a positively oriented ordered basis for the tangent space at each
(a,b,c) € S%.

(b)  Show that the boundary orientation of S equals the orientation of Sk = g=!(1) as
the preimage under the map

g: R SR x - |x]2

Exercise 15.4 Suppose that f: X — Y is a diffeomorphism of connected oriented
manifolds with boundary. Show thatif d f, : T\, (X) — T/, (Y) preserves orientation at
one point x, then f preserves orientation at every point.

Exercise 15.5 Let X and Z be transversal submanifolds in Y and assume X, Z and Y
are oriented. Leti: X < Y be the inclusionof X into Y, j : Z < Y be the inclusion of
Z into Y. We orient the intersection X N Z as the preimage i~!(Z), and the intersection
Z N X as the preimage j~'(X). Show that the orientations of X N Z and Z N X are
related by

XNnZ-= (_1)(CodimX)(COdim Z)Z NnX.
Hint: Show that the orientation of S = X N Z at any y is induced by the direct sum
(N,(S, X) @ N,(S, 2)) ® T,(S) = T,(Y).
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What happens when you consider Z N X instead?

Exercise 15.6 Let X be an oriented manifold and let Z C X be a submanifold of
codimension one. Show that Z is orientable if and only if the relative normal bundle
N(Z, X) is trivial.

Exercise 15.7 (a) Let V' be a vector space. Show that both orientations on V' define
the same product orientation on V' X V.

(b) Let X be an orientable manifold. Show that the product orientation on X X X is
the same for all choices of orientation on X.

(¢) Suppose that X is not orientable. Show that X X Y is never orientable, no matter
what manifold Y may be. In particular, X X X is not orientable.

Hint: First show that X X R™ is not orientable, and then use that every Y has an
open subset diffeomorphic to R™.

(d) Prove that there exists a natural orientation on some neighborhood of the diagonal
A in X X X, whether or not X can be oriented.

But note that A itself is orientable if and only if X X X is orientable. Why?

Hint: Cover a neighborhood of A by local parametrizations ¢ X ¢p: U X U —
X X X,where ¢: U — X is alocal parametrization of X, then apply the previous
observations.

Exercise 15.8 Recall the Hopf fibration = that we have seen previously: We consider
S3 as a subset of C%, i.e., S* = {(zg,2;) € C? : |zy|> + |z;|> = 1}, and S? as a subset
of CxR,ie., S = {(z,x) € CXR : |z]|> + x> = 1}. Then the Hopf fibration  is the
map S* — S? given by

5 2 2
ﬂ'(ZO, Zl) = (2ZOZ1, |Zol b |le ) 5

Consider the point b = (0, 1,0) on S? ¢ R3 =~ C x R. Recall that that computed
the fiber 7~!(b) in a previous exercise. Determine the orientation of the fiber z~!(b) as a
preimage under 7.



16. The integer-valued Brouwer Degree

We have seen in Section 12.1 that the mod 2 degree is a powerful invariant of smooth maps
between manifolds. Now we remedy the defect that it was merely an element in Z /2 and define
an integer-valued degree. We will then study several applications.

16.1 A well-defined invariant

Let X and Y be oriented n-dimensional smooth manifolds without boundary. Let f: X — Y
be a smooth map. We assume that X is compact and that Y is connected.

Then the degree of f is defined as follows: Let x € X be a regular point of /. With our
assumptions this means that d f, : T, X — Tj)Y is a linear isomorphism between oriented
vector spaces. The sign of d £, is defined to be +1 if d f, preserves orientations and it is defined
to be —1 if d f, reverses orientations. See Figure 16.1. Now, for a regular value y € Y of f,
we define the integer

deg(f;y) := ) signdf,.
x€f~1(y)

Figure 16.1: We calculate the degree by counting the number of points in the fiber of a regular
value. The number is well-defined if we take signs determined by orientation into account. In
dimension one, this boils down to looking at the sign of the derivative or by checking whether
the graph hits the horizontal line corresponding to a value from below or above.

310
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In the following we keep the above assumptions.

Lemma 16.1 (deg is locally constant) The function Y — Z, y — deg(f;y) is locally
constant on the set of regular values of f.

Proof: Let y be aregular values of f. By the Stack of Records Theorem 4.18, we can find
a neighborhood U of y such that the preimage f~!(U) is a disjoint union ¥; U --- U V,, where
each V; is an open set in X mapped by f diffeomorphically onto U. Hence, for all points z € U,
we have #/~1({z}) = n. It remains to take orientations into account. Since f, w ViU isa
diffeomorphism, we know that

df, 1 T (X) = Ty(Y)

is an isomorphism. Now both T, (X) and T),(Y) are oriented, and hence d f. X, is either orientation
preserving or reversing. But by our definition of orientations on manifolds, we have

either det(d fx,-) > 0 and hence, for all z € U, det(d fwl_) > 0, where w; is the unique
point in V; with f(w;) = z; in other words, d f, w, Preserves orientations for all points
w; eV,

or det(d f xi) < 0 and hence, for all z € U, det(d fw‘_) < 0, where w; is the unique point
in V; with f(w;) = z; in other words, d f,, reverses orientations for all points w; € V;.

Thus the orientation number is the same for all points in V;. Hence the sum of orientation
numbers of the points in f~!(z) is the same for all points z € U. Consequently, the function

Y > Z, y deg(f;y)

is locally constant on the subspace of regular values. [

Now we show a very useful theorem about the degree which generalizes Theorem 12.10.

Theorem 16.2 (Boundary Theorem for deg) Assume that X = dW is the boundary
of a compact oriented manifold W and that X is oriented as the boundary of W. If
f: X — Y can be extended to a smooth map F: W — Y, then deg(f;y) = 0 for
every regular value y of f.

Proof: First we suppose that y is a regular value for F and f. By Theorem 10.16,
F~'(y) is a compact submanifold of W of dimension dim W — dimY = 1 with boundary
given by

OF ' =W nF ') =XnFx)"'»=r"0.

We also see that the boundary points of F~!(y) lie on X. By Theorem 11.1, the one-
dimensional manifold F~!(y) is the disjoint union of finitely many connected components
which are diffeomorphic to either S' or [0, 1]. Since S' does not have boundary points, only
the boundary points of the components diffeomorphic to [0, 1] lie on X = dW. Let A be one
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such component diffeomorphic to [0, 1] and let a and b denote the boundary points of A, i.e.,
0A = {a} U {b} C X. We will show that

signd f,, +signd f, = 0. (16.1)

Since f~1(y) = (F ow) () consists of finitely many boundary points, this implies that the
sum of the signs of all d f, for x € f ~1(y) is zero as claimed.

To show Equation 16.1 we look at how the tangent spaces at the boundary points of A
are oriented. So let p € A and let (v, v,,...,v,, ) be a positively oriented basis for w
such that v is tangent to the one-dimensional submanifold A, i.e., v forms a basis of the one-
dimensional vector subspace TpA C TpW, while (v, ..., v,) is an ordered basis of the normal
space N,(A; W) c T,W. Since we have a direct sum decomposition N JAW)DT,A =
T,W, we get the equation

sign (vy, ..., v,) - sign (v) = sign (v, vy, ..., U,, V) = +1
Thus we have
sign(v) =+1inT,A < sign(vy,...,v,) = +1in N,(A; W).

Since A is a component of F~!(y), it inherits an orientation as a preimage as explained in
Section 15.5. This means that sign (v, ..., v,) in N, (A; W) is determined by the effect of dF,
on (vy, ..., v,). As in Definition 15.25 we have

sign (vy, ..., v,) = sign (de(vl, e U)

where the right-hand side is determined by the given orientation of 7,Y. Thus, we conclude
that vis a basis of T),A if and only if d F, sends the basis (vy,...,v,) to a
positively oriented basis in 7)Y .

The vector v(p) depends smoothly of p. Now let ¢ : [0, 1] — A be a diffeomorphism with
@(0) = a and @(1) = b. Since 0 and 1 have opposite orientations in [0, 1], the points a and b
have orientations, i.e., we have

sign v(a) + sign v(b) = 0.

Now, at the boundary points p € X, d F, restricts to d f,.. We just learned that the sign of v(x)
is positive if and only if signd f, = +1, i.e., sign v(x) = signd f, at boundary points. Hence
we conclude

signd f,, +signd f, = 0.

Summing over all arcs in F ~1(y), we have proved the assertion when y is a regular value for
F.

Now suppose that y; is a regular value for f, but for F. The function y — deg(f;y)
is constant within some open neighborhood U of y, by Lemma 16.1. By Sard’s Theorem 7.1
the open subset U contains a regular value for F. Hence we can choose a regular value y for F
within U and get

deg(f; o) = deg(f; ).

The previous case then implies the assertion of the theorem.

O
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Lemma 16.3 (Homotopy Lemma for deg) Let f,g: X — Y be two smooth maps.
Assume f and g are smoothly homotopic. If y € Y is a regular value for both f and
g, then

M o=¢"'w.

Proof: Let F: [0,1] X X — Y be a smooth homotopy between F, = f and F|, = g.
Recall that the boundary of [0, 1] X X is given by {0} X X U {1} X X where the orientation
of {1} X X is the one of X and the orientation of {0} X X is the opposite one. Since the
degree is additive on connected components, we deduce that the degree at y of the restriction
OF 1= Fyqoaxx © {0} XX U{l} XX — Y of F to the boundary of [0, 1] X X is equal to the
difference

deg(g; y) —deg(f;y).

Since dF can be extended to the compact oriented manifold [0, 1] X X, this difference must be
zero by Theorem 16.2. [

Now we can prove the following key result:

Theorem 16.4 (The Brouwer Degree is well-defined) Let X and Y be oriented n-
dimensional smooth manifolds without boundary, with X compact and Y connected.
Let f: X — Y be a smooth map. The number deg(f; y) does on the choice
of the regular value y, and we denote it by deg /. Moreover, deg f only depends on the
homotopy class of f,i.e., if f and f| are smoothly homotopic then deg f, = deg f.

Proof: Let y and z be two regular values of f. By the Isotopy Lemma 12.3 we can choose a
diffeomorphism 2 : X — Y which isotopic to the identity and with A(y) = z. Every diffeomor-
phism either preserves or reverses the orientation at every point. Hence we know signdh,, = +1
for all x. Since h is isotopic to the identity, we must have sign dh, = +1 for all x. Thus A pre-
serves orientation, and we get

deg(f; y) = deg(ho f; h(y)).
Since A is homotopic to the identity, f is homotopic to o f. Hence
deg(hof;z) = deg(f;z)

by Lemma 16.3. Thus we get deg(f; y) = deg(f; z).

Now let f| : X — Y be a smooth map which is smoothly homotopic to f, = f. By Sard’s
Theorem 7.1 we can choose a y € Y which is regular value for both f, and f,. By the first
assertion, we can use y to calculate deg(f;) = deg(fy;y) and deg(f;) = deg(f;y). Then
Lemma 16.3 implies that deg(f,,) = deg(f}). ]

In the exercises we are going to show that the degree is multiplicative in the following sense:
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Lemma 16.5 (The degree is multiplicative) Let f: X — Y andg: Y — Z be
smooth maps between manifolds with X and Y compact, Y and Z connected. Assume
that all three manifolds are oriented, without boundary and that dim X = dimY =

dim Z. Then we have

deg(gof) = deg(g) - deg(f).

Proof: This is Exercise 16.9. L]

As in Remark 12.7, we observe that there is no contradiction with our observations in Sec-
tion 4.4:

Remark 16.6 (Still no contradiction to previous observations) We emphasise again
that the fact that deg(f) is well-defined is no contradiction to our observation in Re-

mark 4.23. We proved that the sum of preimage points
is constant. The number #f ~! () itself, however, given by counting the finite number of

points in the fiber without signs may vary.

16.2 Examples

In all examples we keep the assumption that X and Y are smooth manifolds without boundary,
X is compact, Y is connected and dim X = dimY.

Example 16.7 (Constant maps have degree zero) Let f: X — Y be a constant map
with value y,. Then deg(f) = 0. For, any value y # y, is a regular value and f~!(y) = 0.

Example 16.8 (Degree of a diffeomorphism) Let f: X — Y be a diffeomorphism.
Then we have #/~!(y) = 1 for every y € Y, and deg(f) = +1 if f preserves the
orientation and deg(f) = —1 if f reverses the orientation.

In particular, we get:

Lemma 16.9 (Obstruction to a homotopy to the identity) An orientation reversing
diffeomorphism of a compact boundaryless manifold is smoothly homotopic to the

identity.

Example 16.10 (Reflection on S") An example of an orientation reversing diffeo-
morphism is provided by the reflection r;, : S” — S” which we have seen in the exercises

before:
X, X ) = (s e s =X oo, Xppp)-

By Example 15.9 and Example 16.8 we have deg(r;) = —1.
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Example 16.11 (Degree of self-maps of S') Recall that the restriction of complex
multiplication z — z" defines a smooth map f,,: S! — S! forevery m € Z. Form # 0,
let us calculate the derivative d(f,), : TZ(Sl) - Tfm(z)(Sl). We use the parametrization
¢ : t— (cost,sint). We have the commutative diagram

4 T"’
R R.
t—mt

Taking derivatives yields, where we note that ¢t — mt is a linear map and therefore equal
to its derivative:

d(fr):

TZ(SI) ........................................... T, (SH
d¢,T quﬁ,m
R R.

t—mt

In order to determine d(f,,),, recall that d ¢, has the form
de,: R - R2, s (—sint,cost) - s
and hence at z = ¢():
T.(S') = (=sint,cos?) - R.
Putting these information together we obtain

d(f,),: Tu(S") = T,.(Sh,

(—sint,cost) - s — m - (— sin(mt), cos(mt)) - s

which means that d(f,,), is the linear map given by multiplication by m. Hence, when
m > 0, f, wraps the circle uniformly around itself m times preserving orientation. The
map is everywhere regular and orientation preserving, so its degree is the number
of preimages of any point. And that number is m. Similarly, when the map
is everywhere regular but orientation reversing. As each point has |m| preimages, the
degree is —|m| = m. Finally, when the map is constant, so its degree is zero.

Remark 16.12 (One homotopy class S' — S! for each integer) One immediate
consequence of this calculation (which could not have been proven with the mod 2 de-
gree) is the interesting fact that the circle admits an infinite number of homotopically
distinct maps since deg(z™) = m implies that f,, and f,, are homotopic if n # m.
We provide a more complete picture of the self-maps of S' in Theorem 16.19.
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Example 16.13 (Self-maps of S? and complex polynomials) Let p(z) = Z’"+alzm_1 +
.-+ a,, be a monic polynomial with complex coefficients a4, ..., a,,. We may consider p
as a smooth map C — C, and as in Equation 4.3, it induces a smooth map f : S? —» S?
which sends oo to o0, i.e., f sends the north pole to the north pole. We claim that the
map f has degree m.

To justify our claim we first observe that the homotopy

H(z,tH)=tz" + (1 — t)(alzm_l + - +a,)

induces a smooth homotopy F : S? x [0, 1] = S? between the maps induced by p and
the monomial z™”. The invariance of the degree under homotopy then shows that we can
assume that p(z) = z™ is a monomial. Then the construction of f and the computation of
Example 16.11 yield the claim. We recommend to look at Exercise 16.6, Exercise 16.7
and Exercise 16.8 which study this situation further. Hopf’s Degree Theorem 17.1 yields
a more general statement.

Theorem 16.14 (Self-maps of S*) Let k > 1 and m € Z be an integer. Then there is
a smooth map f,, : S¥ — S* with deg(f,,) = m.

Proof: For m = 0 it suffices to take any constant map. For k = 1 and m € Z, we proved
the assertion in Example 16.11. We can generalize this case as follows. First we assume that
m is positive, i.e., we assume m > 1. We can describe the coordinates of any point in S as

the tuple (x, V1 —|x|2cost,\/1—|x|? sint) where x = (xy, ..., x;_;) denotes the first k — 1

coordinates and |x|? = x% + - xi_l. We define the smooth map f,, : S*¥ — Sk by

<x, V1= [xPcost, V1= |x]2 sint) > <x, V1 = x| cos(mt), VT = [x[2 sin(mt)) .

The map f,, is surjective and by Sard’s Theorem 7.1 we can find a regular value p € S*. The
preimage of p consists of exactly m points. It remains to check the sign of the orientation at each
preimage point ¢ € f~!(p). With respect to the bases of TqSk and Tfm(q)Sk that are induced by
the standard basis in R¥, the derivative d( Jm)q at qis given by the (k X k)-matrix which consists
of the (k — 1 X k — 1)-identity matrix and the integer m in the bottom right-hand corner. This
matrix has determinant m > 0. Thus, the orientation is preserved at each pointin g € f “1(p),
and we get deg(f,,) = m.

Second we assume that m < 0 is . Then we may consider the composition f),, or,
where r; denotes the reflection in the first coordinate. Since the degree is multiplicative by
Lemma 16.5, this map has degree m by the first case and Example 16.10. L

Remark 16.15 (Homotopy groups of spheres - surjectivity) Let [S*, S¥] denote the
set of smooth maps S* — S¥ modulo homotopy. By Theorem 16.4 we can think of the
degree as a map

deg : Sk, $"1— 7.

By Theorem 16.14, this map is surjective. We will later prove Hopf’s Theorem 17.1
which tells us that this map is injective as well.
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In the exercises we are going ro prove the following two applications of the degree:

Theorem 16.16 (Fixed points of self-maps of the sphere) Let f: Sk — Sk be a
smooth map. Assume that deg(f) # (=1)**!. Then f must have a fixed point.

Proof: We prove the assertion in Exercise 16.10. [

Theorem 16.17 (Self-map of the sphere of odd degree) Let f: Sk — Sk bea
smooth map. Assume deg(f) is odd. Then f must send some pair of antipodal points
to antipodal points, i.e., there is at least one pair of antipodal points x(, —x such that

f(=xq) = =f(xq).
Proof: We prove the assertion in Exercise 16.12. 0J

Note that Theorem 16.16 does follow from the Borsuk—Ulam Theorem 12.15, but
rather is a partial converse.

Example 16.18 (Self-maps of the torus) Let T? = S! x S! be the two-dimensional
torus. We have seen that we also can view it as a quotient of a square where we identify
opposite sides. Yet another presentation of T? is as the quotient R? /Z* where two points
p,q € R? are identified if p — ¢ € Z>. We equip this space with the quotient topology
induced by the quotient map R?> — R?/Z%. Now let n be a fixed positive integer. We
consider the two linear maps R?> — R? represented by the matrices

n 0 1 0
A—<O 1> andB-(O n>'

Since A and B send Z? to Z2, they induce well-defined maps
T?> =R*/7* - R*/Z* =T".

We denote the induced maps on T2 by the same symbols A and B respectively. The
effect of A on T? is to revolve » times around the circle S X {y} in T2, for some y € S'.
while the effect of B on T? is to revolve n times around the circle {x} x S! in T2, for
some x € S', Hence, for any point ¢ € T2, the preimages A~!(¢g) and B~!(g) consist of
exactly » points.

The derivative d A, of A at any point p € T* equals the linear map R* — R? repre-
sented by A, i.e., dA, = A, and similarly d B, = B. In particular, we get

det(dA,) = det(A) = n = det(B) = det(d B)).

Since n > 0, the determinant of d A, and d B, is positive at every point p which is sent
to g. Thus we can conclude
deg(A) = n = deg(B).
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16.3 Hopf Degree Theorem in dimension one

We return to self-maps of S!. We learned that there is a homotopy class of maps S' — S!
for every integer m. Actually, the following theorem, the one-dimensional case of a famous
theorem of Hopf, shows that the degree is a bijective map

deg: [S',S'1 > Z, f > deg(f),
where [S!, S'] = Hom(S!, S!)/~ denotes the set of equivalence classes of smooth maps from

S! to S! modulo the homotopy relation.

Theorem 16.19 (Hopf Degree Theorem in dimension one) Two smooth maps
fo. f1: S! — S! are homotopic they have the same degree.

We generalize the assertion to all #» in Theorem 17.1.

Note that the statement also holds for continuous maps as follows: Since we know that
every continuous map between smooth manifolds is homotopic to a smooth map by Whit-
ney’s Approximation Theorem 13.18, all we need to extend the assertion is a definition
of the degree for merely continuous maps. This can be done using the techniques of
algebraic topology, e.g., singular homology. See for example [17].

Proof of Theorem 16.19: We already know that if f, and f; are homotopic, then we have
deg(f,) = deg(f,). So assume deg(f;) = deg(f;), and we need to show f, ~ f,. Recall from
Figure 12.4 the map p defined by

p: RSl 1t 27,
and showed that every smooth map f : S' — S! can be lifted! to amap g: R — R with

gt + 1) = g(t) + q for some g € Z such that f(p(t)) = p(g(?)).
Claim: g = deg(f).

If we can show the claim, then we get a homotopy f, ~ f| as follows: Assume we have
two maps f and f; with deg(f;) = g = deg(f,). Let g, and g, be smooth maps R — R which
both satisfy

gU+1) =gy +qgandg(t+1) =g, () +q
such that f,(p(¥)) = p(gy(?)), f1(p(t)) = p(g((¢)). Then the smooth map

g,(t) :=s5g + (1 — s)g, also satisfies g,(t + 1) = g, () + q.
Note g (?) defines a homotopy G from g, to g; by G(¢, s) = g,(¢). Then G defines a homotopy

G: Rx[0,1] > RwithG(+1,s) =G(t,s)+qforallt,s

The idea was to lift piecewise locally and to patch the pieces together.
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which induces a well-defined homotopy
F:S'x[0,1] » S!, (z,5) — p(G(,s)) for any 1 € p~!(2).
Hence the above g (¢) induces a homotopy from f, = pog, to pog; = f.

It remains to prove the claim:

First, note that if f is surjective, then we can pick a point y & f(S'). Thus y is
automatically a regular value. Since #f~!(y) = 0, we must have deg(f) = 0. In this
case, we need to have ¢ = 0, i.e., g(t + 1) = g(¢). For otherwise pog was surjective and
hence f would be surjective.

Note that, since the stereographic projection map S! \ {y} — R is a diffeomorphism
and R is contractible, this shows that S! \ {y} is contractible. Hence f is a map to a
contractible space and therefore homotopic to a constant map and has degree 0.

Now we assume that f is surjective. Let y € S! be a regular value of f, and let
z € f~1(y). Since p is surjective, there is a t € R with p(f) = z. Since y is a regular
value, f is a local diffeomorphism around z. Its derivative is related to the one of g by
the chain rule

df.odp, = dpgpodg,.
The derivative of p: R — S' at any ¢ is
dp,: R = Ty (SH, w2z - (= sin(2x1), cos(2x1)) - w.

Hence the determinant of dp, at any ¢ is positive (in fact equal +2x). Thus the sign of the
determinant of d f, equals the sign of dg, € R:

signd f, = signdg,.

As above, let y € S! be a regular value of f and z € f~!(y). Let us fix a o € R with
p(ty) = z. When we walk from 7, to ¢, + 1 we need to count how many preimages of y
we collect along the way,

We start with the case ¢ = 0, i.e., g(t + 1) = g(¢). It will actually teach us the key ideas
we need to remember from this proof.

We need to count how often g(s) = g(#,) with dg, = g’(s) > 0 and how often g(s) = g(7,)
with dg, = g’(s) < 0. Note that since y is regular, dg, is always # 0 for such an s.

Since g is a smooth function R — R, this is now just an exercise in Calculus. Using the
periodicity of g, i.e., that g’(#,) must have the same sign as g’(f, + 1), we see that there
are exactly as many points s with g(s) = g(#,) and dg, = g’(s) > 0 as there are points
with g(s) = g(t,) and dg, = g’(s) < 0. Thus deg(f) = 0. See Figure 16.2.

Now assume ¢ > 0, and g(t + 1) = g(¢) + q.

Again, we walk from 7, to 75+ 1 and sum up the orientation numbers of all the preimages
of y that we collect along the way. This corresponds to counting how often we have
g(s)=g(ty) +iforsomei=0,1,...,g—1and s € [ty, 1y + 1].
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Figure 16.2: We count the intersection points with the sign of the derivative. If ¢ = 0, there are
as many crossing points from below with positive derivative as there are crossing points from
above with negative derivative.

Let us look at one interval [g(t,) + i, g(¢,) + i + 1] at a time. We would like to know how
many s € [#(,?, + 1] are sent to either g(t,) + i or g(#;) + i + 1 together with the sign of
the derivative.

Therefore we look at the preimage g~ ([g(ty)+1i, g(ty)+i+1]). This setis a disjoint union
of closed intervals. For each of these intervals the start and endpoints are sent to either
g(ty) +iorg(ty) +i+ 1. Letus think of the graph of g passing g(¢,) + i with a positive
sign of the derivative as going in with 41 and passing g(#)+i + 1 with a positive sign of
the derivative as going out +1, and the other two alternatives as the ones with —1. Then
we see that the graph has to go in with +1 for a first time, and has to go out with +1 for a
last time (since the graph starts at g(#,) < g(¢,) +i and ends at g(tg) +q > g(t,) +i+1).
In between those two points, the graph is going out with —1 as often as it goes in +1 and
goes in with —1 as often as it goes out with +1. See Figure 16.3.

Thus in total the orientation numbers for g~ ([g(ty)+i, g(tg)+i+1]) add up to +2. Repeating

this for all i = 0,1, ...,9 — 1 gives a sum of orientation numbers equal to g, since we have to
account for that we counted the inner points twice. Since the sum of orientation numbers of f
equals the one of g, this shows deg(f) = g.

Finally, if ¢ < 0, the same argument works with signs and directions reversed. [
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Figure 16.3: We count the intersection points with the sign of the derivative. If g > 0, there
are exactly ¢ more crossing points from below with positive derivative than there are crossing
points from above with negative derivative.

16.4 Linking number and the Hopf invariant via exercises

In the following exercises, we will study some basic properties of the Hopf invariant. Recall
that we have already defined the linking number and the Hopf invariant in a mod 2-version in
Section 12.4. Now we improve the constructions to get Z-valued invariants. In particular, we
show that the Hopf invariant of the Hopf fibration equals one. This is a much stronger result
than what we proved previously in Theorem 12.31.

As in Definition 12.22 we define the linking number of submanifolds in Euclidean space as
follows: For k > 1, let X,Y c R¥*! be two disjoint smooth manifolds. The linking map

A XXY - SF

is defined by

x—y
Ax, y) = Pk

Note that, since X and Y are disjoint, this map is well-defined and smooth. Now we assume
that X and Y are compact, oriented, and without boundary, of dimensions dim X = m and
dimY = n such that m + n = k. Then the linking number L(X,Y) of X and Y is defined to be
the degree of 4, i.e.,

L(X,Y) :=deg(A).

Exercise 16.1 (a) Show that

LY, X) = (-)m Do+ x vy,

Hint: Check what happens with the orientation numbers at points when we switch
the order of X and Y, and think of our computation of the degree of the antipodal
map on S¥.
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Figure 16.4: The red circle is the boundary of a compact manifold D. In both cases the green
curve intersects the manifold D. The linking number detects the intersection. The circles on
the left-hand side are linked and cannot be moved apart. However, multiple intersections may
occur. The curves on the right-hand side are not linked and can be moved. The linking number
detects this by counting the linking points with signs. See also Example 12.23.

(b) Assume that X is the boundary of an oriented manifold W which is disjoint from
Y. Show that this implies L(X,Y) = 0.

Hint: Use the Boundary Theorem 16.2 for degrees.

As in Definition 12.25, we extend the definition of the linking number to submanifolds X, Y
in S¥*1: Assume X and Y are compact, oriented and boundaryless, and dim X + dimY = «.
Since the sphere is connected and X and Y are closed subsets, there must be a point p which
is not contained in either X or Y. We identity S**! \ {p} with R**! via the diffeomorphism
defined by stereographic projection from p. Then we consider X and Y as submanifolds of
R**+! and define the linking number L(X,Y) as above.

For n > 1, consider a smooth map f : $*"~! — S". Let w # z € S" be two regular values
for f. Then f~!(w) and f~!(z) are compact, oriented, boundaryless submanifolds of S” and
their linking number L (£~ (w), f~!(z)) is defined.

The number
H(f) :=L(f™w).f™(2)
is called the Hopf invariant of f. This is a famous invariant that played a crucial role in the
development of mathematics. As in Section 12.4.2 one can show that H(f) does not depend on
the choice of w and z and only depends on the homotopy class of f. We skip this verification
here. Denoting by 7,,_;(S") the (2n—1)-homotopy group of S”, we can view the Hopf invariant
as a map
H: n,_(S") - Z.

Exercise 16.2 We are going to study some of the basic properties of the Hopf invariant
in this exercise:

(a) Show thatif nis odd, then H(f) = 0.

(b) Letg: S" — S" be a smooth map. Consider the composition

§2n—l_f) Sn—g> S
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Now we are going to compute the Hopf invariant for the Hopf fibration = © S> — S?>. We
have met 7 several times before and have solved several of the following problems in the main
text and previous exercises. We collect and reprove all the results for computing H (7). We
recommend that you solve each of the tasks again to get more practice. The calculation of

Show that
H(gof) = H(f) - deg(g)*.

H(x) = 1is a key new step which goes beyond the computation modulo 2.

Exercise 16.3 We consider 3 as a subset of C2, i.e., S* = {(z(,2;) € C? : |z|*> +
|z,|?> = 1}, and S? as a subset of C X R, i.e., S = {(z,x) € CxX R : |z|> + x> = 1}.
Then the Hopf fibration x is the map S — S? given by

(a)
(b)

(©
(d)
(e

®

(20, 21) = (22021, 120l* — 121 1%) -
Check that this actually defines a map S — S?.

Show that 7(zy, z;) = #(w,, w,) if and only if there is a complex number a with
|a|?> = a@ = 1 such that (wy, w,) = (azy, @z;).

Show that, for every point p € S?, the fiber 7~!(p) is diffeomorphic to S!.
Show that each point in S? is a regular value for 7.

Consider a = (0,0, 1) and b = (0,1,0) on S? ¢ R3 =~ C x R. Determine the fibers
7~ 1(a) and 7~!(b) together with their orientations as preimages under 7.

Hint: We have worked out the orientation of 7z~ 1(a) in Section 15.6. Follow the
same outline to figure it out for 7~!(b). Or see Exercise 15.8.

Show that H(x) = 1.

Hint: You may want to choose a and b as regular values for # and compute H (x)
as the degree of A: S, X S, — S? with S, = ¢/ (z7!(a)) and S, = ¢! (x7' (b))
where qbl_vl denotes the stereographic projection from N = (0,0,0,1) € S*. To
calculate deg(4), pick a regular value for A, say p = (1,0,0). Then, for a point
(v, w) with A(v, W) = p, compute d Ay : T,.S, X TS, = T, pSZ. The final step is
to check if d 4y ) preserves or reverses orientations. To do this, use the previous
point to determine the orientations of .S, and .S,,.
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16.5 Exercises and more examples

16.5.1 The Degree

Exercise 16.4 Leta: S* — Sk, a(x) = —x, be the antipodal map on S*.

(a) Show that g has degree (—1)k+1,

Hint: Consider the reflections

X e X)) = (X, e =X e Xpp )
Recall that reflections are diffeomorphisms which reverse orientations.

(b) Show that a is homotopic to the identity if and only if & is odd.

Hint: Recall and use that we showed in Exercise 8.3 that a is homotopic to the
identity if k is odd.

Aside: Note that we would not have been able to make the only if-conclusion with
the mod 2-degree, since in Z /2 we cannot distinguish between 1 and —1.

Exercise 16.5 Let X c RY be a smooth manifold. Recall that a vector field on X
is a smooth section of z : T(X) — X, i.e., a smooth map ¢ : X — T(X) such that
moc = Idy. An equivalent way to describe such a section is to give amap s : X — RV
such that s(x) € T,.(X) C RN for all x (with corresponding o(x) = (x, s(x))). A point
x € X is a zero of the vector field o if 6(x) = (x, 0) or equivalently s(x) = 0. Prove the
following important theorem:

The n-dimensional sphere S” admits a vector field v without zeros, i.e., v(x) # 0 for
all x € §", if and only if # is odd.

Hint: Note that we have proven most of the statement in previous exercises, see Ex-
ercise 8.7. You can assume those results. What is new is the only if-part for which we
need the improved degree. To show this, write the antipodal map as a composition of
reflections.

Exercise 16.6 Use the degree to prove the Fundament Theorem of Algebra: Given a
monic polynomial with complex coefficients

pz)=2"+a; 2" ' + - +a,
Show that there exists a w € C such that p(w) = 0.

Exercise 16.7 Explain why the degree cannot be used to prove that there is a zero in R
for every monic real polynomial.
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Exercise 16.8 Let
p(z)=z"+a;z" ' + - +a,

be a monic complex polynomial. At every point z, € C, there is an integer m > 0 such
that we can factor

p(2) = (z — z0)"q(2) with g(z) # 0.

Note that z is a zero of p if and only if m > 0. In this case we call m the multiplicity of
the zero z,. In this exercise we relate multiplicities and degrees as follows:

Let D, C C be a disk with center z, and radius r small enough such that there is
no other zero of p in D, except z,. Recall that we showed that this is possible when we
discussed Milnor’s proof of the FTA in Section 4.4.

(a) Check that the formula g(z) = z; + rz defines an orientation-preserving diffeo-
morphism S! — 9D, where D, inherits an orientation from C = R?.

(b)  Explain why ﬁ : 0D, — S! and IZ%I : S! = S! have the same degree.

(¢)  Find a smooth homotopy A4, : S' — S! between h; = % and hy(z) = ¢ - z™ with

CI(Z,')
lq(z;)I ’

¢ being the constant ¢ =

(d) Conclude that deg <ﬁ) =m.

f .
Exercise 16.9 Let X - Y - Z bea sequence of smooth maps between manifolds
with X and Y compact, Y and Z connected. Assume that all three manifolds are oriented
and boundaryless and dim X = dim Y = dim Z. Show that

deg(gof) = deg(g) - deg(f).

Exercise 16.10 Let S¥ —f> S* be a smooth map. Show that if deg(f) # (—=DF+! then
f must have a fixed point.

Hint: Assume that f had no fixed point. Show that then the composition of f with
the antipodal map would be homotopic to the identity map.

Exercise 16.11 Let k > 1 be an odd integer. Let g: Sk — RP*, x - [x], be the
canonical projection. Recall from Theorem 15.16 that RP* is compact and orientable so
that deg(q) is defined. Show that the degree of ¢ is +2, and that it is +2 if the orientation
on RP* is chosen such that g preserves orientation.

Hint: Use that g does not change after composition with the antipodal map.

. . S
Exercise 16.12 In this exercise we prove Theorem 16.17: Let S¥ — Sk be a smooth
map. If deg(f) is odd, then f must send some pair of antipodal points to antipodal points.
To prove the claim we assume that f : S¥ — S* sends no pair of antipodal points to
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antipodal points. We will show that this implies that deg(f) must be even.

(a) Assume that £ : S* — S* sends no pair of antipodal points to antipodal points.
Show that then f and foa are both smoothly homotopic to the map g: S¥ —
Sk defined by g(x) := %(f(x) + f(—x)), and deduce that deg(f) = deg(g) =

deg(foa).
(b) Now further assume that k is even. Show that this implies deg(g) = 0.

(¢) Now assume that k is odd. Use Exercise 16.9 and Exercise 16.11 to deduce that
this implies deg(g) is even.

(d) Deduce the claim and thereby prove Theorem 16.17.



17. Hopf Degree Theorem

We proved previously that there is exactly one homotopy class of maps S! — S! for every
integer n € Z. By our classification of one-manifolds, we can read this also as follows:

For every compact, connected, boundaryless one-manifold X, there is exactly one homo-
topy class of maps X — S! for every integer n € Z.

Now we are going to generalize this result to higher dimensions. Recall that the degree of
amap f: X — SF as in the theorem is defined as

deg(f) = Z sign(d f)
xef~1()

where y is a regular value of f and sign (d f,) is +1 if d f, preserves orientations and —1 if d f,
reverses orientations. We will refer to this sign rule as our usual orientation convention.

Theorem 17.1 (Hopf Degree Theorem) Let X be a compact, connected, oriented
smooth k-manifold without boundary. Then two continuous maps X — S* are homo-
topic if and only if they have the same degree. In other words, the degree defines an
injective map [X, S¥] —» Z.

Together with Theorem 16.14 and since every continuous map between spheres is homo-
topic to a smooth map we then get:

Corollary 17.2 (Homotopy groups of spheres - injectivity) Let 7,(S*) denote the kth
homotopy group of S*. The degree defines a bijection

deg: 7,(S*) — Z.

Remark 17.3 Note that the situation is similar, though different for non-orientable
manifolds: Two maps of a compact, connected, non-orientable, boundaryless k-
manifold X to S* are homotopic if and only if they have the same degree modulo
2.

17.1 Strategy for proving Hopf's theorem

Now we start our march towards a proof Hopf’s theorem. We will follow the guideline of
Guillemin-Pollack [5]. But it is worth noting that there are many different ways to prove this
theorem. In particular, there is Pontryagin’s proof as presented in Milnor’s book [13] which uses
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an extremely important and interesting concept, called cobordism. We recommend to have a

17.1. Strategy for proving Hopf's theorem

look at that proof as well.

7

(Strategy for the proof) Assume given two maps f;, and f, from X to SK.

Set W := X x[0, 1], define f : oW — Skby f = foon X X{0}and f := f;
on X X {1}. Then deg(f) = deg(f;) — deg(f,,) = 0, and a homotopy between f,
and f is a global extension of f to .

Show the Extension Theorem 17.13: f: oW — S* has a global extension
W — Skif and only if deg(f) = 0, for any compact, connected, oriented k + 1-
manifold W. We knew already: existence of global extensions = deg(f) = 0.

For the proof of the Extension Theorem 17.13, use the Isotopy Lemma 12.3 to
move W inside some ball B ¢ R¥*! with Int(W') C B. This reduces to checking
an extension statement on balls and spheres.

Use winding numbers to show that a map which is homotopic to a constant
map on the boundary of a ball B extends to all of B.

Show the Special Case X = Sk: For f : Sk — Sk,

deg(f) =0 = f ~ constant map.

This follows by induction on the dimension k of S¥. We have shown previously
that f,g: S! = S! are homotopic if and only if deg(f) = deg(g).

The induction step is actually a zigzag argument using winding numbers. The
Isotopy Lemma is frequently used to move points into appropriate open neigh-
borhoods and balls.

In order to make this strategy work, we need to prove a series of technical results. This
will occupy the rest of the chapter. Two main technical ingredients are isotopies which allow
to move points, and winding numbers which help us calculating degrees. We will also need

the following version of the Isotopy Lemma:

Lemma 17.4 (Linear Isotopy Lemma) Suppose that E is a linear isomorphism of
R* that preserves orientation. Then there exists a homotopy E, consisting of linear
isomorphisms such that E, = E and E| is the identity. If E reverses orientation, then
there exists a homotopy E, consisting of linear isomorphisms such that £, = E and E,
is the reflection map

E(xq,%Xp, ..., %) = (=X, Xg, .., Xp).

Proof: First we remark that it suffices to deal with the case that E preserves orientations.




Chapter 17. Hopf Degree Theorem 329

For if E is orientation reversing, then r| o E preserves orientations. Then if there is a homotopy
F between roE and Id, then, after composing all maps with r|, r;oF is a homotopy between
E =rjorjoFE andr,.

So let E be a linear isomorphism of R¥ that preserves orientations. The proof is by in-
duction on the dimension k. We need to check two initial cases:

First, let k = 1. Then E : R — R is given by multiplication by a real number 4 > 0. Then
E,=t-1+4+(1—-1)-Ais ahomotopy between E = A and Id = 1. Note that each E, is nonzero
and therefore a linear isomorphism.

Now let k = 2 and assume that E has only complex eigenvalues. Then E, = tE + (1 —1)Id
is a linear homotopy between Id and E. Moreover, each E, is a linear isomorphism. To show

this we show that det(E,) # Oforallt € [0,1]. If E = <(Cl 2), then we get

det(E,) = (t(a— 1)+ D)(t(d — 1) + 1) — *bc
=r(a—1)d-D+tla+d—-2)+1—r*bc
=r*ad —bc—a—-d+1D+ta+d—-2)+1.

The discriminant of this quadratic equation in ¢ is
(a+d—2Y—4(ad —bc—a—d+1)
=(a+d)? —4a+d)+4—4ad —bc) +4a+d) -4
=(a+d)* - 4(ad — bc).
But this is exactly the discriminant of the equation
** +ta+d)—(ad — bc) =0

which is the characteristic polynomial in  of E. By assumption, this polynomial has only
complex roots, i.e., its discriminant is negative. Hence there is t such that det(E,) = 0.

Now we show the induction step: So assume k > 2 and the assertion to be true in all
dimensions < k. Then F has at least one real eigenvalue or at least one complex eigen-
value. Let V' C R* be the corresponding eigenspace, which is either one- or two-dimensional.
Then E maps V into itself. Hence R* splits into a direct sum R* = V' @ W. By choosing a
basis of R¥ consisting of a basis of V' and one for W, we can represent E as a matrix of the

form
A B
E= <0 c) '
Here A is either a 1 X 1- or a 2 X 2-matrix determined by the type of the eigenvalues. Then we
can define a linear homotopy E, by
A tB
E = (0 - ) |

Since E is a linear isomorphism and the determinant is multiplicative, we have

0 # det(E) = det(A) det(C) = det(E)).



330 17.1. Strategy for proving Hopf's theorem

Thus E, is also a linear isomorphism for every 7. For ¢ = 0, we see that £, maps V to V' by A
and W to W by C. Since dim W is strictly less than k, we can apply the induction hypothesis
to C and W and the initial cases to A and V/, respectively. Hence we have a homotopy C,
consisting of linear isomorphisms between C and the identity and a homotopy A, between A

and the identity. Then
A, tB
0 ¢
is a linear homotopy between E and the identity map of RX. [

17.1.1 Winding numbers revisited

As for many results on maps between spheres, the winding number is useful concept. We used
it before with values modulo 2. Now we need an integral version:

(Integer-valued winding numbers) Let X be a compact, oriented
k-dimensional smooth manifold, and let f : X — R¥*! be a smooth map. The
of f, denoted W (f, z), around any point z € R¥*! \ f(X) is defined as the
degree of the map

f(x)—z
|f(0) = z|

u: X >S5 x>
As a formula:

W (f,z) = deg(u).

The winding number will be the main tool in the proof of Hopf’s theorem. In order to
exploit it effectively, we investigate some of its properties:

Lemma 17.6 (Step 1) Let f: U — R be a smooth map defined on an open subset
U of R¥, and let x be a regular point, with f(x) = z. Let B be a sufficiently small closed
ball centred at x, and define df : 0B — RX to be the restriction of f to the boundary
of B. Then we have

+1 if f preserves orientation at x,

—11if f reverses orientation at x.

W@of,z) = {

Proof: After possibly translating things, we can assume x = 0 = z, which keeps the
notation simpler. We set A = d f,. We are going to show that W (A4, 0) can be used to calculate
W (df,0). This will follow if we show that we can choose B small enough such that there is a
homotopy F, : dB x [0, 1] — S*~! between Ax/|Ax| and df(x)/|df(x)|. For then

_ af(x) \ _ Ax \ _
Wior.0r=dee <|0f(x)|> - des <|AX|> = WO
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Now we are going to construct the homotopy F,: By Taylor theory, we can write
f(x) = Ax + e(x), where e(x)/|x| - 0 when x — 0. (17.1)
We define
fi(x) = Ax +te(x) fort € [0, 1].
Then, f, is a homotopy between fj(x) = Ax and f(x) = f(x).

Since x = 0 is a regular point, we know that A is an isomorphism. Hence the image of the
unit ball in R¥ under A strictly contains a closed ball of some radius » > 0. Since every linear
isomorphism is a diffeomorphism, we also know that A maps boundaries to boundaries, i.e.,
Sk=1 to the boundary of the closed ball of radius ». Hence

|Ax| > rforall x € S¥!.
As a consequence,
|A(x/|x|)| > ¢ and thus |Ax| > |rx| for all x € R\ {0}.
Now we use (17.1). Since e(x)/|x] = 0 as x — 0, we can choose a ball B small enough
such that

e(x)/]x| < % for all x € 9B.

Then we have
r r
| f;(0] = |Ax| = tle(x)| > r|x| - EIXI = EIXI,
ie.,|f,(x)| > 0forall x € dB.

Hence we can define the desired homotopy F; by

Sfi(x)
FACSIN

F,: 0B x[0,1] » SK, x

Now we compute W (A, 0). Therefor we apply the Linear Isotopy Lemma 17.4 and get
that A is homotopic to the identity if it preserves orientations, and homotopic to the reflection
map (X1, X, ..., X;) = (=X, %y, ..., x;) if it reverses orientations. In the former case, we have
W (A,0) = +1, and in the latter case W (A,0) = —1. ]

This result determines how local diffeomorphisms can wind. Now we are going to use this
information to count preimages:

Lemma 17.7 (Step 2) Let f : B — R* be a smooth map defined on some closed ball
B in R*. Suppose that z is a regular value of f that has no preimages on the boundary
sphere 0B, and let df : 0B — R* be its restriction to the boundary. Then the number
of preimages of z, counted with our usual orientation convention, equals the winding
number W f, z).
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Proof: By the Stack of Records Theorem 4.18, we know that £ ~!(z) is a finite set {x;, ..., x,,},
and we can choose disjoint balls B; around each x;. Since f ~1(z) is disjoint from 0B by as-
sumption, we can shrink these balls such that B; N 0B = @ and so that each B; is sufficiently
small so that Step 1 can be applied. Let df; = f|9g. Then Step 1, i.e., Lemma 17.6, implies
that the number of preimage points, counted with our usual orientation convention, equals
Y W(0f.,2). LetB' := B\ U;B; and consider the map

Sz
NOEER

Since f(x) # z on B, this map extends to all of B’. This implies

u: oB - S1 x

W (fom>2) = degu) = 0.

The orientations of the boundaries are related by
0B’ =oB UL, (—0B,).

This implies
W (fiom-2) = W(0f.2) = Y W(f, 2).
i=1

Hence in total we get W (df,z) = Y,'_, W(df;, 2). O

Lemma 17.8 (Step 3) Let B be a closed ball in R¥, and let f : R\ Int(B) — Y be a
smooth map defined outside the open ball Int(B). Let df : 0B — Y be the restriction
to the boundary. Assume that df is homotopic to a constant map. Then f extends
to a smooth map defined on all of R¥ into Y.

Proof: For simplicity, we assume that B is centred at 0. Then we can write every non-zero
point x € B uniquely as x = ty for some y € dB and some ¢ € [0, 1]. By assumption, there is
a homotopy g, : dB — Y with g; = df and g, being a constant map.

Now we define the map F : R* — Y by setting

Fx) f(x) if x € R\ Int(B)
xX) =
g(x) ifxeBandx=tyforsomeyecdBandre[0,1]

Note that F is well-defined on R* \ Int(B), since f and g, agreeondB = BN (RK\ Int(B))
where we have f = df = g;. Note also that F(0) is well-defined as the constant value of g.

Now it remains to use smooth bump function to turn F into a smooth homotopy.' O

17.2 The Special Case

't is already smooth except, possibly, on dB.
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Lemma 17.9 (The Special Case) Let f: S — Sk be a smooth map of degree zero.
Then f is homotopic to a constant map.

Before we prove this case, we look at a consequence:

Theorem 17.10 (Winding number zero) Any smooth map f : Sk — R*1\ {0}
having winding number zero with respect to the origin is homotopic to a constant
map.

Proof of Theorem 17.10: By assumption, the degree of the map f/|f| is zero. By the
special case, this implies that f/|f| is homotopic to a constant map. But f/|f| and f are
homotopic via the homotopy

F: §$"x[0,1] = R\ (0}, (,0) = 1f () + (1= 1) f/If]
Since homotopy is a transitive relation, f is also homotopic to a constant map. 0

Proof of the special case Lemma 17.9:

The proof is by induction on the dimension k. We have established the case k = 1 in
Theorem 16.19. So we assume the special case being true for k — 1 and want to deduce it for
k. We need to prove a lemma first:

Lemma 17.11 Let f : R¥ — R* be a smooth map with 0 as a regular value. Suppose
that £~1(0) is finite and that the sum of preimage points in f~!(0) is zero when counted
with the usual orientation convention. Assuming the special case in dimension k — 1.
Then there exists a map g : R¥ — R*\ {0} such that g = f outside a compact set. In
particular, the homotopy ¢f + (1 — f)g from g to f is constant outside this compact set.

Proof: Since f~1(0) is a finite, we can choose a ball B centred at the origin with £~1(0) C
Int(B). By assumption, the sum of preimage points is zero when counted with the usual ori-
entation convention. By Step 2, i.e., Lemma 17.7, the map 0f : 0B — R* \ {0} has winding
number zero. Since 0B is diffeomorphic to S¥~!, we may consider df as a map from S¥=! to
R*\ {0}.

Since we are assuming the special case being true in dimension k — 1, we can apply its
consequence, i.e., Theorem 17.10, in that dimension. Thus, d f is homotopic to a constant map.
Hence

S © R\ Int(B) — R\ {0}
is a map to which we can apply Step 3, i.e., Lemma 17.8. This implies that f extends to a
smooth map g : R¥ — R*\ {0} with f = g outside the compact space B. L]

Now we get back to the proof of the special case. So we are given a smooth map f : S¥ —
Sk with deg(f) = 0.

The idea of the proof is to show that f is homotopic to a map h: S¥ — S*\ {b}, where
b is some point in S¥. But S* \ {b} is diffeomorphic to R¥ via stereographic projection from
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b. Since R* is , this implies 4 is homotopic to a constant map. Then f is also
homotopic to a constant map.

So we need to show:
Claim: f is homotopic to a smooth map g : S¥ — S\ {b}.

By Sard’s Theorem 7.1, we can choose distinct regular values a and b of f. By the Stack of
Records Theorem 4.18, the preimage sets are finite, say f~'(a) = {a,,...,a,} and f~1(b) =

{by,....b,}.

Moreover, we can find an open neighborhood U of a; such that U is diffeomorphic to R*
via a diffeomorphism « : R¥ - U and such that b,gUforalli=1,...,m.

Since k > 1, we can apply the Isotopy Theorem 12.13, which is an extension of the Isotopy
Lemma 12.3, to the points {a,,...,a,} in Y := Sk \ {b} to get a diffeomorphism which is
isotopic to the identity, compactly supported, and moves the points a; into U.

Since homotopy is a transitive relation, we can therefore assume that U is an open neigh-
borhood of f~1(a) with b & f(U).

Now let f: SK\ {b} = R* be a diffeomorphism with #(a) = 0. Then
ok L ek bk
pofoa: R*>U— S\ {h}—> R
is a smooth map from R¥ to R¥. Since a is a regular value of f, 0 is a regular value of fo f oa.
Moreover, since f~!(a) is finite, (fo foa)~'(0) is finite as well.

Now we use the . For this means that the number of preimages of
a under f is zero when counted with our usual orientation convention. Hence the number
of preimages of 0 under fo f oa is zero when counted with the usual orientation convention.

Thus, we can apply Lemma 17.11 to flo foa : R — R¥ and getamap g : R¥ — R*\ {0}
such that g = flo foa outside a compact set B and g is homotopic to fo foa on R¥.

1

Since @ and f are diffeomorphisms, this implies that f is homotopic to f~'ogoa™! as a

map from U to SK\ {b}. As g = fo foa outside B, we have

B logoa™ = fonU \ a~!(B).

Thus, the map
h: Sk sk\ {b}

defined by setting

h={f on S¥\ a~!(B)

plogoa=! ona !(B)

is smooth, and 4 is the desired map homotopic to f. This proves the special case. 0J
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17.3 The Extension Theorem for degree zero maps

Next we need to learn how to extend maps defined on the boundary to the whole manifold. This
is possible for maps of degree zero. This is an important result. We start with the simpler case
of maps to Euclidean space:

Lemma 17.12 (Extending maps to Euclidean spaces) Let W be a compact smooth
manifold with boundary, and let f : 0W — RX be a smooth map. Then f can be
extended to a globally defined map F : W — R,

Proof: As always we assume that W is a subset of some R™. Since W is compact, it is
a closed subset of R, and so is dW. Since f is a smooth map defined on a closed subset
of R™, it may be locally extended to a smooth map on open sets. Since 0W is compact and
boundaryless, we can apply the Tubular Neighborhood Theorem 13.10 to extend f to a map
F defined on a neighborhood U of W in RV,

Now we choose a smooth bump function p that is constant 1 on dW and O outside some
compact subset of U. Then we can extend f to all of W by letting it be

p-FonU, and O outside of U.

This is a smooth function defined on all of R" with values in R* and being f = 1 - F on oW
O]

Now we apply this lemma to maps with values in spheres:

Theorem 17.13 (Extension Theorem for degree zero maps) Let W be a com-
pact, connected, oriented k + 1-dimensional smooth manifold with boundary, and
let f: 0W — Sk be a smooth map. Then f extends to a globally defined map
F: W — Sk with 0F = f if and only if deg(f) = 0.

Proof: We already know that if f can be extended to all of W, then deg(f) = 0. It remains
to show the opposite direction.

So let f be as in the theorem, and assume deg(f) = 0. By Lemma 17.12 above, we can
extend f to asmooth map F : W — RK*! By the Transversality Extension Theorem 13.29,
we can assume that 0 is a regular value of F. Since W is compact of dimension k + 1, we know
that F~1(0) is a finite set. Hence we can apply the corollary to the Isotopy Lemma 12.3 to this
finite set, and move F~!(0) inside Int(B) where B is a closed ball contained Int(W).

In particular, since F~1(0) C Int(B), the map % extends to W' := W \ Int(B). Hence
W (F/|F|,0) = deg (F/|F|) = 0.
On the other hand, we know by our assumption that
W (F g, 0) = W(f,0) =deg(f) =0,

where we use f = f/|f], since f has values in S¥.
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Now let

OF = Fy : 0B — R*1\ {0}

be the restriction to the boundary. By the definition of W’ and of boundary orientations, we
have
oW’ = (OW) U (-oB).

Hence we get
W(F|aW/, 0)= W(F|aW, 0) - W(F|a[Es, 0)
and therefore W (F)yg, 0) by our previous observations.

Now Theorem 17.10, i.e., the consequence of the special case, implies that 0 F is homotopic
to a constant map. By Step 3, i.e., Lemma 17.8, this implies that 0 F extendstoamap G : W —
R**1\ {0}. Then the map G/|G|: W — Sk is the global extension of f. O

17.4  The proof of Hopf's theorem

Let f, and f; be two maps X — Skandlet W := X x [0, 1]. We define amap f : oW — Sk
by setting

f= fo onX x {0}
) £, onX x{1}.

By the Extension Theorem 17.13, f extends to a map on all of W if and only if deg(f) = 0.
By definition, such an extension would be a homotopy between f;, and f;. Thus we have

fo~ fi = deg(f) =0.

It remains to relate deg(f) to deg( f,)) and deg(f;). But, since oW = (X X {1})U(X x {0})
with the opposite orientation on X X {0}, it follows that

deg(f) = deg(f}) — deg(fo).

Thus

fo~ f1 = deg(f)) =deg(fy). [



18. Vector Fields and the Poincaré—Hopf Index Theorem

18.1 Vector Fields

Let X c R" be a smooth manifold. Recall from the exercises that a on X is a
smooth assignment of a vector tangent to X at each point x, i.e., a smooth map v: X — RN
such that v(x) € T, (X) for every x.

Vector fields play a crucial role in many applications, for example in mathematical physics.
To provide efficient tools to understand them is an important motivation for differential topol-
ogy. A priori one might expect that vector fields are free to move in every way they want. It
turns out, however, that the topology of X provides pretty strong restrictions for what is al-
lowed and what is not. This is the content of the Poincaré—Hopf Index Theorem 18.16 that we
are going to prove. Since v(x) varies smoothly with x, the most interesting points x € X are
where v(x) = 0. For, in a small neighborhood of such a point, v can change directions radically.
Hence the main points we need to investigate are the zeros of the vector field.

We have already seen some examples of vector fields in the exercises. Here are some more
examples:

Example 18.1 (Vector field on an open subset) Let U C R¥ be an open subset. Recall
that the tangent space T, U is just R¥ for every u € U. Hence a vector field v on U is just
asmooth map U — RX. Lete, ..., e, be the standard basis of R*. Then v is of the form
V= 25'6:1 v;e; for smooth functions v; : U — R.

Example 18.2 (A vector field on a sphere) On the n-dimensional sphere S”, let
py = (0,...,0,1) € S” denote the north pole. We can construct a vector field v on $"
by setting
v(x) = py = (py - X)X
where - denotes the inner product defined by considering p, and x as vectors in R"+!,
To check that this actually defines a vector field, it suffices to check that v(x) is perpen-
dicular to every x:
vx) - x=py -Xx—(pny -X)(x-x)=0

where we use x - x = 1 for every x € S".

Example 18.3 (Gradient vector field of a function) Let X C R” be a smooth k-
dimensional manifold, and let f : X — R be a smooth real-valued function on X. For
each x € X, the derivative d f, : T, X — R defines a linear functional on T, X . Recall
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from linear algebra that for any such functional there is a vector v(x) € T, X such that
df . (w)=v(x) - w

where v(x)' denotes the transpose of v(x) and - is matrix multiplication. We may think
of this assignment x — v(x) € T, X as a vector field. This is called the

of f and we denote it by grad(f). We note that if z € X is a zero of grad(f), then
df,(w) = (grad(f)(z))' - w = 0 for all w. Hence df, = 0 and z is a critical point of
f. Conversely, if z is a critical point of f, then d f, = 0 and grad(f)(z) must be zero.
Thus, z is a zero the gradient field of f if and only if z is a critical point.

In the special case X = R, the gradient field of f can be represented by the Jacobian
(1 X k)-matrix at x, i.e.,

d 0
grad(f)(x) = (a—f(xx » —f(x)> :
xl axk

i.e., for the standard basis vectors ey, ..., e; of R* we have

(x)e;.

k
_\ 9
grad(f)(x) = ; o,

18.2 Index of a vector field at a zero

We begin our investigation in Euclidean space, i.e., we assume first X = R".

(Index at the origin) Assume that the vector field v on R” has an
isolated zero at the origin, i.e., there is a small radius € > 0 such that v has no other
zeros in the closed ball Bg around the origin with radius €. Then we can define the map

V: SZ_I = Sn—l’ Y V(y) )

vyl
We equip both spheres with the standard orientation, i.e., they are oriented as the
boundary of BZ and [E%;‘, respectively. We define the of v at 0, denoted ind,(v), to

be the degree of v:
indy(v) := deg(¥v).

We can think of the map y — v(y)/|v(y)| as a measure of the variation of the direction
of v around the origin.

The choice of the radius does not matter for the definition of ind,, since if we choose
another radius, say €’ < ¢, then v can be extended to a compact manifold W = [@Z \ B,
where B denotes the closed ball and B the open ball. The boundary of W is W =
SZ‘I - SZ,‘I. Hence the Boundary Theorem 16.2 implies that the two degrees that arise
from using SZ‘I and S;’,_l, respectively, agree.
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On R? we can easily construct vector fields with a zero with arbitrary index as follows:
In the plane of complex numbers the polynomial z + z* defines a smooth vector field
with a zero of index k at the origin, and the function z — zk defines a vector field with a
zero of index —k. See Figure 18.1.

For more examples of vector fields and for some curves that the fields are tangent to see
Figure 18.2 and Figure 18.3.
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Figure 18.1: Vector fields arising from the maps z — z! and z — Z with indices 1 and —1,
respectively.
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Figure 18.2: Source is the vector field on R? given by (x,y) + (x,y). The induced map
on S! is the identity. Hence the index is +1. The sink is the vector field on R? given by
(x,¥) — (=x,—y). The induced map on S' is the antipodal map which is homotopic to the
identity in this case. Hence the index of the sink is also +1. The saddle point field is the vector
field on R? given by (x,y) = (,x). The induced map on S' reverses the orientation. Hence
the index of saddle point at the origin is —1.

Now let X be a smooth manifold and let v be a vector field on X. We would like to transfer
the definition of the index of v at a point x € X from Euclidean space to X . The idea is of how
to do this is the familiar one: we use a local parametrization to transfer information between X
and Euclidean space.

First we introduce a useful construction:
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Figure 18.3: Two types of spiral movements. The left-hand spiral is just a scaled circular move-
ment. Since the length of the vectors does not matter the index is +1. The right-hand vector
field on R? is given by (x,y) — (x> — y%,2xy). Considering the first coordinate as the real
and the second as the imaginary part of points z = (x, y) in the complex plane, this map is just
z + z2. Hence the index is +2.

(Pullback of vector fields) Let X and Y be smooth manifolds and
let v be a vector field on Y. Assume that there is a diffeomorphism f : X — Y. Then
we define the vector field, denoted f*v, by assigning to x the vector which
corresponds to the value of v at f(x):

FAv) = d 7NV ))).

Example 18.6 (Gradient vector field - pullback) Let X C RY be a smooth k-
dimensional manifold, and let f : X — R be a real-valued function on X. Recall from
Example 18.3 the gradient field of f. Let ¢ : U — X be a local parametrization of X.
We will now have a closed look at the pullback vector field ¢*grad(f): U — R¥ on U.
By definition we have

¢*grad(f)w) = dg, ' (grad(f)(pw)).

To compute the right-hand side, let (e, ..., e;) denote the standard basis of R¥. For
u € U, the vectors d¢,(e;), ..., dp,(e;) form a basis of Ty, ) X. We need to determine
how f ) acts on each d¢,(e;). By definition of the induced derivative we have

d fyu(dd(e)) = d(fod),(dd, odg,(e) = d(fo),(e;)

where d(fo¢), is the derivative of the smooth map U—¢> X —f> R. Hence, with respect
to the basis (d¢,(e), ..., d¢,(e;)), we can represent d f, o) by the Jacobian (1 x k)-matrix

a(fo d(fo
dfpw = < (({uld))(u), o M(u)> .

ouy,

The vector grad(f) () € Ty, X such that d £, (w) = (grad(f)(d®))) - w for all
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w € Ty, X, is then given by

k
o(fo
grad(N@w) = Y. 222D wag, ) € Ty X.
i=1 i
For a basis vector d¢,(e;) € T, X, we then get
d fyu(dd,(e))) = (grad(f)(pw))) - de,(e;)

k t
o(fo
= <Z Y ¢)(u)d¢u(e,-)> -de,(e;) € R. (18.1)

= o

In order to obtain ¢*grad(f) it remains to apply dqb;l and to express the effect of
¢*grad(f)(u) in terms of the standard basis ey, ..., e, of R¥. For the latter we observe
that we have

(¢*grad(H)w) - e; = (grad(f)(dW)' - dp,e)) € R.

Moreover, Equation 18.1 tells us which real number that is. Thus, in terms of the stan-
dard basis of R¥, we can express ¢*grad(f)(u) as follows: We define smooth functions
gij * U — R by the formula

g, = B, ()" - dg,(e;) € R.

Then we get, forallu € U,

Jj=1

k k
do(fo
(@ grad(/Hw = ¥ < o) (u)g,-,-(u>> ‘e, €RE. (18.2)

pri

Finally, recall from Example 18.1 that every vector field v on U C RF is of the form

V= Zj v;e; for smooth functions v; U — R. Then we can write ¢p*grad(f) as

¢*grad(f) = ) vje;

for the smooth functions

Now we extend the definition of the index to arbitrary smooth manifolds:

(Index of a zero) Let X be a smooth manifold and let v be a vector
field on X with an isolated zero at z € X. Let ¢ : U — X be a local parametrization
with ¢(0) = z. We define the of v at z to be

ind_(v) := indy(¢*V).



342 18.2. Index of a vector field at a zero

We need to show that this definition does not depend on the choice of the local parametriza-
tion ¢. We do this in two steps via the following two lemmas:

Lemma 18.8 Every orientation preserving diffeomorphism f: R” — R” is
smoothly isotopic to the identity.

Proof: We may assume that f(0) = 0. Since the evaluation at a point x in T, R” = R" of
the derivative of f at O can be defined by

dfo(x) = lina fax)/t,
=
we an isotopy F : R" X [0, 1] — R”" by the formula
F(x,t) := f(tx)/t forO<t <1,
F(x,0) :=df, fort = 0.

We need to check that F is smooth even when # — 0. To do so we write f(x) = x;g,(x)+ -+
X, 8,(x) for smooth functions g; : R"” — R defined by

1
9f
gi(xy,...,x,) :=/0 a—Xi(txl,...,txn)dt.

We then have
F(x,t) = x,g(x)+ -+ + x,8,(tx) forall t € [0, 1].

Thus f is smoothly isotopic to the linear map d f,. Since f is an orientation preserving
diffeomorphism, we know det d f, > 0. Since GL,(R)* is path-connected, this implies that
d f, is smoothly isotopic to the identity. ]

Note that the assertion of Lemma 18.8 is quite different from the situation for maps S"” —
S" on the sphere S” where there may exist an orientation preserving diffeomorphism
which is smoothly homotopic to the identity.

That the index of a zero of a vector field on a smooth manifold is well-defined will now
follow from the next lemma:

Lemma 18.9 Let U and U’ be open neighborhoods of the origin in R”. Let v be a
vector field on U with an isolated zero at the origin. Assume there is a diffeomorphism
f: U = U with f(0) = 0. Then the index of v at 0 is equal to the index of f*v at 0:

indy(v) = indy(f*v).

\. J

Proof: Since we only need to study the zeros in a small open neighborhood of the origin,
we may assume that U and U’ are open balls around the origin with sufficiently small radii e
and €', respectively. we assume that f preserves orientation. Then by Lemma 18.8 we
can find a smooth isotopy

f,: U'x[0,1] > R", with f, =id, f, = f, and £,(0) = 0 for all 1.
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For each 7, we set v, := f v on f,‘l(U) C R”". Since f; is a smooth isotopy, each f, is a
diffeomorphism and the vector field v, is well-defined with an isolated zero at the origin for
every t € [0, 1]. For each ¢ € [0, 1], let &, > 0 be the maximal radius such that v, has no zeros
other than the origin in Bg,' The function [0, 1] - R*, 7 +— ¢, is continuous and hence takes
a minimum when ¢ varies in [0, 1]. Let € > 0 be that minimum. Then we have a well-defined
smooth map

v, ()

NAGIE

A Sz_l sy
As vy =vand v, = f*v, we deduce
indy(v) = deg(V,) = deg(v,) = indy(f*v)

from the invariance of deg under homotopy. This proves the assertion for an orientation pre-
serving diffeomorphism.

we assume that f reverses orientation. Then we can write f as the composition of
an orientation preserving diffeomorphism and a reflection r : R” — R” which switches the sign
of exactly one coordinate, i.e., r sends (xy, ..., X;, ..., X,) to (x{,...,—X;, ..., X,). By the first
case, we may therefore assume that f = r. We write v/ = f*v. Then the associated map ¥’ on
the e-sphere S"! — S"~! with ¥/(y) = v/()/|V/(y)| satisfies
v = rlovor

since r is a linear isomorphism and therefore dr, = r. Using the definition of the degree this
shows deg(V) = deg(¥') and completes the proof of the lemma. 0J

Now we can show that the definition of the index is well-defined:

Lemma 18.10 (Index of a zero is well-defined) Let X be a smooth manifold and let
v be a vector field on X with an isolated zero at z € X. Then the index of v at z does
depend on the choice of a local parametrization around z.

Proof: Let¢p: U — X and y : U’ — X be local parametrizations with ¢(0) = z = y(0).
By choosing U and U’ small enough, the composition f := y~!o¢ defines a diffeomorphism
f: U - U. We check using the definition of the pullback that we have

¢*v = (o) (y*V).
By Lemma 18.9, we then get
indy(¢*v) = indy ((w ' ogh)*(w*v)) = indy(y*v).

This proves the assertion. L]

Example 18.11 (Index sum on spheres) Recall the the vector field v on the n-
dimensional sphere S" defined in Example 18.2 given by

V(x)=py — (py - X)X

where py, € S" denotes the north pole. and - denotes the inner product defined by consid-
ering p and x as vectors in R"*!. We compute the effect of von x = (x, ..., x,,1) € S"
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as
2
V(X) = (=X Xy 1 =X X g 15 o ov s — XXy 15 L — X5 1) (18.3)

This shows that v has : the north pole py = (0, ..., 0, 1) and the south
pole pg = (0, ...,0,—1). Now we compute the index of v at both zeros. By definition,
we compute the index at a zero by choosing a local parametrization and pulling back the
vector field to R”. For this example, it is convenient to use the stereographic projections
from the poles of S”. First, we look at the zero at pg. Let ¢ : R” — S" \ py be the
stereographic projection form the north pole. We then restrict ¢ to the open lower
hemisphere on S” as an open neighborhood Vg of pg which does not contain any other
zeros of v. This has the advantage that the restriction of ¢ 5 to V is a diffeomorphism of
Vs to the open ball Ug := B} C R". Thus the boundary of the closure ﬁs of Ug is just
the unit sphere S"~! € R”. Hence ¢ send a pointu € dﬁs to py(u) = (uy, ..., u,,0) €
S" ¢ R"!. Thus, by Equation 18.3, we get

V(py@) = (0,...,0,1) forallu € U g.

This does not mean that ¢ v is constant, since we still have to apply the derivative
d(p N)u)_l. We computed this derivative in Exercise 2.7. The formula there yields

1 0 ... 0 uy) (O u;
Py VW) = ? 1 O mf)i= “2| forallu € U ¢
0 ... 0 1 u 1 u

n n

Thus, on the boundary of the closure of the neighborhood around the zero pyg, qﬁ”]‘VV acts
as the identity. This shows that the index of v at pg is +1:

indg(v) = indy(¢py V) = deg(idg.-1) = +1.

To compute the index at the north pole p,, we use the stereographic projection ¢ ¢ and
use the upper hemisphere as a neighborhood Vy, of p,. We then get again v(¢ (v) =

©,...,0,1)forall u € 051\,. However, the vector field d)’gv now acts as
1 0 ... 0 —u 0
0 1 0 —u||:] | _
psvw =1, . . 2 ol=| i |forallueadUy
0 ... 0 1 —u) 1) T

This shows that ¢’¢v acts as the antipodal map ag,-1 on S"~1. Hence the index of v at
N is equals the degree of the antipodal map on S$"~! which is (—1)" by Exercise 16.4:

indy(v) = indy(¢’v) = deg(agi-1) = (=1)".

We observe that, in this example, the sum of the indices of the zeros of the vector field
v is O if n is odd and is 2 if n is even. We will see in the next section that this sum is
actually of the particular choice of vector field.
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18.3 The Euler characteristic - algebraic topology in a nutshell

In order to state the main result of this chapter we have to take a brief detour to algebraic topol-
ogy and introduce the Euler characteristic. There are of course many different ways to define
the Euler characteristic of a smooth manifold X. However, the definitions that are accessible
with the techniques developed in this book, for example as the self-intersection number of the
diagonal embedded into X X X, do not convey the property that we are interested here: the
Euler characteristic is a purely topological invariant, i.e., it only depends on the topology of X
and not the structure as a smooth manifold. Other definition, for example via triangulation, are
more intuitive and seem more elementary. To make them precise and independent of choices,
however, requires a lot of work. Since we assume the reader to be interested or familiar with
algebraic topology anyway we will define the Euler characteristic via singular homology.

We will now briefly introduce singular homology groups. We refer the reader to any general
introduction to algebraic topology for any details and further explanation and motivation, for
example [6] or [17]. One may view the underlying idea as to map certain model spaces with
precisely understood properties into the topological spaces we would like to understand. There
are different choices for these model spaces, for example one can use spheres and define homo-
topy groups. For singular homology one uses spaces with a very nice combinatorial behavior.
A rigorous way to do this is In algebraic topology is the following.

For n > 0, the standard n-simplex A" is the set A" C R"*! defined by

n
A" = {(to,...,tn)eR"+1 : Z’i: 1.t ZOforalli}.

i=0
The standard simplices are related by face maps for 0 < i < n which can be described as
G (tgs oev s tyy) = (s ooe s i1, 0,815 oo s 1)

with the O inserted at the ith coordinate where ¢ is the Oth coordinate. Let X be a topological
space. A singular n-simplex in X is a continuous map ¢ : A" — X. We denote by Sing, (X)
the set of all n-simplices in X. For example, Sing,(X) is just the set of points of X. But, in
general, Sing, (X) carries more interesting information for n > 1. For 0 < i < n, we can use
the face maps ¢ to define maps

d!: Sing,(X) — Sing,_;(X), 6 = cod}

by sending an n-simplex o to the n — 1-simplex defined by precomposition with the ith face
inclusion. The image d'(6) = oo¢ is called the ith face of o.

To make this construction accessible to algebraic tools, we define the group .S, (X) of sin-
gular n-chains in X as the free abelian group generated by n-simplices, i.e.,

S,(X) :=ZSing,(X).

Thus an n-chain is a finite Z-linear combination of simplices. We define the boundary operator
as the homomorphism of abelian groups determined by

0, S,(X) = S,_(X), 0,(0) = Y (-1)ds.
i=0
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Figure 18.4: The face maps from the one-dimensional simplex into the two-dimensional one.
There are three maps corresponding to the three edges of A%. Then ¢ maps the simplices to X.

A key property of the operators 0, is that their composition vanishes, i.e., 9,09, = 0. This
implies that the sequence of pairs {.5,(X), 9, } forms a chain complex:

an+l an an—l a2 al a0
e S, X)— 5, (X)— - — 5, (X)— Sp(X)— 0.
This allows to make the following definition:
(Singular homology) The nth group of X with
coefficients in Z is defined to be the quotient group

Ker (0: S,(X) = S,_1(X))
m@: S, ;(X) = S,(X))

H,(X;2) =

The construction of singular homology is functorial, i.e., a continuous map f: ¥ - Y
induces a homomorphism of abelian groups f, : H, (X;Z) - H,(Y; Z).

For each n, the group H,(X; Z) only depends on the homotopy type of X,ie., f: Y —
Y is a homotopy equivalence, then f, : H,(X;Z) — H,(Y;Z) is an isomorphism.

This follows from the fact that the assignment f +— f, is invariant under homotopy, i.e.,
f = g implies £, = g,

Intuitively, the nth singular homology measures the following property of X: A n-cycle
@, i.e., an element in the kernel of d,, is a closed n-dimensional loop on X. The cycle
vanishes in homology if it is a boundary, i.e., if there is an element f in .S, ; (X) such that
0,+1(p) = a. In other words, a vanishes if it can be filled by a chain of one dimension
higher. Hence we may think of a nonzero element in H,(X; Z) as a tool to detect an
n-dimensional hole in X.

In particular, the group Hy(X; Z) is determined by the number m of connected compo-
nents of X, i.e., Hy(X; Z) is a sum of m copies of Z. The H(X; Z) is an abelianization
of the fundamental group of X, i.e., it is determined by the closed loops on X up to
continuous deformations.
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The homology of the n-dimensional sphere are given by Hy(S"; Z) = Z, H,(S§"; Z) = Z,
and H;(S";Z =0foralli # 0, n.

Remark 18.13 (Relative homology and attaching cells) Given a subspace Y C X,
there are relative homology groups denoted H (X, Y'; Z) which, roughly speaking, mea-
sure only the features of the complement of Y in X. They are defined as the homology
of the induced chain complex {S,(X)/S,(Y),0,},. A special case of this situation is
of particular interest for us: Suppose we are given amap f : S"!' — Y. Then we can
attach B” to Y via f by forming the pushout diagram

sl Ly

|

B — YU, B

We think of this process as obtaining X by gluing an n-dimensional cell to Y. In this
case, the relative homology groups are given as follows:

Z ifj=n

0 otherwise

H/(X.,Y;Z)= {

The Euler characteristic may now be viewed as a very rough summary of the information the
homology groups contain. First we reduce the information of homology groups to their rank,
i.e., we let b; denote the rank of H;(X; Z) as an abelian group. The number b; is called the ith

of X. If X is a k-dimensional manifold, then we have b; = 0 forall i > k + 1.
Hence we may take the alternating sum of the Betti numbers:

(Euler characteristic) Let X be a smooth k-dimensional manifold.
The of X, denoted by y(X), is defined as the alternating sum of
the Betti numbers of X, i.e.,

k k
x(X) 1= 2(—1)ibi = Z(—l)i -rank H,(X; Z).
i=1 i=1

Since, for all i, the groups H;(X; Z) only depend on the topology of X, it follows that
Euler characteristic of X only depends on the topology of X. In fact, y(X) only depends
on the homotopy type of X.

The Euler characteristic can often be computed by other methods. The following situation
is of particular interest in Morse theory which will play again a role later in this chapter.

Remark 18.15 (Euler characteristic of a cell complex) Assume that the manifold X is
homotopy equivalent to a cell complex Y, i.e., a space which is obtained by successively
gluing i-dimensional cells together for i = 1,...,k. Let ¢; denote the number of i-
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dimensional cells we attach. In this case, the Euler characteristic of X can be computed
as

k
2(X) = Y (=De;. (18.4)
i=1

Equation 18.4 comes quite close to the familiar formula of Euler which says that the
alternating sum v — e + f is an invariant of a surface .S, where v, e, f denote the number
of vertices, edges and faces, respectively, of a polygon which covers .S. For example,
the Euler characteristic of the 2-sphere is two and the Euler characteristic of the torus is
Zero.

18.4 The Poincaré—Hopf Index Theorem

We are now ready to state the following famous result:

Theorem 18.16 (Poincaré—Hopf Index Theorem) Let X be a compact smooth man-
ifold and let v be a vector field on X with only finitely many isolated zeros. Then the
sum of the indices of v at its zeros is equal to the Euler characteristic of X.

Theorem 18.16 consists of two remarkable statements: First, the sum of the indices is
independent of the vector field, i.e., the sum is entirely determined by the manifold X.
Secondly, it is just the topology of X that matters since the latter determines the Euler
characteristic of X.

The Euler characteristic is a topological invariant while the nature of the index is an-
alytic. Hence we may think of the theorem as a version of an index theorem. The
generalizations of such results are extremely influential and important in many fields of
mathematics, mostly for the reason that they provide a bridge between different branches.

We have seen in Example 18.11 that the index sum for some vector field on S?" is 2.
Hence the index sum for any vector field on $?” must be 2. In particular, every vector
field on S** must have at least one zero.

Similarly, every vector field on S>**! has index sum 0.

The theorem can be extended to manifolds with boundary by requiring that the vector field
has to point outwards at every boundary point. We will omit the proof of this extended
result here.

The Eisenbud-Levine-Khimshiashvili signature formula provides an algebraic method
to compute the index at isolated zeros by assigning a quadratic form to the germ of a
smooth f: R" - R"” with f(0) = 0 and an isolated zero at the origin, see [2] and [3].

As an immediate consequence of Theorem 18.16, we observe:
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Corollary 18.17 (Vanishing of Euler characteristic) If a compact manifold X admits
a vector field , then the Euler characteristic of X must be zero.

For example, we know from Exercise 8.7 that odd-dimensional spheres admit non-vanishing
vector fields. This again shows y(S*+1) = 0.

Corollary 18.18 (Non-vanishing of Euler characteristic implies existence of zeros)
Let X be a compact smooth manifold. If y(X) # 0, then every vector field on X must
have at least one zero.

In fact, the dimension of the manifold has a strong influence on the Euler characteristic.

Corollary 18.19 (Odd dimensional manifolds have vanishing Euler characteristic)
Let X be a compact smooth manifold. If the dimension #n of X is odd, then the index
sum of any vector field on X and the Euler characteristic of X are zero.

Proof: Let v be a vector field on X. Then we can multiply each v(x) by —1 to get a new field
we denote by —v. If z is a zero of v, z is a zero of —v as well. The induced maps 82"1 - sl
we use to compute the indices at z of v and —v, respectively, differ by a composition with the
antipodal map ag,-1 on $"~!. This changes the degree by multiplication by (—1)" which is —1,
since n is odd. Thus, by Theorem 18.16, the index sum of v and —v satisfy

Y ind,(v= ) ind(-v)=- ) ind,().

zev=1(0) ze(=v)~1(0) zev-1(0)

Hence the index sum must be zero. By Theorem 18.16 this implies that the Euler characteristic
is zero as well. L]

Example 18.20 (Nowhere vanishing vector field on the torus) Let T = S!xS! c R*
be the two-dimensional torus. We define a vector field von T by

v: T = RY, x= (X, 00, X0, 1) = (Y1, X1, =V, Xp).

We can verify that v(x) € T, T = (T(x]’yl)Sl) X (T(x2’y2)§1) c R*. Moreover, we see v(x)
is never zero. Hence there are nowhere vanishing vector fields on the torus. We deduce
from this example and Theorem 18.16 that the index sum of any vector field on the torus
and that the Euler characteristic of the torus are both zero.

Remark 18.21 (Hopf’s Theorem on non-vanishing vector fields) In fact, it is a theo-
rem of Hopf in [8] that the vanishing of the index sum is not just a necessary condition
for the existence of a non-vanishing vector field but also sufficient. That is, if the index
sum of sum of some vector field on a connected compact oriented smooth manifold X
is zero, then there exists a vector field on X with no zeros at all. We will discuss a proof
of this result in Section 18.7.
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18.5 Poincaré—Hopf Theorem - Independence

We split the proof of Theorem 18.16 into two steps: the assertion on the independence of the
index sum of the vector field, and the identification with the Euler characteristic. We begin with
independence and will prove the following theorem:

Theorem 18.22 (Poincaré—Hopf Index Theorem - Independence) Let X be a com-
pact smooth manifold and let v be a vector field on X with only finitely many isolated
zeros. If X has a boundary we require that v points outward at all boundary points of
X. Then the index sum does not depend on the choice of the vector field.

We prove Theorem 18.22 in several steps. The key idea is show that the index sum equals
the degree of a particular map that only depends on X.

Definition 18.23 (Gauss map) Let X C R” be a compact smooth n-dimensional
manifold with boundary. The Gauss map

g:0X > S"!

is defined by sending x € d.X to the outward pointing unit normal vector at x.

In the following we are going to use without mentioning the following observation:

Remark 18.24 The assumption that X C R” is an n-dimensional manifold implies
that its tangent space, which is an n-dimensional subspace of R”, is equal to R” at every
point. Hence a vector field on X is a smooth map v: X — R”.

Now we prove the first case of Theorem 18.22.

Lemma 18.25 Let X C R"beacompact smooth -dimensional manifold with bound-
ary. Let v: X — R" be a vector field on X with finitely many isolated zeros and such
that v points outward at all boundary points of X. Then the index sum is equal to the
degree of the Gauss map. In particular, the index sum does not depend on the choice
of v.

\. J

Proof: Let z,, ..., z; be the zeros of v which are not on the boundary of X. After removing
an e-ball around each zero for a sufficiently small € we obtain again a smooth manifold with
boundary which we denote by Y. Since there are no zeros of v on the boundary of X by
assumption, the assignment y — V(y) = v(»)/|v(»)| defines a smooth map Y — S"~!. Since v
is defined on all of Y, the Boundary Theorem 16.2 implies that the degree of the restriction
of Vv to dY is zero.

Since the degree is additive with respect to connected components, the degree of the re-
striction of v to the boundary 0Y equals the sum of the degrees of the restrictions of V to the
components of dY. One of the components of dY is d.X. By assumption, v(x) points outward
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at all points x € 0X on the boundary. This implies V|, is homotopic to the Gauss map g
which sends x € dX to the outward unit normal vector at x. We just need to smoothly normal-
ize the outward pointing vector v(x). Since the degree is invariant under homotopy, this implies

deg(v)yx) = deg(g).

The other boundary components of dY are n — 1-dimensional e-spheres with the boundary
orientation induced by the orientation of X. By construction of Y, the boundary orientation
is such that the normal vector pointing into the e-sphere completes to a positive oriented basis.
That is, the orientation of each of the e-spheres, which are the components of dY, is the
of the standard orientation. Thus, by definition of the index of a zero of v, the degree of the
restriction of Vv to the other boundary components of dY equals — Zf:o ind_ (v), the
of the index sum. Hence, in total, we have shown

k

deg(g) = ) ind, (v) = deg(¥,yy) = 0.
i=0

This proves the lemma. 0J

In order to extend Lemma 18.25 to arbitrary manifolds we will now study the derivative of
the vector field.

(Nondegenerate zeros - Euclidean case) Let U C R” be an open
subset. Let v: U — R”" be a vector field on U and let z € U be a zero of v. Then the
vector field v is said to be at zif the linear transformationdv, : R" - R"
is an isomorphism.

Note that it follows from the Inverse Function Theorem 13.4 that, if v is nondegenerate
at z, then z is an isolated zero.

Example 18.27 (Gradient vector field - nondegenerate zeros - Euclidean case)
Let U C R” be an open subset. Let f: U — R be a smooth function and let v :=
grad(f): U — R" denote its gradient vector field. Recall from Example 18.3 that v(u)
is represented by the (1 X k)-Jacobian matrix with respect to the standard basis of R”.
Hence the derivative dv, is represented by the Hessian matrix of f. This shows that a
zero of grad(f) is nondegenerate if and only if z is a nondegenerate critical point of
f,i.e., the Hessian matrix of f at z is invertible.

Lemma 18.28 Let U C R” be an open subset. Let v: U — R” be a vector field on
X and let u € U be a zero of v. Assume that v is nondegenerate at u. Then we have
ind,(v) = det dv,/| det dv,|. That is, the index of v at u is either +1 or —1 according to
whether the determinant of dv, is positive or

Proof: We may assume z = 0. We can find a sufficiently small open ball B around the
origin inside U. We may then consider vy as a diffeomorphism into R". Now we can apply
Lemma 18.8 and the method used in the proof of Lemma 18.9. If v preserves orientation, then
we can smoothly deform it into the identity without introducing any new zeros. In this case
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the index equals +1. If v reverses orientation, then we can smoothly deform it into a reflection
without introducing any new zeros. In this case the index equals —1. This proves the lemma.
[

Lemma 18.29 (Derivative of a vector field) Let X C RY be a smooth n-dimensional
manifold, w: X — R a vector field on X, and let z be a zero of w. Then the deriva-
tive dw,: T,X — RY has image T,X C R", and we may consider dw, as a linear
transformation from 7, X into itself. If this linear transformation has determinant + 0,
then z is an isolated zero of w with index equal det dw,/| det dw,|, i.e, with index +1
or —1 according to whether the determinant of dw, is positive or

Proof: We choose a local parametrization ¢ : U — X around z. Let ¢’ denote the ith basis

vector of R”. For a point u = (uy, ...,u,) € U and writing ¢ = (¢!, ..., "), we set
P!
. W] e
() :=de,e') = : =: —(u). (18.5)
0¢N aui
a_,.(u)
By definition of the tangent space and the derivative, the t!(u), ..., #"(u) then form a basis of

the tangent space T}, X. We need to determine the image of the t'(u) under the linear transfor-
mation dwgy,,. We fix an i and then have

d(wogh)
ou;

1

AWy (' () = d(wogb), (') = (W) (18.6)

using the shortened notation of (18.5) on the right-hand side. Now we let v = ¢*w denote
pullback vector field on U along ¢. Since U is an open subset of R”, the tangent space T,U at
any u € U is just R”. We may then write vas v = Z:’zl v;e' with suitable smooth functions
vy,...,0, . U — R. By definition we have v(u) = d¢_ ' owogp(u) and #'(u) = d¢,(e') so that

w(pw)) = dg,(v(u)) = 2 v; W' (w).
i
Taking partial derivatives with respect to u; and using the product rule then yields

o(wogh)
Ju;

ov; . ot/
() = ; a—uj(u)tf(u) + ; ()5 ). (18.7)

Now we apply (18.7) at the zero it = ¢~ !(z) of v, i.e., v(it) = > vi()e' = 0. Since the el,...,e"
form a basis of R”, we must have v;(&#) = ... = v,(1) = 0. Thus, at the zero & we just get

o(wogh)

sz(ti(ﬁ)) = oL

ov; .
@)= a—u’(zz)zf(zz). (18.8)
j i

This shows that, at the zero z, the image of the basis vector ¢ under d W, is a linear combination
of the basis vectors of T,X. Thus, the image of dw, in R" is contained in the subspace T, X.
This proves the first assertion of the lemma.

Moreover, (18.8) also shows that the determinant of the linear transformation

dw,: T,X —» T,X



Chapter 18. Vector Fields and the Poincaré—Hopf Index Theorem 353

equals the determinant of the matrix with (i, j)th entry %(ﬁ). Thus we get det dw, = det dv;.
Since ¢ is a diffeomorphism between open neighborhooﬁs of the zeros i of v and z of w, the
indices ind,(w) and ind;(v) are equal. Moreover, by the Inverse Function Theorem 13.4 the
zero z is isolated if detdw, # 0, since then there is a small open neighborhood of z such
that z is the only point where w(x) vanishes. By Lemma 18.28 we know ind;(v) is +1 or —1
according to whether det dv; is positive or negative. Thus, ind,(w) is +1 or —1 according to
whether det dw,, is positive or negative. This proves the lemma. L]

Lemma 18.29 allows us, in particular, to extend the definition of nondegenerate zeros to
arbitrary vector fields.

(Nondegenerate zeros - general case) Let X C R” be a smooth
manifold and v be a vector field on X. Let z € X be azero of v. Then the zero z is said to
be if the linear transformation dv, : T,X — T,X is an isomorphism.

Nondegenerate zeros of the gradient field of a function can be detected by studying the
Hessian matrix:

Lemma 18.31 (Gradient vector field - nondegenerate zeros) Let X C R” be a
smooth k-dimensional manifold. Let f: X — R be a real-valued function on X and
v .= grad(f) be its gradient field defined in Example 18.3. A zero z of grad(f) is
nondegenerate if and only if z is a nondegenerate critical point of f, i.e., the Hessian
matrix of f at z, computed in any local coordinate system, is invertible.

J

Proof: We already know that z € X is a zero of grad(f) if and only if z is a critical point
of f. Let z € X be a zero of grad(f). Let ¢ : U — X be a local parametrization of X with
¢(u) = z. Then it follows from Equation 18.2 that the derivative d(¢*grad(f)), of ¢*grad(f)
at u is represented, with respect to the standard basis of R¥, by a matrix which is the product
of the Hessian matrix of fo¢ at u and the real (k X k)-matrix G(u) with (i, j)-entry g;j(u). By
definition, z is a nondegenerate critical point of f if and only if the Hessian matrix of fog at u
is invertible. Thus, to prove the assertion it suffices to show that det G(u) # 0.

Let A, denote the matrix which represents d¢, with respect to the bases ey, ..., e, of R* and
dg,(ey),...,do,(e;) of Ty, X. Then d¢,(e;) is the ith row and de,(e;) is the jth column of
M,,. Thus, by definition of G(u) and the g;;(u), we have G(u) = M, li -M,,. Since M, is invertible,
this shows that G(u) is an invertible real symmetric matrix. Hence it is positive definite and all
its eigenvalues are strictly positive. In particular, we see that det G(u) > 0. [

Remark 18.32 (Existence of vector fields with finitely many zeros on compact
manifolds) Since functions with only nondegenerate critical points are generic by The-
orem 7.13, it follows from Lemma 18.31 that there are vector fields on every smooth
manifold with only nondegenerate zeros. In particular, every smooth manifold admits
a vector field with only isolated zeros. Moreover, if X is compact, then the set of iso-
lated zeros is closed and hence finite. Thus, on every compact manifold a
vector field with only finite many zeros which are all isolated.

. J

Now we let X C R” be a compact k-dimensional smooth manifold boundary. For
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e >0, we let
Xe={yeR": |y—x| < e(x)for some x € X}

be the open subspace in R” containing X of the e-Neighborhood Lemma 13.8. We then write
Xe={yeR": |y—x| <e&(x)forsome x € X}

for the closure of X¢. Note that if we choose € > 0 small enough, then X¢ is a smooth n-
dimensional manifold with boundary.

Theorem 18.33 (Index sum and Gauss map on &-neighborhood) Let X and X¢ be
as above. Let w be a vector field on X with only finitely many zeros all of which are
nondegenerate. Then the index sum of w is equal to the degree of the Gauss map

g: 0X® — Sk,

In particular, the index sum does not depend on the choice of vector field.

Proof: Given a point y € X¢. We know from Exercise 13.2 that, if we choose & small
enough, we can find the point z(y) € X which is closest to y and such that the vector y — z(y)
is perpendicular to the tangent space of X at z(y). Moreover, we can consider the assignment
y + x(y) as a smooth map 7 : X¢ — X. Since y — 7#(y) is perpendicular to Ty, X, the
tangent space T, X* at y equals the tangent space at z(y). For a point y on the boundary 0. X*,
we have |y—z(y)| = € and the vector y—z(y) points outward from 7z (y) to y. Thus the outward
unit normal vector at y € 0.X¢ is

gy = —z()/e.
Thus the Gauss map on 0X¢ is given by

g: X" =Sy (y—n(y)/e.
Now we extend the vector field v to a vector field w on X¢ by setting

w(y) = (y — n(y) + v(z(y)).

We will now show that X¢ and w satisfy the hypotheses of Lemma 18.25. First, since X is
compact, X¢ is a bounded and closed subset of R” and therefore a compact n-dimensional
submanifold of R” with boundary.

Claim: w points along the boundary.

Since g(y) points outward and the inner product of w(y) and g(y), considered as vectors in R”,
is given by
w(y) - g =y =) + v@W)] - [(y — x(y)/€]
=[y—7() -y —7z)l/e + [V(z(y) - (v — (¥)]/€
=e2/e+0
=e>0

where we use that y is on the boundary of X¢ and the y — z(y) is perpendicular to the tangent
vector v(z(y) € Ty, X.
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Claim: v and w have the

Since the vectors y—z(y) and v(z(y)) are perpendicular, they cannot cancel each others when-
ever they are nonzero. Thus, w(y) can only be zero if both y — z(y) and v(z(y)) are the zero
vector. Since y — z(y) = 0 only if y € X, we see that w vanishes exactly when v does.

Claim: ind,(w) = ind(v) at ze X.

Let z € X be a zero of w and therefore of v by the previous claim. By Lemma 18.29 we can
compute both ind,(w) and ind,(v) as the the derivatives dw, and dv,, respectively, and we
know that dv, is a linear transformation of 7, X into itself, and dw, is a linear transformation
of T,X¢ into itself. Since T,X C T,X¢ and hence T,X¢ = T,X @® T,X", we can determine the
effect of dw, by computing its effect on vectors in T, X and the orthogonal complement 7, X+
separately. Since the restriction of z to X is the identity, the derivative of y — y — z(y) in the
direction of T, X acts trivially. Thus we get

dw,(h)=dv, (h)forallh e T, X.

In the direction orthogonal to T, X, however, dv, acts trivially and = is constant along a fixed
line perpendicular to X. Thus we get

dw,(h) = hforall h € T,X".

Since T,X and T,X* are orthogonal to each other and together span all of T, X¢, we can com-
pute the determinant of dw, as the product

detdw, = det(dw_)r_x - det(dw ) x1 = detdv_ -1 =detdv..

This proves the claim by Lemma 18.29. Hence, in particular, the index sums of w and of v are
equal. Moreover, since det dw, = detdv, # 0, all zeros of w are isolated by Lemma 18.29.
Thus we can apply Lemma 18.25 which shows that the index sum of w is equal to the degree
of the Gauss map g. Thus the index sum of v is equal to the degree of the Gauss map g which
proves the theorem. 0J

It remains to remove the assumption that the zeros of the vector field have to be nondegen-
erate.

Theorem 18.34 (Index sums of fields with degenerate zeros) Let X C R” be a
compact k-dimensional smooth manifold without boundary. Let v be a vector field on
X with finitely many isolated zeros. Then there is a vector field w on X with finitely
many zeros all of which are such that the index sums of v and w are
equal.

Proof: First we assume that v is a vector field defined on an open subset U C R*, and
assume that z is the only zero of v. We choose a smooth bump function A: U — [0, 1] which
has the value 1 on a small ball B,, around z and has the value 0 outside a ball B, around z with
slightly larger radius €. Since v is a smooth map and has no other zeros than z, we can choose
aregular value y of v. We then define a new vector field w on U by

w(u) = v(u) — A(u)y.
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Then w(u) can only be zero if v(u) = A(u)y. Since z is the only zero of v, our choice of A
implies that w does not have any zeros outside of B,. After possibly rescaling by multiplying
with a constant, we can choose y small enough such that |v(u) — A(w)y| > O on B, \ B,.
Moreover, within B,,, we have A(u) = 1, i.e., w(u) = v(u) — y for all u € B,,. Thus, inside
B,, we can have w(u) if v(u) = y. Since y is a regular value of v, this implies that
dw, = dv,: T,U = R*¥ — RF is an isomorphism at every point u in the set v='(y). This
proves that w only has nondegenerate zeros. Since the closed ball B,, is compact, w can only
be finitely many zeros on U.

Again, since B,, is compact, we can apply Lemma 18.25 to see that the index sum of v and
the index sum of w on B,, equals the degree of the Gauss map g : 0B, =S¥ — S, je.,

Z ind,(v) = deg(g) = Z ind, (w).

zev-1(0) uew=1(0)

Thus, the index sums of v and w are equal.

Now we let X C R" and v be as assumed in the theorem. Let z; be one of the finitely many
isolated zeros z, ..., z,, of v. Then we can choose a local parametrization ¢, : U; — X around

z. Let 4; : U; — [0, 1] smooth bump function and y; € R* be a regular value of ¢;'v as in the

first case above. Then we can form the new vector field w; on X by setting

Wi(x) =v(x) - Ai(d)i_l(x))d¢¢;l(x)(yi)-
Now we can check as above that w; has finitely many zeros and the zeros of w; which lie in the
image of ¢; are all nondegenerate. Moreover, the index sums of v and w; are equal. Choosing

the local parametrizations around all the z; small enough so that they do not overlap, we can
perform this process for each zero and define a vector field w on X by

W) 1= V00 = D A (b1 ()
i=1

The vector field w satisfies the properties claimed in the theorem. [

Now we can conclude that Theorem 18.33 and Theorem 18.34 together imply Theorem 18.22.

18.6  Poincaré—Hopf Theorem - Euler characterstic

Theorem 18.22 reduces the proof of Theorem 18.16 to finding at least one vector field on a
given manifold X with index sum equal to y(X). The idea is to find a suitable Morse function
f: X — R such that the index sum of its gradient field equals the Euler characteristic of X.
We will now sketch how this can be achieved.

Given a smooth real-valued function f: X — R. By Lemma 18.31 we know that the
nondegenerate zeros of grad(f) are exactly the nondegenerate critical points of f. We now
need to express the index of a zero of grad(f) in terms of the behavior of the critical points of

f.
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(Gradient vector field - index of nondegenerate critical points)
Let X C R” be a smooth manifold. Let f : X — R be areal-valued function on X with
a nondegenerate critical point z € X. The of the critical point z is defined to
be the number of eigenvalues of the Hessian matrix of f at z computed in a
local coordinate system of X around z. We denote the index by ind,(f).

One can show that the index is well-defined, i.e., the number of negative eigenvalues the
Hessian of f at z is the same for every local coordinate system.

Remark 18.36 (Index of a critical point and bilinear forms) Recall that the index of
a bilinear form B on a vector space V is defined to be maximal dimension of a vector
subspace of V' on which B is negative definite. The Hessian matrix H,(f) of a smooth
function f: X — R at z, computed in a local coordinate system around z and with
respect to a suitable basis, is a symmetric matrix and hence defines a symmetric bilinear
form H,(f) on T, X by setting w — w' - H,(f) - w. It then follows that the index of z
as a critical point equals the index of the Hessian at z as a symmetric bilinear form.

Now we can relate the index of a critical point to the index of a zero as follows:

Lemma 18.37 (Gradient vector field - index of a nondegenerate zero) Let X C R”
be a smooth k-dimensional manifold. Let f: X — R be a real-valued function on X
with a nondegenerate critical point z € X. Let s = ind,(f) be the index of f at z. Then
the index of grad(f) at the zero z is (—=1)°, i.e., ind (grad(f)) = (-1)°.

Proof: Let ¢: U — X be a local parametrization of X around z with ¢(0) = z. we
may choose U small enough such that U does not contain any other critical points of f. By
definition, the index of grad(f) at z is the index of ¢*grad(f) at 0. Thus, we may assume that
X = U is an open subset of R* and 0 is the only critical point of f : U — R. Moreover, by
Morse’s Lemma 7.10 we can choose ¢ such that we may assume that f is of the form

JE)=f0) = x = = X2+ X2 4 XD (18.9)

for all x € X where s is the number of negative eigenvalues of the Hessian H(f), of f at 0.
From Equation 18.9 we deduce that

grad(f)(x) = (=2x, ..., =2x;,2X 41, -+ » 2%;) € RE.

Writing v = grad(f) this shows that the induced map v : S¥~! — Sk~ is the composition of
the reflection of each of the first s coordinate. Since the reflection of an individual coordinate
has degree —1, this implies that v has degree (—1)°. [

Lemma 18.38 (Gradient vector field - index sum) Let X C R” be a compact smooth
k-dimensional manifold. Let f: X — R be a Morse function on X, i.e, a smooth
real-valued function with only nondegenerate critical points. For 4 € Z, let ¢; denote
the number of critical points with index A. Then the index sum of grad(f) is equal to



358 18.6. Poincaré—Hopf Theorem - Euler characterstic

l Zz(_l)/lcz- J

Proof: Let z be a zero of grad(f) and let A be its index as a critical point. By Lemma 18.37,
z contributes with (—1)* to the index sum of grad(f). Hence, if there are c , many such zeros,
they contribute with (—1)*c, to the index sum. Since the zeros of grad(f) are the critical points
of f, this shows that the sum Y ,(—1)*c, is exactly the index sum of f. Ul

By Morse’s Theorem 7.13 every smooth manifold admits a Morse function. Hence we can
always find a Morse function and we know that the corresponding sum )’ A(—l)’lc , 1s indepen-
dent of our choice of function. It remains to relate this sum to the Euler characteristic, i.e., it
remains to show . ,(—1)*c; = y(X).

The details of this identification are beyond the scope of these notes. The idea, however, is
based on the discussion of homotopy types at the beginning of Section 7.2 where we sketched
how a Morse function on X helps us finding a cell complex which is homotopy equivalent to
X. We now hint briefly at the general procedure and refer to [12, Part I] for the details. Let X
be a compact smooth k-dimensional manifold and let f : X — R be a Morse function. For
a € R, set

X% = f i ((~0,a) = {x € X : f(x)<a).

Now let a; < -+ < a, be real numbers such that X% contains exactly i critical points, and
X% = X. We thenhave § C X% C ... C X% = X. Let B* denote the unit ball in R*.
We think of B* as a A-dimensional cell. In X% there is exactly one critical point which is not
contained in X“%-1. Let A, denote the index of this critical point. We then get

H (X%, X%1,7) = H;(X%' UB", X%1,7)
~ H,([B%,B"; 2)

o)z ifj=4

~ | 0 otherwise
where the first isomorphism can be deduced from the idea we sketched at beginning of Sec-
tion 7.2 and the second follows from excision.

Now let b,(X*%, X%-1) denote the relative Betti number, i.e., the rank of the abelian group
H (X%, X%-1;7Z). We then get

k
X(Xa;’Xa;_l) = Z bA(Xai’Xai—]) =c;
i=1

where c,; denotes the number of critical points of f of index A. Since the Euler characteristic is
additive (see [12, Part I, §5]), this shows

k

k
)((X) = Z)((Xai,Xai‘l) =cp—C tey—+ o= Z(_l)ici'
i=1 i=1

Together with Lemma 18.38 this shows that the index sum of the gradient field equals the Euler
characteristic and finishes the proof of Theorem 18.16.



Chapter 18. Vector Fields and the Poincaré—Hopf Index Theorem 359

18.7 Existence of vector fields with no zeros

Given a compact oriented smooth manifold X, it is a natural question whether we can find a
nowhere vanishing vector field v on X. Theorem 18.16 provides a necessary condition: if v
has no zeros, then the index sum is zero and hence the Euler characteristic of X must be zero
too. Hopf showed in [8] that this is also a sufficient condition:

Theorem 18.39 (Hopf - Existence of nowhere vanishing vector fields) Let X be a
compact, connected smooth manifold. Then X possesses a nowhere vanishing vector
field if and only if the Euler characteristic of X is zero.

The proof is based on the ideas we developed for the proof of the Hopf Degree Theo-
rem 17.1. It shows once more the power of Brouwer degree as an invariant.

Since smooth manifolds of odd dimension have Euler characteristic zero by Corollary 18.19,
we get the following consequence.

Corollary 18.40 (Odd dimensional manifolds have nowhere vanishing vector fields)
Let X be a compact smooth manifold without boundary. If the dimension of X is odd,
then X possesses a nowhere vanishing vector field.

Proof of Theorem 18.39: First we assume that X = R* and that we have a vector field v
on X with only finitely many zeros. Then the vector field is just a smooth map v: R¥ — R*.
Since v has only finitely many zeros, there is a closed ball B = [ﬁ%’r‘ containing all the zeros of v in
its interior. Using the technique of the proof of Theorem 18.34 we can assume that the zeros of
v are nondegenerate. Moreover, we can assume that the origin in R is a zero of v. Since
there are no zeros of v on the boundary of B, v points either inward or outward at all boundary
points of B. Since the index sum of v is zero, we can replace v with —v if v points inwards.
Hence we can assume that v points outward at every boundary point of B. Since B is compact,
we can apply Lemma 18.25 and obtain that the index sum of v equals the degree of the Gauss
map g : 0B = S¥! - S¥1. By assumption, the index sum of v is zero, and hence the degree
of g is zero. Since g and Vv = v/|v| are homotopic, this show that v has degree zero. Hence
the winding number of v g around the origin is zero. Thus, vz = V|5 : B — RX\ {0} is
homotopic to a constant map by Theorem 17.10. Hence

V|IR"\|EB . Rk \ B — Rk \ {0}
is a map to which we can apply Lemma 17.8. This implies that V|« g extends to a smooth map
w: RF - R\ {0}

with w = v outside the compact space B. Hence we have constructed a vector field w on R¥
which equals v outside a compact subset.

Now we let X ¢ RN be a compact, oriented, connected k-dimensional smooth manifold
with y(X) = 0. For k = 1, the assertion follows from the classification of compact one-
manifolds in Theorem 11.1. Hence we may assume k > 2. As pointed out in Remark 18.32
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there exists a vector field v on X with only finitely many nondegenerate zeros. Since y(X) = 0,
Theorem 18.16 implies the index sum of vis zero. Let ¢ : U — V' C X be a local parametriza-
tion of X. By the Isotopy Theorem 12.13, we can find a diffeomorphism of X to itself such
that f*v has finitely many nondegenerate zeros all of which lie in V. Since V' is diffeomor-
phic to U via ¢ and U is diffeomorphic to R¥, we may assume that the zeros of v all lie in an
open subset which is diffeomorphic to R*. Thus, we can apply the case Euclidean space we
considered above to replace v with a vector field that has no zeros. This proves the theorem.

O



A. Solutions to exercises

A.2 Smooth manifolds

A.2.1 Smooth maps and manifolds

Solution  (Exercise 2.1) (a) We have remarked in the main text that f is smooth,

(b)

(c)

since each component of f is a polynomial. To get some more exercise, we could
calculate all partial derivatives (in all degrees) and check that they exist and are
continuous. So let us calculate the partial derivatives. We denote the two compo-
nents of f by f,(x,y) = x> — y* and f,(x,y) = 2xy. The first partial derivatives
- of ofy ., of

=1 = 2x, — = -2y, —2=2y, =2 = 9x.

o0x dy ox dy
All these functions are differentiable. Hence we can calculate the second deriva-
tives:

0% f 9’ fi 9’ fi 9*fy
0x0x - 0x0y - dyox - dydy -
0%/, 9’ f 9’ f 0% f>
0x0x - 0x0y - dyox - dydy -

The second derivatives are again all differentiable and we see that the next deriva-
tives will all vanish. This implies that all further partial derivatives vanish and
therefor are differentiable. This shows that f is smooth.

We denote the two components of f by f;(x,y) = x> —y* and f,(x, y) = 2xy. We
calculate the Jacobian J(f)(x, y) of f; ata point p = (x,y) € U:

Wy 2Ly
2x 2y
J(f)(x,y) = <5’g A ) = ( ) .
() a—y(P) 2y 2x
The determinant of the Jacobian at p = (x, y) is 4x2 + 4y?. This is a positive real

number for every pin U = R?\ {(0,0)}. This implies that the Jacobian is invertible
at every pointin U.

Even though f|; has an invertible derivative at every point, it is not invertible itself.
For fy is . For example, f(1,1) =(0,2) = f(-1,-1).

361
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Solution  (Exercise 2.2) (a) The assertion is true if X, Y and Z are open subsets
of RN, RM RL, respectively. For in this case this is just the Chain Rule from
Calculus. Now let x € X and y = f(x). Since g is smooth at y, there is an
open subset ¥V ¢ RM with y € V and a smooth map G: V — R’ such that
Giyay = &vay- Since f is smooth at x, there is an open subset U C RN with
x € U andasmooth map F : U — RM such that Funx = fiunx- After replacing
U with U n f~1(V) if necessary (to make sure that the image of F lies in V), we
have

GoF =gofon X NnU,since f(XNU)CcYnV.

By the Chain Rule, we know that GoF : U — R’ is smooth, since U is open in
RN This shows that go f is smooth.

(b) By assumption f and g are smooth and have smooth inverses f~! and g~! respec-
tively. Since f and g are bijective, so is go f. By the previous point, both go f and
(gof)~! = f~log=! are smooth.

Solution  (Exercise 2.3) (a) The inverse is

.
g: IRk—>Br,yl—> —y

VrE+|yl?
For we can calculate
ry

Flay) = —T8D) VELE Py Ve + Iy
V2 = 1g(y)? \/rz _ '++'y| V2 +y2 A2+ 2 = 1y?)
=)y
and
(o @ _ R xR oRP
V2 + f(0)]? \/ﬂ + —z'i’j'zlz V2= x> V02 - [x2 + [x]?)
= X.

Both f and g are smooth, since they are the composite of several smooth maps.
Hence the previous exercise shows that they are both smooth.

(b) Let x € X. By definition of a smooth manifold, there is an open subset V' C X
with x € V, an open subset U C R* and a diffeomorphism ¢p: U — V. Let
u € U be the inverse ¢~ !(x). If u is not the origin in R¥, we compose ¢ with the
translation 7, : R* — R* defined by T,(y) = y+u which satisfies T,,(0) = u. Note
that T, is a diffeomorphism, since it is invertible and both T, and its inverse T_,
have the identity matrix as their Jacobian matrix at any point. Hence all higher
partial derivatives vanish and exist.

Thus after composing ¢ with T,, we can assume ¢(0) = x. Now it suffices to
choose a small enough radius r such that q’)(Bf(O)) C V. Then ®B) Bf(O) -

¢(Bf(0)) C X is the desired local parametrization.
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(c) By the previous point, for every x € X there is a diffeomorphism ¢ : Bf(O) -V
for some open subset V' C X with x € V. Now it suffices to precompose ¢ with
the diffeomorphism g : R¥ — Bf (0) of the first point in this exercise.

Solution  (Exercise 2.4) Every linear map R"” — R™ is smooth, and the derivative
is equal to the map itself. Hence, given a k-dimensional vector subspace V of RV, it
suffices to choose a basis in V' to get a linear isomorphism ¢ : ¥ — R¥. This map serves
as a parametrization, since it is a diffeomorphism.

Now given a linear map f : ¥V — R™, the composite ¢o f : R¥ — R™ is linear and
therefore smooth. Since ¢ is a diffeomorphism, this implies that f must be smooth too.

Solution  (Exercise 2.5) (a) Leta > 0 be areal number. We want to show that the
subset
H,={(x,y.2)eR® : x> +y> - 22 =a} c R}

is a 2-dimensional manifold. Hence we need to find local parametrizations. First,
there is a diffeomorphism

b: R\ B(0,0) ~ Hn(z>0), &y (x5 Va2 +)7—a)
where B,((0, 0)) denotes the closed ball of radius a around the origin, i.e.,
B ;((0.0) = {(x.y) €R® : x* +)* < a}.

Note that HN{z > 0} is an open subset of H, because it is equal to the intersection
of H with the open subset {z > 0} C R3. The inverse to ¢ is the projection map

¢ Hn{z>0} = R? (x,y,2) = (x,)).

This map is smooth, since it can be extended to a smooth map on the whole of
R3 to R2. We know that ¢ is smooth, since its component functions are infinitely
often differentiable functions in each variable on the open subset R? \ B,((0,0)).
We can for example calculate the Jacobian matrix in the standard basis at a point

0, /0x O¢p,/0x d¢ps/0x
d,: R — R?, (71 : ’
e <a¢1/ay 06,/0y 03/ 0y
(1 0 x(x2 4 y* —a)~1/2
“\0 1 x4y -2
On the open set R? \ B,((0,0)), the entries of this matrix are continuously differ-
entiable functions.

The local parametrization for H N {z < 0} is similarly given by
¢: R\ B,((0,0)) > Hn{z <0}, (x,y) — <X,y,—\/x2 +)2 — a) ]

It remains to cover the points in H N {z = 0}. We are going to cover those points
by the following four open sets together with local parametrizations:

B\/;((0,0)) > Hn{x*>+z*<a}, (x,2) (x,\/zz—x2+a,z)
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B ;(0.0) > Hn (¥’ +22 <a), (2 (x,-V2 -2 +a,2)
B\/E((O,O)) s Hn{y*+22<a), 3.2)~ < 72 — y? +a,y,z>
B\/;((0,0)) S Hn{y*+22<a), 0.2) <— 72 — y? +a,y,z> .
(b) , then the set
H,= {(x,y,z)e[R3 : x2+y2—z2=0} CcR?

is , since there is no local parametrization around the point
(0,0,0) € H. For, assume there was such a local parametrization ¢ : U — V with
both U C R? and (0,0,0) € V C H open. We can assume ¢((0,0)) = (0,0, 0).
(Remember that V being open in H means that there is an open subset ' C R with
V=HnV.In particular, V must contain a small open ball B,.((0,0,0)) around
the origin.) Then removing the point (0,0, 0) from H splits H and therefore V'
into . But U \ {(0,0)} ¢ R?is connected.
Hence ¢ cannot be a diffeomorphism (because if it was, ¢\ ((0,0); Would also be a
diffeomorphism and that would imply that V" \ {(0,0,0)} were connected as well;
a contradiction).

Solution  (Exercise 2.6) For 0 < b < a, let T(a, b) denote the set of points in R3 at
distance b from the circle of radius a in the xy-plane. We can parametrize these points
as follows: First the points in the xy-plane which lie on the circle of radius a satisfy

(acost,asint,0) fort € [0, 27x).

A point in the plane in the direction of a fixed point (a cost, asint, 0) which lies on the
circle of radius b around the point (a cos ¢, a sin ¢, 0) has coordinates (a+b cos s) cos ¢, (a+
bcos s)sint, bsin s) with s € [0, 2x). For we have

| ((a+ bcoss)cost, (a+ bcoss)sint, bsins) — (acost,asint,0) |2
=| ((bcos s)cost, (bcos s)sint, bsin s) |2
=b? cos? s(cos> t + sin’ 1)+ b? sin® s = b
Hence the points on T'(a, b) C R3 are given by
T(a,b) = {((a+ bcoss)cost,(a+ bcoss)sint,bsins) : s,t € [0,27)}.
The points on S! x S' ¢ R* are given by
Slxs! = {(x],xz,x3,x4) cR*: x% +x§ = x% +x42L =1}
= {(cost,sint,cos s,sin s) € R*: 7 e [0, 2r),s € [0,2x)}.

Now it is clear how we can define a continuous map

¢: S'xS! = T(a,b),
(cost,sint,cos s,sins) — ((a+ bcos s)cost,(a+ bcoss)sint, bsins).
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In order to check that ¢ is smooth, we use the coordinates of R* again. Then ¢ is
given by

(xl ,Xo, X3, x4) - ((a + bx3)xy, (@ + bx3)x,, bx4) .
Its derivative in the standard basis at a point p = (x1, X,, X3, X4) is then given by
a+ bx; 0 bx; O

dp,: R* > R’ dp,=| 0 a+bx; bx, 0.
0 0 0 b

Since all partial derivatives are smooth maps, ¢ is a smooth map.

Its inverse is the map y : R?® — R* defined by
/2 12 _
Y1 Y2 Ntn-a
2 b b
VAR R

The image of y lies in S! x S! since

()’1’J’2a)’3’) = . y3/b].

2 2

2 2
yit+y
Y1 n 3% _ 71 2 _ 1

T 2402
VY VAR TR

To check the other equation, we recall that y;, y, and y; are connected by the condition
of being on T'(a, b) which means

2 2

ay, ay,

M| +|n-——=
VI VI
2
= <\/y%+y§—a> +y§=b2
Sy +y+ Y +at—2a\/P +yi =1

Now we can calculate
yf+y§+y§+a2—2a1/y%+y§

Vi +y—a ,
—| t0s/b)" = =1

b »2

+y§=b2

2

Hence the image of (y;, y,, y3) does lie on S! x S
We can easily check that yog is the identity. For example, using y% + y% = (a+ bx3)2,
we get

(a+bx3)x; (a+bx3)x, (a+bx3)—a bxy
s s b aT =(x1,x2,x3’x4),
V(a+bx3)? \/(a+bx;)?

y(p(x)) = (
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and, setting 1/y;, = 4 /y% + J’%’

=(y]’ y2’ y3)7

point ¢ = (¥, ¥, y3) is then given by

A.2. Smooth manifolds

¢<w(y))=<(a+b\@_a> ! ,<a+b\/ﬂ_a y2
b iz b Vi

It remains to check that y is smooth. The derivative of y in the standard basis at a

2
) __Wi»
P+yD)32 P+y2)3?
2
y
dv R >R dw =|— 2y]J;23/2 s 3/2 0
ll/q 0 ’ l//q - (yl+y2) (y1+y2)
N1 Y2 0
bT+yD2 by
0 0 1/b

Since b < a we know y% + yg # 0 and all partial derivatives are continuous smooth
functions. Hence y is smooth. This proves that ¢ is a global diffeomorphism

¢: S'xS' > T(a,b)forall0< b < a.

Solution  (Exercise 2.7) (@) Let N = (0,...,0,1) € S* be the north pole on the
k-dimensional sphere. The stereographic projection (l)]_vl from S \ { N} onto R*
is the map which sends a point p to the point at which the line through N and p
intersects the subspace in R¥*! defined by x,; = 0. In order to get from N to p,
we walk in the direction of the vector

vi=p—N =(x,.... %41 — D).

To find 4&1 (p) we need to find the real number A such that the (k + 1)-st coordinate
of N + 4-vis 0. Hence we need to solve

14 A 1) =0 e 4= —
1= x4
Thus
. 1
¢N(xl,...,xk+1)=—(xl,...,xk).
1= X444

(b) We calculate the inverse ¢, : Given the point x = (x{,...,X;) € R*. To find its
image under ¢, we walk from N in the direction of the vector w = x — N until
we reach the sphere, i.e. we need to find 4 € R such that

NA4+A - w=(Axy,...,Ax,1=2)
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lies on S*. Hence we need to solve
P+ +x)+(1-r =1
= AP xP+1-21+42=1
= A1+ x> -24=0

>A= _2 (since O is not a valid solution).
1+ |x|?

Thus

1 2
xX) = ——— (2xq,...,2x,, |x|*=1).
INEY 1+|x|2( | o |17 = 1)

We need to check that both ¢ ¢ and qbgl are smooth. All entries in ¢, are smooth
functions (they are polynomials on the domain and these are infinitely often dif-
ferentiable functions in each variable). This implies that ¢, is smooth. But let us
calculate the derivative anyway since we are going to use it later:

o fBend e Aoy o P
dpy)y = ——— : ' P : '
Wl e e .. e T2 =2
2x1 2x2 e e 2xk

All entries are smooth functions on the domain and ¢, is smooth. Similarly for
qbz_vl, all entries are smooth functions, since x, ., # 1. Its derivative is given by

1 X
0 0 —1
1=y 41 i (1—xk+1)2
0 0 —
d(qu_vl )x = . 1_’fk+1 ) (1—x!c+1)2
0 0 —k
1=xp 41 (l_xk+1)2

(¢)  The formulae for the projection from the south pole .S = (0, ...,0,—1) € S* are
similar:

-1
d)S (X], ---’-xk+1) =

and, while we get the same 4,

1

¢S(X)=S+A(X—S)=T|x|2

(2x1, e 2%y, 1 — |x|2) .

To check that both ¢ ¢ and qbgl are both smooth is completely analogous. Since
all points are covered by these two parametrizations, S¥ is a smooth manifold. We
note that the formula for the derivative of d)El is given by

1 —X

I4x44 (1) o L (144>
0 0 ==

d(qﬁgl)x = . l"‘3fk+1 ) (1+x.k+])2
o o0 .. L _=

I+xpy (I4xgy)?
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Solution  (Exercise 2.8) (a) For (zy,z;) € S?, we need to check 7(z,,z,) € S°.

(b)

(c)

To do this, we recall that |z| = zZ and z = z for any complex number z. Now we
compute:

_ _ 2 22
(229Z)) - 2Zpz)) + (I120° = 124 °)
2. 12 4 2. 12 4
4|zl |z |” + |z]™ = 212" [z |7 + |24]
2 2\2
(|Zo| + 1z )
=1

where the final step uses that (z,, z;) € S°.

First we assume 7(z, z;) = 7#(wy, w;): Then we get

(ZLUOLDl, |Wo|2 - |W1|2) = (21021’ |Zo|2 - |z1|2)

- 5 2 2 2 2
<=>I/U0wl =Zozl andlel —|w1| = |Z()| —|Zl| o

We have |wy|? — [w;|* = |zo|* — |z;|* and |wp|? + [w;|* = 1 = |zo|* + |z |*.
Putting these together implies
_ 2 2 - = 2
Z0Zo = |zo|” = |wy|” = wywy and z,Z; = z] =
Remembering that neither of the numbers can be zero, by rewriting these equations
we get

= —a = —

Wo _Zo Wi _ %
zy Wy zZ, W

Hence, looking at the left-hand side, there is a complex number a # O such that

o _ %o

, and thus wy = azy with aa = 1.
Zo  Wo

I |—

a =

On the other hand, we also know ? = i—l Combining these equations yields
"0 1

LUO Zl wl
a=—=— = —, and thus w; = az,.
O

This shows that the desired a with aa = 1 exists.

Now we assume that (w, w;) = (az,, @z,) with |a|> = a@& = 1: Then we compute

- 2 2
ﬂ'(wO,wl) (2w0w1’|w0| - |wl| )
__ D12 2, 12
(Zazoazl,lal |zo1” = a7z )
= 2 2
(22021, 12l* = |2,1°)

w(zg, 21)-

Let p € S? be a fixed point and fix a point (z, z,) in S* with z(z,, z,) = p. By the
previous point, we know that the points in 7~!(p) are parametrized by the complex
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numbers a with |@|> = 1. The latter condition means « € S' ¢ C. Hence we get
a bijective map
f: st s 27 '), a—~ (azg, azy).

Since this map just consists of multiplication with nonzero complex numbers, we
can conclude that it is a smooth map where we consider S' ¢ C = R?and z~!(p) C
R* as subsets in real Euclidean space. The previous point implies that f is onto.
Since not both of z; and z; can be zero at the same time, we see that f is one-
to-one. For, say z, # 0, then az, = fz, implies « = f. The inverse is given
by sending (wg, w,) € #~!(p) to @ € S! such that w, = az, and w, = az,. In
every open subset of 77!(p) C S? where z, # 0, the map w, — wyz, = « is
smooth. Similarly, in every open subset of 77 !(p) C S® where z; # 0, the map
w, = w;z; = a is smooth. Hence f~! is a smooth map as well, and f is a
diffeomorphism.

A.2.2 Tangent spaces

Solution (Exercise 2.9) We can choose any basis of V' to define a linear isomorphism
¢ : R¥ — V which is a diffeomorphism. Given a point x € V', we modify ¢ by adding
x and get a new diffeomorphism (not linear anymore!)

v: RSV, we ¢p(w)+ x.

The derivative dy, of y at Ois just ¢ : R* — R¥ (independent of x). The tangent space
of V at x is by our definition the image of dy, in R", which is equal to the image of ¢
in RN which is by definition of ¢ equal to V.

Solution (Exercise 2.10) We only answer the question about the tangent space of
T(a, b) in R3. For all points apart from (a + b, 0, 0) we can parametrize T(a, b) C R3 by

é: (0,27) % (0,27) — T(a, b)

(s,) > ((a+ bcos s)cost, (a+ bcos s)sint, bsin s).
The derivative of ¢ at (s, 1) is

—bsinscost —(a+ bcoss)sint
ddiy R? - R, dgiy =|—bsinssint  (a+bcoss)cost
bcoss 0

The tangent space to T'(a, b) at the point ¢(s, 1) is d q')(sﬂ,)([Rz) c R3.

Let us check that the column vectors of the matrix d ¢, ,, and hence the whole tangent
space, is orthogonal to the vector pointing from the center of the circle with radius b to
¢(s,1). The center point is (acost,asint, 0, and hence the vector we need to look at is
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(bcos scost, bcos ssint, bsin s). We calculate the two scalar products:

—bsin scost
(bcosscost,bcosssint,bsins) - | —bsinssint
bcoss

= — b% cos s sin s cos®  — b2 cos s sin s sin> t + b% sin s cos s
=b” cos s sin s(— cos> ¢ — sin’ t + 1)

=b*cosssins(=1 +1)=0
and

—(a+ bcos s)sint
(bcosscost,bcosssint,bsins)-| (a+ bcoss)cost
0

=—b(a+ bcoss)cosssintcostb(a+ bcoss)cosssintcost + 0
=0.

In order to cover also the point (a + b, 0, 0) it suffices to rotate our parametrization by the
angle z in the xy—plane and use the diffeomorphism

¢: (0,27) % (0,27) — T(a,b)
(s,t) = ((—a + bcos s)cost,(—a + bcos s)sint, bsin s)

which covers (a + b, 0, 0) for (s, t) = (x, ).

Solution  (Exercise 2.11) Around the point (\/Z, 0,0) on H, we can choose the local
parametrization

¢: B\/;((O,O))—>Hn{y2—zz<a}, (y,z)l—>< 22—y2+a,y,z>.

The derivative in the standard basis at a point (y, z) is the linear map

v z
Vz2-y2+a  \z22—y’+a
Azt R? = R, de, ) = 1 0
0 1

Hence at a point (1, v, w) € H, the image of the standard basis of R? is

—v/u w/u
1 and | O
0 1

where we write u = \/w? — v? + a). Hence the tangent space at T, ,, ,,,(H,,) is spanned
by these two vectors.
For (u, v, w) = ( \/5, 0,0) we get that T ( \/;’0’0)(H ) 1s simply spanned by

0 0
1] and |0].
0 1
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Solution (Exercise 2.12) (a) The inverse map to F is the projection z onto the

(b)

(c)

first factor, for we obviously have zoF = Idy and Forx = Idp ). Let X C RN,
Y ¢ RM, and let f be smooth. Then for any point x € X, there is an open
subset U C RM and a smooth map f: U — RM with fy.; = fxn- Then
(f xId): U - RN x RM is a smooth extension of Fy.;. Hence F is smooth.
The inverse map x is a smooth map, since it extends to the smooth projection
on all of RN x RM. Hence F is a diffeomorphism when f is smooth. Hence
any local parametrization ¢ : V' — X can be extended to a local parametrization
Fog: V — I'(f). Thus the graph I'(f) is a manifold if X is.

Fore X,let ¢: U — X be a local parametrization around x with ¢(0) = x
and open U C RK. Let yw: W — Y be a local parametrization around f(x)
with y(0) = f(x) and open W C R/. Thenp X w: U X W — X X Y is a local
parametrization around (x, f(x)) with U x W c R**/ open. Then we can construct
a commutative diagram

X £ XxY
q{ Ttﬁxw
U UxW
G=y~'oFo¢

where G is the map defined by v — (v, w1 (f(¢(v))). Thus G is the map Idj, X
(w~'of@). Hence dG,, : RF — Rk x R/ is the linear map

dGy = ldgi X (dy7/, od frod ).

Thus in the commutative diagram below, d F, has to be defined as Idy x) X d f:

dF,=1dr x)xdf,

(0. e A » T (X) X T,(Y)
d%T Td(ﬁoxml/o
R R* x R/,

dGo=ldg X(dy/;(lx)odfxodqﬁo)

Hence d F, (v) = (v, d f,(v)).

Fore X,let¢: U — X be alocal parametrization around x with ¢(0) = x and
open U C R, Since F is a diffeomorphism, y = Fo¢ : U — I'(f) is then a local
parametrization around (x, f(x)) with w(0) = F(¢(0)) = (x, f(x)). The tangent
space of T'(f) at (x, f(x)) is by definition the image of dy : R* — RN*M_ By
the chain rule we have

de dF,
dyy = dF0dg,: RF—5 RN —5 RN+M,

Hence by our definition of tangent spaces:

Tl 1oy T()) = dyy(RY) = d F(dpy(RY)) = d F (T, (X))

371
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Finally, by the previous point, we know d F, = Idy x) X d f, and get
T oy () = My () X d fL)T (X)) = T(d f,) CT(X) X Ty (Y)

which is the graph of d f, in T, (X) X Tr(Y).

Solution (Exercise 2.13) (a) Givenasmoothmapc: I — RF with ¢ = (c1s--scy)
and ¢;: I — R all smooth. The derivative of ¢ at 7, € I is a linear map
d%:nJEAQaRk=RJRW

de, (v) = (c](t0)s ... e (1)) - v.
Since v € R is just a real number, we get

de, (1) = (¢} (tg), ..., cj(tp)) € R,

(b)  First, assume X = R* and let w = (wy,...,wy)beavectorin T, X = RX. Then
define the curve ¢, : R — R¥ by 7 — ¢ - w. The derivative of c,, at any #, is

d(ey)y, : R = RE, 11 (10, ..., w)) - .

Thus we have d(cw)to(l) = w.

Now let X be an arbitrary k-dimensional smooth manifold, x € X, and let v be
a vector in T, (X). Let ¢: U — X be a local parametrization around x with
¢(0) = x. By definition, T,.(X) = dq,’)O(Rk) and there is a unique vector w € R¥
with dy(w) = v. Since any open ball around the origin in R¥ is diffeomorphic to
R¥, we can assume U = R¥ andhave w € U. Letc,, : R — R* be the linear curve
in R* defined in the previous point. Then we define ¢ : R — X by ¢ = ¢poc,,, i.e.,
c(t) = ¢(t - w). The derivative of c at1; =0 € R is

a'(c),0 = d(;bood(cw),o.
Thus

d(c);, (1) = dpy(d(cy);, (1) = dpy(w) = v.
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A.3 The Inverse Function Theorem, immersions and embeddings

373

A.3.1 Diffeomorphisms, immersions and embeddings

Solution  (Exercise 3.1) The derivative of f at x € R" is just given by the linear map
df,: R" > R", v~ A-v. Hence d f, is an isomorphism if and only if A is invertible.
So f is alocal diffeomorphism if and only if A is invertible. Now f is a diffeomorphism
if and only if the map x — f(x) — b = Ax is a diffeomorphism which is the case if and
only if A is invertible. For, if this is the case then y = A~!y + A~!b is the inverse of f.
Hence f is a diffeomorphism if and only if A is invertible.

Solution  (Exercise 3.2) Since f is bijective there is an inverse map f~!: ¥ — X.
Since f is a local diffeomorphism we can find, for every x € X, an open subset U C
such that fi; : U — f(U) is a diffeomorphism and f(U) is open in Y. Hence there
is a smooth inverse (f |U)‘1 of f U- Since the inverse of a map is unique, we must have
(f|U)‘1 = (f‘1)|f(U). This shows that f~! is smooth on the open subset f(U) C Y.
Since f is bijective, the open subsets f(U), for all x € X, cover Y. Hence, at every
point y € Y, we can find an open subset on which the restriction of f~! is smooth. This
shows that f~! is a smooth map. Thus, f is a diffeomorphism.

Solution  (Exercise 3.3) By definition of embeddings, we need to show that f is an
injective, proper immersion.

o fisinjective: If £(1) = f(s), then ££5 = €2 and £ = €20 Adding

these two equations, implies e’ = e®. Since the exponential function is injective,
this shows ¢ = s.

e f is proper: Let K be a compact subset of R2. That means that K is both closed
and bounded in R2. Since f is continuous, f~!(K)is closed in R. Since both coor-
dinates of f(¢) are unbounded when ¢ varies in all of R, f~!(K) must be bounded
as well. Thus f~!'(K) is both closed and bounded in R and therefore compact.

e f is an immersion: The derivative of f at any # € R is given in the standard basis

by the 2 X 1-matrix
Gt
dfl = <e’+2e_’> :
2

For each t, d f, is a linear map R — R2. Since Ker (d f;) is a vector subspace of
R, it is either {0} or R itself. Since d f, is not the zero matrix for any ¢, d f; must
be injective for all # € R.

Solution  (Exercise 3.4) The map f is not an embedding, since it is not injective. But
we can check it is an immersion by showing that the derivative is injective everywhere.
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The derivative of f at (s, ) is

—sinscost —(2+ coss)sint
dfn: R? - R, dfin=|—sinssinz (2 +coss)cost
coS § 0

In order to show that d f, , is injective, we need to check that it has full or maximal
rank, i.e. rank 2. Hence we need to check that the two column vectors are always linearly
independent. To simplify notation, we set x = sins, y = cos s, u = sin¢, and v = cos?.
Now assume there are two real numbers A and y such that

A(=xv) + p(=2 + y)u) =
A(=xu) + pu(2 + yu) =
Ay =0.

We distinguish two cases: y = coss = 0 and y = cos s # 0. If y # 0, then we must have
A=0and

U2+ yu=0
u2+yw=0

Since |y| < 1, we know 2 + y # 0. Hence we can divide by 2 + y. Moreover, we know
that not both u and v can be 0 at the same time. This implies y = 0.
If y =0, then x = sins = +1 and still 2 + y # 0. Hence we get the system

+Av—u2+y)u=0
+tAu+ u+y)v=0

But since u and v are never both 0, we know that the vectors (v, u) and (u, v) are linearly
independent. Hence we must have 4 = 0 and u(2 + y) = 0. The latter implies u = 0,
since 2+ y # 0.

Solution (Exercise 3.5) Let a and b be two relatively prime integers with a # 0.
Recall that, for ¢;,7, € R, we have

e27rit] — e27rit2 = {1, € 7.

Since a and b are integers, t; — ¢, € Z implies at| — at, € Z and bt| — bt, € Z. Hence

we have
e27m1 — e2mt2 = e2mat1 — e27rzat2 and e2mbtl — eZmbtz.

This shows that we have a well-defined map
5 : Sl — Sl % gl’ e27rit s, (eZHiat’eZEibt).
Hence, for f: R —» S!, t — > we get a commutative diagram

R— "  ,slxs!

N A
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Since S! is compact and 8,,» @ One-to-one immersion, g, , is an embedding.

Solution (Exercise 3.6) (a) The derivative of f attisthemapdf,: R — R? given

(b)

(0

by the Jacobian matrix

(2 cos(2t) cost + sin(2t)(— sin t), 2 cos(2t) sin t + sin(2t) cos t)
= (2(cos2 ¢ —sin® t)cost —2sintcostsint, 2(cos2 t — sin® f)sint + 2sintcostcost)
= 2(cos3 t —2sin t cos 1,2 cos’tsint — sin’ 1)
= 2(cos t(cos2 t — 2sin’ 1),sint(2 cos? t — sin’ 1))

=2(cost(1 -3 sin’ 1),sint(3 cos’t — 1))

where we have used several trigonometric identities. Since the derivative d f, is
nontrivial for all ¢, it is always injective as a linear map R — R2. Hence f is an
immersion.

But f is not a homeomorphism onto Im (/). See Figure A.1. For, consider the open
subset (7 /4,37 /4) in (0,37 /4). If f was a homeomorphism, then f((z /4,37 /4))
had to be open in Im (f) as well. That means that around any point, for exam-
ple the point f(xz/2) = (0,0), there had to an open neighborhood contained in
f((z/4,37/4)). By the definition of the open sets in Im (f) as a subspace of R?,
there had to be an open ball B,(0,0) € R? with

B.(0,0)nIm(f) C f((x/4,37/4)).
But for every ¢ > 0, we have
B.(0,0)n f((0,z/4)) # 9,

since | sin(2r)(cost,sint)| < € for all t+ < ¢/2 (where we use sinx < x and
|[(cost,sint)] = 1). Hence f cannot be an open map and therefore not a home-
omorphism.

o What is the difference between Im (f) and the graph I'(f)?

Answer: The graph of a map X — Y is a subspace of X X Y. In this case,
['(f) is a subspace of (0,37 /4) x R?, whereas Im (f) is a subspace of R?.

e Isthe map F: (0,37/4) = (0,37/4) x R? an embedding?

Answer: Yes, because F is a diffeomorphism (0,3z/4) — I['(f) (since f
is smooth, see previous exercise set). Hence it is in particular, a one-to-one
immersion and proper.

e Would f be an embedding if it was defined on the closed interval [0, 37 /4]?
Answer: No, because f would not be injective anymore: f(0) = (0,0) =
f(x@/2).

o Isthemap g: (0,37/4) - R3, t — sin(2f)(cost,sint,t) an embedding?
Answer: No, this map is still just an immersion and it is even one-to-one,
but it is not a homeomorphism onto its image in R?. The same argument as
in the previous point.
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e Isthemap h: [0,37/4] = R3, t — (sin(2¢) cos ¢, sin(2¢) sin ¢, 2¢) an embed-
ding?
Answer: Yes, this time we have a map which is an immersion, it is one-to-
one this time f(0) = (0,0,0) # (0,0,7) = f(x/2), and it is defined on a
compact space and is therefore a proper map.

N IRP'

LY 4

Figure A.1: The origin is the critical point. We cannot separate the two branches of the graph
with open subsets.

Solution (Exercise 3.7) By the Local Immersion Theorem, we can choose lo-
cal parametrizations ¢: V — Z and w: W — X around z with ¥V c RF and
W =V @V’ c R" such that

7 inclusion X
¢T TW
Rk oV canonical W C R"

immersion

commutes. The map y is a diffeomorphism onto its image w(W) C X. The inverse
map w~! . w(W) — W is alocal coordinate system on the open neighborhood y (W)
around z € X. We write x; : (W) — R for the ith component of w1, i.e.a point
p € w(W) has the local coordinates (x;(p), ..., x,(p)) = W' (p),...,w; (). Since
the above diagram commutes and ¢ is a diffeomorphism onto its image, we have

V) =Zny(W).

Hence, since the lower horizontal map is the canonical immersion, the points in Z Ny (W)
are exactly those on which the coordinate functions x,;_, ..., x,, vanish. Relabelling the
open subset (W) as U we have

ZnU = {peUsuchthat x, (p) = -+ = x,(p) = 0}.
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A.4  Submersions and regular values

A.4.1 Submersions and regular values

Solution (Exercise 4.1) It suffices to show that f(X) C Y is open in Y since for

an arbitrary open subset U C X we my consider the map U C X —f> Y. Let y be any
point in f(X). We need to show that there is an open neighborhood W around y which is
contained in f(X). Let x be a pointin X with f(x) = y which exists since y € f(X). By
the Local Submersion Theorem 4.2, we can choose local parametrizations ¢ : V' — X
around x with V' C R" open and y : V' — Y around y with ¥/ C R™ open such that the
induced map V' — V" is the restriction of the canonical submersion:

X ! Y
4 [v
canonical ’
4 submersion 4

By possibly shrinking ¥ and V', we can assume that V' = B_(0) C R" and V' = B,(0) C
R™. Then the canonical submersion maps ¥ onto V'. Since the above diagram com-
mutes, we see that w (V') is contained in f(X). Since y is a local parametrization,
W :=w(V')isopeninY as required.

Solution (Exercise 4.2) The derivative of g at a point (x, y) is given by the 1 X2-matrix

dg(x’y) = (2x —2y) .

As alinear map from R? to R, d 8(x.y) 18 surjective whenever it is not the zero map. Hence
dgx.y) is surjective for all (x, y) # (0, 0). Thus the set of regular values of g is the subset
R\ {0}. Since g(0,0) = 0, the only critical value is 0. Since the derivative of g is not
surjective at all points, g is not a submersion.

Solution (Exercise 4.3) (a) Let f: X — Y be a submersion. We have Y =
F(X)u (Y \ f(X)). Since X is compact and f is continuous, we know f(X) is
compact and therefore closed in Y. Since X is open in X and f is a submersion,
the previous exercise shows that f(X) is open in Y. Hence f(X) is both open and
closed in Y. Hence f(X) must be either Y or @. Assuming f is nontrivial, f(X)
must be all of Y.

(b) Given a compact smooth manifold X. Assume we had a submersion f : X — R”
with for some n. By the previous point, we would have f(X) = R". But since X is
compact, f(X) is compact too. But R” is not compact. Hence such a submersion
cannot exist.
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Solution (Exercise 4.4) Given A = (g;;) € O(n). Unfolding the matrix-multiplication,
we see that ) j a?j is the ith diagonal entry in AAT. Moreover, i afj is also the square
of the norm of the ith row vector of A. Since A € O(n), we have AAT = I and the ith
diagonal entry in AAT is equal 1. This shows that O(n) is contained in the product of
n spheres [[S$"~! in [[R" = R™ = M(n). Hence O(n) is bounded. But O(n) is also
closed in R™, since we can define it as the inverse image of the closed point I € S(n)
under the map M (n) — S(n) sending A to AAT. Thus O(n) is closed and bounded in
R™ and therefore compact.

Solution  (Exercise 4.5) We consider O(n) as a subspace in M (n) = R"™ . We defined
O(n) as f~'(I) under the map f : M(n) — S(n), f(A) = AAT. We have checked in the
proof of Theorem 4.14 that I is a regular value for f. As a consequence of the Preimage
Theorem 4.7 we saw that this implies that 7;(O(n)) equals the kernel of d f; : M (n) =
T;(M(n)) = T,(S(n) = S(n). We calculated the derivative d f4 for any A € O(n) in
the proof of Theorem 4.14: it is given by d f4(B) = BA" + AB'. For A = I, this gives
d f;(B) = B+ B'. Hence the kernel of d f is the space of matrices satisfying B+ B’ = 0,
ie., Bt = —B.

Solution  (Exercise 4.6) (a) Since d(det), is a linear map R* - R, it suffices to
show d(det), is nonzero. Therefore, it suffices to show that d(det) 4(B) # 0 for
some matrix B.

Since A # O, there is at least one entry in A which is nonzero. Assume that
ay; # 0, and for the other cases the argument is similar. Then we take the matrix

0 0
E22 = <0 l)
det(A + sE,y) —det A

. det(A+sEy)—det A
1m
s—0 N
. (a)ay + ) —appay —det A
= lim
s—0 N
alls AP allazz - 012021 - det A

= lim
s—0 S

. a115+detA—detA
m

s—0 S

lim 212 £0
= lim =da o
s—0 s i

(b) A 2x2-matrix A hasrank 0 if and only if it is the zero matrix. Thus A € M (2)\ {0}
has rank 1 if and only if it does not have rank 2, i.e., if and only if it is not invertible.
Hence A € M(2)\ {0} has rank 1 if and only if det A = 0. By the previous point,
the determinant function is a submersion M (2) \ {0} — R. Hence R| = det_l(O)
is a submanifold of dimension 4 — 1 = 3 by the Preimage Theorem 4.7.



Appendix A. Solutions to exercises 379

Solution  (Exercise 4.7) We consider the function Q defined in the hint. Since P is
homogeneous, we know Q is always 0. Hence its derivative with respect to f is zero as
well. Hence we get

0=00/0t = Y x;0P/0x,(tx,. ... . 1x;) — m" " P(tx,, ..., 1x}) (A.1)
i

where we apply the chain rule to the first summand of Q which is the composite ¢ —
tx — P(tx). Setting t = 1 in (A.1) yields Euler’s identity (4.4).

Solution  (Exercise 4.8) (a) The derivative of P at a point (x, ..., Xx;) is

Z1
dP.: R* 5 R, (z,...,2,) = (P /dx,(x) ... 0P /dx,(x)) -
Zy

=)’ z,0P /0x,(x).
i
To show that d P, is nonsingular, i.e.surjective, it suffices to show that d P, is
nontrivial. But applying d P, to x and using Euler’s identity yields

dP(x) = )\ x,0P/0x,(x}, ..., x;) = mP(x}, ..., x;).
i

Hence if x = (x,,...,x;) is not a zero of P, then d P, (x) is nonzero. Hence all
nonzero real numbers are regular values of P. The Preimage Theorem now implies
that P~!(a) is a k — 1-dimensional submanifold of R* for all a # 0.

(b) Given two real numbers a, b > 0, then (b/ a)!/™ exists and we if P(x) = a, we have
P((b/a)' "x,, ..., (b]a)/"x,) = b/aP(x, ..., x;) = b.

Multiplying each coordinate with (b/a)'/™ corresponds to multiplication with the
diagonal matrix with (b/a)'/™ on the diagonal. This map is a linear isomorphism
of R¥ to itself. Hence we have the diffeomorphism

P (@) = PI(b), (x).....x) — (b/a)/"x, ..., (b]a)"/"x}).

Similarly, if both a, b < 0 are negative, then (b/a)'/™ exists and the same argument
shows that P~!(a) and P~!(b) are diffeomorphic.

Solution (Exercise 4.9) (a) If we think of the entries in an n X n-matrix A as
variables, then det A is a homogeneous polynomial of degree n given by Leibniz’
formula. Hence we can apply a previous exercise to

P=det: M(n)=R"” - R

and conclude that O is the only critical value of det.
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Alternatively: Using the formula det A = Y7 | (—1)"*/a;; det A,; we can compute
the partial derivatives of det with respect to each variable x;;. Since we remove the
Jjth column from A for each of the 4;;, the entry a;; occurs in this formula exactly
once. Hence the partial derivative with respect to x;; is just the factor of a;;:

0 det

0x;;

The total derivative of det as a function of its entries can be represented by the
n X 1-matrix with these partial derivatives as entries. This linear map is then not
surjective if and only if all entries are zero, i.e., if and only if det A;; = O for all J, j.
The latter happens if and only if the rank of A is < n, i.e., if and only if det A = 0.
Hence O the only critical value for det.

(A) = (1) det A,;.

(b) By the previous point, 1 is a regular value for det. Hence, by the Preimage Theo-

rem4.7, S L(n) = det™! (1) is a smooth manifold of dimension dim M (n)—dim R =
n*—1.

(¢) According to the Preimage Theorem 4.7 and the previous point, we can determine

the tangent space as the kernel of the derivative of det at the identity matrix. Hence
we need to calculate the derivative of det at the identity. To do this we are going
to use Leibniz’ formula (4.5).
Given a matrix A, in Leibniz’ formula for the determinant of B := I + sA, every
summand contains at least a factor s> unless it is the product of at least n — 1
diagonal entries b;; = 1 + sa;;. For we need n — 1 factors not containing s which
is only possible when we multiply » — 1 times 1. But if a permutation {1, ..., n}
leaves n — 1 numbers fixed, it also has to leave the remaining one fixed. Hence the
only summand in (4.5) which does not contain a factor s2 is the summand

[ +5a) =1 +5a,) (1 +5a,,)=1+s-tr(4) +O0(s).
i=1

The derivative of the determinant at the identity
d(det); : T;(M(n)) =Mmn) - Ti(R) =R
is then given by
det( + sA) —det I
s
. 14s-tr(A)+0(sH) -1
= lim
s—0 N
. s-tr(A)+ O(s?)
= lim
s—0 N
= lir% tr (A) + O(s)
5=

d(det);(A) = lin(l)

= tr (A).

Hence we get

T,(SL(n) = Ker (d(det);) = {A € M(n) : tr (A) = 0}.

In other words, the tangent space to .S L(n) at the identity is the space of matrices
whose trace vanishes.
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Solution (Exercise 4.10) (a) We write (z,2;) = (x¢ + iyy, x; = iy,) for real
coordinates xg, yo, X;, y;. First we get

ﬁ'(ZO, Z]) = (22021, |Z()|2 - |le2)
= (2(xox; + Yo¥1) + i2(=x¥; + yox ), (x5 + ¥3) — (xT + D)) -
Then we can compute

X1 Y1 Xo Yo
diiy =2-[=y1 X1 ¥ —Xf-
Xo Yo —X1 —Vi

(b) Let g4: R* > R and g R?> — R be the usual smooth maps such that
S3 = g;l(l) and S* = g7 (1) respectively. Then we have 7, S? = Ker (d(gy),) C
T,R* = R* and T,S? = Ker (d(g3),) C T,R? = R?. We know that #(q) € S* if
ges3. Actually, our calculation above shows that 7(g) € S?if and onlyifg € S3.
This implies S* = #7'(g5'(1)) = (g30%)~"(1). In particular, g3(#(¢)) = 1 is con-
stant on S°. Hence, for every ¢ € S°, the image of the restriction (d7,) 7 3 is
contained in the kernel of d(g3)z(,) which is T,;(q)Sz.

(0 The fiber over a is
7 @) = {(z0,0) € S* € C2 : |zo> = 1}.

Let g = (x(,¥9,0,0) € 7~ !(a) be a point in the fiber over a. The tangent
space T, q§3 is the vector space

T, ={ueR':ulg}

0 0
= span{ g+ = (1) ,e3= 8
0 1

X0
0
0

The vectors g, eg' and ej are linearly independent and hence form a basis of
TS

Now we consider the map d7,. We computed this map as represented by the
matrix

0 0 x9 ¥
dﬁ = 2 0 0 0 yO —XO .
Xg Yo O 0

The kernel of this map is the span of the vector g* that we have just seen.
This implies that dz is surjective onto T,S%

More concretely, the tangent space T,S? consists of the vectors which are
orthogonal to a in R3. Hence it has a basis (e?, eg) as a subspace in R3. The
map d7, : TqR4 — T,R? sends

2xp 2yo
qJ'l—>0,e‘3‘|—> 2y ,ej|—> —2x0 |-
0 0
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Hence the map dr,, : Tq§3 — T,S? can be represented in the chosen bases

by the matrix
dr,=2. (0 X0 Vo),
7 0 ¥ =X

This map is surjective, since —x(z) - yé = —1 # 0. Hence ¢ is a regular point
for #. Since g was any point in the fiber over a, we have shown that a is a
regular value for z.

To determine the fiber over b, we write zy = x + iyy and z; = x; + iy;.
Then we get

7(29,21) = (0,1,0) = 22z,Z; = i and |zy|* = |z, |* =

| —

> Yy = X1, V1 =—x0andx(2)+xf = %
Thus the fiber over b has the form

77N = {(z0,2) €S’ : 2, = 2‘70}

= {(x0> Y0, X1, Y1) € SH Yo = X1,¥1 = —Xp}
Let ¢ = (xg, X, X, —X,) € 7~ '(b) be a point in the fiber over b. Since not

both x, and x; can be zero, we assume that x, # 0. The tangent space Tq§3
is the vector space

Tq§3:{ue[R{4 ulgqg}
—X —X X
_ 1L _| %o _ _
_span ql = 0 ’q2 - xO ’fI3 - O
0 0 XO

Now we consider the map d7,. We computed this map as represented by the
matrix

X1 —Xo Xo X1

dﬁ'q=2- xO xl xl —xO o
Xo X1 TXp Xo
. . X L.
The kernel of this map is the span of the vector qé = 0 I. This implies
X

that d, is surjective onto 7,S?.

More concretely, the tangent space T,S? consists of the vectors which are
orthogonal to b in R3. Hence it has a basis (e?, eg) as a subspace in R3. The
map d7, : T,R* — T,R? sends

2, .2 2_ 2
| —2(x0 + xl) N 2(x0 — xl) X 2xx
q; 0 .4y P 0 g3~ 0
0 —2X0X; 2x(2)
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Hence the map dr,, : Tq§3 — T,S? can be represented in the chosen bases
by the matrix

2_,2 ,2_ .2
dr =2-< Yo~ % KoM x0§1>
q Y .
0 XoXp  Xg

This map is surjective, as one can check by using the conditions we have on
xo and x;. Hence q is a regular point for z. Since g was any point in the fiber
over a, we have shown that b is a regular value for x.

(d) By aprevious point, we need to show that d 7, restricted to Tq§3 is surjective onto
T,,S* atevery g € S°. Since the tangent space Ty, S* of S* is two-dimensional,
we need to check that the image of dz, restricted to Ker (d(g4),) spans a two-
dimensional subspace. Since Ker (d(g4),) is of dimension 3, it suffices to show
that dﬁq has rank 3, which implies that the kernel of d i, has dimension 1. Hence
we need to show that d7, always has 3 linear independent columns.

We can show this for example by calculating the determinants of appropriate 3 X 3-
minors. Ignoring the factor 2 in our formula for d7, we look at the minors A; of
the remaining matrix where we omit the jth column:

The determinant of A, is —xl(xé + y(z) -+ x? o y%) = —Xx;.
: . 202042 4 12y —
The determinant of A; is —yo(x0 +y,+x7+ yl) = —Yo.
The determinant of A, is —xo(xg + yé o8 x% 1 y%) = —X.
The determinant of A, is —y; (x% + yé + x% + y%) =—y.
For every point ¢ € S, at least one of the coordinates x, ¥y, X;,y; is nonzero.
Hence the matrix always has three linear independent columns and d7, has rank

3. This shows that each point in S is a regular point for 7z, and hence every point
in S? is a regular value for 7.
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A5 Lie groups

A.5.1 Lie groups

b
d

AT A = (a c> (a b> _ <c12+c2 ab+cd> _ (1 0)
b d)\c d ab+cd b +d? 0 1)
Hence A corresponds to two points (a, ¢) and (b, d) on S! ¢ R? whose correspond-
ing vectors are orthogonal to each other. Since we also know det A = ad —bc =1,
one of these points uniquely determines the other. See Figure A.2. Hence we can

. cost —sint
write A as .

sint cost
map

Solution  (Exercise 5.1) (a) EWWA=<3 )esoammm%

> for some real number . Now one can check that the

S' - S0(2), (cost,sint) — <COSI —sin t)

sint cost

is a diffeomorphism and Lie group isomorphism.

(b) EWWA=<j2>eswmwmms

ATA = ¢\ (a b\ (aa+cc ab+cd\ (1 O
B d/\c d) \ba+dc bb+dd) \0 1)°

Together with det A = ad — bc = 1 we get four linear equations for the complex
numbers a, b, ¢, d, and their complex conjugates. Unraveling these equations
shows that we can write A as

S Q

A:<Q2>mmm+%=L

Hence A corresponds uniquely to a pair of complex numbers (a, b) which satisfies
aa + bb = 1. Since this is exactly the defining condition for elements of S ¢ C?,
we see that

§asmn@mH<3 9

is a diffeomorphism.

Solution (Exercise 5.2) (a) Since f is bijective, it has an inverse f~': Y —
X. We need to show that f~! is smooth. Let y be a point in Y. Since f is a
local diffeomorphism, there is an open neighborhood U C X around the point
f~'(») and an open neighborhood V' C Y around y such that fi; : U — V' is
a diffeomorphism. Hence there is a smooth inverse (f |U)‘1 :V - U. Since
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N
(4

(bof)

(a¢)

Figure A.2: The column vectors are orthogonal to each other and they determine each other.

inverses are unique (as maps of sets), (f ‘1)|V must agree with (f) U)‘l. Hence f~!
is a smooth map on an open neighborhood of y. Since y was arbitrary, we see that
f~!is smooth at every point and therefore smooth.

(b) Since f is one-to-one, it is a bijection from X onto its image Im (f) C Y. Since
it is a local diffeomorphism, f : X — Im(f) is a bijective local diffeomorphism.
By the previous point, it is a diffeomorphism.

(¢) We would like to show dim X = rank(f) = dimY. Because then the Inverse
Function Theorem implies that f is a local diffeomorphism, and, since f is also
bijective, f would be a diffeomorphism by the first point and we were done.

Assume X CRM and Y € RN, dim X = m, dimY = n, and set r := rank(f).
By definition of the rank, we have m > r and n > r. We want to show m = r = n.

For any point x € X, the linear map d f, has rank r. Recall that for a linear
map L: R™ — R” of rank r, we can choose a basis of R” such that the first r
basis vectors by, ..., b, span the image of L and the remaining n — r basis vectors
b.,y, ..., b, span the orthogonal complement of L in R". Then we choose a basis
of R™ such that the ith basis vector is sent to b;,. The matrix representing L in
these bases has the r X r-identity matrix sitting in the upper left corner and zeros
elsewhere. Then, as in the proof of the Local Immersion (or Submersion) Theorem,
we can choose local parametrizations ¢: U — X around x and w: V — Y
around y such that the map 0 : U — V in the commutative diagram

X J Y

o| lw

U

0=y~ lofogp
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has the form 0(x,, ..., x,,) = (x{,...,x,,0) € R". (Note that the 0 at the end of
0(x) only occur if r < n.)

If m > r, then for a sufficiently small € > 0, 6(x, ..., x,,€,0) = (x1, ..., x,,0) and
@ is not injective. Since ¢ and y are diffeomorphisms, this would imply that f is
not injective which contradicts that f is bijective. Hence we can assume m = r
and f is an immersion.

Assume we had r < n. Then, after possibly shrinking U, we can assume that
U is a small open B,(0) around 0 in R™ and that 8(B,(0)) C V (where B.(0)
denotes the closed ball of radius e: B,(0) = {x € R™ : |x| < €}). Since B,(0)
is compact, so is O(BG(O)). Hence G(BE(O)) is closed in V' and is contained in
V n(R"x {0}). Hence 0(1?6(0)) does not contain any open subsets of V. Since
¢ and y are diffeomorphisms, this implies that f (q,')(BE(O))) is closed and does
not contain any nonempty open subset of Y. Since we can cover X by such local
parametrizations, we see that f(X) is the union of subsets which do not contain
any nonempty open subset of Y.

Now if X could be assumed to be compact, then f(X) is compact, and f(X) can
be covered by finitely many closed subsets which do not contain any nonempty
open subset of Y. That would imply that f(X) is itself a closed subset which does
not contain any nonempty open subset of Y. Hence f(X) cannot be all of Y, and
f would not be surjective.

In general, for any open cover of a subspace in RM, we can always choose a count-
able subcover. This implies that f(X) is the countable union of subsets which do
not contain any nonempty open subset of Y. By Baire’s Category Theorem, this
implies that f(X) does not contain any nonempty open subset of Y. Hence f(X)
cannot be equal Y and f would not be surjective.

(d) We learned in Theorem 5.3 that a Lie group homomorphism has constant rank.
Hence we just need to apply the previous point.

Solution  (Exercise 5.3) For any g € G, left multiplication L, : G — G by g maps
the subgroup H to the left coset gH = {gh : h € H}. Since H is open and L, is a
diffeomorphism, the coset gH is open. Thus, G can be written as the union of the open
subsets g H where g ranges over all elements in G. But since cosets are pairwise disjoint,
this would give us a way to write G as the union of nonempty disjoint open subsets. Since
G is connected, there can be only one coset. Therefore, H = G.

Solution (Exercise 5.4) (a) Letg,h € G beany fixed elements. Letj: G - GXG
be the map j(g) = (g, h). Note that the composite yoj = R, is right translation by
h.

For x € G, let ¢, : U, — G be a local parametrization around x with ¢(0) = x.
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Then we get the diagram

G— s6x6—" ¢

¢g]\ ‘ng‘th /’\d)gh

U, ———— U, XUy ———— Uy,

where we define the maps y and 8 such that the diagram commutes. Since o8 ) =
g and ¢,(0) = h, we must have y(u) = (u,0) € U, XUy to make the left hand
diagram commute. Moreover, we must have 8(0,0) =0 € Uy,.

Taking derivatives at g and using Ty (G X G) = Tg(G) X T, (G) gives

dj, d i
Tg(G) _— Tg(G) xXTy(G) —————— Tgh(G)
d(%)gT d(¢g)0Xd(¢h)oT Td((ﬁgh)o
R" R" x R" R".
dyp de,

Since y(u) = (u,0), we have dy,(v) = (v,0) and hence a’jg(X) = (X,0). Since
Moj = Rh’ we have d”(g,h)odjg = d(Rh)g Thus

d e n)(X,0) = d g ) (dj (X)) = d(Rp),(X).
Repeating this argument with j replaced with j : h — (g, h) yields
d g (0, ¥) = d(L)(Y).
Since d p, py 18 linear, it satisfies

dpe (X, Y) =dpg p)(X,0) + dp ) (0,Y) = d(Rp)o(X) + d(L),(Y).

(b) Leti: G — G denote the inversion map. Show that
di,: T,(G) - T,(G)

is given by di1,(X) = - X.
Solution:

Consider the map

(Id,r) u -1 -1
G—> GXG— G, g (g8 ) gg =e.

Since this map is constant, its derivative at e vanishes. Hence we get
(d1d,.d1,) dHee)
T,6)—— T,G) X T,(G)—— T,(G), X — (X,d1,(X)) — 0.

As we have just learned d p, (X, d1,(X)) = X +d1,(X) = 0, and hence d1,(X) =
-X.
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(¢) Given g € G, we consider the diagram

G
|
G

One easily checks that it commutes. Taking the derivative at g of the top map
yields a commutative diagram of derivatives

1
o

G
g

—G.

1

T,(G) LN T, (G)

d(Lg_ngl Td(Rg_ne

T,(G) —— T,(G).

We just calculated the effect of the map ds1, : T,(G) — T,(G) as X — —X. Hence,
since all maps in the above diagram are linear, we get

dig: Ty(G) > Tyr, Y > —d(Ry1),(d(Lg-1),(Y)).
Solution (Exercise 5.5) Givenelements g, 1 € G. Let R~ denote the right translation
with A~!. We define the smooth map j, by

Jn: G = GXG, x= (Ry-1(x), h).
Note that j,(gh) = (ghh™!', h) = (g, h) € G x G. For the tangent spaces we get
T}, (m)(G X G) = T 1y(G X G) = Ty (G) X T(G).
The composite of the map
G GxGL G, x> (R1(x), h) = u(xh™, h) = x
is the identity of G. Taking derivatives at gh yields
d(ipgn )

T,4(G)— T,(G) X T),(G) —— T,,(G).

Since pojj, = Idg, we also have d yi, 4)0d(jj)gp = IdTgh(G). In particular,
dﬂ(g,h) . T(g,h)(G X G) s gh(G)

is surjective. Since we started with arbitrary elements g and A, this shows that y is a
submersion.

Solution  (Exercise 5.6) For matrices A € GL(n) and B € M (n), we have

det(B) = (det A) - det(A™' B) = (det A) - det(L 4,1 B).
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Taking the derivative at A and remembering the chain rule yields
d(det) 4(B) = d((det A) - det oL 41 )(B)
= (det A) - d(detoL ,1)B
= (det A) - d(det)(LA_lA)od(LA_l)A(B)
= (det A) - d(det);(A™'B)
= (det A) - tr (A~'B),

where we have used d(L 4-1)4(B) = A~!B which can be easily checked, since matrix
multiplication is linear. Hence, after replacing B with A B, we get

d(det) 4,(AB) = (det A) - (tr B) for all B € M (n).
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A.6  Transversality

A.6.1 Transversality

Solution  (Exercise 6.1) (a) The tangent space to Sl at zis TZ(SI) ={veR?:
v-z = 0}. The tangent space to N, at zis T,(N,) = {(0,y) : ye R} C R2. Since
T,(R?) = R2, T,(S!) and T,(N,) span all of T,(R?) for all z # (+1,0). Hence
S!' @ N, if and only if z # (+1,0). (Drawing a picture explains everything.)

(b)  Which of the following linear spaces intersect transversally?

The xy-plane and the z-axis.

Answer: Transverse, since the two spaces span all of R3.

The xy-plane and the plane spanned by {(3,2,0), (0,4, —-1)}.

Answer: Transverse, since the two planes span all of R3.

The plane spanned by {(1,0,0),(2,1,0)} and the y-axis in R3.

Answer: Not transverse, since the y-axis and lies in the span of
{(1,0,0),(2,1,0)}.

R* x {0} and {0} x R’ in R". (The answer depends on k, /, and n.)
Answer: Transverse, if kK + 1 > n.

V x {0} and the diagonal in V' X V, for a real vector space V.

Answer: Transverse, since they span all of V' X V: any (v,w) € V XV is
equal to the sum of (w, w) € Ay, and (v —w,0) € V' x {0}.

The spaces of symmetric (A’ = A) and skew symmetric (A’ = —A) matrices
in M (n).

Answer: Transverse, since every matrix in M (n) can be written as a sum of
a symmetric and an antisymmetric matrix:

C = %(C +CY+ %(C — C") for any C € M (n).

(¢) Yes, SL(n) and O(n) do not meet transversally in M (n), since SO(n) is contained
in S'L(n). Hence we also have T,(O(n)) = T4(SO(n)) € T,(SL(n)), and these
tangent spaces do not span all of T,(M (n)) = M (n).

Solution (Exercise 6.2) The image of f is a submanifold of R?. This follows, for
example, from the fact that f is an embedding. We could also observe that Im (f) =
g7 1(1) and remark that 1 is a regular value of g. The composition go f is the constant
map R — R with value 1. Hence (go f)~!(1) = R is a manifold.

Solution  (Exercise 6.3) By assumption, g is transverse to W, i.e.,

Im (dg,) + Ty (W) = Ty, (Z) forall y € Y with g(y) € W. (A.2)
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Now we assume f M g~ /(W) i.e.,
Im(df,)+ Tf(x)(g_l(W)) =T(Y) for all x € X with f(x) € g_l(W). (A.3)

We need to show (gof) M W. So let x € X be a point such that g(f(x)) € W and let
che Tg(f(x))(Z). By (A.2), there are vectors b; € Ty,(Y) and b, € Tg(f(x))(W) such
that

dg s (by) + by = c.
By (A.3), there are vectors a € T,.(X) and b; € T f(x)(g_l(W)) such that
df.(a)+ by =b.

Putting these two equations together we get

By the chain rule, we have d(gof), = dgs, odf,. By a previous exercise, we
know T (g7 (W) = (dg ;)™ Ty pey(W) in Ty (Y). In particular, dg s, (bs) €
Ty f(x))(W) and thus

d87(x(b3) + by € Ty (W)

Hence we have
c=d(gof) (@) +dgsu(b3) + by € [Im(d(gof)y) + Ty p(x))(W)I C Ty (x)(Z).
Since ¢ was an arbitrary element in Ty 4(,)(Y), we have proven
Im (d(g0of)y) + Ty rxy(W) = Ty(p(x)(Z) for all x € X with g(f(x)) € W.

In other words, (gof) M W.
Now we assume (gof) m W, ie.,

M (d(80/),) + Ty )W) = Ty yy(Z) for all x € X with g(f(x)) € W. (A4)

Let x € X be apoint such that f(x) € g 'W)andleth € Tr(Y). Since g(f(x)) € W,
we can use (A.4) to find vectors a € T,(X) and ¢ € T, 2(recy(V) such that

d(g0)y(@) + ¢ = dg (D).
By the chain rule, we have d(gof),(a) = dg()(d f,(a)). Thus
dg (b —df(a)) =c € Ty pn) (W),
In other words,
b—df(a) € (g™ Ty(rpW)) = Ty (8™ (W)).

Since b was an arbitrary element, we have proven Im (d f,) + Tf(x)(g‘l(W)) =Tr(Y)
for all x € X with f(x) € g~'(W). In other words, f i g~ (W).
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Solution (Exercise 6.4) By definition, I'(A) M A if and only if ['(A) + A(V) =V X V.
Let (v;, vy) be an arbitrary element of V' X V. We need to check under which conditions
we can find v, w € V such that

(01,0y) = (L, V) + (W, Aw) = (V+w, v+ Aw), i.e.v; =v+wand v, = v+ Aw.

If we can find a suitable w, then we just set v := v; —w. Hence, by taking the difference
of the two equations, we see that the question is reduced to checking whether we can find
a w such that v, —v; = Aw —w = (A — I)w where [ is the identity map of V. But such
a w exists for any choice of v, and v, if and only if A — I is invertible, i.e. if and only if
det(A — I) # 0 which happens if and only if +1 is not an eigenvalue of A (because the
eigenvalues are the A such that det(A — AI) = 0).

Solution  (Exercise 6.5) Let Ay = {(x,x) : x € X} C X X X be the diagonal of
Xand I'(f) = {(x, f(x)) : x € X} C X X X be the graph of f. Then the set of fixed
points of f in X is the intersection A y NI'(f). For

x=f(x) &= (xx) = f(x) = (xx)e€l(f)

Recall that a 0-dimensional manifold is just a discrete set of points. Since X is compact,
X X X is also compact. Hence a O-dimensional submanifold is a discrete subset of the
compact space X X X and is therefore finite. Note that we have used this before: dis-
crete closed subspaces of compact spaces are finite. Thus, in order to prove that f has
only finitely many fixed points, it suffices to show that Ay N I'(f) is a 0-dimensional
submanifold of X X X.

Hence we would like to show that Ay and I'(f) meet transversally in X X X. Since
both have codimension equal to dim X in X X X the Transversality Theorem 6.2 then
implies that Ay NI'(f) is a O-dimensional submanifold of X X X. By definition, Ay M
I'(f) means

T'(x,x)(r(f)) + T'(x,x)(AX) = T'(x,x)(X X X)

for every point (x,x) € Ay NI'(f). We know T(, . (I'(f)) = T'(d f,) and T(x’x)(AX) =
ATX( x) by a previous exercise. Moreover, we know Ti, (X X X) = T, (X) X T\ (X).
Hence we need to show

(d f) + Arx) = To(X) X T(X) (A.5)

for every point (x, x) € Ay NI'(f). This means exactly I'(d f,.) M ATX( x) Which we have
shown to be true if +1 is not an eigenvalue of d f in the previous exercise. Thus we can
stop here, since f is Lefschetz by assumption.

But we could also just continue and give another proof as follows: Since we know

dim Ap, x, = dim[(d f,) = dim T,(X),

equality (A.5) will follow once we show I'(d f,) N ATx( x) = {0}. For then we have
shown that I'(d f,) + ATX( x) is a subspace of T,.(X) X T,(X) of the same dimension as
T .(X)XT,(X). (Recall that in a finite dimensional vector space V" with subspaces U and
W, the following dimension formula holds:

dimU +dim W =dimU + W) —dim(U N W)
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where U + W C V is the subspace of V' generated by U and W and U N W is their
intersection.)

Since f is a Lefschetz map, we know that for every fixed point x of f, +1 is not an
eigenvalue of d f,. This means that d f, does not have any fixed points, for there is no
ve T, (X)\ {0} withdf, (v) =1-0v. As we observed for f above, this is equivalent to

[(df) N Ar ) = {0}.

Solution  (Exercise 6.6) We define the map

f:C\{0}>C,

2, .2, .2, .3, 6k-1
(Zg5.--r25) > 2y + 25+ 23+ 2, + 2 .

5

Setting Z = f~1(0), we need to show that Z and S° meet transversally. The tangent
space to Z in a point z € Z is the kernel of the derivative d f,. Since f is a polynomial
in the variables z,, ..., z5, we can use our usual rules for partial differentiation to get the
following matrix for d f, (in the standard basis):

df,: C > C, df, = (2z,,2z25,223,325, (6k — 1)z52) .

Recall that we can represent every element x+iy € C by the real 2 X 2-matrix <; _xy> .

Then we see that d f,, is areal 2x 10-matrix. Its maximal rank (as a matrix with entries in
R) is therefore 2. And, in fact, for every z # 0, d f, has rank 2, since it maps surjectively
onto C & R?. Thus 0 is a regular value for f and the tangent space T,(Z) is the kernel
ofdf,.

Writing a complex number z = x + iy, we can express S° as the fiber of the smooth
map

g: C =R 5 R,
2 2 2 2 2 2
(Zl,,Zs)l—)xl+y1+x2+y2+...+x5+y5_1

at the regular value 0, i.e., S° = g71(0) C C> = R, The tangent space to S at z is then
given by the kernel of the derivative (in standard bases)

dgz : CS = Rlo — [R, dgz = (2x1,2y1,2x2,2y2, ,2x5,2y5) o

Thus, as expected, the tangent space T,(S”) consists of all vectors w in R!° which are
orthogonal to z, i.e., which satisfy w - z = 0.

The tangent space of S° is of dimension 9 and the tangent space of R!? \ {0} is of
dimension 10. Hence in order to show that Z and S° meet transversally in R\ {0} we
need to show: For every z € Z N S?, there is at least one vector w in T,(Z) which does
not belong to TZ§9. Then we have T,(Z) + Tz(§9) C Tz(Rlo \ {0}) is a vector subspace
of the same dimension as T,(R!° \ {0}) and therefore equal T,(R!° \ {0}).

So let z = (z4, ..., 2s) be a fixed point in Z N S°. The tangent space T,(Z) is the
kernel of d f,. Hence we need to find at least one vector w € C’ =R withdf (w)=0
and w-z #0.
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Setm :=2-3-(6k—1)and w := (2 52107 z2,223,3z4, - 125) Then we have

d f,(w) = (22),22,,2z23,325, 6k — 1)z87%) - | Tz3

— 6k—1
=m(z} + 23 + 25 + z + 227)
=0

since z is by assumption a point on Z. Hence w € T,(Z).

On the other hand, we can calculate the inner product of w and z as vectors in R0,
using (x;, ;) for the coordinates of z; in R? = C, and get

X1
Y1
w‘Z:(m J/1’ X2, )’2a X3, y39mx4’my4’ = X5, = ys)' x-2
272 2 2 2 2 3 3 6k —1 6k —1 :
X5
Ys
= Sl + T1nl + Tzl + Tzl + 7zl

>0

which is bigger than zero, since z is a point on S°. Thus w is a vector in T,(R!?) which
isin T,(Z), but not in TZ(S9), and we have shown

T(Z) +T,(S°) = T,(R'®\ {0}).

Hence Z and S° meet transversally in R'%\ {0}. The codimension of ZNS? in R!?\ {0}
is 2 + 1 by the codimension formula. Thus dim(Z N SH=10-3=7.
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A.8 Smooth Homotopy

Solution  (Exercise 8.1) (a) Let f and g be two smooth maps Y — X. Let F be
a homotopy from the identity map of X to the constant map X — {x;} for some
Xo € X. Then we can use F to define a homotopy from f to Y — {x,} and a
homotopy from ¥ — {x,} to g. Setting these two homotopies together yields a
homotopy H from f to g. It only remains to make sure that H is smooth. To
achieve this we apply the technique used in the main text. After composing with
a smooth bump function, we can assume F(x,t) = x for all (x,#) € X X [0, 1/4]
and F(x,1) = x for all (x,7) € X X [3/4, 1]. Then we can define H by

F , 2t te[0,1/2
H:YX[0,1] > X, ()1 4 LS O»20) [0.1/2]
F(g(y),2(1 —1) t€[1/2,1].
(b) LetY = X andlet f: X — X be the identity and g: X — {x,} C X be the
constant map for some point x, € X. By the assumption, f and g are homotopic.
Hence X is contractible.

(¢) The map
F: R¥x[0,1] » R*, (x,7)~ (1 = f)x

is a smooth homotopy from the identity map to the constant map R* — {0}.

Solution  (Exercise 8.2) By Sard’s Theorem 7.1, there is a regular value y € S" for
f. Assume there is a point x € f~!(y). Since dim7, X = k and dim T,S" = n, df,
cannot be surjective if k < n. Thus, if k& < n, then £~!(y) must be empty. Hence we can
assume that the image of f is contained in U := S§"\ {y}. Now we can use stereographic
projection from y to define a diffeomorphism y : U — R”". Thus, yo f is homotopic to a
constant map. Composing the homotopy with the inverse of y defines a homotopy from
f to a constant map.

Solution  (Exercise 8.3) For k = 1, the antipodal map is (x, y) = (—x, —y). The map

F: s! x[0.1] = S, ()1 <cos(m) —sin(;rt)) <x> '

sin(zct)  cos(xt) y

is a smooth homotopy from the identity of S! to the antipodal map. To convince ourselves
that F;(x,y,?) is an element in S!, we can either just calculate its norm or observe that
the matrix (Cf)s(m) — sin(at)
sin(zt) cos(xt)
preserve the scalar product and hence the norm of vectors in R2.
For an arbitrary odd k, we have S* c R**! and k + 1 is even. Then we define a
smooth homotopy from the identity in S* to the antipodal map by

> is an element in O(2) for every t. Elements in O(2)

F,: Sk x[0,1] - Sk,
(1,915 -5 Ky /2o Yakry/2)> ) 2 (Fr (e, 1,0, oo F{ (K20 Y1720
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Again, for every t, F,(—,—,1): R¥! — R+l is an element in O(k + 1) and preserves
the norm on R¥t1,

Solution  (Exercise 8.4) Let f: S! — X be a smooth map. Since X is contractible,
there is a smooth homotopy F from the identity on X and a constant map {x,}. The
composition

S'x[0,1]1 > X, (x,1) > F(f(x),1)

defines a smooth homotopy from f to the constant map S! — {x,}.

Solution  (Exercise 8.5) Given two points x,y € X, we define the relation x ~ y,
and say x and y are path-connected, by: x ~ y if and only if there is a smooth path
y: [0,1] - X with y(0) = x and y(1) = y. We would like to show that ~ is an
equivalence relation. Therefor, we are going to link it to the homotopy relation.

Let f: {x} > X, f(x)=x,and g: {x} > X,gx)=y. If F: {x} X[0,1] - X
is a smooth homotopy from f to g, then y(¢) := F(x,1?) is a smooth path from x to y.
Conversely, if y is a smooth path from x to y, then F(x, ) := y(f) is a smooth homotopy
from f to g. Thus x ~ yif and onlf if f ~ g.

Since homotopy is an equivalence relation, we see that path-connectedness is also an
equivalence relation. Recall that the equivalence class [x] of a point x € X is the set

[x]={ye X : x~y}.

A crucial feature of equivalence relations is that equivalence classes are either equal or
disjoint, i.e. for any x and y in X we have either [x] = [y] or [x] N [y] = @. We are going
to use this fact in the following way: If we can show that every equivalence class [x] is
an open subset of X, then we know that every [x] is also a closed subset. For, X \ [x]
is the union of all the other open classes and is therefore open itself (arbitrary unions of
open sets are open).

So, given an arbitrary point x, € X, we would like to show that [x,] is open. Let
Xx € X be a point in [x]. Since X is a smooth manifold, there is a local parametrization
¢ : B.(0) = U with ¢(0) = x, where U is open in X and B,(0) is the open ball of radius
€ in RY™ X Given any y € U, let ¢~'(p) be its preimage in B.(0). In B,(0), all points
are path-connected to 0. Hence there is a smooth path

y: [0,1]1 = B.(0), t = t- ()

with y(0) = 0 and y(1) = ¢~!(y). Since ¢ is a diffeomorphism, the composite oy is a
smooth path from x to yin X, i.e. x ~ y.
This shows that U is contained in [x]. Thus [x,] is an open subset in X, since every
point x € [x,] has an open neighborhood in X which is completely contained in [x].
Thus [xy] is a nonempty, open and closed subset of X. Since X is connected, this
implies [x,] = X. Thus X is path-connected.

Solution (Exercise 8.6) (a) The assumption that | f(x) — g(x)| < 2 implies that
f(x) and g(x) are never antipodal points. In particular, the straight line segment



Appendix A. Solutions to exercises 397

from f(x) to g(x) in R¥*! does not go through the origin for all x € X. Hence the
vector (1 —¢) f(x) +tg(x) is nonzero for all x € X and all ¢ € [0, 1]. Thus, we can
form the well-defined map

A =0fk)+18(x)
I(1 =0 f () +18()|

Since f and g are continuous, H is continuous and defines a homotopy from f to
g.

H: Xx[0,1] > Sk, x—

(b) By the previous point, there is a continuous homotopy H from f to g. Now it
suffices to compose H with a smooth bump function to turn it into a smooth ho-
motopy.

Solution  (Exercise 8.7) (a) If k is odd, then k + 1 is even and we can define the
map

. ok k+1
51 S S R (X, 0o X)) P (X0, X1y —=X3, X4 ev s =X py 15 Xp)-

This map can be extended to a linear map R¥*! — R**! and therefore s is smooth.
For each x € S, s(x) is nonzero and satisfies x L s(x). Thus s(x) is a tangent
vector at x, i.e. s(x) € T,.(S*) \ {0}. Hence

c: SF > T(SH, a(x) := (x, s(x))
is the desired non-vanishing vector field on S¥.

(b) Given a vector field 0 : S¥ — T(S*) which has no zeros. Let o(x) = (x, s(x)).
Since s(x) # 0 for every x € S¥, we can define a new vector field by

s(x)
ls()|”

By replacing s with this new non-vanishing vector field, we can assume |s(x)| = 1.
Hence we can assume s(x) € S and s(x) - x = 0 for every x € Sk.

X =

Now we define the map
F: SFx[0,1] = Sk, (x,1) = cos(zt)x + sin(zt)s(x).
We need to check that F(x, ?) is in fact an element in S* for every x € S*:

F(x,t) - F(x,t) = (cos(xt)x + sin(xt)s(x)) - (cos(zt)x + sin(xt)s(x))
= cos?(x1)(x - x) + 2 cos(xt) sin(zr)(x - s(x)) + sin2(7rt)(s(x) - s(x))
= cos>(xt) + sin’(xf)
=1
where we use x - x = 1 = s(x) - s(x) and x - s(x) = 0. Thus F(x,?) is a vector of
norm 1 for every x and every . Moreover, F is a smooth map with F(x,0) = x

and F(x,1) = —x, i.e. F is a smooth homotopy from the identity to the antipodal
map on S¥.
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(¢) Forl <i<k+1,letr; be the reflection map on the ith coordinate:

i sk » Sk,(xl,...,xk+1) A CTPIE SR SR N

Then the map S¥ x [0, 1] — S defined by sending (x,, ..., X441, 1) to
(X1, ..., X;_1, cos(mt)x; — sin(zt)x; .1, SIn(zt)x; + COS(TD)X; 41, Xj40s -+ » Xjy1)

is a homotopy from the identity on S¥ to the map r;or,,; : Sk — Sk.

The antipodal map is equal to the composition of reflections r;or,0 --- or; ;. Since
k is even ryo ---or;; is homotopic to the identity. Thus the antipodal map is
homotopic to the reflection r;.
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A.9 Abstract Smooth Manifolds

Solution  (Exercise 9.1) (a) A line in R? is determined by an equation of the form
ax+by+c = 0 with fixed (a, b, ¢) € R>. Since an equation of the form ax+by+c =
0 with @ = b = 0 does not define a line, we have to exclude triples of the form
(0,0, ¢). Moreover, the equations ax + by + ¢ = 0 and (da)xAb)y + (Ac) = 0
with A # O determine the same line. Hence X can be identified with the set of
equivalence classes

X =R\ {(0,0,0),(0,0,1)})/ ~
where ~ is the relation defined by
(a,b,c) ~ (Aa, Ab, Ac) if thereis a 4 # 0.

But this is the subspace of RP? given by removing the point [0 : 0 : 1]. Since any
subspace consisting of just one point is closed in RP?, we have shown that X can
be identified with an open subset of RP?:

X =RP>\ {[0:0: 1]}.

(b)  Every line in R? is determined by the point where it crosses the x-axis and a direc-
tion which can be expressed by an angle € [0, 2z]. Since we have not specified a
direction for the line, two angles which differ by adding z determine the same line.
Any angle between 0 and 2z can be described by a point on the unit circle, where
the points s and —s on S! correspond to angles which differ by adding z. Hence
any line in R? is determined by a (s, x) € S' X R where s is uniquely determined
up to multiplying with +1.

Solution  (Exercise 9.2) (a) We define
V,:={[z:w]€CP': z#£0}and V, := {[z : w] € CP! : w #0).

The preimage of ¥; in C? is the open subset {(z, w) € C? : z # 0} and preimage
of ¥, in C? is the open subset {(z, w) € C? : w # 0}. Hence V; and V, are open in
CP'. Since either z or w must be nonzero for every point [z : w] € CP!, {V},V,}
provides an open cover of CP'.

We define maps ¢, : R?> = V; and ¢, : R = V,

¢ (x, )= [1:(x+iy)]and ¢, : (x,y) = [(x +iy) : 1].
The inverses are ¢7' : ¥} — R? and ¢;' : V, - R? defined by

o' [y +iyy) L o +iyy)] ———5 X1 X2 + Y1Y2, X132 = X291)

2
X1+
and

d5' 1 [(xy +iyy) 1 (o +iyy)] - — 5 X1X2 + Y1Y2, X291 = X1 32)

2
Xty
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where the right hand sides arise from calculating the quotients of complex num-
bers.

As in the proof of Theorem 9.9 we can check that these maps do not depend on
the chosen representatives. It is also easy to see that ¢p and q’)i_l are mutual in-
verses which are both continuous. We check that the change-of-coordinate maps
are smooth: Both composites

1

—1 ¢1 (‘b; —1
¢y VinV)—Vinhh— ¢, (1nV,)

and

1

_ b o
7 (Vi n V) — VinV,— ¢ (Vi N V)

are given by

1
(x’ y) = ﬁ(x’ —J’)
X“+y
and are therefore smooth maps.

(b) We copy the relation we used before and just add a condition to make sure that the
norms are respected. We define ~ by

(29, wp) ~y (21, wy)
& z; = Azpand w; = Aw, for some 4 € C\ {0} with |A] = 1.

Then it is easy to check that S* ~ = (C? \ {(0,0)})/ ~.

(¢) For w # 0, we consider the points [z : w] = [z/w : 1]in CP! as points in C by
identifying them with z/w. This misses only one point in CP', the point [1 : 0]
’at infinity’. Then we mimic the stereographic projection and define 4 : CP! — S?
by

|z/w|?+1

{;(2z/w, lz/w|>—=1) ifw#0
[z : w]+—

where we consider S as a subset of C X R as before. We need to check that this
map has the desired properties:

We need to check that A([z : w]) actually is a point on S2. This is true for
h([z : 0]) = (0, 1) and for the other points we check

2z/w 2z/w (|z/w]? = 1)?
lz/w|? + 1 . lz/w|2+1  (Jz/w|? + 1)?
_Alz/w? + | z/w|* - 2]z/w]* + 1
- (Iz/w]? +1)?

_z/wl* +2]z/w|* + 1
C (z/wP 1y

|h((z : w)|? =

=1.
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We need to check that this map is well-defined, i.e., if A # 0 € C, we need
to check that A sends [z : w] and [Az : Aw] to the same point. This is true,
since we have |z/w| = |(4z)/(Aw)|.

For (z,0) € S3, we compute

h(e([z : 01)) = (0, 1) = 7(z,0)

where we use that |z|?> = 1 as z is a point on S°. And for (z, w) € S* with

w # 0, we get
) _ 1 2 _
h(p([z : w))) = 2wl 1(2Z/w, |z/w|” = 1)
_ |w|? 2
= —|z|2+|w|2(2z/w,|z/w| 1)

= 2z/w - (ww), |z|* - |w|?)
=2z - w, |z|* — |w]?)

= 7n(z,w)
where we used |z|? + |w|? = 1. Hence we have hop = 7.

The fiber consists of all points (z, w) in S3 with [z : w] = [zg : wyl. By the
definition of CP', that means (z, w) is in the fiber if and only if there isa A € C\ {0}
such that (z, w) = (Az,, Aw,). The additional feature we need to remember is that
(z,w) is in S? just as we did for the relation ~,. Hence A needs to satisfy || = 1.
Summarising, we have

(z,w) € 9~ (Izg * wol)
= (z,w) = (4zy, Aw,) for some A € C \ {0} with [A]| = 1.

In other words, the points in the fiber ! ([zg : wy]) are in one-to-one correspon-
dence to points A on the circle S! C C. This shows again that the fiber of the Hopf
map at any point is diffeomorphic to S'.

Solution (Exercise 9.3) (a) We write down local coordinate charts. For z € C\ {0},

let [z] be its equivalence class in H?. We pick a point [z,] € H?. Choosing
€ > 0 small enough, i.e., in our case 0 < & < 4/2 is enough, the open ball
Bg(zo) C C\ {0} does not contain any point z with [z] = [z,]. Hence the restriction
Bg(zo) — H? of the quotient map to Bg(zo) is a homeomorphism onto its image
Bg([zo]) C H?. The inverse is given by sending a point [z] € Bg([zo]) to the point
z € Bg(zO). Since € is small enough, there is a unique such lift in Bg(zO). This
defines a homeomorphism

¢ B(zy) > Bl([z,])

whose inverse y a local chart around [z,] € H =

If w, and y are charts around [z;] and [z,], respectively, then, since we chose €

401
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(b)

(c)
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small enough, the change of coordinate map
wyowT! 1 BX(z)) N BX(z,) > BX(2)) N BX(z,)

is just the identity. Since this is a smooth map, we have shown that H? is an abstract
smooth 2-manifold.

We write [z] for the image of z € A in A/Z. We claim that the map
h: AJZ - H?,[z], ~ [z]y

where [z] 4 and [z] denote the equivalence classes of z € C in A/Z and H =
respectively. We claim that 4 is a homeomorphism:

First we check that 4 is injective. Assume w, z € A with A([w] 4) = h([2) 4]
After possibly switching w and z we can assume |w| < |z|. Then there is a
k € Z, k <0, such that w = Akz. If k = 0, then w = z, and if k < 0, then
not both z and w can be in A, unless one of w and z has absolute value 1 and
the other one has absolute value 1/4. So let us say |w| = 1 and |z| = 1/4.
But in this case their images in the quotient A/Z are the same. Hence £ is
injective.

Next we check that f is surjective. Let z € C \ {0}. Then thereisa k € Z
such that Az € A. Hence h([/lkz]A) =[z]y € H?, and h is surjective.

Since A is a closed subset of C, the map 4 is continuous. Since A is compact
and the quotient map A — A/Z is continuous, A/Z is compact. Hence A is
a continuous bijection with compact domain and Hausdorft codomain. This
implies, by general topology arguments, that A is a homeomorphism.

This shows that H? is compact, since it is the image of a compact space under a
continuous map.

For (z, w) € C? \ {0}, let [z, w] be its equivalence class in H 4. We pick a point
[zy, wy] € H*. Choosing € > 0 small enough, the open ball Bj(zo) c C?\ {0}
does not contain any point (z, w) with [z, w] = [z,, wy]. Hence the restriction
Bj(zo, wy) = H 4 to Bg(zo) is a homeomorphism onto its image B;‘([zo, wyl) C
H*. The inverse is given by sending a point [z, w] € B}([z,, w;]) to the point
(z,w) € Bg(zo, wy). Since € is small enough, there is a unique such lift in
B(zy, wy). This defines a homeomorphism

¢ BX(zg, wy) — Bz, wyl)

whose inverse y a local chart around [z, wy] € H*.

If y, and y, are charts around [z, w;] and [z,, w,], respectively, then, by chosing
€ small enough, the change of coordinate map

l[/zollll_l 5 Bﬁ(zl, wl) N BE(ZZ’ LUZ) g Bﬁ(zl, wl) N BE(ZZ’ I/U2)

is just the identity. Since this is a smooth map, we have shown that H* is an abstract
smooth 4-manifold.
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(d) We consider S3 as a subsetin C? \ {0} and S! as the quotient [1,1/4]/(1 ~ 1/2),
i.e., the closed interval [1, 1/4] C R where we identify the endpoints. We define
a map

fiSxS'=Sx[1,1/41/(1 ~1/A) - H* (z,w, s) — [sz, sw].

We need to check that this is well-defined and compute f(z,w,1) = [z,w] =
(1/4z,1/Aw] = f(z,w, 1/A).

To show that f is a homeomorphism, we recall that every point in C? \ {0}
is determined by a direction, i.e., a point in S°, and the distance from
the origin. Since we identify points p; and p, in H* if p, = A*p, for
some k € Z, it suffices to specify the distance from the origin up to a
multiple of AX. This shows that f is injective. But f is also surjective,
since every point p in C? \ {0} determines a point in S°, that is the point
(z, w) where the line from the origin to p meets S>. Then there is a unique
k € Z suchthat 1 < A*|p| < 1/A. This real number A¥|p| is the coordinate s.

By general topology, that facts that f is continuous and has a compact
domain and a Hausdorff codomain, imply that f is a homeomorphism.

Our copy of S! equals the quotient R /Z where we identify two real numbers
sy and s, if 5| — 5, € Z. This makes it easy to provide local charts. Around
any x € R we can look at the open neighborhood (—& + x, x + €) which
maps homeomorphically onto its image in S! = R/Z under the quotient map
R — R/Z. On points in C? \ {0} and S, f and its inverse are just scaling
by a real number, some integer power of 4. So composition with local charts
results in a smooth map, since the local charts on S' = R/Z are just identity
maps and the local charts on S are diffeomorphisms as we have seen many
times before. Hence £ is a diffeomorphism as it is a smooth homeomorphism
with a smooth inverse.

Solution  (??) Recall the subsets V; := {[xy : ... : x,] € RP" : x; # 0} which
are open in RP". The product spaces V; X V; are open in RP" X RP" and hence the
subsets V;; = H(m,n) N (V; X V;) are open in H(m,n). The union of all V; X v for all
i, j covers RP™ X RP". Hence the union of all V; ;= H(m, n)NV; X Vj) for all i, j covers
H (m,n). In fact, it suffices to consider all pairs (i, j) with i # j, since if x; is the only
coordinate in [x] with x; # 0, then we must have y; = 0 in order to satisfy the condition
Z:"zo x;y; = 0. Thus we cannot have that x; and y; are the only non-zero coordinates in
[x[ and [y], respectively.

Now we define maps ¢;; : Rl Y, ; by sending the (m + n — 1)-tuple
(qseees X)) Yy oo s Y0p)) tO

<[x1 sl ix) by = Z Xyttt y,,_l)).

where the first 1 and the sum are at position i + 1, and the second 1 is at position j + 1.
Note that this actually yields an element in H (m, n), and not just RP™ X RP”, since the
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defining condition H (m, n) is satisfied. Their inverses d)l._j] T R™*"=1 are given by
sending ([xg : ... : x,l.[yg ¢ ... : y,Dto

1 a 1 N
(X0 e s Xy s X )y — (Vs eee s Vs eens .
(G SREAY JONRE A

We can check that the change of coordinate maps are smooth just as we did for real
projective space, since the sum Z;":O X;y; is a polynomial and hence smooth.
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A.10 Manifolds with Boundary

A.10.1 Manifolds with boundary

Solution  (Exercise 10.1) Let U ¢ R* and ¥ c H* be open neighborhoods of 0.
Suppose there was a diffeomorphism 8 : U — V. We can assume that O is sent to a
boundary point of V. In fact, we can assume that #(0) = 0. Otherwise we just another
pick point u € U with 8(u) € dV. Then df,: R*¥ — Rk is an isomorphism. By the
Inverse Function Theorem, there are subsets W; and W, in R containing 0 which are
both such that & maps W, diffeomorphically onto W,. Since W, is open in
R* and contained in the image of 6, we get that V' must be . But since V'
contains 0, it satisfies ¥ N 0HX # @ and cannot be open

Solution (Exercise 10.2) Let f: X — Y be a diffeomorphism of manifolds with
boundary. Let¢p: U — X and w: V' — Y be local parametrizations, where U and V'
are open subsets of H* (check that you know why the dimensions of X and Y must be
equal). Let 8 : U — V be the induced map. By shrinking U and V if necessary, we can
assume that 0 is a diffeomorphism with

fodp = woo.

Boundary points of X are those which are in the image ¢(dU) = ¢p(U N oH¥). Sim-
ilarly, boundary points of X are those which are in the image w(dV) = w(V n oH*).
Hence we need to show 8(dU) C dV, for then

f(@(U)) = w(8(dU)) C y(dV) C IY.

The argument is again based on the Inverse Function Theorem. Suppose there is
a point u € dU which is mapped to an interior point v = f(u) in V. Since @ is a
diffeomorphism, the derivative d(9='),: R¥ — R¥ of its inverse is an isomorphism.
But, since v € Int(V), V contains a neighborhood W of v that is open in R¥. Thus the
Inverse Function Theorem implies that #~! (W) contains a neighborhood of u that is open
in R*. Hence u is also an interior point in U which contradicts the assumption u € oU .

Solution (Exercise 10.3) (a) The image of F is the product S! x [-1/2,1/2]. This
is a product of a manifold without a boundary S! and the manifold [—1/2,1/2]
with boundary. The boundary of [—1/2,1/2] constists of the disjoint union of
{—1/2} and {1/2}. By Lemma 10.9, we get

0X =0(S' x[-1/2,1/2]) = S' x {=1/2} uS! x {1/2}.
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We define the maps

¢, (—n,7w)x[0,3/4) =Y,
(t,s) = ((1 +(=1/2 + s)cos(t/2)) cos t,
(14 (=1/2+ s)cos(t/2))sint,(—1/2 + s) sin(z/2))
¢_: (—n,m)x[0,3/4) >Y,
(,5) ~((1 4+ (1/2 — s)cos(t/2))cost,
(14 (1/2 = s)cos(t/2))sint, (1/2 — s) sin(t/2))
v, : (0,27) x[0,3/4) =Y,
(,5) ~((1 4+ (=1/2 4+ s)cos(t/2)) cos t,
(1 4+ (=1/2+ s)cos(t/2))sint, (—1/2 + s) sin(t/2))
w_: (0,27) X [0,3/4) =Y,
@, s) —»((14+(1/2—=s)cos(t/2))cost,
(1+(1/2 —s)cos(t/2))sint, (1/2 — s) sin(t/2)).

As one can check by calculating the partial derivatives, each of these maps are
diffeomorphisms, and the union of their images covers Y. Hence we can use these
four maps as local parametrizations of Y.

The boundary of Y is then given by the union of the points

Y =¢, (=7, 7) X {0}) U p_((—7, 7) X {0})
Uy, ((0,27) x {0}) Uw_((0,27) x {0}).

Setting s = 0 in the fomulae for those maps gives
Y ={((1 - %cos(t/Z)) cost, (1 — %cos(t/Z)) sint, —% sin(t/2)) € R3:teR)

U {((1+ %cos(t/2)) cost, (1 + %cos(t/2)) sint, % sin(t/2)) € R? : t € R}.

But, in fact, the two sets describing 0Y are the same which we see when we replace
t with ¢ 4+ 27 and use some simple trigonometric identities:

<1 — % cos(%)) cos(t +2x) = <1 + % cos(t/2)> cost,

<1 - % cos(%)) sin(t +2x) = <1 + % cos(t/2)) sint

Hence

Y = {((1 + %cos(t/Z)) cost, (1 + %COS(I/Z)) sint, % sin(t/2)> ER:re R} .

Now we would like to show that 9Y is diffeomorphic to S!. Remembering the
trigonometric identities

sint = 2sin(¢/2) cos(¢/2) and cost = cosz(t/2) — sinz(t/Z)
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we see that the map

@: R? - R3, (x,y) — <(1+%x> (xz—yz),(1+%x> 2xy, %y)

restricts to a bijection from S! onto Y (for injectivity, note that the last coordinate
determines y uniquely, then the circle equation determines x up to sign, and the
first and/or second coordinate determine the sign of x).

It remains to check that ¢ is a local diffeomorphism. Since @1 is a bijection
onto its image, this will show that it is a diffeomorphism.

First we observe that ¢ is smooth, since the three functions in each coordinate are
just polynomials and hence smooth. To see that ¢ is a local diffeomorphism,
we use the maps

¢: U — St (cos(t/2),sin(t/2))

and
. 1 1 S
v:U—>oY,t— <<1 + 3 cos(t/2)> cost, <1 + 3 cos(t/2)> sint, 3 sm(t/2))

where U C R is some sufficiently small open subset. Then ¢ and y serve as local
parametrizations of S' and Y, respectively, for suitable choices of U. But the
induced map 8 : U — U which arises as the composite u/_10(p|§1 o¢ is just the
identity 7 — 7. Hence @1 is a local diffeomorphism.

Solution  (Exercise 10.4) (a) We proceed as before when we showed that tangent
spaces are well-defined.

Lety : V' — X be another local parametrization around x with y(0) = x, where V'
is an open subset of H*. By shrinking both U and V', we can assume ¢(U) = w(V)
(replace U by ¢~ (¢p(U) nw(V)) C U and V by yw~L(¢p(U) nw(V)) C V).

Then the map
0:=ylogp: U—>V

is a diffeomorphism (its the composite of two diffeomorphisms). By definition of
0, we have ¢ = wod. Differentiating yields

degy = dyyodb,

(where we have used the chain rule). This implies that the image of d¢, is con-
tained in the image of dy:

dpo(R¥) C dyg(R¥) in RV,
By switching the roles of ¢ and y in the argument, we also get:
dyo(R¥) C dpy(R¥) in RN,
Hence T.(X) = d¢y(R¥) = dyy(RF) is well-defined in RV,
In particular, the image of the upper halfplane H* c R is well-defined:
H, (X) = dgpy(H") = dyry(H) in RV,
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(b) The codimension of T,.(dX) in T,(X) is one. Thus the orthogonal complement
of T, (0X) is one-dimensional and is spanned by one vector. By definition of 0.X
as the image of the points in d H H* under local parametrizations, we know that
d¢y(e,) spans the complement of T, (0.X) in T, (X), since d ¢, is an isomorphism
and e, = (0, ...,0, 1) is nonzero and not contained in d qbo([H]k). We also know by
the definition of H (X)) that d¢y(e,) € H,(X), and therefore d¢y(—e,) & H, (X).
But we do not know whether d ¢py(—e,,) is orthogonal to 7,.(d.X ) in T, (X ). To make
d¢y(—e,) into a vector which is orthogonal to 7', (d.X ), we apply the Gram-Schmidt
process. It produces a unit vector which is orthogonal to 7, (0 X). We denote this
vector n(x), this is the outward unit normal vector to dX. Note that —n(x) is a
unit vector contained in H, (X) and orthogonal to T, (0.X), this is the inward unit
normal vector to d.X.

(c) From what we have learned in the previous point, we can construct n(x) by ap-
plying the Gram-Schmidt orthonormalization process to d¢,(—e; ). This process
depends smoothly on the coefficients in the matrix representing d¢,. Since the
derivative d ¢, depends smoothly on u, d¢,(—e,) depends smoothly on u. By the
independence of the choice of local parametrization, we see that n(y) = d¢,(—e;)
for all y € ¢(0U)) which is an open neighborhood of x in X, where ¢p(u) = y.
Thus, in total we see that n(x) depends smoothly on x in 0.X.

Solution (Exercise 10.5) (a) The boundary of X is 0X = {(x,y) € R? : x = —1}.
The derivative of f is given by the 1X2-matrix d f(, ,, = (2x 2 y). Hencedf,
is a surjective linear map for all (x, y) # (0,0). Since f(0,0) =0 # 1,d e is
surjective for all (x, y) € f~'(1)and 1is a regular value of f.

The restriction of f to the boundary of X is
af : 0X = Y, (=1,y)~ 1+~

Hence the derivative of df is given by the 1 X I-matrix (0f)_, ) = 2y. This is
a linear map which is surjective if and only if y # 0. Since (—1,0) € dX and
df(—1,0) = 1, we see that 1 is not a regular value of 9 f.

(b) The preimage f (1) is just the unit sphere S!. Hence the boundary d(f “1(1)) is
empty. However,

FHDNOX = {(x,y) € R? : xX?+y* = 1}n{(x,y) € R? : x=—1} = {(-1,0)} # 0.

In particular, a(f~'(1)) # f~'(1) n 9X.

This is not a contradiction to the Preimage Theorem for manifolds with boundary,
since the conclusion of the theorem required that 1 was a regular of both f and o f.
But we showed in the first part that 1 is not a regular value of 0 f.
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A.11 Brouwer Fixed Point Theorem

A.11.1 Brouwer Fixed Point Theorem

Solution  (Exercise 11.1) If A is not invertible, then O is an eigenvalue, and we are
done. So assume A is nonsingular. For any vector v € $"~! ¢ R”, the vector Av/|Auv|
has norm one and lies on S"~!. (Note that this map is not defined for v = 0 and we cannot
continuously extend it on 0. Hence we cannot just consider this as a map D” — D"!)
Letg: S"! — S" ! be the map v — Av/|Av|. Now we use the assumption on A: if

veEQ={(x,....,x,) €S : allx; >0}

then Av has only nonnegative entries, since the entries in v are all nonnegative and all
the entries in A are by assumption nonnegative. Since |Av| > 0 is nonnegative as well,
we know that g(v) is an element in Q. Thus we can restrict gtoamap g: O — Q.

Now we can compose with a homeomorphism ¢ : Q = D" to get a continuous
map

=
f:omt 5 05 02 ot

By the Brouwer Fixed Point Theorem 11.10 for continuous maps, f must have a fixed
point y € D"~! with f(y) = y. Hence the image of w := @~ () isavectorin $"~! c R”
with

Aw/|Aw| = w, ie., Aw = |Aw| - w.

Since w is nonzero being a point on S$"~!, w is an eigenvector with real nonnegative
eigenvalue |Aw]|.

Solution  (Exercise 11.2) (a) Assuming that X is simply-connected, f can be ex-

tendedtoamap F : D> — X. Letr: X — S' be the map defined by p — I%I' We

can compose these maps to get
F
g: D= X5 S! & D2

(b) The image of g is contained in S! by definition of g as a composition with the
inclusion S' < D?. Hence the only possible fixed points of g are contained in S'.
But g sends points in S! € D?, to their antipodal points. Hence g does not have
any fixed points.

(¢) If X =R?\ {(0,0)} was simply-connected we could construct a continuous map
g : D?* — D? without a fixed point. This contradicts Brouwer’s Fixed Point Theo-
rem 11.10. Hence X = R?\ {(0,0)} cannot be simply-connected.

Solution  (Exercise 11.3) Assume there was such a homotopy F : S' x[0,1] - X =
R2\ {(0,0)}. Then we get a homotopy H between the identity map of R? \ {(0,0)} and
a constant map as follows: Let G : X X [0, 1] — X be a homotopy between the identity
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of X, i.e., G(p,0) = p, and the map r, i.e., G(p, 1) = p/|p|. Then we define a homotopy
by

H: R?\ {(0,0)} x[0,1] —» R%\ {(0,0)}

0.5 G(p,21) for0<t<1/2
’ F(r(p),1-21) for1/2<t<1.

This would imply that R? \ {(0,0)} is contractible. This contradicts our result that R? \
{(0,0)} is not simply-connected.
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A.12 Brouwer Degree mod 2 and Borsuk—Ulam Theorem

A.12.1 Degree modulo 2

Solution  (Exercise 12.1) Let z be a regular value for g. If z is not in the image of g,
then deg,(g) and deg,(go f) both vanish and the claim is true. So let us assume that z is
in the image of g. We showed in a previous exercise that z then is a regular value for go f
if and only if every y € g~!(z) is a regular value for f. Hence we can use z to compute
deg,(gof) if and only if we can use y € g7 '(z) to compute deg,(f). If z is not in the
image of go f, then y is not in the image of f. In this case both deg,(go f) and deg,(f)
vanish and the claim is true. So assume there are points x € X with g(f(x)) = z. Then
it remains to apply the definition of deg,. By our assumptions, we have

degy(gof) = #(gof) ' (2)
=#"'(g7(2))
= (#g (@) - G )
= deg,(g) - deg,(f) mod 2

where we use that the number of points in the fiber f~!(y) is the same forevery y € g~(2)
which is a regular value for f.

Solution  (Exercise 12.2) (a) Assume f is not surjective. Then thereisay € Y
which is not in the image of f. Hence y is a regular value for f and we can use it
to compute the degree of f as

degy () =#/7'(») = 0.
This contradicts the assumption that deg,(f) # 0. Hence f must be surjective.

Alternative argument: Since deg,(f) # 0, we must have #f “1(») #0 mod 2 for
some y € Y. But, since Y is connected, the function

#f (=) : Y > Z/2,y—#f71(y) mod?2

is constant. Thus we must have #f~!(y) # 0 mod 2 for all y € Y. Hence
f'(y)#@forall y € Y and f is surjective.

(b) Let us assume deg,(f) # 0 and derive a contradiction. By the previous point, if
deg,(f) # 0, then f is surjective. Butthatmeans Y = f(X). Since f is continuous
and X is compact, the image of X under f is compact. Hence Y would be compact
as the continuous image of a compact space. This contradicts the assumption.
Hence we must have deg,(f) = 0.

(¢) Letf:S!— S!'beasmooth map without fixed points. We define the map

G(x,1): S'x[0,1] » R?, (x,1) — f(x)(1 =1) — tx.
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We would like to turn G into a homotopy between f and a. Hence we need to
manipulate G such that its image is contained in S' ¢ R2. We can arrange this if
G(x,t) # 0. For then G s in S!. Hence we need to check G(x,t) # 0 for all

|Gl
(x,1) € S x [0, 1].
For a fixed x and varying ¢, f(x)(1 — t) — tx describes the line segment in R?
between the two points f(x) and —x on S'. The only way, this line segment can

pass 0 € R?, is when f(x) = x is the antipodal point to —x. But, by the assumption
on f, f(x) # x forall x € S'.

Thus the smooth map

J)A —1) —1x
|/ (1 = 1) —1x]

F(x,): S'x[0,11 = S, (x,1) —

is a homotopy between f and «a.

Since a~!(x) = —x for all x € S', there is exactly one preimage point for each x.
Hence deg,(@) = 1. Since f and a are homotopic, the invariance of deg, under
homotopy implies deg,(f) = 1. By the first point, deg,(f) = 1 implies that f is
surjective.
Solution  (Exercise 12.3) We define
f:C—C, zm 2’ +cos(|z]H( +93zY.
We can define a homotopy from f(z) = z' to f1(z) = f(z) by
f(2) =tf(z)+ 1 =)z’ =z +tcos(|z|)( + 93z%).

Since |z|” dominates the absolute value of fi(z) forall ¢ € [0, 1], or in other words, since
the second summand in the parantheses goes to 0 when z — oo in

f1(2)
I b1 !

2
08219 1 1 93,4,

/+(2z) has no zero on the boundary of a closed ball W C C of large enough radius. Thus
the homotopy

fi(2)
4
| /(2]

is defined for all . By the homotopy invariance of deg,, we have

f(2) _ fo(2) _ .
e <|f<z>l> - <|f0<z>|> =deg(zD =1 mod2

Thus, by the Boundary Theorem 12.10 for deg,, f(z) must have a zero inside W'.

S
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Solution  (Exercise 12.4) We define a homotopy from py(z) = z™ to p;(z) = p(z) by
p(z)=tp(z)+ (1 —-1z" =z" + t(alz'”_1 + - +a,).

For z # 0, we consider

z a a
w=1+t.<_l+...+_’">‘
7 Z 7

As z — oo moves towards infinity, the term a?‘ + -+ Z—'; — 0 moves towards zero.
Hence, if W is a closed ball around the origin in C with sufficiently large radius,
of the p, has a zero on oW/.

Thus the homotopy

P oow S st
A

is defined for all r € [0, 1]. This implies

D Do
degz (m) = degs (w)'

Since py(z) = z" and #{z € W : Z = 1} = m, we have

|zl —

deg, <%> =m mod 2.

Hence, if m is , then deg, (ﬁ) # 0, and there must be w € W with p(w) = 0
by Theorem 12.12.

A.12.2 Borsuk-Ulam Theorem

Solution  (Exercise 12.5) Assume that f/, ..., f did not have a common zero. Then
we can form the smooth odd map

fi=f1ss 1200 SF = RN {0).

Now we can apply Theorem 12.21 to f and L being the x,_ ;-axis. Hence f intersects
L at least once. But x with f(x) € L is a common zero of the f, ..., f,. Hence the
f1>---, fr must have had a common zero after all.

Solution  (Exercise 12.6) We define functions f, ..., f; on S* by

fi(x) = gi(-x) - gi(—x).

Then each f; is smooth and odd. The functions f, ..., f; satisty the assumption of the
previous exercise. Hence there is a common zero of the fi, ..., f;, which is the desired
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point p € Sk

Solution (Exercise 12.7) Since the p;’s are all homogeneous of odd order, they satisfy
pi(=x) = (=" p;(x) = —p(x)).
Moreover, for any x € R"*! \ {0}, we can consider the associated map
q:S">R, x—p X ).
|x

Since n+ 1 > 2, this is a smooth map. Hence we have n smooth real-valued functions
qi,.-.,q, on S", all satisfying the symmetry condition

qi(_x) = Pi(_x/lxl) = _Pi(x/lxl) = _qi(x)-

By the first exercise, we know that these n maps ¢, ..., g, must have a common zero
on §", say x, € S".
Since the p; are homogeneous, g;(x,) = p;(xy) = 0 implies

pi(x) =+ =p,(x) =0forall x = Ax, for some 4 € R.

Hence the line spanned by x,, in R"*! is the desired line on which all p; vanish simulta-
neously.

Solution  (Exercise 12.8) Assume such a map f existed. Then we could define the
continuous map

g: B> ={(x,) ER? : x> +)* <1} = S, g(x,y) 1= f(x,3, V1 = x2 —)?2).

Note that g is continuous, since g is the composite of f* with the inverse of the projection
the projection from the upper hemisphere of the sphere to BZ. Then, by the assumption
on f, we have

g(_x9 _y) = f(_x’ =), O) = _f(x’ Vs 0) = _g(xa J’)

for any (x,y) € S! = 0B?, i.e., for (x,y) such that 1 — x> — y> = 0. In particular,
8|om? - S! — S! satisfies the assumptions of the Borsuk-Ulam Theorem. Hence, by the
Borsuk-Ulam Theorem, deg,(g) = 1. But gyp> can be extended to a continuous map
on all of B2. Thus, by the Boundary Theorem for degrees, deg,(g) = 0. Hence the
assumption that f exists, leads to a contradiction. Thus f cannot exist.

Solution (Exercise 12.9) Assume that there is no such point p. Then we can consider
the map g : S? — S! given by
_ S = fp)

|f(p) — f(=D)I

By the assumption, g is smooth and satisfies g(—p) = —g(p) for all p € S?. This contra-

g(p)



Appendix A. Solutions to exercises 415

dicts the result of the previous exercise.

Solution  (Exercise 12.10) Let U C R? and V' C R” be open subsets. After possibly
translating we can assume that V' contains the origin. Moreover, since V' is open, there
is an € > 0 such that B?(0) C V, where B’ (0) denotes the closed ball of radius £ centred
at the origin. We can then consider the subset Sg C Bg(O) Cc B7(0) C V. Assume
now there was a homeomorphism ¢ : V' — U. Then g, s? is still a homeomorphism.
Since scaling defines a homeomorphism S? — Sg, composition with P52 would yield

a continuous map S*> — R? with f(p) # f(—p) for all p € S%. This contradicts the
assumed continuous version of the previous exercise.
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A.13  Thom Transversality

Solution  (Exercise 13.1) Let X and Y be submanifolds of RY. As in Section 13.4.2,
we define a
F: XxRN 5 RN (x,a) » x +a.

The derivative of F is given by
dF(x,a) : Tx(X) X RN - RN, (v,w) - v+ w.

Thus d F, , s surjective at every point (x, a). Hence F is a submersion, and therefore
transversal to every submanifold of RY . In particular, it is transversal to both boundary-
less submanifolds Int(Y") and 0Y.

By the Transversality Theorem 13.25, the map

t,: X—>IRN,x'—>x+a

is transversal to each of Int(Y) and dY for almost every a € RY. Hence it is transversal
to both Int(Y) and 0Y for almost every @ € RN. The derivative of the translation 7, is
just

dit,),: T.(X) = RN, v 0.

Moreover, the tangent spaces of X + a and X are equal, since any local parametrization
¢ of X defines a local parametrization ¢ + a of X + a. Since the derivatives of ¢ and
¢ + a are equal, we have T,.(X) =T, (X + a).

Hence the transversality ¢, M Y implies

RY =Im(d(,),) + T, oY) =T (X)+ T ((¥) =T (X +a) + T, ,(Y). (A6)

If y=x+a €Y, then (A.6) means that X + a and Y meet transversally in y = x + a.
Ifx+agY,thenx+a¢& (X +a)NnY,and X + a and Y meet transversally in x + a
automatically.

Solution  (Exercise 13.2) (a) Let X be a compact submanifold of R", and let w €
R”". Since X is compact, the continuous function

X->R x |w=-x|?

has a minimum. Let x € X be a point, where this function has its minimum (there
may be many such x’s, we just pick one). Hence x is a point of X which is closest
to w.

Now let ¢ : (—a,a) — X be any smooth curve on Y with ¢(0) = x. The smooth
function

f:(=aa) >R, t- |w-c@)
then has a minimum at ¢t = 0. Thus its derivative d f, at O vanishes. Writing
f@) = |w—c@)|* = (w - c@)) - (w— c(t)) using the scalar product, we see that
d f, is given by

dfo=2w —c(0)) - (—dcy)
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where we consider dc as a vector in R" (it really is a matrix with one row and n
columns). In particular, we get w — x = w — ¢(0) is orthogonal to d¢; in R”.

Since every tangent vector in 7, (X) is the velocity vector dc, for some smooth
curve ¢ on X with ¢(0) = x, this shows w — x € N (X) by definition of N, (X) as
the orthogonal complement of 7,(X) in R".

(b) Let N C N(X) be the open neighborhood of X (or rather of X X {0}) in N(X)
which is mapped diffeomorphically onto X* C R” by 4. Given w € X?, there is
unique element n € N with hA(n) = w. Since elements in N (X) are pairs (x, v)
with v € N (X)), there is a unique x € X and v € N, (X) such that n = (x, v) and
o(n) = x. Since h(x,v) = x + v by definition, and h(n) = w by the choice of n,
we must have v = w — x € N,(X). Hence the pair (x, v) is uniquely determined
by w € X¢.

Since we have the commutative diagram

N(X)-2— x*

N

X

we know w(w) = o(n) = x.

By the previous point, we know that any x, € X with minimal distance to w, must
satisfy w—xy € N xO(X ). We just learned that 6(n) = x € X is the unique element
in X with this property. Hence z(w) is the unique point of X closest to w.

Solution  (Exercise 13.3) Let X be a submanifold of R. Let V' be a k-dimensional
vector subspace of RYN. Every such V has a basis consisting of a k-tuple of linearly
independent k-tuples of vectors in RY. In particular, every V is the span of such a k-
tuple in RV .

So let S C (RN)* be the set consisting of all linearly independent k-tuples of vectors
in RN, For a k-tuple of vectors [v] := vy, ..., v, in RV, let A, be the N X k-matrix
with the v;’s as column vectors. Then the k-tuple vy, ..., v, is linearly independent if
and only if he k X k-matrix AEU]A[U] is invertible, i.e. det(AEU]A[U]) # 0. Hence S is the
inverse image of the open subset R \ {0} under the continuous map

RV = R, [0] = det(Af Apy)-
Thus S is an open subset in RV,
We define the map ¢ : R* x § — RN by

([t], [U]) = ((tl’ ’tk)’ Ul’ coo ,Uk) o d tlvl + --- +tkvk

Since S is open in RN*, the tangent space to .S at any [0] is just RV, Moreover, @ is
linear in each coordinate. Thus the derivative of ¢ at any point ([¢], [v]) is just @. Since
@ is surjective, d @i [,)) 1S surjective. Thus ¢ is a submersion.
Hence, the Transversality Theorem 13.25 implies that, for almost every s = [v] in .S,
the map
Pt RES RN, (1, 1) o 1o + - + 10,
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is transversal to every submanifold in RY. In particular, @,y M X for almost every
s = [v]. This means

RN =Im (dey,) + T(X) = Im (@) + T, (X)

for every x € X. But the Im(¢,)) is by definition of ¢ just the span of the k-tuple
[v] = {vy,...,0, )} in RN,

By our opening remark, every k-dimensional vector subspace in RY is the span of
some [v] € S. Thus we have shown that for almost every V' := span([v]) = Im (¢[,;) in
RN we have

V+T.(X)=RN

forevery x € X. Thus V' i X.

Solution (Exercise 13.4) (a) Suppose that f: R" — R” is a smooth map with
n> 1, and let K C R" be compact and € > 0. If d f, # O for all x € R", then we
can take g = f.

Now assume there is an x € X such that d f, = 0. We would like to replace f
with a suitable smooth function g : R"” — R” satisfying the two conditions

(a) dg, #0forall x € X, and

®d) |f(x)—gx)| <eforall x € K.
The idea for the solution is to replace f with f + A for a suitable matrix A € M (n).

For any given A € M(n) \ {0}, the set of norms {|Ax| € R : x € K} has a
maximum g4 > 0.

Hence if 4 < g, then |Ax| < € for all x € K, and we can define g : R" — R" by
g(x) = f(x) + Ax. This map is smooth and satisfies condition (b).

Since ﬁA is a linear map, the derivative of g at x is dg, = d f, + ﬁA.
A A

In order to prove the assertion, it remains to show that we can find an A € M (n)
suchthatd f, + A# 0and py <e.

To do this, we define the map
F:R'"XM(n) - M), (x, A)~ df, + A.

The derivative d Fi, 4 of F ata point (x, A) is the sum of the derivative of d f, and
the identity map on M (n). In particular, d F(, 4, : R" X M(n) — M (n) is always
surjective. Hence F is a submersion, and thus transversal to every submanifold of
M (n).

By the Transversality Theorem 13.25, this implies that, for almost all A € M (n),
the map

F,: R" > M(n), x— F(x,A)
is transversal to the submanifold {0} of M (n).

But, ,dimR” = nis than n? = dim M (n).
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Thus, since {0} is a zero-dimensional submanifold of M (n), F, is transversal to
{0} if and only if the intersection Im (F,) N {0} is empty, i.e., F4(x) # O for all
x € X.

The subset of matrices in M (n) with max{|Ax| : x € K} < ¢ is open in M (n).
This implies that the intersection of its complement with any subset of measure
zero in M (n) has measure zero. Thus, by the Transversality Theorem 13.25, we
canchoosean A € M (n) with F (x) =d f,+A # Oforall x € X and max{|Ax| :
x €K} <e.

(b) Forn =1, we construct a counter-example: Let f : R — R be defined by f(x) =
x2,let K =[-2,2] CR,and lete = 1. Let g : R — R be a smooth function with

| f(x)—g(x)| <1forall x € K.
In particular, this implies

3<g(-2)<5,3<g)<5,and —1<g0)<1.

This shows
8(0) — g(=2) <0and 8(2) - g0 5 0.
0-(-2) 2-0
By the Mean Value Theorem, there are real numbers ¢ € (—2,0) and e € (0,2)
such that
/ 8(0) —g(=2) , 8(2) —g(0)
=22 ° 7 <(0and ===
gle)==g= ) and g'(e) 20

Since g is smooth, g’ is differentiable. Hence we can apply the Intermediate Value
Theorem to g’ and get a number e € (c, e) with g’(d) = 0. Hence we cannot find
g with both g’(x) # O for all x and |f — g| < € on K.
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A.14 Intersection Theory modulo 2

Solution  (Exercise 14.1) We showed in a previous exercise that
f @ g '(W) if and only if (go f) M W.
Moreover, since codimensions are preserved under taking preimages, we have
dim X + dim W = dim Z if and only if dim X + dim g_l(W) =dimY.

Thus,
L(f, g_l(W)) is defined if and only if I,(go f, W) is defined.

Now it remains to observe that the finite numbers satisfy

L(f,g7 W) =#f"1 g ' W) = #(gof)'(W) = L,(go f, W).

Solution  (Exercise 14.2) (a) Let Z C Y be any closed submanifold with dim X +
dim Z = dimY. For dim X > 1, this implies dimY > 0 and dim Z = dimY —
dim X < dimY. In particular, Z is not all of Y and there exist points in Y which
are not in Z.

We can assume that Y is connected, since f being homotopic to a constant map
implies that the image of f lies in only one connected component of Y. Hence any
part of Z in a different connected component satisfies f~1(Z) = @.

Assume that f is homotopic to the constant map g : X — {y,} C Y. If y, € Z,
then g and Z do not meet transversally, since dim Z < dimY and dim{y,} = 0.
But since Y is connected and a smooth manifold, it is path-connected. Hence there
is a path y from y, to a point y, with y; € Z. Then g, is homotopic to the constant
map g; : X = {y;} C Y by composing g, with the path y. Since being smoothly
homotopic is a transitive relation, we have f ~ g;.

Since y; & Z, we have g; @ Z. This means g;'(Z) = @, i.e.,
I(gy, Z) = #g,'(Z) = 0.

By the homotopy invariance of I,(—, Z) we have I,(f, Z) = 1,(g,, Z), and hence
I,(f,Z)=0.

(b) Assume that X = {x} is a one-point space. In particular, we have dim X = 0.
Thus any closed submanifold Z C Y with dim X +dim Z = dim Y is of dimension
dim Z = dim Y. This implies that every such Z intersects every other submanifold
of Y transversally. In particular, {x} M Z, i.e., f M Z for every map f: X =
{x} = Y. Hence, by definition of intersection numbers, we can calculate I,(f, Z)
by assuming f(x) = y € Z and get

IL(f.Z)=#""(Z) =#{y} =1 #0.

(¢) Since S! is compact, the intersection number I,(idgi, {x}) is defined for every
point x € S' where we consider intersections in S!,i.e., Y = X = S'. Since the
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idgl1 (x) = {x}, we have I,(idg1, {x}) = 1 # 0. But we just learned that if idg; was
homotopic to a constant map, then I,(Ids:, {x}) had to be zero, since dim S! = 1.
Thus there is at least one map S' — S! which is not homotopic to a constant map.
In fact, up to homotopy there is one homotopy class of maps S! — S! for every
integer n € Z represented by taking nth powers in C: z — z". We will learn more
about that later.

Solution (Exercise 14.3) (a) LetY be contractibleanddimY > 0. Letf: X - Y
be a smooth map with X compact and Z C Y closed, and dim X + dim Z =
dimY. Since Y is contractible, the identity map idy is homotopic to a constant
map Y — {y} C Y. Thus f is homotopic to the constant map X — {y} C Y.
Since dimY > 0, we have {y} # Y and there are points in Y different from y.
Hence, since dim X > 1, the previous exercise implies I,(f, Z) = 0.

Finally, we recall that Euclidean space R is contractible for all k.

(b) If X is compact, then the intersection number I,(idy, {x}) is defined for every
point x € X where we consider intersections in X (withY = X and Z = {x}). For
the dimensions are complementary and id , meets every submanifold transversally.
This intersection number satisfies I,(idy, {x}) = #{x} = 1, since x has exactly
one preimage under id .

If X is contractible and dim X > 1, we can apply the previous point. Or we note
that we have idy ~ g where g : X — {y} is some constant map. Since dim X > 1,
we have g M {x} for x € X if and only if x # y. Hence I,(g, {x}) = #g7'(x) = 0.
However, since idy =~ g, we have I,(idy, {x}) = I,(g, {x}). This is impossible.

Hence, if dim X > 1, X cannot be both compact and contractible.

If dim X = 0, then the only way X can be contractible is that it consists of just one
point. This is a compact space.

Solution  (Exercise 14.4) (a) Let f: X — Sk be a smooth map with X compact
and 0 < dimX < k. Let Z be a closed submanifold Z C Sk of dimension
complementary to X, i.e., dim X + dim Z = dim S¥. The image of the derivative
d f, at any point has at most dimension dim X = dim 7,(X) in Tf(x)(Sk). Hence,
since dim X < k, d f, cannot be surjective. Hence the only points in S¥ which
are regular values of f are the points which are not in the image of f. By Sard’s
Theorem, however, we know that regular values exist. Hence there must be a point
peSkwithp ¢ f(X)N Z.

Now stereographic projection provides a diffeomorphism ¢: SK \ {p} — Rk
Since p is not in the image of f, the composition gof : X — Sk \ {p} —» R¥is
defined. Similarly, since p is not in Z, ¢, is a diffeomorphism. Hence we can
consider ¢(Z) as a submanifold of R* of dimension dim Z which is diffeomorphic
to Z. This implies

L(f.Z) = I)(¢of. p(2))

where the latter is the intersection number mod 2 in R*. But since R¥ is con-
tractible, the previous exercise implies I,(¢o f, $p(Z)) = 0. Thus I,(f, Z) = 0.
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(b) Considering S! C C, we can define tow submanifolds X and Z as X = S' x {1}
and Z = {1} x S" in S! x S!. They intersect in the single point ¢ given by
g:={1}x{1} € S' xS The tangent space to S' x S! at g is

T,(S'xS") =T (S"YXT(S") = T\(X) X Ty(2).

Hence X and Z meet transversally in S! x S!'. Thus their intersection number in
S!x Slis Iy(X, Z) = 1.

Now assume there was a diffeomorphism ¢ : S! x S' - S?. The map:: S! <
S!'xS!, z+ (z,1) maps S! diffeomorphically into X. Composition with ¢ gives
us amap @oi: S' — S?. Since ¢ is a diffeomorphism, @(Z) is the diffeomorphic
image of Z, and we would have

I(X, Z) = 1,(, Z) = L)(go1, p(Z))

where the latter is the intersection number in S2.

But by the previous point, I,(@o1, p(Z)) = 0 since dimS! = 1 < 2.

Solution  (Exercise 14.5) (a) Let/: X X[0,1] — Y be a smooth homotopy with
1(x,0) = iy(x) being the embedding of X in Y and i;(X) = Z C Y. We define a
new map

F: XX[0,1] =Y X[0,1], (x,7) = (I(x,1),1).

Since I is smooth, F is smooth.

Now we define W := F(X X[0,1]) C Y %[0, 1] to be the image of X X [0, 1] under
F. We claim that W is a compact smooth manifold with boundary. First, since X
is compact, X X [0, 1] is a compact, and hence its continuous image F(X X [0, 1])
in Y X [0, 1] is compact.

Since I(—,?) is an embedding for every ¢t € [0, 1], and the identity map on the
second component is obviously an embedding as well, F is also an embedding.
Thus the image of F is a smooth manifold.

The boundary of W is then given by

oW =W na(Y x[0,1])
=FXX{OHDnNnY X {0JUFX X{1}DnY x {1}
=X x{0}uZx{1}.

Hence W is a cobordism between X and Z.

(b) Let X and Z be cobordant in Y, and let C be a compact submanifold C in Y with
dimension complementary to X and Z. Let f denote the restriction to W of the
projection map Y X [0, 1] — Y. Then df = f|yy, is a smooth map which can be
extended toamap f : W — Y. Hence, by the Boundary Theorem, I,(df,V) =0
for any closed submanifold V' of Y of dimension dim V' = dim Y —dim 0W'. Since
dim W = dim X = dim Z, we have, in particular,

L(0f,C) =0.
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By the Transversality Homotopy Theorem 13.27, we can assume f M C and df M
C. In particular, we can assume X M C and Z M C. Hence I,(X,C) =#X N C)
and I,(Z,C) = #(Z n C). By definition of f, (0f)~1(C) is given by

0f)~(C) = oW n(C x[0,1])
=X x{0hn(EC x[0,1Du(Zx{1}PDh)Nn(Cx][0,1])
=((XNC)x{0Hu(ZNC)x {1}).

Thus

0=1,0f.C)
=#0/)"'(0)
=#H (X NO)X{0HD+#(ZNC)x {1})
=#XNOC)+#HZNnCO)
= 1,(X,C)+ I,(Z,C).

Since we are working modulo 2, this implies

L,(C,X) = I,(C, Z).

Solution  (Exercise 14.6) By Theorem 13.14, there is an open neighborhood Z* C X
of Z and a diffeomorphism Z¢ =~ N¢(Z, X) to an open subset N°(Z, X) C N(Z, X).
Now we use the assumption on Z. By Theorem 13.15, there is a diffeomorphism Z X
R*¥ - N(Z,X). Hence we may identify N(Z,X) = Z x R¥, and N5(Z,X) = Z x
(—¢€,€). However, for any v # 0 in RX, the subspaces Z = Z X {0} and the deformation
Z x {v} do not intersect in Z X R¥. Thus, the existence of the diffeomorphism Z¢ =
Z X (—¢, €) implies that there is a deformation Z’ of Z in X such that ZnZ’ = @. Hence
we have I,(Z,Z) = 0.

Solution (Exercise 14.7) (a) Weneed to find a deformation Z’ of Z which intersects
Z transversally and then count the intersection points. For example, let us look at
the map

Fil=11] = [=1L 1 X (=1,1), t = (t,%sin <t%>)

Let Z' be the image of f in X. There is a smooth homotopy

£yt [=L11X[0,1] = X, (1,5) (I,S'%Si"(”%))

with f,, being the embedding of Z into X, i.e., the map
fO : [_1’ 1] - X7 I (t’O)’

and f; being the embedding of Z’ into X . (Note that, by abuse of notation, we have
not distinguished between a point in [—1, 1] X (=1, 1) and its equivalence class in
X.) Moreover, there is only one point where Z and Z’ meet, namely the image of
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f(0)in X, i.e., the point with coordinates p = (0, 0). Finally, the intersection of Z
and Z' is transverse. We check this locally for the induced maps on the codomains
of local charts: the tangent space to X at p is the x-axis in R? and the tangent space

to Z' at p is the line spanned by the vector € R2. Hence T,(Z)and T,(Z")

1
1/2
span a two-dimensional subspace in the two-dimensional vector space T,(X), i.e.,
they span all of 7),(X).

Thus we can conclude:

I,(Z,2)=1,Z,Z"Y=#ZnZ')=1.

(b) By Exercise 14.6, the existence of a submersion g : X — R such that Z = g~1(0)
would imply I,(Z, Z) = 0. This contradicts the previous point. Hence such a g
cannot exist.

Solution (Exercise 14.8) (a) We have seen this map in Section 10.1 when we
introduced the idea of intersection theory. There we showed that f is smooth by
checking it for the induced map on local charts. It is proper, since its domain S' is
compact. It is injective, since cos(t; /2) = +cos(t,/2) implies t, = t; + 2z, and
similarly for sin.

(b) We consider Z = Im(f) as a submanifold of RP?>. We now need to show we
can deform Z such that it intersects itself in an odd number of points. Thinking
of Z as being the image of the horizontal equator on S? under the quotient map
S? — RP? we could try the image of a vertical equator. So let g: S! — RP? be
the map defined by sending ¢ € [0, 2z] to [0 : sin(z/2) : cos(t/2)]. Just as for f,
we can check that g is a smooth embedding. Properness and injectivity follow as
for f. For smoothness we observe look at the effect of g on the codomains of local
charts: We look at the diagram

sl £ L Rrp2

w. e R2

1

with maps v; defined on the subsets v, = {[x] : x ;i F 0} of RP? given by
wo([x) @ xy 1 x3]) = (i—;,j—i) and y3([x; © x5 x3]) = (x—l, %) Then we have:

25 - 2%

for the parametrizations ¢, : W = (0,7) — S! and ¢, Wy = (,2m) >
Stof S'and y, : V, = {[x] : x, # 0} —» R? of RP?, g induces the map

cos(t/2)
t—> | 0, — .
sin(z/2)
for the local parametrizations ¢ : W5 = (x/2,37/2) — S' and ¢, : W, =
(B3r/2,57/2) - S' of S' and w5 : V5 = {[x] : x5 # 0} > R?2of RP?, g

induces the map
e (o, sin(z/2) ‘
cos(t/2)
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All of these maps are smooth and hence g is smooth.

We write Z’ for the image of g in RP?. We have
f@®) =gl & cos(t/2) =0, i.e., if and only if t = 7.

Hence Z and Z’ have exactly one intersection point p = [0 : 1 : 0] in RP2. We
need to check that this intersection is transverse in p. We can do this locally using
charts on RP? and check that d f, and dg,, together span a two-dimensional space.

We can also check transversality by looking at the actual tangent space of Tp(IRPz).

So let L denote the line in R? through the origin corresponding to p, i.e., L =
0

span(v,) where v, denotes the vector v, = | 1|. In Remark 9.21 we pointed out
0

that the tangent space of RP? = Gr,(R?) at p = L is given by
T,(RP?) = Homg (L, L*).

To add some visual understanding note that L is the y-axis and L' is the xz-plane
in R3. In particular, T,(RP?) is a two-dimensional vector space. Hence, in order to
show transversality, it suffices to show that the one-dimensional subspaces T,(Z)
and T,(Z ") are spanned by two linearly independent vectors.

0
A linear map L — L* is determined by where it sends the vector v, =| 1| which
0

spans L. By abusing notation a bit, we can think of
fiejazesn t (@/2,37/2) > RP?* and gy, /532/2) ¢ (7/2,37/2) - RP?

as local parametrizations of RP? around p. Then the image of d f, is the one-
dimensional subspace in Homg(L, L*) spanned by linear maps which send L to
the x-axis. And the image of dg, is the one-dimensional subspace in Homg (L, L')
spanned by linear maps which send L to the z-axis. These two subspaces together
span all of T,(RP?). Hence Z i Z'.

Finally, we need to check that f and g are homotopic. Let ¢ : R — R be a smooth
bump function such that

) = 0 x<1/4
PUEN1 x> 34

We define a smooth homotopy by
F: [0,27] x [0,1] = RP?,
(t,8)— [V1—=@(s)cos(t/2) : sin(t/2) : v/ @(s)cos(t/2)]
such that F(#,0) = f(¢) and F(¢, 1) = g(¢) for all . Summarising we have proven

I(Z,2)=1.
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() Recall that any constant map ¢ with value not in Z is transverse to Z and has mod
2-intersection number I,(c, Z) = 0. Since RP? is path-connected, all constant
maps with value in RP? are homotopic to each other. Hence f is not homotopic to
a constant map.

(d) We pick a point on RP2, sayQ=1[0:0:1],andletq: S! — RP? be the constant
map with value Q. Let ¢ : R — R again be a smooth bump function such that

) = 0 x<1/4
P71 x2 34

We define a smooth homotopy by

H : [0,27] X [0,1] - RP?,
.9 [VI= o) cos) : VT= o) sin) : Vo)
such that H(z,0) = 2f(¢) and H(z, 1) = g(z) for all 7.
Finally, note that the map
H: [0,27] x [0,1] - RP?,

(t,s) — [\/1 — @(s)cos(t/2) : \/1 —@(s)sin(t/2) : v/ (p(s)]

does not work for £, i.e., it does not provide a homotopy between f and the constant
map c. One problem is that it does not induce a map on S! x [0, 1], since

A, s) = [\/1 — () : 0 qo(s)]
whereas

HQr,s) = [—\/1 —@(s) :0: \/(p(s)].

There is a minus sign occurring in the first coordinate because
cos(2z/2) = cos(w) = — cos(0).

Hence
H(0,s) # H(?2x,s) in RP? when 0 < ¢(s) < 1.

This indicates that we cannot continuously deform the loop corresponding to f to
a constant map without cutting it open at some point. And the above calculation
of the intersection number for f shows that it is impossible to remedy this defect.
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A.15 Orientation

Solution  (Exercise 15.1) (a) Replacing v; by a multiple cv; corresponds to multi-
plying § with the matrix which equals the identity matrix except at the ith position
on the diagonal where 1 is replaced with c. The determinant of this matrix is equal
to c¢. Hence (vy, ..., v;) and (v, ..., cv;, ..., U;) are in the same equivalence class
if and only if ¢ > 0. If ¢ < 0, they have opposite orientations.

(b) Interchanging the places of v; and v; for i # j corresponds to multiplying § with
the matrix which equals the identity matrix with the ith and jth rows switched. We
know from Linear Algebra that the determinant of this matrix is —1.

(c) Subtracting from one v; a linear combination of the others corresponds to multi-
plying f with a matrix that we obtain from the identity matrix by subtracting the
corresponding linear combination of rows from the ith row. We know from Linear
Algebra that this operation does not change the determinant of the matrix. Hence
the determinant of the change-of-basis-matrix is still +1.

(d) Suppose that V' is the direct sum of V| and V,. Let (vy,...,v;) be an ordered
positively oriented basis of V| and (wy,...,w,,) an ordered positively oriented
basis of V5. Then (v, ..., v, wy, ..., w,,) is an ordered positively oriented basis
of Vi ®V,, and (wy, ..., w,,, Uy, ..., U;) is an ordered positively oriented basis of
V, @ V. Switching from the given positive basis of V| @V, to the positive basis of
V, @ V; corresponds to transposing exactly (dim V;)(dim V;) many elements in the
basis. Hence the determinant of the change-of-basis-matrix is () e )

Solution (Exercise 15.2) Let (e, ...,e,) be the ordered basis of R¥ which defines the
standard orientation of R¥. The orientation of H¥ is given by the standard orientation
of R¥ restricted to the subspace H* C R¥. The boundary orientation of dHF is given by
requiring that, at any point x € 0H¥, the outward pointing unit normal vector n, = —e,
fits into a positively oriented basis for R¥

(nx,el, ,ek_l) = (—ek,el, ,ek_l).
But the matrix which sends (e, ..., ;) to (—e;, ey, ..., €,_;) is given by
0 1 .. 0
0 01 ... 0
A=t LRI
0 0 .. 1
-1 0 .. 0

The matrix A can be transormed into the diagonal matrix

1 0 ... O

00 .. -1
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by interchanging two columns exactly k — 1 times. Hence det(D) = (—1)k~! det(A). But
det(D) = —1. Thus det(A) = 1 > 0 if and only if (-D* =1,1i.e., if k is even.

Solution  (Exercise 15.3) (a) At x = (a,b,c) € S?, the tangent space T, (S?)
is the two-dimensional vector subspace of R3 which is orthogonal to x. Since
(a, b, c) # (0,0,0), let us assume that, say, b # 0. A basis for Tx(Sz) is given by, for
example, v = (b, a,0) and v = (0, ¢, —b). The outward pointing normal vector is
given by n, = (a, b, ¢). The boundary orientation of S, is the orientation of T, (S?)
determined by the basis (7, v, w). This basis is positively oriented in 7| x([R3) =R3

a -b 0
if and only if the matrix A=|b a ¢ |has positive determinant, since this is
c 0 -b

the matrix that transforms the standard basis of R3 into the basis (n,,v,w). The
determinant of A is

det(A) = —a’b — b> — bc? = —b(a®> + b* + ¢?) = —b.

Thus, if b < 0, (n,, v, w) is a positively oriented basis of TX(SZ). If b > 0, we take
the basis (n,, w, v). And if b = 0, we start over with either a or ¢ replacing b.

(b) The boundary orientation of S¥ is, at any point x € S*, given on T, (S¥) by chosing
the ordered basis (n,, vy, ..., v;) to be positively oriented where #n, is the outward
pointing unit normal vector in Tx(Rk“) = R¥*! and (vy, ..., vy)is an ordered basis
of T,.(S¥). But since S¥ ¢ R**! is of codimension one, n, spans the orthogonal
complement N (S¥, R¥*1) of T, (S¥) in R**!. Hence the orientation of T, (S¥)
induced by the direct sum

Nx(Sk, Rk+l) @ Tx(gk) = Tx(Rk+1) — Rk+1

equals the orientation of S¥ as the preimage under g.

Solution  (Exercise 15.4) Assume that d fx0 : TXO(X ) — Tf(xO)(Y) preserves orien-
tation at some point x, € X. Since f is a diffeomorphism, d f, is an isomorphism for
all x € X. Hence det(d f,) # O for all x € X. In particular, the two disjoint open
subsets U := {x € X : det(df,) >0}and V := {x € X : det(df,) < 0} cover X.
By assumption x, € U, and hence U is nonempty. Since X is connected, this implies
U=X.

Solution  (Exercise 15.5) Let X and Z be transversal submanifolds in Y and assume
X, Z and Y are oriented. Leti: X < Y be the inclusion of X into Y. The intersection
X N Z equals the preimage i~!(Z). By Section 15.5, the preimage orientation on .S : =
i~1(Z) is induced, at any y € X n Z, by the direct sum

N,(S. X) @ T,(S) = T,(X),

where N y(S, X) is the orthogonal complement of Ty(S) in Ty(X ). The orientation on
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N, (S, X) is induced by the direct sum

di(N,(S, X)) ® T,(Z) = T,(Y),

and the fact that d(i)), N,(S.X) is an isomorphism onto its image. Since all these vector
spaces are subspaces in T,(Y), and are oriented as subspaces of 7),(Y), we can identify
N y(S , X) with its image under di y in Ty(Y) and can rewrite this equation as

NS, X) ®T,(Z) = T,(Y).

Now let N y(S, Z) be the orthogonal complement of T, y(S) in Ty(Z ). Then the orien-
tation of 7),(.S) is determined by the direct sum

NS, X)® N,(S,Z) ®T,(S) = T,(Y).

Now if we start with the inclusion j: Z < Y of Z in Y instead, we get that the
orientation of S considered as the preimage j~!(X) in Z, is determined by the direct
sum

N,(S,Z)® N,(S,X) ®T,(S) = T,(Y).

We learned in the first exercise that the signs of the orientations of N (S, X) &
N,(S,Z)and N,(S,Z) & N, (S, X) differ by (—1){4m No{S-XNAMN,$:2) “Now it re-
mains to remark that, by definition of the normal spaces as orthogonal complements, we
have

dimNy(S,X) =codimX NZin X =codimZ inY, and
dim N (S, Z) =codimX N Z in Z = codim X in Y.

Solution (Exercise 15.6) First, we assume that Z is orientable. Atany point z € Z, let
(vq, ..., 0,) be an oriented basis of T, Z. Since T, Z is a vector subspace of codimension
one in T,X we can choose a single vector n, € (T,Z)* = N (Z,X) C T,X such that
(n,,vy,...,0,) is an oriented basis of T,X. Since both X and Z are oriented we can
make this choice of n, smoothly for every z € Z. Since n, has to be non-trivial in order
to be part of a basis we can define a diffeomorphism

p: ZXR > N(Z,X), (z,t) = (z,t - ny).

Hence N(Z, X) is a trivial line bundle over Z.

Now we assume that N(Z, X)istrivialandletp : ZXR — N(Z, X)be atrivializing
diffeomorphism. Let n, denote the vector in (7,2 Y= N,(Z,X) c T,X such that
@(z,1) = (z,n,). We then define a basis (v, ..., v,) of T, Z to be positively oriented if
(n,,vy,...,0,) is a positively oriented basis of T,X. Since ¢ is a diffeomorphism this
defines a smooth choice of an orientation for all z € Z. Hence Z is orientable.

Solution (Exercise 15.7) (a) Any basis of V' XV consists of the product (ax0, 0% §)
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where a and f are ordered bases of V. The sign of this basis satisfies
sign (@ X 0,0 X f) = sign (a) - sign (f).

Switching the orientation of V" changes both signs, sign (a) and sign (f). Changing
both signs simultaneously results in multiplying with (—1)? = 1. Hence the sign
of the basis of V' X V is independent of the choice of orientation for V.

(b) Let X be an orientable manifold. The orientation of X X X is given by a smooth
choice of orientation of each tangent space

Ty X X X) = T (X) X T,(X).

Changing the orientation of X means changing the orientation of both 7, (X) and
T,(X). As in the previous point, this means multiplying the sign of any ordered
basis of T(, ,,(X X X) by +1. Hence the product orientation on X X X is the same
for all choices of orientation on X.

(¢) Let X be a smooth manifold which is not orientable. Any Euclidean space R"
is oriented as a manifold by the choice of the standard orientation of the tangent
space T,(R™) = R™ for any z € R™. For any points x € X and z € R", the
tangent space T(, ., (X X R™) is just T, (X) X R™. If there was a smooth choice
for an orientation of X X R™, then each tangent space T,(X) of X would inherit a
smooth choice of orientation from the product 7, (X) X R™. This contradicts the
non-orientability of X.

Now let Y by any smooth manifold. If X X Y was orientable, then also X X U for
an open subspace U C Y which is diffeomorphic to some R™. But then X X R"
would also inherit an orientation which is not possible. Applied to Y = X, we see
that X X X is not orientable.

(d) We can cover X by local parametrizations ¢ : U — X. The union of the images
of the maps p X ¢p: U X U — X X X is then an open subspace V of X X X
which includes A. We orient each individual ¢(U) by requiring the diffeomor-
phism ¢ : U — ¢(U) to be orientation preserving. This induces an orientation on
(dXP)U XU) = p(U)Xx p(U). As we argued before, changing the orientation on
@(U) does not change the orientation on the product ¢(U) X ¢(U), since we multi-
ply the signs of all tangent spaces by +1. Hence there is a well-defined orientation
on ¢p(U) X ¢p(U) which is independent on the local parametrizations chosen. Thus
V which is an open neighborhood of A in X X X is orientable.

However, this does not mean that A is always orientable. For, the tangent space to
A at any point (x, x) is the diagonal of T, (X)X T (X). This diagonal is isomorphic
to T,,(X). Hence changing the orientation of 7, (X) does change the orientation of
the diagonal in T\, (X ) X T,(X). Thus if we had a smooth choice of orientations for
all diagonals in T,(X) X T, (X), then we had a smooth choice of orientations for
all T, (X). In other words, A is orientable if and only if X is orientable.
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Solution  (Exercise 15.8) To determine the fiber over b, we write z, = x( + iy, and
z; = x; +iy;. Then we get

7(29,21) = (0,1,0) = 22,Z, = i and |zy|® = |z, |* =

| —

> Y =Xp, Y = —xoandx(2)+x? = %
Thus the fiber over b has the form

”_l(b) = {(Zo,zl) es?: zZ = ZLZO}

= {(x0, Yo, X1, Y1) € S Yo =X, V1 = =X}
Let ¢ = (xg, X}, X, —Xy) € 7~ '(b) be a point in the fiber over b. Since not both x,,
and x; can be zero, we assume that x, # 0. The tangent space Tq§3 is the vector space
Tq§3={u€|R4 ulgqg}
—X —X Xo
— L_1 %o - —
= Span q] - 0 ,qz - x() ,Q3 - 0
0 0 X0

The orientation of Tq§3 as a boundary of the unit ball is such that the outward point-
ing vector g together with the basis vectors of T, S* form a positively oriented basis of

1L

R*. The matrix expressing the basis (g, qar s qzl, a3) in the standard basis of R* is

X0  —X1 X1 Xp

x; xp 0 O

X 0 xg O

—Xp 0 0 X0
The determinant of this matrix is
4 2.2 _~ 202 2y _ .2
2xy + 2xgxy = 2x5(x; + x7) = x5 > 0.

In particular, it is positive and the basis (qf', qé‘, q3i) is a positively oriented basis of T, S3.

The tangent space qur‘l(b) equals the kernel of d7,. In a previous exercise, we
computed this map as represented by the matrix

Xp =X Xo o Xp
dﬁq = 2 . xO xl xl —XO o
Xo X1 TXp Xo
9 9 X
The kernel of this map is the span of the vector qé = xo . The normal space
0
X1

N, q(ﬂ‘l(b);§3) c T q§3 of vectors which are orthogonal to Tqﬂ'_l(b) is the span of
(¢, — 45-43). The map d7, sends g — g, and g5 to, respectively,

—2X% _ZXOXI
diqr —qy)=2| 0 |, d7(¢;)=2] O
2
—2XOXI 2X0
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These two vectors form a basis (d7,(q; — gy), d%,(q3)) of T;S*. We need to check the
orientation of this basis.

The tangent space T, S? has a basis (e';’, eg) as asubspace in R3. This basis is negatively
oriented, since, together with the outward pointing vector b = eg, the basis (eg, ei, eg)
is a negatively oriented basis of R3. For we need to make one permutation to get the
standard basis which leads to multiplying the sign with —1. The matrix B which expresses

(d ﬁq(qf' — qi‘), d ﬁ'q(qé')) in terms of the basis (e?, eg) is given by

B= 4 ) —x(2) —xOxl ‘

—XX; x(z)
We see that det B = 16(—x3 — x(z)x%) = —l6xé(x3 + x%) = —8x(2) < 01is negative. Hence
the basis (d ﬁq(qf' — qé‘), d ﬁ'q(q;)) is a negatively oriented basis of TbSZ. This defines an

orientation on the normal space N, (7~!(b); S*) by declaring the orientation of the basis
(47 — 45 43) to be negative.

Finally, the orientation of an‘l (b) is such that the direct sum
Nz 'b; S @ T,n7 ') =T,S
induces the given orientation on Tq§3. We check this by looking at the basis

(47 — 43,43 4qy) of Ny(z7'(b); S*) @ T,z~'(b). The transition matrix from the basis

(47> 4y q3) to the basis (¢ — g5, 43> gy ) is given by

1 0 1
-1 0 1
0 1 x;/x

The determinant of this matrix is —2. In particular, it is negative. Since we checked that
the basis (qll, qzl, q3l) is a negatively oriented basis, we see that the orientation of the basis
(qll - qzl, q3l, qé) of Tq§3 is positive. Since the sign of (qll - qzl, q3l) is positive as a basis
of N, q(ﬂ_l(a); S3), we need that the basis qé also has positive sign. Hence the vector qé
provides a positively oriented basis of an_l(b).
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A.16 The Brouwer Degree

A.16.1 Brouwer degree

Solution  (Exercise 16.4) (a) Forl <i < k+ 1, let r; be the reflection map on the
ith coordinate:

r: Sk Sk,(xl,...,ka) B (X1, ey =X ee s Xy )

The antipodal map is equal to the composition of reflections rjor,o --- or; ;. Each
reflection r; is a diffeomorphism which reverses the orientation on S¥. The com-
position of two such reflections r;or,, |, however, is then a diffeomorphism which
preserves the orientation on S*. Hence, if k = 2n is even, a = rjoryo0 -+ ory,, |
has degree —1. Whereas if k = 2n — 1is odd, a = rjor,o0 --- or,, has degree +1.
In other words, deg(a) = (—1)k*+1.

(b) As pointed out, we know that a is homotopic to the identity if k is odd. By the

previous point, deg(a) = —1 if kis even. Since deg is homotopy invariant, deg(a) =
—1 # 1 = deg(1lid) implies that the antipodal map is not homotopic to the identity
if k is even.

Solution (Exercise 16.5) Recall that we have proven the existence part for k odd
before:
If k is odd, then k£ + 1 is even and we can define the map

. Qk k+1
518" =5 R, (xq, oo s Xpp ) 2 (X0, X1, —X3, Xgy oo s —Xpy 15 Xp)-

This map can be extended to a linear map R¥*! — R*! and therefore s is smooth. For
each x € Sk, s(x) is nonzero and satisfies x L s(x). Thus s(x) is a tangent vector at x,
i.e. s(x) € T,(S¥)\ {0}. Hence

61 SK - T(SH), o(x) 1= (x, s(x))

is the desired non-vanishing vector field on S¥.

Recall that we also have shown that if S* has a vector field which has no zeros, then
its antipodal map x — —x is homotopic to the identity:

Given a vector field o : SK — T/(S*) which has no zeros. Let o(x) = (x, v(x)). Since
v(x) # 0 for every x € S¥, we can define a new vector field by

v(x)
loGol

x> w(x) =
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By replacing s with this new non-vanishing vector field, we can assume |v(x)| = 1.
Hence we can assume v(x) € S¥ and v(x) - x = 0 for every x € S.
Now we define the map

F: Skx[0,1]1 = Sk, (x,1) —~ cos(xt)x + sin(zt)v(x).
We check that F(x, ) is in fact an element in S¥ for every x € S*:

F(x,t)- F(x,t) = (cos(xt)x + sin(xt)s(x)) - (cos(zt)x + sin(xt)v(x))
= cos>(xt)(x - x) + 2 cos(xt) sin(zt)(x - v(x)) + sinz(m)(s(x) - v(x))
= cos>(xt) + sinz(m)
=1

where we use x - x = 1 = v(x) - v(x) and x - v(x) = 0. Thus F(x,?) is a vector of
norm 1 for every x and every . Moreover, F is a smooth map with F(x,0) = x and
F(x,1) = —x, i.e. F is a smooth homotopy from the identity to the antipodal map on
Sk. Hence, by homotopy invariance of deg, if S has a vector field which has no zeros,
then deg(a) = deg(id) = 1. By the previous exercise, since deg(a) = (—1)**! and hence
k must be even.

Note that we would not have been able to make this conclusion with the mod 2-degree.
For in Z /2, we cannot distinguish between 1 and —1.

Solution  (Exercise 16.6) We begin as in the solution to Exercise 12.4. We use the
homotopy from py(z) = z™ to p,(z) = p(z) defined by

2,(2) =tp(z) + (1 —)2"™ = 2" + t(a; 2" ' + - + a,).
We then observe that, if W is a closed ball around the origin in C with sufficiently
large radius, none of the p, has a zero on dW. Hence the homotopy

Low - 8!

Ip|
is defined for all # € [0, 1]. Thus

deg <£> = deg <ﬂ> .
|pl o]

Since py(z) = z™, the degree of p,/|p,| is the same as deg(z™) = m, that is

deg <£> =m.
|pl

Thus, if m > 0, p/|p| does not extend to all of W, since otherwise its degree had to
be zero. Hence p must have a zero inside W .¢

“Note that the final argument was not available for deg, if m is even.
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Solution  (Exercise 16.7) Let us try to set up the argument we used in Exercise 16.6:
Let
pX)=x"+ax" 1+ ta,

be a monic real polynomial. Define a homotopy from py(x) = x™ to p,(x) = p(x) by
p(x) =1tp(x) + (1 —)x" = x" + t(alx’"_1 + - +a,,).

If W = [—a,a] is a large enough closed interval in R containing the origin, none of
the p, has a zero on 0W = {—a, a}. Hence the homotopy

P oW = {—a,a} > {—1,+1}
| D

is defined for all # € [0, 1]. Thus

deg <L> = deg <ﬂ) .
|pl | pol

However, for each ¢ € [0, 1], the map ﬁ(x) is constant with value either —1 or +1.
A constant map has degree 0, since all points not in the image of the map are regular
values and have empty fibers. Hence we get deg <ﬁ> = 0. But this does not imply
that we cannot extend ﬁ to all of W. In particular, we do not get a contradiction to the

p
assumption that p does not have a zero in W'.

Solution  (Exercise 16.8) (a) First, g is in fact amap S' — 0Dy, since any point z
with |z| = 1 is sent to point with

|g(2) — zg| = 29+ rz — 25 = |rz| =rsince |z| = 1.

Moreover, g is smooth and has an inverse given by
zZ -z

g_lzalDO—>§1,zr—> .
|z =z

Note that g~! is also smooth, since both taking norms and dividing by |z — z,| are
smooth operations in C \ {z,}.

Hence we know that g either preserves or reverses orientations. To check that g
preserves orientations, it suffices to note that the derivative of g at any point, for
example dg,, is given by multiplication with r > 0.

(b) Letye S!. Since g is a diffeomorphism, y is a regular value for p if and only if it
is a regular value for pog. Moreover, g defines a bijection between the finite sets
{z € 0Dy|p(z) = y} and {z € S!|p(g(z)) = y}. Since g preserves orientations,
the orientation numbers at each point in these sets agree. Hence the degrees of the
above maps are the same.

(¢) Since p(z) #0forall z € Dy \ {zy} by our choice of D, we have |g(z,+trz)| # 0
for all |z| = 1. Hence we have a well-defined smooth map
z"q(zy + trz)

H:S'x[0,11-S', z,H)r> —2
lq(zy + trz)|
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Write h,(z) = H(z,1). Forall z € S', we have

2"q(z) _ q(zg)

h(z) = - .
o8 =2l ~ a)l -

and

zZ"q(zg + rz) _ (rz)"q(zy +rz)
lg(zo + )l rla(zg + r2)|
(2o +rz—20)"q(zy + rz)
B |zg + 1z — z|™|q(zg + r2)|
_ 1)

Ip(g(2))]

Hence h;, is the desired homotopy.

hy(z) =

(d) We know from the calculation in Example 16.11 that the map S! > S,z zm,
has degree m. Since multiplying with a constant ¢ does not change the degree,
we also have deg(z — ¢ - z™) = deg(h,) = m. Since degrees are homotopy
invariant, the previous point shows deg(#;) = deg(hy). As we observed before,
deg(p/|p|) = deg(h,). Hence we can conclude deg(p/|p|) = m.

Solution  (Exercise 16.9) Let z be a regular value for g. If z is not in the image of g,
then deg(g) and deg(go f) both vanish and the claim is true. So let us assume that z is in
the image of g. We showed in a previous exercise that z then is a regular value for go f
if and only if every y € g~!(z) is a regular value for f. Hence we can use z to compute
deg(go f) if and only if we can use y € g~!(z) to compute deg(f). If z is not in the image
of gof, then y is not in the image of f. In this case both deg(go f) and deg(f) vanish
and the claim is true.

So assume there are points x € X with g(f(x)) = z. Given such an x, the chain rule
gives us

d(gof), =dgsodfy

Since x and f(x) are regular points by assumption, all three derivatives in this equa-
tion are isomorphisms. Recall that we equip x with orientation number +1 if d f, pre-
serves orientation and with orientation number —1 if d f, reverses orientation. Moreover,
whether d f, preserves or reverses orientation is determined by the sign of its determi-
nant. Similarly, for f(x) with respect to dg(,, and x with respect to d(go f),. By the
chain rule and since the determinant is a multiplicative function, we get the formula for
signs:
sign (det(d(gof),)) = sign (det(dg /() - sign (det(d £,)).
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Since the degree is the sum of the orientation numbers at all points in the fiber, we get

deg(gof)= ), sign(det(d(gof),))
x€(gof)~1(2)

= ), [sign(et(dg)) - sign(det(df,))]
x€(gof)!(2)

( > sign(det(dgy))>-< D sign(det(dfx))>

yeg~(2) xef~1(y)
= deg(g) - deg(f).

Note that we used here that we can compute deg f using any regular value y € Y for f
with g(y) = z.

Solution  (Exercise 16.10) Let a: S¥ — S* denote the antipodal map. We assume
that f had no fixed point. Then x and a(f(x)) are never antipodal points and we get
|x — (aof)(x)| < 2 for all x € S¥. By Exercise 8.6, this implies that idgx and ao f are
homotopic. By Exercise 16.9, we have deg(ao f) = deg(a) - deg(f) and by Exercise 16.4
we know deg(a) = (—1)¥*!. Thus we obtain

1 = deg(id) = (-=1)**! deg( /),

which implies deg(f) = (—=1)¥*!. Thus, if f does not have fixed point, then deg(f) =
(=1)**1. This proves the claim.

Solution  (Exercise 16.11) At every point [x] € RP*, the fiber under g consists of two
antipodal points g~ !([x]) = {x,—x} C S¥. Let a: S¥ — Sk be the antipodal map. We
have g(x) = g(—x) for all x € S¥, i.e., we have g = goa. This implies dq_,oda, =dgq,
for all x € S*. In particular, this implies det(dq_,) - det(da,) = det(dq,). If k is odd,
then a preserves orientation, i.e, det(da,) > 0. Thus, det(dq_,) and det(dq,) have the
same sign. This implies that x and —x contribute to the degree with the same orientation
number. Hence deg(q) is either +2 or —2. This also shows that, if det(dq,) > 0, i.e., if g
preserves orientations, then deg(q) = +2.

Solution  (Exercise 16.12) (a) If f: S¥ — S* sends no pair of antipodal points to
antipodal points, then the straight line in R**! between f(x) and f(—x) does not
go through the origin. Thus the map

A =0f0) +1f(=x)

(1= f(x)+1f(=x)]

is well-defined and smooth for every x and t. Hence H defines a homotopy between
f and foa. Fort = 1/2, we have H(x,1/2) = %(f(x) + f(—x)) = g(x) for all
x € S*. Thus f and foa are both smoothly homotopic to the map g as well. The
invariance of the degree under homotopy implies deg(f) = deg(foa) = deg(g).

H: S¥x[0,1] > Sk, x—
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(b) The previous point gives us, using Exercise 16.9,

deg(g) = deg(foa) = deg(f) - deg(a) = deg(f) = deg(g).

Since we assume that k is even, we have deg(a) = —1 by Exercise 16.4. Thus we
get deg(g) = — deg(g) which implies deg(g) = 0.

(¢) Since k is odd, the degree of the quotient map g : S¥ — RP* is defined. Since g
satisfies g(x) = g(—x) and ¢ is a quotient map, g can be written as a composition

sk rpF 5L sk,
By Exercise 16.11, we have deg(q) = 2. Thus, by Exercise 16.9, we get

deg(g) = deg(q) - deg([g]) = 2 - deg([gD.

This shows that deg(g) is even.

(d) The previous points show that the assumption that f : SK — Sk sends no pair of
antipodal points to antipodal points implies that deg(f) = deg(g) must be even.
Since deg(f) is odd, there must be at least one pair of antipodal points x,, —x
such that f(—x,) = —f(x). This proves the claim.
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A.17 Linking Number and the Hopf Invariant

A.17.1 Linking number and the Hopf invariant

Solution  (Exercise 16.1) (a) Let z € S¥ be a regular value for 4 and let (x, y) €
X XY with A(x, y) = z. Consider the derivative

dAiy : T(X)XT,(Y) =T, (X XY) = T,(S").
Then the degree of A is defined as the sum

deg()= D sign(di,).
(x.y)€r1(2)

As we learned in Section 15.2.1, switching the order of the factors in the domain
corresponds to making dim X -dim Y many flips of basis vectors. Each flip requires
to multiply orientation numbers with a factor (—1). Hence themap s: X XY —
Y X X induces multiplication by (—1)"" on the degree. In addition, we change the
value of A by sending x — yto y — x = —(x — y). Hence we compose with the
antipodal map a on S¥. This map has degree (—1)**! as we learned in a previous
exercise. Still using that we showed in an exercise that deg sends composition of
maps to products, this implies in total

L(Y, X) = deg(aoAos) = (=¥ - deg(4) - (=1)™
— (_1)(m+l)(n+l) deg(ﬁ) — (—1)(m+1)(n+1)L(X, Y)
where we use k = m + n.

(b) Since Y does not have a boundary, the product W X Y is a smooth manifold with
boundary d(W X Y) =0W XY = X X Y. Since W and Y are disjoint, A extends
to a smooth map on W X Y. Then the Boundary Theorem for degrees implies that
deg(4) = 0.

Solution  (Exercise 16.2) (a) Since taking preimages preserves codimensions, the
dimension of f~!(w) and f~!(z) for any regular values w and z for f is given by

dim f~'(w) = dim f1(z) = dim $*" ' —=dimS" =n— 1.

Hence, if n is odd, then dim f~'(w) + 1 = dim f~'(z) = n are odd and hence

H(f) = L(f~'(w), f~1(2)) = =L(f~'(2), f~'(w)) = —H(f) by a previous exer-
cise. Thus we must have H(f) = 0.

(b) By Sard’s Theorem we can find a point a € S” which is a regular value for both g

and gof. The fiber g~!(a) consists of a finite number of points, say a,...,a, in
S”. We can assume that these points are ordered such that the orientation numbers
ofgata,..., a, are positive, while the orientation numbers of g at Apyys sy

are negative. Then we have deg(g) = 2p — r. The fiber f~!(g~!(a)) then consists
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of a disjoint union of the oriented submanifolds f~!(a;) c $**~!:

e @) =FMapu...uf@)u=ra))u... u=r""(a).

Similarly, we can choose b such that the fiber £~ (g~!(b)) consists of a disjoint
union of the submanifolds f ‘l(bj) c Sl for j = 1,...,s and such that the
fYa;)and f~1(b ; are mutually disjoint. Again we order these points are ordered
such that the orientation numbers of g at b, ..., b, are positive, while the orienta-
tion numbers of g at b, ..., b, are negative. Then we have deg(g) = 2g —s. The
fiber f~1(g~!(b)) then consists of a disjoint union of the oriented submanifolds
[ (a) c 1

FHE Gy = 7 b u U TN b) U (=T by U U (=T (b

Since orientations behave multiplicatively on products of manifolds, the product
fiber f~!(g7!(a)) x f~1(g'(b)) is the disjoint union of the submanifolds in s

fH e @y x e b))
=1, (/" (@) x &7 (b))
= L ey x i epua? (T @) x 7))
N G WA A P A C)) I WA O A CH B A ()

i=1,j=q+1

Now we write A for the map

o/ )@ % (g7 B) > S, (e o =
and we write 4;; for the map
@)% £ ) = S ey e
! |x =yl

Note that H(f) = deg(/l,-j) for every pair i, j, since H(f) does not depend on
the choice of regular values. Since the degree is additive on oriented connected
components, the above decomposition implies

H(gof) = deg(4)

P4 rq DS r,s
= Y degGy)— Y degGy)— Y deg(hp+ Y deg(dy)
i=1,j=1 i=p+1,j=1 i=1,j=q+1 i=p+1,j=q+1

= H(f) - [pq + (p — deg(g))(q — deg(g)) — (q(p — deg(g))) — (p(q — deg(g)))]
= H(f) - (deg(g))*.

Solution  (Exercise 16.3) (a) For (zy,z,) € S?, we need to check 7(z,z,) € S°.
To do this, we recall that |z| = zZ and z = z for any complex number z. Now we
compute:
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_ _ 2
(ZZOZI) © (ZZOZI) + (|Zo|2 - |Zl |2)

21, 12 4 2o (2 4
=4z 217 + | zo]™ = 2127|217 + | 24]
2 2)2
= (Izol* + 1211%)
=1

where the final step uses that (z,, z;) € S°.

(b) First we assume 7(z, z;) = #(wy, w;): Then we get

(2woy, lwol* — lwy *) = (22921, 120 = |2, 1?)

= = 2 2 2 2
= wyw; = zpz; and |wy|* — lw|* = |zo|” = |2;]°.

Remembering that neither of the numbers can be zero, the left hand equation gives

us % = % Moreover, we have |w | — |w; |? = |zo|> = |z;|% and |wy|* + |w,|* =
0 1
1 = |zy|*+|z|*. Putting these together implies z3 =

that the desired a with ea = 1, 1.e., @ = é exists.

wé and zf = w%. This shows

Now we assume that (w, w;) = (az,, @z;) with |a|> = a& = 1: Then we compute

2 21, |2
|201” = lal?|z|)

= (2292, 12o|* — |21 ?)

TC(ZO, Zl)‘

(¢) Letp e S?be afixed point and fix a point (z,, z;) in S* with 7(zy, z;) = p. By the
previous point, we have that the points in 7~!(p) is parametrized by the complex
number a with |a|?> = 1. The latter condition means @ € S! c C. Hence we get a
bijective map

st > n_l(p), a v (azy, azy).

Since this map just consists of multiplication with nonzero complex numbers, we
can conclude that it is a diffeomorphism (where we considerS' and z~!(p) as sub-
sets in real Euclidean space).

(d) First we look at the map 7 : R* ~ C? - C x R = R? using the same formula as
for z, i.e., # = 7#|s3, and compute its derivative at a point g = (zy, z;). To do this
we write (2g, 21) = (xg, Yo, X1, ¥;) for real coordinates x, yg, x{, ¥;. First we get

- - 2 2
(29, 21) = (22021, 1201 = 1211%)
= (2(x0x1 + Yoy1) +i2(=xy¥1 + YoX1)» (x(z) + y(z)) — (x? + y%)) .
Then we can compute
X1 Y1 X0 Yo

Xo Yo —X1 TN
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Note that if g € S?, the restriction of d %, to T,S> has image contained in T, S?.

Recall: Since it has been a while that we looked at tangent spaces, let us see
why this claim is true. So let g,: R* — R and g3: R* — R be the usual
smooth maps such that S3 = g;l (1) and S? = N (1) respectively. Then we have
T,S* = Ker(d(gy),) c T,R* = R* and T,S* = Ker (d(g3),) C T,R® = R’.
We know that 7#(q) € S? if ¢ € S3. Actually, our calculation above shows that
#(q) € S*ifand only if ¢ € S*. This implies S* = 77! (g7 (1)) = (gz07)~'(1). In
particular, g3(#(q)) = 1 is constant on S3. Hence, for every q € S3, the image of
the restriction (d ﬁq)mlsg is contained in the kernel of d(g3);,, which is Tﬁ(q)Sz.

Now back to our task:

We want to show that every ¢ € S? is a regular point. Hence we need to show that
d7, restricted to T,S? is surjective onto T, S?. Since the tangent space T}, S*
of S? is two-dimensional, we need to check that the image of d 7, restricted to
Ker (d(g4),) spans a two-dimensional subspace. Since Ker (d(g4),) is of dimen-
sion 3, it suffices to show that d T, has rank 3, which implies that the kernel of d 7,
has dimension 1. Hence we need to show that d 7, always has 3 linear independent
columns.

We can show this for example by calculating the determinants of appropriate 3 X 3-
minors. Ignoring the factor 2 in our formula for d7, we look at the minors A; of
the remaining matrix where we omit the jth column:

The determinant of A, is —xl(xg + y(z) + x% + y%) = —X,.
: : 2020 42 4 12y —
The determinant of A5 is —yo(x0 + Y, x|+ yl) =—Y-
The determinant of A, is —xo(xg + y(z) + x? 15 y%) = —X,.
The determinant of A, is —yl(x(z) + y(z) + x% + y%) =-y,.
For every point ¢ € S, at least one of the coordinates x, ¥, X;,y; is nonzero.
Hence the matrix always has three linear independent columns and d7, has rank

3. This shows that each point in S is a regular point for z, and hence every point
in S? is a regular value for 7.

The fiber over a is
77N @) = {(2,0) € S* € C? : |z)2 = 1}.

Let g = (xg,¥0,0,0) € 7~ !(a) be a point in the fiber over a. The tangent
space T, q§3 is the vector space

T,S°={ueR*:ulg)

—Yo 0 0

X 0 0

= span gt = 00 ,eg— 1 ,e3= 0
0 0 1
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The orientation of Tq§3 as a boundary of the unit ball is such that the outward
pointing vector g together with the basis vectors of Tq§3 form a positively
oriented basis of R*. The determinant of the matrix expressing the basis
(q,q", e;‘, ej:) in the standard basis of R* equals x3+ yé =1 > 0. In particular,
it is positive and the basis (g, e‘;, ej) is a positively oriented basis of Tq§3.
The tangent space an_l (a) equals the kernel of d7,,. We computed this map
as represented by the matrix

0 0 x5 ¥
dn,=2-10 0 Yo —Xo|-
Xg Yo 0 O

The kernel of this map is the span of the vector g* that we have just seen
above. The normal space N, (7~'(a); S*) C T,S? of vectors which are or-
thogonal to an_l (a) is the span of (e;‘, ej). The map d 7, sends e; and e, to,

respectively,
X0 Yo
- - —X
dz () =20, dz e =2 "
0 0

These two vectors form a basis (d ﬁq(eg), d ﬁq(ej)) of Ta§2. We need to check
the orientation of this basis. The tangent space T,S? has a basis (e?, eg) as
a subspace in R3. This basis is positively oriented, since, together with the
outward pointing vector a = eg, the basis (eg, e?, eg) is a positively oriented
basis of R3.“ The matrix A which expresses (dﬁq(eg), dﬁq(ej)) in terms of
the basis (e?, eg) is given by

A=2. (XO g > .
Yo —Xo
We see that det A = 4(—x3 - yé) = —4 < 0 is negative. Hence the basis
(dﬁq(eg), dﬁq(ej)) is a negatively oriented basis of Ta§2. This defines an

orientation on the normal space N, q(ﬂ'_l (a); S°) by declaring the orientation
of the basis (e‘s‘, ej) to be negative.

Finally, the orientation of Tqﬂ‘l(a) is such that the direct sum
N,z ' a):; @ T,n ' (a) =T,S’

induces the given orientation on Tq§3. We check this by looking at the basis
(e;',ej, g*) of N (7 '(a); S*) @ T,z"'(a). As a basis of T,S? this basis is
positively oriented, since it arises by two permutations from the positively
oriented basis (g*, e;‘, ej). Since the sign of (e‘3‘, ej) is negative as a basis of
N, (77! (a); $*), we need that ¢ also has negative sign. Hence the vector g*
provides a negatively oriented basis of Tqﬂ'_l (a).

Comparing this orientation with the standard orientation of S! ¢ C ¢ C2,
we see that 7! (a) has the opposite orientation.
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To determine the fiber over b, we write z, = x, + iy, and z; = x; + iy;.
Then we get

E(ZO, Zl) = (0, 1,0) = 22021 =iand |Z()|2 = |ZI|2 =
1
=> Yy = X1, Y1 = —Xg andx(z)+x% =3
Thus the fiber over b has the form

_ iy

2z,

= {(X0s Yo X1, Y1) €S® ¥ = X1, ¥ = =X}

') = {(20,2) €S’ : 7

Let ¢ = (xg, X, X, —X,) € 7~ '(b) be a point in the fiber over b. Since not
both x, and x; can be zero, we assume that x, # 0. The tangent space Tq§3
is the vector space

T,S°={ueR*:ulg)

—X1 —X1 X0
X 0 0
0 0 Xo

The orientation of Tq§3 as a boundary of the unit ball is such that the outward
pointing vector g together with the basis vectors of Tq§3 form a positively
oriented basis of R*. The matrix expressing the basis (g, qf', qzi, q;') in the

standard basis of R* is
Xg —X; —X| X
xl xO O 0
xl 0 XO 0
_XO 0 O xO
The determinant of this matrix is
4 2.2 _n 2,2 2y _ .2
2xy+ 2xpxy = 2x5(xg + x7) = x5 > 0.

In particular, it is positive and the basis (¢;, ¢, 43) is a positively oriented

basis of 7,,S°.
The tangent space T, qﬂ_l (b) equals the kernel of d7,,. We computed this map
as represented by the matrix

X =Xy Xg X

dﬁ'q=2‘ X0 X1 X1 —Xp |-
Xo X1 —X1  Xo
. . X
The kernel of this map is the span of the vector qé‘ = xo . The normal
0
21

space N, q(ﬂ'_l(b); S« TqS3 of vectors which are orthogonal to an'_l(b) is
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®

the span of (qll - qzl, q3l). The map d7, sends qll — qzl and q3l to, respectively,

—2x% —szxl
di(qr —qy)=2| 0 |, d7(g5)=2] O
2
—ZXOXI 2x0

These two vectors form a basis (d7,(q; — g;), d7,(q3)) of T,S*. We need to
check the orientation of this basis. The tangent space T, S? has a basis (e';’, eg)
as a subspace in R>. This basis is negatively oriented, since, together with the
outward pointing vector b = eg, the basis (e;, e?, eg) is a negatively oriented
basis of R3. For we need to make one permutation to get the standard basis
which leads to multiplying the sign with —1. The matrix B which expresses
(dﬁq(qll — qzl), dﬁq(q;)) in terms of the basis (e?, eg) is given by

el < —x% —x02x1> .
—X0X; xg
We see that det B = 16(—xg — x(z)x%) = —16x(2)(x(2) + x?) = —8x3 < 0 is neg-
ative. Hence the basis (a’irq(qll — qzl), d ﬁq(qé)) is a negatively oriented basis

of TbSZ. This defines an orientation on the normal space N, q(n_l(b); S by
declaring the orientation of the basis (¢;” — g5, g3 ) to be negative.

Finally, the orientation of Tqﬂ'_l (b) is such that the direct sum
Nz 'S @ T2~ () =T,S

induces the given orientation on Tq§3. We check this by looking at the basis
(q]l — qzl, q3l, qé) of Nq(ﬂ'_l(b); Y- an_l(b). The transition matrix from
the basis (qf', qé‘, q3i) to the basis (qf' — qi‘, q;, qé) is given by

1 0 1
-1 0 1
0 1 x;/x

The determinant of this matrix is —2. In particular, it is negative. Since we
checked that the basis (qll, qzl, q3l) is a negatively oriented basis, we see that
the orientation of the basis (qll - qzl, q3l, qé) of Tq§3 is positive. Since the
sign of (qll — qzl, q3l) is positive as a basis of Nq(ﬂ‘l(a); S3), we need that
the basis qé‘ also has positive sign. Hence the vector qé provides a positively

oriented basis of 7, 7' (b).

By definition of H(x), we need to choose two distinct regular values a and b of
7 and calculate the linking number of 7~ !(a) and z~'(b). Since we showed that
each value is regular, we can for example choose a = (0,0, 1) and b = (0, 1,0) on
S?’cR*=CxR.

To calculate the linking number of 7~!(a) and z~!(b) we need to choose a point
on S? disjoint from these two subsets and stereographically project S* from this
point onto R3. By our choice of @ and b, we get that the north pole N = (0,0,0, 1)
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is neither on 7~!(a) nor on z~!(b). Recall that the formula for the stereographic
projection ¢]_V1 : $3\ {N} = R3 is, with the notation we use here, given by

1
(x(),)”o,xph)'_’ (xo,)’o,x1)-
1

-V
Hence we get
Sy = by (x™ (@)
= {v=(vy,vy,0,) ER> : U§+v% =1 and v, =0}
and
Sy = iy (2™ (B))

1 — wy)?
={w=(wo,w1,w2)eR3 : w1=w2andw3+w%=%}.

Now we can calculate H (x) as deg(4) with

V—WwW

A S, xS, = S, (v, W) .
v —w|

To compute the degree of A we pick a convenient point of S?> and determine the
fiber over this point. Then we check that we actually picked a regular value.

So let us look at p = (1,0, 0). The equation A(v, w) = p then implies
vy =w; =0and vy — wy = vy — wy|.

The latter condition, implies that v, — wy is positive. This does not look very
helpful at first glance, but we also know

2

1= v(z) + v% = Uo,i.e.,vo =+1,

and
, (1= wp)?
Wy=—F
2
Now we can check for the four possible permutations of the signs whether they

yield vy — wq > 0 and get three points: one with vy = 1, w, = \/5 — 1, one with
vo =1, wy = —\/5— 1, and one with vy = -1, wy = —\/5— 1. Hence we get
three points (v, w) in S, X S, with A(v,w) = p.

It remains to check the derivatives of A at these points. We have to show that the

determinants at each point are nonzero and that the sum of the signs is +1. For
then we get deg(4) = +1 as claimed.

Since .S, is the unit circle in the xy-plane, the tangent space of .S, at a point v is
given by

TvSa == {ll = (uo,ul,uz) (S R3 5 u2 = Oand u0U0+u1U1 == O}
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Similarly, S, lies in the plane P in R? of points w = (wy, w, w,) with w, = w,.
Then .S}, is the fiber of the map

(1 — wy)?

gb:P—>R,W=(w0,w1,w1)l—>w(2)+w%= >

After a simple computation we get
Sy =g, (1) ={w=(wy, w,,w;) €EP: 2wf+w(2)+2w0 =1}.

The derivative of g, as a map from P — R is given by the matrix (we could also
consider it as a map R3 — R?)

d(gp)w = Quwy +2,2w,).
Hence we get

Twa == {ll == (UO, ul,uz) (S R3 . u2 = uland uO(wO + 1) +u1w1 = 0}.

Now we calculate the derivative of A. First we do this as a map

1 R3xR - R3, (V, W) — V_w.
lv—wl|

This will help us, since gyo4 is constant on S, X .S,. Hence d Z(V,w) sends the
subspace T, X TS, € R* xR t0 T,S* C R’.

We determine dz(v,w) by computing its partial derivatives %(V, w) and %(V, W)
j j
with respect to the variables v, v}, v, and wy, w;, w,: For i # j, we have

ali (U,' - w,’)(Uj - wj) ()/Nll-
—(V,w) = = (v, w).

v, v —w|3 ow;

Fori = j, we get

() —w)? + (v, —w,y)? ifi=0

04, 1 5 , .
_(V,W)=—- (UO—wO) +(U2—I/U2) ifi=1
v, [v—w|3 .
(Vg — wp)? + (v, —wy)?* ifi=2
and
04 0
0 (v,w) = av_(v, w).

i i

Now we evaluate these formulae at the points (v, w) with A(v,w) = p. For each
such point we found v; = v, = w; = w, = 0. Hence we get
0 04
— W, w)=0=—=(v,w)
v; ow;
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fori # j,

04 1 0 ifi=0
—(V,W) = —— -

|vg — wyl 1 ifi=1,2

and

04 1 0 ifi=0
— (W) =—

ow, log—wol | =1 ifi=1,2.

Now we are equipped to study the linear map d Ay : 1,8, X T}, S;, — TPSZ:

0 0
A basis of Tp82 is given by the vectors e, = | 1| and e; = |0|. Since the vector
0 1
p = e¢; = | 0] is an outward pointing normal vector, this is a positively oriented
0
basis of T' p§2.
0
At each of the points (v, w) we found with A(v,w) = p, the vectora = |1]isa
0
0
basis of 7,.S, and the vector b = | 1 | provides a basis of T,.S},. The map d 4y,
1

0 0

sends a to 1]and b to -1 —1|. Hence we have
|vp—wy |vp—wy
0 -1
dAy w(@) = 1 . e
- lvg — wol ?
and
1 1
Ay (B) = ———— &y — ——— . &;.
- lvg — wpl ? lvg — wol :

These two vectors form a basis of Tp§2 and we see that (v, w) is a regular point.
Since this is true for all points in the fiber of p € S?, we conclude that p actually
is a regular value.

To check the orientation of the basis, we calculate the determinant of

1 1 -1
@Ay = |vg — wy| <0 —1>

which is also the transition matrix from (e,, e;) to the new basis. The determinant
of this matrix is negative. Hence the basis (d)»(v’w)(a),d/l(v’w)(b)) of Tp§2 is
negatively oriented.

In order to understand the effect of d 4y , on the orientations, we must determine
whether (a, b) is a positively or negatively oriented basis of T,.S, X T,,:S}:
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(v,w) with vy = 1, wy = \/E—landvl =0, =w =w, =0 As
we checked in a previous point, the orientation of S, is opposite to the
standard orientation of the circle. Hence the basis (a) is a negatively oriented
basis of 7,8,. The basis (b), however, is a positively oriented basis of

1/V2
T,S,.” For, at this w, the corresponding vectors are ¢ = 0 and

w 0
~1/4/2

%

O 0
= ijg , and b is a positive multiple of d (d’J_vl)q(q(J)') 1 /\/5 _Since

0 1/v/2

q(J)' has sign +1 and ¢, preserves orientations, b also has sign +1. Hence
(ax 0,0 X b) is a negatively oriented basis of 7,5, X Ty.S),. Thus d Ay,
sends a negatively oriented basis to a negatively oriented basis and therefore
preserves orientations. Hence the orientation number at (v, w) is +1.

(vvw)withvyg =1, wyg = =vV2—-1land v, = v, = w; = w, = 0: The
vector a is a negatively oriented basis of T,,S,. The basis b, however, is now
also a negatively oriented basis of T,,.S,. For, at this w, the corresponding

~1/V2
V2
2

0
-1/ and b is a negative multiple
0 -1/v2|

1/v2 0

vector are g = and gy =

0
of d(q,')l_vl)q(qé) = —1/\/5 . Since qé has sign +1 and ¢, preserves

~1//2

orientations, b has sign —1. Hence (a X 0,0 X b) is a positively oriented
basis of 7,8, X T,,S,. Thus d4, sends a positively oriented basis to a
negatively oriented basis and therefore reverses orientations. Hence the
orientation number at (v, w) is —1.

(v,w) withvg = -1, wyg = —V2—-land v, = v, = w; = w, = O:
Now the vector a is a positively oriented basis of TS, and b is a negatively
oriented basis of T,,.S,. Hence (a x 0,0 X b) is a negatively oriented basis of
1,8, X TS). Thus d 4, sends a negatively oriented basis to a negatively
oriented basis and therefore preserves orientations. Hence the orientation
number at (v, w) is +1.

Thus in total we get that the sum of the orientation numbers is +1 — 1 + 1 = +1.
Hence we have shown H(x) = deg(1) = 1.

“We make two permutations which lead to multiplying with (=1) = +1.

*Imagining .S, as a deformation of the unit circle lying in the plane y = z in R? and the vector b points
upwards at a point with positive x-coordinate. We checked that the orientation of .S, is opposite to the
standard orientation of the circle.
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