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3.3.1 in ABG: Two-sample tests
For these slides, see also Chapter 4 of ASAUR

Consider two counting processes N1(t) and N2(t) with intensity processes
of the multiplicative form

λh(t) = Yh(t)αh(t); h = 1, 2

We want to test the null hypothesis

H0 : α1(t) = α2(t) for 0 ≤ t ≤ t0

Usually we will choose t0 = τ , the upper time limit of study.

The common (but unknown) value of the αh(t) under H0 will be called
α(t).
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Comparison of Nelson-Aalen or Kaplan-Meier curves

I Let Âh(t),be the Nelson-Aalen estimators of Ah(t) =
∫ t
0 αh(s)ds

I or let Ŝh(t) be the Kaplan-Meier estimators of
Sh(t) = exp{−

∫ t
0 αh(s)ds}, h = 1, 2.

Then under the null hypothesis we would expect Â1(t) ≈ Â2(t) and
Ŝ1(t) ≈ Ŝ2(t) (for all t) and may do a graphical check.
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A general two-sample test based on the Âh(t)

Recall the Nelson-Aalen estimators

Âh(t) =

∫ t

0

1

Yh(u)
dNh(u) =

∑
Tj≤t

1

Yh(Tj)

and consider the test statistic

Z1(t0) =

∫ t0

0
L(t){dÂ1(t)− dÂ2(t)}

Here L(t) is a non-negative predictable weight process that is zero
whenever at least one of the Yh(t) are zero.

The choice
L(t) = Y1(t)Y2(t)/Y•(t)

with Y•(t) = Y1(t) +Y2(t) gives the log-rank test, to be considered later.
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Two-sample tests
If the null hypthesis is true, we have α1(t) = α2(t) = α(t), so

dNh(t) = Yh(t)α(t)dt + dMh(t); h = 1, 2 (∗)

Then Z1(t0) =

∫ t0

0
L(t){dÂ1(t)− dÂ2(t)}

=

∫ t0

0

L(t)

Y1(t)
dN1(t)−

∫ t0

0

L(t)

Y2(t)
dN2(t)

=

∫ t0

0

L(t)

Y1(t)
dM1(t)−

∫ t0

0

L(t)

Y2(t)
dM2(t)

(at the last = we use (∗) and cancel the term with α(t)).

Thus Z1(t0) is a mean zero martingale (in t0) when the null hypothesis is
true

In particular E{Z1(t0)} = 0 under H0.
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Two-sample tests (cont.)

Recall: Z1(t0) =

∫ t0

0

L(t)

Y1(t)
dM1(t)−

∫ t0

0

L(t)

Y2(t)
dM2(t)

so the predictable variation process under H0 is

〈Z1〉 (t0) =

∫ t0

0

(
L(t)

Y1(t)

)2

λ1(t)dt +

∫ t0

0

(
L(t)

Y2(t)

)2

λ2(t)dt

=

∫ t0

0

L2(t)

Y1(t)
α(t)dt +

∫ t0

0

L2(t)

Y2(t)
α(t)dt

=

∫ t0

0

L2(t)Y•(t)

Y1(t)Y2(t)
α(t)dt (• means sum over 1 and 2)

Under H0 we may estimate α(t)dt by dN•(t)/Y•(t) (Nelson-Aalen). Thus
we can estimate 〈Z1〉 (t0) under H0 by:

V11(t0) =

∫ t0

0

L2(t)

Y1(t)Y2(t)
dN•(t)

Note: 〈M1 + M2〉 (t) = 〈M1〉 (t) + 〈M2〉 (t) when M1, M2 are orthogonal
(see equations (2.28) and (2.44) in ABG)
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Two-sample tests (cont.)

The standardized test statistic

U(t0) =
Z1(t0)√
V11(t0)

is approximately standard normal under H0 (can be shown by martingale
central limit theorem).

Alternatively we may use the test statistic

X 2(t0) =
Z1(t0)2

V11(t0)

which is approximately chi-square distributed with 1 df under H0
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Weight functions L(t)
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Towards the log-rank test
The test statistic Z1(t0) and its variance estimator may be given an
alternative formulation. This may be useful to obtain a better
understanding of the test, and it opens for a generalization to more than
two samples.

Now let L(t) be of the form

L(t) =
Y1(t)Y2(t)

Y•(t)
K (t)

for a weight process K (t) such that K (t) = 0 whenever Y•(t) = 0.

Then for the log-rank test we have K (t) = I{Y•(t) > 0}.

Putting this into the definition of Z1(t0) we get after some algebra,

Z1(t0) =

∫ t0

0
K (t)dN1(t)−

∫ t0

0
K (t)

Y1(t)

Y•(t)
dN•(t)

V11(t0) =

∫ t0

0
K 2(t)

Y1(t)Y2(t)

Y•(t)2
dN•(t)
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The log-rank test

For K (t) = I{Y•(t) > 0} we get

Z1(t0) ≡
∫ t0

0
K (t)dN1(t)−

∫ t0

0
K (t)

Y1(t)

Y•(t)
dN•(t)

= N1(t0)−
∫ t0

0

Y1(t)

Y•(t)
dN•(t)

= N1(t0)− E1(t0) ≡ O1 − E1

= observed - expected in sample 1

Thus the standardized log-rank test statistic can be written

Z1√
V11

=
O1 − E1√

V11
∼H0 N(0, 1) or

(
Z1√
V11

)2

=
(O1 − E1)2

V11
∼H0 χ

2
1
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The log-rank test (cont.)

Note that if we define Z2(t0) by changing the roles of sample 1 and
sample 2 in Z1(t0), we will have Z2(t0) = −Z1(t0).

Hence, since V11 is symmetric in sample 1 and 2, we may well use the
statistics

O2 − E2√
V11

∼ N(0, 1) and
(O2 − E2)2

V11
∼ χ2

1
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Approximation of the log-rank test

Often good approximation

(O1 − E1)2

V11

≥
≈ (O1 − E1)2

E1
+

(O2 − E2)2

E2

In general the left hand side is larger or equal to the right hand side and
the approximation is close when

I Same censoring pattern in both groups

I Small (moderate) difference in mortality

To see this, note that when the above assumptions hold we have,
for some q,

Y1(t)

Y•(t)
≈ q and

Y2(t)

Y•(t)
≈ 1− q

for all t.
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Approximation of the log-rank test (cont.)

This gives

V11 =

∫ t0

0

Y1(t)Y2(t)

Y•(t)2
dN•(t) ≈ q(1− q)N•(t0)

and

1

V11
≈ 1

q(1− q)N•(t0)
=

1

qN•(t0)
+

1

(1− q)N•(t0)
≈ 1

E1
+

1

E2

since E1 =
∫ t0
0

Y1(t)
Y•(t)

dN•(t) ≈ qN•(t0) and similarly for E2. Thus

(O1 − E1)2

V11
≈ (O1 − E1)2

E1
+

(O1 − E1)2

E2

=
(O1 − E1)2

E1
+

(O2 − E2)2

E2

since O1 − E1 = E2 − O2.
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Hand-calculation of log-rank test
O1 − E1 = N1(t0)−

∫ t0
0

Y1(t)
Y•(t)

dN•(t), V11 =
∫ t0
0

Y1(t)Y2(t)
Y•(t)2

dN•(t)

Go through all failure times T1, · · · ,Tr :
Group 1 Group 2 Total at Tj

# at risk at Tj Y1j Y2j Yj

Observed # fail at Tj O1j O2j Oj

Est prob of fail under H0
Oj

Yj

Estim expect # failures E1j = Y1j ·
Oj

Yj
E2j = Y2j ·

Oj

Yj

Estimated variance Vj =
Y1jY2jOj

Y 2
j

Then sum over all failure times T1, · · · ,Tr :

Oh =
r∑

j=1

Ohj , Eh =
r∑

j=1

Ehj for h = 1, 2, and V11 =
r∑

j=1

Vj

Test statistics are then

(O1 − E1)2

V11
or the conservative

(O1 − E1)2

E1
+

(O2 − E2)2

E2
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Example for hand-calculation from ASAUR Chapter 4.1
There are two groups, C=Control, T=Treatment, with data below:

The calculations below are the same as in the setup of the previous slide,
but with other notation (groups are below numbered 0 and 1, for example)
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Example for hand-calculation (cont.)

The logrank test statistic is from this:

(O0 − E0)2

V
=

(2− 1.083)2

0.6597
= 1.2747

while the conservative one is

(O0 − E0)2

E0
+

(O1 − E1)2

E1
=

(2− 1.083)2

1.083
+

(2− 2.917)2

2.917
= 0.7764 + 0.2883 = 1.0647

These numbers should be compared to quantiles of χ2
1, e.g., 5%

corresponds to 3.84.
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Example for hand-calculation using R

Check with the hand-calculations on the previous slide!
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Example Log-rank: Kidney transplantation
The data can be found in the R-library KMsurv

library(KMsurv); data(kidtran); attach(kidtran)

eldre <- (age>49)

# KM-plot:

fitK = survfit(Surv(time,delta)∼eldre)
plot(fitK)
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Example Log-rank: Kidney transplantation

eldre<-(age>49)

survdiff(Surv(time,delta)∼eldre)

Calculate also

(O1 − E1)2

E1
+

(O2 − E2)2

E2
= 7.44 + 18.81 = 26.25(< 26.5)
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Harrington-Fleming weight: Kidney transplantation
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k-sample tests

Consider now k counting processes N1(t),N2(t), . . . ,Nk(t) with intensity
processes of the multiplicative form

λh(t) = Yh(t)αh(t); h = 1, 2, . . . , k

We want to test the null hypothesis

H0 : α1(t) = · · · = αk(t) for 0 ≤ t ≤ t0

We introduce (where δhj is a Kronecker delta)

Zh(t0) =

∫ t0

0
K (t)dNh(t)−

∫ t0

0
K (t)

Yh(t)

Y•(t)
dN•(t)

Vhj(t0) =

∫ t0

0
K 2(t)

Yh(t)

Y•(t)

(
δhj −

Yj(t)

Y•(t)

)
dN•(t)
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k-sample tests (cont.)

Note that
∑k

h=1 Zh(t0) = 0. (This was earlier seen for k = 2)

Therefore we only consider the first k − 1 of the Zh(t0) when forming our
test statistic.

We introduce the k − 1 dimensional vector

Z(t0) = (Z1(t0), . . . ,Zk−1(t0))T

and the (k − 1)× (k − 1) matrix

V(t0) =


V11(t0) V12(t0) · · · V1,k−1(t0)
V21(t0) V22(t0) · · · V2,k−1(t0)
· · · · · · · · · · · ·

Vk−1,1(t0) Vk−1,2(t0) · · · Vk−1,k−1(t0)


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k-sample tests (cont.)

Then the test statistic takes the form

X 2(t0) = Z(t0)TV(t0)−1Z(t0)

The statistic is chi-square distributed with k − 1 d.f. when the null
hypothesis is true.

For the log-rank test one may show that

k∑
h=1

(Nh(t0)− Eh(t0))2

Eh(t0)
≤ X 2(t0) (∗)

where Eh(t0) =
∫ t0
0 {Yh(t)/Y•(t)}dN•(t)

Thus the left-hand side of (∗) provides a conservative version of the
log-rank test (see also the case k = 2).
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Example Log-rank: Kidney transplantation
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Stratified tests

Consider as an example the kidney transplant data:

Let αBM(t) be the hazard for black men and αBF (t), αWM(t) and αWF (t)
the hazards for black females, white males and white females, respectively.

One may be interested in testing difference between races irrespective of
differences between sexes, i.e.

H0 : αBM(t) = αWM(t) and αBF (t) = αWF (t)

We can immediately apply tests separately for men and women, but a
combined (or stratified) test will instead be used.
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Stratified tests (cont.)

We now consider the situation where we have k counting process in each
of m strata:

Nhs(t) for h = 1, . . . , k and s = 1, . . . ,m

with intensity processes of the multiplicative form

λhs(t) = Yhs(t)αhs(t); h = 1, . . . , k; s = 1, . . . ,m

We want to test the null hypothesis

H0 : α1s(t) = . . . = αks(t) for 0 ≤ t ≤ t0 for all s = 1, . . . .m
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Stratified tests (cont.)

For each stratum s we define similar quantities as above:

Zhs(t0) =

∫ t0

0
Ks(t)dNhs(t)−

∫ t0

0
Ks(t)

Yhs(t)

Y•(t)
dN•s(t)

Vhjs(t0) =

∫ t0

0
K 2
s (t)

Yhs(t)

Y•(t)

(
δhj −

Yjs(t)

Y•(t)

)
dN•s(t)

Further we define the k − 1 dimensional vectors

Zs(t0) = (Z1s(t0), . . . ,Zk−1,s(t0))T

and the (k − 1)× (k − 1) dimensional matrices

Vs(t0) = {Vhjs(t0)}h,j=1,...,k−1
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Stratified tests (cont.)

We now obtain the test statistic by aggregating information over the m
strata:

X 2(t0) =

 m∑
j=1

Zs(t0)

T  m∑
j=1

Vs(t0)

−1 m∑
j=1

Zs(t0)


The statistic is chi-square distributed with the k − 1 d.f. when the null
hypothesis is true.
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Example: Kidney transplantation with strata
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Other examples: Melanoma data, k = 2

# Read data:

path="http://www.uio.no/studier/emner/matnat/math/STK4080/

h14/melanoma.txt"

melanoma=read.table(path,header=T)

# Compute and plot Kaplan-Meier estimates for males and females:

fit.sex=survfit(Surv(lifetime,status==1)∼sex,data=melanoma,
conf.type="plain")

plot(fit.sex, mark.time=F, xlab="Years after operation", lty=1:2,

xlim=c(0,10))

legend("bottomleft",c("females","males"),lty=1:2)

# Compute logrank test for the nullhypothesis that males and

# females have the same mortality due to malignant melanoma:

survdiff(Surv(lifetime,status==1)∼sex, data=melanoma)
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Other examples: Melanoma data, k = 3

# Read data:

path="http://www.uio.no/studier/emner/matnat/math/STK4080/

h14/melanoma.txt"

melanoma=read.table(path,header=T)

# Compute and plot Kaplan-Meier estimates for the three thickness

# groups:

fit.sex=survfit(Surv(lifetime,status==1)∼grthick,data=melanoma,
conf.type="plain")

plot(fit.sex, mark.time=F, xlab="Years after operation", lty=1:2,

xlim=c(0,10))

legend("topright",c("0-1 mm","2-5 mm","5+ mm"),lty=1:3)

# Compute logrank test for the nullhypothesis that the three

# thickness groups have the same mortality due to malignant

# melanoma:

survdiff(Surv(lifetime,status==1)∼grthick, data=melanoma)
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Other examples: Melanoma data, stratified

# Read data:

path="http://www.uio.no/studier/emner/matnat/math/STK4080/

h14/melanoma.txt"

melanoma=read.table(path,header=T)

# Compute stratified logrank test for the null hypothesis that

# females and males have the same the mortality within each

# stratum defined by thickness group:

survdiff(Surv(lifetime,status==1)∼sex+strata(grthick),
data=melanoma)
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