
Assume gander. const

⇒ ¥¥lrvrt¥v.)+g8¥=0 % }

l-rod-rlrvrl-i-r-Y.tw?-z-=0
⇒ D. V=0

LHS
g-
const :

gC¥ .it#lrvrvr1+'-rod-o-lv.vt--I+d-zlvzvrD
Chain rule

g[%i+¥+Vr¥+¥¥¥-¥+v≥d¥+vr¥:]
Recognizing that the underlined terms can be grouped and cancelled due to mass continuity equation

⇒ ¥¥lrVr)t¥d¥+Vrd¥=Vr[dd-rlrvn.it . !¥+d¥]=0

Finally .me get : If

g[%i+vr¥+¥¥
.

-¥+4K;-]
RHS : - ¥ _ trd-rlrrrr-trd-o.la/+0F-dd-zlrzr1-iggrFdbwingthehints :
- w

Grouping - trd-rlrrrr-it.ro
Chain rule : - daff - F- + f-%



Inserting :

Previously ,
we found that Tv -0

And applying µ= const

2M¥ /¥ +E) - £8¥ - ¥]
usinghtT reverse chain rule ,

we recognize this to be

& ¥1m)

2M¥ frfr Irri) - I. %;]
Back to the

"full
"
RHS :

- ¥ - trod. Carl - ¥
.

Carl +ggr -12m [¥ (tr ¥ (rvr)) - tr. do¥]

Inserting

µ= const

- -1%1%1=4 o¥E¥l¥)+ᵗrd¥]
=¥[r¥fr . !¥)+ᵗrÉ¥]
=n[frfr -0¥) # 8¥]



And :

- E. Carl =µ[%: + %:]
Back to full RHS :

- ¥ .info/tr- ¥-1#¥:] + µ [%: +8¥] +sgr-izuff-rfrd-rlrv.D.tn %;]
in w ~

We notice that these terms looks similar

to D. V. Using that dis distributive :

µ¥fi8¥)-µ¥ld¥) -12m¥HEH
=µÉl 's -8¥ + %÷ + t.d-rlr.vn/+uEfrod-rlrvrD--Md-r(trod-rlr.vrD
7.x

We then end up with :

- ¥ -1m¥ 8¥ -

in .%¥ -ygr.no?Frod-rlr.vrD-2n.tr.doY--
We can then separate outµ

¥ -in frklrvrD.tn?E-F.:-Ed*-)+ggr
Combining RHS and LHS :

r- component

g[%i+vr¥+¥¥ -¥ + v. d¥] = -¥+µ[¥1's .fr/rvrD-i'-r.dY.:-%: -78¥] +ggr



LHS : g is constant

g [ 8¥ + tr ¥ lrvrv.) + to! Iris.) +
"¥ + ↳%)]

Using the chain rule :

trod-rlrvrv.t-trk.fr/rvr)+r-Vr d¥] = ¥ ¥1m) + vrd¥

+ (v.v.) =3 v. 8¥

¥
.

(vzVo) = Vz d + vo.dk#

Inserting into LHS :

g [8¥ +¥rH+vrd¥+②±¥ +
"¥ + v. 0¥ +v•d¥

Recognizing that the underlined terms are equal to V.to .v) = 0
As we have a 2 in one of the terms, we will not get rid of the term completely

Finally we get :

g [ 8¥ + vr %: + ¥ 8¥ +
"¥ + v. %:]

RHS

- t 9¥ - ¥ ¥ Lirr ) - tr ¥ %. - ¥. (%-) - to-r - oror +

gg.

Applying chain rule :

- ¥ ( Pirro) = -Hr 2 doE- + 8.•¥) = -Hr 2 done
or

+ To2) = - d _

2or
or

Inserting into RHS :

- tr 0¥ _ d%° - 2%. _ tr ¥ %. - ¥. (%-) - to-r - or •r +

gg.



⇒

A-r -¥ = 0 for = Tro

And :

- %: -2¥ = - frfr# 1¥) -it ¥;)] + ¥f¥l¥Hrd¥]
µ is const

=n¥lr¥l¥Dµ¥fr¥•)+¥f¥l¥Hd¥]
Grouping terms together, and using that the partial derivative is distributive

=µ[¥ (r¥ (E) +48¥ +2¥) ← É %-)
Using the chain rule on the underlined terms

¥lr¥l¥D=¥H / ¥ • r - v. •¥
'

)=¥ld¥ - ¥)
p

21

¥l¥⇒=ui;aiM
2

g.
continues function

frfr %-) = -48¥ + t.fr/dY-.)=-tri!:-+tod-.lFr1
We then insert the results back in :

- %: -2¥ =µ[¥(¥ -¥ +21¥)¥¥ + + ¥
.

/E) +¥ %-)
=n[¥1 +¥ ) + + ¥.l¥r¥D

Apply the inverse chair rule : t.dz/rv.)=doY-- + ¥

t.fr/rvr)=dY- +¥

=µ[Frfr ¥1m.tt#Hod-rlrrrD]



Inserting into RHS

- tr ¥ +

µ [¥ It ¥1m.tt#Hod-rlrvrD)-trd-.roo.-d-z.lEo-I+gg.

Using thatµ is constant
, and that r is not a function of 2-

⇒ - E. (%
.)=n[%¥ + I. % I!¥D=µ[%¥+ᵗr¥P¥D

Similarity :

due to o.ro

⇒ - II. %. = 27¥ fr .
+ F) = 7- Er# 18¥)+ᵗr¥]

Inserting into RHS :

- tr ¥ +

µ [Frfr ¥1m.PH#Hod-rlrrrD-iFEr-.lE-)+tr-E
µ [ 8¥ +4¥ /%:)) +

sg.

Using thatµ is a common factor, and recognizing that multiple terms contains £¥ , as
well as using that is distributive

, we get :

- ᵗr¥µ[%lᵗr¥lr↳D +3.0¥ +0¥: +4¥ ¥1m) +3.8¥ +%÷)]+sg .
-

Finally RHS becomes :
= ?;I+ᵗr%¥=ᵗrᵈ¥

- tr ¥µ[%( to! Irv,)) + ¥d¥+%¥+¥É¥] -189.
Combining LHS and RHS :

g [ 8¥ + v. %: + ¥ ¥. +
"¥ + v. %:] = -1¥ _µ[¥fr¥lrv•D+ÉÉ+%¥ + tri %¥] +gg.



LHS : Using g- const

g[%¥ + trd-rlrvrvz.1-td-o.lv. b.) + d-oz.lvz.lk. )]
Expanding terms using the chain rule :

tr -

d-orlrvrvz.t-tfk.fr/rvr)+rvrdE-)=k--r.d-rlrvr)-iVrdoEtrod-.lv.vz.)=¥ %¥¥%;-
¥ (Vzvz)=2VzdVz_dz

Inserting into LHS :

g [8¥ i-E.fr#-ivrdY--r- ¥ . 8¥ +¥I¥+2¥]
The sum of the underlined terms is equal to Vz . V.V -0

The last term will "survive
" due to the 2-factor

Finally LHS becomes :

g[%÷+vrd¥+¥%¥+Vzd¥]
RHS

- 8¥ - tr ¥ lrrrz.J-trd-o.lro-z.1-od-z.kz.≥) -49≥
Chain rule :

- tr ¥ / rrrz ) = - dote _ TFor

Using andµ is const

Rewriting =µ[¥(E- +8%) + f. d¥+ᵗrd¥]
swapping order of derivatives on some
terms , and using the distributive
property of derivation . AND =µ[ ( Hr + %-) + & dotty +¥ /%;)]using that r is not a function
of ≥ : tr d¥ = E. (F)



Using reverse
chain rule : ¥.fr?rlrvrD=od-z.(doY- + %)

ᵗr¥t¥=t!¥¥%⇒
- t.fr lrrrz

. )=n[¥.fr#rvrD-i-rd-rlrd*D
Inserting into RHS :

- 8¥ +µ[o¥(tr-d-rlrvrl-i-rd-rlr.co#D-trd-oo.lroz.)-od-zlrz.z.)-iggz-

Using
,
andµ

-

_ const :

- ᵗr¥k⇔)=%[¥l%÷+ᵗr%¥]
? =n[¥frF¥)+¥%¥]

Using
from continuity eq

,
andµ

= const

- d-oz.kz.≥) =2µ¥oa
Inserting into RHS and grouping onµ :

- 8¥ .info#r---rrrD-i-rd-rlr.doY-1-od-.--r-j)-itraFE-z+2z---d] + ggz
The underlined terms are equal to ¥

.
/0.4=0
¥5

But the last term won't "die " due to the 2-factor
The result is :
- II. +µ Er . ¥lrd¥)+ᵗrz%¥+d¥:] -199≥
Combining LHS and RHS :

g[¥+vrd¥+¥%¥+Vzᵈ¥] = -8¥ +µ Er . ¥lrd¥)+ᵗm%¥+%¥] -199≥



If

The meaning of the assumptions

1. ¥ --0 5
. 2nd derivatives with ⊖ or -2 ≈0

2. %; = 0 6
. ggz

= 0

3. = 0 7 ¥z=dd¥ = const = k ,

4. Vr = V0. :O

Moving forward , I will use
"

to cross out terms that are zero due to assumption 1
, for assumption 2

and so on . By beginning where I left off in a) :

I realized that the exercise does not ask for r and ⊖
,
but I have already done them

r- component

s[¥iiv¥:¥¥?¥?↳¥= -¥ .nl#-E-i-r.o*?-.o*i-EY*Fggr
The only suriving term gives the result :

dope = ggr -0
↑

assuming negligible pressure drop in r-direction in order to get an equation system
that can be solved analytically

⊖ - component
µ

4
y

g[¥.ir#-r:I.-Y!vY:j=-i-rE.-uEr'-rHrvI-¥¥%¥i+ᵗr¥¥] .gg.
0¥ = rgg.

-

assuming negligible pressure drop in the 8-direction



2- - component

g[%÷iv¥"¥¥É¥¥] = -¥ -ME . ¥ir%⇒¥¥¥ÉHᵈ
We end up

with

=µ[ᵗr¥lrd¥D
Using 7.ie#=const=k ,

⇒ ¥(rd¥r) = % . r = hear

Integration
r d¥- = Hear" ks
0¥ = Hear -1k¥

Integration
Vz = kzr

"

-1 ↳ In r + kt

I 1 1 11 I / 1 I / I 1 1 11

Boundary conditions
↳ = Vmax / r ⇒ k

, + b.• = Vmax

"
-

- - - →→I- - - - - - - - - - - - -

} ,
I l / 1 1 11 / 1 7 11 I 1 1 11 1 1 21

⇒ k
}
--0

, hey = Vmax →
2-

tr
⇒ Vz = ¥ kzr2 + Vmax

Vz = 0 / r=R ⇒ ¥kzR? Vmax = 0
kz =

-

t Vmax
R2

⇒ Vz =# • (-4%9) r' + Vmax
= Vmax / I -¥)

Vz 6) = Vmax / I - ¥)



For a pipe : A = -11122

In cylinder coordinates, DA -_ rdr do

⇒ ⇔ = ¥. §
"

firmall - ¥1 rdr do
= 25¥. Vmax f.

"

r - ¥ dr

= 2V{a⇒ (£ R2 - 1g 12¥22)
= 12k¥ -¥¥

of> = Vmzax

Using 12--10
,µ=3 Pass

, Vmax= 5m15Need Tzrlr)
=> D= 2¥ Vmax = 4,3-2.5=0,3 Ntm'

Ar = -µ (¥ + d¥↑ ⇒ Fer = 0,3 NA ' r

= -n¥r
=
-µ %[Vmax 11 - ¥1]

Tzr = 2%2 • Vmax . r

The resulting profile is :

F-ONEVz,max F-0 , Far=p

! i

i i

; :

i
F- R , Vz

= VZ
,max

F-R , For = rzr.mx = 3 N/ma



µ ≥

& . -ylj)j=fmj
" "

)j=tmj")[✓ + last]

Using that any position in cylinder coordinates can be written as :( r, ⑦ E)

We know that :

a %: ¥
.]tzr Jz⊖ TÉZ

""ᵈ

pv.fr.fr#?d-ozKHvf.ik.)--(d-r.0.d-z.)lo.o.Vz.)
Doing the vector calculations . weget more terms, however, due to the assumptions, they can
be neglected.

* & ;÷÷l: :*:|O O O

⇒ or:[¥ :i:|
÷:*:|Then : j = TV + V5 = § o o



j :j= 1%-5+1%+7=21%-12

j=V±jJ=d¥Ñ=l¥rl

o-tmjmkov.int] = -m /¥1
" "

?¥ !
¥

;[ ◦ ° ]
As we know d¥ is negative ( looking at the velocity profile )

1%-1 must be equal to (%-)
Then :

-ml¥r1"¥r=mf%⇒"fd¥)=mt¥↑

trr TroTro
°

mt¥Ñf = µ a.T = [ O O O

mf¥)
"

O O
B-r E-⊖ Tzz

Which then means that :

Trz=mfᵈ¥)
"



We need to start from the same starting point as in a) , however, the
LHS is the same as we got in part a)

LHS :g[%÷+vrd¥+¥%¥+Vzd¥]

for RHS , from e)
,
we found that

◦ ◦ "÷

÷:*T = [ O O O Tor Too. Ee

mfd¥)
"

o 0

Which means that ☒ = Fez

RHS then becomes :

- ¥z _ trdrlrorz) -199£ Using the result from e)

Combining LHS and RHS 2

5K¥ .ir#-:v.-ri-Yv.F--.)---dP-z.-l-rd-rlrrrz)-ig/gzb Using the assumptions
from b)

£ (rrrz) = -8¥



Iron.)=(¥3) / integration ( remembering that # is constant)

rare -1-8*1%+4
Trz=(¥)E -1¥ As thefbwisfinik, and r-0=>0,

C ,
must be 0

trz.H.EE Using the result from f)

mtd¥)H¥)E

0¥ = -4¥)-5m )
"

:-(1- ¥1bn)
""
.mn Integrating

Vz. = - A- ¥4.21m)%r"
" ""!

, !yn -14

Assuming Vz=0 When r=R

⇒ b. = - H¥d÷m)""R"""! I

/ + Yu
+ ↳ =D

⇒ 4=4%1.1%1%1
" ""

.

I

1 -14N

Then
,
we get :

Vzlrl :[1-¥1.12m]
""

.

, !yn#
+ ""
- r
'" ""]

vii. [t¥Hm]
"

:p -41
"""

]
vii. [t¥) -

""

• iii. if -1k¥
""

]

Inserting n=l :

u.int#z.tEm.iE.f-r-rH=f8I).Fmf-FrJ] Looking at b), and seeing what the constants
are by going backwards, we can see that



Looking at b), and seeing what the constants are by going backwards, and as n=l⇒µ=mj
""
= m -j"m

⇒µ=m

We can find that Vmax = - RI ki - ¥µ . d¥z = f¥z) . ¥µ = 1-¥) . ¥m

Finally :

Vzlr) = Vmax .[1-1%5]
,

which is equal to what we found i b)

Reformulating using ¥z=k = -1 ,

and plotting in python

vain ¥
"

. iii.f- (E)
"""

]
The viscoity is given by 12=5

m =L

Hit -.m.jm-m.ME/
""

§ 1%-1
""

m=\

So
, for large 10¥/ , the viscosity is
largest for high values of n , and decreasing
with decreasing n .

This means that

the steepest curve represents the

largest viscocity.

So the viscocity is largest for shear - thinning , then newtonian and the smallest

is for shear - thickening . For n --1 , the visorcity is
"

independent
"

of 4¥/ . It makes sense
that shear - thinning has the highest velocity , as it has the lowest Viscocity µ ✗ 14¥/ 0,5
which in turn means that the shear stress of the wall is lower

,
and the effect of

the shear stress decreases quicker (which is the reason for the steep slope)

This is also why the profile is flatter on the top with decreasing n. The decreasingµ ,
means that the effect of the shear stress from the wall decreases quicker while moving to r=0
than for larger n - values. This allows the fluid to retain Vmax (or close to Vmax) further away from r=0 than for larsen.



From the shapes, it appears that the largest apparent visacities are close to the

pipe walls, as 14¥/ has the largest value there (steepest decline) , and that the
smallest viscosity is in the middle of the pipe, where /¥1 has the smallest value


