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ON THE RATE OF CONVERGENCE OF APPROXIMATION
SCHEMES FOR BELLMAN EQUATIONS ASSOCIATED WITH
OPTIMAL STOPPING TIME PROBLEMS.

ESPEN ROBSTAD JAKOBSEN

ABSTRACT. We provide estimates on the rate of convergence for approximation
schemes for Bellman equations associated with optimal stopping of controlled
diffusion processes. These results extend (and slightly improve) resent results
by Barles & Jakobsen to the more difficult time dependent case. The added
difficulties are due to the presence of boundary conditions (initial conditions!)
and the new structure of the equation which is now a parabolic variational
inequality. The method presented is purely analytic and rather general and is
based on earlier work by Krylov and Barles & Jakobsen. As applications we
consider so-called control schemes based on the dynamic programming princi-
ple and finite difference methods (though not in the most general case). In the
optimal stopping case these methods are similar to the Brennan & Schwartz
scheme. A simple observation allow us to obtain the optimal rate 1/2 for the
finite difference methods, and this is an improvement over previous results
by Krylov and Barles & Jakobsen. Finally, we present an idea that allow us
to improve all the above mentioned results in the linear case. In particular,
we are able to handle finite difference methods with variable diffusion coeffi-
cients without the reduction of order of convergence observed by Krylov in the
non-linear case.

1. INTRODUCTION

Optimal stopping time problems for controlled diffusion processes have been con-
sidered in great generality by using the dynamic programming principle approach
and viscosity solution methods. The value-functions of such problems turn out to
be the unique viscosity solution of the associated Bellman equations under natural
conditions on the data. We refer to the book by Fleming and Soner [11] for optimal
control problems and to the article by Pham [23] for optimal stopping time prob-
lems. For a detailed presentation of this notion of solution, see the User’s guide
[6].

In order to compute the value-function of such problems, many numerical schemes
have been devised. In this paper we concentrate on so-called control schemes based
on the dynamic programming principle and finite difference schemes. For the anal-
ysis of control schemes, we refer for instance to Capuzzo-Dolcetta [5], Falcone [§],
Capuzzo-Dolcetta & Falcone [9], Menaldi [22], and Camilli & Falcone [4]. While
finite difference methods have been considered by for instance Crandall & Lions [7],
Souganidis [24], Kushner & Dupuis [18], and Krylov [16, 17]. The main focus of the
above references are pure control problems. Numerical methods, and in particular
finite difference methods, for optimal stopping time problems have been analyzed
in for instance Glowinski, Lions & Trémoliere [12], Wilmott, Dewynne & Howison
[25] and Jaillet, Lamberton & Lapeyre [19]. We also mention that the convergence
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2 E. R. JAKOBSEN

of these schemes can be obtained using the theory of Barles & Souganidis [2] stating
roughly that any “stable, monotone, and consistent” scheme will converge.

In this paper we will consider the problem of finding error bounds for approxi-
mation schemes for Bellman equations. Krylov [16, 17] was the first to solve this
problem. He developed a new method combining both analytic (PDE) arguments
and probabilistic ones, thereby obtaining results for finite difference schemes. These
results were then extended by Barles & Jakobsen [1] to a rather general class of
monotone approximation schemes. This was done using a modified, purely ana-
lytical version of Krylov’s method which to the author’s opinion is much simpler.
Included in this class is control schemes in the general case, and finite difference
methods in the case of constant diffusion coefficients. This last restriction was not
present in [17] at the cost of a reduced rate of convergence.

Using similar techniques this paper extends and improves Barles & Jakobsen [1]
in the following ways:

e We treat the more difficult time-dependent case. The added difficulties
are mainly due to (i) the presence boundary values (initial values), and
(i) the new structure of the problem which is now a parabolic variational
inequality. The first difficulty is handled using techniques introduced by
Krylov in [17]. The second one requires new estimates and to some extent
new estimation techniques.

e A simple observation allow us to improve the results of [1] for finite differ-
ence schemes from 1/3 to get the optimal rate 1/2. The idea is to use a
more refined consistency condition than [1], see condition (C4).

e We present an idea that allow us to get stronger results in the linear case.

Furthermore, it extends and improves Krylov [16, 17] in the following ways:

e We treat optimal stopping as well as optimal control in the time-dependent
case. This leads to an obstacle problem with an associated variational
inequality (the Bellman equation).

e We obtain for finite difference schemes the optimal rate 1/2, as opposed to
1/3 in [16] (constant coefficients), and 1/27 in [17] (variable coefficients).
However, in general we need constant diffusion coefficients which was not
the case in [17].

e In the linear case we have stronger results, which includes the case of vari-
able diffusion coefficients. The rate obtained here is 1/2.

e We treat a larger class of monotone schemes (as in [1]) which includes
control schemes.

e Our method (as in [1]) is purely analytic and to the author’s opinion simpler
than Krylov’s method.

Now let us be more specific. We will consider the following type of Bellman initial
value problem arising in a finite horizon, discounted stochastic optimal stopping and
control problem.

(1.1)  G(t,x,us,u, Du, D*u) := min {u¢ + g(t, x,u, Du, D?u),u — f(t,z)} =0
in Qr:=(0,T] xRV,
(1.2)  u(0,z) =ug(z) in RY,
with
1
g(t,x,r,p, M) = in{9 { ~5 tr[a® (¢, ) M] — b° (t, x)p — ¥ (t, x)r — dﬁ(t,x)}.

where ug € Cp(RY), f € Cp(Q7) and a > 0, b, ¢, d are continuous functions defined
on Qr x © with values respectively in the space S(IV) of symmetric N x N matrices,
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RY and R. O, the space of controls, is a compact metric space. We also make the
natural assumption that f(0,7) < ug(x) in RV.

Under suitable extra assumptions on ug, a, b, ¢, d and f, the solution of the
equation which is also the value-function of the associated stochastic stopping and
control problem, is bounded and uniformly continuous, see [20, 21, 23]. Further-
more it is expected to be Holder continuous if o, b, ¢, d, and f satisfy suitable
regularity properties. If f < ming, u then equation (1.1) becomes the HJB equa-
tion associated with an optimal control problem with no stopping;:

(1.3) ug + g(t,x,u, Du, D*>u) =0 in Qr.

We will consider one-step in time approximation schemes of the following type:

G(h’a tv T, Up (tv I), [uh]t,z)

(1.4) := min {S(h, t,x, up(t, x), [uh]t@),uh(t,x) — [t m)} =0
in Qr:=[At, T] x RV,
(1.5) up(t,x) = gn(t,x) in [0,At) x RV,

where h = (At, Az), At is the time step, MAt < T, Ax is some small parameter
which measures typically the z-mesh size, u; is the approximation of u and the
solution of the scheme, [uplt, is a function defined at (t,z) from up, gp is the
initial data for the scheme, and finally S and G denote the approximations of the
(1.3) and (1.1) respectively.

A one-step in time scheme means that the solution at time ¢ depends on the
solution at time t — At (up(t,z) depends on up(t — At,-)). Implicit and explicit
schemes are allowed. Moreover note that the function uy is defined at every point
in Qp. For uy, to be well-defined for every ¢, we need to specify initial data on the
entire strip [0, At) x RY.

We give a brief outline of the techniques used here. They are based on a tricky
idea of Krylov: Consider the solution u¢ of the following perturbed version of (1.1)

min {ui(t, x) + i(nf2)g(t + 5,2 +e,u(t,x), Duf(t, ), D*us(t, x)),
s€(0,e

(1.6) le|<e
witw) = fba)} =0 in Q= (% T] xRY,

(L.7) uf(—e%,z) = up(x) in RY,

where the coefficients (except f(¢,z)!) have been appropriately extended to ¢t > T
(to be equal to their values at t = T). Regularize u® by mollification, and use
concavity of F in u, Du, D?u to prove that the resulting function denoted by u.
is a (smooth) subsolution of (1.1) in Q7. Now, if we can prove precise bounds on
llu— el Lo (mnvy and the derivatives of u., we get “half the result”, namely an upper
estimate of u —uyp. To see this, one just has to plug u. into the scheme and use the
consistency condition in addition to some comparison properties for the scheme.
The details follow in the next section.

The other estimate (a lower estimate of u—wy) is then obtained by interchanging
the role of the scheme and the equation in the above argument. This leads us to
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introduce the solution u§ of the perturbed version of the scheme (1.4)

(1.8) min{ inf S(h,t+s,24 e uj(t,2), [ujlissate) u — f(E, a:)} =0

s€(0,e2)
le]<e

in Q5 :=[At—e2,T] x RV,

(1.9)  wus(t,x)=gn(t+e%2) in [ At —e?) x RY,

with appropriately extended coefficients. The difficulties with this procedure lead
to restrictions in the class of schemes that can be considered. See [1] for a further
discussion of these methods.

Let us give some examples to what kind of schemes our abstract result can
handle. First consider the simple one space-dimensional HJB equation associated
with an optimal control problem:

1
(1.10) wp + inf { (0"t ) e — dﬂ(t,m)} =0 in [0,7] xR.
9€O 2
For this equation we will consider (i) so-called control schemes:

(1.11)

up(t + At,x) = up(t, )
1
+ sup {— [uh (t, z+ o’ (t,z)V At) + up, (t, z— o’ (t,z)V At)} + Atdﬁ(t,x)} ,
veo |2
and (ii) finite difference schemes:
(1.12)

up(t + At,x) = up(t, )

9
+ sup {a—ﬁ (uh(t,x + Ax) — 2up(t,x) + up(t,x — Ax)) + At dﬁ(t,x)} .
veo | 2 Az?
However, in the case of finite difference schemes we will have to assume that (¢7)? =
a” does not depend on (,z), see Section 3.
Now consider optimal stopping of a controlled diffusion. In a simple one space-
dimensional case the Bellman equation take the following form:

1
min{ut Jrﬁuelg{ - 5((719)2(t,z)um fdﬂ(t,x)},u— f(t,o:)} =0 in [0,T]xR.

For this problem we will consider schemes of the type:
up(t + At, z) = max { S(At)un(t, ), f(t + At,z)},

where S(At) denotes the (formal) solution operator associated to some approxima-
tion scheme for (1.10). This is really a two step procedure:

(1) Determine the intermediate function @ such that

ap(t + At, ) = S(At)up(t, x).

(2) Calculate up,(t + At,z) = max {ﬁh (t+ At, x), f(t + At, x)}
In this paper we will give results for case when S(At) is associated to the finite
difference scheme (1.12), and indicate how to obtain similar results for the scheme
(1.11). In the case of a pure stopping problem, i.e. no control — © is a singleton,
this scheme is related to the so-called Brennan & Schwartz algorithm used for the
pricing of American options, see [3, 19].

This paper is organized as follows: In Section 2 we state and prove the main

result giving the rate of convergence for approximation schemes. This result is
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then applied to explicit finite difference schemes and control schemes in Sections
3 and 4 respectively. The linear case is considered in Section 5, and finally, the
Appendices contain the proofs of some technical results.

2. THE MAIN RESULT

In this section we state and prove the main result of this paper, a result giving
the rate of convergence for certain approximation schemes for (1.1). We start by
introducing the norms and spaces we will use in this paper. First, we define the
norm denoted by | - | as follows: for any integer m > 1 and any z = (2;); € R™, we
set |22 = 31" 27. We identify N1 x Ny matrices with RV *~2 vectors. For such
matrices, |M|? = tr[M7T M) where MT denotes the transpose of M. Let I C [0, c0)
be an interval. Let Ny, Ny be nonnegative integers, and f : I x RY — RM XNz he

a function, then we define the following (semi) norms:
[flo=sup [f(t,2)],
(t.0)El xRN

[f(t,z) = f(t,2)| [f(t,x) = f(t )]

[fls= sup - v [flsj2, = sup - :
tel,z,zeRN |z — 93|6 / t,iel,z€RN [t — t|6/2
THAT t#£t

furthermore [f]s = [f],s + [fls/2, and | f|s = |flo + [f]s. By C°(Q1) we denote the
set of functions f : Q7 — R with finite norm |f|s. We denote by D?f the vector of
the i-th order partial derivatives of f with respect to . Finally, throughout this
paper we denote by C constants independent of ¢, z, h = (At, Ax), and ¢.

We state the assumptions on the coefficients in the Bellman equation (1.1):

(A) (Conditions on data) For any ¢ € ©, ¢’ <0 and a” = o?0?" for some N x P
matrix-valued function 0. Moreover f(0,z) < up(x) in R and there exist M > 0
and & € (0,1] such that 07|, 671, Vs, |d?]s, | fls, |uols < M for any ¥ € ©.

See Remark 2.2 about the condition ¢ < 0. The next | result states that under
assumption (A), we have existence and uniqueness in C°(Q) of viscosity solutions
of (1.1) & (1.2).

Theorem 2.1. Assume (A) holds.

(a) There exist a unique viscosity solution of (1.1) and (1.2) in C°(Q7).

(b) If At > 0 and u,—v € USC(Qq) are wiscosity solutions of G[u] < 0 and
G[v] > =k in Qr, where k > 0 is a constant, then

u—v<C sup  |u—v|+k in Qr.
[0,At) xRN

This result is now more or less classical, see e.g. Pham [23] Proposition 3.3 and
Remark 2 page 11. We remark that the z-regularity in (a) follows from Theorem
A.1 in the Appendix, and part (b) would follow from an easy modification in the
proof that Theorem.

We state the assumptions on the scheme (1.4):

(C1) (Monotonicity) For every h > 0, (t,x) € Qp, r € R, m,mg > 0 and bounded
functions wu, v such that v < v the following holds:

S(h,t,z,r +m+ mot, [v+m+ motlez) > mo+ S(h,t,x,r, [u]tz).
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(C2) (Regularity) For every h > 0 and ¢ € Cy(Q), (t,x) — S(h,t,z, ¢ (t,x), [¢]i.)
is bounded and continuous in Q; and the function 7 — S(h,t, 2,7, [#]¢) is uni-

)

formly continuous for bounded r, uniformly with respect to (¢,z) € Q.

To state the next assumption, we use a sequence of mollifiers (p.). defined as
follows
. 1 t b o . .
(2.1) pe(t,x) = mp(E_Q’ E) where p € (Qr) is nonnegative,
have unit mass, and support in (0,1) x B(0,1).

(C3) (Concavity) For any v € Cy(Q5), At, Az > 0, (t,z) € Q,

S(h,t,z,v(t —s,x —e),[v(- — s, — €)]i,z)pe(s, €)dsde

Qr
< S(h7 t,x, (U * Ps)(ta .Z'), [U * ps]t,r)'
(C4) (Consistency) There exists integers n,m, ki,k>0,7=1,2,...,n such that
for every smooth ¢, At, Az >0, and (t,z) € Qp:

|6 + g(t, 2, 6, Do, D*¢) — S(h,t,x, 6(t, ), [¢li.0)]
=¢ (Z ID'gloAz" + |<at>m¢|oNk> '

i=1
(C5) (Commutation with translations) For any At, Az > 0 small enough, 0 <& <
L, (t,y) € Qr,r € R, v € Cp(Q%), 0 < s, |e]* < €2, we have

S(ha t,y,r, [U]t—&y—e) = S(h7 Ly, [U( -5 = e)]ty)'
h

Condition (C1) is a monotonicity condition stating that S(h, ¢, z,r, [u]?) is non-
decreasing in r € R and non-increasing in [u]" for bounded (possibly discontinuous)
functions u equipped with the usual partial ordering. Furthermore, this condition
implies that the approximation contains a term approximating u; (the mq-term).
Condition (C3) is satisfied by Jensen’s inequality if S is concave in r and [u]". Con-
dition (C4) implies that smooth solutions of the scheme (1.4) will converge towards
the solution of equation (1.1). Finally, it is easy to see that that (C2) — (C5) also

hold for G, and that (C1) holds for G when mg = 0.

Remark 2.2. Condition (C1) implies that ¢’ < 0 which was already assumed in
(A). This is not a restriction because it can always be achieved via a transformation

of the solution u of (1.1), v := e"P» le’loty,. A similar thing can also be done directly
on the solution uy, of the scheme (1.4), vy, := R(¢t, At)up, where R(t, At) is a suitable

rational approximation of e"Pv e’ lot (In Appendix B a related technique is used.)

Remark 2.3. Condition (C4) implies that S is an implicit scheme. For an explicit
scheme this condition would look like

‘ [¢t + g(sazad)a D¢7 D2¢>] s=t—At S(h,t,l‘,@ﬁ(tl’% [¢]t7I)‘ S

Note the shift in time! However the analysis is essentially the same, so we will only
do the proofs in the implicit case.

Condition (C1) and (C2) imply a comparison result for uniformly continuous
solutions of (1.4):

Lemma 2.4. Assume (C1), (C2), and u,v € Cy(Q) are uniformly continuous.
(a) If Glu] < 0 and G[v] > 0 in Qr, and u < v in [0, At) x RY, then

u<v in @T.
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(b) If Glu] <0 and G[v] > —k in Qp, where k > 0 is a constant, then

u—v< sup Ju—v|+(1+k in Qp.
[0,At] xRN

Proof. Assume (a) holds, then (b) follows since by (C1) v+ sup |u—v|+(1+t)k
[0,At] xRN
is a supersolution of the scheme (1.4).

We prove (a) by assuming m := sups,_(u —v) > 0 and deriving a contradiction.
Consider m. := supg, (u—v—e(t—At)) for € > 0. It is obvious that m > m. — m
as € — 0. We assume £ > 0 is so small that m. > 0. Let {t,,x,}n be a sequence
in @T such that 6, := u(tn,zn) — v(tn, zn) — e(tn, — At) — m. as n — oo. For
n large enough 4, > 0 (obviously), and ¢, — At > p > 0 for some number p.
If t, — At > p > 0 did not hold for large n and small p, there would exist a
subsequence t,, — At. By uniform continuity |0, — u(At, zp, ) — v(At, zp, )] — 0,
which contradicts m > 0 since 0 > u(At, x,, ) — v(At, x,, ) — m. Using the fact
that 4 and v are sub- and supersolutions we get

0 Z é(hvtnv‘rnvu(tnv‘rn)a [u]?n,zn) - é(h’a tna L,y ’U(tn,ZEn), [v]h )

tn,Tn
> G(hytn, Tn, V(tn, @) + e(ty — At) + 8n, [+ ety — At) +me]) )
- é(h, tn, T, ’U(tn, :L'n), [v]?n,zn)
> emin{l,t, — At} —w(me — d,) ,

where w(t) — 0 when ¢ — 07 is given by (C2). The second inequality is due to the
monotonicity of G (C1), while the third inequality follows from both assumptions
(C1) and (C2) (uniform continuity in the 4th variable) which yield:

S(hytn, Tn,v(tn, Tn) + (tn — At) + 0p, [V + e(tn — At) +me]) )
> S(hytn, T, v(tn, Tn), [U]?ﬂxn) —w(bp —me) +e.
Letting n — oo now yields the contradiction € min{1, p} < 0. O

Uniqueness of uniformly continuous solutions of (1.4) is a consequence of the
previous lemma.

In our approach, we need the solution of (1.8) to exist, to have a suitable reg-
ularity and to be close to the solution of (1.4). Since we are unable to prove that
such results follow from (C1) — (C5), we need the following additional assumption:

Assumption 2.5 (Perturbed Scheme). For any At, Az > 0 sufficiently small and
0 < e <1, there is a unique u§, € C°(Q%) which is the solution of (1.8) in Q%., and
satisfies |us|s < C and |up(t,z) — us (¢, )| < Ce0 in Qrp.

Note that u) = wuy, is the solution of the scheme (1.4) in Qp. In particular
this assumption yields existence, uniqueness, and regularity results for solutions of
(1.4). We will check this assumption for each application.

Now we state the main result which says that the scheme (1.4) converges to the
viscosity solution of (1.1) with given a priori error estimate.

Theorem 2.6 (The Rate of Convergence). Assume (A), (C1) — (C5), and As-
sumption 2.5 hold, let u € C°(Qr) be the viscosity solution of (1.1) € (1.2), and
let up, € C°(Qr) be the solution of the scheme (1.4) € (1.5). Then if At,Ax >0
are sufficiently small

|lu —uplo < C sup  |u— gn| + Az + At ]
(0,A) xRN



8 E. R. JAKOBSEN

where, using the constants defined in (C4),

. {kz} k
Ve = min < — and = —.
,n VA

1=1,... 2m

We proceed to prove Theorem 2.6, noting that the proof we give is, up-to ad-
justments to take care of the time dependence and peculiar form of the problem,
the same as the corresponding proof in Barles & Jakobsen [1]. We follow essen-
tially Krylov [17] in the way we handle the time dependence. The proof consist
of two bounds which are proved separately. First we derive a lower bound for the
difference u — uyp, using mostly properties of the equation (1.1), and then an upper
bound using mainly properties of the scheme (1.4).

Proof of the lower bound. 1. We first consider the perturbed Bellman equation
(1.6). Existence and properties of the solutions of (1.6) are given by

Lemma 2.7. Assume that (A) hold and let 0 < ¢ < 1. Then there is a unique
u® € CO(Q%) which is the viscosity solution of (1.6) & (1.7), and satisfies |u®|s < C
and |us(t, x) — u(t,z)| < Ce? in Qp.

The proof of this result is given in the appendix.

2. Because of the definition of equation (1.6), the following inequality hold in
the viscosity sense for every s € (0,¢2) and |e| < ¢

G(t+ s,z + e, us(t, x),u(t,z), Dus(t, ) D*u(t,x))
Z—|f(t,$)—f(t+8,$+€)|Z—[f](;&“& in Q%“

After a change of variables, this implies that u®(t — s,z — €) is an approximate
subsolution of (1.1) in Q7 for every s € (0,2) and |e| < ¢.

3. We regularize u® and define u. := u® % p., where {p.}. are the standard
mollifiers defined in (2.1). Note that u. is only well-defined on Q1 and not on all
of Q7. We have

Lemma 2.8. The function u. satisfy Glu.] > —Ce® in Qr in the viscosity sense.
The proof is given after the proof of Theorem 2.6.

4. By properties of mollifiers, u. € C®(Qr) with [0/*u.]o < C(2)%/2~™ and
|D™u.|y < Ce9~™. By consistency (C4) we then have in Q7

G(tv Y, atus (tv y)a Ue (ta y)v DU‘E (tv y)a D2’U,€ (ta y))

S é(h’a tv Y, uE(tv y)? [UE]t,y) + O (Z |DZUE|OA:C]€1 + |(at)mu€|0Atk> )
i=1
and using Lemma 2.8 we deduce that

G(h,t,y, uc(t,y), [ucly) > —C <€5 +) AN s‘”mAtk> :

i=1

5. By comparison, Lemma 2.4 (b), we see that in Q

up —ue < C sup  |ue —up| + e+ Zs‘s*iAxki 4 gd2magk |
[0,At] xRN p
6. The properties of mollifiers and the uniform boundedness in C?(Q7) of {u}.
imply |u®(t,z) — uc(t,z)] < Ce® in Q@p. Moreover from Lemma 2.7 it follows that
lu(t, r) — us(t,z)| < Ce® in Qp, so we can conclude that |u — uc|g < Ce°.
7. Now choose € to be
€= max {Awki/i, At’g/Qm} ,

i=1,...,n
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which makes the £%-term equal to the biggest of the other terms in 5. Then by 5
and 6 we have

up —u < C sup  |u —up| + A" + Az in Qp.
[0,A¢] xRN

This concludes the proof of the lower bound. O

Proof of the upper bound. We follow exactly the same method as for the upper
bound, interchanging the role of the equation and the scheme.

1. Let u§ be the C*(Q7) solution of the scheme (1.8) provided by Assumption 2.5.
From the scheme (1.8), by performing the change of variables (1,y) = (t+ s,z +e),
and using (C5), we see that for all s € (0,¢2), |e| < e

G(h’a Y, UZ(T —S5Y— 6), [UZ( -8 6)]779)
> —|f(ry) = f(r+sy+e)l = -[fls i Qr.
2. Let p. be the mollifier defined in (2.1). Multiplying the above inequality by

pe(8, €), integrating with respect to (s, e), and using that fact that p. * min{g, h} <
min{p; * g, pc * h} and (C3) yield

—Ce° §/ pe(s, e)é(h,T,y, uj (1 — s,y —e), [us(- — s, — e)]r,y)dsde

< G(h, 7y, (U5, % pe) (T, 9), [U5 * pelry)-

3. Because of the properties of uj given in Assumption 2.5 and the properties of
mollifiers, upe := u§, * p. € C®(Q7) with |0 unc|o < C(2)%/2~™ and |D™upelo <

Ce®~". Using (C4) we have in Qr

é(h‘7 ta x, uhE(t7 .Z'), [uhe]t,z) < G(t; x, atuhEa Uhe, Duhaa DQUhE)

+C (Z | Diupe|oAz™ + |(6t)muh5|0Atk> .
i=1

4. By 2. and 3. we have that G(t,x, Optune, Une, Dupe, D?up.) > —C(e° +

Dy 9= AxR 4 9-2mAR) in Q. So by the comparison principle for (1.1) (The-

orem 2.1), the following inequality holds in Qp

n
u—upe < sup  |u—upe| +C [ €0+ Z SO AGR 4 0-2m Ak |
[0,At) xRN |

5. Again by the properties of mollifiers and the C5(§ET) regularity of uj we get
that |upne(t, ) —u5 (¢, )| < Ce® in Q. Moreover by Assumption 2.5 it follows that
lup (t, ) — us (t,2)] < Ce? in Q. All in all we conclude that |up — upe|o < Ce°.

6. Choosing € as we did in the proof of the lower bound and using 4 and 5 yield

u—up < sup  |u—up|+C(AZ" + AtT") in Q.
(0,A) xRN

This completes the proof of Theorem 2.6. U

Proof of Lemma 2.8. The proof relies on the following lemma which states that a
finite convex combination of supersolutions of (1.1) is still a supersolution of (1.1).

Lemma 2.9. Assume (A) holds, {u'}?_; C Cy(Qr) is a set of viscosity supersolu-
tions of (1.1), and {\;}_, is a set of non-negative numbers such that Y ; A; = 1.
Then >, Aiu' is a viscosity supersolution of (1.1).
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We will not prove this result, since its proof is almost identical to the proof of
Lemma A.3 in [1]. Now let Q5 := (s +[0,0)) x (e + [=6/2,8/2)N), p=(s,€;8) =
sz,e pe, and

Is(t,x) == Z u(t — s,z —e)p:(s,e;9).
(s,e)e
SZx 8N

Note that Z(s,e)eszxazN pe(s,e;0) = 1, and that by a standard argument Is, ob-
tained through a discretization of the convolution integral, converges uniformly to
ue. Furthermore, I5 is a finite convex combination of supersolutions of a version of
(1.1) where d?, f is replaced by d” + Ce?, f + Ce®. Lemma 2.9 then yields that I5
itself is a viscosity supersolution of this equation, and using the stability result for
viscosity solutions of second order PDEs (Lemma 6.1 in [6]), this is still true for
the limit function u. obtained by taking § — oco. This concludes the proof. O

3. APPLICATION 1: FINITE DIFFERENCE SCHEMES

In this section we consider a class of finite difference schemes for the Bellman
equation (1.1). This class is a subclass of monotone (and for simplicity explicit)
finite difference schemes. It has been discussed for instance in Kushner & Dupuis
[18], see also Fleming & Soner [11]. We assume that (A) holds with § = 1 (for sim-
plicity), that a” is independent of (¢, z) (a real restriction), and that the following
two conditions hold for every ¥ € O:

(3.1) al = lal| >0, i=1,...,N,
J#
At z 9 9 (s v
(3.2) 5> {al =Y lal+ Axlplo | + Atle]o < 1.
i=1 i

Assumption (3.1) is standard [18, 11] and states that a” has to be diagonally dom-
inant. Assumption (3.2) is the CFL condition for the explicit scheme (3.3). The
two conditions together will make our scheme (3.3) below monotone.

Now to define the finite difference schemes, we will introduce notation for the
relevant differencing operators. Let {e;}X | be the standard basis in RY, and define

Aiw(t, x) = :I:Aix{w(t, x + Axe;) — w(t, z)},
A2 w(t,z) = ﬁ{w(t, z + Aze;) — 2w(t, z) + w(t,z — Aze;)},
A;ﬂjw(t, x) = ff{Qw(t,x) + w(t, z + Axe; + Azej) + w(t, x — Aze; — Aze;)}
- ﬁ{w(t, z + Aze;) +w(t,x — Aze;) + w(t, x + Azxe;) + w(t, z — Azej)},
-1
AL pw(t,x) = AL
A1z2 {w(t,z + Aze;) + w(t,x — Azxe;) + w(t, z + Aze;) + w(t,x — Axe;)}.

{2w(t, z) + w(t, z + Aze; — Aze;) + w(t, v — Aze; + Aze;)}

+
2
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Let bt = max{b,0} and b~ = (—b)T. Note that b = b+ — b~. For each z, t, p},
Ajiy A, i, =1,... N, let
4 4 N a19 aﬂ"_ a1,9,_
i1 = i oA _ Y oY oA
g(taxarapi aAiiaAij)_ inf {Zl{_?Au'i_g( 9 A7,_7+ 9 Al])
1= JFT

—b9F(t, z)pf + b0 (¢, x)p;} — Pt 2)r — dU(t, m)}
Let uy, denote the solution of the schemes, then the scheme can be stated as follows:

min { up(t + At,x) — up(t, )
At

(3.3) +g (t, 2, un(t,z), A up (t,z), A2 up (t, 7), Aixjuh(t,x)) ,
up(t + At,x) — f(t+ At,x)} =0,

for any (t,x) € {t1,t2,...,tn,} x AxZN.

We proceed to derive an equivalent scheme to (3.3) which will have similarities
with a discrete dynamical programming principle. This new scheme will be better
suited to proving existence, regularity and continuous dependence results. Define
the following “one step transition probabilities”

At
P(tea) =1 =5 > {af = o lafj| + Aalpl(t.2)]}.
i=1 J#i
At (a? al;
PP (t, z, x £ Aze;) = F{% — Z |—23| + Azbfi(t,x)},
. i
9+
At a;;
P (t, x, x + Aze; + Aze;) = 7 2] ,
IF
At a;;
PP (t,x,x — Aze; + Aze;) = Ve 2J ,

and p”(t, z,y) = 0 for all other y. Note that by (3.1) and (3.2), 0 < p?(¢,z,y) < 1
and D, agzn p?(t,z,z +2) = 1 for all ¥,z,y. A simple but tedious calculation
now shows that that (3.3) can be written in the following way:

(3.4)

up(t + At,z) = max {f(t + At, ),

sup { Z Utz @ + 2)un(t, © + 2) + At (¢, 2)up (t, 2) + Atd® (t, x)}}
YeO
zE€AxZN
Note that we have multiplied one term in the maximum by At, see (3.3).
Let us check conditions (C1) — (C5). We start by defining precisely what we
mean by S and []; ;. For ¢ € Co(RY), set [¢]: . (-) := ¢(t — At,x + -), and define
S by

r—= [¢]t,m (0)

S(Az by, [dlhe) = —

+ égf@ { - Cﬂ(t - Atv y)[¢]t,x(0) - dﬂ (t - Ata y)

- [ Z PPt = Aty y+ 2)[@la(z) — [¢]t,z(0):| }

z€AxZN
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It is easy to see that S defines a scheme which is equivalent to (3.3).

Proposition 3.1. Assume (A), (3.1), (3.2) hold. Then the scheme (3.3) satisfy
(C1) - (C5), where for any smooth ¢, (C4) takes the form

‘ [¢t +9(s,2, ¢, Do, D2¢)] s=t—At S(hyt, z, ¢(t, ), [Qﬁ}t,l)
S O (|D2¢|0ASC + |D4¢)|0ASC2 + |¢tt|0At) .

Proof. Condition (C1) holds by (3.1) and (3.2), and (C2) holds by the regularity
of the data, see (A). (C3) holds with because for any function g(z, ),

; . < . ; . < i . .
Pe *éggg( ) () < pe xg(-,0) () = pe *52(%9( ,9)(x) < éggpe *g(-,0)(x)

Taylor expansion of ¢ yields (C4). Finally (C5) holds since, for any bounded,
continuous function ¢, [@li—sz—e = [@(- — s, — €)]t.0- O

We proceed to proving existence, uniqueness, regularity, and a prior: estimates
for (3.3) in order to eventually prove Assumption 2.5. We start by the a priori
estimates. Let v be a solution of (3.3) with coefficients (a”,b”,¢”,d?, f), then for
t,t —nAt €[0,T],n € N

(3.5) [o(t, o < Iflo + €™ (Ju(t = nAt, o + nAtsup |d”]),
VeEO

where Cy := supg |c”|o. If v is bounded then

(3.6)
[o(t)a < [fla -+ 24D ((o(t — nAD] 1 + 0t sup {Jolofe”]1 + [d7]1}),
Y€O

where O = supe {32, ([b%]1 + [b?7]1)}. Let w be a solution of (3.4) with
coeficients (a?,0”,¢”,d”, f) (yes a?, not a’!). If v is both bounded and z-Lipschitz
continuous, then

|U(t’ ) - w(tv )|0 < |f - f|0 + enAtCO (|’U(t — nAt, ) - w(t — nAt, )|0
(3.7) N _ _
+ nAtsup [2[1}]71 Z 167 — b0 + |v]o|c” — &0 + |d” — d"g|0]).
© i=1
These estimates are easy to prove using (3.4) and the following simple lemma:
Lemma 3.2. Let a®,b,c,d > 0. Then a™ = d + e¢“*(a’ + nb) solve

a" ™ < max{d, (1 + c)a™ + b}.

We will only prove (3.6). The two other proofs are similar but easier.
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Proof of (3.6). Lett > 0 be such that t+At € (0,T]. Using (3.4) and the inequality
sup{---} —supq{...} <sup{---—...} we see that

v(t + At,x) — v(t + At,y)

< max { sup Z PPt x4+ 2) (v(t,x + 2) —vo(t,y + 2))
{

© zEAxZN

+ Y vty +2) (P (e, a4 2) = (ty,y + 2))
zE€AzZN

+ At(cﬂ(t, z)(t,z) — c(t, y)v(t, y)) + At(dﬂ(t, x) — d°(t, y)) },

ft+ At x) f(tJrAt,y)}.

By the definition of p” we have Y, x,zv 07 (t, 2,2 + 2)(v(t, 2 + 2) —v(t,y + 2)) <
[v(t,-)].1]x — y|. Furthermore since

At &

pﬁ(t,m,m) —Pﬁ(t,%y) = “Ax Z(lb?(tvx” - |b?(tvy)|)7
=1

At

pﬂ(t,x,x + Aze;) —pﬁ(t,y,y + Aze;) = A
x

(b7 (8, @) — b= (t,v),
we see that

Z U(t,y+2)(pﬂ(t,1',l'+2)*pﬂ(t,y7y+2’))
zEAxZN

N
< ALY [0 (1) = B (4 )AL (@) + (07 (1) = b7 (4 )AL o(t, )]
i=1
Estimating the ¢’-terms and combining all the above estimates yield
v(t + At,x) — vt + At,y)
|z -yl

< max{[f],l , At sup {[v]o[e”] 1 + [d"] 1}
veO

N
+{1 + At(Co + sgg;([bfﬂ,l + [bf+]71))}[v(t, )]1}

By interchanging the roles of v(t + At,z) and v(t + At,y), we see that the same
bound holds for |v(t+ At, x) —v(t+ At, y)| as well. Estimate (3.6) now follows after
an application of Lemma 3.2. O

Now we give the existence, uniqueness and regularity results.

Proposition 3.3. Assume (A), (3.1), (3.2) hold and gn € Cy([0, At) x RYN), then
there exists a unique up, € Cy(Qr) solving (3.3) & (1.5).

Proof. By (3.5) and the boundedness of the data, any solution of (3.3) & (1.5) is
bounded. Since the equation is explicit, existence of a continuous solution follows by
induction since the coefficients and initial data are continuous. Uniqueness follows
from assuming there exists two solutions, subtracting their corresponding equations
(3.4), iterating and thus showing that they have to coincide. ([

Proposition 3.4. Assume (4), (3.1), (3.2) hold, and |gn|1 bounded independently
of At,Az. If up is the solution of the initial value problem (3.4) & (1.5), then
up € CHQp) and |up|y is bounded independently of At, Ax.
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Proof. By (3.5), (3.6), and the fact that |gp|1 is bounded independently of Az, At,
it is clear that |uplo and [ug) 1 are bounded independently of Az, At.

We proceed to the regularity in time. Let t,t + k € [nAt, (n + 1)At), where
(n+ 1)At < T, and v (¢, ) = up(t + k,z). This means that at time ¢, vy (¢, z) is
the solution of (3.4) with initial values gp(t — nAt,z) = gn(t — nAt + k,z), and
coefficients a”, bV (t, ) = bV (t + k,x), & (t,x) = ¢ (t + k,z), d(t,x) = d’(t + k, ),
and f(t,x) = f(t + k,x). So by the continuous dependence result (3.7), we have

|up(t, ) —un(t+ k&, )|o

< 17(5) = G+ Ryl + C (Ign(t — nAE ) = galt — nAdt+ &, -)lo

s (670, =67 ko +1e7(00) = (el 17 Co0) = o4 o] ).
Assume for the moment that coefficients and initial data are Lipschitz in ¢, then
(3.8)

lun(t,-) —un(t +k,")|o < Ck sup {latf|0 + |0:gnlo + 10:6° 0 + [0ec”|o + |5td19|0}-

This bound holds for arbitrary ¢,¢t + k € [0, 7] (with the same Lipschitz constant),
because if ¢t € [(m — 1)At,mAt), k € [(I — 1)At,IAt) for m,l € N then

lun(t, ) —un(t + k)| < |un(t, ) — up(tm, )| + [un(Emti-1,7) — un(t + k, )|
-1
+ Z [un (tmti-1,2) — wn(tmti, )],
i1

and we get the conclusion by using (3.8) on each subinterval and adding up.

The coefficients and initial data are only Hélder 1/2 in time, so by extending
them appropriately and t-mollifying them, we obtain ¢-Lipschitz functions. Let
bl e d%e, fe, and g5, be these smoothed functions, and let uj denote the so-
lution of the problem with these (smoothed) coefficients and initial data. By the
continuous dependence result (3.7) and the t-Hélder regularity of the coefficients
and initial data, |up(t, ) — u$ (t,x)] < Ce'/? in Qp. Furthermore, by the proper-
ties of mollifiers 9,60, |0rc %[0, |0:d 5|0, |0s o, 10rg5]0 < Ce~1/2. We can now
conclude that

|Uh(t, ) - uh(t + ka )|0 < |uh(t7 ) - Ui(t, )|0 + |u‘f€z(t7 ) - ui(t + ka )|0
< CeV? 4 Ce7 V2K < CEV2.

Here we have chosen € = k. O

We are now in a position to check Assumption 2.5.

Proposition 3.5. If (4), (3.1), (3.2) hold and |gn|1 bounded independently of
At, Ax, then Assumption 2.5 is satisfied.

Proof. Existence, uniqueness, boundedness, and regularity follow from Propositions
3.3 and 3.4, since (1.8) can be considered as a special case of (3.3) by introducing
the new control parameter (9, s, €), the new control space © x (0,&2) x B(0,¢), and
via a rescaling in time, the new domain @ET lup (t, ©) —us (t,z)| < Ce in Qr follows
after appropriate applications of (3.7). O

By Propositions 3.1 and 3.5, and Theorem 2.6, we have the following result about
the rate of convergence for the scheme (3.3):



CONVERGENCE RATE FOR BELLMAN EQUATIONS 15

Proposition 3.6. Assume (A), (3.1), (3.2) hold and |gn|1 is bounded independently
of At,Ax. If u is the solution of (1.1) and (1.2), and uy the solution of (3.3) and
(1.5) then

lu—uplo < C(  sup |ufgh|+Ax1/2).
[0,A) xRN

Here we have also used the CFL condition At < CAxz?, see (3.2). This result
is optimal since it is what you get for first order equations (with no obstacle), see
[24]. Tt is better than the corresponding results obtained in Barles & Jakobsen [1]
and Krylov [16, 17]. They get the rate 1/3, or 1/27 in [17] where also a is allowed
to vary in ¢, x.

The reason for this improvement is that we use a more general consistency con-
dition (C4) which captures the fact that the finite difference method is second order
in its approximation of the second order derivatives. In [16, 17, 1] (3.3) is viewed
as a pure first order method, and thus giving a reduced rate.

Remark 3.7. The pure control case can be obtained by setting f = max{|u|o, |un|o},
which means that neither the obstacle in the equation nor in the scheme will ever be
active. In other words, we are back to equation (1.3) and finite difference methods
for this equation.

Remark 3.8. In order for |gi|; to be bounded independently of At, Az, it is
sufficient to take g, to be the linear in time interpolation of ug and up(h, -).

4. APPLICATION 2: CONTROL-SCHEMES

In this section we consider so-called control schemes for the Bellman equation
in the pure control case (1.3). L.e. we have a parabolic equation with no obstacle.
Furthermore for the sake of simplicity we only consider C!(Qy) coefficients, and
hence solutions; i.e. the case 6 =1 in (A).

What we call control-schemes here are schemes based on a discretization of the
so-called dynamic programming principle instead of the Bellman equation itself.
These schemes correspond to discretizations in time only, and can themselves be
considered as (discrete) dynamic programming principles. We refer to Fleming
& Somer [11] for an explanation of the dynamic programming principle and its
connection to the Bellman equation. Control schemes were introduced for first-order
Hamilton-Jacobi equations (in the viscosity solutions setting) by Capuzzo-Dolcetta
[5] and for second-order equations (in a classical setting) by Menaldi [22]. A full
discretization in time and space was considered in Camilli and Falcone [4]. While
the above mentioned paper considered stationary schemes, time-dependent schemes
was considered by Falcone & Giorgi [10] for first order equations. Note that our
control-schemes corresponds to the above mentioned schemes via the time-change
t — T —t. Finally we mention Barles & Jakobsen [1] where the rate of convergence
was obtained for stationary schemes.

Borrowing notation from [4], we define the scheme in the following way

(4.1)  wup(t+h,z) = %16%( {(1 + hcﬂ(t,x))HZuh(t, x)+ hdﬂ(t,x)} in Qr_p,

where Hz is the operator:

N
Y o(t, ) = % Z (¢(t, x + hb? (t, ) + Vho! (t,x))

m=1

+ ot + kb (t,x) — VR (t, x))),
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and o, is the m-th row of 0”. Let us now define what we mean by S and [; ..
First, let h = At = Ax and for any ¢ € Cy(Q7), we set [¢];.() = ¢p(t — h,x + )
and then

S(h7 ta Y, T, [d)]t,z) - gg(l;)l

(4.2) — (L+he(t — h,y))

{7’ - [a;];,z(())

A(h,9,t — h,y, [¢t.0) — [0]t,2(0)

h
—c(t—h —d’(t—h
" (t = h,y)[0le(0) —d”(t = h,y) o,
where A is given by

1

A9, [011.0) = 5 D (8 (0 (8. ) + VoD, (8,1)

+ [0 (R (1, 9) = VoD (1)) ) -

It is easy to see that S defines a scheme which is equivalent to (4.1). Let us check
that conditions (C1) — (C5) hold.

Proposition 4.1. Assume (A) holds and hsupycg |c’lo < 1. Then the scheme
(4.1) satisfy (C1) — (C5), where for any smooth ¢, (C4) takes the form

‘ (¢t + g(s,2,6, D6, D*9)] _,_ 5, — S(h,t,x,¢(t, ), [0]t.2)
< C(ID*@lo + |D*@lo + [ulo) -

Proof. Condition (C1) holds because hsupyeg |c’lo < 1, and (C2) holds by the
regularity of the data, see (A). (C3) and (C5) obviously hold, and Taylor expansion
of ¢ yields (C4). O

From the form of the scheme (4.1) it is easy to see that any solution v has to
satisty

(43) |’U(t7')|0 < |v(tfnh,~)|0+nh Sup|d19|05 for tvtfnh € [O7T]a
Y€

when hsupgeg |¢’lo < 1. Let us now prove existence and uniqueness of Cp,(Qr)
solutions of (4.1) & (1.5):

Proposition 4.2. Assume (A) holds, g, € Cp([0,h) x RY), hsupyee|c’lo < 1,
and T > h > 0. Then there exists a unique up, € Cp(Qr) solving (4.1) & (1.5).

Proof. By (4.3) and the boundedness of the data, any solution of (4.1) and (1.5) is
bounded. Since the equation is explicit, existence of a continuous solution follows by
induction since the coefficients and initial data are continuous. Uniqueness follows
from assuming there exists two solutions, subtracting their corresponding equations
(4.1), iterating and thus showing that they have to coincide. ([

Now to continue we state a continuous dependence on the nonlinearities estimate.

Proposition 4.3. Let T > h > 0 and let u and 4 be Cyp(Qr) sub- and super
solutions of (4.1) & (1.5) with data (c?,0%,¢%,d”, gn) and (57,b7,°,d”, gn) re-
spectively. Moreover assume (A) holds and that |gp|1 and |gn|1 are bounded inde-
pendently of h. Then for t € [0,T]

[(u(t,-) = a(t,-) o < lgn — Gnlo + \/ECSug lo? — %o + b7 — 519|0}
€

+tsup [fulo A falole” — o + d” — d”Jo].
JEO
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Here |ulo A |@|o = min(|ulo, |@|o). The proof which is quite technical, is given in
the appendix. This result will now be used to obtain regularity results for wuy,.

Proposition 4.4. Assume (A) holds, |gn|1 bounded independently of h, and that
hsupyee [0 < 1. If uy is the solution of (4.1) & (1.5), then uj, € CH(Qr) and
|up|1 is bounded independently of h.

Proof. First, by (4.3) |un|o is bounded independently of h. Then Proposition 4.3
with u(t, z) = up(t,x+h) and a(t,x) = up(t, ) along with (A) and regularity of g,
implies that [up] 1 is bounded independently of h. In a similar way we get bounds
on the t-regularity by considering u(t,z) = up(t + s,2) and a(t,z) = up(t,z) in
Proposition 4.3. (|

Now we verify that Assumption 2.5 hold.

Proposition 4.5. If (A) holds and |gn|1 bounded independently of h, then Assump-
tion 2.5 is satisfied.

Proof. Existence, uniqueness, boundedness, and regularity follow from Propositions
4.2 and 4.4, since (1.8) can be considered as a special case of (4.1) by introducing
the new control parameter (9, s, €), the new control space © x (0,&2) x B(0,¢), and
via a rescaling in time, the new domain @gT lup(t,2) —us (t,z)| < Ce in Qp follows
after appropriate applications of Proposition 4.3. O

Now by Propositions 4.1 and 4.5, and Theorem 2.6, we have the following result
about the rate of convergence for the scheme (4.1):

Theorem 4.6. Assume (A) holds, |gn|1 bounded independently of h, and
hsupyee |c”|o < 1. If u is the solution of (1.1) & (1.2), and uy, is the solution of
(4.1) & (1.5), then
lu—uplo <C( sup |u— gnlo+h'*?).
[0,7) xRN

See Remark 3.8 about the condition on g;. This result is in agreement with
Barles & Jakobsen [1]. For first order equations, the rate is 1/2 (see Falcone &
Giorgi [10]), and the same rate was obtained by Menaldi [22] for second order
equations but under stronger regularity assumptions on the solutions. As opposed
to Section 3, here we get the same rate of convergence as in [1]. The reason is that
in this case the approximation of the second-derivatives is first order accurate only,
so (C4) already had the optimal form in [1].

Remark 4.7. It is possible to extend the analysis of control schemes to the optimal
stopping case, i.e. to include an obstacle. We have not done this because of the
extra technicalities. Let us mention some of them. The result corresponding to
Proposition 4.3 which is a key result, would be more complicated to prove. One
way to prove it would be to adapt the “elliptic” technique of the proof of Theorem
A.1. Furthermore, we will no longer get an estimate on the t-regularity of solutions
from this result. This means that a separate analysis is necessary to obtain such
an estimate.

5. THE LINEAR CASE

In this section we consider the linear case. The reason for doing this is that
as opposed to the non-linear case, we will get results for finite difference schemes
without having to assume that the diffusion coefficients are constant! Moreover
we get fewer conditions on the schemes, essentially we only need the schemes to
be consistent and have a comparison principle. In fact, the results in this Section
improve in the linear case all previous results of this paper and [1, 16, 17].
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Now consider the following linear initial value problem:
(5.1) L(t,z,us,u, Du,D*u) =0 in Qr,
(5.2) u(0,7) = ug(z) in RY,

where L is the following linear function
1
L(t,z,m,r,p,X) :=m — 3 trla(t, )X ] — b(t, z)p — c(t, z)r — d(t, x).

The idea here is similar to the idea in Section 2. To obtain the upper bound we do
exactly as before: We consider the solution u® of
inf L(t+s,x+ e u(t,x),us(t,z), Du(t,x), D*u(t,z)) =0 in Q%,

(5.3) lel<e
s€(0,e2)

(5.4) uf(—e?,2) =up(xr) in RY,

where the coefficients have been appropriately extended. Regularize u® by molli-
fication, and use concavity of L (L is linear) to prove that the resulting function
denoted by u. is a (smooth) subsolution of (5.1) in Q7. Then we plug u. into the
scheme, use the consistency condition, comparison properties for the scheme, and
estimates on u., to obtain an upper bound on u — uy,.

Now to get the lower bound we want to obtain a smooth subsolution of (5.1)
approximating the true solution and satisfying the necessary bounds. If this is
possible, then we get the lower bound by a similar argument as above. Since the
equation is linear, such a smooth subsolution can be obtained by mollifying the
solution of

sup L(t +s,x +e,u5(t, ), u(t,x), Du*(t,z), D*u(t,x)) =0 in Q%,
(5.5)  le|<e
5€(0,62)

(5.6) @°(—e?,2) =up(xr) in RN,
This equation now plays the same role as (5.3) did in the proof of the upper bound.

We will use conditions on the data similar to (A):

(B) (Conditions on data) ¢ <0 and a = oo’ for some N x P matrix-valued func-
tion o. Moreover there exists ¢ € (0, 1] such that |1, [b]1, |c|s, |d]|s, |uols < C.

The next result is essentially a consequence of Theorem 2.1 and Lemma 2.7.

Lemma 5.1. Assume (B). Then for any 0 < ¢ < 1 there exist CO-functions u, u®, u°
which are the unique viscosity solutions of (5.1) & (5.2), (5.3) & (5.4) and (5.5)
& (5.6) respectively, and satisfy

[ufls + |af|s < C and |uf(t,z) —u(t,z)| + |a°(t, ) —u(t,z)] < C in Qp.
For the schemes, we now only need conditions (C1), (C2), and (C4) to be satis-
fied, where (C4) takes the following form:
(C4) (Consistency) There exists integers n,m, ki,k>0,7=1,2,...,n such that
for every smooth ¢, At, Az >0, and (t,z) € Qp:
|L(t, 2, 6¢, ¢, Dp, D?¢) — S(h, t,x, 6(t, @), [¢]e.0)]
=¢ (Z Digloac® + |<at>m¢lomk> |

i=1
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In particular we do not need the restrictive Assumption 2.5, and this is the reason
we obtain stronger results.

Now we state the main result in this section which says that the solution of the
scheme (1.4) converges to the viscosity solution of (5.1) with given a priori error
estimate.

Theorem 5.2 (The Rate of Convergence). Let (B), (C1), (C2), and (C4) hold, let
u be the viscosity solution of (5.1) & (5.2), and let uy, be the solution of the scheme
(1.4) & (1.5). Then if At, Az >0 are sufficiently small

|lu —uplp < C sup  |u— gn| + Az + AL ]
(0,A) xRN

where

" 15 ’5
Yo = min < — and = —.
1=1,..., n 7 m

Proof. We only give the proof of the upper bound of u — uy. The proof of the
lower bound is similar, and it is in fact a special case of the proof already given for
Theorem 2.6.

1. Consider (5.5) whose properties are given by Lemma 5.1. The following
inequality hold in the viscosity sense for every s € (0,¢2) and |e| < ¢

Lt + s,x + e, (t,x),a(t, ), Du® (t, ) D*ac(t,x)) <0 in Q%,

which implies implies that @(t — s,z — e) is a subsolution of (5.1) in Q.

2. We regularize 4¢ and define 4. := u° * p. where p. is defined in (2.1). By
an argument like the one leading to Lemma 2.8, 4. satisfy L[u.] < 0 in Qr in the
viscosity sense.

3. By properties of mollifiers, 7. € C°(Qr) with |(9;)™ .|y < C(£2)%/?~™ and
|Ditic|o < Ce®~. By consistency (C4) and since L[] < 0 in Q7 by 2, we deduce
that

S(hst,y, Ue(t,y), [Gcey) < C (Z e Ak + s‘sgmAt’“) :

=1

4. By comparison Lemma 2.4 (needs (C1) and (C2)), we see that in Qp

n
Ue —up < sup |ae —up|+C Zs‘s*iAzki + 0 2mAR ) .
[0,At] xRN P

5. The properties of mollifiers and the uniform boundedness in C?(Q7) of {@}.
imply |a°(t,z) — @e(t,z)] < Ce® in Qp. Moreover from Lemma 5.1 it follows that
lu(t, z) — uc(t,x)] < Ce® in Qp, so we can conclude that |u — @c|o < Ce’.

6. Combining 4 and 5 and choosing ¢ as in the proof of Theorem 2.6 then leads
to

u—up < sup  |u—up|+C (A + A7) in Q.
(0,A6) xRN

This completes the proof of Theorem 5.2. U

Now we consider the class of monotone finite difference schemes defined in Sec-
tion 3 allowing the diffusion coefficients to vary in ¢,z. The stability conditions
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corresponding to (3.1) and (3.2) then becomes:

(5.7) aii(t,r) = Y lay(t,z)] >0, i=1,...,N, in Qr,
J#i
N
Z {a” (t,x) Z lai;(t, )| + Ax|bi(t,m)|} —Ate(t,z) <1 in Qp.
i=1 it

We proceed to the definition of the scheme. For each x, t, r, pl?t, Aji, A;‘;,
i,7=1,...,N, let
N 9—
a;; (t,x
L(tl‘T‘pz,A”,Ai :Z[ a” Azz+2( )Az]+ 9 ( )AU)
i=1 JFi

B @)+ B (G @)y | — et o) — d(t, @),

The scheme can then be defined as follows:
up(t + At,x) — up(t, )
(5.9) N At
+ L(t, z,up(t, 2), AL up(t, ), A2 up(t, z), Amiizjuh(t,x)) =0,

for any (¢,z) € {t1,t2,...,tn,} X AzZN. See Section 3 for the definitions of the
differencing operators. We also refer to Section 3 to see how S can be defined in
this case. We just mention that (5.9) corresponds to S being evaluated at time
t+ At, and that [up]i+ A, in this case contains all the relevant uj-values at time ¢.
Monotonicity in this case is a consequence of the fact that if (5.7) and (5.8) hold,
then all coefficients in (5.9) of (¢, -)-terms are negative. It is not difficult to see
that the following result now holds:

Lemma 5.3. If (B), (5.7), (5.8) hold, then the scheme (5.9) satisfy (C1) and (C2).
Furthermore (C4) holds such that for smooth ¢

|[L(s2.01,6.D6.D%9)] _, 5, = S(h.t,2,6(t,2). [6).0)
< C(ID*¢loAz + |D*¢loAz® + | |oAt) .

It follows from this result that v, = §/2 and v, = §/4 where ~,,y: were defined
in Theorem 5.2. By Lemma 5.3 and Theorem 5.2 we get the following result giving
the rate of convergence for the scheme (5.9):

Proposition 5.4. Assume (B), (5.7), (5.8) hold. If u is the solution of (5.1) &
(5.2), and uy, the solution of (5.9) & (1.5) then

lu—uplo <C( sup |ug — gn| + Az®/?).
[0,At) xRN

If the data is Lipschitz continuous (6 = 1), then the rate is 1/2. The result gives
the same rate of convergence as we obtained in Section 3, but this result is stronger
in the linear case since a now can vary in ¢,x. Of course, this result also improves
the results of [1, 16, 17] in the linear case: In [1, 16] they were not able to handle
the case of variable a and essentially got the rate 1/3, while in [17] the convergence
rate obtained for variable a (in the non-linear problem) was quite low: 1/27.

APPENDIX A. PROOF OF LEMMA 2.7

The key ingredient in the proof of Lemma 2.7 is the continuous dependence
result given below. This result is an extension to the case of parabolic variational
inequalities of results in [15], and the extra technicalities are due to the obstacle.
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Theorem A.1. Let u,u € C(Qr) be solutions of (1.1) with coefficients {a’, b?,
&, d,f} and {@’, b7, &, d°, f} respectively. Assume (A) holds for both sets
of coefficients with constants M, M and common 6. Then there is a constant C
depending only on M, M, §, and T such that

ju—lo < C(ju(0.) = (0. o + sup {Jo” = "5 + " 1715}
€

+ sup {|e"= &lo + d" = dlo} + 1S = flo).
veEO

Proof. First we may assume that ¢”,é” < —1, i.e. that the coefficients multiplying

the u and u terms in the parabolic parts are bigger than 1. If this was not true,

simply consider v = e~ and © = e~“*@ where C' = 1 + supg max{|c’|o, [¢"]o}.
The new functions satisfy

min {’Ut + Cv + e_Ctg(t, z, e, e Do, eCtDQU), v — e_th} =0,

min {Et +C5 + e Cty(t,z,e5, e Db, e“t D?5), 5 — 6fctf} =0.
Here it is easy to see that the coefficients multiplying the v and © terms in parabolic
parts are bigger than 1. So if the result now holds, we get a bound on |v — ¥]p. A
back-substitution then yields the result for |u — @|o (but with a different constant
).

Now to continue we define ¢(t, z,y) := e*alr—y|*+e(|z|?+|y|?), and ¥ (¢, x,y) :=
u(t, z)—u(t, y)—¢(t, z,y) in [0, T|x RN xRN . Then we set m, . := supgn gn (0,2, )"
and Ma.e = SUpp 1)<~ xrN Y(t, T, Y) — my, .. By classical arguments, there exists
to € [0,T] and xg,y0 € RY such that mg. + mgﬁ = Y(to,zo,y0). Note that
to, o, Yo depends on « and ¢.

We assume that mq . > 0 and derive a (positive) upper bound for this quantity.
Of course this upper bound still holds if m,,. < 0. Note that this assumption
implies that o > 0, because if to = 0, then mq,c = supgy gy ¥(0,2,y) —md, . < 0.

By the (parabolic) maximum principle for semicontinuous functions, Theorem
8.3 in [6], there are a,b € R and X,Y € SV such that (a, D.¢(to, 70, v0), X) €
P2%u(ty, o) and (b, —Dyo(to, z0,%0),Y) € P>~ u(to,y0). Moreover, a — b =
o+ (to, xo,yo) and the following inequality holds for some constant k > 0

(A1) ()0( OY) < keMa (II _II) + ke (é ?) .

Subtracting the viscosity solutions’ inequalities we obtain after using the definitions
of viscosity sub- and supersolutions, and using the inequality inf(---) —inf(---) >
inf(---—---) twice we get

1
0 = min {)\6/\%4%0 —yol® + Inf { -5 trla’ (to, z0) X — a”(to, yo)Y]

— bﬁ(to, xo)(Qe)‘toz(zo —yo) + 25:50)
+ 0% (to, yo)
(A.2) o

c

to, yo) (2eM (o — yo) — 2ey0)
- tOv xo)u(to, 1'0) + Eﬁ(tov y0>’a(t07 yO)
- dﬁ(th-TO) + Czﬂ(thyO)}a

u(to, z0) — u(to, yo) — f(to, o) + f(toayo)}-

So either the first term in the minimum is less than or equal to zero, or so is the

second term. If it is the second term, then because of the regularity of f, f

(A.3) Ma,: < u(to,zo) — @lto, yo) < |f — flo + Clzo — yol’
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Now we assume that the first term in the minimum in (A.2) is less than or equal
to zero. By the computations given in Ishii and Lions [13, p. 35], the inequality
(A.1), and the inequality (s +t)? < 2(s% +t2) for s,t € R, we get

— trfa” (to, 20)X — @’ (to, yo)Y] = —2keMa{ |o” (to, 20) — & (to, o)

+ 15 (to,20) = 7" (to,yo)|* } = ke{lo” (to, 20)* + 15" (t0, y0) 2}
Furthermore the following estimates hold
— (b7 (to, wo) — b”(t0, o)) (xo — o)
> —2b”(to, o) — b’ (to, z0)|* — 2lwo — yo|* — [6”(to, o) — b” (t0, y0)l|z0 — wol,
— (to, wo)ulto, m0) + (to, yo)ulto, yo)
> —|u(to, zo)||c"(to, 7o) —&"(to, xo)| — [@(to, yo)l|e*(to, m0) = (t0, Yo)| + Mae-

In the second estimate we used that u(to,zo) = u(to,y0) + ¢(to, o, Yo) + Mae >
u(to, yo)+ma - and the fact that ¢, ¢ < —1. So in particular —&” (¢o, 2o) (u(to, 70)—
(to,yo)) > ulto, o) — @(to, Yo) > Ma,e! Inserting all these estimates into the par-
abolic part of (A.2) and using (A) yield

AeMalzg — yol? + Mea,e <

(A.4) 2keMasup {|o? — 7[5 + b7 — b7 12} + sup {Julolc” — &”|o + |d” — d°|o}
9€O 9€0
+ kreMalzg — yo|? + k2|zo — yo|® + € Const (1 + |xo|* + |yo|?)

where k1 = supyco{k[67]? +4 +2[b%)1} and ko = supyee{|ilo[c’]s + [d”]s}-

Compare (A.3) and (A.4). They give upper bounds on m, . in the two situations
that can occur. We add these bounds to get a bound holding in all situations.
Furthermore, we choose A = k; + 1, collect all a|zg — yo|? and |z — 10| terms, and
maximize with respect to r = |xg — yo| noting that

max(r® — ar?) = Ca~ /279,
r>0

The result is the following estimate
Mae < |f = flo+ sup {lulole” =20 +|d” = d”Jo} + wal(e)
€

A5 _
(A.5) + 2keMa sup {lo? = 5°12 + b” = b°2} + Ca™ /=9,
€

where w,, is a modulus for fixed o (i.e. wq : [0,00) — [0,00), continuous, non-

decreasing, wq(0) = 0) such that e(Jzol? + |yo|?) = wa(e). This last fact is a

consequence of lim._g e(|zo|? + |yo]?) = 0 for fixed a, see e.g. Lemma 2.3 in [14].
By the definition of m, ., we see that for any (¢,7) € Q

(A.6) u(t,z) —a(t,x) — 25|33|2 < Ma,e + mgﬁ.
Furthermore, Holder continuity of initial values yields
M < [u(0,-)=a(0,)o+Clzo—yo|’ —alzo —yol* < |u(0,-)=a(0,)|o+Ca™ /=7,
so inserting (A.5) into (A.6) leads to
u(t,z) — a(t,z) < |[u(0,-) — a(0,-)|o + sup {Julo|c? — &g +|d” — d’|o}

+ 2keMa sup {|019 — 519|3 + |b19 _ 519|3} + Ca~1/(2-9)
9eO

+1f = flo + wale) + 2elz|?,
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Since this inequality holds for all « > 0, we choose the a minimizing the right hand
side. Note that this « is finite and non-zero, and note also that for any k > 0

mir&(koz +a V@) = opd/2,

Finally we send ¢ to 0 and obtain the following estimate

u(t, ) — (t,7) < Ju(0,) = 5(0,)]o + sup {Julole” — e’lo + |’ —d’lo}
€
Csup {Jo” ~ "+ 167 = 5"} +1f = flo
€

Now we can conclude since (s 4 t2)%/2 < |t|° 4 |s|® for any s,¢ € R, and since
the argument is symmetric in u and 4. g

For a more detailed proof of a similar result, see [15]. Now we give the

Proof of Lemma 2.7. Equation (1.6) can be viewed as a special case of equation
(1.1) by considering (¥, s, e) as the new control parameter, © x (0,%) x B(0,¢) as
the new space of controls, and, via a scaling in time, (5 as the new domain. So
existence, uniqueness, and regularity of a bounded viscosity solution follow from
Theorem 2.1. The inequality for |u®(t,z) — u(t, z)| follows from the regularity of
the data and the continuous dependence result Theorem A.1. O

APPENDIX B. THE PROOF OF PROPOSITION 4.3

The proof given here is a parabolic version of the elliptic proof given in [1].
It can also be seen as a “discrete” version of arguments given in [15]. We will
give a doubling of variables argument mimicking the corresponding PDE proof.
In the place of the so-called maximum principle for semicontinuous functions, we
introduce a new scheme for a problem in [0, 7] x R*V. This scheme will be related
to the original Q7 schemes in such a way that u(t, z) — @(t, y) will be a subsolution.
Moreover it will operate on the test function |z — y|? in the way we hope for. This
new scheme is roughly speaking based on replacing the operator H}Z in (4.1) by the
operator A}Z defined as

Ag(t,z,y) =

% > [g(t, x + hb"(t,2) + Vhol (t, ),y + hb" (t,y) + Vha D, (t,y))

m=1

+g(t, x4+ hb’ (t,x) — Vha?, (t,x),y + hb’ (t,y) — \/Eﬁ,i(t,y))},

and letting the new scheme act on functions defined on [0, 7] x R?V.
We proceed with the doubling of variable argument. Define

N - +
Ej = sup (u(s, x) —u(s,y) — (b(O,x,y)) ,
[0,h] x R2N

E=—-Ei+ sw {u(s,2)—a(s.y) - o(s.2.9))
[0,8] x R2N
0FEs

’I/J(S,I‘,y):U(S7I)*ﬂ(5,y)*T*QS(S,LE,ZIJ), 0<d< 17

where
o(s,2,y) = a(1+7)*""a -y + e(jz* + y[*),

and v > 0 will be determined later. The purpose of the following calculations is to
establish an upper bound on E, so we assume that E > 0 (if not, 0 would be an
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upper bound). By standard arguments there is a point (sg,zo,y0) € [0,t] x RV
such that

m:= sup ¥ =(so,Z0,Yo)-
[0,1] xR2N

Note that so ¢ [0, ], because then sup ¥ < v(so,z0) — (50, %0) — ¢(s0, T0,y0) < EL
which contradicts the fact that supy) > El + (1 — §)E > Eb.

Now subtract u(so, zo) and @(so, yo), use (4.1), the inequality inf{- - - }—inf{...} <
sup{--- — ...}, and the fact that AY(u(s,z) — u(s,y)) = MYu(s,z) — (s, y) to
get the following inequality:

u(s0,Z0) — (S0, Yo)
S sup {(1 - hc’&(so - h’ mO))AZ(U(SO - h,.’L‘O) - 'EL(SO — h, yo))
(B.l) veO ) ) )
+ hlafo([c”] 1]zo — yo| + |¢” — &”|o)

+ ()10 — yol +1d” — @) }.

Now since (89, Zo, yo) = ¥(so — h, xg, yo) the following hold:
(5E S0

U(SO)‘TO) _ﬂ(SanO) m+ +¢(50ax0’90)7
(5E(SO — h)

; + ¢(s0 — h, xo,Yo)-

u(so — h,wo) — u(so — h,yo) < m+

Furthermore note that (A —1)(m+
using (A) we get

w) = 0, and that after easy computations

(AF = Dlz =y < Clle =y +hlo” = 6”3 + 2p” = b"[5).

In a similar way (AY —1)(|z|2+|y|?) < C(1+|z|>+|y|?). Using the above estimates
in (B.1) then yield

0Fs
+ > + ¢(50, 0, Yo)

w + ¢(s0 — h, zo, yo))

+C(Blwo = yol + (1 +7) % a0 = yol?) +£C(1 + o[ + [yo[?)

< (14 he”(so — h,20)) (m +

+hsup {aC(|019 — R4 b — BY2) + Jalofe? — &0 + |d” — CZ%}.
S

Note that ¢(so, Zo, y0) — ¢(s0—h. 7o, y0) = ay(1+7) %" 2o —yo|?, and since ¢? < 0
we have
5_E < ¢—n
B2 " i
+ gug {aC(|o =3+ b7 = b7(3) + |afolc” — o + |d” — d19|0}.
€

a(l+7) " |%—m|+ﬂ%—mH—C(+MF+MW

Now choose v such that C' — v = —h. The terms in the above equation involving
|zo — yo| =: 7 then takes the form Cr — aCr?. Maximizing with respect to r yields

max{Cr — aCr?} = Ca™'.
>0
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Furthermore by a standard argument (see e.g. [14, Lemma 2.3]) (|zo|*+ |y0]3) — 0
as ¢ — 0. So for some modulus w (B.2) can be reduced to

3] ) ) ) }
=5 < sup {aC(l0” = 0"+ 7~ 57) + falole” — e”lo +1d — o}
S

1
+Ca™t + EW(E)'

To continue, we also need the estimate
Eg <lgn —Gnlo+Ca™ Y,

which is obtained by using z-Lipschitz continuity of g;, or g, and maximizing with
respect to |xg — yol-

Now by the definition of E, for any € RY and s € [0,t] we have u(s,z) —
u(s,r) < B + E + 2¢|x|%. Using the previous estimates we get:

1 1
u(s,z) —a(s,z) < |gn — gnlo+ (1 + g)cofl + 5rw(e) + 2¢|z|?
t - .
+ 55 {Jalole” — &’lo -+ | — dflo + aC(lo” — "+ b ~5[2)}.
€

Letting ¢ — 0, § — 1, minimizing with respect to «, and finally further approxi-
mations, we have the following;:

(wlt, ) = (e, 1) ¥lo < lon = gnlo +ViC sup {0 —o”lo +[6” Bl |
€
+tsup {falole” = &”lo +1d” — d”|o}.
Y€O

The proof is complete by noting that we could have interchanged |u|o with |ulp (so
we get the factor |u|g A |i|o in front of the |¢” — &”|¢ term).
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