
SIMPLE EXAMPLE COX-REGRESSION

i Yi xi δi

1 5 12 0
2 10 10 1
3 40 3 0
4 80 5 0
5 120 3 1
6 400 4 1
7 600 1 0

Model:

• z(t|x) = z0(t) exp{βx}

Partial likelihood:

L(β) =
e10β

e10β + e3β + e5β + e3β + e4β + eβ
· e3β

e3β + e4β + eβ
· e4β

e4β + eβ

β̂ = 0.765
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BRESLOW-ESTIMATOR

Ẑ0(t) =
∑
Tj≤t

1∑
i∈Rj

eβ̂
′
xi

so

Ẑ0(10) =
1

e10β̂ + e3β̂ + e5β̂ + e3β̂ + e4β̂ + eβ̂
= 4.57 · 10−4

Ẑ0(120) = 4.57 · 10−4 +
1

e3β̂ + e4β̂ + eβ̂
= 0.0304

Ẑ0(400) = 0.0304 +
1

e4β̂ + eβ̂
= 0.0730
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ESTIMATED SURVIVAL FUNCTION P (T > t) = R(t;x)

R̂(t;x) = exp{−Ẑ0(t)e
β̂

′
x}

so

R̂(10;x) = exp{−4.57 · 10−4e0.765x}
R̂(120;x) = exp{−0.0304e0.765x}
R̂(400;x) = exp{−0.0730e0.765x}

x R̂(10;x) R̂(120;x) R̂(400;x)
0∗ 0.9995 0.9701 0.9296
1 0.9990 0.9368 0.8548
3 0.9955 0.7396 0.4846
5 0.9793 0.2483 0.0352
10 0.3829 0.0000 0.0000

KM∗∗ 0.8333 0.5556 0.2778

∗ Baseline survival function
∗∗KM-estimator does not use the value of x
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COX-SNELL RESIDUALS

V̂i = Ẑ0(Yi)e
β̂

′
xi

which should behave like expon(1)

i Yi xi δi V̂i

1 5 12 0 Ẑ0(0)e0.765·12 = 0.0000
2 10 10 1 Ẑ0(10)e0.765·10 = 0.9593
3 40 3 0 Ẑ0(10)e0.765·3 = 0.0045
4 80 5 0 Ẑ0(10)e0.765·5 = 0.0209
5 120 3 1 Ẑ0(120)e0.765·3 = 0.3017
6 400 4 1 Ẑ0(400)e0.765·4 = 1.5567
7 600 1 0 Ẑ0(400)e0.765·1 = 0.1569
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REPAIRABLE SYSTEMS/RECURRENT EVENTS/COUNTING
PROCESSES

Definition of repairable system (Ascher and Feingold 1984):

“A repairable system is a system which, after failing to perform
one or more of its functions satisfactorily, can be restored to fully
satisfactory performance by any method, other than replacement
of the entire system”.

� �� �� ��T1 T2 T3

�� � �

t0 S1 S2 S3
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“HAPPY” AND “SAD” SYSTEMS

Ascher and Feingold presented the following example of a “happy”
and “sad” system:

• Their claim: Reliability engineers do not recognize the differ-
ence between these cases since they always treat times be-
tween failures as i.i.d. and fit probability models like Weibull.

• Their conclusion: Use point process models to analyze re-
pairable systems data!
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Today: Recurrent events extensively studied

� � �

0 S1 S2 · · · SN τ

• Applications: engineering and reliability studies, public health,
clinical trials, politics, finance, insurance, sociology, etc.

Reliability applications:

• breakdown or failure of a mechanical or electronic system

• discovery of a bug in an operating system software

• the occurrence of a crack in concrete structures

• the breakdown of a fiber in fibrous composites

• Warranty claims of manufactured products
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Nelson (1995): Valve seat data

• Times of valve-seat replacements in a fleet of 41 diesel engines
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Event Plot for Valve Seat Replacements
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Bhattacharjee et al. (2003): Nuclear plant failure data

• Failure data for closing valves in safety systems at two nuclear
reactor plants in Finland. Failures type: External Leakage,
follow-up 9 years for 104 valves. 88 valves had no failures
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Aalen and Husebye (1991): Migratory motor complex (MMC)
periods in 19 patients, 1-9 events per individual.

Individual Observed periods (minutes)

1 112 145 39 52 21 34
33 51 (54)

2 206 147 (30)

3 284 59 186 (4)

4 94 98 84 (87)

5 67 (131)

6 124 34 87 75 43 38
58 142 75 (23)

7 116 71 83 68 125 (111)

8 111 59 47 95 (110)

9 98 161 154 55 (44)

10 166 56 (122)

11 63 90 63 103 51 (85)

12 47 86 68 144 (72)

...
...
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CONDITIONAL ROCOF BY MINIMAL REPAIR (NHPP) AND
PERFECT REPAIR (RENEWAL PROCESS)
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SIMPLE EXAMPLE WITH THREE SYSTEMS

Sys. 1: � � �

0 S11 = 5 S21 = 12 S31 = 17 τ1 = 20

Sys. 2: � �

0 S12 = 9 S22 = 23 τ2 = 30

Sys. 3: �

0 S13 = 4 τ3 = 10

�Proj: � � � � � �

4 5 9 12 17 230 t

Y(t):
Y (t) = 3 Y (t) = 2 Y (t) = 1
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COMPUTATIONS FOR THE NELSON-AALEN ESTIMATOR

t 1/Y (t) 1/Y (t)2 Ŵ (t) ̂V arŴ (t) ̂SDŴ (t)

4 1/3 1/9 1/3 1/9 0.3333
5 1/3 1/9 2/3 2/9 0.4714
9 1/3 1/9 1 1/3 0.5774
12 1/2 1/4 3/2 7/12 0.7638
17 1/2 1/4 2 5/6 0.9129
23 1 1 3 11/6 1.3540
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ESTIMATED W (t) with 95% confidence limits (Nelson-Aalen)
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Simple Example With 3 Systems
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Simple Example With 3 Systems
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Simple Example With 3 Systems

Results for: SimpleNHPP.MTW
Nonparametric Growth Curve: Time System: ID

Nonparametric Estimates

Table of Mean Cumulative Function

Mean
Cumulative Standard 95% Normal CI

Time Function Error Lower Upper System
4 0,33333 0,272166 0,06728 1,65151 3
5 0,66667 0,272166 0,29951 1,48392 1
9 1,00000 0,000000 1,00000 1,00000 2

12 1,50000 0,353553 0,94506 2,38079 1
17 2,00000 0,707107 1,00020 3,99922 1
23 3,00000 0,707107 1,89013 4,76158 2
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Simple Example With 3 Systems
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Nelson-Aalen estimator for Cumulative ROCOF W (t)

1. Order all failure times as t1 < t2 < . . . tn.

2. Let dj(ti) = # events in system j at ti.

3. Let d(ti) =
∑m

j=1
dj(ti) = # events in all systems at ti.

4. Let Yj(t) =
{

1 if system j is under observation at time t
0 otherwise

5. Let Y (t) =
∑m

j=1
Yj(t) = # systems under observation at time t .

Then

Under general assumptions: Ŵ (t) =
∑
ti≤t

d(ti)

Y (ti)
.

Assuming NHPP: ̂Var Ŵ (t) =
∑
ti≤t

d(ti)

{Y (ti)}2

Under general assumptions (MINITAB): ̂Var Ŵ (t) =

m∑
j=1

{∑
ti≤t

Yj(ti)

Y (ti)

[
dj(ti) − d(ti)

Y (ti)

]}2
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Illustration of last formula for Simple NHPP Example
(Compare with MINITAB Output):

̂
Var Ŵ (4) =

{
1

3

[
0 − 1

3

]}2

+

{
1

3

[
0 − 1

3

]}2

+

{
1

3

[
1 − 1

3

]}2

=
6

81
= 0.27222

̂
Var Ŵ (5) =

{
1

3

[
0 − 1

3

]
+

1

3

[
1 − 1

3

]}2

+

{
1

3

[
0 − 1

3

]
+

1

3

[
0 − 1

3

]}2

+

{
1

3

[
1 − 1

3

]
+

1

3

[
0 − 1

3

]}2

=
6

81
= 0.27222
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̂
Var Ŵ (9) =

{
1

3

[
0 − 1

3

]
+

1

3

[
1 − 1

3

]
+

1

3

[
0 − 1

3

]}2

+

{
1

3

[
0 − 1

3

]
+

1

3

[
0 − 1

3

]
+

1

3

[
1 − 1

3

]}2

+

{
1

3

[
1 − 1

3

]
+

1

3

[
0 − 1

3

]
+

1

3

[
0 − 1

3

]}2

= 0

̂
Var Ŵ (12) =

{
1

3

[
0 − 1

3

]
+

1

3

[
1 − 1

3

]
+

1

3

[
0 − 1

3

]
+

1

2

[
1 − 1

2

]}2

+

{
1

3

[
0 − 1

3

]
+

1

3

[
0 − 1

3

]
+

1

3

[
1 − 1

3

]
+

1

2

[
0 − 1

2

]}2

+

{
1

3

[
1 − 1

3

]
+

1

3

[
0 − 1

3

]
+

1

3

[
0 − 1

3

]}2

=
1

8
= 0.35362
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Simple Example With 3 Systems

Power Law NHPP Model: W (t;α, θ) = (t/θ)α
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Simple Example With 3 Systems
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RESIDUAL PROCESS: ”SIMPLE EXAMPLE”.
Data points (and endpoints on axes) are transformed with the es-
timated cumulative ROCOF,

Ŵ (t) = 0.0538 · t1.20

Sys. 1: � � �

0 0.3711 1.0612 1.6118 1.9589

Sys. 2: � �

0 0.7514 2.3166 3.1866

Sys. 3: �

0 0.2840 0.8527

Times between events, plus censored times at the end of each
axis, are on the next slide anlysed by MINITAB as a set of censored
exponential variables.
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VALVESEAT DATA
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VALVESEAT DATA
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VALVESEAT DATA
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VALVESEAT DATA
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Grampus- data: Plot of (Ti, Ti+1) to investigate whether times
between failures can be assumed independent. The figure does
not indicate a correlation between successive times.
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PROFILE LIKELIHOOD FOR BETA
(”SIMPLE EXAMPLE”)
β̂ = 1.20, λ̂ = 0.0538.
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CONNECTION BETWEEN LAMBDA OG BETA
(”SIMPLE EXAMPLE”)
β̂ = 1.20, λ̂ = 0.0538.
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Valveseat Data

199



Valveseat Data
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TTT-analysis Simple Example

Row STTT ID Scaled
1 12 1 0,20000
2 15 1 0,25000
3 27 1 0,45000
4 34 1 0,56667
5 44 1 0,73333
6 53 1 0,88333
7 60 1 1,00000

Parameter Estimates

Standard 95% Normal CI
Parameter Estimate Error Lower Upper
Shape 1,25093 0,511 0,249996 2,25186
Scale 0,238749 0,160 -0,0746105 0,552109

Trend Tests

MIL-Hdbk-189 Laplace’s Anderson-Darling
Test Statistic 9,59 0,12 0,24
P-Value 0,697 0,906 0,977
DF 12
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Scaled Failure Number
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TTT-analysis of Valve Seat Data

Parametric Growth Curve: C1

Model: Power-Law Process
Estimation Method: Maximum Likelihood

Parameter Estimates

Standard 95% Normal CI
Parameter Estimate Error Lower Upper
Shape 1,39706 0,202 1,00184 1,79229
Scale 0,0626023 0,026 0,0119179 0,113287

Trend Tests

MIL-Hdbk-189 Laplace’s Anderson-Darling
Test Statistic 68,72 2,03 3,17
P-Value 0,032 0,043 0,022
DF 96
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Scaled Failure Number
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