
3.3.1 in ABG: Two-sample tests
For these slides, see also Chapter 4 of ASAUR

Consider two counting processes N1(t) and N2(t) with intensity processes
of the multiplicative form

λh(t) = Yh(t)αh(t); h = 1, 2

We want to test the null hypothesis

H0 : α1(t) = α2(t) for 0 ≤ t ≤ t0

Usually we will choose t0 = τ , the upper time limit of study.

The common (but unknown) value of the αh(t) under H0 will be called
α(t).
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A general two-sample test based on the Âh(t)

Recall the Nelson-Aalen estimators

Âh(t) =

∫ t

0

1

Yh(u)
dNh(u) =

∑
Tj≤t

1

Yh(Tj)

and consider the test statistic

Z1(t0) =

∫ t0

0
L(t){dÂ1(t)− dÂ2(t)}

Here L(t) is a non-negative predictable weight process that is zero
whenever at least one of the Yh(t) are zero.

The choice
L(t) = Y1(t)Y2(t)/Y•(t)

with Y•(t) = Y1(t) +Y2(t) gives the log-rank test, to be considered later.
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Two-sample tests (cont.)

The standardized test statistic

U(t0) =
Z1(t0)√
V11(t0)

is approximately standard normal under H0 (can be shown by martingale
central limit theorem).

Alternatively we may use the test statistic

X 2(t0) =
Z1(t0)2

V11(t0)

which is approximately chi-square distributed with 1 df under H0
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The log-rank test

For K (t) = I{Y•(t) > 0} we get

Z1(t0) ≡
∫ t0

0
K (t)dN1(t)−

∫ t0

0
K (t)

Y1(t)

Y•(t)
dN•(t)

= N1(t0)−
∫ t0

0

Y1(t)

Y•(t)
dN•(t)

= N1(t0)− E1(t0) ≡ O1 − E1

= observed - expected in sample 1

Thus the standardized log-rank test statistic can be written

Z1√
V11

=
O1 − E1√

V11
∼H0 N(0, 1) or

(
Z1√
V11

)2

=
(O1 − E1)2

V11
∼H0 χ

2
1
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Hand-calculation of log-rank test
O1 − E1 = N1(t0)−

∫ t0
0

Y1(t)
Y•(t)

dN•(t), V11 =
∫ t0
0

Y1(t)Y2(t)
Y•(t)2

dN•(t)

Go through all failure times T1, · · · ,Tr :
Group 1 Group 2 Total at Tj

# at risk at Tj Y1j Y2j Yj

Observed # fail at Tj O1j O2j Oj

Est prob of fail under H0
Oj

Yj

Estim expect # failures E1j = Y1j ·
Oj

Yj
E2j = Y2j ·

Oj

Yj

Estimated variance Vj =
Y1jY2jOj

Y 2
j

Then sum over all failure times T1, · · · ,Tr :

Oh =
r∑

j=1

Ohj , Eh =
r∑

j=1

Ehj for h = 1, 2, and V11 =
r∑

j=1

Vj

Test statistics are then

(O1 − E1)2

V11
or the conservative

(O1 − E1)2

E1
+

(O2 − E2)2

E2
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Example Log-rank: Kidney transplantation

eldre<-(age>49)

survdiff(Surv(time,delta)∼eldre)

Calculate also

(O1 − E1)2

E1
+

(O2 − E2)2

E2
= 7.44 + 18.81 = 26.25(< 26.5)
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k-sample tests

Consider now k counting processes N1(t),N2(t), . . . ,Nk(t) with intensity
processes of the multiplicative form

λh(t) = Yh(t)αh(t); h = 1, 2, . . . , k

We want to test the null hypothesis

H0 : α1(t) = · · · = αk(t) for 0 ≤ t ≤ t0

We introduce (where δhj is a Kronecker delta)

Zh(t0) =

∫ t0

0
K (t)dNh(t)−

∫ t0

0
K (t)

Yh(t)

Y•(t)
dN•(t)

Vhj(t0) =

∫ t0

0
K 2(t)

Yh(t)

Y•(t)

(
δhj −

Yj(t)

Y•(t)

)
dN•(t)
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k-sample tests (cont.)

Then the test statistic takes the form

X 2(t0) = Z(t0)TV(t0)−1Z(t0)

The statistic is chi-square distributed with k − 1 d.f. when the null
hypothesis is true.

For the log-rank test one may show that

k∑
h=1

(Nh(t0)− Eh(t0))2

Eh(t0)
≤ X 2(t0) (∗)

where Eh(t0) =
∫ t0
0 {Yh(t)/Y•(t)}dN•(t)

Thus the left-hand side of (∗) provides a conservative version of the
log-rank test (see also the case k = 2).
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Example Log-rank: Kidney transplantation
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Stratified tests (cont.)

For each stratum s we define similar quantities as above:

Zhs(t0) =

∫ t0

0
Ks(t)dNhs(t)−

∫ t0

0
Ks(t)

Yhs(t)

Y•(t)
dN•s(t)

Vhjs(t0) =

∫ t0

0
K 2
s (t)

Yhs(t)

Y•(t)

(
δhj −

Yjs(t)

Y•(t)

)
dN•s(t)

Further we define the k − 1 dimensional vectors

Zs(t0) = (Z1s(t0), . . . ,Zk−1,s(t0))T

and the (k − 1)× (k − 1) dimensional matrices

Vs(t0) = {Vhjs(t0)}h,j=1,...,k−1
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