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Abstract
This thesis contains new results with respect to several aspects within tensegrity
research. Tensegrity structures are prestressable mechanical truss structures with
simple dedicated elements, that is rods in compression and strings in tension.
The study of tensegrity structures is a new field of research at the Norwegian
University of Science and Technology (NTNU), and our alliance with the strong
research community on tensegrity structures at the University of California at
San Diego (UCSD) has been necessary to make the scientific progress presented
in this thesis.
Our motivation for starting tensegrity research was initially the need for new
structural concepts within aquaculture having the potential of being wave compliant. Also the potential benefits from controlling geometry of large and/or
interconnected structures with respect to environmental loading and fish welfare
were foreseen. When initiating research on this relatively young discipline we
discovered several aspects that deserved closer examination. In order to evaluate
the potential of these structures in our engineering applications, we entered into
modelling and control, and found several interesting and challenging topics for
research.
To date, most contributions with respect to control of tensegrity structures
have used a minimal number of system coordinates and ordinary differential equations (ODEs) of motion. These equations have some inherent drawbacks, such
as singularities in the coordinate representation, and recent developments therefore used a non-minimal number of system coordinates and differential-algebraic
equations (DAEs) of motion to avoid this problem. This work presents two general formulations, both DAEs and ODEs, which have the ability to choose the
position on rods the translational coordinates should point to, and further constrain some, or all of these coordinates depending on how the structural system
should appear.
The DAE formulation deduced for tensegrity structures has been extended in
order to simulate the dynamics of relatively long and heavy cables. A rigid bar
cable (RBC) model is created by interconnecting a finite number of inextensible
thin rods into a chain system. The main contribution lies in the mathemati-
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cal model that has the potential to be computationally very efficient due to the
small size of the matrix that needs to be inverted for each iteration of the numerical simulation. Also, the model has no singularities and only affine coordinate
transformations due to the non-minimal coordinate representation. The proposed
model is compared to both commercial finite element software and experimental
results from enforced oscillations on a hanging cable and show good agreement.
The relationship between enforced input frequency and the number of elements,
indirectly the eigenfrequency of individual elements, to be chosen for well behaved
simulations has been investigated and discussed.
This thesis only considers tensegrity structures with control through strings
alone, and all strings actuated. In the first control contribution ODEs of motion are used. Due to the inherent prestressability condition of tensegrity structures the allocation of constrained inputs (strings can only take tension) has
traditionally been solved by using numerical optimization tools. The numerical
optimization procedure has been investigated with an additional summation inequality constraint giving enhanced control over the level of prestress throughout
the structure, and possibly also smooth control signals, during a change in the
structural configuration.
The first contribution with respect to the control of three-dimensional tensegrity structures, described by DAEs of motion, uses Lyapunov theory directly on
a non-minimal error signal. By using this control design it is able to solve for the
optimization of control inputs explicitly for whatever norm of the control signal
is wanted. Having these explicit analytical solutions this removes the potentially
time-consuming iteration procedures of numerical optimization tools. The second contribution introduces a projection of the non-minimal error signal onto a
subspace that is orthogonal to the algebraic constraints, namely the direction of
each rod in the system. This gives a minimal error signal and is believed to have
the potential of reducing the components of control inputs in the direction of the
algebraic constraints which produce unnecessary internal forces in rods. Also this
control design uses Lyapunov theory and solves for the optimization of control
inputs explicitly.
The concept of using tensegrity structures in the development of wave compliant marine structures, such as aquaculture installations, has been introduced
through this work. In order to evaluate such a concept one should first have a
clear understanding of the possible structural strength properties of tensegrities
and load conditions experienced in marine environments. An approach to modelling tensegrity structures in marine environments has also been proposed. A
tensegrity beam structure, believed to be suitable for the purpose, has been used
to both study axial and lateral strength properties.
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Nomenclature
Symbol
∈
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→
7
→
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allocation
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if and only if
to or converge to
maps to

Table 1: Mathematical abbreviations.

Notation
Table 1 presents the mathematical abbreviations used throughout the thesis.
Below is a list broadly describing the notation being used.
• Both vectors and matrices are typed in bold face. Matrices are typed in
upper case letters, i.e. A, while vectors are typed in lower case, i.e. b.
• A ≻ 0 and A  0 means that the matrix is positive definite and positive
semi-definite respectively.
• kbk stands for the Euclidean norm of vector b. See more on metric norms
in Appendix A.1.
• I and 0 are, respectively, the identity and zero matrices of appropriate size
and 1 is a vector where all entries are equal to ‘1’.
• If A ∈ Rm×n and B ∈ Rp×q , then A ⊗ B ∈ Rmp×nq is a matrix obtained by
the Kronecker product of A and B.
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• If A and B, both ∈ Rm×n , then A ⊙ B ∈ Rm×n is a matrix obtained by the
Hadamard product of A and B. Both Schur product and the element-wise
product are commonly used names for the Hadamard product.
• The operator vec : Rm×n 7→ Rmn converts a m × n matrix into a mn
dimensional vector by stacking up its columns.
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Chapter 1

Introduction
The structural solutions found in nature with respect to geometry and use of materials are products of millions of years of evolution, and scientists and engineers
have throughout history turned to such systems for inspiration. Today, we produce strong structures using strong materials such as ceramics, plastics, composites, aluminium and steel, while nature on the other hand produces strong structures using simple materials, such as amino-acids, and clever geometry (Lieberman, 2006). The concept of tensegrity structures is an excellent example of the
latter, where extreme properties, such as being lightweight, but still very strong,
are achieved through untraditional solutions to structural assembly and geometry.
This concept of truss-like structures makes use of simple dedicated elements, that
is elements in compression kept in a stable equilibrium by a network of strings in
tension. The building principle allows structures where no compressed members
are touching. This structural concept has the potential of changing the way we
put material together when designing future structures of any kind.

1.1

Motivating Examples

The tensegrity concept has received significant interest among scientists and engineers throughout a vast field of disciplines and applications. This section presents
motivating examples where there are large potential benefits from using these
prestressed structures of rods and strings.
Example 1.1 (Structural Artwork) The American contemporary artist Kenneth Snelson (1927-) has since his invention of tensegrity structures in 1948
developed an astonishing collection of artwork exhibited in museums and parks
around the world. The size and strength of his structures are achieved with rigid
rods and strings through, as he expresses himself, a win-win combination of push
1
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Figure 1.1: Examples of Kenneth Snelson’s artwork; the E.C. Column from 19691981 (left), and the Rainbow Arch from 2003 (right). From Snelson (2007).

and pull. Figure 1.1 gives two examples of Snelson’s outdoor artworks, the E.C.
Column from 1969-1981, measuring 14 × 4 × 4 m, and the Rainbow Arch from
2001, measuring 2.1 × 3.8 × 1 m. Snelson has recently also been consulted by the
architectural firm Skidmore, Owings and Merrill on designing a tensegrity spear
at the top of Freedom Tower, to replace the Twin Towers of World Trade Center.
See Snelson (2007), Wikipedia: Snelson and Wikipedia: Freedom Tower.
Example 1.2 (Architecture and Civil Engineering) Mazria (2003) emphasizes that architects are holding the key to our global thermostat. About 48 percent
of the US emissions and energy consumption comes from buildings. Traditional
architecture is not sufficient in meeting our common goals with respect to stopping the global climate changes. d’Estree Sterk (2003) and d’Estree Sterk (2006)
present tensegrity structures as one possible building envelope for responsive architecture. The term ”responsive architecture” was given by Negroponte (1975)
for buildings that are able to change form in order to respond to their surroundings. The shapes of buildings are directly related to performance, such as heating,
cooling, ventilation and loading conditions. Our aims for the future should be to
create buildings supporting our actions with a minimum of resources. d’Estrée
Sterk has achieved considerable public visibility by promoting the tensegrity concept for creating tunable structures adapting to environmental changes and the
needs of individuals. d’Estrée Sterk (2006) contains several projects using tensegrity in architecture, two of them illustrated in Figure 1.2.
The tensegrity concept has also found more traditional applications within architecture and civil engineering, such as large dome structures, stadium roofs,
temporarily structures and tents. The well known Munich Olympic Stadium of
2
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Figure 1.2: Examples of d’Estrée Sterk’s projects; a tensegrity skyscraper concept
(left), and an adaptive building envelope (right). From d’Estrée Sterk (2006).

Figure 1.3: The Cheju Stadium built for the 2002 World Cup. From Weidlinger
Associates Inc. (2001).

Frei Otto for the 1972 Summer Olympics, and the Millennium Dome of Richard
Rogers for celebrating the beginning of the third millennium are both tensile structures, close to the tensegrity concept. The Seoul Olympic Gymnastics Hall, for the
1988 Summer Olympics, and the Georgia Dome, for the 1996 Summer Olympics,
are examples of tensegrity concepts in large structures. Figure 1.3 shows the
Cheju Stadium, built for the 2002 World Cup, having a 16500 square meter roof
anchored by six masts. The roof is made lightweight by building it as a tensegrity
structure. See Wikipedia: Tensegrity, Wikipedia: Tensile Structure, Wikipedia:
Millennium Dome, Weidlinger Associates Inc. (2001) and references therein.
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Figure 1.4: . Examples of tensegrity robots from Aldrich and Skelton; a tensegrity
robot consisting of 4 rods and 6 strings (left), and a tensegrity snake navigating
through a constrained environment (right). From Aldrich and Skelton (2005) and
Aldrich and Skelton (2006).

Example 1.3 (Biologically Motivated Robots) There is a substantial interest in biologically motivated robotic systems, and tensegrity robots are an excellent example of such. The similarity between tensegrity robots and biological
systems is seen both with respect to number of actuators and degrees of freedom.
They can be lightweight, due to substantial use of strings, and therefore also fast,
due to low inertia. Using a large number of controllable strings potentially make
them capable of delicate object handling. The built in redundancy could also aid
these systems in choosing optimal paths with respect to use of energy for some
given task. A grasshopper can in many ways be compared with tensegrity structures with respect to design. The grasshopper has 6 degrees of freedom and uses
270 control muscles for energy efficiency and robustness (Aldrich and Skelton,
2005). Figure 1.4 presents two examples of tensegrity robots. Possible applications for such robotic systems could be dangerous environments and noninvasive surgery. See Skelton and Sultan (1997), Skelton and Sultan (2003), Aldrich
et al. (2003), Aldrich and Skelton (2003), Aldrich and Skelton (2005), Aldrich
and Skelton (2006), Paul et al. (2005), Paul et al. (2006), Eriksson (2007a) and
references therein for some examples. More references will be provided later with
respect to control of tensegrities.
Example 1.4 (Aerospace Applications) The tensegrity concept has been used
in various forms when building lightweight deployable structures for aerospace applications during the last three decades. The most common structures using this
concept are masts, antennas and solar arrays. The criteria in space applications
are on limits with respect to volume, weight and energy. There are normally strict
performance requirements, and the cost of failure is very high. Tilbert (2002) pro4
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Figure 1.5: Two examples of space applications; the HALCA satellite with tension
truss from ISAS (left), and the ADAM articulated truss from Able Engineering
(right). From University of Turku: Tuorla Observatory (2007) and ABLE Engineering (2007).

vides a thorough overview and references. Masts are separated into two categories,
coilable masts and articulated trusses. Astro Research Corporation filed a patent
on coilable masts already in the 1960s (Webb, 1969). This mast concept use longitudinal elements, braced at regular intervals. The bracing consists of elements
perpendicular to the longitudinal ones and diagonal members. The mast is stowed
by coiling the longerons. The articulated trusses are widely used in space applications. These structures could have higher stiffness, structural efficiency and
precision than the coilable masts. An important property that should be aimed at
is having constant diameter during deployment.
ABLE Engineering is one manufacturer of the above concepts, denoting them
Continuous Longeron Booms and the Articulated Longeron Booms. There are two
possible deployment schemes, one using the internal energy of the stowed structure, and another one using additional motors. These structures are extremely
lightweight and are in stowed configuration as small as two percent of their deployed length. Eight of ABLE Engineering’s Folding Articulated Square Trusses
(FAST), shown in Figure 1.5, are being used at the International Space Station
(ISS). See ABLE Engineering (2007) for more information about these concepts
and applications.
The category of deployable reflector antennas most likely to apply tensegrity
concepts is the mesh antennas. Among mesh antenna concepts we only mention
the tension trusses. Miura and Miyazak (1990) present the first developments of
this easily foldable concept using a string network of polygons to approximate a
bowl shaped surface. The novelty of this concept was in the way out-of-plane forces
5
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Figure 1.6: The AstroMesh reflector antenna from Astro Aerospace. From Astro
Aerospace (2007).

could be used to easily adjust the network prestress. Figure 1.5 shows a tension
truss antenna developed by Institute of Space and Astronautical Sciences (ISAS)
of Japan, and flown on the Highly Advanced Labaratory for Communications and
Astronomy (HALCA) (Hirosawa et al., 2001). Another reflector antenna, shown
in Figure 1.6, also based on the tension truss is the AstroMesh of Astro Aerospace
Corporation1 . This antenna make use of two identical paraboloid triangular networks attached to a deployable ring truss structure. The ring truss structure is
deployed by tensioning only one cable running through node connections. See
Thomson (2000) and Astro Aerospace (2007).
Tilbert (2002) provides a thorough review of existing technologies with references and investigates new concepts using tensegrity. See also Furuya (1992) and
Knight (2000) for related work.

1.2

Structural Properties

There are various benefits from using tensegrity structures. The list below
presents the properties most commonly pointed out by the research community.
• Small Storage Volume: The assemblies of rods and strings can potentially be stored and transported in a small volume. There are several options on how to do this practically. One option would be to store all, or
some, of the rods separated from the network of strings. The structure
can be erected at the final location by inserting all rods into nodes of the
string network. Also active control could be used to change the configuration from occupying a small volume to being fully erected. The advantages
1
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with respect to storage and transportation could be critical, for instance
in military operations, where trusswork structures are used in temporarily
bridges or other infrastructure such as tents.
• Modularity Through Cells: These structures are often built using a
large number of identical building blocks, or cells. A structure assembled
from stable units will be more robust with respect to failure in structural
elements than a structure built from unstable units. The modularity facilitates large-scale production of identical units before assembled to get the
overall structure, which can potentially reduce building costs.
• Stabilizing Tension: A crucial property in the various definitions of
tensegrity structures is that the structure should have a stable static equilibrium configuration with all strings in tension and all rods in compression.
This is only a minimum requirement, and the level of prestress can be altered depending on the wanted structural stability. The same feature is
also recognized in biological systems, such as the human body, where bones
are kept in position by tensioned muscles. Some examples are given in
Lieber (2002), Kobyayashi (1976) and Aldrich and Skelton (2005). One
should notice that stronger elements could be needed in order to increase
the prestress, in many cases that would also imply increased mass.
• Robustness Through Redundancy: The number of strings should be
carefully considered with respect to the intended use of the structure. Using
more strings than strictly needed gives increased robustness through redundancy. The structural stability could also be improved by adding strings to
avoid the so-called soft modes 2 . The additional costs of using more strings
than a strict minimum could be small compared with the potentially increased structural quality and the reduced consequences of failures.
• Geometry and Structural Efficiency: The traditional configurations of
structures have been in a rectilinear fashion with the placement of elements
orthogonally to one another. Researchers have suggested that the optimal
mass distribution when considering an optimization of stiffness properties
is neither a solid mass with fixed external geometry, nor an orthogonal layout of elements. See Michell (1904), Jarre et al. (1998) and Bendsoe and
Kikuchi (1988). The structural strength with respect to mass of tensegrity
structures is achieved through highly unusual configurations. The structural elements only experience axial loading, not bending moments. This is
2

A soft mode is a direction where the structure has a small stiffness due to the orientation
of strings. Imagine pushing or pulling perpendicular to a taut string. This is also denoted an
infinitesimal mechanism.
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in accordance with the general rule that one should strive to have material
placed in essential load paths to achieve structural strength.
• Reliability in Modelling: The fact that all structural elements only experience axial loading, and no bending torques, facilitates accurate modelling
of the dynamic behaviour. The bending moments and multi-dimensional
loading experienced in elements of traditional structures are usually hard
to model. In traditional structures partial differential equations (PDEs) are
used to describe the structural behaviour. In tensegrity structures ODEs,
and recently also DAEs, can be sufficient to describe the structural behaviour.
• Analogy to Fractals: The overall mass of a system can be minimized
through self similar iterations. One example would be to replace rods with
tensegrity structures. Such a procedure can be repeated until a minimal
mass requirement, or a maximum level of complexity, is achieved. Another
example would be on how to decide the number, and height, of stages in a
tower structure, based on the criteria mentioned above. See Chan (2005).
• Active Control: Skelton and Sultan (1997) introduced controllable tensegrities as smart structures. Actuation can be introduced in either strings,
rods, or a combination of the two. Strings can be actuated through small
motors inside the rods. Another possible method of actuation is to use
nickel-titanium (NiTi) wires changing length depending on the applied voltage level. Rods can be actuated through telescoping elements. The controllable tensegrities show in general large displacement capabilities with respect to traditional smart materials, such as piezoelectric materials, which
can make them an enabling element in several applications. Having a large
number of actuated strings could give high precision control. However, using numerous constrained actuators increase complexity and should be of
concern with respect to realizability.
• Tunable Stiffness: One unique property of tensegrity structures is the
ability to change shape without changing stiffness, and on the other hand
also to change stiffness without changing shape (Skelton et al., 2001a).
These structures have in general a low structural damping, leading to challenges with respect to vibration in some applications. Having small displacement control one can avoid both high internal stresses and reduce
vibrations, by small changes in stiffness and/or geometry. Piezoelectric
actuators could be suitable for small displacement control.
There are numerous sources on the properties of tensegrity structures. The
work by Sultan et al. (1999), Knight (2000), Tilbert (2002), Masic (2004), Luo
8

Definitions of Tensegrity

(2004), Aldrich (2004), Pinaud (2005) and Chan (2005) provides a broad background on related topics and recent developments. See also Pugh (1976), Motro
(2003), Skelton et al. (2001b) and Skelton et al. (2001a).

1.3

Definitions of Tensegrity

Pugh (1976) described the mechanical principle of tensegrity structures with an
analogy to balloons. The inside pressure of the balloon is higher than that of the
surrounding air, and is therefore pushing in an outward direction against the balloon skin. The elastic balloon skin is deformed outwards until static equilibrium
is reached between internal air pressure and external pressure from the balloon
skin and surrounding air.
Richard Buckminster Fuller (1895-1983) experimented with the structural
concept of rigid bodies in compression stabilized by a network of strings in tension as early as in 1927 (Sadao, 1996). He used numerous geometries for his compressed elements. The thin rods in his prestressed structures were also touching
one another. In some structures, such as the realization of the geodesic dome,
strings were attached also to other points on the rods than the nodes. Figure
1.7 shows some illustrations of the structures included in his tensegrity patent,
Fuller (1962).
In 1948 Snelson illustrated the purest possible realization of this type of prestressed structures, where the rigid bodies were a discontinuous set of thin rods,
in compression, stabilized by a continuous network of strings, in tension. The
rigid rods were not touching one another, and strings were only attached at the
two nodes of the rods. Snelson (1965) distinguished his invention from the earlier
structures as follows: ”The present invention relates to structural framework, and
more particularly, to novel and improved structure of elongate members which are
separately placed either in tension or in compression to form a lattice, the compression members being separated from each other and the tension members being
interconnected to form a continuous tension network”. Figure 1.8 shows some
illustrations of the structures included in his patent, Snelson (1965).
Motro (2003) presents a definition of tensegrity based on the patents Snelson
(1965), Fuller (1962), Emmerich (1959) and Emmerich (1964):
Definition 1.1 (Motro, 2003) Tensegrity systems are spatial reticulate systems in a state of self-stress. All their elements have a straight middle fibre
and are of equivalent size. Tensioned elements have no rigidity in compression
and constitute a continuous set. Compressed elements constitute a discontinuous
set. Each node receives one and only one compressed element.
The term ”spatial reticulate systems in a state of self-stress” in the above defini9

1. Introduction

(a) Three strut octahedral
tensegrity

(b) Tensegrity mast

(c) Geodesic dome

Figure 1.7: Illustrations from the 1962 patent of Buckminster Fuller.

tion tells us that tensegrity structures are spatial network structures of elements
in pure compression and elements in pure tension. Motro (2003) emphasizes
that tension systems is one subclass of spatial reticulate systems that comprises
elements with no rigidity in compression. The structural stiffness is produced
by applying self-stress. Further, ”all their elements have a straight middle fibre
and are of equivalent size”, have been the root to several controversies. The
author sees no reason for limiting the definition by demanding equivalent size
of the individual elements. The sentence, ”tensioned elements have no rigidity
in compression and constitute a continuous set”, gives important insight. The
continuity of the tension network is what gives the aesthetics to tensegrity structures. Now, ”compressed elements constitute a discontinuous set” is probably
the characteristic that surprises people and creates a fascination for this type of
structure. The rigid elements, that from a distance seem to be floating in air, are
what violate our consciousness about stability of structures. Finally, ”each node
receives one and only one compressed element”, is what Snelson emphasized was
the difference between his invention and earlier structures. The above definition
is very strict, leaving only the purest self-stressed structures as tensegrities.
Hanaor (1988) denoted only the purest structures, according to the above
definition as tensegrities. Later, he invented the double layer tensegrity grids
where some rods were touching at nodes, and still defined them as tensegrity
structures. He therefore opened for a wider definition than the one based on the
early patents:
Definition 1.2 (Hanaor, 1994) Internally prestressed, free-standing pin-jointed
10
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(a) Three strut interconnec- (b) Three legged structure (c) Column of three legged
tion
structures

Figure 1.8: Illustrations from the 1965 patent of Snelson.

networks, in which the cables or tendons are tensioned against a system of bars
or struts.

This wider definition will also include the early works of Buckminster Fuller as
tensegrity structures. There is in this definition no longer necessary to have a
discontinuous set of rigid rods in compression. Skelton et al. (2001a) present the
term ”Class k ” to distinguish the different types of structures included in this
broader definition. Their definition is as follows

Definition 1.3 (Skelton et al., 2001a) A Class k tensegrity structure is a stable tensegrity structure with a maximum of k compressive members connected at
the node(s).

The wide variety of definitions found in literature makes it hard to draw a clear
border between tensegrity and other prestressed spatial reticulate systems.
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1.4

The Origin of Tensegrity

All information about the origin of the tensegrity concept has, until recently,
not been fully available to researchers in the Western world 3 . Several historical reviews have therefore been written without having the necessary sources
available about the developments made by Russian constructivists in the early
1900s. Gough (1998) provides new information about the three-dimensional work
of Russian constructivists, so-called spatial constructions. She provides a thorough introduction to the work of Karl Ioganson (1890-1929) and other Russian
constructivists based on her research in Moscow. This section presents an introduction to the independent inventions of tensegrity structures in three different
parts of the world during the last century.

1.4.1

Russian Avant-Garde and Constructivism

This part gives a brief introduction to the cultural changes experienced in Russia
about a century ago, and is based on information available in Gough (1998) and
Wikipedia: Constructivism Art.
The first tensegrity structures have their roots within Russian constructivism,
an artistic and architectural branch of the Russian avant-garde movement, which
was a large and influential wave of modern art that flourished in Russia in the
period between the 1890s and the 1930s. Its creative and popular height was
reached during the decade after the October Revolution of 1917, but the influence diminished as Lenin introduced his New Economic Policy (NEP) moving
away from the strict war communism and organization towards a partially free
market. The constructivists were experimenting with rationalized geometrical
forms, focused on creating a universal meaning using basic structural elements
(Sultan, 2006). The focus was also on functionalism, organization, planning and
transition into industrial production (Gough, 1998). The aim of constructivism
was clearly to be used as an instrument in the construction of the new socialist
system.
Between 1919 and 1921 the Lativan constructivist artist, Ioganson, developed
between 1919 and 1921 several structures with wooden rods where tensioned
networks of wire cables were used to provide structural integrity. One artwork
of special interest is a structure made of three wooden struts forming a right
angled spatial cross interconnected with nine taut wire cables. This structure
is shown to the left in Figure 1.9. The basic principle behind these structures
were the idea of an irreducible fundamental principle, a minimum requirement
3

The Western world, or the West, means in general Australia, Canada, New Zealand, the
United States, and Western Europe. Also Eastern Europe, Latin America, Turkey, Lebanon
and Israel could be included (Wikipedia: Western World)
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for the existence of any given structure, namely the cross (Gough, 1998). This
structure was both internally and externally in a state of stable equilibrium. It
was also built with the greatest possible economy of material and energy. He
denoted his works as ”cold structures” and displayed them together with works
of Aleksander Rodchenko, Konstantin Medunetskii, Iorgii Stenberg and Vladimir
Stenberg at the Obmokhu (the Society of Young Artists) exhibition in Moscow,
May 1921. These artists wanted to demonstrate how ”unfamiliar interrelationships and forms could become important elements in future structures, such as
bridges, buildings or machines” (Gough, 1998). As Ioganson expressed it himself:
”From painting to sculpture, from sculpture to construction, from construction to
technology and invention - this is my chosen path, and will surely be the ultimate
goal of every revolutionary artist” (Gough, 1998).
He also produced an extension to his stable structures, one mechanism, named
”Study in Balance”, consisting of three wooden struts and only seven strings, that
was also displayed at this exhibition in Moscow, May 1921 (Sultan, 2006). This
piece of art was, as far as we know, the only one of his works from this exhibition
published in the West by the Hungarians Bela Uitz in 1922 (Uitz, 1922) and later
Lazlo Moholy-Nagy in 1929 (Maholy-Nagy, 1929).
He expressed, referring to his structures, the following: ”When they invented
the radio they did not exactly know, at that time, how they would use it” (Gough,
1998).

1.4.2

The American Controversy

The American history of tensegrity is one of a controversy between the young art
student, Snelson, and the professor, Buckminster Fuller. This controversy has
been discussed in numerous papers, Sadao (1996), Snelson (1996) and Emmerich
(1996) being the most interesting ones.
Buckminster Fuller was a famous visionary designer and architect writing
twenty-eight books covering a broad range of topics. His main question throughout life was: ”Does humanity have a chance to survive lastingly and successfully
on planet Earth, and if so, how?” (Wikipedia: Buckminster Fuller). He was in
many ways ahead of his time being concerned about the finite volume and resources available on our planet, which he denoted ”Spaceship Earth”. Snelson
(1996) describes him as being an upbeat optimist with brave ideas about how
humanity could be saved through new technologies and masterful design. His
charismatic style of teaching about these topics gave him a large crowd of supporters. His visionary design and architecture got considerable public visibility,
such as the ”Dymaxion Ideas” 4 and the ”Energetic Geometry” 5 (Wikipedia:
4
5

Dymaxion House, Dymaxion Car, Dymaxion Map and more.
Architecture based on triangles and tetrahedrons instead of squares and cubes. One exam-
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Figure 1.9: Ioganson’s Spatial Constructions from 1920-21 (left), and Snelson’s
X-Piece from 1948. From Gough (1998).

Buckminster Fuller). His focus was on energy efficiency and how tension materials could help structures overcome heavy and costly compression materials. His
first structure playing with the principle of equilibrium between strings in tension and rods in compression is from 1927. Sadao (1996) describes Buckminster
Fuller’s fascination for tensegrity as follows: ”To Fuller, tensegrity is Nature’s
grand structural strategy. At a cosmic level he saw that the spherical astro-islands
of compression of the solar system are continuously controlled in their progressive
repositioning in respect to one another by comprehensive tension of the system
which Newton called gravity. At atomic level, man’s probing within the atom
disclosed the same kind of discontinuous-compression, discontinuous tension apparently governing the atom’s structure.”
Snelson and Buckminster Fuller first met at the Black Mountain College in
North Carolina during the summer of 1947. Snelson described this college as a
progressive liberal arts college that attracted artists and talented teachers. He
was picked to assist the not yet famous Professor Buckminster Fuller by preparing
his models for lectures throughout the summer. Snelson (1996) describes Fullers
models as follows: ”... appeared to be geometrical/mathematical studies - dozens
of cardboard polyhedra of all shapes and sizes, spheres made out of great circles,
metal-band constructions, plastic triangular items and fragile globs of marbles
ple of these ideas is the Geodesic Dome, named Spaceship Earth, in the Epcot Center of Disney
World in Florida, USA.
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glued together.”
During 1948 and 1949 Snelson worked on structures incorporating ideas of
both Fuller’s ”Energetic Geometry” and Alber’s ”Less is More” (Snelson, 1996,
Gough, 1998). He was at that time familiar with the ideas from German Bauhaus
and constructivists like the Hungarian Maholy Nagy. Snelson (1996) describes
how he in December 1948 came to invent his X-Piece, shown to the right in
Figure 1.9, later to be known as the first tensegrity structure : ”My first stable
structure was made with two ”C” shapes biting one another, demonstrating that
the idea was workable. Clearly, the ideal shape was an X module since it provided
four quadrants for adding new elements.” Snelson presented his X-Piece model to
Fuller at the Black Mountain College in the summer of 1949. Fuller was fascinated
by this model and told him that it was a realization that he had been looking for
a long time himself. Fuller asked Snelson to take a photograph of him holding
the structure, which he did. Later that year, Fuller wrote to Snelson that he in
public lectures told about his original demonstration of discontinuous pressure
and continuous tension structural advantage. In Paris, August 1951, Snelson
discovered an article in the magazine Architectural Forum where Fuller displayed
a picture of Snelson’s invention without any reference to him. Disillusioned, and
without the courage to confront Fuller, Snelson decided to leave his structural
artwork.
In the mid 1950s Fuller invented a name for this structural concept emerging
from the ideas of himself and Snelson. From ”tension” and ”integrity”, he created
the name ”tensegrity”.
In September 1959, Fuller was about to prepare an exhibition about his structures at the Museum of Modern Art (MOMA) in New York. Snelson was asked to
help preparing the exhibition and discovered among the main attractions a thirty
foot tensegrity mast, his invention, only with Fuller’s name on it. He confronted
Fuller, with the result that the curator of architecture, Arthur Drexler, acknowledged the invention and put Snelson’s name on the tensegrity mast. He also got
several additional structures included in the exhibition. Snelson finally got his
public acknowledgement for the tensegrity invention, as can be seen from what
was written in Arts and Architecture (Nov. 1959): ”Perhaps one of the most
dramatic developments to grow out of Fuller’s theories is the discovery made by
Kenneth Snelson, and analyzed by Fuller as tension-integrity” (Snelson, 1996).
Since the late 1950s Snelson has extended his X-Module in hundreds of ways and
created structures displayed in major parks and museums throughout the world.

1.4.3

The Independent French Discovery

Independently, David Georges Emmerich (1925-1996) investigated the same concept in France in the late 1950s and early 1960s. He denoted it for ”self-tensioning
15
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structures”. Emmerich (1996) describes his early inventions made while he was
hospitalized for a longer period of time. From playing with sticks from the game
Mikado and sewing thread he managed to build his first small prototypes. Starting from the fact that you need three strings attached to one end of a tent pole
in order to reach a static equilibrium, he inclined sticks having three threads on
both ends and connected them in a circular pattern. Initially, his examples were
planar, but when shortening strings he discovered structures in three-dimensional
space in static equilibrium. Using this method and three sticks, he got a structure
which he named the ”tripod”. This structure was identical to one of Ioganson’s
structures made between 1919 and 1921, at that time not published in the West.
Emmerich elaborated on these ideas and developed several double-layer structures experimenting with different ways of interconnecting the basic elements
(Emmerich, 1966). Emmerich chose to protect his intellectual property through
patents. The first one was dated back to 1959, named ”Carpentes Perles” (Pearl
Frameworks). This patent was too general and, as he described himself, gave ”an
illusory protection only” (Emmerich, 1959). Later, about 1963, he decided to file
numerous patents on his concepts of self-tensioning structures. Emmerich was
a member of Groupe d’Etudes d’Architecture Mobile (GEAM), which included
famous names as Oscar Hanson, Günther Günschel, Frei Otto, Eckhart SchulzeFielitz, Jerzy Soltan among others (Emmerich, 1996). He held classes for young
architects, also with international participants.
Also Emmerich reports about incidents with Fuller, such as one at the Union
Internationale des Architects in Paris 1965, where Fuller and Critchlow, a former
student of Emmerich, displayed a tensegrity mast built from what Emmerich
considered his ”juxtaposed quartets”. After protests from Emmerich’s students,
the structure was removed (Emmerich, 1996). Another was in the magazine
Architectural Design March 1960, where Fuller presented a mast built from units
similar to Soltan’s deck structures.

1.4.4

Conclusions on the Origin of Tensegrity

Looking back at history it is clear that Ioganson was the first to present this
structural concept. The political circumstances about the time of the Obmokhu
exhibition clearly affected the impact of his artwork. Information about his works,
to my best knowledge, has been unknown in the West until recently. No indications are found that he elaborated on these ideas to build larger structures, even
though he believed in the concept for industrial means, such as buildings, bridges
and future machines. Ioganson died in 1929, only eight years after presenting his
structural ideas.
The later discoveries of this concept, by Fuller, Snelson and Emmerich, came
from playing with sticks and strings. They all came to discover the structure
16
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of three inclined rods, using nine strings to achieve static equilibrium, in their
patents and works. The same structure as Ioganson presented in 1921. The technological developments, and available materials, from the early 1950s contributed
to the impact of these later discoveries. They all elaborated on their ideas for
several decades creating larger structures. These structures got considerable publicity, such as Fuller’s Geodesic Dome and Snelson’s Needle Tower. Fuller believed
his ideas about using energy efficient structures could revolutionize design and
architecture, while Snelson focused on the pure artwork of tensegrity. Their ideas
have inspired generations of scientist and engineers.

1.5

The Evolution of Tensegrity Research

The principles of tensegrity structures have been widely applied within the engineering disciplines. The first known steps out of pure experiments with geometry
were taken by researchers at Cambridge University who investigated the static
properties of prestressable structures. Sultan (2006) provides a thorough introduction to the evolution of tensegrity research. His review has been used as a
source for the main references.

1.5.1

Statics

Calladine (1978) applied Maxwell’s rule (Maxwell, 1864) on the calculation of
equilibrium and stiffness of frames to investigate the statics of tensegrity structures. Some principal definitions are necessary before introducing this rule.
Maxwell defines a frame, in three-dimensional space, as ”a system of lines connecting a number of points together ”. Further, he defined a stiff frame as ”one
in which the distance between any two points cannot be altered without altering
the length of one or more of the connecting lines of the frame”. Maxwell (1864)
stated the rule that ”a frame of j points requires in general b connecting lines,
given from the rule b = 3j −6, in order to be stiff ”. Using simple tensegrity structures Calladine (1978) demonstrated examples in which the structures have less
connecting lines (rods) than what is required from the rule, but are still not mechanisms. Such exceptions were anticipated by Maxwell, who concluded that the
stiffness of these frames were of inferior order. The state of prestress (self-stress)
of tensegrity structures make them ”statically and kinematically indeterminate
with infinitesimal mechanisms”, which means infinitesimal changes in geometry
are possible without changing the length of any members (Calladine, 1978, Sultan, 2006). The advantage of these frameworks was that about three-quarters
of the lines could by realized as string elements instead of solid elements, giving
light structures. The cost of this was the introduction of infinitesimal modes
needing prestress in order to provide stiffness.
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Tarnai (1980) also based his research into pin-jointed tower structures with
cyclic symmetry on Maxwell (1864). He established conditions for kinematically
indeterminacy and statically indeterminacy of these structures by observing the
rank of the equilibrium matrix. He proved that both the kinematically indeterminacy and statically indeterminacy were independent of the number of stages,
and how these properties were separated, in his tower structures.
Pellegrino and Calladine (1986) and Calladine and Pellegrino (1991) elaborated on the findings of Calladine (1978) and examined the physical significance
of the vector subspaces of the equilibrium matrix for pin-jointed structures being both kinematically and statically indeterminate, and developed a matrixalgorithm to distinguish between first order infinitesimal mechanisms and higher
order infinitesimal, or finite, mechanisms.
Hanaor (1988) presented a unified algorithm for analysis and optimal prestress design of prestressable pin-jointed structures. The proposed algorithm is
based on the flexibility method of structural analysis. The algorithm is used on
both 1) gemoetrically rigid (kinematically determinate) and statically indeterminate (statically redundant) structures, where prestress is caused due to lack of
fit, and 2) kinematically indeterminate (not geometrically rigid) and statically
indeterminate (statically redundant) structures with infinitesimal mechanisms,
where prestress is needed for geometric integrity. The latter category includes
tensegrity structures. He also emphasized how prestress could increase the loadbearing capacity in certain structures. Hanaor (1992) provides aspects on design
of double layer tensegrity domes.
Note, the above analysis is linear and is therefore only valid for small displacements, but still provides useful information for design and experimental work.

1.5.2

Dynamics

Motro et al. (1986) presented some results from an experimental study of linear
dynamics of a structure consisting of three rods and nine strings where dynamic
characteristics were found from harmonic excitation of nodes. Several aspects
have been investigated by Motro and co-workers, examples are self-stress (Kebiche et al., 1999), form-finding (Vassart and Motro, 1999, Zhang et al., 2006)
and design algorithms (Quirrant et al., 2003). Furuya (1992) used a finite element framework to investigate vibrational characteristics and found that modal
frequencies increase with prestress. Sultan et al. (1999) presented the nonlinear
equations of motion using a minimal number of coordinates, leading to ODEs.
These equations have been used extensively when applying nonlinear control theory in recent years. Sultan et al. (2002) presented the linearized equations of
motion, with the purpose of applying linear control theory. Murakami (2001),
Murakami and Nishimura (2001a) and Murakami and Nishimura (2001b) devel18
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oped equations within a finite element framework for both static and dynamic
analysis of tensegrity structures using three-dimensional theory of elasticity for
large deformations and conducted modal analysis of prestressed configurations to
characterize the infinitesimal modes.
Oppenheim and Williams examined the vibration and damping characteristics
of tensegrity structures. Oppenheim and Williams (2000) examined the effects of
geometric stiffening, the nonlinear force-displacement relationship, observed when
tensegrity structures are subject to perturbation forces, and concluded that such
structures could be relatively soft in the vicinity of static equilibrium. Oppenheim and Williams (2001a) and Oppenheim and Williams (2001b) examined the
dynamic response of small structures, also through experiments, and found slow
decay rates of vibration when using the natural damping of strings alone. They
proposed that the joints are one possible location for introducing friction.
Recent developments have led to describing tensegrity dynamics with a nonminimal number of coordinates, using DAEs. See Kanchanasaratool and Williamson
(2002a), Kanchanasaratool and Williamson (2002b), Skelton et al. (2001c), Skelton (2005), de Oliveira (2005) and de Oliveira (2006). These formulations have
the potential of being computationally efficient, possibly featuring a time-invariant
inertia matrix, and have no transcendental nonlinearities in coordinate transformations. Kanchanasaratool and Williamson (2002a) and Kanchanasaratool and
Williamson (2002b) proposed a constrained particle model. Skelton et al. (2001c)
and Skelton (2005) presented a theory for Class 1 structures from momentum and
force considerations. de Oliveira (2005) developed a general theory for Class k
structures from energy considerations. de Oliveira (2006) presents simulation
results from a comparison study of different formulations.

1.5.3

Control

A new area of tensegrity research was initiated in the mid-1990s by Skelton’s
group at Purdue University and later at University of California at San Diego.
Skelton and Sultan (1997), Sultan and Skelton (1997) and Sultan et al. (1999)
introduced controllable tensegrity structures as smart structures. The elements
to be actuated could be strings alone, bars alone, or a combination of both.
Linear controllers were designed to either meet constraints on output variance
and minimize energy or meet constraints on input variance and minimize output
variance. Sultan and Skelton (1997) presented the idea of controlling tensegrity
structures along static equilibrium manifolds. Sultan and Skelton (1998a), Sultan and Skelton (1998b), Sultan et al. (1998), Sultan et al. (1999) and Skelton
and Sultan (2003) presents related work from the same authors. This idea has
been used extensively for both open- and closed-loop deployment of tensegrity
structures, as seen in Masic and Skelton (2002), Pinaud et al. (2003), Masic and
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Skelton (2004) and Pinaud et al. (2004).
Djouadi et al. (1998) developed an active control algorithm for vibration
damping of tensegrity structures for extraterrestrial applications. Chan et al.
(2004) presented experimental work on active vibration control of a two stage
tensegrity tower using local integral force feedback control and acceleration feedback control.
de Jager and Skelton (2001) have investigated placement of sensors and actuators on planar tensegrities. de Jager et al. (2001) worked on an integrated
design of topology and control. van de Wijdeven and de Jager (2005) used constrained optimization to find discrete admissible static structure configurations
along a desired path. Linear interpolation was used between discrete admissible
configurations to create smooth reference signals. Dynamical effects were taken
care of by a feedback controller.
Kanchanasaratool and Williamson (2002a) proposed a nonlinear constrained
particle model of a tensegrity platform and developed a path tracking algorithm
using neural networks. Kanchanasaratool and Williamson (2002b) used this
model investigating feedback control on a tensegrity prism with three actuated
bars and nine passive strings. Paul et al. (2005) and Paul et al. (2006) studied
gait production in tensegrity structures with the purpose of locomotion. Scruggs
and Skelton (2006) presented a tensegrity beam structure subjected to hydrodynamic loading capable of harvesting energy from the environment. Moored et al.
(2006) presented work on a tensegrity panel trying to mimic the wing of a manta
ray.
Aldrich et al. (2003) and Aldrich and Skelton (2003) studied tensegrity structures in the context of robotics. They presented a feedback linearizarion approach
to deployment control of planar tensegrity structures along a predefined path with
saturation avoidance and optimization with respect to time and energy. Aldrich
and Skelton (2005) and Aldrich and Skelton (2006) extended these theories further and gave examples of planar hyper-actuated mechanical systems (HAMS).
Eriksson (2007a) presented related work on bio-mechanical systems, one example being musculoskeletal systems. He presents one approach to generate
forces taking a structure from an initial configuration to more specified target
states. The movement and forces were temporarily discretized and interpolation
was used to generate continuous results. Several contributions will appear shortly
on the control of bio-mechanical systems, as can be seen from Eriksson’s webpage
(Eriksson, 2007b).
The greatest challenge of research into controllable tensegrity structures today
is probably the design of cost effective practical implementations (Sultan, 2006).
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1.5.4

Mathematics

Also mathematicians, dominated by Connelly, Back and Whiteley, have found an
interest in what they denote ”tensegrity frameworks”. A tensegrity framework
is defined as ”an ordered finite collection of points in Euclidian space, called a
configuration, with certain pairs of these points, called cables, constrained not
to get further apart; certain pairs, called struts, constrained not to get closer
together; and certain pairs, called bars, constrained to stay the same distance
apart” (Connelly and Whiteley, 1996). Note, the vertices of such a collection
form a convex set.
A substantial part of their developments are within the rigidity of frameworks,
see Roth and Whiteley (1981), Whiteley (1984) Connelly and Whiteley (1992),
Connelly and Whiteley (1996), Connelly and Back (1998) and references therein,
and is strongly related to the work of Calladine, Tarnai, Pellegrino and Hanaor.
An important result considering stability are the following implications: firstorder rigidity ⇒ prestress stability ⇒ second-order rigidity ⇒ rigidity (Connelly
and Whiteley, 1996). First-order rigidity (infinitesimal rigidity) is defined as ”if
the smooth motion of the vertices, such that the first derivative of each member
length is consistent with the constraints, has its derivative at time zero equal to
that of the restriction of a congruent motion of Euclidian space”. This is the dual
of Calladine’s concept of statical rigidity. Further, prestress-stability is ensured
”if the self-stress is strictly proper”, meaning that all strings are in tension, all
struts in compression and no additional conditions on bars and that the energy
function is a strict local minimum. Second-order rigidity is ensured ”if every
smooth motion of the vertices, which does not violate any member constraint in
the first or second derivative, has its first derivative trivial; i.e. its first derivatice
is the derivative of a one parameter family of congruent motions”. Finally, rigid
means that every continuous motion of the points satisfy all constraints of the
above definition of a tensegrity framework.
The American Scientist article Connelly and Back (1998) used group theory,
representation theory and the available power of modern computers to open up
for the drawing of a complete catalogue of tensegrities with certain prescribed
types of stability and symmetry. They also introduced the term super stable. A
configuration is by their definition super stable ”if any comparable configuration
of vertices either violates one of the distance constraints - one of the struts is
too short, or one of the cables too long - or else is an identical copy of the
original”. Unlike a rigid tensegrity, a super stable tensegrity must win against
all comparable configurations in any number of dimensions.
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1.5.5

Biology

Nature applies, from microscopic to macroscopic level, common patterns, such as
triangulated forms, to build a large diversity of structures. Pearce (1990) presents
some examples of this kind of structure in Nature, such as snowflakes, soap bubbles, bees’ honeycomb, the wing of a dragonfly, leafs of trees, cracked mud, the
skin of reptiles and a bumblebee’s eye. Ingber (1998) presents the geodesic forms
in groups of carbon atoms, viruses, enzymes, organelles, cells and even small
organisms and emphasize the point that these structures arrange themselves, to
minimize energy and mass, through applying the principle of tensegrity.
The tensegrity principle is also found in nature’s strongest fibre, that is the
silk of spiders, where hard β-pleated sheets take compression and a network of
amorphous strains take tension (Termonia, 1994, Simmons et al., 1996). This
fiber is about six times stronger than steel (Lieberman, 2006).
The human body is itself built on the principle of tensegrity. At a macroscopic level we have 206 bones, in compression, stabilized by approximately 639
muscles, in tension. At a microscopic level we have important molecules, such
as proteins, which stabilize themselves through elements in compression and elements in tension (Ingber, 1998).
Ingber, at Harvard Medical School, saw a link between tensegrity structures
and the biology of living cells in the 1970s. These ideas came to him while attending a course by Snelson in three-dimensional design, primarily for art majors,
at Yale University. At that time biologists viewed the cell as a fluid, or gel, surrounded by a membrane. The internal framework, or cytoskeleton, was composed
of microfilaments, intermediate filaments and microtubules, but their mechanics
were poorly understood. The thin microfilaments acting as strings (in tension),
stretched from the cell membrane to the nucleus, while the thicker microtubules
are specialized receptor molecules acting as bars (in compression) anchoring the
cell to the extracellular matrix (Ingber, 1998).
The tensegrity principle has been used to explain numerous phenomena within
the behaviour of cells and molecules. One example is the linear stiffening of
isolated molecules, such as the deoxyribonucleic acid (DNA). The stiffness of
tissues, living cells and molecules is altered by changing the internal level of selfstress. The understanding of how cells sense mechanical stimuli and how they
regulate the growth of tissue could be used to accelerate molecular modelling and
drug design (Ingber, 1998). These topics are presented in Wendling et al. (1999),
Wang et al. (2001), Fabry et al. (2001), Cañadas et al. (2002) and Sultan et al.
(2004).
There is large diversity in tensegrity research within biology, and this will only
give a taste of what to find in literature. One recent example from University of
California at San Diego describes the red blood cell, consisting of roughly 33000
22

New Developments

protein hexagons having one rod shaped protein complex each, using tensegrity
structures. Their research gives answers to how red blood cells move, and could
in the future tell what is happening in rupture-prone red blood cells of people
suffering from hemolytic anemia (Vera et al., 2005).

1.6

New Developments

This section briefly presents the contributions of this thesis together with a list
of publications.

1.6.1

Contributions

The list below gives an overview of the contributions presented in this thesis.
• Chapter 2: Recent developments within modelling of these structures have
led to using non-minimal coordinate representations and DAEs of motion.
We present in this chapter two general derivations describing the dynamics
of Class 1 tensegrity structures, one DAE and one ODE formulation, with
the freedom to choose the position on rods that the vectors of translational
coordinates should point to. This gives the opportunity of constraining
these coordinates, partly or completely, in an embedded manner. Our definition and use of the projection matrix is essential in the DAE formulation.
The contributions are published in Wroldsen et al. (2006b) and Wroldsen
et al. (2007a).
• Chapter 3 The DAE formulation, derived for Class 1 tensegrity structures
in Chapter 2, is being augmented with additional linear algebraic constraint
equations in order to pin rods together at the nodes. The resulting formulation opens the way to describe the dynamics of Class 2 tensegrity structures.
The introduced constraints are being used to pin rods together into a long
chain structure, the rigid bar cable (BRC) model, approximating the dynamics of relatively long and heavy cables. The novelty of the proposed
model is not in using a finite number of elements, but in the mathematical
modelling. The resulting mathematical model has no singularities and only
affine coordinate transformations. Most important, it has the potential of
being computationally very effective due to the small size of the matrix that
needs to be inverted for each iteration of the simulation procedure. The
proposed model shows good agreement when compared with simulations
using the commercial finite element software code ABAQUS, conducted by
Dr. Østen Jensen, and experimental results, provided by Vegar Johansen,
from excitations of a hanging cable. Also the relationship between enforced
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excitation frequency at the top of the cable and the length, hence also the
eigenfrequency, of individual elements has been analyzed. This analysis
makes it possible to outline a procedure for picking a suitable number of
elements to capture the dynamics and avoid numerical problems during
simulation.
• Chapter 4 This chapter investigates control of tensegrity structures described using ODEs of motion and the traditionally applied numerical optimization of constrained control inputs (strings can only take tension). An
additional summation inequality constraint is proposed to the numerical
optimization problem giving enhanced control of the prestress level, and
possibly also smooth control signals, during changes in the structural geometry. Both small and large planar tensegrity structures have been used
to illustrate the concept through simulations. Wroldsen et al. (2006a) presented a majority of the results from this chapter.
• Chapter 5 Most developed control theories have so far considered systems
described using ODEs. Since there are considerable benefits from describing
the dynamics of tensegrity structures with non-minimal coordinate representations and DAEs of motion, a control design based on Lyapunov theory
for such systems has been developed as part of this work. It uses a nonminimal error signal directly in the control design and find explicit analytical expressions for the optimization of control inputs for whatever wanted
norm of the signal. The derived theory is illustrated on three-dimensional
simulation examples. The contributions are presented in Wroldsen et al.
(2006b) and Wroldsen et al. (2007a).
• Chapter 6 The tensegrity structures modeled using DAEs have algebraic
constraints in the direction of the rods non-minimal orientation vectors. In
order to possibly reduce the internal forces in rods, a control design based
on Lyapunov theory is developed where the non-minimal orientation error
vectors are projected onto subspaces being the orthogonal complements of
the rods orientation vectors. By using this projection we get an error signal with minimal number of coordinates. The explicit analytical solutions
to the constrained optimization of the previous chapter are also applicable with this formulation. The derived theory is illustrated on the same
three-dimensional simulation examples as in the previous chapter. The
contributions are partly presented in Wroldsen et al. (2006b).
• Chapter 7 This chapter introduces the concept of using tensegrity structures to build wave compliant marine structures, such as aquaculture installations. One approach to modelling of hydrodynamic loading from waves
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and current is introduced and results from simulations are presented. The
content has been elaborated on through Wroldsen et al. (2004), Wroldsen
et al. (2006c), Jensen et al. (2007a) and Jensen et al. (2007b).

1.6.2

Publications

The following is a list of pertinent publications produced during the work on this
thesis. The list includes both accepted and submitted papers:
Patents and Journal Papers
• A. S. Wroldsen, A. M. Rustad, T. Perez, A. J. Sørensen, V. Johansen, P. F.
Lader, A. Fredheim, M. A. Heide, Tensegrity Marine Structure, Norwegian
Patent NO322560, US Patent US2006102088, Chilean Patent CL2922-2005,
Interational PCT Patent WO2005NO000425, First filed 12.11.2004.
• Ø. Jensen, A. S. Wroldsen, P. F. Lader, A. Fredheim and M. A. Heide,
Finite Element Analysis of Tensegrity Structures in Offshore Aquaculture
Installations, Aquacultural Engineering, Volume 36, Issue 3, May 2007, pp
272-284.
• A. S. Wroldsen, M. C. de Oliveira and R. E. Skelton, Modeling and Control
of Non-minimal Nonlinear Realizations of Tensegrity Systems, Submitted
to International Journal of Control, August 2007.
Conference Papers
• A. S. Wroldsen, V. Johansen, A. J. Sørensen and R. E. Skelton, Hydrodynamic Loading of Tensegrity Structures, In: Proceedings of the SPIE 13th
Annual Symposium on Smart Structures and Materials: Modeling, Signal
Processing, and Control, February 27 - March 2 2006, San Diego, CA, USA.
• A. S. Wroldsen, M. C. de Oliveira and R. E. Skelton, Configuration Control
of Tensegrity Structures, In: Proceedings of the 4th World Conference on
Structural Monitoring and Control, July 11-13 2006, San Diego, CA, USA.
• A. S. Wroldsen, M. C. de Oliveira and R. E. Skelton, A Discussion on Control of Tensegrity Systems, In: Proceedings of the 45th IEEE Conference
on Decision and Control, December 13-15 2006, San Diego, CA, USA.
• Ø. Jensen, A. S. Wroldsen, P. F. Lader, A. Fredheim, M. A. Heide and
V. Johansen, Tensegrity Structures in the Design of Flexible Structures for
Offshore Aquaculture, In: Proceedings of the 26th International Conference
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on Offshore Mechanics & Arctic Engineering (OMAE), June 10-15 2007,
San Diego, CA, USA.

1.7

Organization of the Thesis

This thesis is organized as follows:
• Chapter 2 presents both ODE and DAE formulations describing the dynamics of a single rigid rod and the generalization to Class 1 tensegrity
structures.
• Chapter 3 discusses an extension to the DAE formulation of Chapter 2
where additional linear algebraic constraint equations are introduced in order to pin rods together into a chain structure. The chapter also considers
the mathematical model, verification through simulation examples and discussions of how to choose the number of elements.
• Chapter 4 introduces a configuration control strategy to the tensegrity
structures described using ODEs. A feedback linearization control strategy
is being used. The main contribution lies in the investigation of a summation inequality constraint introduced in the numerical optimization of
control inputs in order to increase the ability of altering the level of prestress.
• Chapter 5 presents a Lyapunov based control design for systems described
using a non-minimal number of system coordinates and DAEs of motion.
Explicit analytical solutions are found to the optimization of constrained
control inputs, which until now has been solved for using numerical iteration
procedures.
• Chapter 6 proposes the idea of projecting the non-minimal error signal
used in the previous chapter onto a subspace being the orthogonal complement of the orientation of each individual rod. Once again a Lyapunov
based control design is used with explicit analytical solutions to the optimization of string actuation.
• Chapter 7 gives an brief overview of existing technology within open ocean
aquaculture and introduces tensegrity structures as one possible concept to
build wave compliant marine structures. One approach to modelling of
hydrodynamic loading from waves and current on tensegrity structures is
presented. Related investigations of strength properties are given in Appendix C.1.
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Modelling
The mathematical modelling of tensegrity dynamics is a burgeoning field in which
the majority of contributions have evolved over the last decade. To date the most
common formulations have a minimal number of coordinates using ordinary differential equations (ODEs). Most developed control theories consider systems of
this form, and numerous designs are readily available for application. The main
drawback of these minimal realizations is that they have as many singularities as
rods in the systems. Moreover, the mapping from system coordinates to nodal
positions includes transcendental nonlinearities, that give rise to nonlinearities in
the dynamical model since generalized forces are described in system coordinates.
Recent developments have changed the focus towards having a non-minimal number of coordinates using differential-algebraic equations (DAEs). These equations
are advantageous because they are nonsingular and because the mapping from
coordinates to node positions is affine. The non-minimal number of system coordinates is considered a small price to pay for the gains realized. DAE formulations
have a drawback in the proclivity for numerical drift in the algebraic constraint
equations during simulation.
This chapter first presents preliminary definitions and assumptions about the
systems to be modeled before dedriving two general formulations of the equations
of motion. The DAEs and ODEs of motion for one single rigid rod are described in
Section 2.2 and 2.3. Section 2.4 presents a generalization of the derived equations
of motion to describe the dynamics of Class 1 tensegrity structures, which, as
stated in the introduction, no rods touch one another. Section 2.5 summarizes
the pros and cons of the two presented formulations.
The theory presented here has been developed by Skelton (2005), de Oliveira
(2005), Wroldsen et al. (2006b), de Oliveira (2006) and Wroldsen et al. (2007a).
See Lanczos (1983) for an introduction to the variational principles of mechanics and the Euler-Lagrange equations of motion used in the derivations of this
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Figure 2.1: Illustration of a tensegrity structure with its principal parameters.

chapter.
The derived equations of motion are used throughout this thesis. In Chapter 3
the DAEs of motion are extended by introducing additional linear algebraic constraint equations to pin rods together. The resulting model has the mathematical
structure of a Class 2 tensegrity structure and is used to approximate the dynamics of relatively long heavy cables. In Chapter 4 the ODEs of motion are used
to design a feedback linearlization control design for planar tensegrity structures.
The planar constraint avoids the problem of singularities. In Chapters 5 and 6,
we derive controllers based on Lyapunov theory working on three-dimensional
systems described with DAEs of motion. In Chapter 7, the DAEs of motion
are used in simulations of tensegrity structures exposed to environmental loading
from waves.

2.1

Preliminaries

Definitions that are relevant in our subsequent derivations of the equations of motion are presented together with assumptions about the structures to be modeled.
Skelton (2005) provides definitions comprising a foundation for the derivations
presented in this chapter.

2.1.1

Definitions Related to the Structural System

The system coordinates are described relative to a fixed inertial reference frame
defined using a dextral set:
Definition 2.1 (Skelton, 2005) The set of vectors ei , i = 1, 2, 3 form a dextral
set, if the dot product satisfy ei · ej = δij (where δij is the Kronecker delta), and
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the cross products satisfy ei × ej = ek , where the indices i, j, k form the cyclic
permutations, i, j, k = 1, 2, 3 or 2, 3, 1 or 3, 1, 2.
With this definition of a dextral set, the fixed inertial reference frame is defined:
Definition 2.2 (Based on Skelton, 20051 ) Let the unit vectors ei where i =
1, 2, 3 define a dextral set fixed in an inertial frame. The reference frame used is
described by the vectrix


E := e1 e2 e3 .
(2.1)

The system parameters are described relative to the vectrix E. Computing the
cross product and dot product of two vectors shows how they are affected
Ea × Eb = E (a × b) ,

Ea · Eb = a · b.

(2.2)

The cross product is described relative to the inertial frame, while the dot product
is invariant because ET E = I. The fixed inertial reference frame E will not be
used in the following unless strictly necessary to ease notation.
The structural systems described here may comprise numerous elements. K,
M and N respectively denote the number of rods, strings and nodes. In the
following we use subscript i to denote consideration of just one of the many
components of a system. It is used only when needed to ease notation. Figure
2.1 illustrates the principal structural parameters to be defined. We start by
describing the nodes:
Definition 2.3 (Skelton, 2005) A node (the ith node) of a structural system is
a point in space at which members of the structure are connected. The coordinates
of this point, in the fixed inertial reference frame E, are described by the vector
ni ∈ R3 .
A set of nodes is requisite to defining the two types of structural elements, strings
and rods. A string is defined:
Definition 2.4 (Based on Skelton, 2005) A string (the ith string) is characterized by:
• A structural member connecting two nodes.
• A string vector, si ∈ R3 , connects these two nodes. The direction of si is
arbitrarily assigned.
1

When using the term ”Based on” means that the content is altered with respect to the
reference but the core content is extant.
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• The string provides a force to resist lengthening it beyond its rest-length
(unstretched length), but provides no force to resist shortening it below its
rest-length.
• A string has no bending stiffness.
A rod is defined:
Definition 2.5 (Based on Skelton, 2005) A rod (the ith rod) is characterized
by:
• A structural member with mass mi > 0 and length ℓi > 0 connecting two
nodes, i.e. ni and nj .
• The rod provides forces both to resist lengthening above and shortening below
its unforced length.
The structural integrity comes from the interplay of rods in compression and
strings in tension. The string force is defined:
Definition 2.6 (Skelton, 2005) The vector (the ith vector) ti represents the
force exerted by string si . The vector is defined
ti := γi si ,

(2.3)

where γi is a positive scalar. Hence, ti is parallel to si .
The positive scalar γi of the above definition has a physical interpretation:
Definition 2.7 (Skelton, 2005) The force density (of the ith string) is denoted
by the scalar γi :
γi =

kti k
.
ksi k

(2.4)

In real-world applications structural system find their equilibriums by summing
the contributions from strings in tension, rods in compression and external forces.
The external forces are defined:
Definition 2.8 (Skelton, 2005) The vector (the ith vector) fi ∈ R3 represents
the sum of external forces exerted on node ni .
Note, in the present modelling, external forces enter the system only through
nodes.
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2.1.2

Assumptions About the Structural System

In addition to the above definitions, some assumptions about the characteristics
of strings and rods are needed. Three are pertinent:
Assumption 2.1 The string (the ith string) is assumed to be:
• Massless.
• Linear (Hookean) with stiffness ki .
Additional assumptions are made about strings in considering the control of
tensegrity structures:
Assumption 2.2 Two assumptions are made about actuated tensegrity structures:
• Only strings are actuated.
• All strings are actuated.
The second assumption that all strings are actuated is in general not necessary,
but often used in tensegrity research. The assumptions made about rods are:
Assumption 2.3 The rod (the ith rod) is assumed to be:
• A rigid (inextensible) structural member of constant length ℓi . By definition
the length is ℓi = knj − ni k.
• A thin cylindrical element. Hence, the length is considerably longer than
the diameter of the cylinder, so the rotational motion about the longitudinal
axis is neglected.

2.1.3

Definitions Related to System Coordinates

The system coordinates have not thus far been presented. We first define the
vector bi which is important in both formulations to be presented in this chapter:
Definition 2.9 The vector bi ∈ R3 , is used to describe the ith rod’s orientation,
and is:
bi = ℓ−1
i (nj − ni ),

kbi k = 1.

(2.5)
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In the DAE formulation, to be presented in Section 2.2, bi is the non-minimal
vector of orientational coordinates. The vector is constrained to be of unit length,
kbi k = 1, which has some advantages in the mathematical structure. In the ODE
formulation, to be presented in Section 2.3, bi is a nonlinear function of the two
rotational coordinates (Euler angles).
The translational coordinates are indifferent in the two formulations and are
given by a vector pointing to one chosen position in the rod. This position should
be chosen depending on wether or not the rod is constrained in some, or all, of
the translational coordinates. The vector of translational coordinates is:
Definition 2.10 The vector (the ith vector) ri locates the position of one point
in the rod. It is defined as
vi (σi ) = σi ni + (1 − σi )nj ,

(2.6)

which is a convex combination of the two nodes of the ith rod. Now, choose a
constant σi ∈ [0, 1], so that ri = vi (σi ) is a fixed point in the rod.
Two illustrative examples would be the choices σi = 0 and σi = 1 giving ri = ni
and ri = nj respectively. We have introduced this general definition to describe
a variety of constrained systems in an embedded manner without having to use
augmented formulations with more coordinates than strictly necessary.

2.1.4

Mathematical Preliminaries

The skew-symmetric representations become important in the following derivations of the equations of motion due to the use of cross products. A skewsymmetric matrix is defined:
Definition 2.11 (Fossen, 2002) A matrix S ∈ SS(n), that is the set of skewsymmetric matrices of order n, is said to be skew-symmetrical if:
S = −ST .

(2.7)

This implies that the off-diagonal elements of S satisfy sij = −sji for i 6= j while
the diagonal elements are zero.
A skew-symmetric matrix is used in the definition of the vector cross product.
Definition 2.12 (Fossen, 2002) The vector cross product × is defined by
bi × ḃi = S(bi )ḃi ,
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where S ∈ SS(3) is:



0
−biz biy
0
−bix  ,
S(bi ) = −ST (bi ) =  biz
−biy bix
0




bix
bi = biy  .
biz

(2.9)

For a particle in a rod, the angular velocity is defined as ω = b × ḃ. Definitions
2.11 and 2.12 are related to the projection matrix, introduced here.
Definition 2.13 Denoting b̄i = bi /kbi k, the projection matrix P(bi ) is:
P(bi ) = I − b̄i b̄Ti .

(2.10)

The projection matrix is closely related to the skew-symmetric matrix
P(bi ) = −S2 (b̄i ) = S(b̄i )T S(b̄i ).

(2.11)

The projection matrix uses bi /kbi k to normalize parameters, which is essential
with respect to reducing/avoiding numerical drift in the DAE formulation having
algebraic constraint equations.
The following lemmas consider blockwise matrix inversion and proving of
positive definiteness using the Schur complement.
Lemma 2.1 (Based on Horn and Johnson, 1985) Let A ∈ Rn×n , B ∈ Rn×m ,
C ∈ Rm×n , D ∈ Rm×m be given. If A and D − CA−1 B are nonsingular, then
the matrix


A B
M=
,
(2.12)
C D
is nonsingular and its inverse equals

 −1
A + A−1 B(D − CA−1 B)−1 CA−1 −A−1 B(D − CA−1 B)−1
.
−(D − CA−1 B)−1 CA−1
(D − CA−1 B)−1

(2.13)

Proof. Multiplication of (2.12) and (2.13) gives identity.
Lemma 2.2 (Based on Horn and Johnson, 1985) Let A ∈ Rn×n , B ∈ Rn×m
and D ∈ Rm×m be given, and define the symmetric matrix M


A B
M=
.
(2.14)
BT D
Hence, the following three statements are equivalent:
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Statement 1:
M ≻ 0.

(2.15)

Statement 2:
A ≻ 0 and

D − BT A−1 B ≻ 0.

(2.16)

D ≻ 0 and

A − BD−1 BT ≻ 0.

(2.17)

Statement 3:

The matrices A, D, D − BT A−1 B and A − BD−1 BT are all denoted the Schur
complements of M.
Proof. Assume that the matrices of (2.16) are positive definite and define X =
−A−1 B. Then


 


A B I X
A
0
I 0
=
.
(2.18)
0 D − BT A−1 B
XT I BT D 0 I
The positive definiteness of the right hand side of (2.18) implies positive definiteness of M, because


I X
(2.19)
0 I
is nonsingular. The latter is easily seen since the above matrix is block uppertriangular with nonsingular sub-matrices on the diagonal. Now, assume the matrices of (2.17) to be positive definite and define Y = −D−1 BT . Then



 

A B I Y
A − BD−1 BT 0
I 0
=
.
(2.20)
0
D
Y T I BT D 0 I
The positive definiteness of the right hand side of (2.20) implies positive definiteness of M, because


I Y
(2.21)
0 I
is nonsingular. The latter is easily seen since the above matrix is block uppertriangular with nonsingular sub-matrices on the diagonal. Finally, by combining
the above two implications we find that (2.16) implies (2.17).
In the following sections, we present one DAE formulation, using a nonminimal number of system coordinates, and one ODE formulation, using a minimal number of system coordinates. Contributions from both external forces and
string forces also will be presented and discussed.
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Figure 2.2: Illustration of a rigid rod’s configuration in R3 using the DAE formulation. The system coordinates consist of translational coordinates, represented
by r, and rotational coordinates, represented by b.

2.2

Differential-Algebraic Equations of Motion

This section presents a deduction of the equations of motion for a single rigid
rod using a non-minimal number of system coordinates. An important aspect of
the presented formulation lies in the freedom to choose the position in the rod
to which the translational coordinates should point, and in constraining these
coordinates, partly or completely. The proposed formulation offers the advantage
of having no singularities and only affine mappings 2 . The price of choosing such
a formulation is that more coordinates than strictly needed are used and there is
a proclivity for numerical drift in the constraint equation. The proposed model
was first presented in Wroldsen et al. (2007a).
The vector of system coordinates, q ∈ R6 , consists of a vector of translational
coordinates, r ∈ R3 , defined in (2.6), and a vector of rotational coordinates
b ∈ R3 , defined in (2.5),
 
 
 
rx
bx
r
q=
,
r = ry  ,
b = by  .
(2.22)
b
rz
bz
All system coordinates are illustrated in 2.2.
2

An affine mapping between two vector spaces consists of a linear transformation followed
by a translation, i.e. x 7→ Ax + b.
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2.2.1

Kinetic Energy

Let σ ∈ [0, 1] be given. According to Definition 2.10, the vector of translational
coordinates r = v(σ), points to a fixed location in the rod, defined in (2.6).
Introducing the transformation
µ = σ + η/ℓ,

η ∈ [−σℓ, (1 − σ)ℓ] ,

(2.23)

we can describe any location inside the rod relative to r by the linear combination
of system coordinates
 

 r
v(µ) = v(σ + η/ℓ) = r + ηb = I ηI
,
b

η ∈ [−σℓ, (1 − σ)ℓ] .

(2.24)

Let a given density function ρ(µ) ≥ 0R having support in µ ∈ [0, 1] describe the
1
mass density along the rod, i.e. m = 0 ρ(µ) dµ > 0. The total kinetic energy is
given by:
1
T =
2

Z

0

1

1
ρ(µ) v̇(µ) v̇(µ) dµ =
2
T

 T
 
ṙ
ṙ
J̄(σ)
,
ḃ
ḃ

(2.25)

where
J̄(σ) = J(σ) ⊗ I3 ,


m f (σ)
J(σ) =
 0,
f (σ) J(σ)
Z (1−σ)ℓ
−1
f (σ) = ℓ
ρ(σ + η/ℓ) η dη,
J(σ) = ℓ−1

−σℓ
Z (1−σ)ℓ

ρ(σ + η/ℓ) η 2 dη.

(2.26)
(2.27)
(2.28)
(2.29)

−σℓ

The scalar function f (σ) is the coupling term between translational energy and
rotational energy. The scalar function J(σ) is the inertia term. Both these
functions depend on the choice of σ and mass distribution ρ(µ). Note that J(σ) 
0 because T ≥ 0 for all ṙ and ḃ. Indeed, for most practical mass distribution
functions ρ matrix J will be positive definite, a property that will be used later.
For example, consider an uniform distribution of mass along the rod, i.e. ρ(µ) =
m. The quantities f and J, expressed as a function of σ, are then
1
f (σ) = mℓ (1 − 2σ) ,
2
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1
J(σ) = mℓ2 1 − 3σ + 3σ 2 .
3

(2.30)
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In this case, one can verify that J(σ) has two imaginary roots so that
J(σ) > 0,

m−

m
f (σ)2
=
>0
J(σ)
4 (1 − 3σ + 3σ 2 )

for all σ ∈ [0, 1].

Using Schur complement (Lemma 2.2) this implies J ≻ 0.
P
Another example is the case of lumped masses, i.e. ρ(µ) = K
k=1 mk δ(µ−µk ),
PK
where k=1 mk = m and mk > 0, µk ∈ [0, 1] for all k = 1, . . . , K. The quantities
f and J, expressed as a function of σ, are
f (σ) = ℓ

K
X
k=1

mk (µk − σ),

J(σ) = ℓ

2

K
X
k=1

mk (µk − σ)2 .

Hence
J(σ) > 0,

2
m
(µ
−
σ)
k
k
k=1
m−
= m − PK
≥0
2
J(σ)
k=1 mk (µk − σ)
P
K

f (σ)2

for all σ ∈ [0, 1].

Note that for K > 1 and µk 6= µj for at least one j 6= k then m − f (σ)2 /J(σ) > 0.
For instance, with K = 2
m−

f (σ)2
ℓ2 m1 m2 (µ1 − µ2 )2
=
>0
J(σ)
J(σ)

for all µ1 6= µ2 and σ ∈ [0, 1],

in which case J ≻ 0. R
1
If we choose σ = 0 ρ(µ)µ dµ so that r coincides with the centre of mass of the
rod then f (σ) = 0. This leads to the well-known decoupling of the kinetic energy
in the translational and rotational components of a rigid body described by its
centre of mass. Whenever possible, a rod should be described by its centre of
mass whenever possible, with the main exception being the case when constraints
are present at points of the rod other than at the centre of mass.

2.2.2

Rotational Equations of Motion

Define the Lagrangian
L=T −V −


Jλ T
b b−1 ,
2

(2.31)

where T denotes the kinetic energy and V the potential energy. λ is the Lagrange
multiplier associated with the algebraic constraint kbk = 1. The rotational equations of motion are derived using the Euler-Lagrange equation
0=

d
∂ L − ∂b L − wb ,
dt ḃ
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giving
0 = J b̈ + f r̈ − tb + Jλb,

tb = −∂b V + wb .

(2.32)

The vector tb denotes the generalized forces acting on the rod written in the
coordinates of b, obtained as the sum of conservative forces due to potential
energy V , represented by −∂b V , and nonconservative forces, represented by wb .
From differentiation of the constant norm constraint of Definition 2.9 twice with
respect to time, we get
bT b̈ + kḃk2 = 0.

(2.33)

Using the differential equation of (2.32), explicitly dependent on the Lagrange
multiplier λ, and the second derivative of the algebraic constraint equation (2.33)
together yields the DAE:
 
 −1


J [f r̈ − tb ]
I b b̈
=−
.
(2.34)
bT 0
λ
kḃk2
The projection matrix (2.10)
P(b) = I − (bbT )/kbk2 ,
will now be used to get explicit expressions for b̈ and λ. From Lemma 2.1 it
follows that
−1



1
kbk2 P(b) b
I b
.
=
bT
−1
bT 0
kbk2
Multiplying (2.34) by the above matrix on the left we obtain an alternative form
for the equations of motion
b̈ = −J −1 P(b) (f r̈ − tb ) − (kḃk/kbk)2 b,
2

λ = (kḃk/kbk) − J

−1 T

2

b (f r̈ − tb )/kbk .

(2.35)
(2.36)

Note that in the above form the differential equation (2.35) does not explicitly
depend on the Lagrange multiplier λ. We choose to write the above result in the
form
M b̈ = −J −1 P(b)f r̈ + g(b, ḃ) + H(b) tb ,

(2.37)

where
M = I,
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H(b) = J −1 P(b),

g(b, ḃ) = −(kḃk/kbk)2 b.

(2.38)
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2.2.3

Completely Constrained Translational Coordinates

A special case of (2.37) appears when constraining r̈ = ṙ = 0. The rod then
rotates about a fixed position dictated by the choice of σ ∈ [0, 1]. The vector of
system coordinates reduces to b alone, and the equations of motion governing
the pinned rod become
M b̈ = g(b, ḃ) + H(b) tb ,

(2.39)

where M, g(b, ḃ) and H(b) are given in (2.38).

2.2.4

Partly Constrained Translational Coordinates

Before describing the translational dynamics of the rod, we note that it may also
be useful to “pin” some but not all components of the vector r to specific spatial
coordinates. This can be done by introducing a linear constraint on r through
the equation
D r = r̄,

(2.40)

where D ∈ Rr×3 is a matrix such that r = rank(D) < 3 and r̄ ∈ Rr is constant.
In this case, it’s always possible to solve the above linear constraint as (Skelton
et al., 1998)
r = D† r̄ + Ez,

(2.41)

where E is the basis of the null space of D, hence full column rank, and the reduced
coordinates z are free variables 3 . The rotational equations of motion (2.37) then
become
M b̈ = −J −1 f P(b)Ez̈ + g(b, ḃ) + H(b) tb ,

(2.42)

Without loss of generality one can assume that E is an orthonormal basis, i.e.,
ET E = I.

2.2.5

Translational Equations of Motion

The translational dynamics of the rod are derived in the reduced coordinates z
using the Euler-Lagrange equation
0=

d
∂ż L − ∂z L − wz ,
dt

3

The matrix E, until now representing the fixed inertial reference frame, will in the following
only be used to represent the basis of the null space of D.
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giving
0 = m z̈ + f ET b̈ − tz ,

tz = −∂z V + wz .

Analogous to the rotational dynamics, the vector tz denotes the generalized forces
acting on the rod written in the coordinates of z, obtained as the sum of conservative forces due to potential energy V , represented by −∂z V , and nonconservative
forces, represented by wz . An explicit expression for z̈ is then
h
i

m I − f 2 J −1 ET P(b)E z̈ = f (kḃk/kbk)2 ET b − J −1 ET P(b) tb + tz , (2.43)
obtained using (2.42).

2.2.6

Complete Equations of Motion

Define the configuration vector
 
z
q=
.
b

(2.44)

The equations of motion governing the dynamics of the rigid rod, found by combining (2.42) and (2.43), are:
M(q) q̈ = g(q, q̇) + H(q) tq ,

(2.45)

where
m I − f 2 J −1 ET P(b)E
M(q) =
f J −1 P(b)E


I
−f J −1 ET P(b)
,
H(q) =
0
J −1 P(b)


f (kḃk/kbk)2 ET b
g(q, q̇) =
,
−(kḃk/kbk)2 b
 
tz
tq =
.
tb





0
,
I

(2.46)
(2.47)
(2.48)
(2.49)

The unconstrained (free rod) case is obtained by choosing z = r and E = I.
The advantage of this formulation is that M(q) is nonsingular for all possible
configurations.
We now present a set of auxiliary lemmas to characterize some important
properties of the above equations of motion, (2.45), such as existence of solutions,
we present a set of auxiliary lemmas. Their properties will be instrumental in
achieving proper control design. The following sets will be used in the sequel.
Q = {(z, b) :

Q′ = {(q, q̇) :
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kbk = 1},

q = (z, b) ∈ Q,

(2.50)
ḃT b = 0}.

(2.51)
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Lemma 2.3 Let M(q), H(q), and g(q, q̇) be defined as in (2.46), (2.47) and
(2.48) with q = (zT , bT )T . The projection operator P : R3 → R3×3 such that
P(b) = I − (bbT )/kbk2 is continuously differentiable for all b 6= 0. Furthermore M(q) and H(q) also are continuously differentiable in Q and g(q, q̇) is
continuously differentiable in Q′ .
Proof. Note that for sufficiently small ǫ > 0 and any b 6= 0 and δb we have
(b + ǫδb )kb + ǫδb k−1 = bkbk−1 + ǫδb kbk−1 − ǫ bbT δb kbk−3 + O(ǫ2 ),
= bkbk−1 + ǫ P(b)kbk−1 δb + O(ǫ2 ),

where we have used ∂b kbk−1 = −bkbk−3 for all b 6= 0. Therefore
P(b + ǫδb ) = I − (b + ǫδb )kb + ǫδb k−2 (b + ǫδb )T ,


= P(b) + ǫ bδbT P(b) + P(b)δb bT kbk−2 + O(ǫ2 ).

In other words, for any δb


Db P(b)[δb ] = lim [P(b + ǫδb ) − P(b)] = bδbT P(b) + P(b)δb bT kbk−2 ,
ǫ→0

which proves that P(b) is differentiable for any b 6= 0. Because differentiability
of Db P(b)[δb ] with respect to b for all b 6= 0 depends mostly on differentiability
of P(b), then Db P(b)[δb ] is also continuous and differentiable so that P(b) is
continuously differentiable.
That M(q), H(q) and g(q, q̇) are continuously differentiable for all q ∈ Q
follows from the fact P(b) is continuously differentiable for all b 6= 0.
Lemma 2.4 Let J be defined by (2.27) and M(q) by (2.46). If J ≻ 0 then M(q)
is nonsingular for all q ∈ Q.
Proof. Matrix M(q) is block lower-triangular. Therefore it is nonsingular whenever its diagonal blocks are nonsingular. In this case, M(q) then is nonsingular
if and only if its first diagonal block
Σ = m I − f 2 J −1 ET P(b)E
is nonsingular. Note that q ∈ Q implies b 6= 0 so that P(b) is well defined and
that E is an orthonormal constant matrix, that is, it is full column rank and
ET E = I. Therefore
Σ = ET ΘE,

Θ = (m − f 2 J −1 )I + f 2 J −1 bbT /kbk2 .
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Because J ≻ 0 we have that J > 0 and m > f 2 J −1 ≥ 0. Therefore
Θ  (m − f 2 J −1 )I ≻ 0

=⇒

Σ = ET ΘE ≻ 0.

Hence M(q) is nonsingular.

Lemma 2.5 Let J be defined as in (2.27) and M(q), H(q), and g(q, q̇) be defined as in (2.46), (2.47) and (2.48) with q = (zT , bT )T . Assume that J ≻ 0.
Then M(q)−1 H(q) and M(q)−1 g(q, q̇) are continuously differentiable in Q and
Q′ , respectively.
Proof. From Lemma 2.4 it follows that M(q) is nonsingular and from Lemma 2.3
that M(q), H(q) and g(q, q̇) are continuously differentiable in Q, Q and Q′ ,
respectively.
With the above lemmas in hand, one can infer about local existence and
uniqueness of solutions to the equations of motion when tq (t) is assumed to be
a piecewise continuous function of t. This follows because all functions involved
are continuously differentiable in (q, q̇), hence locally Lipschitz. For that matter,
one may apply Theorem 2.2 in Khalil (1996). The following lemma asserts that
such solutions indeed respect the original nonlinear constraint (2.5).
Lemma 2.6 Consider the equations of motion (2.45). Let J be defined as in (2.27)
and M(q), H(q), and g(q, q̇) be defined as in (2.46), (2.47) and (2.48) with
q = (zT , bT )T . Assume that J ≻ 0 and that tq (t) : [0, T ] → R6−r is a piecewise
continuous function of t. If (q(0), q̇(0)) ∈ Q′ then for some 0 < τ ≤ T there
exists a unique solution (q(t), q̇(t)) ∈ Q′ to the differential equation (2.45) for all
t ∈ [0, τ ].
Proof. Local existence and uniqueness follow from the assumptions of tq and
smoothness of all other functions of (q, q̇). What remains to be proved is that
(q(t), q̇(t)) ∈ Q′ for all t ∈ [0, τ ]. In order to prove that note that
bT P(b) = 0

for any b 6= 0. Now multiply both sides of (2.45) by 0T bT on the left to
obtain
b(t)T b̈(t) + kḃ(t)k2 = 0,
which integrated with respect to time yields
Z t
b(s)T b̈(s) + kḃ(s)k2 ds = b(t)T ḃ(t) − b(0)T ḃ(0) = κ,
0
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where κ is constant for all t ∈ [0, τ ]. Because (q(0), q̇(0)) ∈ Q′ , κ = 0 so that
b(v)T ḃ(v) = b(0)T ḃ(0) = 0 for all t ∈ [0, τ ]. Now integrating once again with
respect to time
Z t

1
b(v)T ḃ(v) dv =
kb(t)k2 − kb(0)k2 = η,
2
0
where η is constant for all t ∈ [0, τ ]. Because q(0) ∈ Q then η = 0 so that
kb(t)k = kb(0)k = 1 for all t ∈ [0, τ ] which proves that (q(t), q̇(t)) ∈ Q′ for all
t ∈ [0, τ ].

The above lemma confirms that the constraint (2.5), which has been eliminated
from the constrained equations of motion derived from (2.31), is indeed satisfied
by the solutions of the unconstrained equations of motion (2.45). It also shows
that this property is preserved regardless of the forces tb , that will be used to
control the rod.

2.2.7

Affine Mapping from Coordinates to Nodes

The total number of nodes N in a single rod system depend on the number of
additional fixed node points in space with attached strings, denoted R. We define
the node matrix


(2.52)
N = n1 · · · nN ∈ R3×N .
The mapping between system coordinates q ∈ Rm to node positions is affine, of
the form
vec(N) = Φq + y,

(2.53)

with Φ ∈ R3N ×m being constant. The 3R lower elements of y ∈ R3N contain the
coordinates of the additional fixed points. The above relationship is illustrated
in Figure 2.2. Here the partial derivative of vec(N) with respect to q is simply
the constant matrix Φ itself. The affine mapping is in general of importance in
the control design.

2.2.8

Generalized External Forces

The matrix of external forces is defined


F = f1 · · · fN ∈ R3×N ,

(2.54)

and the contribution from external forces written in system coordinates is
w q = ΦT f ,

f = vec(F).

(2.55)

Note, due to (2.53), the mapping from external forces working on nodes to system
coordinates is affine.
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2.2.9

Generalized String Forces

The tensegrity structure described consists of N nodes and K rigid rods controlled
by the rest-lengths of M massless strings. The strings are assumed Hookean and
firmly attached to nodes on rods, or nodes fixed in space. Therefore, strings
are linear force elements with rest-length li0 and stiffness ki , i = 1, . . . , M . Such
strings can be associated with the potential function
(
M
X
0,
ksi k < ℓ0i ,
V =
Vi ,
Vi = 1
0 2
0
2 ki (ksi k − ℓi ) , ksi k ≥ li ,
i=1
where si denotes the string vector associated with the ith string, i.e., the vector
aligned with the string element. The force vector associated with the ith string
is 4
(
0,
ksi k < ℓ0i ,
ti = −∂si Vi =
(2.56)
−ki (ksi k − ℓ0i )k(si /ksi k), ksi k ≥ ℓ0i .
Without loss of generality, string vectors can be computed as linear functions
of the nodes of the structure. Let the matrix of string vectors be


S = s1 · · · sM ∈ R3×M ,

where the vector sk denotes the kth string in the structure. It is common practice
to define a constant connectivity matrix C ∈ RM ×N , in which the entry Cik is
‘−1’, ‘0’ or ‘1’ if the ith string eminates from, is not connected to, or terminates
at the kth node, respectively. It follows that
S = NCT .

(2.57)

As discussed in Section 2.2.7, the node vector is an affine function of system
coordinates, as seen in (2.53).
The Hookean assumption implies that the string stiffness is constant, so that
control action is achieved by changing the rest length of the strings. Hence we
introduce the scalar control inputs
ui = ki (ksi k − ℓ0i )k/ksi k ≥ 0,

i = 1, . . . , M.

(2.58)

Of course, for any si such that ksi k ≥ ℓ0i there exists a corresponding ui ≥ 0.
Conversely, for any ui ≥ 0 there exists
ℓ0i = ksi k(1 − ui /ki ).
4

Note that Vi is not differentiable at points where ksi k = ℓ0i , hence the “definition” of ∂b Vi .
Nevertheless, the integral of ti along any path is exactly Vi . Alternatively, one could have
defined ti as an external force wi directly into the equations of motion.

44

Differential-Algebraic Equations of Motion

Note that ℓ0i may be negative, which is not physically possible. However, in
practice, the use of sufficiently stiff strings, i.e. with ki → ∞, prevents such an
event from ever happening.
The main advantage of the above change of variable is that ti , as given
in (2.56), can be replaced by the simpler expression
ti = −ui si ,

ui ≥ 0,

(2.59)

which is linear on the scalar control variable ui that is subject to a positivity
constraint. This feature will be important when deriving the control algorithm
in the forthcoming sections. We assume that the strings can be made sufficiently
stiff and long to realize the control laws to be obtained.

2.2.10

Generalized Forces from Actuated Strings

The control inputs ti , i = 1, . . . , M of the previous section where computed
relative to the string vectors si , i = 1, . . . , M . To be incorporated into the
equations of motion, the generalized control forces tz and tb must be computed.
By definition
  
 X
 X
M 
M  T 
M
X
tz
−∂z V
−∂zT si ∂si Vi
∂z si
tq =
=
∂qT si ti .
=
=
=
t
i
tb
−∂b V
−∂bT si ∂si Vi
∂bT si
i=1

i=1

i=1

(2.60)

From 2.57 we have
si = NCTi ,
where Ci denotes the ith row of the connectivity matrix C. Using (2.53), we
obtain
si = (Ci ⊗ I3 ) vec(N) = (Ci ⊗ I3 )(Φ q + y),
from which
∂q si = (Ci ⊗ I3 ) Φ,
and, consequently,
tq = ΦT

M
X
i=1

(CTi ⊗ I3 ) ti .

(2.61)
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After the change of variables (2.59) we obtain
tq = −ΦT
= −ΦT
= −ΦT

M
X
(CTi ⊗ I3 ) si ui ,
i=1
M
X

(CTi ⊗ I3 )(Ci ⊗ I3 ) vec(N) ui ,

i=1
M
X
i=1

(CTi Ci ⊗ I3 )(Φ q + y) ui ,

(2.62)

which can be substituted in the equations of motion. Note that tq is still affine
on the transformed control vector u.

2.2.11

Complete System Description

The notation introduced here will simplify the system description. The results of
the previous sections imply that the equations of motion we wish to control can
be written in the compact form
M(q) q̈ = g(q, q̇) + H(q) tq ,

(2.63)

for some well defined configuration vector q. Let us combine (2.63) with the
explicit expression for tq of (2.62) and define the matrix


B(q) = (CT1 C1 ⊗ I3 )(Φ q + y) · · · (CTM CM ⊗ I3 )(Φ q + y) .
(2.64)

It is now convenient to rewrite the equations of motion in the form
M(q) q̈ = g(q, q̇) + H(q) ΦT [f − B(q)u] ,

u = (u1 , · · · , uM )T ≥ 0.

(2.65)

This notation emphasizes the dependence of the equations of motion on the transformed control input u, which is affine. Note, from (2.58), that in practice, the
control input is a function of actual string lengths, hence also of system coordinates, and string rest-lengths. The constraint on the control follows from the
discussion in Section 2.2.9. As put forth in Lemma 2.4, M(q) is well defined and
nonsingular when J ≻ 0.

2.3

Ordinary Differential Equations of Motion

This section presents a derivation of the equations of motion for a single rigid rod,
now using a minimal number of system coordinates. The freedom to choose to
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nj
φ
ni
θ

z

r
y
x

Figure 2.3: Illustration of a rigid rod’s configuration in R3 using our ODE formulation. The system coordinates consist of the translational coordinates, represented by r, and the rotational coordinates, represented by the two angles θ and
φ.

which position in the rod the translational coordinates should point, and potentially also to constrain these coordinates, is also afforded here. The proposed formulation has traditionally been used in implementing controllers for mechanical
systems, so numerous control designs are readily available. Another advantageous
property is that the number of system coordinates is minimal. One significant
drawback of this minimal realization is that there are as many singularities as rods
in the equations of motion. Another sacrifice is that coordinate transformations
include transcendental nonlinearities.
The vector of system coordinates, q ∈ R5 , consists of a vector of translational
coordinates, r ∈ R3 , and a vector of rotational coordinates β ∈ R2 ,

 
r
q=
,
β

 
rx
r = ry  ,
rz

β=

 
θ
.
φ

(2.66)

All system coordinates are illustrated in Figure 2.3. Using the available system
coordinates, the unitary vector b, pointing in the direction from ni to nj , defined
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in (2.5), is



cos θ sin φ
b =  sin θ sin φ  ,
cos φ

kbk = 1.

The derivative is ḃ = Wβ̇, where W = W(β) is


− sin θ sin φ cos θ cos φ
W =  cos θ sin φ sin θ cos φ  .
0
− sin φ

(2.67)

(2.68)

The matrix product WT W is

 2

sin φ 0
W W=
.
0
1
T

(2.69)

A major waekness of this formulation is that WT W is singular both if φ = 0 or
φ = π is a major weakness with this formulation, which will be pointed out in
the following section.

2.3.1

Kinetic Energy

Let a constant σ ∈ [0, 1] be given. One weakness of a minimal coordinate representation is that we cannot represent any point within the rod by a linear
combination of the configuration vector as we did in (2.24). The total kinetic
energy, in minimal coordinates, is
1
T = q̇T J(σ, q)q̇,
(2.70)
2
where the inertia matrix J(σ, q) is defined from its constant non-minimal equivalent J̄(σ)


I 0
J(σ, q) = TT J̄(σ)T,
T=
∈ R6×5 .
(2.71)
0 W
Rewriting J(σ, q) by computing the above product


mI3
fW
J(σ, q) =
.
f WT JWT W

(2.72)

Note, J(σ, q) is singular for both φ = 0 and φ = π. The practical implication then
is that we have to avoid configurations where φ = 0, or φ = π, in simulations and
when controlling tensegrity structures. To have well-defined equations of motion,
we assume in the following q ∈ Q, where Q is the set
Q = {(z, β) :
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φ ∈ (0, π)}.

(2.73)

Ordinary Differential Equations of Motion

2.3.2

Rotational Equations of Motion

Define the Lagrangian
L = T − V,

(2.74)

where T denotes the kinetic and V the potential energy. The rotational equations
of motion are derived using the Euler-Lagrange equation
0=

d
∂ L − ∂β L − wβ ,
dt β̇

giving
M(β)β̈ = −f WT r̈ + gβ (β, β̇) + tβ ,

tβ = −∂β V + wβ ,

(2.75)

where
T

M(β) = JW W,

gβ (β, β̇) =




−2J sin φ cos φθ̇ φ̇
,
J sin φ cos φθ̇ 2

 
t
tβ = θ .
tφ

(2.76)

The vector tβ denotes the generalized forces acting on the rod written in the
coordinates β, obtained as the sum of conservative forces due to the potential
energy V , represented by −∂β V , and nonconservative forces, represented by wβ .

2.3.3

Completely Constrained Translational Coordinates

A special case of (2.75) arises under the constraint r̈ = ṙ = 0. The rod then
rotates about a fixed point determined by the choice of σ ∈ [0, 1]. The coordinate
vector reduces to β alone, so the equations of motion then are
M(β)β̈ = gβ (β, β̇) + tβ ,

(2.77)

with M(β), gβ (β, β̇) and tβ as given in (2.76).

2.3.4

Partly Constrained Translational Coordinates

The constraint equations (2.40) and (2.41) enable us to pin components of r to
specific coordinates in space. Introducing the second derivative of (2.41) into
(2.75) gives
JWT Wβ̈ = −f WT Ez̈ + gβ (β, β̇) + tβ .

(2.78)

where M, g(b, ḃ) and H(b) are given in (2.76). E is an orthonormal basis,
meaning that ET E = I.
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2.3.5

Translational Equations of Motion

The translational dynamics of the rod are derived in the reduced coordinates z
as
0=

d
∂ż L − ∂z L − wz ,
dt

giving
mz̈ = −f ET Wβ̈ + gz (q, q̇) + tz ,

tz = −∂z V + wz ,

where
gz (q, q̇) = ET gr (q, q̇),
and

f sin θ sin φθ̇ 2 + 2f sin θ cos φθ̇φ̇ + f cos θ sin φφ̇2
gr (q, q̇) =  f sin θ sin φθ̇ 2 − 2f cos θ cos φ + f sin θ sin φφ̇2  .
f cos φφ̇2


In practice, this would select the rows of gr (q, q̇) relevant for the constrained
dynamics. Analogous to the rotational dynamics, the vector tz denotes the generalized forces acting on the rod written in the coordinates z, obtained as the
sum of conservative forces due to the potential energy V , represented by −∂z V ,
and nonconservative forces, represented by wz . An explicit expression for z̈ is

m I − f 2 J −1 ET W(WT W)−1 WT E z̈ =

− f J −1 ET W(WT W)−1 (gβ (q, q̇) + tβ ) + gz (q, q̇) + tz , (2.79)

obtained after using (2.78).

2.3.6

Complete Equations of Motion

Let the configuration vector be
 
z
q=
.
β

(2.80)

The equations of motion governing the dynamics of the rigid rod, found by combining (2.78) and (2.79), are given by
M(q) q̈ = H(q) (g(q, q̇) + tq ) ,
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where
mI − f 2 J −1 ET W(WT W)−1 WT E
M(q) =
f J −1 (WT W)−1 WT E


I −f J −1 ET W(WT W)−1
H(q) =
,
0
J −1 (WT W)−1


gz (β, β̇)
g(q, q̇) =
,
gβ (β, β̇)
 
t
tq = z .
tβ





0
,
I

(2.82)
(2.83)
(2.84)
(2.85)

The unconstrained (free rod) case can be obtained as a particular case of the
above result where
z = r,

E = I.

An auxiliary lemma is useful in characterizing the existence of solutions in
the above equations of motion, (2.45).
Lemma 2.7 Let J(σ, q) and M(q) be defined by (2.72) and (2.82) respectively.
If J ≻ 0 then M(q) is nonsingular for all q ∈ Q, defined in (2.73).
Proof. Matrix M(q) is block lower-triangular, therefore, it is nonsingular whenever its diagonal blocks are nonsingular. In this case, M(q) is nonsingular if and
only if its first diagonal block
Σ = m I − f 2 J −1 ET W(WT W)−1 WT E
is nonsingular. Note that q ∈ Q implies φ 6= 0, and φ 6= 0, so WT W is nonsingular. Further, E is an orthonormal constant matrix, meaning that it has full
column rank and ET E = I. Therefore
Σ = ET ΘE,

Θ = mI − f 2 J −1 W(WT W)−1 WT .

From Lemma 2.2 we see that Θ is the Schur complement of J(σ, q) (2.20).
J(σ, q) ≻ 0 is shown by using the other Schur complements (2.18), namely

JWT W ≻ 0,
m − f 2 J −1 WT W ≻ 0.
The above criteria hold since WT W ≻ 0 for all q ∈ Q and J ≻ 0. Therefore,
M(q) is nonsingular.
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2.3.7

Nonlinear Mapping from Coordinates to Nodes

In (2.52), the node matrix is defined as N ∈ R3×N . Here the mapping between
system coordinates and nodes is highly nonlinear, written in the form
vec(N) = Υ(q) + y,

(2.86)

with Υ(q) ∈ R3N containing transcendental nonlinearities of system coordinates.
This relationship is shown in Figure 2.3. Let the partial derivative of vec(N)
with respect to q be Φ(q) ∈ R3N ×m . This matrix also contains transcendental
nonlinearities of system coordinates.

2.3.8

Generalized Forces

The above mapping from system coordinates to node positions (2.86) contains
transcendental nonlinearities, so all generalized forces will be affected. The generalized external forces, first described in (2.55), are affected through the nonlinear
matrix Φ(q). All generalized string forces are affected by the above nonlinearities,
as can be seen from the analogous expression of (2.62),
T

tq = −Φ (q)

M
X
i=1

(CTi Ci ⊗ I3 )(Υ(q) + y) ui .

(2.87)

Both the matrix Φ(q) and the vector Υ(q) contain nonlinear functions of system
coordinates.

2.3.9

Complete System Description

The compact form presented in (2.63) also is valid with this formulation. Here,
the configuration vector q ∈ Rm is minimal. By using the explicit formula for tq
given in (2.87) we define the matrix


B(q) = (CT1 C1 ⊗ I3 )(Υ(q) + y) · · · (CTM CM ⊗ I3 )(Υ(q) + y) ,

(2.88)

being analogous to (2.88). Now, the resulting equations of motion can be written
M(q) q̈ = g(q, q̇) + H(q) ΦT (q) [f − B(q)u] , u = (u1 , · · · , uM )T ≥ 0. (2.89)
From the discussion of Section 2.3.1, the above formulation is singular for both
φ = 0 and φ = π. The mapping from system coordinates to node positions
of (2.86), contains transcendental nonlinearities and further complicates the description.
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2.4

Extension to General Class 1 Tensegrity
Structures

The formulations of Section 2.2 and 2.3 are extended to cope with general Class
1 tensegrity structures in a straightforward manner, and in the following we will
present elements from both formulations. The formulation of Section 2.2 will be
presented first, followed by the analogous formulation of Section 2.3.
The developed equations of motion of (2.65), or (2.89), can be extended to
cope with general Class 1 tensegrity structures in a fairly straightforward manner. Instead of presenting the detailed derivation of the equations of motion for
general Class 1 tensegrity systems, we limit ourselves to indicate the steps that
must be taken to undertake such generalization based on the previous sections.
Nevertheless, the results of such generalization including the control design will
be illustrated in Chapters 4, 5 and 6.
In Class 1 tensegrity structures no rods touch each other, so there are no extra
constraint to be taken into consideration beyond the ones already considered in
the previous sections. In fact, formally speaking, all that is needed is to derive
equations of motion for a Class 1 tensegrity system with K rods to define the
combined Lagrangian
K
X
L=
Lj ,
(2.90)
j=1

where each Lj is a Lagrangian function written for each rod j = 1, . . . , K as
in (2.31), or (2.74), and following the procedure outline in Section 2.2, or 2.3,
for enforcing the individual rod constraints and deriving the equations of motion.
After defining local configuration vectors qj , j = 1, . . . , K, we use the results
of Section 2.2.6, or 2.3.6, as appropriate to arrive at a system of differential
equations of the form
Mj (q)q̈j = gj (qj , q̇j ) + Hj (q) tqj ,

j = 1, . . . , K,

where Mj , Hj and gj are as defined in (2.46), (2.47) and (2.48), or (2.82), (2.83)
and (2.84), for the jth rod.
Under the assumptions of this thesis, where strings have no inertia, and therefore no associated dynamic equations, all the interaction between rods occur
through string forces (incidentally, our control inputs), which can be described
replicating the steps as described in Sections 2.2.9 and 2.2.10. Indeed, since the
development in Section 2.2.9 is relative to the matrix of nodes in the system N,
it is only necessary to augment N and C to contain all the nodes of the Class 1
tensegrity system. The same relationships developed in Sections 2.2.9 and 2.2.10
remain valid once an appropriate global connectivity matrix C, an augmented
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configuration vector
q = qT1 , · · · , qTK

T

∈ Rm ,

(2.91)

the associated mapping from system coordinates to node positions (2.53), or
(2.86), and vector y are constructed. Indeed, for a tensegrity system with M
strings, one should still obtain an expression for the generalized force on the form
presented in (2.62) and (2.64), or (2.87) and (2.88), where tq now reflects the
structure of the augmented configuration vector.

2.5

Concluding Remarks

In this chapter we have derived equations of motion governing the dynamics of
Class 1 tensegrity structures. These general derivations permit constraining any
point within the rod, partly or completely, to any position in space. This was done
in an embedded manner, ensuring the minimal number of coordinates possible
for the given formulation, DAE or ODE. By looking at the structure of (2.45)
and (2.81) and constructing the mass matrices to be block lower-triangular, we
first solved the translational motion and used the result to solve for the rotational
motion directly.
The DAE formulation uses six coordinates, a non-minimal number, to represent the configuration of a single rigid rod. The advantages of this formulation
are that the coordinate representation is nonsingular and that there are no transcendental nonlinearities, as the mapping between system coordinates and node
positions is affine, resulting in a better structure for the entire system. The drawbacks are minor, such as using six instead of five coordinates and the possibility
for problems related to numerical drift of algebraic constraint equations.
The ODE formulation uses five coordinates, a minimal number, to represent
the configuration of a single rigid rod. An advantage of this formulation is that
most control theories have been developed for systems described using ODEs.
The main drawback is that there are as many singularities as rods in the system, resulting in problems for systems having extensive motion and/or numerous
structural elements. Another drawback is that the introduced transcendental
nonlinearities between system coordinates and node positions give a more complicated mapping from force contributions.
The presented formulations do not take into account the possibility of collision
between structural elements in the equations of motion. Both rods and strings
represent physical obstacles to one another that should be considered carefully,
i.e. with respect to control. To our knowledge, no present models of tensegrity
structures take such constraints into account.
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Chapter 3

The Rigid Bar Cable Model
In general, the balance in the modelling of cable dynamics is between the level
of sophistication, or accuracy, and computational efficiency. Some applications
need real-time requirements, such as control systems and training simulators.
Johansen et al. (2006) pointed out that when neglecting the axial elasticity good
accuracy may be achieved for some cable systems.
In this chapter we approximate a physical cable by pinning together K inextensible thin rods into a chain structure; the result in the rigid bar 1 cable (RBC)
model. By using the dynamics already derived in Section 2.2 and introducing additional linear constraint equations, we pin rods together into a chain structure.
The resulting equations of motion have a mathematical structure identical to that
of Class 2 tensegrity structures. The advantageous properties of this formulation
are that singularities are completely avoided, and that all transformations are
affine. The most important property of this formulation, having 3K system coordinates, is that the size of the matrix that needs to be inverted for each iteration
of a numerical simulation procedure, is only K × K 2 . In traditional representations using a minimal coordinate representation (Euler angles), the corresponding
matrix is of size 2K × 2K. Further, traditional representations have singularities in the coordinate representations and transcendental nonlinearities in the
mappings from system coordinates to node positions. Hence, computation may
become more efficient by using the advantageous properties of the formulation to
be presented here.
Section 3.2 presents the derivations of the equations of motion with linear
constraint equations pinning rods together. Then, the mathematical structure is
exploited to procedure an efficient procedure for computing the system evolution.
1

The word ”bar” is used instead of ”rod” in order to be consistent with the community at
SINTEF and NTNU on modelling of cables.
2
In fact, the mass matrix itself is constant and can be inverted off-line.
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In Sections 3.3 and 3.4, the numerical simulations of the RBC model are compared
with both the commercial finite element method (FEM) software ABAQUS and
with experimental results, showing good agreement. A procedure for choosing
a suitable number of elements in the model to be simulated, based on enforced
input frequency to the system and the length of individual rod elements, hence
also eigenfrequency, is presented in Section 3.5.
The ideas elaborated on in this chapter were first initiated in cooperation with
Vegar Johansen. Model verification has been done by comparing the proposed
model with experimental results and ABAQUS simulations provided by Vegar
Johansen and Dr. Østen Jensen respectively. The proposed model is based on
developments in de Oliveira (2005), Wroldsen et al. (2006b), de Oliveira (2006)
and Wroldsen et al. (2007a).

3.1

Brief Review of the Modelling of Cables

Inquiry into the dynamics of cable structures has a long history. Triantafyllou
(1984) presents an interesting historical review on this topic. He reports that
both Pythagoras (6th century B.C.) and Aristotle (3rd century B.C.) knew qualitatively the relation between frequency, tension and length of a taut wire. The
taut wire was first investigated due to the interest in musical instruments. In
1738 Bernoulli developed an expression for the natural frequencies of a hanging
cable, and Euler derived linearized equations of the transverse motion in 1781.
In marine technology, cable models have been used in numerous applications,
such as describing the behaviour of risers, mooring systems, towing arrays, tethered underwater vehicles, hanging loads and suspended cables. The multiplicity
of applications is why no theory can be universally applied.
Choo and Casarella (1973) presented a survey of the four most used methods
for studying cable dynamics, which are; 1) the method of characteristics, 2) the
finite element method (FEM), 3) the linearization method, and 4) the lumped
mass method. FEM probably is the most versatile method, but there certainly is
a market for other methods and tailor-made software for applications with special
requirements, such as in real-time.
There are many mathematical models available of cables and chains with only
one supported end. A short introduction to the developments within this field
follows.
Wignet and Huston (1976) presented the concept of pinning together a finite
number of rigid segments at nodes to model the dynamic behaviour of marine
cables. They used cartesian coordinates and rotational matrices to describe the
orientation of elements with respect to one another. They concluded that this
model was ”capable of simulating large, three-dimensional motions of flexible ca56
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bles” and that the area of application was ”simulation of long, heavy, towing and
hoisting cables”. Their concept has been developed further and also compared
with experimental results in Huston and Passerello (1979), Huston and Kamman
(1981), Huston and Kamman (1982), Sanders (1982) and Kamman and Huston
(1985).
The finite difference (FD) approximation has been extensively used to increase the computational efficiency of cable simulations. Ablow and Schechter
(1983) introduced a FD approximation to the differential equations of underwater cables. They reported an efficiency improvement by a factor of two compared
to the method of Sanders (1982). Milinazzo et al. (1987) presented a number of
modifications to the method of Ablow and Schechter (1983) for efficiency and stability in time integration. Developments on explicit and implicit finite difference
approximations were presented in Howell (1992). He stressed the importance of
bending stiffness for low-tension problems and favored the implicit method with
respect to efficiency and stability considerations.
Triantafyllou and Triantafyllou (1991) investigated the governing equations
for transverse motion of a hanging string and explained the paradox that no solution exists if the lower end is constrained in certain ways. The problem was
solved by including bending stiffness and obtaining the singular limit when bending stiffness approached zero. Wilson et al. (1992) discussed the numerical accuracy and computational efficiency of various chain models. They reported that
solutions can be sensitive to arithmetic roundoff, small variations in parameters,
initial conditions, integration method and integration tolerance. Further, they
compared the quality of Lagrangian and Newtonian formulations. Triantafyllou
and Howell (1993) used perturbation and numerical techniques to study hanging chains for demonstration of essential features, such as low tension response
and the transition from high to low tension behaviour. Triantafyllou and Howell
(1994) showed that the equations for a perfectly flexible cable become ill-posed
when tension becomes negative. They presented two solutions to make it a wellposed problem; 1) include higher order spatial derivatives than those associated
with the cable stiffness, or 2) include a bending stiffness term, even though it
was very small. Tjavaras et al. (1998) and Zhu et al. (1999) investigated highly
extensible cables and developed models based on the numerous findings presented
in the latest contributions of these authors. These models were demonstrated on
post-braking behaviour of synthetic cables and dynamic response of near surface
buoys.
Gatti-Bono and Perkins (2002) and Gatti-Bono and Perkins (2004) presented
some interesting results from modelling of fly casting dynamics. Their approach
was to first transform a nonlinear initial boundary value problem into a two-point
boundary value problem using FD in time, before linearizing and transforming
the resulting non-linear boundary value problem into an initial value problem in
57

3. The Rigid Bar Cable Model

space.
Johansen et al. (2006) presented a new model for the dynamics of inextensible cables. The equations of motion were derived from a spatially discretized
kinematic formulation of a PDE. The model showed good agreement with experimental results from forced oscillations of a hanging cable.
The results presented so far have mostly been on hanging cables used in marine towing operations. There also are many publications on suspended cables,
both sagged cables and taut strings. The elasticity is important in certain applications, and it is customarily divided into longitudinal modes, also denoted as
elastic modes, and modes that involve substantial transverse motion, denoted as
transverse modes (Burgess and Triantafyllou, 1988). Some important contributions are mentioned in the following.
Bendrettini and Rega (1987) used perturbation analysis to determine the
frequency response equation of a suspended cable. They obtained ODEs from the
extended Hamiltons principle. Perkins and Mote (1987) linearized the nonlinear
equations of motion about a known equilibrium configuration.
Both Bliek (1984) and Burgess (1985) studied the dynamics of suspended
cables immersed in water. Bliek (1984) confirmed through simulations the analytical solution of Trinatafyllou (1984). Burgess (1985) incorporated a tangential
elastic traveling wave solution to the dynamics of shallow sag cables to determine
sources of large dynamic tension. Papazoglou and Mavrakos (1990) pointed out
the large differences in the in-air-response and in-water-response of cables. Cables
submerged in heavy fluids tend to be dominated by their elastic stiffness. Their
contribution provides numerical simulations and experimental results. Triantafyllou and Yue (1995) studied the forced dynamic response of shallow sag catenaries
made from highly extensible ropes exhibiting hysteretic damping. Chang et al.
(1996) used Monte-Carlo simulations in their investigation of the nonlinear coupling between in-plane and out-of-plane motion, in the neighborhood of internal
resonance, of suspended cables.
There are many commercial FEM software codes, e.g. RIFLEX (Fylling et al.,
1995), ANSYS (ANSYS Theory Reference, 2003) and ABAQUS (ABAQUS Theory Manual, 2003). Aamo and Fossen (2001) reported that general purpose software applications usually are slower than software tailored for specific applications, such as the computation of results in real-time applications. Aamo and
Fossen (2001) derived PDEs of motion for suspended cables in water before discretizing the equations into finite elements. Their model was used to describe
position mooring (PM) of marine vessels. Turkyilmaz (2004) derived the equations of motion (PDEs) for towed cables (seismic cables) in water and discretized
the equations using FD and FEM. The derived equations were used for control
of boundary conditions in seismic cables. Fard and Sagatun (2001) designed a
boundary control law, stabilizing the transverse vibration of a beam, described
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Figure 3.1: Illustration of a RBC model excited by the prescribed motion of r1 .

using PDEs. Sagatun et al. (2002) presented a simulator describing the behaviour
and interaction between two marine risers. The interactions were described using
computational fluid dynamics (CFD). The code was embedded into commercial
FEM software codes.
Choo and Casarella (1973), Irvine (1981),Triantafyllou (1984), Triantafyllou
(1987), Leonard (1988) and Triantafyllou (1991) all present reviews of developments up to the 1990s.

3.2

Dynamics of the Rigid Bar Cable Model

This section presents preliminary assumptions, choice of system parameters and
coordinates, introduction of constraint equations, deduction of complete equations of motion, notes on efficient implementation and a discussion on numerical
stability in systems described using DAEs. The theory is closely related to the
derivations of Section 2.2.
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3.2.1

Preliminary Assumptions

The preliminary assumptions about the RBC model are; 1) rods are made from
an axially inextensible material, and are therefore rigid, 2) rods are pinned together at nodes with frictionless ball-joints, resulting in no stiffness or damping
in bending, torsion or shear, 3) rods are thin, hence rotational motion about the
longitudinal axis is neglected, and 4) all rods have a uniform mass distribution.
The uniform mass distribution gives a constant density, namely ρi = mi /ℓi .
We choose to describe the position of each rod, using the vector ri , pointing at
the at the first node, giving σi = 0 for i = 1, · · · , K. From (2.30) the above
assumptions gives
1
f i = m i ℓi ,
2

1
Ji = mi ℓ2i .
3

(3.1)

As fi is nonzero, the model contains the energy coupling between translational
and rotational coordinates.

3.2.2

Constrained Coordinates

From Section 2.2, the non-minimal coordinate representation of a single rigid
rod, lets say the ith rod, is represented by the vector of translational coordinates
ri ∈ R3 and the vector of orientational coordinates bi ∈ R3 .
Figure 3.1 illustrates the RBC model with all system coordinates. The first
position vector of this chain system, r1 , is considered an input. The prescribed
motion of this first position vector is creating an excitation force on the system.
All other position vectors, namely ri , i = 2, . . . , K, are used to describe the
system dynamics. They are described implicitly using r1 and a number of the
orientation vectors bi , i = 1, . . . , K − 1. This is expressed in the constraint
equations:
ri = r1 +

i−1
X

ℓj bj ,

i = 2, . . . , K.

(3.2)

j=1

Hence, when considering the first position vector as an input, the orientation vectors are sufficient to describe the entire behaviour of the system. The coordinates
necessary to describe the system, q ∈ R3K , and the Lagrange multipliers from
the constant rod length constraints, λ ∈ RK , are
 
 
b1
λ1
 .. 
 .. 
q =  . ,
λ =  . ,
(3.3)
bK

respectively.
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3.2.3

Kinetic Energy, Potential Energy and Lagrangian

The kinetic energy of a single rigid rod is given by (2.25). The kinetic energy of
the ith rod in a chain is
1
1
Ti = mi rTi ri + fi rTi bi + Ji bTi bi ,
(3.4)
2
2
where the expression for ri from (3.2) is embedded. The system is assumed to
be in a conservative field, here the gravitational field, described by the scalar
potential function V. The general expression for the potential energy of the ith
rod is
Z 1
Vi = g
ρi (µ)v(µ)T ez dµ.
(3.5)
0

R3

ez ∈
is a unit vector in positive z-direction. The assumption of uniform mass
distribution ρi (µ) = ρ gives a centre of gravity at the centre position of the rod.
From (2.23), the mapping µ = σi + η/ℓi . Using these assumptions the potential
energy of the ith rod is
Z ℓi
Vi = ρi g
(ri + ηbi )T ez dη.
(3.6)
0

With ri from (3.2) substituted, it is


Vi = mi g r1 +

i−1
X
j=1

T

1
ℓj bj + ℓi bi  ez .
2

(3.7)

The generalized forces are defined as the partial derivatives of the potential energy
with respect to the coordinates:


K
X
∂Vi
1
fbi = −
= −  m i ℓi +
mj ℓi  gez .
(3.8)
∂q
2
j=i+1

The complete kinetic and potential energies of this chain system are
T =

K
X

Ti ,

i=1

V =

K
X

Vi ,

(3.9)

i=1

and the Lagrangian is
L=

K 
X
i=1



1
T
Ti − Vi − Ji λi bi bi − 1 .
2

(3.10)

Note the algebraic constraint equation of constant rod length in (3.10).
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3.2.4

Complete Equations of Motion

The complete embedded equations of motion for this chain system are found from
the Euler-Lagrange equation
0=

d
∂q̇ L − ∂q L.
dt

(3.11)

Given the mass and length of each individual rod, mi and ℓi , i = 1, . . . , K,
the governing equations of motion for a chain of thin rigid rods, with one end
constrained to follow the prescribed motion of the vector r1 , are written on the
form

   
M̄ Y q̈
u
=
.
(3.12)
YT 0
λ
y
The constant mass matrix, M̄ ∈ R3K×3K , is
M̄ = M ⊗ I3 ,
with
P
P
P

J1 + K
mi f 2 + K
mi f 3 + K
i=2
i=3
i=4 mi
f2 + PK mi J2 + PK mi f3 + PK mi
i=3

Pi=3
PK
Pi=4
K
K

M = f3 + i=4 mi f3 + i=4 mi J3 + i=4 mi

..
..
..

.
.
.
fK
fK
fK


. . . fK
. . . fK 

. . . fK 
.
.. 
..
. . 

(3.13)

. . . JK

The Jacobian of the K constant bar length quadratic constraint equations, Y =
Y(q) ∈ R3K×K , is


J1 b1
0
...
0

.. 
.
 0
J2 b2 . .
. 

.
Y= .
(3.14)

.
.
.
.
.
 .
.
.
0 
0
...
0 JK bK
The enforced prescribed acceleration r̈1 and environmental forces fq enter the
system through u = u(fq , r1 ) ∈ R3K ,
  

P
fb1
f1 + K
i=2 mi
P
 fb  f + K m 
i
 2  2
i=3
u= . −
(3.15)
 ⊗ r̈1 .
.
.
.
 .  

.
fbK
fK
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The vector y = y(q̇) ∈ RK contains elements from the differentiation of the
constant bar-length quadratic constraint equations twice

−ḃT1 ḃ1


..
y=
.
.


(3.16)

−ḃTK ḃK

An explicit expression for the accelerations of the non-minimal coordinates, q̈,
given in (3.12), is

q̈ = M̄−1 − M̄−1 Y(Y T M̄−1 Y)−1 Y T M̄−1 u + M̄−1 Y(Y T M̄−1 Y)−1 y.
(3.17)
Also an explicit expression for the vector of Lagrange multipliers, λ, is
λ = (Y T M̄−1 Y)−1 Y T M̄−1 u − (Y T M̄−1 Y)−1 y.

(3.18)

The Lagrange multipliers give the internal force density of each individual rod.
The above explicit expressions are found using Lemma 2.1.

3.2.5

Efficient Implementation

The RBC model, represented by (3.17) and (3.18), has a favorable structure that
may be taken advantageously used to compile an efficient algorithm for numerical
simulations. de Oliveira (2005) presents results on constrained systems of rods,
and notes for efficient implementation. The RBC model is a special case of his
general results. From (3.13) and (3.14), M̄ and Y have the structures
M̄ = M ⊗ I,



Y = J1 e1 ⊗ b1 · · · JK eK ⊗ bK ,

where ei ∈ RK is a unitary vector with only one nonzero entry, in position i.
Reshape the information in u ∈ R3K of (3.15) into U ∈ R3×K

and compute



U = u1 · · · uK ,

u = vec(U),



V = v1 · · · vK = UM−1 .
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The product t = Y T M̄−1 u is written
t = Y T M̄−1 u


J1 eT1 ⊗ bT1


..
−1
=
 (M ⊗ I)u
.
JK eTK ⊗ bTK


J1 eT1 ⊗ bT1



..
−1
=
 vec UM
.
JK eTK ⊗ bTK


J1 bT1 Ve1


..
=

.
JK bTK VeK


J1 bT1 v1


..
=
.
.

(3.19)

JK bTK vK

Reshape the information of Y ∈ R3K×K into B ∈ R3×K


B = J1 b1 · · · JK bK .
The product W = Y T M̄−1 Y is

W = Y T M̄−1 Y


J1 eT1 ⊗ bT1




..
−1
=
 (M ⊗ I) J1 e1 ⊗ b1 · · · JK eK ⊗ bK
.
JK eTK ⊗ bTK

 2 T −1
· · · J1 JK eT1 M−1 eK bT1 bK
J1 e1 M e1 bT1 b1


..
=

.
J1 JK eTK M−1 e1 bTK b1 · · ·

2 eT M−1 e bT b
JK
K K K
K

= M−1 ⊙ BT B.

(3.20)

The operator ⊙ denotes an element-wise multiplication of all entries in the two
matrices, namely the Hadamard, or Schur, product. Note, W−1 ∈ RK×K is
needed to find the Lagrange multiplier. The small size of this matrix reduces
simulation time. The Lagrange multiplier is written using the computed vectors
and matrices and y of (3.16)
λ = W−1 (t − y).
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Reshape the information of the product Yλ ∈ R3K into R ∈ R3×K


R = J1 λ1 b1 · · · JK λK bK ,
r = vec(R).
The final dynamics can now be computed
q̈ = M̄−1 (u − Yλ)

= (M−1 ⊗ I)(u − Yλ)

= vec(UM−1 ) − (M−1 ⊗ I)Y λ


= vec(V) − (M−1 ⊗ I) J1 e1 ⊗ b1 · · · JK eK ⊗ bK λ
= vec(V) − (M−1 ⊗ I)

K
X
i=1

Ji λi ei ⊗ bi

= vec(V) − (M−1 ⊗ I) r
= vec(V − RM−1 ).

3.2.6

(3.22)

Numerical Stability in Simulations

The inherent numerical instability of systems described using DAEs is well known,
see Petzold (1982), Tarraf and Asada (2002) and Dam (1992). Ihle et al. (2006)
present a fascinating approach to formation control using a well known procedure
for numerical stabilization of DAEs. In general, we make use only of the initial
conditions and information available in the second derivative of the constraint
equations. The system is therefore critically stable, having two poles at the
origin. Hence, numerical round off errors in computers introduce a disturbance
to the system that could make the simulation blow up in finite time. We sketch
three ways to deal with this potential problem.
Monitor and Correct Simulation Step
The simplest approach would be to keep track of the numerical drift by monitoring
the evolution of constraint equations throughout the simulations. This would help
to provide information about the correctness of the simulations. In simulations
where the numerical drift exceeds some criteria, one could elect whether to run
the simulation with reduced simulation step-length, or try another solver.
Numerical Update of Constraints
Another approach, giving some overhead in simulation time, would be to correct
the numerical drift for each simulation step, or periodically, throughout the simulation. The correction procedure would be to normalize the length of all bi ,
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i ∈ [1, · · · , K] (related to the constraint equation):
bi ← bi /kbi k,

(3.23)

and further correct the angle between bi and ḃi (related to the derivative of the
constraint equation):
ḃi ← ḃi − bTi ḃi bi .

(3.24)

The numerical correction procedure is promising, but could introduce noise into
the system. The procedure does not interfere with the solver.
Continuous Stabilization of Errors
Motivated by Ihle et al. (2006), we outline a third approach which entails creating
a correction procedure by introducing the exponentially stable error dynamics
for each of the algebraic constraint equations. The exponentially stable error
dynamics are illustrated on the ith algebraic constraint equation, denoted by Ci :
C¨i = −kpi Ci − kdi C˙i ,

i = 1, · · · , K.

(3.25)

2 and k = 2ζ ω , where ω is the natural
A usual choice would be to set kpi = ωoi
i oi
oi
di
frequency and ζi the damping ratio of this second order system. Such a procedure
would only change the entries of the vector y to be

 
y = (y1 , · · · , yK )T . (3.26)
yi = −Ji ḃTi ḃi + kd bTi ḃi + kp bTi bi − 1 /2 ,

This numerical stabilization approach would assimilate all information available
in the enforced constraint equations. The choice of gains could render the system more stiff, which again could increase simulation times. Another possible
consequence is that non-physical dynamic effects that are enforced by the continuous stabilization could affect the system dynamics itself and lead to unnatural
dynamic behaviour of the entire system.

3.3

Model Verification

This section presents the details of the experimental setup, the numerical models
used in simulations, the excitation signals and the measures of model quality.

3.3.1

Experimental Setup

Experiments were conducted at the Marine Cybernetics Laboratory (MCLab)
located at NTNU by Vegar Johansen and first presented in Johansen et al. (2006).
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Carriage
x

y

Rope
Camera

Camera

Figure 3.2: Illustration of the experimental set-up. A rope was mounted on a
carriage that could move in the xy-plane. The three-dimensional position of 10
light markers were continuously measured by two high-precision cameras. From
Johansen et al. (2006).

The experimental set-up was motivated by Howell and Triantafyllou (1993). A
rope with low bending stiffness and large mass per unit length was hung in a
carriage and subsequently excited. Moreover, a small weight was attached at the
bottom end of the rope to avoid snap motions. Ten markers of negligible mass
were attached to the rope. The position of these markers were measured in real
time with two infrared cameras, Qualisys ProReflex Capture Unit 120. Figure 3.2
illustrates the setup. The position of the carriage was measured by its internal
positioning system.
The fixation at the top of the rope, ensured that no bending stiffness was
introduced at the fastening point. The bottom load was symmetrically shaped
around the rope’s axis. The rope was made from braided nylon with small lead
weights clamped onto it, evenly distributed over the length. The axial strain was
relatively small and consequently was neglected. Key data from the experimental
set-up is shown in Table 3.1.
The ten markers mounted to the rope had a diameter of 0.015 m. The rope
was threaded through a hole pierced in the centre of each marker. The positions
of the markers are listen in Table 3.2.

3.3.2

Conducted Experiments and Simulations

Both experiments and simulations were performed with in-line y-axis and circular xy-plane excitations from the carriage. The experiments had 30 s and the
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Table 3.1: Key data from the experimental set-up. From Johansen et al. (2006).
Property
Sampling rate position of markers
Sampling rate position of carriage
Time of excitation
Length of fastening arrangement
Length of rope
Length of bottom load
Weight of fastening arrangement
Weight of rope
Rope outer diameter (incl. lead weights)
Weight of bottom load
Accuracy of marker position measurements

Value
10 Hz
100 Hz
30 s
0.13 m
2.75 m
0.05 m
0.0506 kg
0.165 kg
0.006 m
0.0513 kg
±10−3 m

Table 3.2: Position of markers measured from the top of the rope. From Johansen
et al. (2006).
Marker no.
1
2
3
4
5

Position s [m]
0.50
0.75
1.00
1.25
1.50

Marker no.
6
7
8
9
10

Position s [m]
1.75
2.00
2.25
2.50
2.75

simulations has 45 s of excitation and recording of the markers’ positions.
In-Line Excitation
The system was excited with an in-line sinusoidal motion of the carriage. The
excitation amplitude was 0.10 m peak-to-peak at frequencies ranging from 0.05 Hz
to 1.20 Hz. Johansen et al. (2006) reported problems with the carriage’s control
system that caused initial transients in the excitations. Consequently, slow initial
drift was superimposed on the harmonic excitations.
Circular Excitation
Circular excitations in the horizontal plane were performed at frequencies between
0.10 Hz and 1.10 Hz, with peak-to-peak amplitude along each of the axes of 0.10
m. Also here, slow initial drifts were observed for the excitation signals.
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3.3.3

Example Numerical Models

The RBC and ABAQUS models, used in the verification with experiments, were
both built using 13 thin rigid rod elements. From the top of the cable model, the
fixation length was 0.13 m, all cable elements were 0.25 m long, and the bottom
load was 0.05 m long. The corresponding masses of these three types of elements
were 0.0506 kg, 0.0129 kg and 0.0513 kg.
The ABAQUS model used Timoshenko beam elements of type B32H, a threenode element with a consistent mass matrix for translational degrees of freedom
and a lumped mass matrix for rotational and coupled degrees of freedom. When
the exact formulation is used, any offset between the beam’s node and the centre
of mass for the cross-section will produce coupling between the rotational and
translational degrees of freedom in the mass matrix for each element. The beam
elements were linked using connector elements of type CONN3D2. The connector
elements had zero bending stiffness and infinite axial stiffness. Hence, they acted
as frictionless ball joints between the beam elements. The magnitude of inertia
and external loads were small compared to the axial and bending stiffness of
the beam elements. Hence, all deformation occured as rotation in the connector
elements (ABAQUS Theory Manual, 2003).

3.3.4

Measures of Model Quality

Model accuracy is assessed both with respect to oscillation amplitudes and frequencies of nodes along the cable. Johansen et al. (2006) used maximum response
amplitude (MRA) plots of node motions at different cable excitations which gave
a good understanding of the spatial responses. Østen Jensen has developed plotting routines that use power spectral density (PSD) plots of node motions at
different cable excitations and give a good overview of the frequency behaviour.

Maximum Response Amplitudes
The markers (nodes) are assumed to reach their MRAs during the period of
excitation. The MRA of marker i is defined as the maximum recorded peak-topeak distance of two successive peaks, denoted Ai . The results are presented in
terms of in-plane (IP) and out-of-plane (OP) MRAs. Relative amplitude is used
in plots of data. That is, the MRA amplitude of one specific marker is divided by
the maximum input amplitude (MIA), defined as the peak-to-peak amplitude of
the excitation signal. In the in-plane direction this would be AIL /uIL . Johansen
et al. (2006) present a through introduction of this measure.
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Figure 3.3: PSD plots from experiment (blue), ABAQUS model (black) and RBC
model (red) of in-plane response of marker 10 from in-line excitations with 0.10 m
peak-to-peak amplitude and frequency 0.7 Hz.

Power Spectral Densities
For both simulations and experiments the PSDs of all markers (nodes) have been
generated over the entire range of enforced input excitation frequencies. Consider
now the PSDs of just one marker for all runs, meaning the entire set of input
frequencies. In our frequency plots, presented below, we choose certain peaks of
the PSDs from two criteria, one local, and one global. The largest peak from each
individual run is automatically picked. The local criterion, meaning a criterion
for each run, is that all peaks being above some locally chosen threshold, say
10 % of the largest peak in the same run, are also picked. The global criterion,
meaning a criterion for all runs, is that all peaks being above some globally chosen
threshold, say 1 % of the largest peak among all runs, are also picked. Figure
3.3 shows the PSD-plot from the in-plane response of marker 10 from an in-line
excitation of frequency 0.70 Hz.

3.4

Results from Model Verification

The results of the motions of marker 5 and 10 have been used in our evaluations
of this example RBC model that has 13 rigid rod elements.
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3.4.1

Results from In-Line Excitations

The motion of ten markers have been observed and compared between experiments and numerical simulations. This section presents the general observations
and then describes the motion of marker 10 and marker 5 in detail. The in-line
excitations all have a peak-to-peak amplitude of 0.10 m and input frequencies in
the range of 0.05-1.20 Hz.
The first eigenfrequency is reached at about 0.30-0.35 Hz, while the second
eigenfrequency is reached at about 0.80-0.95 Hz. Both the RBC and the ABAQUS
model match these eigenfrequencies accurately, but tend to slightly over-predict
the MRAs. Although the cable was excited in the in-line direction, a whirling
motion of the cable evolved gradually during the period of excitations about the
first and second mode. The cause of this phenomenon is out-of-plane excitations
from disturbances on the carriage, and in experiments also viscous air drag. This
whirling motion phenomenon was captured well by both the RBC and ABAQUS
model. The out-of-plane results have shown to be sensitive to the characteristics
of the noise.
The RBC model matched both experiments and ABAQUS accurately for most
runs, an exception being the case of highest excitation frequency of 1.20 Hz. The
motion of the lower elements became violent at this excitation frequency probably
because it was at the eigenfrequency of the individual rod elements in the model,
as discussed further in the next section.
Johansen et al. (2006) presented a linearized cable model predicting the first
eigenfrequency in the range about 0.33 Hz. This corresponds to the observations from experiments and simulations. Further, they predicted a second eigenfrequency around 0.73 Hz and a third eigenfrequency around 1.14 Hz. Both
experiments and simulation models show a second eigenfrequency in the range
from 0.80-0.95 Hz, and no third eigenfrequency within the frequency range below
1.20 Hz.
Marker 10
The in-plane MRAs of marker 10 are shown in Figure 3.4(a). The MRAs about
the first eigenfrequency are significantly larger than those about the second eigenfrequency. The main peaks of the PSD-plots of the in-plane responses of marker
10 are shown in Figure 3.4(b). The observed trend is that the response consists of;
1) one frequency equal to the input frequency, 2) one frequency equal to the first
eigenfrequency (0.30 Hz) present from about 0.20 Hz, and 3) one frequency equal
to the second eigenfrequency (0.90 Hz) present from about 0.65 Hz. There are
some small deviations between experiments and simulations in the range about
the second eigenfrequency, but the overall results are good.
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The out-of-plane MRAs of marker 10 are shown in Figure 3.5(a). About the
first eigenfrequency the out-of-plane MRAs are relatively small compared with
the in-plane MRAs. At the second eigenfrequency the out-of-plane MRAs are
significantly larger and match the values of the in-plane MRAs. The MRAs
about the first eigenfrequency is here significantly smaller than those about the
second eigenfrequency. The main peaks of the PSD-plots of the out-of-plane
responses of marker 10 are shown in Figure 3.5(b). The experiments show peaks
about the first and second eigenfrequencies, while both simulation models only
show peaks about the second eigenfrequency. The selection of peaks to be plotted
depends on the limits set in the algorithm, both with respect to the local and the
global criteria.
Marker 5
The in-plane MRAs of marker 5 are shown in Figure 3.6(a). The value of the
MRAs are similar for the first and second eigenfrequency. The main peaks of the
PSD-plots of the in-plane response of marker 5 are shown in Figure 3.6(b). The
trend is similar to that observed for marker 10. Here, the second eigenfrequency
response (0.90 Hz) is present from a lower frequency, about 0.55 Hz. Further,
the first eigenfrequency response is absent in the frequency range 0.75-1.00 Hz,
when the input frequency is close to both the output frequency and the second
eigenfrequency. The overall match between simulation models and experiments
is good.
The out-of-plane MRAs of marker 5 are shown in Figure 3.7(a). The MRAs
about the second eigenfrequency have much larger values than those about the
first eigenfrequency. The simulation models match experiments well, except from
some deviations about the second eigenfrequency. The peaks of the PSD-plots of
the out-of-plane response of marker 5 are shown in Figure 3.7(b). The trend is
similar to that experienced for marker 10. Both simulation models capture only
the peaks about the second eigenfrequency.
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(b) The main peaks of the PSD-plots at specified frequencies.

Figure 3.4: Results of the in-plane responses of marker 10 due to in-line excitations.
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Figure 3.5: Results of the out-of-plane responses of marker 10 due to in-line
excitations.
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Figure 3.6: Results of the in-plane responses of marker 5 due to in-line excitations.
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Figure 3.7: Results of the out-of-plane responses of marker 5 due to in-line excitations.
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3.4.2

Results from Circular Excitations

This section follows the same procedure as that of 3.4.1, now with circular excitations. Having peak-to-peak amplitudes of 0.10 m at input frequencies in the
range 0.10-1.10 Hz.
The overall results are in accordance with our observations from in-line excitations. The first eigenfrequency is reached at about 0.30-0.35 Hz, while the
second eigenfrequency is reached at about 0.95-1.05 Hz. Both models seem to
slightly over-predict the MRAs. The RBC model shows some discrepancy with
respect to experiments predicting the MRAs about the second eigenfrequency.
Marker 10
The in-plane MRAs of marker 10. are shown in Figure 3.8(a). Both simulation
models slightly over-predict the large amplitudes about the first eigenfrequency.
The RBC model does not match experimental results as good as the ABAQUS
model for MRAs about the second eigenfrequency. The MRAs of the first and
second eigenfrequencies are almost of same values, the first being slightly larger.
The main peaks of the PSD-plots of marker 10 for the in-plane responses
are shown in Figures 3.8(b). Also here, the trend consists of; 1) one frequency
equal to the input frequency, 2) one frequency equal to the first eigenfrequency
(0.30 Hz) present from about 0.20 Hz, and 3) one frequency equal to the second
eigenfrequency (0.90 Hz) present from about 0.70 Hz. In experiments, the first
mode apparently disappears in the range 0.80-1.10 Hz, where the input frequency
and the second eigenfrequency meet. The RBC model does not seem to capture
this phenomenon.
Marker 5
The in-plane MRAs of marker 5 are shown in Figure 3.9(a). Also here, the
simulation models slightly over-predict the MRAs. The RBC model shows in
general a good match, but has some deviations about the second eigenfrequency.
The values of MRAs about the second eigenfrequency are larger than those about
the first eigenfrequency, the converse of the observations from marker 10.
The main peaks of the PSD-plots of marker 5 for the in-plane responses
are shown in Figure 3.9(b). The main difference from the plot for marker 10
is that the plot for marker 5 shows a connection to the second eigenfrequency
(0.90 Hz) at a lower frequency, already at input frequency of 0.50 Hz. Another
observation is that the responses present from about the first eigenfrequency
vanish in experiments at input frequencies above 0.70 Hz. The experimental
results seem to agree better with the ABAQUS model than the RBC model on
this phenomenon.
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Figure 3.8: Results of the in-plane responses of marker 10 due to circular excitations.
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Figure 3.9: Results of the in-plane responses of marker 5 due to circular excitations.
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3.5

Simulation Properties vs. Number of Elements

The number of elements chosen in the RBC model significantly influences simulation time and numerical accuracy. This section presents the results of simulations
conducted with RBC models having from 13 to 121 elements.

3.5.1

Analogy to Pendulums

An analogy to pendulums having uniform mass distribution is used to relate the
eigenfrequency of individual elements to the excitation frequencies imposed on the
cable model. The governing equation of motion for such a pendulum, illustrated
in Figure 3.10, is
1 2
1
mℓ θ̈ = − mgℓ sin θ.
3
2

(3.27)

Assuming harmonic oscillations and relatively small angles (θ ≪ 1 ⇒ θ ≈ sin θ)
we find the eigenfrequency
r
1
ωn
1 2 2
3g
− mℓ θωn = − mgℓθ, ⇒
ωn =
,⇒
fn =
.
(3.28)
3
2
2ℓ
2π
Only three different element lengths are being used in each individual cable model.
In the model having 13 elements they are: 0.13 m for the first element (the fastening arrangement), 0.25 m for elements 2 to 12 (the cable elements), 0.05 m
for element 13 (the bottom load). All elements of the above model, except the
bottom load, are divided into 2,3,4,5,6,7,8,9 and 10 elements of equal length,
creating models having 25, 37, 49, 61, 73, 85, 97, 109 and 121 elements respectively. The eigenfrequency of these three types of elements are calculated for the
complete range of models and presented in Figure 3.11. The eigenfrequency of

θ

Figure 3.10: Illustration of pendulum having uniform mass distribution.
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Figure 3.11: The eigenfrequency of the individual rigid elements for models using
various numbers of elements.

elements being part of the fastening arrangement, the cable and the bottom load
are shown in red, blue and green respectively. The bottom load is not divided
into smaller elements and therefore has a constant eigenfrequency.
The number of elements should be chosen so that the enforced excitation
frequency and the eigenfrequency of individual elements are disjoined. This may
give rise to models having better behaviour, such as shorter simulation times and
less numerical drift.

3.5.2

Conducted Simulations

Section 3.5.3 reports the simulation time and numerical drift of models having
from 13 to 121 rod elements when running simulations with fixed step-length. The
numerical drift in each simulation is defined as the largest deviation away from
the algebraic constraint equations kbi k = 1, i = 1, · · · , K. Section 3.5.4 reports
the simulation time and simulation step-length when running models having the
same numerical drift after all simulations. We use in all these simulations an
in-line excitation frequency of 0.80 Hz representing 45 s of cable motion. Section
3.5.5 focuses on simulation time and numerical drift in only one model consisting
of 13 rod elements, now over the entire frequency range 0.05-1.20 Hz. Also these
simulations represent 45 s of cable motion. Section 3.5.6 compares the MRAs of
models consisting of 13, 25, 37, 49 and 61 rod elements to evaluate the modelling
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accuracy as a function of the number of structural elements. Simulation times
are very dependent on type of computer and number of running applications.
These simulations are run on a laptop with Intel Pentium M processor having
1.79 GHz clock frequency and 1 GB RAM. The simulation method used was a
fixed step-length ode45. Other solvers could have been used, but comparison of
numerical solvers has not been the focus here.

3.5.3

Fixed Step-Length in Simulations

The simulation time and numerical drift are both dependent on the number of
rod elements in the RBC model. In order to evaluate these two parameters we
conducted 100 simulations on models having 13 to 121 elements. All simulations
were run with fixed step-length of 0.01 s. The dependence of simulation times on
the number of elements is plotted in Figure 3.12(a). The simulation time seems
to be an exponential function of the number of elements, principally due to the
growing size of the square matrix that needs to be inverted for each iteration.
The dependence of the numerical drift on the number of elements is plotted in
Figure 3.12(b). The numerical drift is observed to be largest for few elements
and decrease significantly for an increasing number of elements above 49.

3.5.4

Fixed Numerical Drift in Simulations

Another 100 simulations of the RBC model was run, now with various step lengths
but fixed numerical drift after simulating 45 s of cable motion. The choice of
upper limit in numerical drift was set to 0.02 (2 %) and the simulation step-lengths
were adjusted to approach this limit as closely as possible. The dependence
of the simulation times on the number of elements (when all having the same
performance with respect to numerical drift) is plotted in Figure 3.9(b). The
simulation time increases with respect to the number of elements, except for an
observed dip between 37 and 74 elements. As seen in the plot of Figure 3.13(b),
the simulation step lengths were quite small for models having few elements, and
could be increased significantly from about 49 elements. The observations on
both simulation time and numerical drift indicate that the models having either
49 or 61 elements are preferred.
A plausible reason for the above observations is that the eigenfrequency of
each individual element is lower in models having few elements. By increasing the number of elements, and hence decreasing the length of elements, the
eigenfrequency of each individual element is increased. The imposed excitation
frequency will then be well below the eigenfrequency of individual elements for
systems having a large number of elements, which gives better performance.
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3.5.5

Simulation Time and Drift in 13 Element RBC Model

Some 240 simulations of the 13 element RBC model, having fixed step-length
0.005 s, were run across the entire frequency range of in-line excitations, to observe how simulation time and numerical drift are affected by the excitation frequency. There are some indications that the maximum simulation time increases
around the eigenfrequencies of the cable. Moreover, the minimum simulation
time increased immutably for excitations above 0.80 Hz. These observations are
shown in Figure 3.14(a). The numerical drift increased with excitation frequency
and there are indications that it was affected by the second eigenfrequency of
the cable, see Figure 3.14(b). Note, the violent motions observed at excitation
frequency 1.20 Hz, is most probably due to the excitation frequency being equal
to the individual eigenfrequency of most rod elements in the structure.

3.5.6

Number of Elements and Match with Experiments

RBC models having 13, 25, 37, 49 and 61 elements were run for the entire frequency range of in-line excitations. Our observations show that all models have
good accuracy for the entire frequency range except for some deviations about
the second eigenfrequency of the cable. These deviations do not seem to decrease
with increasing number of elements. Also, the unnatural behaviour for the model
having 13 elements at excitation frequency 1.20 Hz is not present in the other
models. One example is presented in the plot of Figure 3.15, which shows the
in-plane motion of marker 10 for all the mentioned models as a function of in-line
excitations over the entire frequency range.
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Figure 3.12: Simulation of cable models having from 13 to 121 elements at an
excitation frequency of 0.8 Hz. Simulation time and numerical drift for simulations being 45 s with various number of elements, all running ode45 with fixed
step size 0.01.
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Figure 3.13: Simulation of cable models having from 13 to 121 elements at an
excitation frequency of 0.8 Hz. Simulation time and numerical drift for simulations being 45 s with various number of elements, all running ode45 with different
step-length leading to a numerical drift about 2 %.
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Figure 3.14: Simulation time and numerical drift for all frequencies of the in-line
excitations of a cable model having 13 elements. Simulation time and numerical
drift for simulations being 45 s running ode45 with fixed step size 0.005.
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Figure 3.15: Results from experiment (blue line) and RBC models with 13 (black
circle), 25 (blue triangle), 37 (green square), 49 (red pentagram) and 61 (pink
hexagram) elements of the in-plane maximum response AIL of marker 10 at specified frequencies. Excitation was in the in-line direction with a peak-to-peak
amplitude of 0.1 m.

3.6

Discussion and Conclusions

The proposed RBC model has an advantageous mathematical structure due to
the use of non-minimal system coordinates. The deduced DAEs of motion have
no singularities and only affine transformations from external forces to coordinates. These properties are important with respect to numerical stability and
computational efficiency of the model. An important contribution with this formulation is the small size of the matrix inverted for each simulation step. For
a model consisting of K rods, having 3K system coordinates, the matrix to be
inverted is only of size K × K. In an analogous model using minimal coordinates
(Euler angles) the matrix would have been of size 2K × 2K. Hence, our RBC
model facilitates computational efficient simulations.
In general, the proposed RBC model showed good agreement with experimental results and the ABAQUS model. The main results from verification showed
that the model tended to over-predict the MRAs and that the agreement was
better at lower frequencies. Plausible reasons for this behaviour could be that
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this model neglected axial dynamics, structural stiffness and structural damping
(bending, torsion and shear). The only external forces considered in simulations
were gravitational forces.
In general, the accuracy and simulation time of such a model depend on the
number of elements. The analogy to pendulums having uniform mass distribution was discovered and should be used when choosing the number of elements.
The eigenfrequency of individual elements included in the model should be significantly larger than the imposed excitation frequency to reduce numerical drift
and potentially cut simulation time. A rule of thumb is to choose an eigenfrequency of individual elements of more than twice the excitation frequency. Our
study indicated that simulation time and the numerical drift, could be decreased
significantly following this reasoning. The primary gain of using more elements
was an increased range of frequencies with better agreement. This would explain
the violent behaviour experienced in simulations at an excitation frequency of
1.20 Hz for the RBC model having 13 elements. By using the pendulum analogy,
we found that most elements had a natural frequency of 1.22 Hz. From the above
discussion, we propose a procedure for selecting the number of elements for the
RBC model:
Step 1: Set the imposed excitation frequency for the specific cable simulation.
Step 2: Choose the eigenfrequency of individual elements well above the enforced excitation frequency. An eigenfrequency slightly above twice the
excitation frequency is recommended.
Step 3: From the eigenfrequency, calculate the element length. From the element length, calculate the number of elements needed to generate an approximation of same length as the actual cable.
We experienced no convergence between simulation models and experiments
for an increasing number of elements. There are several plausible reasons for
this. The main reason is that the simulation models had lesser environmental
forces than those experienced in experiments. This was true both with respect
to excitations and for initial drift of the carriage, as well as for excitations from
viscous air drag on the cable. Also, neglecting both structural stiffness and
structural damping is believed to have contributed to the discrepancies.
The end load used in the experimental setup was placed to avoid violent
motions and snap loads. Our pendulum analogy showed that the eigenfrequency
of this load was 2.74 Hz. A shorter load having a higher eigenfrequency may have
reduced the violent motions and snap loads.
Some small out-of-plane excitations from disturbances affected the experimental results and led to a whirling motion. Similar perturbations were included
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in the RBC model resulting in whirling motions in the simulations. The build up
of the whirling motion was slightly slower in simulations, probably due to lack of
other environmental disturbances such as viscous air drag.
The inherent numerical instability of systems described using DAEs could
present challenges with respect to numerical simulations. We presented three
approaches to dealing with this potential problem. Choosing a reasonable number
of elements based on our pendulum analogy would diminish the relevance of the
problem.
As possible further work we propose introducing structural stiffness and possibly structural damping. As we foresee applications within marine technology, the
introduction of hydrodynamic forces would be of interest. Introduction of more
constraints and investigation of systems having closed kinematic chains, such as
suspended cables and net structures, would be another interesting direction that
could be considered.
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Chapter 4

Control of Nonlinear Minimal
Realizations
Nearly all closed-loop control algorithms for tensegrity structures have been developed for systems using minimal realizations and ODEs of motion. To avoid
singularities, most examples have been of the restrictive class of planar systems.
That said, these systems afford valuable insight useful in subsequent generalizations. One example is the problem of constrained control inputs (string force
densities), as strings cannot take compression. Another is the prestressability
condition of tensegrity structures which has to date been solved for using numerical optimization tools 1 .
This chapter presents an investigation of controllable planar tensegrity structures with a focus on the numerical optimization problem. The control objective
is both with respect to trajectory tracking and set-point control of tensegrity
structures. A feedback linearization procedure is proposed for tensegrity structures described with the ODE formulation of Section 2.3. Smooth reference trajectories are generated using fifth-order polynomials in time. An additional summation inequality constraint is introduced in the numerical optimization problem
to alter the level of prestress. The derived theory is presented in both small and
large numerical simulation examples.
The approach of this chapter was inspired by Aldrich et al. (2003), Aldrich
and Skelton (2003) and Aldrich and Skelton (2005) and was first presented in
Wroldsen et al. (2006a).

1

The next chapter presents explicit solutions to the optimization of constrained control
inputs from actuated strings.
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4.1

System Description

All systems of this chapter are planar and use a minimal coordinate representation, denoted by the configuration vector q ∈ Rm . They consist of N nodes, K
rods and M strings. The equations of motion are on the form of (2.89):
M(q)q̈ = g(q, q̇) − H(q)ΦT (q)B(q)u.

(4.1)

The equations of motion are derived in Section 2.3. Note, the matrix ΦT (q)
depend on the system coordinates. No external forces are considered.

4.2

Generation of Smooth Reference Trajectories

A fifth-order polynomial of time is used to generate smooth reference trajectories
for the independent describing structural parameters, having a continuous and
nonsingular mapping to the desired generalized coordinates. Such a polynomial,
and its derivatives up to order two, are
y(t) = c1 t5 + c2 t4 + c3 t3 + c4 t2 + c5 t + c6 ,
4

3

2

(4.2)

ẏ(t) = 5c1 t + 4c2 t + 3c3 t + 2c4 t + c5 ,

(4.3)

ÿ(t) = 20c1 t3 + 12c2 t2 + 6c3 t + 2c4 ,

(4.4)

where t is time and ci , i = 1, · · · , 6 are coefficients. The coefficients are found by
solving one system of the equations by choosing initial conditions at time ta , that
is y(ta ), ẏ(ta ), ÿ(ta ), and final conditions at time tb , that is y(tb ), ẏ(tb ), ÿ(tb ). A
rest-to-rest trajectory is generated by setting the derivatives, both of first and
second order, equal to zero. The linear system to be solved is of matrix form
Ac = y, more precisely:
 5
  

ta
t4a
t3a t2a ta 1
c1
y(ta )
 t5b
  

t4b
t3b
t2b tb 1
 4
 c2   y(tb ) 
 5ta 4t3a 3t2a 2ta 1 0 c3  ẏ(ta )

  

(4.5)
 5t4 4t3 3t2 2tb 1 0 c4  =  ẏ(tb )  .
b
b
 b
  

20t3 12t2 6ta 2 0 0 c5  ÿ(ta )
a

a

20t3b 12t2b

6tb

2

0

0

c6

ÿ(tb )

This approach does not cover problems such as rate-limitations in the describing
parameters or saturation in actuators. Hence, physical insight must be used and
generated references examined to verify that they are within chosen requirements.
Sciavicco and Siciliano (1996) give a thorough introduction to the reference path
generation and similar concepts for robotic systems. Other concepts for generation of reference models are given by Fossen (2002).
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4.3

Feedback Linearization Control Design

The error signal used is the discrepancy between actual (q) and desired (qd )
coordinates:
e = q − qd .

(4.6)

A feedback linearization control design is chosen, forcing the error to converge
toward zero at an exponential rate. The error dynamics then is:
ë = −Kp e − Kd ė.

(4.7)

The gain matrices Kp and Kd are ensured positive definite by choosing them to
be diagonal with all entries positive, such as

2
2
Kp = diag ωo1
,
, · · · , ωom

Kd = diag (2ζ1 ωo1 , · · · , 2ζm ωom ) .

(4.8)

The natural frequency and damping factor of the error dynamics are denoted
ωoi and ζi respectively where i ∈ 1, · · · m. Substitution of (4.1) into (4.7) gives
the equality constraint involving the feedback linearization control input (to be
optimized later),
− M(q)−1 H(q)ΦT (q)B(q)u =

M(q)−1 g(q, q̇) − Kp (q − qd ) − Kd (q̇ − q˙d ) + q¨d . (4.9)

The above equation is the equality constraint of the optimization problem to be
presented next, and will be satisfied by providing the necessary control signals.

4.4

Admissible Control Inputs

The inherent prestressability condition of tensegrity structures can give an infinite
number of solutions to the allocation of controls, both with respect to static and
dynamic equilibrium configurations. Hence, an optimization problem must be
solved to choose a suitable combination of control inputs (string force densities).
It seeks to minimize an objective function of the control inputs subject to;
1. an equality constraint (the exponentially stable error dynamics),
2. minimum (and maximum) limits (controls are ensured to be positive),
3. inequality constraint (the summation inequality constraint).
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The objective function to be minimized is

2

J(u) = u⊤ Hu,

(4.10)

subject to the equality constraint
− M(q)−1 H(q)ΦT (q)B(q)u =

M(q)−1 g(q, q̇) − Kp (q − qd ) − Kd (q̇ − q˙d ) + q¨d , (4.11)

the minimum (and maximum) limits
0 ≤ umin ≤ u ≤ umax ,

(4.12)

and the summation inequality constraint
Asum u ≥ usum .

(4.13)

The weighting matrix H of the objective function (4.10) is chosen to be identity
for all simulations. The resulting problem then becomes an optimization of the
two-norm of the control inputs. The first constraint (4.11) is the error dynamics
as a function of the system dynamics, desired dynamics and control inputs. The
second constraint (4.12) is needed to ensure positive control inputs, meaning
that all strings are in tension. The lower limit therefore is either zero or positive,
while the upper limit is less important an usually set to infinity to ensure that the
solution of the problem is feasible. The third constraint (4.13) is an additional
summation inequality to ensure that the sum of all, or subsets, of strings satisfy
some prestress criterion. This last inequality constraint is an additional tool with
respect to altering the prestress for a given manoeuvre, and will be illustrated
and discussed in the following.

4.5

Summation Criterion Strategies

The prestress level always may be altered by changing the limits of the inequality
constraint (4.12). Using this requirement alone results in control inputs reaching
the lower boundary and therefore being non-smooth. The proposed summation
inequality constraint (4.13) is introduced to provide an additional tool to alter
the level of prestress. This additional summation constraint can be used to tune
the level of prestress locally and/or globally. For certain structures, having high
enough summation criterion, the sum of control inputs will always attain the
2

Another objective function that could have been used is the linear function J(u) = f T u.
This could have been solved for explicitly using the theory presented in Section 5.3.
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exact value of the criterion and have smooth control inputs, which will be shown
later. The summation inequality constraint is expressed by the linear inequality
Asum u ≥ usum ,

Asum ∈ RL×M ,

usum ∈ RL .

(4.14)

In matrix Asum , row i ∈ [1, L], entry j ∈ [1, M ] is either ’0’ or ’1’ depending on
wether or not cell i has included string j in the summation criterion. Using the
above inequality constraint we propose two possible strategies:
Strategy 1: Apply only one summation criterion for the entire set of strings
within the structure. With this strategy we have L = 1, hence Asum ∈ RM is a
vector.
Strategy 2: Divide the structure into several cells, each consisting of a smaller
number of strings. Some strings can be part of more than one cell. With this
strategy we have L > 1 equal to the number of cells.
The second strategy would probably result in a more even distribution of prestress
throughout the structure.

4.6

Examples

Two example structures are used to investigate the proposed strategies. First, a
small system of two rods and four strings is investigated in order to bring about
an understanding and a full overview of system coordinates and control inputs.
The first strategy will be tested on this system. Second, a large system consisting
of 40 rods and 196 strings is investigated. Both the first and the second strategy
will be tested on this system.

4.6.1

Control of Tensegrity Cross Structure

The small planar system, consisting of two rods and four strings, is illustrated in
Figure 4.1. It has the parameters
√
m = 5,
ℓ = 2,
ωoi = 1,
ζi = 1,
i = 1, · · · , 4.
Appendix B.1 presents the equations of motion, which are on the form of (4.1).
The vector of system coordinates, with initial values at ta = 0 s and final values
at tb = 10 s, is
 




y1
1.33
0.480
q = θ1  ,
q(ta ) = −70 ,
q(tb ) =  −20  .
θ2
70
20
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y3
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Figure 4.1: Illustration of the tensegrity cross consisting of two rods and four
strings.

The coordinates of vector q(tb ) are also used as a reference in case of set-point
control. Figure 4.2 illustrates the initial and final configurations. Since only the
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Figure 4.2: Initial configuration (left) and final configuration (right) from simulations. Black lines denote rods, while green lines denote strings.

first strategy is being used on this example we have Asum = (1, 1, 1, 1) in the
summation criterion of (4.13).
The two upper plots of Figure 4.3 show the evolution of the actual and desired coordinates from a simulation of trajectory-tracking with zero initial error
between actual and desired coordinates. The two lower plots show the actual and
desired generalized coordinates, now for a simulation with set-point control.
The summation inequality constraint was used in simulations and altered
between 1.20 N/m, 0.40 N/m and 0.00 N/m for the case of trajectory-tracking
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Figure 4.3: Plots of reference trajectories and actual generalized coordinates
from simulation of trajectory-tracking (two upper plots) and set-point control
(two lower plots) of tensegrity cross structure. For trajectory tracking, references
and actual coordinates are equal. For set-point control blue lines indicate actual
coordinates, while red dotted lines indicate the references.

with correct initial configuration. Three plots of Figure 4.4 (upper left, upper
right and lower left) show combinations of control inputs, while the lower right
plot shows the sum of control inputs for each of these three cases. First, the sum
of all control inputs is constant, at the lower boundary of the constraint, for the
simulation with summation constraint larger than, or equal to, 1.20 N/m. All
control inputs are smooth throughout the simulation. See the upper left plot.
Second, the sum of all control inputs is only partly at the lower boundary of the
constraint, for the simulation with summation constraint larger than, or equal to,
0.40 N/m. See the upper right plot. The reason for this is that the control inputs
needed could not be provided keeping the summation at the lower boundary of the
constraint. Finally, setting the summation constraint to larger than, or equal to,
0.00 N/m, gives the control that would be provided if the summation constraint
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Figure 4.4: Control of tensegrity cross structure when applying summation criterion strategy 1. The upper left, upper right and lower left plot shows the control
inputs when usum = 1.20 N/m, usum = 0.40 N/m and usum = 0.00 N/m respectively. The blue, red, green and black line indicates the left, lower, right and
upper string respectively. The lower right plot shows the sum of all control inputs in these three cases. The blue, red and green line indicates the upper left,
the upper right and the lower left plots respectively.

was not apparent. See the lower left plot. This gives the lowest possible prestress,
hence also the lowest energy consumption. In the lower right plot the blue, red
and green line indicates the sum of control inputs in the upper left, upper right
and lower left plot respectively.

4.6.2

Control of Tensegrity Beam Structure

A larger planar tensegrity structure, consisting of 40 rods and 196 strings, is used
for further investigations of the proposed control strategies. The tensegrity beam
is designed as a repeating pattern of overlapping cells. The system parameters
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of choice are here
mi = 1,

ℓi =

√
2,

ωoi = 1,

ζi = 1,

i ∈ 1, · · · , 40.

The system is illustrated in Figure 4.5, and is described on the form of (4.1).
Appendix B.2 provides a more detailed description
2

5
6

1
4

3

Figure 4.5: Illustration of a planar tensegrity beam structure. The colour codings
are used to separate the three different types of cells. The green dotted lines are
strings of cells 1 and 39, the blue dotted lines are strings of cells 2, 4, 6, · · · , 38, the
red dotted lines are strings of cells 3, 5, 7, · · · , 37, and the vertical black dotted
lines are strings part of two neighboring cells. The string numbers indicate the
numbering of strings throughout the structure.

h
ro ϕ

ri

ℓ

ϕ
ro
Figure 4.6: An illustration of one cell of the tensegrity beam structure with its
defining parameters.

The small number of parameters needed for a unique description of the reference configuration are; the length of rods, ℓ, the height of cells, h, the time-varying
sector angle, ϕ, the overlap between neighboring cells, ϕ/3, and the inner radius,
ri . The sector angle and radius are functions of one another, so that the only
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time-varying parameter that needs to be described is one of the two. The inner
radius is found by solving
ℓ2 = (h + ri (1 − cos ϕ)2 + ri2 sin2 ϕ,

(4.15)

while the outer radius follows directly from ro = ri + h. Also the time-derivatives
of these parameters are needed to fully describe the desired reference signals. See
Figure 4.6 for an illustration of the describing parameters. Figure 4.7 shows the
4
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Figure 4.7: Plots of describing parameters. The sector angle ϕ shown in the left
plot, the inner radius ri (blue) and outer radius ro (red) shown in the centre plot,
and the six string lengths defining the geometry shown in the right plot. The
string lengths are related to the strings shown in Figure 4.5.

evolution of the reference sector angle, the inner and outer radius, and the stringlengths. There are only four time-varying string-lengths needed to describe the
desired evolution of generalized coordinates. Remark, all strings crossing from a
point on the inner radius to a point on the outer radius are constant throughout
the entire deployment. Only strings at the inner and outer rim change length in
altering this structure from a straight to a circular configuration.
Simulations of the tensegrity beam structure were all done as trajectorytracking problems with correct initial configurations with respect to the references. Consequently, both the evolution of the main reference parameters and
the actual describing parameters are shown in Figure 4.7. Snapshots from the
simulation are shown in Figure 4.8. In the first strategy we include the 196
strings in a single cell in the summation criterion. Hence, in (4.13) the matrix
Asum = (1, · · · , 1) ∈ R196 . Figure 4.9 presents results from applying the first
strategy, of simultaneously using the summation criterion on all strings in the
entire structure. The upper left plot shows control inputs in the case when requiring the sum of all control inputs to be larger than, or equal to, usum = 1960
N/m, that is ten times the number of strings. The upper right plot shows control
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Figure 4.8: Plots of structure configuration a four instants of time during configuration control.

inputs in the case when requiring the sum of all control inputs to be larger than,
or equal to, usum = 980 N/m, that is five times the number of strings. The lower
left plot shows control inputs in the case when requiring the sum of all control
inputs to be larger than, or equal to, usum = 0 N/m, that is the same as without
the summation criterion. The lower right plot shows the actual sum of all control
inputs for the three simulations presented in this figure, where the blue line refers
to the upper left plot, the red line refers to the upper right plot, and the green
line refers to the lower left plot.
In the second strategy we divide the 196 strings of the entire structure into
39 cells in the summation criterion. Each cell consists of six strings arranged in
a rectangle with one cross inside. In Figure 4.5 one can see that there are three
types of cells, depending on how they connect to rods in the four corners. Hence,
in (4.13), the matrix Asum ∈ R39×196 is on the form


11×6 01×5 01×5 · · · 01×6
 01×5 11×6 01×5 · · · 01×6 




Asum =  01×5 01×5 11×6 · · · 01×6  .
 ..
..
..
.. 
..
 .
.
.
.
. 
01×5 01×5 01×6 · · · 11×6

In Figure 4.10 we see results from applying the second strategy, namely using one
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Figure 4.9: Plots showing the control inputs when applying the first strategy,
having one single summation criterion for the entire set of strings in the structure.
Three plots showing the case of having usum = 1960 N/m (upper left), usum = 980
N/m (upper right) and usum = 0 N/m (lower left). The lower right plot shows
the sum of control inputs for the three cases, the blue line refers to the upper left
plot, the red line refers to the upper right plot, and the green line refers to the
lower left plot.

summation criterion on strings in each individual cell throughout the structure.
The upper left plot shows control inputs in the case when requiring the sum of
all control inputs in each cell to be larger than, or equal to, usum = 60 N/m, that
is ten times the number of strings in the cell. The upper right plot shows control
inputs in the case when requiring the sum of all control inputs in each cell to be
larger than, or equal to, usum = 30 N/m, that is five times the number of strings
in the cell. The lower left plot shows control inputs in the case when requiring
the sum of all control inputs in each cell to be larger than, or equal to, usum = 0
N/m, that is identical to having no summation inequality criterion.
In Figure 4.11 the sum of each individual cell is plotted in the same way as
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Figure 4.10: Plots showing the control inputs when applying the second strategy,
having one summation criterion for the set of strings within each individual cell
of the structure. Three plots showing the case of having usum = 60 N/m (upper
left), usum = 30 N/m (upper right) and usum = 0 N/m (lower left). The lower
right plot shows the sum of control inputs for the three cases, the blue line refers
to the upper left plot, the red line refers to the upper right plot, and the green
line refers to the lower left plot.

the three cases above. The green lines denote the sum in end cells, that is number
1 and 39 from left. The blue lines denote the sum in every second cell, starting
from number 2 and ending with 38 from left. The red lines denote the sum in
every second cell, starting from number 3 and ending with 37 from left.
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Figure 4.11: Plots showing the sum of control inputs for each individual cell when
applying the second strategy. Three plots showing sum of control input for each
individual cell when having usum = 60 N/m (upper left), usum = 30 N/m (upper
right) and usum = 0 N/m (lower left). The colour codings within these three plots
are; green lines indicate the sum in cells 1 and 39, blue lines indicate the sum
in cells 2, 4, 6, · · · , 38, while the red lines indicate the sum in cells 3, 5, 7, · · · , 37
(See Figure 4.5). The lower right plot shows the sum of control inputs for the
three cases, the blue line refers to the upper left plot, the red line refers to the
upper right plot, and the green line refers to the lower left plot.

4.7

Discussion

The first strategy, using one summation criterion for all strings throughout the
structure, works well. The first example, using a small structure, showed how
prestress can be altered to a desired level. The advantage of raising the level
of prestress is that the control signals are smooth and do not reach the lower
saturation limit.
One potential problem with the first strategy applied in larger structures is
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that it can result in large internal differences between the control inputs, or string
force densities, as there is no local requirement. Looking at the lower right plot
of Figure 4.9, we see that in the first case (upper left plot) the summation criterion was set so high that the structure managed the required manoeuvre without
needing to use more control inputs than the minimal summation requirement.
The second case (upper right plot) used a slightly lower summation criterion
which was insufficient for the required manoeuvre without using more than the
minimal summation requirement. For the third case (lower left plot) the summation criterion was not active, and all nonzero control inputs were larger than the
minimal summation requirement.
The strings most active during the manoeuvre were those on the inner and
outer rims. They changed substantially with varying summation criterion. Also
the crossing strings of every second cell, starting with number 2 and ending with
38 from left, were altered substantially by changing the summation criterion. The
crossing strings of every second cell, starting from number 1 and ending with 39
from left, seemed to be less active, attaining values close to zero. The same
observation was made about the vertical strings, which also attained values close
to zero.
The second strategy seemed to distribute the pretension more evenly throughout the structure, but also here some control inputs with values close to zero.
Looking at Figure 4.10, we can see a similar behaviour of control inputs between
this second and the first strategy. The sum of all control inputs for this second strategy no longer reaches a constant limit such as that of the first strategy.
This was because certain cells needed to increase the sum of control inputs with
respect to their neighbors to enable the structure to perform the prescribed task.
The sum of each individual cell, when using the second strategy, is plotted
in Figure 4.11. It is obvious that some cells attained values close to the lower
summation criteria, while others raised their sums to make the structure move
as prescribed. Every second cell, starting with 3 and ending with 37 (red lines)
reached low values, while every second cell that needed to raise its level, started
with 2 and ended with 38 (blue lines). The sum of both end cells were special
cases, denoted by green lines.
Non-smooth control inputs where employed using the summation criterion for
the larger structure due to the redundancy created by a large number of strings.

4.8

Concluding Remarks

A feedback linearization control design applied in configuration control of planar tensegrity structures, described using ODEs, have been presented. Smooth
reference trajectories were provided from fifth-order polynomials in time. An ad105
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ditional summation inequality constraint to the numerical optimization of control
inputs was proposed and two strategies for using it were investigated. The first
strategy was to have one criterion for the entire set of strings within the structure.
The second strategy was to have one criterion for each of the numerous subsets
of strings within the structure. The proposed summation criterion was investigated on both small and large tensegrity structures. Using one criterion for the
entire set of strings worked well for the small structure. For the larger structure
we experienced that some strings reached values close to zero. The summation
criterion for subsets of strings within the large structure was meant to provide
a more even use of strings. We also saw that this strategy had difficulties rising
some control inputs, due to redundancy within the structure. The summation
criterion of one single cell would make use of the most vital strings an let other
strings have low values.
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Chapter 5

Lyapunov Control of
Non-Minimal Nonlinear
Realizations
The new developments within modelling of tensegrity structures using non-minimal
system coordinates embody many features that may be explored with respect to
control. The most important advantage of these formulations is that they are nonsingular. Moreover, the generalized forces are affine in the transformed control
inputs. The challenges with respect to modelling and control of non-minimal realizations include the algebraic constraint equations and the chance of numerical
drift in simulations. In Chapter 4 we presented a feedback linearization control
design taking the actual system coordinates linearly toward desired target coordinates. This control design is not possible with non-minimal realizations, as all
system coordinates cannot decrease linearly towards the desired target without
violating the (quadratic) algebraic constraints. A Lyapunov based control design
shows promise as only one scalar function need to be matched by a combination
of system coordinates and control inputs. Hence, the freedom of each individual
coordinate is greater.
In this chapter we propose a Lyapunov based control design working directly
on the non-minimal system coordinates, and accordingly also on the non-minimal
error signals. Here the control objective is to evolve the structural system continuously from an initial configuration towards a constant target configuration
without having a priori information about any desired path. An important contribution from the proposed control design is that explicit closed form solutions
are found for the instantaneous feedback law which minimizes the p-norm of the
constrained control inputs. The optimization of these constrained control inputs
has to date been solved for using numerical iteration procedures. The derived
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theory is illustrated in two three-dimensional tensegrity systems, the first one
being a simple pinned rod controlled by three strings, and the second being a
tensegrity prism consisting of three rods controlled by twelve strings. The theory
presented is based on Wroldsen et al. (2006b) and Wroldsen et al. (2007a).

5.1

System Description

The systems of this chapter are three-dimensional, consisting of K rods, N nodes
and M strings, and use a non-minimal coordinate representation, denoted by the
configuration vector q ∈ Rm . The equations of motion are on the form of (2.65):
M(q) q̈ = g(q, q̇) − H(q)ΦT B(q)u,

u ≥ 0.

(5.1)

The equations of motion are derived in Section 2.2. The matrix Φ is constant
due to the non-minimal representation. We emphasize that dependence of the
equations of motion on the transformed control input u is affine. The constrained
control follows from the discussion in Section 2.2.9. From Lemma 2.4, M(q) is
well defined and nonsingular when J ≻ 0.

5.2

Lyapunov Based Control Design

This section proposes a Lyapunov based control design for tensegrity systems
described as above with focus on set-point control. The derived theory can be
easily generalized to include path-following control problems.
Define the error vector from the current coordinates q = (zT , bT )T to the
desired target coordinates qd = (zTd , bTd )T
 
ez
eq =
,
eb

ez = z − zd ,

eb = b − bd .

(5.2)

Consider a quadratic Lyapunov function candidate
V (q, q̇) = Vz (z, ż) + Vb (b, ḃ),

(5.3)

where
 T 
 
ez
Xz Yz
ez
,
ż
YzT Zz
ż
 T 
 
1 eb
Xb Yb eb
Vb (b, ḃ) =
.
YbT Zb
ḃ
2 ḃ
1
Vz (z, ż) =
2
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(5.4)
(5.5)
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The terms Vz and Vb involve translational and rotational coordinates respectively.
If




Xz Yz
Xb Yb
Qz =
≻
0,
Q
=
≻ 0,
(5.6)
b
YzT Zz
YbT Zb
then Vz (z, ż) > 0 for all z 6= zd and ż 6= 0, and Vb (b, ḃ) > 0 for all b 6= bd and
ḃ 6= 0. Therefore, V (q, q̇) > 0 for all q 6= qd and q̇ 6= 0.
As the coordinates q are not minimal, it is appropriate to relate the Lyapunov
function candidate (5.3) in terms of some angular coordinates of the minimal
representation. For instance, consider


cos θ sin φ
b =  sin θ sin φ  ,
kbk = 1,
cos φ

giving





− sin θ sin φ
cos θ cos φ
ḃ =  cos θ sin φ  θ̇ +  sin θ cos φ  φ̇,
0
− sin φ

kḃk =

q

sin2 φθ̇ 2 + φ̇2 ,

where θ ∈ (−π, π] and φ ∈ [0, π]. Now assume without loss of generality that
bd = (0, 0, 1)T so that

 

bTd b ḃ = cos φ − sin φφ̇ .
(5.7)

For illustration only, consider the particular choice Xb = αI, Yb = βI, Zb = γI,
with αγ ≥ β 2 , in which case
Vb (b, ḃ) =

α
γ
kb − bd k2 + β(b − bd )T ḃ + kḃk2 = Vφ (φ, φ̇) + Vθ (φ, θ̇),
2
2

(5.8)

γ 2
φ̇ ,
2

(5.9)

where
Vφ (φ, φ̇) = α(1 − cos φ) + β sin φφ̇ +

Vθ (φ, θ̇) =

γ
sin2 φθ̇ 2 .
2

Note the added complexity required to express the same Lyapunov function candidate in a minimal coordinate system, here represented by (θ, φ, θ̇, φ̇). A contour
plot of Vφ (φ, φ̇) is shown in Figure 5.1. Yet, the expressions (5.9) possibly are the
simplest, a consequence of the particular choice bd = (0, 0, 1)T . Any other choice
in which the first and second components of bd are not zero will significantly
complicate the resulting expressions. While from the point of view of simplifying
Vb , the choice bd = (0, 0, 1)T may seem a good idea, but not at the expense of
extra complications. First, Vb is not a positive function of the state (θ, φ, θ̇, φ̇)
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Figure 5.1: The Lyapunov landscape of Vφ (φ, φ̇) of (5.9) with system trajectory
from Lyapunov based control design with δ = 0.20 and optimization of kuk2 .
This Lyapunov function candidate uses α = β = 1 and γ = 3/2.

(indeed, Vb = 0 for all φ = 0 with θ and θ̇ arbitrary), which requires more involved stability analysis. Second, the mass matrix, which in minimal coordinates
is a function of (θ, φ, θ̇, φ̇), is singular at φ = φd = 0, in which case a state
space realization becomes numerically troubled near the intended equilibrium. A
comparison between the non-minimal and minimal coordinate representation is
presented in Chapter 2. All such concerns are absent in the control strategy to
be presented in the sequel obtained with non-minimal coordinates.
The next theorem enables the computation of u(t) as a function of time t based
on the above Lyapunov function candidate in order to stabilize the tensegrity
system.
Theorem 5.1 Consider a system with a single rigid thin rod of mass m > 0,
length ℓ > 0, inertia J ≻ 0 and M controlled strings. Choose a configuration
vector q = (zT , bT )T according to (2.44), depending on the constraints on the
rod nodes. Let the matrix of nodes of the system be N ∈ R3×N , which locates the
nodes where the rod and the strings connect to each other and to an inertial frame.
Define the constant connectivity matrix C ∈ RM ×N which relates the matrix of
string vectors S ∈ R3×M to the node matrix through S = NCT , and the constant
matrix Φ and constant vector y relating the configuration vector q to the matrix
of nodes through vec(N) = Φ q + y. Define the matrices M(q), g(q, q̇) and H(q)
using the expressions (2.46), (2.47) and (2.48), and matrix B(q) as in (2.64).
110

Lyapunov Based Control Design

The motion of the system is governed by the differential equation
M(q) q̈ = g(q, q̇) − H(q) ΦT B(q) u,

u ≥ 0,

(5.10)

where M(q) is invertible for all q. Let qd = (zTd , bTd )T , q(0) 6= qd , q̇(0) and
δ > 0 be given, where kb(0)k = 1. Assume that qd is an equilibrium point of system (5.10), that is, ud ≥ 0 such that kbd k = 1 and g(qd , 0) = H(qd ) ΦT B(qd ) ud .
Use Schur complement (Lemma 2.2) to select constant matrices Xb , Yb and Zb
T
so that Zb ≻ 0, and Xb − Yb Z−1
b Yb ≻ 0 to ensure Qb ≻ 0. Also Xz , Yz and Zz
should satisfy the same criteria. Define V (q, q̇) as in (5.3) and
β (q, q̇) = γ(q, q̇) + a(q, q̇)T g(q, q̇),
T

(5.11)

T

f (q, q̇) = B(q) Φ H(q) a(q, q̇),

(5.12)

where
T
XTz ez + YzT ż
γ (q, q̇) =
q̇,
XTb eb + YbT ḃ
 T

Zz ż + YzT ez
−T
a(q, q̇) = M (q)
.
ZTb ḃ + YbT eb


(5.13)
(5.14)

If for all t ≥ 0 there exists a control input u(t) such that
f (q(t), q̇(t))T u(t) = β (q(t), q̇(t)) + δ V (q(t), q̇(t)),

u(t) ≥ 0,

(5.15)

then limt→∞ q(t) = qd .
Proof. Use the discussion of Chapter 2, particularly Section 2.2, to assemble
the differential equation (5.10), which is affine on the control input u ≥ 0. First
note that because J ≻ 0 we have M(q) is invertible (see Lemma 2.4). Therefore,
system (5.10) can be written in state space form
ẋ = k(x) − l(x) u,
where
 
q
x=
,
q̇

k(x) =




q̇
,
M(q)−1 g(q)

l(x) =




0
,
M(q)−1 H(q) ΦT B(q)

where k and l are continuous functions of x. In fact, because of Lemma 2.3,
functions k and l are continuously differentiable functions for all x such that
b 6= 0. That implies k and l are locally Lipschitz for all x such that b 6= 0.
Clearly V (q, q̇) is also continuously differentiable.
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The principal theoretical difficulty of the closed-loop stability analysis arises
from the feedback control u(t), given in (5.15), which may not necessarily be a
Lipschitz function of q. However, as it will be shown in the next section, if equation (5.15) remains feasible up to some time T ≥ 0, then there exists a u(t) ≥ 0
that satisfies (5.15) and that is a continuous and bounded function of q(t) for
t ∈ [0, T ]. Continuity of u(t) can be used to ensure the local existence of solutions to the differential equations (5.10), while boundedness of u(t) can be used
to construct a suitable version of Lyapunov stability, for instance by using the
sample-and-hold ideas of Clarke et al. (1997). Indeed, because k and l are Lipschitz, solutions (q(t), q̇(t)) for a constant u(t) = u(τ ) with u(τ ) bounded exist
and are unique and continuous in t ∈ [τ, τ + δ] for some δ > 0 (see Lemma 2.6).
Enabled by a proper Lyapunov stability theorem, now verify that V (qd , 0) = 0
and q̇ = 0. Furthermore, with (5.6), V (q, q̇) > 0 for all (q, q̇) 6= (qd , 0). Show
that the time derivative of the Lyapunov function candidate (5.3) is
V̇ (q, q̇, q̈) = γ (q, q̇) + a(q, q̇)T M(q) q̈.
Substitute M(q)q̈ from (5.10) in V̇ above to obtain
V̇ (q, q̇, u) = V̇ (q, q̇, g(q, q̇) − H(q)ΦT B(q)u) = β (q, q̇) − f (q, q̇)T u.
Because (5.15) is assumed to be satisfied for all t ≥ 0 use the above expression
to show that
V̇ (q(t), q̇(t), u(t)) = −δ V (q(t), q̇(t)) < 0
for all t ≥ 0. Moreover
V (q(t), q̇(t)) = e−δt V (q(0), q̇(0))

=⇒

lim V (q(t), q̇(t)) = 0

t→∞

=⇒

lim q = qd .

t→∞

if (5.15) is solvable for all t ≥ 0.
Some remarks regarding the above result will be made before presenting explicit expressions for the optimization of control inputs. Several aspects of the
above theorem present subtle technical difficulties. First, because of the presence
of the inequality constraint in (5.15), it does not seem easy to guarantee that a
feasible solution exists for all t ≥ 0, therefore leading the state asymptotically
to the desired target. In order to characterize such property, one may need to
impose restrictions on the initial conditions (q(0), q̇(0)), the target configuration
qd and the rate of convergence δ. Nevertheless, as it will be illustrated by the
examples in Sections 5.4 and 5.5, the above construction is sufficiently useful for
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equation (5.15) to remain feasible throughout the entire simulation time for the
considered tensegrity structures. While this cannot be expected to be true in
general, it should be pointed out that the initial conditions and target configurations were both feasible and stable tensegrity structures That is, q(0) and qd
were selected such that

∃ u ≥ 0,

u 6= 0

so that

g(q, q̇) − H(q) ΦT B(q) u = 0,

and with an associated choice of material properties satisfying (2.58) made so
that q(0) and qd were local minima of the total potential energy stored on the
strings. These constraints are natural in tensegrity control, basically ensuring
that one starts with a feasible tensegrity structure in static equilibrium that is
taken to a different stable equilibrium configuration. Moreover, the results of the
next section can at least fully characterize whether (5.15) has a solution or not.
On the theoretical side, the presence of the positivity constraint in (5.15) also
significantly complicates the proof of Theorem 5.1. This is because u(t) is not
necessarily a continuous function, hence not Lipschitz, of the state (q, q̇), as it
would be the case if u(t) in (5.15) were unconstrained. Therefore, one cannot
utilize a standard Lyapunov stability result such as Khalil (1996, Theorem 3.1).
Instead, one must resort to more sophisticated tools that can handle differential
equations with discontinuous right hand sides, such as the ones described by Bacciotti and Rosier (2005). Another contribution of the complete characterization
of the solutions to equation (5.15) to be presented in the next section is the identification of a solution that is at least a continuous, although not differentiable,
function of the state (q, q̇). The proof of Theorem 5.1 covers just this simpler
case, even though the results of the next section and some of the examples also
consider solutions to (5.15) that are discontinuous.
Finally, one may wonder whether the choice of a more complex Lyapunov
function candidate V would be advantageous. While future research may prove
this to be the case, as discussed previously, the function V , even though is a “simple” quadratic on the chosen set of non-minimal coordinates, becomes involved
if translated to a minimal set of coordinates. Motivated mainly by the good
simulation results obtained in Sections 5.4 and 5.5, this chapter is limited to the
discussion of a quadratic on the non-minimal state Lyapunov function candidate.
It also is reassuring that such a choice leads to a continuous control, when it is
known that for the particular class of nonlinear systems that are affine on the
control such control exists, as in Artstein (1983).
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5.3

Admissible Control Inputs

Theorem 5.1 defines the constrained linear problem (5.15) that, if solvable for all
t ≥ 0, guarantees convergence to the target configuration qd . Some insight on
the conditions for solvability can be obtained even before examining the complete
solution. First note that if for some t ≥ 0 we have β + δV 6= 0, then a necessary
condition for solvability of (5.15) is that a 6= 0. Of course, if β + δV = 0 then
u = 0 is a trivial solution, regardless of a. The condition that a 6= 0 requires
that one selects Yb 6= 0 and Yz 6= 0 because
Yb = 0,

Yz = 0,

=⇒

a(q, 0) ≡ 0 for all q.

This means that the system would be essentially “uncontrollable” from initial
conditions with zero initial velocity. Even if this is not the case, i.e. q̇(0) 6= 0, it
would likely create high control inputs as the system approaches the target qd .
At a given time t ≥ 0, the constrained control condition (5.15) may have
multiple or no solutions. In the sequel, we completely characterize solutions
that minimize some norm of the control u(t). We consider three possibilities by
minimizing the p-norms of the control input (kukp ) for the case p = {1, 2, ∞}. In
all cases, explicit solutions for the constrained u(t) are available or can be proved
not to exist. The problem we seek to solve is, given t ≥ 0 and q(t), q̇(t) and
δ > 0, determine

min ku(t)kp : f (q(t), q̇(t))T u(t) = β (q(t), q̇(t)) + δ V (q(t), q̇(t)), u(t) ≥ 0 ,
u(t)

(5.16)

where f , β and V are as defined in Theorem 5.1. The key is Lemma 5.1, in which
v+ denotes a vector where all negative entries of v ∈ Rn are equal to zero. In
other words, if v is an arbitrary vector in Rn then v+ is its two-norm projection
on the positive orthant. Note, that u∗ denotes the optimal solution, namely the
control input, when optimizing kuk∗ .
Lemma 5.1 Let v = (v1 , . . . , vn )T ∈ Rn and α ∈ R, α 6= 0, be given. The
constrained optimization problem
up = arg min{kukp :
u

vT u = α,

u ≥ 0}

(5.17)

has a solution if and only if
γ = max(α−1 vi ) > 0.
i

If so, a solution is given by
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(5.18)

Admissible Control Inputs

a) u1 = (u1 , · · · , un )T , where ui = 0 if i 6= i∗ and ui∗ = γ −1 > 0 for any i∗
such that α−1 vi∗ = γ,
b) u2 = (α−1 v)+ /k(α−1 v)+ k22 ,
c) u∞ = (u1 , · · · , un )T , where ui = 0 if i is such that α−1 vi ≤ 0
ui = 1/[(α−1 v)T+ 1] if i is such that α−1 vi > 0,

and

for the values of p = {1, 2, ∞}.
Proof. First, let us prove the condition for the existence of a solution (5.18).
For that we use Farkas’ Lemma, which states that Ax = b has no solution x ≥ 0
if and only if AT y ≥ 0 has some solution bT y < 0. In the above problem,
A = α−1 vT and b = 1 so that no solution exists if and only if
y α−1 v ≥ 0,

y < 0,

or, in other words, α−1 v ≤ γ1 ≤ 0, where 1 = (1, · · · , 1). Therefore, γ must be
positive for there to be a solution. The following auxiliary lemma will be used.
Lemma 5.2 Let u∗ be the optimal solution to problem (5.17). Then u∗j = 0 for
all j such that α−1 vj ≤ 0.
Proof. Suppose there is a j such that α−1 vj = 0. In this case the value of
u∗j does not affect the constraint and therefore must be zero at the optimum if
p < ∞, that is u∗j = 0 if α−1 vj = 0. In case p = ∞ it can be made zero without
loss of generality.
The case α−1 vj < 0 is more complicated. Let u∗ be an optimal solution to
problem (5.17) for p < ∞ where u∗j > 0 and α−1 vj < 0 for some j. Because
an optimal feasible solution exists, there must be at least one k 6= j such that
α−1 vk > 0 and u∗k > 0 and
n
X
i=1

α−1 vi u∗i =

X

α−1 vi u∗i + α−1 vj u∗j + α−1 vk u∗k = 1.

i6=j,i6=k

Because u∗j > 0 and α−1 vj < 0, there exists 0 < ǫ ≤ min{u∗j , −u∗k (α−1 vk )/(α−1 vj )}
such that the vector ū = (ū1 , · · · , ūn ) where ūi = u∗i ≥ 0 for all i 6= j and i 6= k,
u∗j > ūj = u∗j − ǫ ≥ 0 and u∗k > ūk = u∗k + ǫ(α−1 vj )/(α−1 vk ) ≥ 0. Therefore
kūkp < ku∗ kp for any p < ∞ and α−1 vT ū = 1. This establishes a contradiction
because u∗ is optimal. Applying this reasoning successively to any j such that
α−1 vj < 0 we conclude that u∗j = 0 if α−1 vj < 0. For p = ∞ we can invoke the
argument making sure j or k are selected so that ku∗ k∞ = uj or ku∗ k∞ = uk .
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Let us first consider the optimization problem in the 1-norm, here reformulated as the linear program
σ = min{1T u :

u ≥ 0,

u

α−1 vT u = 1}.

Assume that the above problem has a feasible solution, that is γ > 0. In this
case, its dual linear program
ρ = max{y :
y

y α−1 v ≤ 1}

also should have a solution. The dual problem, however, has a trivial solution
ρ = y ∗ = γ −1 . From the dual solution a primal feasible optimal solution can
be constructed as indicated in the lemma. Note that for u = u1 ≥ 0 we have
σ = ku1 k1 = ρ = γ −1 .
We now reformulate problem (5.17) in the case p = 2 as
1
u2 = arg min{ uT u :
u
2

(α−1 v)T+ u = 1,

u ≥ 0}

where (α−1 v)+ ≥ 0. Because of Lemma 5.2, problem (5.17) and the above must
have the same optimal solution. In turn, the above problem has the same solution
as the relaxed optimization problem
1
u# = arg min{ uT u :
u
2

(α−1 v)T+ u = 1}

where u is not required to be nonnegative. Indeed, the optimality conditions for
the above problem are such that
u# = λ(α−1 v)+

=⇒
−1

(α

v)T+ u# = λk(α−1 v)+ k22 = 1

=⇒

λ = 1/k(α−1 v)+ k22 .

Consequently
u2 = u# = (α−1 v)+ /k(α−1 v)+ k22 ≥ 0.
The case p = ∞ can be formulated as the linear program
(ζ, u∞ ) = arg min{y :
y,u

0 ≤ u ≤ y1,

α−1 vT u = 1}.

Invoking Lemma 5.2 the above problem can be reformulated as
(ζ, u∞ ) = arg min{y :
y,u
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0 ≤ u ≤ y1,

(α−1 v)T+ u = 1}.

Admissible Control Inputs

For any feasible u and y we must have (y1 − u) ≥ 0 so that
0 ≤ (α−1 v)T+ (y1 − u) = y (α−1 v)T+ 1 − 1

=⇒

y≥

1
(α−1 v)T+ 1

.

This bound is tight and equality holds, for instance, with u∞ given in the theorem.
By verifying that
(ζ, u∞ ) = (1/[(α−1 v)T+ 1], u∞ )
is a feasible solution to the original problem, one concludes about optimality.
The above lemma provides a solution to the control problem (5.16) by setting
v = f (q(t), q̇(t)),

α = β(q(t), q̇(t)) − δV (q(t), q̇(t)).

Although the existence of a solution does not depend on p, different choices
of p can yield markedly differing controls. For example, the 1-norm solution is
realized using only one control (string) at a time, which may cause some undesired
chattering between strings. On the other extreme, the ∞-norm solution applies
equal force densities to all strings been actuated at time t. Both solutions yield
in general discontinuous controls u(t). In the u1 (t) case this happens because
even though γ, v and α are continuous functions of (q, q̇(t)), i∗ will change
abruptly depending on γ. In the u∞ (t) case, a particular control channel ui
may suddenly switch from the positive value 1/[(αv)T+ 1] > 0 to 0 when α−1 vi
becomes non-positive. In contrast, u2 (t) is a continuous function of (q(t), q̇(t))
because α−1 v and its two norm projection on the positive orthant consists of
continuous functions of (q(t), q̇(t)). Moreover, it is bounded whenever a solution
exists, because v = f and α are bounded when (q(t), q̇(t)) ∈ Q′ is bounded. Note
that the assumption that α is not zero can be imposed without loss of generality,
because a small perturbation on δ can yield α 6= 0 without compromising the
control objectives.
The control algorithm collapses if at some t ≥ 0 it is found that γ ≤ 0. In
this case, the forces needed to reduce the Lyapunov function candidate cannot
be realized by strings. In certain cases it may be possible to change the rate of
convergence δ > 0 in order to make γ > 0. This problem never occurred in the
numerical examples of Sections 5.4 and 5.5. That is the case on most well posed
tensegrity problems, for which the choice of the desired target configuration, or
a target trajectory, leads the tensegrity structure to a known stable equilibrium
point. Section 5.4 provides additional comments on this matter related to the
single pinned rod example.
Lemma 5.1 can also be modified to find explicit expressions for the control
inputs above certain threshold values. This may be important in cases where
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Figure 5.2: A single pinned rod and three strings.

a residual level of prestress is required. Compare the above solution with the
one for planar tensegrity structures proposed in Chapter 4, which involves the
solution of a more complicated optimization problem.

5.4

Example 1: Control of a Pinned Rod System

The proposed control algorithm is now illustrated by what possibly is the simplest
three-dimensional tensegrity system, consisting of a single rod pinned at one end
actuated by three strings, as shown in Figure 5.2. A uniform mass distribution
is assumed with
m = 1,

ℓ = 1,

σ=0

1
f= ,
2

=⇒

1
J= .
3

The choice σ = 0 is made so r coincides with one end of the rod which is fixed
at the origin with a ball joint, i.e. r = 0. The dynamics are therefore described
by (2.39) having q = b. The connectivity matrix C ∈ R3×4 and the node matrix
N ∈ R3×4 are given by




C = 1 −I ,
N = n1 n2 n3 n4 .
Matrix Φ ∈ R12×3 and vector y ∈ R12 as in (2.53) are

T
Φ = ℓI 0 0 0 ,

y = 0T

nT2

nT3

nT4

T

.

The parameters of choice in the control design are the decay rate δ of the Lyapunov function candidate and the matrices Xb , Yb and Zb , all ∈ R3×3 , here
δ = 0.15,
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Xb = Yb = I,

Zb =

3
I.
2

Example 1: Control of a Pinned Rod System

The initial and desired target configurations are


 
1
0
√
1 √ 
1 

2 .
bd = √
b(0) = √
− 2 ,
3
5 √2
1
The fixed points in space are described by the nodes


cos[2π(i − 2)/3]
ni = 1.2  sin[2π(i − 2)/3]  ,
0

i = 2, . . . , 4.

The system trajectories from three simulations of the Lyapunov based control
design with different norm optimizations, namely kuk2 (blue trajectory), kuk1
(green trajectory) and kuk∞ (red trajectory), are shown in Figure 5.3. Detailed
plots of the simulations including the trajectories, control inputs and rod force
density, in the cases p = 2, p = 1 and p = ∞ are shown in Figure 5.4. The cases
p = 1 and p = ∞ exhibit discontinuity and chattering, particularly in the case
p = 1. For illustration, the corresponding trajectory obtained for the case p = 2
is plotted on top of the contour plots of the Lyapunov function candidate Vφ in
Figure 5.1 in terms of the minimal coordinate angles (φ, φ̇).
It is interesting to investigate in this simple example whether (5.16) is solvable.
This will be done in the extreme case when the rod is in the xy-plane. Note that in
this case, all string nodes are aligned in the xy-plane and no force can be applied
in the z direction. This implies that f = 0, regardless of the rod velocity ḃ.
Nevertheless, one can verify that in this configuration
V̇ = β(b, ḃ) = (1 − kḃk)(1 − bTd b) ≤ (1 − kḃk)
so that u = 0 may be a feasible solution to (5.15) if kḃk > 1, that is, if the
system reaches the xy-plane at a certain velocity. That means that β + δV can
be negative if δ is small. This agrees with the intuitive notion that, when bd
is not on the xy-plane and is in the opposite hemisphere from b(0), the system
must have sufficient velocity to overcome this planar configuration where control
is not possible.
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Figure 5.3: System trajectories from simulations of the Lyapunov based control
design with δ = 0.15 and optimization of kuk2 , kuk1 and kuk∞ , coloured blue,
green and red respectively. The rod (black) is shown in the final configuration at
t = 60s.

120

Example 1: Control of a Pinned Rod System

0

−0.5
20

40

Time [s]

0.06
0.05
0.04
0.03
0.02
0.01
0

60

Force density [N/m]

Force density [N/m]

Coordinates [m]

0.5

0

Lagrange multiplier λ

Controls (u1 , u2 , u3 )

Coordinates b and bd
1

0

20

40

Time [s]

0
−0.05
−0.1
−0.15
−0.2
−0.25
−0.3

60

0

20

40

Time [s]

60

(a) Data from simulation of the pinned single rod using the Lyapunov based control design
with δ = 0.15 and optimization of kuk2 .
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(b) Data from simulation of the pinned single rod using the Lyapunov based control design
with δ = 0.15 and optimization of kuk1 .
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(c) Data from simulation of the pinned single rod using the Lyapunov based control design
with δ = 0.15 and optimization of kuk∞ .

Figure 5.4: For coordinates blue, green and red denote the x-, y- and z-component
respectively. Full lines denote actual values, while dotted lines denote desired constant target values. The dashed black line in the coordinate subplots denote kbk2 .
Further, The three strings are numbered anticlockwise from the one attached to
position (1,0,0).
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5.5

Example 2: Control of a Class 1 Tensegrity
System

As for the control design discussed in Section 5.2, since the equations of motion of
a Class 1 tensegrity system are the result of the combination of the equations of
motion of the individual rods combined with the generalized forces of the entire
system (2.62), which still are affine on the transformed control input vector u, the
developments of Section 5.2 readily apply to control of general Class 1 tensegrity
systems if we define a combined Lyapunov function candidate of the form
V =

K
X

Vj ,

(5.19)

j=1

where each Vj is a Lyapunov function candidate written for each rod j = 1, . . . , K
as in (5.3). The derivations of Section 5.2 can then be rewritten for the entire
tensegrity system following the same steps, including the computation of admissible control inputs discussed in Section 5.3.
Now consider the tensegrity structure depicted in Figure 5.5, with three rods
and twelve strings. The objective is to move from one stable configuration to
another. The mass of the three rods is assumed to be uniformly distributed with
mi = 1,

ℓi = 1,

σi = 0,

=⇒

1
fi = ,
2

1
Ji = ,
3

i = {1, 2, 3}.

The parameter σi is set to zero, so we may constrain all the nodes at the bottom
of the tensegrity structure. Hence, the structure can be freed of rigid-body modes

Figure 5.5: A Class 1 tensegrity prism with three rods and twelve strings.
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by constraining node r1 to be the origin (r1 = 0) and nodes r2 and r3 using (2.41)
with the choices


1 0


D2 = 0 0 1 ,
E2 =  0 1  ,
r̄2 = 0,
0 0
 
 


0
0
1 0 0

r̄3 =
,
D3 =
,
E3 = 1 .
0
0 0 1
0
These matrices reflect the z-coordinate of the bottom node of the second rod (r2 )
being set to zero, so it is free to move only in the xy-plane, and that the x and
z coordinates of the bottom node of the third rod (r3 ) being set to zero, so it
can move only on the y-axis. This set of six constraints eliminates the six rigid
body modes of the structure. The configuration vector of the system q ∈ R12 is
q = (bT1 , zT2 , bT2 , zT3 , bT3 )T . The node matrix N ∈ R3×5 is


N = n1 n2 n3 n4 n5 ,

while the connectivity matrix C ∈ R12×5 is




C=



0
1
0
0
0

0
0
1
0
0

0
0
0
1
0

T
0 −1 −1 −1 −1 0
0
0
0
0 1
0
0
0 −1 −1 0
0 

0 0
1
0
0
0
0 −1 −1 
 ,
0 0
0
1
0
1
0
1
0 
1 0
0
0
1
0
1
0
1

and the matrix Φ ∈ R15×12 is



0
0
0
ℓ1 I 0
 0 E2 0
0
0



Φ =  0 E 2 ℓ2 I 0
0
.
0
0
0 E3 0 
0
0
0 E 3 ℓ3 I

Vector y ∈ R15 is equal to zero. The chosen parameters for the control design
are the same for all three rods
δ = 1,

Xbi = Ybi = Xri = Yri = I,

Zbi = Zri =

3
I,
2

i = {1, 2, 3}.

The initial and desired target conditions for this structure are chosen so that
both configurations are in static equilibrium. The initial conditions are given by
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the vectors


and


0.4243
b1 (0) = 0.4243 ,
0.8000

z2 (0) =




−0.5796
b2 (0) =  0.1553  ,
0.8000




0.4659
,
0.2690




0.1553
b3 (0) = −0.5796 ,
0.8000

z3 (0) = 0.5379,

associated with a symmetric and stable configuration of height equal to 0.8 m.
The desired target conditions are given by the vectors






0.5657
−0.7727
0.2071
b2 (0) =  0.2071  ,
b3d = −0.7727 ,
b1d = 0.5657 ,
0.6000
0.6000
0.6000
and

z2d =




0.6212
,
0.3586

z3d = 0.7173,

associated with a symmetric and stable configuration of a height of 0.6 m. the
trajectories of nodes for the Lyapunov based control design (blue trajectories) for
the tensegrity prism where the control norm is optimized for p = 2, are shown in
Figure 5.6. The essential data from the simulation of this system are presented
in Figure 5.7.

5.6

Discussion and Conclusions

The control objective was to take the system continuously from one configuration
to another without any a priori information about a preferred trajectory. Instead,
the system continuously searched for the next step on a path towards the target
configuration while minimizing some function of control inputs.
In general, a control design based on Lyapunov theory yields considerable
freedom in the optimization/allocation of control signals. In this approach, just
one scalar function needs to be matched by a combination of system inputs. The
path from one configuration to another therefore depends most on the statement, and hence the solution, of the optimization problem. Additional algebraic
constraint equations could have been augmented to the optimization problem in
order to decrease the inherent freedom of the proposed design and impact the
choice of path towards the target configuration.
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Figure 5.6: System trajectories from simulation of the tensegrity prism. The blue
lines denote the trajectories of the nodes with the Lyapunov based control design.
The rods (black) are shown in their final configuration after 10 s.

The convergence rate of the Lyapunov function candidate was chosen to be
exponentially stable, that is V̇ = −δV , δ > 0. A sufficient requirement is V̇ < 0.
The strict enforcement of the equality constraint of the exponentially decaying
Lyapunov function had a significant impact on the resulting path. An interesting
feature, illustrated in Figure 5.4, is that even though the convergence of V was
uniform, the convergence of system coordinates was not. The reason for this is
that algebraic constraints between system coordinates must be satisfied for all
instants of time.
The choices of tunable parameter matrices Xb , Yb , Zb , Xz , Yz and Zz would
naturally also alter the system trajectory. A general trend was that the system
became slower and control inputs larger with increasing diagonal elements of the
matrices Zz and Zb . This is because these elements penalized velocity, while V
still had to decrease at the convergence rate δ. Control inputs also grew when
reducing the diagonal terms of Yz and Yb . This is because control inputs are
directly multiplied by Yz and Yb in both designs, and that this term becomes
dominant when ż → 0 and ḃ → 0. The system may become slower with increasing diagonal terms of Yz and Yb .
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Figure 5.7: Data from simulation of the tensegrity prism with Lyapunov based
control design and optimization of kuk2 . For coordinates blue, green and red
denote x-, y- z-components respectively. For the error norms we use blue, green
and red for errors related to rod 1,2 and 3 respectively. Further, full lines denote
the errors kebi k, i =1, 2 and 3, while dashed lines denote the errors keri k, i =1, 2
and 3. The colour code for control inputs, and strings, are u1 , u2 , u3 , u4 , u5 , u6
and u7 . This combination is replicated in systems with more than seven inputs,
such as this one.

The approach to solving the optimization problem to provide a suitable combination of control inputs, has traditionally been to use numerical iteration procedures. See Aldrich et al. (2003), Aldrich and Skelton (2005), Aldrich and Skelton
(2006) and Wroldsen et al. (2006a). The proposed design presented explicit solutions to this problem, for all possible norms of the control inputs using Farkas’
Lemma. An optimization of the two-norm presented a combination of continuous control signals where, in general, all strings gave a force contribution. An
optimization of the one-norm gave a combination of control signals with discontinuities where only one string having a nonzero value at a given time. Also,
optimization of the infinity-norm gave a combination of control signals with discontinuities, here with all nonzero control signals having the same value.
Several issues related to the implementation of these control laws are worth investigating. The constraint associated with the realizability of the control through
strings is the most challenging one. In case the control problems proposed here
have no admissible control solution, one possibility would be to use a passive
control law that could be realized only with strings. One could switch into a
passive mode while waiting for solvability of the control problem to be regained
or for passive equilibrium to be attained. Another source of concern is the loss
of controllability at some configurations. For instance, in the pinned single rod
example, if the rod vector is in the xy-plane, control in the z-direction is not
possible. How to avoid such singularities remains an open problem.
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Chapter 6

Projection Based Control of
Non-Minimal Nonlinear
Realizations
In Chapter 5 the Lyapunov function was quadratic in non-minimal coordinates,
not explicitly taking into account the algebraic constraints in the equations of
motion. We inquired whether neglecting algebraic constraints could create unnecessary internal forces in rods, and if so, how a controller could be designed
to ease/avoid this problem? We propose here the concept of projecting the rods
non-minimal orientation error vectors onto the subspaces being the orthogonal
complements of the orientation vectors themselves. Such projections would bring
the non-minimal error signal of each individual rod back to a minimal number
of components. However, the main reason for introducing these projections lies
in the possibility of reducing the internal forces in rods, by canceling the components of the orientation errors in the direction of rods, which are the directions
of the algebraic constraints.
The system description is identical to the one presented in Section 5.1. The
proposed projection based control design is introduced in a Lyapunov framework
similar to that of Section 5.2. Hence, we keep the inherent freedom of the previous
design, entailing a combination of system coordinates and control inputs that
match just one single function. Also in this chapter the explicit closed form
solutions found to the instantaneous feedback law minimizing the p-norm of the
constrained control inputs, derived in Section 5.3, are used. The control objective
is equivalent to that of Chapter 5, namely to take the system continuously from
an initial configuration towards a constant target configuration without having a
priori information about any desired path. The theory evolved is illustrated on
the same three-dimensional systems as in Sections 5.4 and 5.5. The content of

127

6. Projection Based Control of Non-Minimal Nonlinear Realizations

b⊥
b
er
rd
z

r

ep

bd

eb

y
x
Figure 6.1: Illustration of the defined errors er and eb together with ep which is
the projection of eb onto the subspace b⊥ . Here, σ = 0, since r recovers n1 , i.e
the lower end of b.

this chapter is based on Wroldsen et al. (2006b) and Wroldsen et al. (2007b).

6.1

Projection Based Control Design

Recall from (5.2) the error vectors of one single rigid rod from the current coordinates, q = (zT , bT )T , to the desired target coordinates, qd = (zTd , bTd )T , being
eq = (eTz , eTb )T where ez = z − zd and eb = b − bd . The control design of Section
5.2 would penalize the errors ez and eb directly, ignoring the algebraic constraint
equation in the direction of the rod vector b. Such an approach might generate
control inputs contributing to creating large internal rod forces, which is undesirable. Here we introduce the concept of projecting the error signal related to the
rods orientation eb onto the subspace orthogonal to the rods orientation vector
b⊥ .
Again consider the projection matrix of (2.10) for which
P(b)x = x − (b̄T x)b̄,

b̄ = b/kbk,

is the orthogonal complement of the projection of the vector x onto the subspace
defined by any vector b 6= 0. Note that
P(b) b = 0, P(b)2 = P(b), P(b) P(b)† P(b) = P(b), P(b)† = P(b), (6.1)
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where P(b)† denotes the Moore-Penrose inverse of P(b). As a consequence of
the introduced constraint, kbk = 1 constant, Ṗ(b) is
Ṗ(b) = −(ḃbT + bḃT )/kbk2 − (bbT )

d
kbk−2 = −(ḃbT + bḃT )/kbk2 .
dt

The rationale of this projection approach is that one should not attempt to
reduce the Lyapunov function candidate by increasing the control unnecessarily
in the direction of the rod. To achieve this, we start define the projected error
signal
ep = P(b)eb = −P(b)bd .

(6.2)

Note that the projection error ep = 0 both when b = bd , and when b = −bd .
Hence, the projection error alone cannot guarantee a unique global minimum
for a potential Lyapunov function candidate. This is due to the unidirectional
implication eb = 0 ⇒ ep = 0. The projected error signal of (6.2) is used to define
the quadratic Lyapunov function candidate
 T 
 
1 ep
Xb Yb ep
Vb (b, ḃ) =
+ eTb Keb .
(6.3)
YbT Zb
ḃ
2 ḃ
The second term of (6.3) is included in order to have a unique global minimum.
Rewriting (6.3):
1
Vb (b, ḃ) =
2

 T 
 
eb
P(b)Xb P(b) + K P(b)Yb eb
.
YbT P(b)
Zb
ḃ
ḃ

(6.4)

The positivity of this function is characterized by Lemma 6.1.
Lemma 6.1 The function Vb > 0 for all b 6= bd and ḃ 6= 0 where kbk = kbd k =
1 if and only if


P(b)Xb P(b) + K P(b)Yb
Qb =
≻ 0.
(6.5)
YbT P(b)
Zb
Proof. Clearly Vb > 0 for all (eb , ḃ) 6= 0 if and only if Qb ≻ 0. Using the Schur
complement (Lemma 2.2) we can prove that Qb ≻ 0 if and only if

T
Zb ≻ 0,
K + P(b) Xb − Yb Z−1
(6.6)
b Yb P(b) ≻ 0.

The left condition of (6.6) is trivial. Looking at the right condition of (6.6),
 makT ≻ 0, we know that P(b) X − Y Z−1 Y T P(b) 
ing sure that Xb − Yb Z−1
Y
b
b
b
b
b
b
0. Choosing K ≻ 0, i.e. K = ǫI with ǫ > 0, we ensure that the right term also
satisfies the condition.
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Lemma 6.1 establishes conditions that ensure positivity of Vb with respect to
eb and ḃ. With that in mind we define
1
Vz (z, ż) =
2

 T 
Xz
ez
YzT
ż

Yz
Zz

 
ez
,
ż



Xz
Qz =
YzT


Yz
≻ 0,
Zz

(6.7)

so that Vz > 0 for all z 6= zd and ż 6= 0. Under the conditions of Lemma 6.1, the
function
V (q, q̇) = Vz (z, ż) + Vb (b, ḃ)

(6.8)

can be taken as a Lyapunov function candidate.
Consider the analogy to a minimal coordinate representation as in Chapter 5,
see (6.21) and (6.11). The Lyapunov function candidate (6.8) is with a minimal
number of system coordinates, Xb = αI, Yb = βI, Zb = γI having αγ ≥ β 2 and
K=0
Vb (b, ḃ) =

α T
γ
b P(b)bd − βbTd P(b)ḃ + kḃk2 .
2 d
2

(6.9)

The above expression is separated into two terms
Vb (b, ḃ) = Vb (φ, φ̇) + Vb (φ, θ̇),

(6.10)

where
Vb (φ, φ̇) =

α
γ
sin2 φ + β sin φφ̇ + φ̇2 ,
2
2

Vb (φ, θ̇) =

γ
sin2 φθ̇ 2 .
2

(6.11)

The added complexity of minimal representations such as (6.11) is discussed in
Chapter 6.1. Figure 6.2 shows a contour plot of Vb (φ, φ̇) from (6.11).
Theorem 6.1 below enables the computation of u(t) as a function of time t
based on the above Lyapunov function candidate V to stabilize the tensegrity
system.
Theorem 6.1 Consider a system with a single rigid thin rod of mass m > 0,
length ℓ > 0, inertia J ≻ 0 and M controlled strings. Choose a configuration
vector q = (zT , bT )T according to (2.44), depending on the constraints on the
rod nodes. Let the matrix of nodes of the system be N ∈ R3×N , which locates
the nodes where the rod and the strings connect to each other and to an inertial
frame. Define the constant connectivity matrix C ∈ RM ×N which relates the
matrix of string vectors S ∈ R3×M to the node matrix through S = NCT , and
the constant matrix Φ and constant vector y relating the configuration vector q
to the matrix of nodes through vec(N) = Φ q + y. Define matrices M(q), g(q, q̇)
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Figure 6.2: The Lyapunov landscape of Vφ (φ, φ̇) of (6.11) with system trajectory
from projection based control design with δ = 0.15 and optimization of kuk2 . In
this Lyapunov function candidate, α = β = 1, γ = 3/2 and K = 0.

and H(q) using the expressions (2.46), (2.47) and (2.48), and matrix B(q) as
in (2.64). System motion is governed by the differential equation
M(q) q̈ = g(q, q̇) − H(q) ΦT B(q) u,

u ≥ 0,

(6.12)

where M(q) is invertible for all q. Let qd = (zTd , bTd )T , q(0) 6= qd , q̇(0) and
δ > 0 be given, where kb(0)k = 1. Assume that qd is an equilibrium point of
system (6.12), that is, there exists ud ≥ 0 such that kbd k = 1 and g(qd , 0) =
H(qd ) ΦT B(qd ) ud . Use the Schur complement (Lemma 2.2) and select constant
matrices Xb , Yb and Zb so that Zb ≻ 0, Xb − YbT Z−1
b Yb ≻ 0 and K ≻ 0 to ensure
Qb ≻ 0. Also Xz , Yz and Zz should be chosen using the Schur complement
Zz ≻ 0 and Xz − YzT Z−1
z Yz ≻ 0 to ensure Qz ≻ 0. Define V (q, q̇) as in (6.8)
and
β (q, q̇) = γ(q, q̇) + a(q, q̇)T g(q, q̇),
f (q, q̇) = B(q)T Φ H(q)T a(q, q̇),

(6.13)
(6.14)

where
i


1 h
γ (q, q̇) = eTb Ṗ(b)Xb P(b) + P(b)Xb Ṗ(b) eb + eTz Xz + żT YzT ż+
2
h
i
eTb (P(b)Xb P(b) + K + Ṗ(b)Yb ) + ḃT YbT P(b) ḃ, (6.15)
131

6. Projection Based Control of Non-Minimal Nonlinear Realizations

and
−T

a(q, q̇) = M


YzT ez + ZTz ż
(q)
.
YbT P(b)eb + ZTb ḃ


(6.16)

If for all t ≥ 0 there exists a control input u(t) so
f (q(t), q̇(t))T u(t) = β (q(t), q̇(t)) + δ V (q(t), q̇(t)),

u(t) ≥ 0,

(6.17)

then limt→∞ q(t) = qd .
Proof. See proof of Theorem 5.1.
The discussion of Section 5.2 is also valid for the control design presented
here. The explicit solutions to the optimization problem of constrained control
inputs of Section 5.3 is used in the following examples.

6.2

Example 1: Control of a Pinned Rod System

The first system used to demonstrate the deduced control theory is a pinned rod
controlled by three actuated strings, see Figure 5.2. It is identical to the one presented in Section 5.4, also with respect to initial and desired target coordinates.
We first compare the control design of this chapter with the Lyapunov based
control design of Section 5.2. There are two alternatives for projecting the nonminimal orientation error vector eb . The first would be to project eb onto the
dynamic orthogonal subspace of the actual rod orientation, b⊥ . The second
would be to project eb onto the static orthogonal subspace of the desired target
rod orientation, b⊥
d . The two alternatives are discussed and simulation results
presented. Writing the proposed Lyapunov function candidates in minimal coordinate representations has proven to be a useful in evaluating possible system
behaviour. We provide here contour plots of the two alternative Lyapunov function candidates using projections, and evaluate them with respect to the one of
Chapter 5.
We start by evaluating the projection based control design derived here, and
compare the behaviour with the Lyapunov based control design of Chapter 5.
Figure 6.3 presents an illustration of system trajectories from simulations of the
projection based control design having δ = 0.15 (blue trajectory) and two Lyapunov based control designs having δ = 0.15 (green trajectory) and δ = 0.20
(red trajectory) respectively. The reason for showing results using two values of
δ in the Lyapunov based control design is that we want the rate of convergence
towards the desired target to match the one from the projection based control
design as closely as possible. The Lyapunov function candidates have different
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values in the proposed designs, resulting in differing behaviour for the same value
of the parameter δ. The evolution of system coordinates, control inputs and internal rod forces in simulations is shown in Figure 6.4. In the simulation results
we can see a significant smaller peak in the control inputs of the projection based
control design than in the Lyapunov based control design for a comparable dynamic behaviour. This is promising, but insufficient to decide which design is the
better.

Figure 6.3: The system trajectories from simulations of a pinned single rod.
One simulation was using the projection based control design with δ = 0.15
(blue trajectory). Two simulations were using the standard control design with
δ = 0.15 (green trajectory) and δ = 0.20 (red trajectory). All simulations were
run with optimization of kuk2 . The rod (black) is shown in the final configuration
at t = 60s.
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(a) Data from simulation of the pinned single rod using the projection based control design
with δ = 0.15 and optimization of kuk2
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(b) Data from simulation of the pinned single rod using the traditional control design with
δ = 0.15 and optimization of kuk2 .
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(c) Data from simulation of the pinned single rod using the traditional control design with
δ = 0.20 and optimization of kuk2 .

Figure 6.4: For coordinates blue, green and red denotes the x-, y- and zcomponent respectively. Full lines denote actual values, while dotted lines denote
desired constant target values. The dashed black lines in the coordinate subplots
denote kbk2 . Further, The three strings are numbered from the one attached to
position (1,0,0) and anticlockwise.
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Figure 6.5: The system trajectories from simulation of 1) Lyapunov based control
design with δ = 0.20 (red trajectory), 2) projection based design with projection
onto b⊥ and δ = 0.15 (blue trajectory), and 3) projection based design with
projection onto b⊥
d and δ = 0.15 (black trajectory). The rod (black) is shown in
the final configuration of the latter approach at t = 60 s.

When evaluating a pure projection based control design, which entails setting
K = 0, we can only show local stability. This can be illustrated by considering
this single rod system with an initial orientation closer to the mirror image than
the desired target configuration itself. The error ep will also decrease when moving towards the mirror image of the desired target configuration −bd , as there
is a projection. Hence, we simulate the two alternative projection based control designs from an initial configuration being closer to the mirror image than
the desired target configuration itself. Figure 6.5 shows the evolution of system
trajectories from running simulations using the the Lyapunov based control design having δ = 0.20 (blue trajectory), and the two alternative projection based
control designs, both having δ = 0.15, with projection onto b⊥ (red trajectory)
and projection onto b⊥
d (black trajectory) respectively. We discover that when 1)
projecting onto the actual coordinates and when 2) projecting onto the desired
target coordinates, the system’s behaviour is completely different. In the first,
the system converges towards the desired target configuration even though the
initial configuration was closer to the mirror image. In the second, the system
converges towards the mirror image.
A closer examination of the Lyapunov function candidates reveals that in
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Figure 6.6: The Lyapunov functions (6.19) (left) and (6.20) (right) from projection onto b⊥ and b⊥
d respectively. The red lines denote the sum of terms from
the orientation errors. The green lines denote the sum of terms from velocities.
The blue lines denote the complete Lyapunov functions.

projecting onto the actual coordinates, we can use the velocity terms of the Lyapunov function candidate to decrease the function according to the chosen decay
parameter. We write out the Lyapunov function candidates to show why this
feature is so. Let us use V1 (b, ḃ), V2 (b, ḃ) and V3 (b, ḃ) to denote the Lyapunov
function candidates from 1) the Lyapunov based control design, 2) the projection
based control design with projection onto actual coordinates and 3) the projection
based control design with projection onto desired target coordinates respectively.
By having Xb = αI, Yb = βI and Zb = γI with α = β = 1 and γ = 32 we get the
following Lyapunov function candidates
3
V1 (b, ḃ) = 1 − bTd b − bTd ḃ + ḃT ḃ,
4
3
1
1
V2 (b, ḃ) = bTd bd − bTd bbT bd − bTd ḃ + ḃT ḃ,
2
2
4
1 T
1 T
3
T
T
V3 (b, ḃ) = b b − b bd bd b + b ḃ − bT bd bTd ḃ + ḃT ḃ.
2
2
4

(6.18)
(6.19)
(6.20)

In (6.18) and (6.19) the term −bTd ḃ explains how the rod’s velocity in one direction might contribute negatively to the Lyapunov function candidate. In (6.20)
the term −bT bd bTd ḃ is less effective in giving a negative contribution due to the
fact that b is perpendicular to ḃ. The evolutions of the Lyapunov function candidates (6.18), (6.19) and (6.20) are presented in Figure 6.6. The red, green and
blue line indicates terms involving only orientation, terms involving velocity, and
the sum of these terms.
Again, using the minimal angle representation we can express the term Vi (φ, φ̇),
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i = 1, 2, 3 as
3
V1 (φ, φ̇) = 1 − cos φ + φ̇ sin φ + φ̇2 ,
4
1
3
V2 (φ, φ̇) = sin2 φ + φ̇ sin φ + φ̇2 ,
2
4
1
3
2
V3 (φ, φ̇) = sin φ + φ̇ cos φ sin φ + φ̇2 .
2
4

(6.21)
(6.22)
(6.23)

The contour plots of Vi (φ, φ̇), i = 1, 2 are shown in Figures 5.1 and 6.2 respectively. A contour plot of V3 (φ, φ̇) is shown in Figure 6.7. It is the projection
based control design projecting onto the desired target coordinates, and shows
the system trajectory converging towards the mirror image of the desired target position. The Lyapunov based control design clearly has the greatest region
of attraction. The region of attraction of the projection based control design
projecting onto b⊥ is larger than the one projecting onto b⊥
d.

V3
1

φ̇

0.5

0

−0.5

−1

−π

0

φ

π

Figure 6.7: The Lyapunov landscape of V3 (φ, φ̇) of (6.11) with system trajectory
from projection based control design when projecting the non-minimal error onto
the desired target configuration having δ = 0.15 and optimization of kuk2 . In
this Lyapunov function candidate, α = β = 1, γ = 3/2 and K = 0.
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6.3

Example 2: Control of a Class 1 Tensegrity
System

The tensegrity prism used in the numerical simulations of this section consists
of three rods interconnected by a network of twelve strings, identical to the one
of Section 5.5. An illustration is shown in Figure 5.5. Moreover, the initial and
desired target coordinates are identical.
The trajectories of all six nodes for the projection based control design are
shown with blue trajectories in Figure 6.8. The evolution of error signals, control
inputs and internal rod forces are shown in Figure 6.9. The projection based control design results presented here are very similar to the Lyapunov based control
design results. This is because the discrepancies between initial and target orientational coordinates of the individual rods are relatively small in this example,
even though the overall change in structural configuration is considerable.
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Figure 6.8: The evolution of node trajectories from simulation of the tensegrity
prism. The rods (black) and strings (green) are shown in their final configuration
after 10 s.
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Figure 6.9: Data from simulation of the tensegrity prism with projection based
control design and optimization of kuk2 . For coordinates blue, green and red
denote x-, y- and z-components respectively. For the error norms we use blue,
green and red for errors related to rod 1, 2 and 3 respectively. Further, full lines
denote the errors kebi k, i =1, 2 and 3, while dashed lines denote the errors keri k,
i =1, 2 and 3. The colour code for control inputs, and strings, are u1 , u2 , u3 ,
u4 , u5 , u6 and u7 . This combination is replicated in systems with more than 7
inputs, such as this one.

6.4

Discussion and Conclusions

The control objective here is identical to that explained in Chapter 5, namely to
take the structural system continuously from one configuration to another without
any a priori information about a preferred trajectory. The system continuously
searches for the next step towards a target configuration by satisfying a Lyapunov
function candidate while minimizing some function of the control inputs.
One reason for looking into the projection based control design was to reduce
the error coordinates to a minimal number. Another was the potential of reducing internal rod forces by canceling the error component in the direction of each
individual rod. Our experience indicates that the most important factor with
respect to control inputs are the convergence rate chosen for the Lyapunov function candidate and the chosen norm for the optimization problem. Simulations of
the pinned rod presented an example where the projection based control design
had a better behaviour than the Lyapunov based control design. These problems
are highly nonlinear and therefore very sensitive to both initial and desired target configurations. With the information available here we cannot conclude on
whether or not the projection based control design is better than the Lyapunov
based control design.
There are two possible options when considering projection based control
design. The first one is to project eb onto b⊥ , while the second one is to project
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eb onto b⊥
d . We experienced differing behaviours of these alternatives favoring
the one projecting onto b⊥ .
By using the minimal representation with angular coordinates, we compared
contour plots of Lyapunov function candidates from both the Lyapunov based
control design and the two possible projection based control design alternatives.
The Lyapunov based control design has a global region of attraction, while the
projection based control design, when choosing K = 0, only had local regions
of attraction. The region of attraction of the projection based control design
projecting eb onto b⊥ was larger than when projecting eb onto b⊥
d.
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Chapter 7

Tensegrity in Aquaculture
The burgeoning demand for seafood products worldwide has led to a ever greater
focus on aquaculture. As there are few sufficiently sheltered locations for fish
farms inshore, researchers are looking for new structural concepts for offshore
aquaculture.
In Section 7.1 we present a brief overview of the aquaculture industry today
and then introduce tensegrity structures as one possible concept for building wave
compliant marine structures. In future aquaculture installations one may introduce active control of structural geometry and/or stiffness for reasons mentioned
in this chapter. Chapters 4, 5 and 6 then provide possible control strategies that
could be employed.
In Section 7.2 we propose an approach on modelling of tensegrity structures
exposed to environmental loading from waves and current. The non-minimal realization of Section 2.2 is used for simulation purposes. To increase the modelling
accuracy, each rod is divided into smaller elements, for which environmental load
contributions are computed. The load contributions of segments are lumped to
nodal positions by using a procedure from structural modelling. The structural
behaviour is investigated through numerous simulations of a tensegrity beam
structure with various levels of prestress and string stiffness.
Appendix C.1 and C.2 present findings from related ABAQUS simulations
of strength properties of a tensegrity beam structure conducted by Dr. Østen
Jensen.
Our findings are based on a close collaboration between researchers at Centre
for Ships and Ocean Structures (CeSOS) and SINTEF Fisheries and Aquaculture AS (SFH). The content of this chapter is based on Wroldsen et al. (2004),
Wroldsen et al. (2006c), Jensen et al. (2007a) and Jensen et al. (2007b).
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7.1

Introducing Tensegrity in Aquaculture

Since 1970, the aquaculture industry has experienced an annual growth rate of
close to ten percent (Food and Agriculture Organisation of the United Nations
(FAO), 2002). The world supply of seafood has doubled over the last three
decades and currently is about 130 million tons per year. Since the mid 1990s,
the output from capture fisheries has been constant at about 90 million tons
per year. The total demand of seafood is expected to increase to about 180
million tons within three decades, primarily due to a growing world population
and increasing per capita consumption. The only foreseen solution to supply the
growing world market for seafood products would be through further developments in the aquaculture sector. For more information, see Ryan (2004) and
references therein.

7.1.1

Background and Motivation

The aquaculture installations are today located in sheltered areas close to shore
or inside fjords. The main reasons for being inshore are the limitations in existing technology and acceptable profits in the industry to date. The two main
categories of aquaculture installations used inshore are polyethylene tubes and
the hinged steel structures. Polyethylene tubes are relatively small and flexible.
Hinged steel structures are stiff and suffer from load concentrations in hinges.
The four aspects below may characterize the industry today:
• The technological solutions usually are inexpensive and simple.
• The installations are mostly small to medium scale.
• A large number of structures are built with limited flexibility, leading to
load concentrations.
• The structures are fragile with respect to environmental loading and harsh
weather conditions. Consequently they need sheltered locations.
There are several reasons for investigating offshore aquaculture. The increasing
demand for seafood products worldwide could lead to a larger number of installations and shortage of suitable inshore locations. Also, future installations will
probably be larger, as they tend to be more cost effective. The benefits of moving
offshore ,compared to staying inshore, are:
• The quality of water is higher.
• The flux of fresh water and oxygen is higher.
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• The water temperatures are more stable.
• There are fewer sea lice infestations (Sveälv, 1988).
These properties contribute to increase the welfare of the fish and in turn to a
higher quality of product for consumers. The technological challenges related to
large mobile installations offshore are:
• How should large rigid installations be made strong enough to cope with
the environmental loads?
• How should large installations be constructed to be wave compliant and
flexible enough to cope with the environmental loads?
• How should the installations be run with long distances to shore? A higher
degree of remote monitoring and automation is needed.
• Could passive or active control of the installation geometry increase fish
welfare and/or reduce environmental loads?
• Could passive or active control of the installation geometry give benefits
with respect to transportation and/or harvesting?
By looking at the demands for future offshore installations and focusing on the
environmental loads, we foresee needs for new structural concepts.

7.1.2

Offshore Aquaculture Today

For the last 15 years, the development of offshore cage systems has run parallel
that of inshore cage systems, and a variety of concepts and designs have been
tried. Scott and Muir (2000) divide the designs into three major operational
classes; floating, semi-submersible, and submersible, and two mechanical types;
flexible and rigid. The following presentation of existing concepts is based on
information provided by Scott and Muir (2000) and Ryan (2004).
The most widely used concept is the floating flexible cage, often made of
plastic collars. These structures show in general good resistance to environmental
loads from waves and current, but suffer from wear and tear due to relative motion
between the frame and the net structure. An installation built by Helgeland
Plast of Norway is shown in Figure 7.1(a). Another concept, the floating rigid
cage, is designed to withstand the environmental loads rather than being wave
compliant. Such installations usually are massive and relatively expensive. One
such installation by Marina System Iberica of Spain is shown in Figure 7.1(b).
The semi-submersible cage concepts are designed to be submerged for periods
of time due to extreme weather conditions or ice. AquaSpar and SeaStation
143

7. Tensegrity in Aquaculture

(a) PolarCirkel polyethylene tube by Hel- (b) Pisbarca floating rigid cage system by
geland Plast. From www.polarcirkel.no. Marina System Iberica. From Scott and
Muir (2000).

(c) SeaStation by OceanSpar LLC. From (d) AquaSpar by OceanSpar LLC. From
www.oceanspar.com.
www.oceanspar.com.

(e) Tension Leg Cage by Refamed. From (f) Farmocean 3500 by Farmocean Internawww.refamed.com.
tional AB. From www.farmocean.se.

Figure 7.1: Existing designs for offshore aquaculture.

are two such cage systems from the United States company OceanSpar LLC
(www.oceanspar.com). AquaSpar consists of four moored buoys spanning a net
structure, while SeaStation uses only one moored central buoy and a circular rim
to span the net. See Figures 7.1(c) and 7.1(d). The Italian company Refamed’s
tension leg cage is another example of a flexible semi-submersible design. This
concept is unique in taking advantage of automatic set down due to environmental
loading. An illustration of this concept is shown in Figure 7.1(e).
Farmocean International of Sweden has delivered semi-submersible rigid cages
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(a) A standard shaped frame.

(b) An interconnected structure.

Figure 7.2: Illustrations of our concept using tensegrity structures in aquaculture.
Two well known geometries are realized with tensegrity elements. By Mats A.
Heide.

to the market for more than two decades (www.farmocean.se). The Farmocean
installations use only one mooring line and locate their main volume below the sea
surface to reduce the environmental loading. Experience with this concept has
shown that it is durable, but suffers from being relatively expensive and having
small volumes. See Figure 7.1(f).
Sadco Shelf of Russia produce fully submersible and relatively rigid cage systems (www.sadco-shelf.sp.ru). These installations could be operated under severe
conditions with extreme weather and icy winters. However, management is relatively complex, as the installations must be raised to the surface.

7.1.3

Introducing Tensegrity Concepts

An extensive use of tensegrity concepts in future aquaculture installations could
improve system solutions. The inherent flexibility of tensegrity structures should
be taken advantage of to design wave compliant installations. By distributing
the environmental loading throughout the entire structure one could reduce the
traditional problem of having load concentrations in a few connectors. In fact,
tensegrity structures can be realized without having any joints at all (Class 1),
where existing installations tend to fail. The large strength to mass ratio of
tensegrity structures could be germane in transportation and handling. The
slender elements could contribute to reduce the drag compared with existing
designs. However, the greater portion of the environmental loading is introduced
through nets, and not the supporting frame. The rod elements could be realized as
hollow pipes providing sufficient buoyancy through a large number of distributed
and relatively small floaters. Two proposed realizations of frames using tensegrity
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Figure 7.3: Illustration of a cubical cage using tensegrity concepts. The vertical
beams help keeping a more constant net volume and reduce snap loads from
relative motion between elements. By Mats A. Heide.

concepts are shown in Figure 7.2. Hybrid solutions of existing frame elements
and tensegrity structures also should be considered.
Lader and Enerhaug (2005) report from work on circular gravity cage models
that large net deformations and volume reductions were observed due to current,
resulting in reduced fish welfare. The main parameters studied were the current
velocity and applied bottom weights. Berstad et al. (2005) used numerical simulations and found a volume reduction of 50 %, 80 % and 84 % from the original
volume at current velocities of 0.5 m/s, 1.0 m/s and 1.5 m/s respectively. Lader
and Fredheim (2001) have reported another problem of traditional gravity cage
concepts, they may experience snap loads due to relative motion between the upper and lower cage elements. These snap loads threaten the structural integrity
of the net and should be avoided, especially at an offshore site where the risk of
snap loads could be larger. Based on the mentioned experiences we propose a
cubical cage concept realized either as a hybrid between existing frame elements
and tensegrity concepts, or as a pure tensegrity structure, see Figure 7.3. The
structural stiffness of the vertical elements in this proposed concept would lead
to less problems with reduced volume and snap loads.
The possible benefits of both passive and active control should be explored in
considering structural concepts for future aquaculture installations. Structural
control in a marine environment is illustrated in Figure 7.4. By applying control
of an aquaculture installation one could alter the overall geometry in order to
reduce the environmental loading and/or alter the flux of water through the
volume spanned by nets. These control concepts could also be germane in effective
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(a) Medium current

(b) Low current

(c) High current

Figure 7.4: Illustrations of shape control of an aquaculture installation in order
to reduce the environmental loading and/or alter the flux of water through the
volume spanned by the nets. By Pål F. Lader.

transportation and deployment of large installations, or with respect to harvesting
the fish. Also structural stiffness should be considered controlled in order to
achieve a suitable trade-off between being wave compliant and having the required
structural integrity. The control designs of Chapters 4, 5 and 6 may then provide
possible control strategies that could be considered.
Scott and Muir (2000) and Ryan (2004) indicate that current designs are
not fully effective in meeting the target objectives of offshore aquaculture installations. The inherent properties of tensegrity structures, such as having large
strength to mass ratios and being wave compliant, make them interesting candidates for aquaculture.
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7.2

Hydrodynamic Loading on Tensegrity Structures

Understanding of the interaction between structural elements and the surrounding fluid is an essential prerequisite to investigate the concept of using tensegrity
structures in marine environments. This section presents one approach to modelling and simulation of tensegrity structures subjected to hydrodynamic loading.
Its content was first presented in Wroldsen et al. (2006c).

7.2.1

System Description

Consider a tensegrity structure of N nodes, K rods and M strings. The equations of motion are derived using a non-minimal number of system coordinates
of Section 2.2. With a structure not constrained in any manner, and a uniform
mass distribution in rods, we choose σi = 12 for i = 1, · · · , K. This choice yields
position vectors ri , where i = 1, · · · , K pointing to the centre of mass and decoupling of rotational and translational motion, and further a constant diagonal
mass matrix M. The equations of motion are of the form
Mq̈ = g(q, q̇) + H(q)ΦT [f − B(q)u] ,

u ≥ 0.

(7.1)

The force contributions from the environmental loading and strings enter the
system through f ∈ R3N and u ∈ RM .

7.2.2

Environment Description

The tensegrity structure will sometimes be fully submerged and sometimes only
partly submerged in the surrounding fluid. A description of the fluid motion
will first be given, before presenting hydrodynamic loading and how force contributions on rod segments may be redistributed to node positions matching the
equations of motion.
Fluid Velocities and Accelerations
The reference frame is a right hand coordinate system with the origin at the zero
mean surface elevation with z-axis positive upwards. The velocity and acceleration of a fluid particle at location xh = (xh , yh , zh )T will be presented in the
following.
We consider only one traveling harmonic wave to demonstrate the wave structure interaction more clearly. Faltinsen (1990) presents the use of first order potential theory to derive the surface elevation ζ(xh , yh , t), fluid velocities vf (xh , t),
fluid accelerations af (xh , t) and pressures p(xh , t) due to this traveling harmonic
wave. The first order potential theory is valid for small steepness of waves, meaning a low wave height to wavelength ratio (H ≪ λ). The wave elevation, derived
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from the dynamic free surface condition, is
ζ(xh , yh , t) = ζ̄ sin [ωt + ε − kxh cos(χ) − kyh sin(χ)] ,

(7.2)

where ζ̄ is the wave amplitude, ω is the circular wave frequency, k is the wave
number, χ is the angle with respect to the positive direction of the inertial frame
x-axis xh and ε is the initial phase. The fluid particle velocities are given by
superposition of contributions from waves and current
vf (xh , t) = vw (xh , t) + vc (xh , t).

(7.3)

The fluid particle velocity vector, due to waves alone, is

 

vx (xh , t)
ω ζ̄ekz cos(χ) sin [ωt + ε − kx cos(χ) − ky sin(χ)]
vf (xh , t) =  vy (xh , t)  =  ω ζ̄ekz sin(χ) sin [ωt + ε − kx cos(χ) − ky sin(χ)]  .
vz (xh , t)
ω ζ̄ekz cos [ωt + ε − kx cos(χ) − ky sin(χ)]
(7.4)
The current velocity vector is either constant or slowly varying. The fluid particle
acceleration vector, due to waves alone, is

  2 kz

ax (xh , t)
ω ζ̄e cos(χ) cos [ωt + ε − kx cos(χ) − ky sin(χ)]
af (xh , t) =  ay (xh , t)  =  ω 2 ζ̄ekz cos(χ) cos [ωt + ε − kx cos(χ) − ky sin(χ)]  .
az (xh , t)
−ω 2 ζ̄ekz sin [ωt + ε − kx cos(χ) − ky sin(χ)]
(7.5)
Hydrodynamic Loading
The environmental force contributions are considered only for cylinder elements.
We use the cross flow principle and neglect flow components and resulting forces
parallel to the cylinder axis (Ersdal and Faltinsen, 2006). The force contributions
of this section are used to compute force densities on cylinder segments. Hydrodynamic loading is modeled using Morison’s equation (Faltinsen, 1990). Gravity
and hydrostatic forces are also considered. The environmental load effects taken
into account are therefore added mass forces (am), Froude-Kriloff forces (fk),
nonlinear viscous drag forces (d) and forces due to buoyancy and gravity (hg),
f(h) = f(am) + f(f k) + f(d) + f(hg) .

(7.6)

The modeled effects are presented below:
• Added Mass Force. The added mass force is the component of the radiation force in phase with the acceleration. It depends on body form, frequency of oscillation and forward speed. Also finite water depth, restricted
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volume and proximity to other bodies influence the added mass. The added
mass force per unit length is for a moving circular cylinder (Faltinsen, 1990)
f(am) = Ca

πd2
ρw (ar − aTr bb).
4

(7.7)

where ρw is water density, d is cylinder diameter and Ca is the added mass
coefficient. The relative acceleration between fluid and structure segment
is defined ar = af − as . The theoretical value for the added mass coefficient
assuming inviscid flow and strip theory is Ca = 1.0 (Ersdal and Faltinsen,
2006).
• Froude-Kriloff Force. The Froude-Kriloff force is the undisturbed wave
pressure force part of the excitation forces. The force per unit length of a
moving circular cylinder is (Faltinsen, 1990)
f(f k) =

πd2
ρw (af − aTf bb).
4

(7.8)

• Nonlinear Viscous Drag Force. The drag force is proportional to the
relative velocity between cylinder and fluid squared and the cylinder diameter. The drag force is per unit length (Faltinsen, 1990)
f(d) =

1
Cd dρw |vr − vrT bb|(vr − vrT bb),
2

(7.9)

where the relative velocity between fluid and structure is denoted vr =
vf − vs . The hydrodynamic drag coefficient Cd ∈ [0.8 1.2] is a function of
Reynolds number and a common assumption for a subcritical flow regime
is Cd = 1.2 (Ersdal and Faltinsen, 2006).
• Gravity and Hydrostatic Forces. These are restoring forces and moments acting on the cylinders due to gravity and buoyancy. A cylinder
segment above the surface undergo only the gravity force while a segment
below the surface undergoes the sum of buoyancy and gravity forces. The
contributions from gravity and hydrostatic forces are per unit length
f(hg) =



π 2
4 (do
π 2
4 (do

− d2i )ρc g − π4 d2o ρw g
− d2i )ρc g

if submerged
otherwise.

(7.10)

ρc is the density of the material used in the cylinder, do is the outer diameter while di is the inner diameter of the cylinder. g is the gravitational
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acceleration vector. The weight of the air inside the hollow cylinder segments is neglected. The force contributions are taken care of internally in
partly submerged segments so that the buoyancy forces are continuous.
Possible Contributions to Environmental Loading
Two parameters are key in considering flow about circular cylinders, the Reynolds
number (Rn)1 and the Keulegan-Carpenter number KC 2 . The cylinder diameters
are small and velocities are moderate so we assume a subcritical flow regime with
Reynolds number Rn ∈ ← , 2 · 105 . The water displacement amplitude is
relatively large with respect to the cylinder diameter and we assume a KeuleganCarpenter number KC ∈ [15, 45]. A brief discussion of hydrodynamic effects not
modeled here follows below.
• Vortex Shedding and Resonance Oscillations. Wake pictures may
develop behind cylinders and there are generally two possible arrangements.
There are two rows of eddies behind the cylinder, and the eddies are either
exactly opposite one another, or are symmetrically staggered. This gives
oscillating force contributions in both drag and lift directions. The distance
between two vortices at the same row is denoted l and the cylinder radius is
denoted R. The Strouhal number (St)3 is approximately 0.2 for a subcritical
flow regime. In this flow regime the wake is divided into three parts, namely
the formation region (lf r <≈ 5R), the stable region (5R <≈ lsr <≈ 12R)
and the unstable region (lsr <≈ 12R). The vortex shedding is generally
uncorrelated along the cylinder axis and correlation length is normally less
that 5D for subcritical flow. The vortex-shedding frequency fv is found
from the Strouhal number (St) and the cylinder diameter (D). For reduced
velocities (UR )4 about 5 ≤ UR ≤ 7 we enter a synchronization region where
lock-in usually occurs. The consequences of lock-in are that correlation
length increases, vortex strength increases, vortex shedding frequency locks
to natural frequency of structure, increased but self limiting amplitudes and
in-line drag increases. The Reynolds number and the surface roughness
of the cylinder are relevant in examining for vortex-induced oscillations.
The effects mentioned above are mainly from work on cylinders in steady
1

The Reynolds number is defined Rn = uνa d where ua is the flow velocity amplitude, d =
cylinder diameter ν is kinematic viscosity (Journe and Massie, 2001).
2
aT
The Keulegan-Carpenter number is defined KC = uD
where ua is the flow velocity
amplitude, T is the period of oscillation and d is cylinder diameter (Journe and Massie, 2001).
3
The Strouhal number is defined St = fUvcd where fv is the vortex shedding frequency, d is
cylinder diameter and Uc is undisturbed flow velocity (Journe and Massie, 2001).
4
Ur = fU
where U is undisturbed flow velocity, f[ n is the natural frequency and d is the
nd
cylinder diameter (Journe and Massie, 2001).
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incident flow, but the effect may also occur in ambient harmonic oscillatory
flow. Both spoilers and helical strakes have been used on cylinders to reduce
vortex induced oscillations. Amplitudes of oscillation below a certain value
will not lead to flow separation if only waves are present.
• Galloping. Galloping comprises instability oscillations at higher reduced
velocities (UR ) than when lock-in occurs. The oscillating vortex shedding
forces are of less importance for UR > 10. Galloping occurs when the
hydrodynamic forces cause negative damping of the transverse oscillations
and the motion becomes unstable.
• Shadow Effects. The large number of cylinders could in some configurations come relatively close, hence the fluid velocity will be reduced on
structure members in the shadow of others. The result of not using the
reduced velocity computation is an over-prediction of the hydrodynamic
loads. The vortex strength decay as a function of distance past each cylinder
and could interfere with neighboring cylinders when placed close. Downstream structure members also often experience wake induced oscillations
caused by fluctuations or turbulence. For modelling of downstream effects,
see Fredheim (2005).
• Three-Dimensional Effects. The three-dimensional effects on the ends
of the cylinders will give a reduced drag force compared to results from pure
strip theory. This could be taken into account by using a reduced incident
flow at the ends of the cylinders or translate this into a reduction factor
of two dimensional drag coefficients. For modelling of three-dimensional
effects, see Aarsnes (1984).
• Potential Damping.
Potential damping is understood as dissipated
energy from outgoing waves generated by the structure. This is the component of the radiation force in phase with the relative velocity between
structure and fluid, see Faltinsen (1990).
• Surface Roughness. The surface roughness is important when working
on structures to be used in a marine environment. Both corrosion and
marine growth would alter the surface roughness. Marine growth would
also enlarge diameter and increase drag. There has been reported that an
increase in surface roughness of 0.02 for a smooth circular cylinder can give
an 100% increase in the drag coefficient CD (Sarpkaya and Isaacson, 1981).
• Wave Run Up and Wave Depression.
The free surface would be
altered by a penetrating circular cylinder. There will be a wave run up on
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Figure 7.5: Illustration of the distribution of force contributions on rod segments
between the two nodes.

the upstream side of the cylinder and a wave depression on the downstream
side. The effect is assumed to be insignificant for this study.
• Current Wave Interaction. Combined effects may be considered whenever both waves and currents are present. The statement that flow separation would not occur for amplitudes of oscillations below a certain limit
would no longer apply in the case when current is present.
The above discussion is based on parts of Faltinsen (1990), Blevins (1977), Sarpkaya and Isaacson (1981) and references therein.
Load Distribution
The modelling accuracy of the environmental loading depends on the choices
made regarding discretization of rod elements. The individual rods are divided
into L equally long segments in which the force contributions are computed. Since
the structural modelling only accept forces affecting the system through node
positions, the force contributions are lumped from the centre of each segment to
the two nodes according to the method explained in Bergan et al. (1977). Using
the parameter σ ∈ [0, 1], where σ = 0 and σ = 1 recovers nodes ni and nj . The
distribution of the force contribution between the two nodes of the ith rod is
∆fni (σk ) = (1 − σk )2 (1 + 2σk )fi (σk )ℓ∆σ,

∆fnj (σk ) = σk2 (3 − 2σk )fi (σk )ℓ∆σ,

(7.11)
(7.12)
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fi (σ) is the force density at the relative distance σ along this ith rod. The
force contributions from hydrodynamic loading are all orthogonal to the rods
main axis. For gravity and hydrostatic forces, the contributions are divided into
components orthogonal to, and aligned with, the rods main axis. The orthogonal
force components are lumped between the nodes as described in (7.11) and (7.12).
The force components aligned with the rods main axis are shared equally between
the nodes. The force on node i is found as the sum of all force contributions along
the ith rod:
fni =

L
X

∆fni (σk ).

(7.13)

k=1

7.2.3

Simulation Examples

A fifteen stage tensegrity beam structure consisting of K = 45 rods and M = 180
strings has been used for numerical simulation of the proposed system modelling.
This structure is inspired by Snelson’s Needle Tower. We first present structural
system and simulation parameters, and then describe form-finding procedure and
measures of model flexibility. This section end with illustrations from simulations
and presentation of results from observations of structural flexibility.
Simulation Parameters
The structure is described by choosing hollow circular cylinders as rods and linear
unidirectional springs as strings. All cylinder elements are made of aluminium
(density 2700 kg/m3 ) with length 1.22 m, outer diameter 0.10 m and inner diameter 0.09 m. We have chosen to divide all cylinders into 5 segments, in which
force contributions are computed.
The environment is described by a single harmonic wave of wavelength (λ) 15
m and wave height (H = 2ζ̄) 1 m propagating in positive x-direction (from left
to right). The tensegrity beam structure is free floating, initially placed slightly
below the surface pointing towards the incoming waves.
Form-Finding by Dynamic Relaxation
The initial structure geometry is realized by fifteen interconnected stages of
tensegrity prism of three rods. All rods are inclined in the same direction with
each stage rotated 60 degrees about the beam axis with respect to the stage
below, see Figure 7.6.
The number of tunable structure parameters is normally very large for tensegrity structures. This particular structure has 180 strings where prestress level and
spring stiffness need to be chosen. For each simulation case we have chosen one
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Structure geometry before form−finding

Structure geometry after form−finding
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Figure 7.6: Structure configuration before and after form-finding.
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Figure 7.7: An illustration of the deformation measure. The deformation measure
from the ith stage interconnection at the jth iteration of the simulation procedure
is marked.

prestress level and one spring stiffness for all strings. The prestress level is given
by a prestress measure which is defined as the difference between string length
in initial configuration and string rest length. In our recent investigations we
have found that the prestress of strings after form-finding (after reaching a static
equilibrium configuration) is a preferred measure. This preferred measure is used
in the analysis of strength properties in Appendix C.1.4.
The form-finding process employs use of dynamic relaxation. For each simulation we define one prestress measure and one string stiffness. The structure
geometry will then change from its initial configuration (away from static equilibrium) to a configuration where all structure elements are in static equilibrium. A
close view of three interconnected stages before and after form-finding is shown
in Figure 7.6. See Tibert and Pellegrino (2003) for a thorough introduction to
different form-finding methods.
Deformation Measure
We continuously measure the centre position of each stage interconnection along
the beam structure. This centre position is the mean position of the six nodes
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Figure 7.8: Three snapshots from approximately one wave cycle of the simulation
with prestress measure 0.1 m and spring stiffness 30 kN.

of the interconnection which make up the hexagonal shape. A straight line is
drawn from the first to the last stage interconnection. Our deformation measure is a matrix D with dimensions being the number of stage interconnections
in the beam structure times the number of iterations in the numerical simulation. Component D(i, j) is the shortest distance between the centre of the ith
stage interconnection and this straight line, in the jth iteration of the simulation
procedure. The proposed deformation measure is illustrated in Figure 7.7. We
compare the infinity-norm of this deformation measure between all simulations
to see how structure properties changes as a function of the tunable parameters.

Results from Simulations
The modeled hydrodynamic and hydrostatic loading seem to give realistic structural dynamics. There is a transient behaviour from the initial position slightly
below the surface to a cyclic behaviour when the structure is floating. The deformation measures are relatively large due to the chosen values of the prestress
measure and spring stiffness. Three snapshots (approximately from one wave
period) from one of the nine simulations of this study are shown in Figure 7.8.
The prestress levels were altered by using different values of the prestress
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Figure 7.9: Trend surfaces for the infinity-norms of the deformation measures as
functions of prestress level and sting stiffness for all nine simulations.

measure (0.10 m, 0.15 m and 0.20 m) and spring stiffness (10 kN, 20 kN and 30
kN) in the form-finding procedures. We could clearly see the expected trend that
structure deformations decreased for increasing values of both prestress measure
and spring stiffness. A doubling of the prestress measure from 0.10 m to 0.20 m
gave 27.5 %, 30.1 % and 34.6 % reduction in the deformation measure for spring
stiffness 10 kN/m, 20 kN/m and 30 kN/m. A doubling of the spring stiffness
from 10 kN/m to 20 kN/m gave 25.9 %, 27.5 % and 28.6 % reduction in the
deformation measure for prestress 0.10 m, 0.15 m and 0.20 m. The reduction in
deformation measure between the two extreme cases of this study was about 58.9
% (from 1.19 m to 0.49 m). The mean internal force in the bar elements increased
from 1.45 kN to 8.68 kN between these two extremes. The infinity-norm of the
deformation measures from all simulations are compared in Figure 7.9.

7.3

Discussion and Conclusions

Tensegrity structures in a marine environment have several interesting features.
New structural concepts are of interest due to the problems experienced in existing installations with respect to flexibility and load concentrations.
The possibility of making tensegrity structures wave compliant by choosing
a suitable combination of rod and string properties is intriguing. Today there is
no known methodology for choosing an optimal combination of rod and string
properties. Another step would be to introduce active control to change geometry,
or tune stiffness, during operation in order to adapt to both environment and the
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fish.
The existing technology and equipment are predominantly developed for surface operations, and limited is known about for submerged production. Hence, a
concept for open ocean aquaculture having a surface mode, either partly or permanent, would have an operational advantage. On the other hand, the tensegrity
principles could also be integrated in a submersible system, escaping some of the
most severe loadings from waves. The general challenges of corrosion and biofouling will also be present on concepts using tensegrity. The tensegrity concept
is new to the marine industry, and the initial cost of manufacturing such constructions could be high.
Section 7.2 presented modelling and simulation of tensegrity structures exposed to a marine environment. The equations of motion are computationally
very efficient due to the use of non-minimal coordinates, giving a diagonal constant mass matrix. The accuracy of the environmental loading could be chosen
by the discretization of rods into smaller segments. The numerical simulations
showed realistic behaviours.
Note, Appendix C.1 and C.2 present related results from investigation of
strength properties of a tensegrity beam structure and preliminary results from
hydrodynamic loading using the commercial FEM software code ABAQUS.
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Conclusions and Future Work
The contributions of this thesis have primarily been with respect to the modeling
and control of tensegrity structures. The derived theory has also been extended
in order to approximate the behavior of relatively long and heavy cable structures. In addition, the concept of using tensegrity in marine structures, such as
aquaculture installations, has been introduced. The following presents the most
important concluding remarks and sketches some ideas about possible future
work.

8.1

Conclusions

The main contribution on modeling of tensegrity dynamics was in opening the
way for having the vector of translational coordinates point to whatever position within the rod. By introducing this feature we were able to constrain the
translational coordinates of rods in an embedded manner, partly or completely,
in space. The advantages of non-minimal realizations is that the formulations
are free of singularities and that the mapping from system coordinates to node
positions is affine.
The recent developments within the modeling of tensegrity dynamics using
DAEs of motion are transferable also to other mechanical systems. By introducing additional linear constraint equations this work has managed to pin rods
together into a chain structure, the RBC model. The model has the potential
of being computationally effective. With K interconnected thin rod elements,
giving 3K system coordinates, the matrix that needs to be inverted for each iteration of a numerical simulation procedure is only of size K × K. In traditional
formulations, having minimal coordinate representations, this matrix is of size
2K × 2K. The proposed model was compared both with experiments and the
commercial FEM software code ABAQUS. A procedure for choosing sufficiently
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many structural elements to achieve well behaved simulations was proposed based
on the imposed excitation frequency on a hanging cable and the length, hence
also eigenfrequency, of individual rods.
This work initially considered numerical optimization of constrained control
inputs with focus on how to alter the level of prestress. The structures considered were modeled using ODEs of motion. An additional summation inequality
constraint was introduced to the optimization problem with the aim of having
better distribution of prestress and possibly also getting smooth control inputs.
The experience gained was that the proposed approach worked relatively well
with respect to distributing the prestress. On the other hand, getting smooth
control inputs was more difficult, albeit achieved in our example on a small structure. In the larger example structure, having redundancy in control due to the
large number of strings, some strings always attended their minimal values for
all tested variations of the summation inequality criterion.
The recent contributions with respect to modeling tensegrity structures using DAEs of motion have permitted the development of control designs that can
cope with non-minimal realizations. Our first approach with respect to controlling such systems used Lyapunov theory directly on the non-minimal error signals.
Using Farkas’ Lemma, we found explicit analytical solutions to the optimization
of constrained control inputs. This optimization problem has thus far been solved
for using iterative numerical optimization procedures. The second approach introduced the idea of projecting the non-minimal orientation error signal onto a
subspace being the orthogonal complement of the rods directional vector. The
reasoning behind this approach was to try reducing the internal forces in rods by
not considering the errors in the directions of the algebraic constraint equations.
Both these control approaches have been successfully implemented and tested
on three-dimensional systems, one single rod system and one Class 1 tensegrity
structure.
The concept of using tensegrity in wave compliant marine structures has been
introduced in this thesis. By manufacturing these potentially lightweight structures with correct stiffness properties with respect to environmental loading we
believe the concept could be advantageous. The first steps towards using tensegrity in marine systems have been taken by proposing an approach for modeling of
hydrodynamic loading and investigating strength properties of a tensegrity beam
structure. This concept still is in its infancy, and a significant amount of research
must be conducted in order to examine its feasibility and viability.
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The research into tensegrity structures is still a burgeoning field with many potential applications. In considering the modeling of tensegrity dynamics, we believe
that the use of DAEs of motion will become the preferred approach. A method to
describe how structural elements, namely rods and strings, create physical obstacles for one another would be a considerable contribution. Such a method could
potentially be used for path-planning in order to avoid problem configurations in
moving from one configuration to another.
In considering extensions of the deduced DAEs of motion for a single rigid
rod, the tensegrity structures and the cable model of this thesis are only two of
many possible applications. Systems having closed kinematic chains would be
a natural extension of the deduced theory, and suspended cables, or even net
structures, would be both interesting and challenging areas of research. Also the
introduction of various forms of environmental loading would be of interest.
The DAE formulation opens for research into new control designs being able
to cope with systems having non-minimal realizations. Two possible control
designs have been presented here, and the potential for further developments is
large. The potential is also large with respect to motion planning of overactuated
systems with constrained inputs, such as bio-mechanical systems.
The introduction of tensegrity structures to marine environments still is on a
conceptual level, and considerable research effort is needed to develop a commercial product. It is believed that building real tensegrity structures and conducting
experiments on strength properties, environmental loading and operational challenges will be a very promising direction for future research.
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Appendix A

Mathematical Toolbox
A.1

Metrical Norms

The vector norms are defined in (Kreyszig, 1999). The norm kxk of a vector x is
a real-valued function with the properties:
• kxk is a nonnegative real number.
• kxk = 0 if and only if x = 0.
• kkxk = kkxk for all k.
• kx + yk ≤ kxk + kyk.
Norms are labeled with subscripts. The most important is the p-norm, defined
by
kxkp = (|x1 |p + |x2 |p + · · · + |xn |p )1/p
(A.1)
where p is a fixed number. In practice, the norms most used are p = {1, 2 ∞},
namely
1. one-norm: kxk1 = (|x1 | + |x2 | + · · · + |xn |),
p
2. two-norm: kxk2 = (x21 + x22 + · · · + x2n ),
3. infinity-norm: kxk∞ = maxj |xj |.
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Tensegrity Models
The tensegrity structures of Chapter 4 are presented in detail here.

B.1

Modeling of Planar Tensegrity Cross

The described system has N = 4 nodes, K = 2 rods and M = 4 strings. Since
both rods are constrained at one node, the choice σi = 0, i = 1, 2 is natural,
giving
1
f i = m i ℓi ,
2

1
Ji = mi ℓ2i ,
3

i = 1, 2.

(B.1)


N = n1 n2 n3 n4 .

(B.2)

The vector of system coordinates q ∈ R3 is
q = y1 θ1 θ2

T

,

The node matrix N ∈ R2×4 is given in (2.52). The nonlinear mapping from
coordinates to node positions, given in (2.86), is
vec N = Υ(q).

(B.3)

The vector Υ(q) ∈ R8 is
Υ(q) = 0 y1 0 0 ℓ1 cos θ1 ℓ1 sin θ1 ℓ2 cos θ2 ℓs sin θ2
The equations of motion are of the form
M(q) = g(q, q̇) + tq ,
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T

.

(B.4)

(B.5)
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where



m1
f cos θ1 0
J1
0 ,
M(q) = f cos θ1
0
0
J2



f sin θ1 θ̇12
,
g(q, q̇) = 
0
0




t y1
t q =  t θ1  .
t θ2
(B.6)

The generalized forces from actuated strings, given in (2.62), are
tq = −Φ(q)T B(q)u,

u ≥ 0.

(B.7)

The matrix B(q) ∈ R4×4 is


B(q) = (CT1 C1 ⊗ I3 )(Υ(q))) · · · (CT4 C4 ⊗ I3 )(Υ(q))) .

(B.8)

The matrix Φ(q) ∈ R8×3 is the partial derivative of vec N with respect to q being

T
0 1 0 0
0
0
0
0
0
0  .
Φ(q) = 0 0 0 0 −ℓ1 sin θ1 ℓ1 cos θ1
0 0 0 0
0
0
−ℓ2 sin θ2 ℓ2 cos θ2

(B.9)

The connectivity matrix C ∈ R4×4 in the above expression is



−1 1
0
0
 0 −1 1
0
.
C=
0
0 −1 1 
1
0
0 −1

B.2

(B.10)

Modeling of Planar Tensegrity Beam

The described system has N = 80 nodes, K = 40 rods and M = 196 strings.
The coordinate vector is q ∈ R117 . The two first rods, being at the left end of
the tensegrity beam structure, are constrained in the same way as the two rods
of the tensegrity cross. The dynamics of these two rods are described above and
we will in the rest of this appendix focus on the other rods.
In the following, we will describe properties that are identical for all 38 rods
not constrained. Note, i ∈ [3, 40]. The parameters σi = 12 in order to avoid
coupling between rotational and translational motion in the equations of motion,
giving
fi = 0
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Ji =

1
mi ℓ2i .
12

(B.11)

Modeling of Planar Tensegrity Beam

The ith rod is described using three coordinates represented in
qi = xi yi θi

T

.

(B.12)

The ith rod has two nodes represented in the sub-matrix Ni ∈ R2×2

Ni = n2i−1 · · · n2i ,
i ∈ [3, 40].

(B.13)

The nonlinear mapping from coordinates to nodes described in (B.3). The mapping for the ith rod is vec(Ni ) = Υi (qi ) with


xi − 12 ℓi cos θi
 yi − 1 ℓi sin θi 
2

Υ(q) = 
(B.14)
xi + 1 ℓi cos θi  .
2
yi + 12 ℓi sin θi

The equations of motion for the ith rod are described by
M(q) = tq ,

(B.15)

with


mi 0 0
M(q) =  0 mi 0  ,
0
0 Ji




tx i
t q i =  t yi  .
t θi

(B.16)

The entire system of rods is interconnected through strings revealed in the generalized forces. The generalized forces are on the same form as (B.7) and (B.8). The
partial derivative of vec(Ni ) with respect to qi , namely the matrix Φi (qi ) ∈ R4×3
is for these rods


1 0 12 ℓi sin θi
0 1 − 1 ℓi cos θi 
2

Φ(q) = 
(B.17)
1 0 − 1 ℓi sin θi  .
2
0 1 12 ℓi cos θi
With the above information, the only matrices that need to be specified are
Φ(q) ∈ R80×117 and C ∈ R196×80 , which will not be presented here.
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Appendix C

Strength Properties
The commercial FEM software ABAQUS (ABAQUS Theory Manual, 2003) has
been used to investigate both strength properties and hydrodynamic loading of
tensegrity structures. The work was done as a cooperation between researchers at
both Centre for Ships and Ocean Structures (CeSOS) and SINTEF Fisheries and
Aquaculture (SFH). ABAQUS simulations have been conducted by Dr. Østen
Jensen. The results presented in this appendix are based on Jensen et al. (2007a)
and Jensen et al. (2007b).

C.1

Strength Properties of Tensegrity Structures

The focus of this section is on numerical analysis of the load carrying capacity of
a tensegrity beam structure. The structural system and simulation procedures
will be described before giving the results of the FEM analysis.

C.1.1

System Description

There is no upper limit on the number of possible combinations of rods and
strings that can provide a structural element for the proposed concepts, and no
theory exists to date on how to find the optimal configuration to fill a specified
volume. We therefore choose a tensegrity beam structure similar to Snelson’s
Needle Tower from 1968, exhibited at the Hirshhorn Museum in Washington
DC.
The structure considered consists of thirty tensegrity cells, each having three
inclined rods, placed on top of each other into a Class 1 tower. The three rods of
each stage are alternately inclined in clockwise and anticlockwise direction. The
nodes of rods in each cell initially from an equilateral triangle, each side being
one meter long. The initial cell height also is one meter. After form finding
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the resulting length of the tensegrity beam structure is reduced from 30 m to
about 25 m due to the overlap between cells. Figure C.1 illustrates two stages of
the structure. A detailed description of the cell used and assembly into a tower
structure is given in Skelton et al. (2002).

C.1.2

Simulation Procedures

Tibert and Pellegrino (2003) present a review of seven different form-finding
methods that can be used for tensegrity structures. Some methods require the
structures to be simple or to have special symmetry properties. However, methods
exist for the type of structure being investigated here. Independent of method,
modelling of larger tensegrity structures in equilibrium is not a simple matter.
The level of compression in all rods and level of tension in all strings, together
with nodal positions must be specified initially. This is relatively time-consuming
in a commercial software code and an alternative two step procedure has been
adapted:
Step 1: The initial configuration of rods was specified without any initial compression.
Step 2: The nodes of rods were connected with strings having their specified
tension levels.
The spring stiffness and prestress prior to form-finding were set identical for all
strings. Two independent steps were conducted for each case in these simulations;

Figure C.1: Section of tensegrity beam structure. By Mats A. Heide.
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Initial length
Radius
Wall thickness
Density
Elasticity modulus
Yield stress
Poission’s ratio
Euler buckling load
Euler buckling stress

1414 mm
50 mm
10.95 mm
7850 kg/m3
210 GPa
200 MPa
0.3
3189 kN
1041 MPa

Table C.1: Properties of hollow steel pipe.

Step 1: Form finding to get the configuration and internal stresses for a static
equilibrium position.
Step 2: Apply a certain load to the structure and find the new static equilibrium
configuration and internal stresses.
The discrepancy between the resulting configurations from form finding were
relatively small for the many values of string stiffness and levels of prestress.
There is no guarantee that all rods are in compression and all strings are in
tension after form finding, a requirement for tensegrity structures stressed by
Motro and Raducanu (2003). However, all examined combinations in beams
presented here fulfil this requirement.

C.1.3

Finite Element Model

The structures were modeled using the commercial FEM code ABAQUS (ABAQUS
Theory Manual, 2003). The compressive members were modeled as hollow circular steel cylinders with properties as given in Table C.2. Hollow cylinders
were chosen because buoyancy could be altered by changing the diameter and
wall-thickness.
Table C.2 shows that the buckling stress is above the yield stress for the
chosen cylinder parameters. Therefore, plastic yielding, and not elastic buckling,
will be the failure criterion. The materials were modeled with piecewise linear
strain hardening. However, strain hardening parameters are omitted since none
of the cylinders reached yield in any cases. The finite elements used to represent
rods were ABAQUS type B31.
The springs were modeled using connector elements ABAQUS type CONN3D2.
These connector elements have zero bending and compressive stiffness. The
187

C. Strength Properties

(a) Cross prior

(b) Cross after

(c) Beam prior

(d) Beam after

Figure C.2: Configuration of beam prior and after form finding. By Østen Jensen.

spring stiffness is defined
k=

F
,
∆

(C.1)

where F is the applied force and ∆ is the resulting deformation.
Simulations using different combinations of spring stiffness and level of prestress prior to from finding were conducted. The tensegrity beam structures were
subjected to axial and lateral point loads at the nodes on one end to provide results on axial and bending stiffness for the different cases. The static equilibrium
configurations were found using the implicit iteration scheme in ABAQUS.

C.1.4

Simulation Results

Some results from the applied form finding procedure are presented before stiffness properties are presented in both axial (tension and compression) and lateral
directions with respect to the main axis of the tensegrity beam structures used.
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TB
TB
TB
TB
TB
TB
TB

#1
#2
#3
#4
#5
#6
#7

Spring
tension
prior form finding
30.0 kN
37.5 kN
45.0 kN
60.0 kN
37.5 kN
45.0 kN
54.0 kN

Spring
stiffness
800 kN/m
800 kN/m
800 kN/m
800 kN/m
1200 kN/m
1200 kN/m
1200 kN/m

Prestress after
form finding
9 MPa
14 MPa
20 MPa
31 MPa
9 MPa
9 MPa
9 MPa

Eq. length /
init. length
0.86
0.85
0.85
0.84
0.86
0.86
0.86

Table C.2: TB properties after form finding.

Form Finding
The tensegrity beam structures will change their configuration and redistribute
forces in rods and strings to find a static equilibrium. Figure C.2 presents the
configuration prior to and after form finding. For clarity, strings are omitted in
the plots of cross sections. The x-axis of the inertial frame is in the longitudinal
direction, positive direction out of the plane. This figure illustrates how stages
overlap after the form finding procedure.
Table C.2 presents data on seven tensegrity beam (TB) structures prior to
and after form finding. TB #1, 2, 3 and 4 have identical spring stiffness but
varying prestress, whereas TB #1, 5, 6, and 7 have identical prestress level but
varying spring stiffness. Visual inspection of the tensegrity beams after form
finding showed that the geometry and position of rods and strings were almost
the same for all structures. This observation is strengthened the contractions
being nearly equal for all beams.
The tensegrity structure should be flexible in order to be wave compliant to
avoid excessive loads on the structure. However, some axial and bending stiffness
are required in order for the beam to be able to ensure the integrity of the net
cage.
Axial Stiffness Properties
The axial stiffness indicates how a beam will respond when subjected to an axial
load. A beam made of common structural materials such as metal, wood or
concrete will normally have a constant axial stiffness until the elastic limit of the
material is exceeded or buckling occurs. The axial stiffness is proportional to the
cross sectional area of the beam and the elasticity modulus of the beam material,
and inversely proportional to the length of the beam.
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(a) Similar prestress - varying spring stiffness. (b) Varying prestress - constant spring stiffness.

Figure C.3: Axial stiffness in tension.
The axial stiffness of the tensegrity beam was found by applying linearly increasing axial tensional and compressive loads. If the beam has linear properties,
the axial stiffness is equal to the force divided by the deformation. For a tensegrity beam, it is expected that the axial stiffness is highly non-linear, especially
for a large deformation, so axial stiffness has been defined as:
kT B (w) =

F (wn+1 ) − F (wn )
∂F (w)
≈
.
∂w
wn+1 − wn

(C.2)

F is the axial force and w is the deformation. The axial force was applied as
point loads to the boundary nodes at one end of the beam. The three nodes
at the loaded end were all given the same deformation and the load required to
give this deformation was registered. Movement normal to the direction of the
applied force was constrained. The nodes at the opposite end of the beam were
constrained in all directions. This is the equivalent of a ball joint connection for
the trusses at end of the beam.
Figure C.3 presents the axial stiffness in tension for different combinations
of spring stiffness and levels of prestress. The axial stiffness in tension increases
with the axial deformation. Figure C.3(a) shows that initial axial stiffness of
the tensegrity beam in tension is more or less independent of the spring stiffness.
However, the slope of the stiffness, or deformation curve, is steeper for a tensegrity
beam with high spring stiffness. The stress level will increase at a higher rate in
tensegrity beams with higher spring stiffness. Figure C.3(b) presents the axial
stiffness for tensegrity beams in tension with different levels of prestress. The
axial stiffness clearly is higher for beams with higher levels of prestress. However,
the slope of the stiffness, or deformation curves, are the same. From Figure
C.3 it appears that the axial stiffness in tension increases uniformly. When the
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deformations reach an upper limit, springs will start to yield and finally fracture.
A structure with broken strings will clearly have a reduced stiffness.
The axial stiffness for a beam under compressive axial load is shown in Figure
C.4. These plots show that the the axial stiffness in compression is highly dependent on string stiffness, level of prestress and deformation. The spring stiffness
undergoes a sudden drop, leaving the overall stiffness negative, after some initial deformation. The tensegrity beam is unstable and deformation will continue
to increase, even without any increase in the applied load. In other words, the
beam will buckle. In general, the buckling load of a beam or column depends on
imperfections, boundary conditions and load eccentricity. However, it is beyond
the scope of this study to investigate the buckling properties of tensegrity beams.
The axial stiffness for beams with similar prestress levels and varying spring
stiffness is shown in Figure C.4(a). The initial axial stiffness is more or less independent of the string stiffness level. On the other hand, the increase in stiffness
for increasing deformation is larger for higher spring stiffnesses. Buckling occurs
at approximately the same deformation level, independent of spring stiffness.
The axial stiffness of a tensegrity beam in compression depends on the level
of prestress, as shown in Figure C.4(b). A high level of prestress gives a high
axial stiffness for the beam. Unfortunately, a tensegrity beam with high prestress
level will lose stiffness early compared to a beam with lower prestress. As shown
in Figure C.4(b), the tensegrity beam with lowest level of prestress will undergo
buckling at a larger deformation than a beam with higher level of prestress. Two
tensegrity beams with similar level of prestress but with different spring stiffness
will buckle at approximately the same deformation. However, the buckling load
will be higher for a beam with higher spring stiffness. The level at which deformation buckling occurs, and structural integrity is lost, depends only on the
prestress level and not on spring stiffness. TB #3 and #4 experienced buckling
prior to strings going slack, while for the other beams, strings went slack before
buckling occurred. The structural integrity usually will be lost when strings are
going slack.
Figure C.3(a) and C.4(a) show that the initial axial stiffness is identical in
compression and tension. The rate of increase in stiffness, due to an increase in
deformation, is higher in tension than in compression. These results are consistent
with those obtained by Kebiche et al. (1999) when studying a one-stage and fivestage tensegrity structure, consisting of four struts at each stage.
All beams subjected to loading in tension undergo a uniform increase in axial
stiffness for increasing deformation. The beams subjected to loading in compression had a more complicated behaviour. After some deformation, all beams
underwent buckling. Prior to the onset of buckling, the stiffness can be increasing, decreasing or constant with increasing deformation, depending on level of
prestress and spring stiffness.
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(a) Similar prestress - varying spring stiffness. (b) Varying prestress - constant spring stiffness.

Figure C.4: Axial stiffness in compression.

Lateral Stiffness Properties
A beam with high lateral stiffness will have a large resistance to deflection under
transverse loading. For standard beams the bending stiffness is constant as long
as the material response is elastic and local buckling of the cross section is avoided.
The bending stiffness is proportional to the modulus of elasticity times the second
moment of inertia and inversely proportional to the square of the length.
For a tensegrity beam to be useful in the aquaculture industry, lateral stiffness
is required in order to maintain the configuration of the net cage when subjected
to concentrated or distributed lateral loads.
Several options for boundary conditions and loading were considered in investigating the lateral stiffness of the tensegrity beam. Preliminary simulations
showed that applying a point load to one node at the end of the beam and
clamping the other end could give misleading results. The bending stiffness was
observed to be sensitively dependent on which of the nodes the point load was
applied to.

Figure C.5: Lateral deflection of tensegrity beam.
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(a) Similar prestress - varying spring stiffness. (b) Varying prestress - constant spring stiffness.

Figure C.6: Lateral stiffness y-direction.

An alternate load condition was applied to investigate the lateral stiffness.
One end was clamped while movement only in the same direction as the load
was permitted in the opposite end. Due to symmetry, this is the equivalent of
applying a load to the mid point of a beam clamped at both ends. See Figure C.5.
As in the axial load case, the three nodes at the loaded end were all given the
same deformation and the load required to give this deformation was registered.
Considering the complex nature of the tensegrity beam it was decided to
investigate its lateral stiffness in two directions. As with the axial bending the
lateral stiffness is not necessarily constant. The definition used for lateral stiffness
is similar to the one used for axial stiffness. The only difference is that the axial
load and deformation is replaced by lateral load and deformation.
The lateral stiffness in the y- and z-direction for different levels of prestress and
spring stiffness are presented in Figures C.6 and C.7. The tensegrity beams were
found to have the same lateral stiffness in both directions. The same conclusion
was obtained in Skelton et al. (2001a) when investigating a two stage tensegrity
structure with three bars per stage. On the other hand, Skelton et al. (2001a)
saw no increase in stiffness with increase in deformation. The reason for this
could be related to a difference in boundary conditions.
The lateral stiffness depends on both prestress level and spring stiffness (Figure 11 and Figure 12). The initial lateral stiffness increases with prestress. However, spring stiffness has no influence on the initial stiffness. As lateral stiffness
increases as deformation grows with both increasing prestress and spring stiffness
levels.
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(a) Similar prestress - varying spring stiffness. (b) Varying prestress - constant spring stiffness.

Figure C.7: Lateral stiffness z-direction.

Summary of Stiffness Properties
The axial and lateral stiffness properties of a tensegrity beam were observed to
be highly non-linear and very dependent upon both prestress level and string
stiffness. The structural properties of the tensegrity beam are summarized in
Table C.3.
In general, the spring stiffness has no influence on the axial and lateral initial
stiffness of the beam whereas prestress influences both initial stiffness and the
change in stiffness with deformation. Buckling load and deformation at buckling
is sensitive to both prestress and spring stiffness. When designing a tensegrity
beam, both prestress and spring stiffness should be considered to ensure the
desired structural properties.

C.2

Hydrodynamic Loading of Tensegrity Structures

If tensegrity is to make the transition from innovative theoretical idea to an actual
structural element used in aquaculture, it is important to know how the tensegrity
will react when subjected to environmental loads from waves. When subjected
to loads from waves the tensegrity beam might start to oscillate. Depending on
how the net cage is attached to the tensegrity beam, oscillations of the beam
might lead to deformations of the net cage. Large oscillations may jeopardize
the integrity of the net cage. Excessive deformations of the net cage might lead
to a high death rate for the fish, or fracture of the net panels which will permit
fish to escape. The focus in this preliminary study of hydrodynamic loading has
been on how the lateral stiffness of the tensegrity beam influences the oscillations
194

Tensegrity beam properties

Increasing prestress,
stant spring stiffness

con-

Constant prestress, increasing spring stiffness

Axial Stiffness
Tension
Increases

Constant

Slope of stiffness-deformation curve

Constant

Increases

Initial stiffness

Increases

Constant

Slope of stiffness-deformation curve

Decreases

Increases

Buckling load

Close to constant

Increases

Buckling deformation

Decreases

Constant

Initial stiffness

Small increase

Constant

Slope of stiffness-deformation curve

Increases

Small increase

Compression

Lateral Stiffness

Table C.3: Stiffness properties of 30-stage tensegrity beam.
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Initial stiffness
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Figure C.8: Oscillation amplitude vs. wave height for tensegrity beams with
varying prestress level.

of the beam when subjected to wave loading. Factors such as corrosion, marine
growth or fouling and weakening of springs have not been considered.
The beam is modeled submerged four meters below the mean water level.
In the simulations waves are traveling perpendicular to the axial direction of
the tensegrity beam and drag forces on the rods were calculated using a drag
coefficient equal to 1.0 and a tangential drag coefficient equal to 0.1. Fluid
inertia loading were included using a transverse fluid inertia coefficient of 1.5 and
a transverse added-mass coefficient of 0.5. Hydrodynamic forces on the springs
were neglected as the diameter of the springs is much smaller than the diameter
of the rods. The waves were modeled as regular airy waves with a wave height
from 1 to 4 meters. The steepness, or wave height to wave length ratio, was kept
constant at 1/7, which is the maximum theoretical steepness of a Stokes wave.
Limited numerical damping with α = −0.05 (Hibbit, Karlsson and Sørensen Inc.,
1996) was used in the simulations.
As shown in Figures C.6 and C.7, the level of prestress has a greater influence
on the lateral stiffness than the spring stiffness. Hence, to reduced the number
of simulations, only the behaviour of TB # 1 - 4 were investigated.
The oscillation amplitude is increasing for increasing wave height, as shown
in Figure C.8. For wave heights above 2.5 m, a clear correlation between prestress and oscillation amplitude is evident. The oscillation amplitude decreases
with increasing prestress and thus with increasing lateral stiffness. When the
wave height is below 2.0 m, there is no clear correlation between prestress and
oscillation amplitude. The reason might be ascribed to dynamic effects related
to the resonance of the tensegrity beam.
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