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ABSTRACT. We propose, analyze, and demonstrate a discontinuous Galerkin
method for fractal conservation laws. Various stability estimates are estab-
lished along with error estimates for regular solutions of linear equations.
Moreover, in the nonlinear case and whenever piecewise constant elements
are utilized, we prove a rate of convergence toward the unique entropy solu-
tion. We present numerical results for different types of solutions of linear and
nonlinear fractal conservation laws.

1. INTRODUCTION

We consider the fractional (also called fractal) conservation law

Owu(z,t) + 0, f(u(z, b)) = galu(z,t)] (z,t) € Qr :=R x (0,T),

(1.1)
u(z,0) = ug(x) z €R,

where f is a Lipschitz continuous function and g) is the nonlocal fractional Laplace

operator —(—82)*2 for some X € (0,1). This operator can be formally defined by

Fourier transform as

(1.2) alp(2)](€) = —1€*p(€)
or, equivalently, by a singular integral (cf. [21], [27]) as

Y i

for some ¢y > 0. For sake of brevity, we often write g instead of g, in the following.
Nonlocal partial differential equations appear in different areas of engineering
and sciences. For example, the linear nonlocal partial differential equation

(1.3) O — 02u — Oyu +u = ga[u]

is a nonlocal generalizations of the famous Black-Scholes’ equation in finance [16],
and has received a lot of attention in the last decade. In recent years, attention has
also been given to nonlinear nonlocal equations like

(1.4) Opu + udyu = giful,

known as the fractional Burgers’ equation. Equation finds application in cer-
tain models of detonation of gases (cf. [30]) characterized by an anomalous diffusive
behavior which can be described by means of the fractional Laplacian. We refer
the reader to [2, Bl [19], and the references therein, for further applications in hy-
drodynamics, molecular biology, semiconductor growth and dislocation dynamics.
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Many authors, see [2, [3, 5l [6] [7, [8, 21} [24], have contributed to settle issues like
well-posedness and regularity of solutions for the fractional conservation law .
In the case A € (1,2), is the natural nonlocal generalization of the viscous con-
servation law dyu + 0, f(u) = 92u. Such equations turn a merely bounded initial
datum into a unique stable smooth solution (cf. [20]). The case A € (0,1) is more
delicate. Alibaud’s entropy formulation is needed to guarantee well-posedness [2],
and the solutions may develop shocks in finite time [3]; the diffusion is no longer
strong enough to counterbalance the convection, and equation fails to regu-
larize the initial datum. In the critical case A = 1, Alibaud’s entropy formulation
is still needed to ensure well-posedness, however, solutions should be smooth as in
the case A € (1,2) — see Kiselev et al. [25] for the case of the fractional Burgers’
equation.

A vast literature is available on numerical methods for nonlocal linear equations
like (|1.3). The interested reader could see, for example, [4, [10] 1T, 12} 15| 18, 29].
However, numerical methods for nonlocal nonlinear equations like (1.1]) are far from
being abundant. Dedner et al. introduced in [I7] a general class of differences meth-
ods for a nonlinear nonlocal equation similar to coming from a specific problem
in radiative hydrodynamics. Droniou [19] was the first to analyze a general class
of difference methods for , he proved convergence toward Alibaud’s entropy
solution, but produced no results regarding the rate of convergence of his methods.

In this paper we study a discontinuous Galerkin (DG) approximation of .
The DG method is a well established numerical method for the pure conservation
law Opu + 0, f (u) = 0. Some of the important features of this method are stability
and high-order accuracy. Moreover, when piecewise constant elements are used,
the DG method reduces to a conservative monotone difference method (cf. [23])
which converges to the entropy solution with rate 1/2 (cf. the well known results
of Kuznetsov [20]). For a detailed presentation of the DG method for pure conser-
vation laws, we refer to Cockburn [14].

In this paper we propose a DG approximation of in the case A € (0,1),
and prove that we retain the main features of the DG method in our nonlocal
setting. We show LZ2-stability, and prove high-order accuracy for linear equations.
Moreover, when piecewise constant elements are used, we derive two fully discrete
numerical methods, an implicit-explicit method as in [19] and a fully explicit one,
and prove convergence toward a BV entropy solution of (cf. Definition
below) with a certain rate. For the implicit-explicit method we prove convergence
with rate 1/2 while for the fully explicit one we prove convergence with a lower rate,
min{1/2,1 — A\}. To prove the rate of convergence, we generalize the Kuznetsov
argument [26] to our nonlocal setting, and, as a byproduct, we obtain the following
theoretical result: Alibaud’s entropy formulation and the BV entropy formulation
are equivalent whenever the initial datum is integrable and of bounded variation.

Finally, several numerical experiments have been performed to illustrate the de-
veloped theory. Among other things, we are able to reproduce the theoretical results
(absence of smoothing effect due to persistence of discontinuities and formations of
shocks) obtained in [3], 25] for the fractional Burgers’ equation.

2. A SEMIDISCRETE DG METHOD

Let us introduce the space grid z; = iAx, ¢ € Z, and let us label I; = (x;, ;41).
We call P¥(I;) the set of polynomials of degree at most k € {0,1,2, ...} with support
on the interval I;, and consider the Legendre polynomials (cf. [I4] for details)

{00,i 01,051 PR} Pl € PI(L;) for all j = 0,..., k.
Each ¢ € P*(I;) is a linear combination of the functions {©0,is P15+ Phii}-
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If we multiply (T.1) by an arbitrary ¢ € P*(I;), integrate over the interval I;,
integrate by parts, and replace the flux f by a numerical flux F, we get

@ [ wp= [ e+ Plueten) - Faee!) = [ ol

As usual for DG methods, the numerical flux F(u;) = F(u(z] ), u(x])) satisfies the
following assumptions:

Al1: F is Lipschitz continuous on R x R,

A2: F(a,a) = f(a) for all a € R,

A8: F is non-decreasing with respect to its first variable,
A4: F is non-increasing with respect to its second variable.

The goal is to find a function @ : R x [0,7] — R,

k
(2.2) a(z,t) =YY Upilt)pp,i()

i€Z p=0

which Satisﬁes for all o € PF(1;), i € Z. Let us fix p(z) = Z];:o 0q,i9q.i(T),

and plug (2.2) mto ) to get
k
Az d
il 50— 77U
;aq’ <2q+1dt q’)

(/ f(a soq, + (= 1)qF(ﬁi)—F(ﬁi+1)+/g[ﬁ}wq,i>
:0 I;

i

where F(i;) = F(Zp o Up,i— 1,2’; o Up,i(=1)P). To derive the above expression

we have used some well known properties of the Legendre polynomials: for all i € Z,

Bz for p=gq
_ — _ +\
/I ©p,iPqidT = { 2q0+1 otherwise @p,i(xiﬂ) =1land p,,(z;") = (=1),

where we have denoted with o(z;),¢(x;) the (right and left) limits of o(s) as
s — x;. The semidiscrete method (i.e., discrete in space and continuous in time)
we study is the following: for all g =0,...,k and i € Z,

o Uy = [ @) @gi+ (—1)TF (i) — Fliig1) + J;, glileg.i,

(2.3) s
Ug,i(0) = =& fI uo(x)pq,i(x)dx.

3. NONLINEAR L2-STABILITY AND CONVERGENCE IN THE LINEAR CASE

Let V¥ := {u : u|;, € P¥(I;) for all i € Z} be the space of piecewise polynomials,
and let H*?(R) be the fractional Sobolev space with norm

u(z) — u(@)]?
HU||§1A/2(R) = ||UH%2(R) + |u@1>\/2(R) and |U|12HA/2(R) = /R/R[Z_xPJr)\]dde'

Let us note that the space H*?(R) also contains discontinuous functions (cf. [22
Lemma 6.5]). Moreover, let us denote with H~*/2(R) the dual space of H»?(R),
and let us point out that, as shown in the proof of Corollary below, g[u] €
H~*?(R) whenever u € H?(R). In the following, all the integrals of the form
fR glu]v, where the functions u,v € H A2 (R), should be interpreted as the pairing
(g[u],v) between H*?(R) and its dual.
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Theorem 3.1. (Stability) If also f(0) = 0, then any solution @ of ([2.3)) belonging
to C1([0,T); HM?(R)) is L2-stable:

T
i, T2y + / (s £) By ey < ol 22y

The above result generalizes a well known result for the DG method for pure
conservation laws (cf. [I4, Proposition 2.1 and Theorem 4.2] for details).

Proof. By construction, @(-,t) satisfies (2.1) for all test functions ¢ € P*(I;). Let
us choose the test function ¢ = 4(-,t), sum over ¢ € Z, rearrange the terms in the
sum and integrate over time to get

/QT iyl = /OTEE% [F(ai)(a(x?) —a(xi))+/[i f(a)ax] +/QT gla)a.

Due to the assumptions made (including A1-A/ ), each term in the above expression
is well defined. The first term is clear while the last term is well defined by Corollary
The remaining terms makes sense for all functions in V* N L2(R) since the
point values are well defined. To see this, note that, since f(0) = 0 and f is
Lipschitz continuous, f(#) and F (@) belongs to L?(R) since % does. We can then
conclude, using the Cauchy-Schwarz inequality, if the function v, v = 4, in U;ezl;,
belongs to L?(R) (this is the regular part of the distribution @,). But this again is
an easy consequence of the regularity of the Legendre polynomials ¢, ; and their
othogonality which implies that

ZZCW pi(z GL(QT) if and only if ZZ/ t)dt < co.

1€Z p=0 1€Z p=0

Let us now prove stability. Since

/ Fu = / ( / " = / R / .y

we find that

[ wa= [ S[r ~a) - [ (()) ] + [ dla

€L
It is well known that a flux satisfying 4A2-A/ is an E-flux (cf. [14)), i.e

()
F(w)(W(z]) — a(z])) — /~( . f(z)dz <0 for all i € Z.

Thus, by Corollary [A23]

1 - C)\ ))2 1 -
G D Z2 ) / // z—x|1+/\ dzdadt < o [[io | 2 )

and the proof is complete. O

In the linear case, equation (|1.1]) reduces to
(3.1) Oru + cOyu = glul
where ¢ € R. Let us prove the following result.

Proposition 3.2. Let ug € H**1(R), k > 0. Then, there exists a unique function
u € H*Y(Q1) which solves (3.1). Moreover,

(3-2) Ju( Ol s @y < lluoll e r)-
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Proof. Since (3.1 is linear, its Fourier transform, ;@ + i&cti = —|€| i, has solution
(& ) = d(§)e (et

This implies existence plus, using Plancherel theorem, L2-stability and uniqueness.
L2-stability for (weak) higher derivatives can be obtained as follows: take the de-
rivative of , repeat the above procedure, and iterate until the k-th derivative.
Regularity in time can be shown by using equation and regularity in space. [

As pointed out by Cockburn [14], in the linear case all relevant numerical fluxes
(Godunov, Engquist-Osher, Lax-Friedrichs, etc.) reduce to

_¢
T2

We use this flux to prove the following result: the order of the semidiscrete method
(2.3 increases along with the degree k of the polynomial basis used.

(3.3) F(a,b) (a+b)— —=(b—a).

Theorem 3.3. (Convergence) Let u € H**1(Qr), k > 0, be a solution of (3.1)
and @ € C*([0,T); HM?(R)) be a solution of the semidiscrete method ([2.3). Then,
there exists a constant ¢ > 0 such that

|u(-, T) = a(, Tl L2 < Ck,TAl']H_%'

The above result, called high-order accuracy, generalizes a well known feature of
the DG method for pure conservation laws (cf. [I4) Theorem 2.1]). We are able to
prove this result since, as shown in the proof below, the error due to the local terms
(cr, 7 Az*+1/2) is bigger than the one due to the nonlocal term (¢ pAz*+1-2/2),

Proof. By construction, for all test functions ¢ € V¥ N L2(R),
[ e+ Y [Padee) et - [ cg.] = [ glale.
R i€l I; R
Note that u satisfies the analogous expression

64 [wor T [Puelad) - plah) - [ cup] = [ gl
1€ZL g

i

To prove the above relation, let us multiply (3.1)) by a test function ¢ and integrate
over I;. Note that, thanks to the H**!-regularity of u, u is continuous (by Sobolev
embedding). Thus, since F' satisfies assumption 42, we get that

/Ii urp + cugp — glulp
= /I U — /1 cupy + Flui1)p(xy ) — Fu)p(a) — /I glule.

7

We obtain (3.4) by summing over all i € Z and rearranging the terms in the sum.
Let us introduce the bilinear form

Blew) = [ e+ 3 [Fledlolar) = otai)) = [ cegd] = [ alle
1€EZL

where e := u — @ € H»?(R). Let us call u the L?-projection of u into V*: i.e.,

/ (u(z) —u(z))pji(x)de =0forall j =0,...,k and i € Z.
I;
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Note that, by Lemma u € V¥ N L*(R) implies u € HM?(R). Let us call
e:=u—1u¢c H?R). Since B(e,e) =0, B(e,e) = B(e —¢,e) = B(u— u,e) or

ewe=[ [-uwe- TZ Fle)(e() —e(af)) - | cee,]
Lo / > /.

i

+ [ S [ttt et~ [ etu -]

1€EZL

+/0 /Rg[e}e—/o /Rg[e—e]e

Note that, since both e,e € H*?(R), each term in the above expression is well
defined (cf. the discussion in the proof of Theorem [3.3). One can argue as in [14}
Theorem 2.1] to bound the local terms by ¢y Tszk“ Hence,

//ete<ckTAx2k+1 // e—// e cle

Let us denote by Z what it is left to estimate on the right-hand side of the above
inequality. By Corollary the H*/2-regularity of both e, e implies that

s [ [oter s [ [arte—y [ [ ste-die-o

T
< M= Ol it
and, by Lemma [A.5]
ot = ) ) 2y < il ) By gy A2
Thus, using the H**1-stability of u, fOT Jrete < cpr[Az?FH 4 Az?FH2A] Dand,
since e(z,0) = 0 and [le] = ||(u — @) — (u —w)|| > [e[| = [Ju —ul,
le(-, )||L2 < CkT[A$2k+l 1 Ag2kt2-A +Aw2k+2} < cpr Az,

O

Remark 3.4. Let us prove that a solution @ € C([0,t]; H*?(R)) of the semidiscrete
method (2.3)) actually exists up to some time ¢ > 0. We consider the map

a(-,t) € VF N LA(R) — FL'(t) := the right-hand side of (2.3),

and call Fg(-,t) := >,y Z];:O FL* (t)pq.i(-). Note that, using Corollary (here
the assumption f(0) = 0 is needed),
(3.5) a(-,t) e VFNLAR) = Fau(-,t) € VF N LA(R),

and, since both (f, F) are Lipschitz continuous, there exists a constant ¢ > 0 such
that, for all 4,o € V¥ € L?(R),

(3.6) |(Fa — F5) (Ol 2w < cll(@—0)(5 1) 22wy

Therefore, thanks to (3.5) and (3.6, an application of the Cauchy-Lipschitz’s the-
orem yields the existence of a time ¢t > 0 and a unique solution

@ e CL([0,t); VF N L3(R))

of the semidiscrete method (2.3). To conclude, note that V* N L?(R) € H*?(R)
by Lemma [A4]
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4. CONVERGENCE IN THE NONLINEAR CASE
We study the nonlinear case by using only piecewise constant elements (k = 0):

{®0,isP1ir- - pri}t = {po0i}, ®oi=11,

where 17, : R — R is the indicator function of the interval I; = (z;,x;41). Start-
ing from the semidiscrete method , we derive two fully discrete methods: an
implicit-explicit method and a fully explicit one. By adapting Kuznetsov’s tech-
nique [26] to our nonlocal setting, we prove that both methods converge toward a
BV entropy solution of with a certain rate (cf. Theorem . In Corollary
we show how this result ensures well-posedness for BV entropy solutions of
. Note that, in the nonlinear case, even when pure conservation laws are con-
sidered, no results concerning the rate of convergence are available for high-order
polynomials (k > 0).

Let us introduce the time grid ¢, = nAt, where n = {0,..., N} and NAt =T.
We discretize the semidiscrete method in time to obtain the implicit-explicit
method

UMt = Ul — AtD_F (UM, Up) + Atg(U™),,

1
0 _
U; = x/ll uo(x)dz,

and the fully explicit one
UPH = U — ALD_F(UP, UlLy) + Atg(U™);,

1
0
0_ _— dz.
U; Ax/liuo(x)x

Here we have introduce the shorthand notation D_F (U, Ul ) := = (F (U, U} ) —
F(U,U)) and the nonlocal operator

n 1 rrn 1 PLTTN
g(U")i ::E/l glU ]dw:EZGjUja

(4.1)

(4.2)

where G} := [, g[17,]dz (we denote with U™ : R — R the step function generated
by the grid values {U[*};cz such that U"(z) = UP for all = € [z;,741))-

Proposition 4.1. For all (i,j) € Z x Z,
YIGi <o, Y GL=0, Gi=Gl, G=a.

kEZ kEZ

Moreover, G;’ > 0 whenever i # j, while

. dz dz
G; = —d Az, where dy = ¢y / — —|—/ ——F ] >0.
|z|<1 2] A |z[>1 |2 1A

Proof. See the appendix. O
Let us introduce the CFL condition
At
4.3 n+F)—<1
(4.3) (F1 + F3) Ap =

for the implicit-explicit method (4.1)) (here Fy, F» are the Lipschitz constants of F'
with respect to its first and second variable) and the CFL condition

At At
4.4 4+ F))—+4+dy—<1
( ) (1+ 2)A$+>\AI’)‘_
for the fully explicit method (4.2)). In what follows, the relevant CFL condition is
always assumed to hold.
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Let us introduce the time discretization into (2.2]) as follows:
(4.5) w(x,t) = U for all (x,t) € [zi, Xir1) X [tn, tnt1)-

Theorem 4.2. Let ug € L*(R) N BV (R). Then, both the implicit-explicit method
and the fully explicit method enjoy the following properties: for allt > 0,
i) [[a(, )L @) < [[uolle ),
i) ||a(, )Ly < luollzr @y,
i) |a(-, 1) pvw) < [wolBv(®)-
Moreover, there exists a constant ¢ > 0 (whose value is independent of the dis-
cretization parameter Ax) such that, for all s,t >0,

w) [|a(, s) = t)llrw) < clls — t] + Az).

Proof. We give here the proof for the fully explicit method . The proof for the
implicit-explicit method can be found in the appendix.

Let us point out two consequences of Proposition In the first place, note
that the fully explicit method is conservative. Indeed, since Y .., |G}| < oo
for all i € Z,

(4.6) SN IGUr =Y U Y |G < oo,

€L JEZL JEL €L

JEZ

whenever Y, |U*| < co. Thus, since Y., G% = 0 for all j € Z,

1 ; 1 .

ZQ(U">i = EZZG;UJR = EZUJHZG; =0

i€Z i€Z jEL JEZ i€l
which implies Y, _, U/t = > icz Ul*. In the second place, note that the fully
explicit method is monotone in view of the CFL condition .

We are now ready to prove the theorem. Indeed, monotonicity and Proposition

(> kez Gi, = 0) imply item 4. The proofs of items 4 and i follow, word by
word, the ones in [23, Theorem 3.6]. Finally, note that, since the numerical flux F
is Lipschitz continuous in both variables, there exists a constant ¢ > 0 such that

UMttt — U = AtD_F(U!,Ul) + Az ZGjUj
JEL
(4.7)

At At At~
< n_o_ygr no_qmn i
< e Uty = UP| o+ e U = Uy |+ Am‘;EZG]UJ

Let us multiply both sides of (4.7) by Az, and sum over all i € Z. Since

> auy

i€Z  jEZ

< / 910" lda = exCIT™ 52 10"y sy

< C/\O||U0||1LT(>\R)|UO|)1§V(R)
(cf. Lemma (A1), we get [|[U"F! — U"||L1(R) < ¢At which implies v via (4.4). O
Let us introduce the definition of BV entropy solutions of (1.1). Let ng(u) :=
lu — k|, m (u) == sgn(u — k) and gy (u) := n; (w)(f(u) — f(K)).

Definition 4.1. A functionu € L*(Qr) is a BV entropy solution of (1.1) provided
that the following two conditions hold:

i) uwe C([0,T]; LY(R)) N L*>(0,T; BV(R));
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it) for all k € R and all nonnegative o € CX(Qr),

[ mont e + o glilpdrd
(4.8) v

+/R77k(uo(33))<,0(x,0)d33—/Rnk(u(x,T))go(a:,T)da: > 0.

The nonlocal term in the above definition is well defined since, by the regularity
of u, g[u] is integrable over the domain Qr (this is a consequence of Lemma [A-T)).
Note that sufficiently regular solutions of are solutions according to the above
definition while solutions according to the above definition are weak solutions of
(1.1) (this can be easily proved by choosing k as the supremum of |u|). We refer the
reader to Alibaud’s paper [2] for the precise definition of a weak solution of .

As already mentioned in the introduction, Alibaud’s entropy formulation en-
sures well-posedness for all bounded initial data. We prove that the BV entropy
formulation is well-posed for all initial data belonging to a smaller set, the set of all
integrable functions of bounded variation, and, therefore, Alibaud’s entropy formu-
lation and the BV entropy formulation are equivalent whenever the initial datum
lies in this smaller set.

The following lemma generalizes to our nonlocal setting a result due to Kuznetsov
[26], and it is used in the proof of Theorem Let us introduce the function
o(x,y,t,5) = we(z — y)ws(t — ) where wa € C°(R), @ > 0, can be built as follows:
choose w € C2°(R) such that 0 < w < 1, w(z) = 0 for all |z| > 1 and [ w(x)dz = 1;
finally, call w,(z) = w(z/a)/a.

Lemma 4.3. Let ug € LY(R) N BV(R), u be a BV entropy solution of (1.1)) and
@: Qr — R be any function such that items ii-iv in Theorem[{.4 hold. Let

Am%m;]’%w%+%w%+%wwwma

—l—/Rnk(uo(x))cp(x,O)dx—/Rnk(u(a:,T))ap(x,T)dx

and A5, u] = fQT Ala, (-, y, -, 8),u(y, s)|dyds. Then, there exists ¢ > 0 such
that, for alle >0 and 0 <6 < T,

lu(-,T) —a(-, T)||Lrm) < (e + 06 + Ax) — A 5T, u.
Proof. See the appendix. O

The above Kuznetsov type of lemma allow us to prove the following rates of
convergence.

Theorem 4.4. Let ug € L'(R) N BV (R) and u be a BV entropy solution of (1.1]).
a) If @ is the solution of the implicit-explicit method (4.1)), then there exists a
constant ¢y > 0 such that
[u(-T) —a(, Dl ) < erVAz.
b) If @ is the solution of the fully explicit method (4.2)), then there exists a
constant cp > 0 such that
|u(-,T) = (-, T)||Lrry < er(VAz + Azt

The rate of convergence obtained for the implicit-explicit method general-
izes to our nonlocal setting the rate of convergence obtained by Kuznetsov in [26]
for local difference methods for pure conservation laws. We suspect the convergence
rate for the fully explicit method to be suboptimal. Anyway, to the best of
our knowledge, no convergence proof for the fully explicit case was available in the
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literature up to now (cf. Droniou [19] for an alternative convergence proof, without
convergence rate, for the implicit-explicit case).

Proof. The plan is to estimate —Ac 5[, u], and, then, use Lemma to conclude.

Proof for the implicit-explicit method. Let us introduce the notation a A b =
min{a, b}, a Vb = max{a, b}, n* = |U —u| and ¢* = f(U]Vu) — f(U Au), where
u = u(y, s). Note that —A, 5[4, u] can be rewritten as

—Acsla, / { Z Z [ ntl /:“ o(x, tpyr)dx

n=0 1€Z

(4.9) +(q?—q?_1)/tn+1 (x4, t)dt

n

_ /0 ! /R n;(a)g[ﬂ]wdasdt}dyds.

Indeed, using summation by parts,

n41 Ti41
_Z Z/ / iz, t) + ¢ g (z, t)dedt

i€EZ
Ti41 Ti+1
+1; / ¢(z,0)dz —n" / ¢(z, T)dz

i

N1 Tit1
:_Z{ ZU?/ [@(x’tn+1v)_¢($7t7L7)]dx

n=0 i

Tit1 Ti4+1
+77?/ w(%O)dx—mN/ oz, T)dx

tn+1
G
t

Let us exploit monotonicity to get

UM VE<UMVE—AtD_F(U!V kUl V k) + Atlg, oo (U g,
UMY ANk > U Nk — AtD_F(UP Nk, Uy NK) + AtL o oy (U g(U ),

Let us call Q} := F(U} VKU, VE)—F(U! Nk, U,y Nk), and note that, since
la — bl =aVb—aAb, we can subtract U™ A k from U™ V k to obtain the cell
entropy inequality

A
(410) g nl+—t(Q" mYy = Al (U g (U, < 0,
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If we plug the above inequality into (4.9)), we find that

— A 5[, u] _/ {ZZ[ —q ) /jnﬂ o(x,t)dt

n=0 1€Z n

@ -am) [ st

i

Tiq1
+MZZmW4Wﬂ/ oty )

n=0 {€Z i
—/ n;(&)g[ﬂ]cpdxdt}dyds.

Next, the right-hand side of the above inequality needs to be estimated. To this
end, let us point out that, as proved in [23] Example 3.14],

[AS oo [ etaua

n=0 €Z n
e Ar Az
_7(Qn - )/ go(zatn-‘rl)dx} }dde S cTr <E + (5) .
Let us call ' := 2 [""*" o(x,t,)dz and @ the step function built from {7} by

taking @(z, t) o for all (x,t) € [T, xi41) X [tn, tnt1). Moreover, let us call J the
term which still needs to be estimated,

J ::/ {AtAx Z Znu Un+1 Un+1> (xwtn-i-l)

n=0 ¢€Z

- / n&(ﬁ)g[ﬂ]sodxdt}dyds.
Qr

Since g(U"); = == [ g[U"]dx, we can rewrite J as

/ {/ - / . (@)gla]pdedt / TnL(@)g[ﬂ]wdwdt}dyds

which can be split into J; + Jo — J3, where

Ji :=/T{/QT n;(ﬂ)g[ﬂ](w—np)dmdt}dyds,
Jo —/QT{/T+At/77u goda:dt}dyds
Js —/T{/At/nu godxdt}dyds

By Lemma and Theorem gli] € LY(Qr) and, thus, both

T+At

s < / / |g[a]|{ / cﬁdyds}dmdt,
T R Qr
At

<[ /mmﬁ/ WW%Mﬁ
0 R Qr
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are of order Az (here, as the the following, we use the CFL condition to pass from
At to Az). Moreover,

A A
1 S/ |g[11]|{/ |s0—<pdyds}dxdt§cT (:34_;3)
T Qr

since, for all (z,t) € Qr, there exists a constant ¢ > 0 such that

Az A
(4.11) / |® — pldyds < ¢ (m + ;)
Qr

We now prove (4.11)). Let us call @, the step function built from {we;}, we; =
ﬁ f;i“ we(s)ds, as follows: @(x) = w,; for all x € [z, x;41). First, note that

(412) / |w€ )|d$ < AI|WE‘BV(R)

Indeed,

JZOREE |dx—é/ " 6e(@) - wel@))de
_Z/:M /+ we(s)ds — we(z)

Ti+41 Ti41
< _
<X Z/x / |we(8) — we(z)|dsdx

Tit1 Tit1
< — w dsdx
< g Xledsvan [ [
i€,

K3

dzx

< Azjwe| v (w)-

Next, we note that for all (z,t) € Qr,

T
(4.13) / 16— oldyds = / / e — y)ws(tn — 5) — wela — yws(t — 5)|dyds,

where t,, is such that t € (¢, tn41). Moreover, using (4.12)),

(4.14)
Az
/|we (=) —welo =)y = [ 100(6) ~wulo)ldy < Aelorlmvea) = =
while, since t € (tn, tni1),
T Ax
(4.15) ws(tn — 8) —ws(t — s)|ds < At|ws|pyw) = c—.
V(R) 5
0

Thanks to the estimates (4.14) and ([#.15), an application of the triangular inequal-
ity to the right-hand side of (4.13) yields (4.11]).

The above estimates ensure that —A. 5[@, u] < cT(A + %). Therefore, we can
use Lemma [L.3] to obtain

A A
) = 2 Tlsy < er (e 6+ Aot 52+ 5F).

The conclusion follows by setting ¢ = § = VAz.
Proof for the fully explicit method. Let us exploit monotonicity to get

UMV E < UMV E—AtD_F(UPV kU V k) + At 4oy (U g(U™);,
UM ANk > U Nk — AtD_F(UP ANk, Uy Nk) + At (oo 1y (U g(U™);
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Proceeding as done in the proof for the implicit-explicit method, we obtain the cell
entropy inequality

n n At n n n n
nitt =+ E(Qi - Q1) — At (UMM g(U™); < 0.

Let us add and subtract Aty (U")g(U"*!); to the left-hand side of the above
inequality, and let us use the fact that the operator g(-) is linear to obtain

At
ntl _ o 20 0n _ Qn
771‘ 5 + Ax (Qz z—l)
— At (UM g(U™ — U™y, — At (U g(U™ ), < 0.
If we plug the above inequality into (4.9)), we find that

N—-1 tni1
T  n=0 icz tn
At e
- Ix( i i71)/ go(x,tnﬂ)dx}
N-1 L _—
FAEY S @ [ el tusa)do
n=0 i€Z T;
N-1 .
FACYS S g = U [ s t)ds
n=0 i€Z Z;

- / ., (@) glu]pdzdt } dyds.

T

The only term left to estimate is

N-1
/ {AtA”“ﬁ DD urtheUn - Un+1>i<ﬁ($i>tn+1)}dyds

n=0 (€Z

N—-1
< / {AtAx > D lgUr - Un+1>i|¢(xivtn+l)}dyd5

n=0 1€Z

g/ |g[a(x,t)—a(x,t+At)]|{/ @dyds}dxdt.

Note that, using Lemma and Theorem (item iv), the right-hand side of the
above inequality is easily seen to be of order Az!=*.
Finally, using Lemma[4.3]

Ar  Ax
6 b

Hu(7T) — a(-,T)||L1(R) <ecr (6 +0+Ax+ Aa’:l_/\ -+ ? + ==

and the conclusion follows by setting e = 6 = v Ax. O

We conclude this paper by proving the following result which is a consequence
of Theorem the definition of a BV entropy solution of (1.1)) is well-posed.

Corollary 4.5. Let ug € L'*(R) N BV (R). Then, there exists a unique BV entropy

solution of (L.1)).

Proof. Let us give the proof using the implicit-explicit method (4.1). Needless to
say, the fully explicit method (4.2]) would also do.



14 S. CIFANI, E.R. JAKOBSEN, AND K.H. KARLSEN

Uniqueness. Let us assume that both u and v are BV entropy solutions of (1.1).
If we add and subtract the solution of the implicit-explicit method (4.1]), we obtain

[u(-T) = o, D)@ < lulT) = al, D)o@ + 1o T) = al, T @

which, by Theorem is less than or equal to ervV AT + e/ Az for all Az > 0.
Therefore, uniqueness follows.

Ezistence. Using a standard argument (cf., for example, [23, Theorem 3.8]),
Helly’s theorem yields the existence of a subsequence @ — w in Li (Qr) as Az — 0.
Moreover, u € C([0,T]; L*(R))NL>(0,T; BV (R)) by Theorem To prove that u
satisfies the entropy inequality , we start from the cell entropy inequality .
Let us choose a nonnegative test function ¢ € C2°(Qr) and call @I := p(x;,t,). If
we multiply both sides of by ¢ > 0, sum over ¢ and n, and use summations
by parts, we find that

n+1l
AzAt Z PR —" %
n=1 i€Z
N Spn — (pn
+ATALY N {Q;”“Ax’ + n;(Uf+1)g<U”+1>i¢?}
n=0 i€Z
+ Az {ein! =i} > 0.
1€EL

A standard argument shows that all the local terms in the above expression converge
to the ones appearing in the inequality (4.8)), cf. e.g. [23] Theorem 3.9]. Let us now
consider the nonlocal term. Note that (here ¢ is as in the proof of Theorem |4.4)

AxAtZan Ut g(umty, o

n=0i€Z
T+At
ALY S U g0 — ) + [ [ gl
n=0i€Z

where, since there exists a constant ¢ > 0 such that |} — ¢ | < cAx for all (i,n),

AzAt Z > U gUTT (el — i)

n=0 i€Z

< ch/ lglt(x, t + At)]|dzdt.

Since g[u] € L'(Q7), the right-hand side of the above expression is of order Ax.
To conclude, we prove that there exists a subsequence {@} such that

T+At U
(4.16) / /nk i|pdrdt = ; e (w)glu]pdzdt

for a.e. k € R. This is a consequence of the dominated convergence theorem since
the left hand side integrand converges pointwise a.e. to the right hand side inte-
grand. Indeed, first note that ¢ — ¢ pointwise and that a subsequence @ — u
a.e. in Q. Moreover, for a.e. k € R the measure of {(z,t) € Qr : u(z,t) = k} is

null. This means that 7} (@) — 7}, (u) a.e. in Q, since 7}, is continuous on R\{k}.
Finally, by Theorem [£.4]

T
/ lglt — u]|dxdt < c/ || u||L1 dt < epAz'T
T 0

for all Az > 0, and hence a subsequence g[iu] — g[u] a.e. in Qr. The proof for all
k € R follows the one given by Droniou in [19], and this completes the proof. O
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(c) T=05 (d) T=13

FIGURE 1. Initial data (piecewise linear) and solutions of the pure
fractional equation (A = 0.5) with k =0 and Az = 1/160.

5. NUMERICAL EXPERIMENTS

We have implemented the numerical method in the cases k = 0,1,2 with
fully explicit time discretization. To perform computations, we have set our nu-
merical solutions to zero outside the region Q = {(z,t) : |z| < 3/2,¢ > 0}. In other
words, we have computed the value U, ;(t,+1) using only the values {U,;(t.)},
where z; € Qand p =0,..., k. This has been done also at the boundaries |z| = 3/2.

Remark 5.1. Due to infinite speed of propagation (cf. [2]), solutions of (1.1)) do not
have, in general, compact support. Therefore, the use of the region (2 introduces
an additional error which we have not considered in Theorem [3.3] and Theorem [£.41

Example 5.1. Let us consider the pure fractional equation dyu = g[u]. From
e.g. [28], it follows that the solution of this equation is given by the convolution
product u(z,t) = (K % ug)(z,t), where K is the kernel of g. Using the properties
of the kernel, it can be shown that this equation has a regularizing effect on the
initial datum (see e.g. [3]); this regularization appears clearly in our numerical
experiments presented in FIGURE

Example 5.2. Let us consider the fractional transport equation dyu + 0,u = glu).
Our numerical results suggest that, as done by d;u+0,u = 9%u, this equation regu-
larizes and transports the initial datum. Our numerical experiments are presented
in FIGURE [2| The numerical flux has been used.

Example 5.3. Let us consider the fractional Burgers’ equation dyu + udu = glu).
Our numerical experiments in FIGURE [3| confirm what has been shown by [3| 25]:
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i L L L L L L L = L L L L L L L
08 BRIk 04 a2 0 02 04 0B [k} 08 06 04 02 i} 02 04 06 08

(a) T = 0.1 (b) T =0.2
15 1
1 1
05 s !
0 oF
05 05 1
-~
1 E—s 1
15 . \ . . . . . 15 . . . \ \ \ .
-08 06 0.4 02 0 02 04 0.6 0.8 -0.8 06 -0.4 0.2 1) 0.2 0.4 06 08
(C) T=0.1 (d) T =0.2

FIGURE 2. Initial data (piecewise linear) and solutions of the frac-
tional transport equation (A = 0.5) with & = 0 and Az = 1/160.

this equation does not regularize the initial condition. Discontinuities in the initial
datum can persist in the solution, and shocks can develop from smooth initial data.
F1GURE [] shows how the behavior of the solution changes with A: as A — 0, our
numerical solution approaches the solution of the pure Burgers’ equation with a
source, Oyu + ud,u = u; as A — 1, our numerical solution approaches the smooth
solution of the fractional Burgers’ equation with A = 1 (see [25]). FIGURE [5|clearly
shows how a shock can develop and vanish in a finite time. FIGURE [f] shows how
the accuracy improves with & = 0,1,2. A third order Runge-Kutta (RK3) time
discretization and slope limiters (cf. [14]) have been deployed in FIGURE [f] We
have used the Lax-Friedrichs flux

F(a,b) = %[f(a) +f(0) —e(b—a)l, c=max{|f'(a)] : a] < [[uollzoe(m)}-

Let us note that the above numerical flux does not fulfil assumption A1. However,
this assumption can be replaced with a milder one: it is enough to ask F(a,b) to
be Lipschitz continuous on {(a,b) : |a| < [Juol| L (®) and [b] < |lugl|Le () }-

To give an idea about the speed of convergence of our experiments, we have
computed their rate of convergence in TABLE |1} We have measured the error

Epngp = uas(T) — te(, T e (r)

(T is the numerical solution which has been computed using Az = 1/640), the
relative error

Ravp = Enzp/llte(- )| o)
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L L L L L L
BRIk 04 a2 02 04 0B [k}

(a) uo(z) = —sgn(x)

L L L L L L L
0.6 0.4 0.2 o 0z 0.4 0.6 0.8

(c) uo(w) = sgn(z)1|z)>1/4 + 421 4)<1/4

17

(b) wo(z) = —arctan(15z)/90

(d) uo(z) = sin(27x)

FIGURE 3. Initial data and solutions of the fractional Burgers’
equation (A = 0.5) using k = 0; T = 0.5 and Az = 1/160.

TABLE 1. k = 0 (left) as in FIGURE [3| (¢) and k = 1 (right) as in

FIGURE [6] (b).

Ax EAx71 RAx,l QAx,1 EAx,2 RAx,2 OAx,2
1/10 | 0.1990 0.1109 0.5726 | 0.4580 0.3765 1.0714
1/20 | 0.1338 0.0746 0.4711 | 0.2180 0.1792 1.2024
1/40 | 0.0965 0.0538 0.3964 | 0.0947 0.0779 1.1717
1/80 | 0.0734 0.0409 0.4399 | 0.0421 0.0346 1.0881
1/160 | 0.0541 0.0301 0.7235 | 0.0198 0.0163 -

1/320 | 0.0327 0.0183 - - - -

and the approximate rate of convergence

anzp = (log Eazp — log EAa:/Q,p)/log 2.

We expected to see numerical convergence of order 1/2 for k = 0 and numerical
convergence of order 3/2 for k =1 (i.e, high-order convergence). The values aaz 1
roughly suggest 1/2 convergence while the values aaz 2 do not reach the expected
rate 3/2. This could be due to our way or reducing the problem from a nonlocal to

a local one (cf. Remark [5.1)).
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T -U.‘E -UI4 -UIZ 6 U‘E U‘4 U.‘E 0.8 ] -U‘E -U.‘A -U.‘E 6 UIZ UI4 U‘E
() A=0.7 (d) A =0.99
FIGURE 4. Initial data and solutions of the fractional Burgers’

equation for different values of A using k = 0; T = 0.5, Az = 1/200,
and ug(x) = —arctan(15z)/90.

APPENDIX A. TECHNICAL LEMMAS

Lemma A.1. Let p € LY(R) N BV( ) Then, there exists C > 0 such that

gl +2) — p(@)] _
MHD®<Q//DO ‘wﬂ d2dz < exCllel b Iy e

Proof. For all € > 0,

_ 1
/ / |SD 1+)\ ( )ldwdz S 61 Al@‘BV(R)/ ﬁdz,
|2]<e | | 121<1 2]
lp(z o()] A / 1
dzdz < 2e ol ——dz.
) e lellere J s

H‘P”LI(R)
Set € = |<P\BV R)

to conclude.

Lemma A.2. Let p,¢ € LY(R) N BV(R). Then

[ stz = [ gloiods
R R
and, in particular,

/ng[@]dl’z—cé\/ﬂg/RWdzdx.
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# L L L L L L L i L L L L L L L
08 0.6 0.4 0.2 o 0z 0.4 0.6 0.8 -08 0B 0.4 0.2 o 0z 0.4 0B 08

() T=17 (d) T =29

FIGURE 5. Initial data (piecewise linear) and solutions of the frac-
tional Burgers’ equation (A = 0.5) at different times T using k = 0;
Az = 1/200.

Proof. By Lemma and the fact that BV(R) C L*>(R),

legldllzs g < Al 63y @ el < oo,

and, then, Fubini’s theorem can be used to obtain

B R OO ) G ) W SNV
[ e@atetatar =3 [ [ R dzds = [ gle@lota)da.

O

Corollary A.3. Lemma holds true for all p,¢ € H?(R).

Proof. Lemma[A-2 holds true, in particular, for all ¢,,, ¢, step functions with com-
pact support,

(A1) / on(2)glbn(2)]dz = / glon(@)bn(2)d.

Let us choose, by density, ¢, ¢, — ©,¢ in H*?(R), and recall the following
definition of the H*/2-norm (cf. 22, Chapter 6]):

(A.2) 1120 = / (1+ €)M (6)de.
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(c) k=2 (d) Solution computed using Az = 1/640
FIGURE 6. Initial data and solutions of the fractal Burgers’ equa-
tion at T' = 1/10 using different values of k = 0,1,2; Az = 1/10,
and ug(x) = sin(27x).
Note that, using (A.2) and (1.2)),
loleol = alelllavace) = [ (14 €)™ o) - p(e)Pde
< [ 0+ @P21onl€) = SOPdE = llpn = ellvace
since (1 + €2)722€22 < (14 €2)M2 for all € € R (indeed, call ¢€2 = 2, and multiply
both sides by (1+z)'~*/2 to get 2* < (1+z)* which holds true for all > 0). Thus,
since glpnl, 9[¢n] — glel, gl¢] in H/?(R) whenever ¢, ¢n — ¢, ¢ in HV*(R),
equality (A.1)) holds true also in the limit n — oo. O
Lemma A.4. If ¢ € VFNL?(R), then ¢ € H*?*(R) and, for some constant ¢ > 0,
c
[60nmey < o ll0l2aa

Proof. Let us choose a function ¢ € V¥ N LA(R), ¢(z) = >,y 22:0 Cp,i0p,i(T),
and let ¢/ be the regular part of its derivative,

"4
o (x) = Z Z CPJ%SDPJ(:C)'

i€Z p=0
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In this case we may define the quadratic variation of ¢ as
|¢|22V(R) = ZW(QU;F) - ¢(~’Ui_)]2~
=
First of all, we prove that both ||¢}||r2(r), |¢|gv(r) are finite since ¢ € L*(R).
Indeed, by orthogonality of the Legendre polynomials,

2k +1
ol = 0 oo, sndbence 303" < 2 ol

1€Z p=0 i€Z p=0

As a consequence ¢.. € L?(R) since for each Legendre polynomial Op,is %gom- =
opp—1,i for some constant o,,. Moreover,

kE+1)(2k+1
Wl < EFEUCEED e

since \(b%V(R) <230y 0*(aF) 423,05 % () and (remember that ¢y, ;(z;,,) = 1
while ¢y, i(z,") = (—=1)?)

> 6o Z(Zcpzsom )2

i€L i€Z \p=0

_(k+1)EE+1)
(k+1) ZZ i S AT 161172 gy -

1€Z p=0

Next, we prove that there exists a constant ¢ > 0 such that, for a.e. |z| < 1,

(a3 [lo+2) = o@Pds < e (12l + P16 )

Note that

[+ - swpa=3 [ o + ) = o)
R iez il
|z]
/ S 6 + (i + Dl#l) — 6z + il 2])|2da
1€EZL

By appropriately adding and subtracting the values (b(xii), 1 € Z, the right-hand
side of the above expression is less than or equal to

2] H _
(A.4) / > o= 2de +3 / p(2%) — p(zh 1)) dx,

1€EZL ZEZ Jj= 0

where the J; + 1 points 7 = 2§ < ... < zf]l = 2;,, lie inside the interval I; (these
points can vary from interval to 1nterva1 depending on the value of Ax. E.g. if
|z| < Az, each interval I; contains more than two points, while if |z] > Az, some
intervals contain just the end-points z;7 = z§ and 24 =a;,. We can control the
first term in thanks to the bound on the quadratic variation of ¢ while, since
inside each interval I; the function ¢ is smooth, we can use the Taylor’s formula to
rewrite the second term as

Ji—1 Ji—1
DD 1005 — 0z < 1Y D 0P (2n — 2), where 2 < < 245
i€Z j=0 i€Z j=0

The right-hand side of the above inequality contains a Riemann sum approximation
of the L2mnorm of the function ¢/ € V¥ N L2(R) and is therefore finite. Hence
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inequality (A.3) has been established, and we are now ready to conclude the proof.
The seminorm

|¢‘?7>‘/2(R)

(x4 2) — ¢(x)] o(x))? o
/||>1/ |z\1+’\ dzdz+/l<1/ |z\1+)‘ drdz := J; + Jo

is finite since

dz
Bl [ T <o,
|z|>1 |Z‘

and, thanks to (A.3]),

dz dz
D N I A =
( WE J<r 122 B Jar [P

O

Lemma A.5. Let u € H*TY(R) and u be its L?-projection into V*, then there
exists a constant ¢, > 0 such that

= allFps 2 gy < crllullfpee @) Aa+272A

Proof. Let us call v = u — u, and remember that (cf. [9, Section 4.4]), for some
constant ¢, > 0 and all intervals I; = (iAz, (i + 1)Az),

lvllz2(r) < erllullgrrr, )A;Uk'H

0]l zoe 1y < crllwll mrsr g,y Akt z,

ol < enllull e,y Aa®.

First of all, let us bound from above the H*/2-norm of v as

12y < 1101122 m) +Z/ / 2 — x|1+,\ dde

€L

+2Z// 1 |ZI|1H)] dzdx

i€Z

[v(2) — v(2)]?
+// ——————dzdx
R J|z—z|>Ax ‘Z—LL’|1+>‘

=1+ Jo+ J3s+ Jy.

Note that
Jl = Z ||UH%2(11)
i€z
< op AN [ullZrssry = crllal T @Az +2.

€L

We now prove the remaining J; (i = 2,3,4) to be of order Az?*+2=*. First note
that since v is smooth on each interval I;, the fundamental theorem of calculus
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followed by Jensen’s inequality yield

z 2
// z—x\”)‘ dzdm—// \z—x\l“‘ (/J o (s)ds) dzdx
|z — x| d 2
1+/\/ (dsv(s)) dsdzdx

T dzdr
< ||v\|H1(1>/ [

Tit1 (AT gedy
< ”UHHl(I) |S|>‘

1

ds
< Az AMl|%0,, / —.
= ” ||H1(Il) . |8|)‘

Thus Iy = cAz> Y, 4 [|[v]3 ) < ck||u||zk+1(R)Ax2k+2_>‘. Next, we note that

/Ii /Ii+1 Iz — 2] T dzdx

[v(2)]? / / [o(2)]?
< _ LA\ Cwlx))” .
_2/1'1 /Ii+1 |Z_$|1+,\dZdCC+2 . |Z_x|1+)\d2d$

23

Let us show how to estimate the first term on the right-hand side of the above

inequality. Analogous ideas can be used for the second one.

i+1 i+2 dzdx
/ / ‘1+)\dzdx< ||v||Loo(I+1)/ / -2 1+/\
‘L+1 7,+l

< Tit1 dsdx
||U||L°° Iit1) NEDY
€T X4 S
dr

i1

= ol irn [ m*/ s
= Lo (Iiy1) ot e (@i —2)

< 2 = dr A dy
_”U”L"O(IHl) RN yT

® dr Ly
2 Al
- oo (T. .
Iollz (it1) /1 rla /0 y* v

Thus I3 = cAz'"* Y., HUHQOQ ) < Ck||u||Hk+1(R)A332k+2 A, Finally,

v( +s) —v(@)]
d dr = // dsdx
//|z z|>Ax |Z_$|1+/\ |s|>Ax S|1+)\

_ ds
S

>1 18

and Iy = cAz™* Yiez HUH%Q(E) = Ck||“||%1k+1(R)Ax2k+2_/\'

Lemma A.6. Let u € VF N L%(R), a,,; f[ ©pi and
k
=Y > apiepile)
i€Z p=0

Then, ||vullz2®) < cl|ullp2@®) for some constant ¢ > 0.
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Proof. Let us introduce the compactly supported function vy, € VF N L?(R)

Z Z ap,iPpi(

|i|<M p=0

Note that, since ap; = f] (N

)IDIIED 3p N | alulpi= [ atilou.

|i| <M p=0 |i| <M p=0

By Lemma [A.4] the pairing [ g[u]vas is less than or equal to

(NI

||U||HA/2(R)||UMHHA/2(R) < cllullzwllvmllze) < cllullz2m) Z Za;z%,i

|i| <M p=0
for some ¢ > 0. Hence, > ;< Zp 00 < C||u||L2(R) and, in the limit M — oo,
Il Zem =) Zap,z < cllullizg)-
1€Z p=0

APPENDIX B. PrOOF OF PrOPOSITION [£1]
Since G == [; 11,(x)g[11, (x)]dx, Lemmareturns

Gi = /R 17, (2)g[1y, (z)]de = /R 1y, (2)g[1r, (x))de = GY.

Thus, by Lemma|A.1} 7., |G| < [; [9[11, (2)]|dz < oo and, by symmetry,
JEL 1] R i

; 17,(2 (z)
mormo ] [

JEZL

All diagonal elements are equal and negative. Indeed,
) 1 1;
= CA/ / Ll Zl)+>\ 2 (z)dde = CA/ 5(1Z+)A dz,
|2[>0 || 1250 7]

£(2) = { —lz|  ze€(-Ax,Ax)

—Ax otherwise.

where

Thus, Gé = —c>\(f‘ <1 T2 ‘Adz + fIZ\>1 B |1Hdz)Aa:1 A All elements outside the

diagonal are positive. Moreover, G;ill = G; for all (i,7) € Z x Z since, if i # j,

Gl =c // L@+ 2) e
— .
1210 |Z\1“

AprPENDIX C. PROOF OF THEOREM FOR THE IMPLICIT-EXPLICIT METHOD

Let us consider the problem

(C.1) v; — Atg(v); = hy, i € Z and h € 1°(Z) N 1Y(Z).
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One can proceed as done by Droniou for nonlocal operators satisfying all the as-
sumptions listed in [19] (cf. also [I3] for a detailed proof for the operator g(-)) to
prove the existence of a solution v € [°°(Z) N I*(Z) of problem (C.1]). Moreover,

(C.2) inf h; < 1nf v; < supwv; < sup h;,
1EZ i€z i€z
(C.3) Z v < Z |hil.
i€Z i€Z

Note that (C.2) ensures uniqueness for problem (C.1). Our plan is to rewrite

the implicit-explicit method (4.1)) in the form (C.1), and use (C.2)-(C.3]) to prove
Theorem We start by rewriting (4.1)) in ”linearized” form,

Uptt - Z GiUrt = U — AtD_F(U", U} )
JEZ
=a Ul + (1 —a; — by)U" + b,U]"
where
W At FURLUL,) - FUP U g - At F(UL, U - FUSUY)
4= Ar no—ur MEY = Az Ur, —ur '

(the above coefficients are equal to zero when the denominators are equal to zero).
By the CFL condition and the Lipschitz regularity of F, it follows that
a;,b;, 1 —a; — b; are bounded and positive. Thus, the implicit-explicit method
reduces to if we choose v; := Ui”Jrl and h; := a; U | +(1—a; —b;))U] +b;U"

We are now ready to prove Theorem Items 7 and 47 are easy consequences
of and (C.3). To prove item iii, we call V" = U,y — U, and, by using the
implicit-explicit method in linearized form, we obtain

Vn+1 At Z Gz Un+1 fc Z G;+1U;¢+1
JEZ JEZ
=ain Vi + (1 —a; — b)) V" + 0,V

Note that >,
for all (i,7) € Z x Z, and

i+lrm+l _ i nt+l _ igrn+l J+l _
GimUM =3 e G U™ = 32,0, GUSY since Gy = G

Vit - Ar ZGEVJ = Vit + (L= a; — b))V + bV,
jEL

which is of the form (C.1]) and, thus, [*-contractive. This proves item 4. The proof
of item v goes as the one for the fully explicit method (4.2)).
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APPENDIX D. PROOF OF LEMMA [4.3]

Note that Ac 5[u, @] > 0 by (4.8), and hence A 5[, u] < A s[a, u] + Ae s[u, @] :=
Il —+ 12 + I3 —+ I4, where

I .—/ / Nu(y,s) (W, 1)) o2, y,t, s)dedtdyds
Qr JQr
+/ / Ua(y7s)(u($vt))<ﬂt($ay,t75)d$dtdyd3a
T T
I —/ / Qu(y,s) (W2, 1))@z (2, y,t, s)dedtdyds
T
[ g (ulas)enlo gt o) dadedyds,
T T
bim [ [ g @ 0)glate. O)ele,y. 1 s)dedidyds
T JQr

+ / / r]%(y’s)(u(:zz7 t))glu(z, t)]p(z,y, t, s)dxdtdyds
T T
and

L ::/ /nu(y,s)(@(l’,0))4,0($7y,0,3)da:dyd3

Qr /R

7/ /Uu(y,s)(ﬁ(l“,T))go(x,y,T, s)dxdyds
T JR

+/ /7771(.%8)(“(9570))W($,y70,8)dxdyds
Qr /R

B / /R Mty (u(, T)) (2, y, T, s)dadyds.
T

As shown in [23] Theorem 3.11], I; = I = 0 while
(D.1) Iy <cle+ 0+ Azx) — |lu(-,T) —a(-,T)| 1 (r)-
We now prove that I3 < 0. Note that, since g[u] € L*(Qr),
[ gt 0l )t .1, )t < o
T T

and we can change the order of integration to obtain

I3 = / / Tty (@, ) gla(z, )] p(x, y, t, s)dedtdyds
T JQr
+/ / Ny (WY 8))gluy, $)le(z,y, t, s)dadtdyds.

Since n,, () =

—1g (u
Iy = /T/T/|>Osgn t) —u(y, s))e(z,y,1,s)

w(x+2z,t) —u(y + z,8)) — (a(z,t) —u
EER

/ / / xy,ts
T T J|z|>0

a(z + 2,t) —u(y + z,8)| — |a(z,t) —
EER

W:5)) 4 dwdtdyds

WS g adtayds.
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Let us rewrite the right-hand side of the above inequality as a sum of two integrals,
and use the change of variables (z,z,y) — (—z,z + 2,y + 2) to obtain

1
7/ / / QD(m+Z,y+Z,t,S)
2 T T ‘Z‘>0

iz, t) — uly, s)| — |a(z + 2,t) —uly + 2, 5)|

PR dzdxdtdyds
/ / / o(z,y,t,s)
T T H>0
la(z + 2, t) — u(y + z,8)| — |a(z, t) — (7S)|dzdxdtdyds.

|Z|1+)\

By adding up these terms we find that

I3 < = /// plz+ 2,9+ 2,t,8) — p(x,y,t,))
2 T T J|z|>0

|a(z,t) = uly, s)| = |a(z + 2,t) —uly + 2, )|
2| 1+A

dzdxdtdyds,

and hence I3 < 0 since p(x + 2,y + 2,t,8) = p(z,y,t,s). To conclude, let us point
out that the following result is needed in [23, Theorem 3.11] to prove (D.1).

Proposition D.1. Let u be a BV entropy solution of . Then, there exists a
constant ¢ > 0 such that ||u(-,t +6) —u(-,t)| L1y < cd.

Proof. Let 0 < a <b<T and 1[ K : R — R be a smooth approximation of 1, .
Let us call o*(z,t) = ¢(2)1], ;) (¢), where ¢ € C2°(R). Thus,

T
/ / wps + f(u)eS + uglpldzdt =0
0 R

since w is a BV entropy solution of (1.1)) and, so, a weak solution (cf. [2] for the
definition of weak solution). The limit for € — 0 is, cf. [23] Theorem 7.10],

/¢ u(z,a) — u(x,b) dz+//f )¢z + ug[pldrdt =0

and

[u(-,b) — u(-, @)l (w) = sup /¢ u(z,b) — u(z,a)lde

lpl<1

= |j>1|1§pl{ —/a Af(U)¢z+ug[¢]dxdt}
< cluo|py(r) (b — a) +Z?fl{ //ug da?dt}

To conclude the proof, the following estimate is needed:

Ijblllfpl{ —/ab/Rug[qﬁ]dxdt} = Ijblllfpl{ —/ab/R(bg[u]dxdt} / /‘g |dxdt
<c

where Lemma [A.2] and Lemma [A.1] have been used. O
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