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Abstract

T

his thesis considers control of moored marine structures, referred to
as position mooring. Moored marine structures can take on a number of different forms, and two applications are considered in this work,
namely aquacultural farms and petroleum producing vessels. It is anticipated that future aquacultural farms will be significantly larger than the
existing ones, and placed in much more exposed areas. Hence, there is a
significant technology transfer potential between the two seemingly different fields of aquaculture and petroleum exploitation.
Today’s implemented state of the art positioning controllers use predetermined safety regions and gain-scheduling for evaluating the necessary
thruster force for the vessel to operate safely. This represents a suboptimal
solution; the operator is given a significant number of variables to consider,
and the thrusters are run more than necessary. Also, it is likely that a more
conservative controller regime does not necessarily increase the overall reliability of the structure as compared with a less conservative but better
designed controller.
Motivated by this, a new control methodology and strategy for position
mooring is developed. Two controllers using information about the reliability of the mooring system are implemented and tested, both via numerical simulations and model scale experiments. The first controller developed uses a reliability criterion based on the tension in the mooring system
as a pretuning device. A nonlinear function based on the energy contained
by the system is included in the controller to ensure that the thrusters are
run only when needed. The controller is an output-feedback controller,
based on measurement of position and estimated values of the velocities
and slowly varying environmental loads. The second controller developed
contains the reliability criterion intrinsically, thus, less pretuning is needed.
The backstepping technique is applied during the design process, and the
controller has global asymptotical stability properties.

i

Acknowledgements
This thesis is based on my research from 2003 through 2007, at the Norwegian university of Science and Technology, under the guidance of Professor
Bernt J. Leira, Professor Ole Morten Aamo and Professor Asgeir J. Sørensen,
and funded by the Norwegian Research Council (NFR).
Writing a PhD thesis is much like sailing into unchartered waters, you
know your port of origin, and if your lucky you know your destination,
but the path from the origin to the destination is blurred and filled with
unknown obstacles. Making such a journey without the support of family, friends and experienced supervisors would make it a very unpleasant
experience.
I gratefully appreciate all the guidance from my supervisor Professor Bernt
Leira, and that he gave me the opportunity to start and complete a Ph.D
study. I thank my advisor Professor Asgeir Sørensen for the inspiration
throughout my master studies and for convincing me to pursue a PhD. My
greatest thanks goes to my advisor Professor Ole Morten Aamo, without
his help, his time and his encouragement, this work would never have been
completed, most likely not even started!
I am grateful for all the help, the great lunches and long coffee breaks,
for the lengthy discussions and world-problem solving I’ve had with all
my dear colleagues. I am thankful for the valuable guidance within the
field of aquaculture from Professor Trygve Gjedrem; for the help with the
model setup, the software and the excellent tips during my experimental
tests from Eivind Ruth, Dr. Trong Dong Nguyen and Torgeir Wahl; Saverio Messineo for being the best colleague sharing office with; Dr. Øyvind
Smogeli for the help on MSS; and secretary Marianne Kjølås for guidance
within the administrative minefield.
Thanks to the committee, consisting of Professor Chien Ming Wang, PhD
Karl-Petter W. Lindegaard and Professor Mogens Blanke, for the time and
effort they have put down. Their comments regarding this manuscript ensured the quality of the thesis.
I owe my wife Katrine a thousands thanks for her continuous confidence in
iii

A CKNOWLEDGEMENTS

me and my work, and for allowing me to work on even when the house was
a mess and the car did not start. To Maren for making life less troublesome,
and stability proofs less important; and to Knøttet, for being patient and
holding on. Finally, thanks to mum and dad for their unchallenged support
and believe in me through my whole life; and to both Katrine’s and my
family for all the help in these last hectic months.

Trondheim 29th of February, 2008

Per Ivar Barth Berntsen

iv

Contents
Abstract

i

Acknowledgments

iii

Contents

v

1

1
1
2

2

3

Introduction
1.1 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1.1.1 Aquaculture: Past, Present and Future . . . . . . . . .
1.1.2 Offshore Oil Exploration and Production: Past, Present
and Future . . . . . . . . . . . . . . . . . . . . . . . . .
1.2 Previous Work on Position Mooring Controllers . . . . . . .
1.3 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1.4 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . .
1.4.1 List of Publications . . . . . . . . . . . . . . . . . . . .
1.5 Thesis Layout . . . . . . . . . . . . . . . . . . . . . . . . . . .

7
9
16
17
19
20

Mathematical Modelling and Experimental setup
2.1 Mathematical Modelling of Marine Vessels . .
2.1.1 Reference Frames . . . . . . . . . . . . .
2.1.2 Dynamics . . . . . . . . . . . . . . . . .
2.2 Experimental Setup . . . . . . . . . . . . . . . .
2.3 Structural Reliability . . . . . . . . . . . . . . .
2.3.1 δ-index . . . . . . . . . . . . . . . . . . .

.
.
.
.
.
.

23
23
24
28
30
32
36

Conclusions and Suggestions for Future Work
3.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . .

41
41
44

Bibliography

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

47
v

C ONTENTS

Paper I

57

Structural reliability-based control of moored interconnected structures
P1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . .
P1.2 Case study . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
P1.3 Process plant model . . . . . . . . . . . . . . . . . . . . . . . .
P1.4 Control system design . . . . . . . . . . . . . . . . . . . . . .
P1.5 Simulation study . . . . . . . . . . . . . . . . . . . . . . . . .
P1.6 Conclusions and future work . . . . . . . . . . . . . . . . . .
Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . .
Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

57
58
59
60
68
73
77
79
80

Paper II

83

Thruster Assisted Position Mooring Based on Structural Reliability 83
P2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
P2.2 Mathematical Modelling . . . . . . . . . . . . . . . . . . . . . 85
P2.3 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
P2.4 Simulation Study . . . . . . . . . . . . . . . . . . . . . . . . . 93
P2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

vi

Paper III

107

Ensuring Mooring Line Integrity by Dynamic Positioning: Experimental Tests
P3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . .
P3.2 Mathematical Modelling . . . . . . . . . . . . . . . . . . . . .
P3.3 Controller Design . . . . . . . . . . . . . . . . . . . . . . . . .
P3.4 Experimental Tests . . . . . . . . . . . . . . . . . . . . . . . .
P3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

107
108
109
111
115
118
119

Chapter 1

Introduction

T

his thesis considers development of new positioning strategies for marine vessels moored to the sea bed via a mooring system which allows
the vessel to freely rotate, e.g. a turret based mooring system. Possible
marine vessels utilizing such a mooring system spans from aquacultural
farms, wave energy converters, drilling vessels and petroleum producing
vessels. The possible needs for control of these structures range from automatic feeding regimes, Kaushik (2000), motion damping via connectors between modules, Joshi (1989), synchronization of motions, Ihle et al. (2006),
and dynamic positioning and position mooring controllers. While dynamic
positioning refers to positioning via thrusters only, position mooring refers
to positioning via mooring lines combined with thrusters. The latter is the
focus of this thesis, and new positioning strategies for floating vessels connected to a mooring system are developed.
The different applications considered, the development they have undergone from the early days until today, and some future aspects, are described in Section 1.1. Then, previous work on position mooring controllers
is reviewed in Section 1.2, followed by the motivation for developing new
types of position mooring controllers in Section 1.3. The contributions of
this work are listed in Section 1.4.

1.1 Applications
Position mooring may be applied to a number of marine installations. In
general, it can be said that the prerequisite is that the structure is supposed
to spend a relatively long time at the same geographical location (typically
30–45 days for a drilling vessel), in order to justify the relatively high installation and deployment costs of the mooring system. This thesis considers
1
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position mooring of two different marine structures; aquacultural farms and
petroleum producing vessels. Aquaculture is facing large challenges when
it comes to ensuring a sustained profitable industry. For the aquacultural
field, the focus has so far mostly been on the biological side. However, new
challenges, as described in this section, will enforce technological advances
and new concepts. The petroleum producing vessels studied are referred
to as ‘floating production storage and offloading’ vessels, (FPSO vessels),
and are mainly refitted supertankers, Brown (2007). They produce, refine
and store petroleum products, and the products are transported onshore
by shuttle tankers. Apart from the Gulf of Mexico, where there currently
are no FPSOs, and west of Africa where FPSOs are moored with a fixed
heading, turret mooring is the favored mooring system. This configuration
is advantageous since it allows the vessel to weather vane, reducing both
the required size of the chain links, the individual mooring line length and
the required number of mooring lines.
The rest of this section will give an outline of the development within the
fields of aquaculture and oil production.

1.1.1 Aquaculture: Past, Present and Future
As defined by the United Nations Food and Agriculture Organization, FAO
(2006), aquaculture is the ’farming of aquatic organisms including fish,
molluscs, crustaceans and aquatic plants. Farming implies some sort of
intervention in the rearing process to enhance production, such as regular stocking, feeding, protection from predators, etc. Farming also implies
individual or corporate ownership of the stock being cultivated.’
The earliest reports of aquaculture originate from China, some 4000 years
ago. The production methods were simple, and limited to small ponds and
rivers with low water velocity. The production spread west, and reached
Europe around year 0 AD. The early production was very area extensive,
limiting the effectiveness of the production. In the middle ages, the main
species used for aquaculture in Europe were trout and carpe, and the monks
were the ones performing and enhancing the science of breeding fish. In the
19th century, driven by the great biologists and zoologists of the era, proper
cultivation methods were developed, increasing the survival rate and production significantly. This happened at the same time as prefabricated feed
was introduced, which further enhanced the production. In Japan around
1920, a net cage called Bridgestone became the first for use with salt water
fish.
As being one of the countries blessed with an abundance of natural resources, Norway lacked for many years the incentive for implementing
2
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aquaculture as an industry. In 1970, the Grøntvedts became the first Norwegians to design, construct and install an aquacultural farm. Their design
still forms the basis for most net cages used in Norway today. Although it
is a clever design, new designs are essential for future growth, for instance
when new species, such as cod and halibut, are introduced, since their behaviour and demands are significantly different than those of the salmon.
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Figure 1.1: World aquacultural cod production, Alaska Seafood Marketing
Institute, ASMI (2006).
Aquaculture is today the fastest growing sector of the world food economy, increasing in volume by more than 10% per year, and currently accounting for more than 35% of all fish consumed, quickly becoming the
world’s number one protein source. The total aquacultural production of
the world in 2004 was 45.5 million tons, FAO (2006), of which small–scale
3
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systems in China constitute some 70%. However, as happened with the
’green revolution’ of agriculture in the previous century, the current ’blue
revolution’ of aquaculture is becoming an industrial mode of food production. As it seems like the traditional fisheries have peaked, FAO (2005) and
Worm et al. (2006), new and more efficient methods for growing fish are
needed. At the same time, new species are being introduced for large scale
production, one of them being cod. The production of captured cod has
fallen from 4.1 million metric tons in 1968 to less than 1.3 million metric
tons in 2004. The worldwide aquacultural production of cod increased by
some 2000% from 2000–2004, see Figure 1.1. According to Cherry (2006),
McGovern (2006) and Solsletten (2006), the aquacultural production of cod
will reach as much as 100,000 metric tons by 2010, escalating to between
300,000 and 500,000 metric tons by 2015. It is anticipated that the main contributors to this growth will be Norway, UK, and Canada. It is estimated
that the twelve largest cod farming companies of Norway today have a
total production capacity of 115,000 tons.
The increased production of cod will demand both new production methods and new locations. Cod is known for being ’smarter’ than salmon, so
the danger of escapes will increase if no new technical solutions are developed. By introducing large scale production of cod, the environmental impact must be taken into consideration. As with salmon, parasites and other
pathogenic organisms which thrive inside the fish cage will pose a threat to
the local cod stock. In addition to this, controlling the spawn process of the
cod has proven to be difficult, since spawning takes places inside the net
cage, in contrast to salmon, which spawns in fresh water. The possibility of
gene-pollution from the bred fish to the local cod stock is thus imminent.
To emphasize the danger that cod is facing, the World Conservation Union
placed cod on the red list in 2006, Kålås et al. (2006), a list which defines the
species that are facing a possible threat of extinction. Cod is listed due to a
dramatic fall in number of individuals over a consecutive number of years.
Thus, large farms for breeding cod will constitute a double-edged sword.
On one hand, it will produce fish in such a quantity that the traditional
fishing industry may let the local stock grow to a healthy number of individuals. On the other hand it will introduce new dangers, such as parasites
and poor gene qualities. These are contradictions which must be taken into
consideration when designing and placing new aquacultural farms.
In Norway the aquacultural farms are located in sheltered waters, inside
the fjords, where the farms are protected from extreme weather. However,
the very calmness of the water means that currents do not disperse the inevitable plume of waste. A farm of 200,000 salmons flushes nitrogen and
phosphorus into the water equivalent to the sewage from 20,000 people,
4
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Mann (2004). Recently, several projects have been started in order to investigate the possibilities of farming fish at more exposed areas. Offshore Aquaculture Technology Platform is a European project under the management of
the Marine Institute of Ireland. This project has as a goal to map interests,
possibilities, challenges and limitations for aquaculture at more exposed areas. Already, there are commercial concepts available; one is named Storm
merd and is shown in Figure 1.2. The farm has all the necessary auxiliaries
integrated, such as feed storage, office and control room, and all components are substantially more robust than the standard of today, in order to
withstand a more severe excitation by the environment. Another project,
called Intellistruct, proposed by Sintef Fisheries and Aquaculture, is shown
in Figure 1.3. The innovative concept involves a huge farm where the individual net cages have the possibility of being lowered deeper into the water
to avoid the impact from waves or algae attacks. However, there are many
problems to solve before the project can be realized, among others how to
feed the fish effectively when the farm is totally submerged.

Figure 1.2: ‘Storm merd’. Shown with courtesy of Marine Construction AS.
In order to ensure a sustained growth of the aquacultural sector, new species
will be introduced. These new species will demand new designs of aquacultural farms if the production shall be successful. New and more exposed
areas will be utilized. Thus, future designs must be significantly more robust than the present designs, which frequently experience escape of fish.
From an engineering perspective, the main focus will be to design a system
which has an overall acceptable reliability. Any component which is critical
5
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Figure 1.3: Illustration of Intellistruct. Shown with courtesy of Sintef Fisheries and Aquaculture.

for the sustained operation must be supervised so that any harmful situation can be avoided or stopped from developing further. For both existing
and future farms, the integrity of the mooring system will be one of the key
factors in order to withstand the environmental forces.
6
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1.1.2 Offshore Oil Exploration and Production: Past, Present and
Future
The history of the development of petroleum products and the offshore
industry is brilliantly told by Yergin (1991) and Pratt et al. (1997). This
section aims to give the reader a short introduction to the history of oil
exploration and exploitation, and give a glimpse into the future of offshore
production.
Some of the first to put oil into use was the Native Americans, who used it
as a medicine. The oil was located on the surface of the earth, bubbling up
or seeping into salt wells, e.g. in the area around Oil Creek, Pennsylvania.
In 1854, Benjamin Silliman Jr., a professor of chemistry at Yale University,
was given the task of investigating whether the oil could be used as an
illuminant. His findings were very promising: It worked better than the
existing illuminants, and could be produced both cheaper and faster. Although lucrative, the illumination industry only worked as a door opener.
The really big market for crude oil and its derivatives came with the invention of the petroleum engine, first introduced for marine vessels, later for
automobile and airplane engines. Until 1900, all exploration and production were land based. Then, at the same time in both USSR and the US,
piers which stretched out into the open ocean were built. These piers, an
illustration shown in Figure 1.4, had relatively little resistance against the
environmental forces. Quite often they were destroyed by storms, partially
because they were overloaded with equipment at the time when the storm
hit.
In the 1940’s the first real offshore installations were built. In the USSR, the
oil platform Oil Rocks (Neft Dashlari) was constructed near Baku in Azerbaijan. It was located some 25 nautical miles offshore in the Caspian Sea
and housed more than 5000 workers. In the US, the Creole field became the
first to be exploited by proper offshore constructions. In the early years, the
legislators had their hands full controlling the very powerful oil industry,
making sure that the delicate environment of the sea, as well as the safety of
the crew, were taken care of. Long dismissed by many as a potential source
of oil or gas, the North Sea has, during the last four decades, become the
centre of one of the most productive energy industries of the world. Gas
was first found in quantity in the Groningen area of The Netherlands in
1959, followed by the first British discovery of gas in the West Sole field, off
the coast of East Anglia, late in 1965. In 1969 Philips Petroleum discovered
a reservoir on the field Ekofisk in the Norwegian sector, which proved to
contain more than 2 billion barrels of oil. For more background on the history of the petroleum offshore industry, the interested reader is encouraged
7
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Figure 1.4: Early oil production, Summerland, California, 1902.

to read Yergin (1991), Glenne (1997) and Solberg (2007).
Accidents involving offshore petroleum installations are dramatic and extremely costly. The necessity of increasing the safety of offshore installations has been proven time and again through accidents such as Piper Alpha, Alexander Kielland and, more recently, Petrobras P-36, shown in Figures 1.5–1.7. These accidents have revealed weaknesses in the construction,
operation and maintenance of offshore vessels. New laws and regulations
have consequently appeared after such major accidents.
When a vessel conducts a dynamic positioning (frequently referred to as
DP) or position mooring operation, an error typically results in loss of position. This is referred to as drift-off if it is caused by failure in the power
or propulsion systems, and drive-off if the sensor system fails. The possible result can be a collision between two vessels, or damage or loss of the
drilling or production riser. Costs associated with these accidents are in the
multi-million class, with possible huge consequences for the company, the
workers and the local environment. Knowing that human error is the major contributor to marine accidents, Baker and McCafferty (2005), designing
supervisory monitoring and control systems which ensure that the human
8
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Figure 1.5: Piper Alpha.

operator is not overloaded with tasks, will improve the overall safety of
marine vessels. Also, when the industry moves into harsher waters, for
instance when initiating arctic exploration, impacts from floating objects
and effects of ice on the structures will enforce new designs, both for the
hardware and the software. The complexity of these structures will vouch
for a widespread use of safety monitoring systems and different accident
avoidance systems in order to operate safely, realizing that the capacity of
the human operator is limited.

1.2 Previous Work on Position Mooring Controllers
A dynamic positioning system may be defined as ’a unit or a vessel which
automatically maintains its position (fixed location or predetermined track)
exclusively by means of thruster force’, IMO (1994), while a position mooring system uses thrusters mainly for heading control, motion damping and
for reducing the load acting on the mooring system when necessary.
When the offshore industry came about some 50–60 years ago, new technology was developed at a staggering pace. Already during the early years,
9
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Figure 1.6: Alexander Kielland.

the offshore installations could match the complexity of any other manmade structure. Today, the systems involved are becoming more and more
complex, with a huge number of subsystems critical for successful operation. Motivated by increasing operability and reducing number of incidents due to human error, a consortium consisting of the oil companies
Continental, Union, Superior and Shell Oil started to develop CUSS 1 in
1956, see Figure 1.8. CUSS 1 was a sophisticated drilling vessel for the
rapidly developing oil industry, and utilized four azimuthing thrusters
mounted over the side of the vessel, directly driven by the engine and manually controlled (i.e. the dynamic positioning system was manual), to solve
the positioning task. The performance of this system was not very convincing, the vessel could stay on station within a radius of about 180 meters.
However, due to the depth of the water (approximately 3500 meters), the
drilling stem had enough flexibility to allow such a large operating radius.
The position of the vessel was determined by the first version of a hydro
acoustic reference system. The first task for CUSS 1 was to take part in the
project Mohole, a project which aimed for drilling through the Earth’s crust
into the Mohorovicic discontinuity (the boundary between the Earth’s crust
10
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Figure 1.7: Petrobras P-36.

and the mantle, see Taggart (1962)). However, the oil industry saw the potential for using dynamically positioned vessels both for drilling operations
and production. Shell Oil Company developed the positioning system further, and in 1961 the first vessel with a computer based positioning system,
Eureka, was built. These early dynamic positioning systems were not very
scientific; trial-and-error and ad-hoc controllers were the chosen strategies.
Crucial for the performance of dynamic positioning and position mooring
systems is the position measurement system. Today, the Global Positioning
System (GPS), extended with a series of known ground based reference stations (referred to as differential GPS, DGPS), is the preferred position measuring device. However, due to the necessity of redundancy, a number
of other systems may also provide the controller with position measurements, such as Hydro-acoustic position reference (HPR), riser angle monitoring, Artemis and taut wire. The accuracy of these systems vary, from
DGPS which can achieve a measurement error of less than 1 meter, to the
other systems which can have errors in the order of 5 − 10 meter. When using these measurement devices, it is important to realize that their performance strongly depends on the location of the vessel, and the water depth
11
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Figure 1.8: CUSS 1.

in which the operation takes place. Because of this, redundancy as well as
voting algorithms for detecting false measurements are necessary for a safe
operation.
The popularity of dynamic positioning systems increased as the exploration and production moved into deeper waters, as application of only
mooring became insufficient. In 1980 there were 65 vessels classified for
dynamic positioning operations, while in 1985 this number had increased
to 150. In 2002 there were more than 2000 designated dynamic positioning
vessels. At the same time, the theory and software used for these systems
have developed, making the entire operation more automated, but at the
same time, more complex. Optimal control theory and Kalman-filtering
were proposed in Balchen et al. (1976), and extended in Balchen et al. (1980),
Balchen et al. (1981), Grimble et al. (1980), Grimble et al. (1983), Fung and
Grimble (1983), Sælid et al. (1983) and Sørensen et al. (1996). The motivation for introducing a filter is to separate the low frequency and wave
frequency components, such that only the low frequency part of the measurements are considered in the controller. This is motivated by the fact
that the thrusters cannot counteract excitations caused by first order wave
12
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effects. More options have been added to the dynamic positioning control
system, such that they can perform tasks related to e.g. pipelaying, operation of remotely operated vehicles, and optimal setpoint chasing, Sørensen
et al. (2001). Also, the control systems have been extended from the normal surge, sway and yaw control problem, to include using the thrusters
to reduce the roll and pitch motion, see Sørensen and Strand (1998) and
Sørensen and Strand (2000). Koditschek (1987), Sonntag and Sussmann
(1988), Tsinas (1989) and Byrnes and Isidori (1989) proposed, almost simultaneously, a new design approach referred to as integrator backstepping.
Integrator backstepping may be considered as a special case of stabilization through a strictly positive real transfer function Kokotović (1991). Inspired by this, nonlinear controllers for dynamic positioning systems based
on integrator backstepping have been developed, see Fossen and Grøvlen
(1998), Robertsson and Johansson (1998), Strand and Fossen (1999), Strand
(1999) and Aarset et al. (1998). Fossen and Strand (2001) proposed a nonlinear passive weather optimal positioning control system for ships and
rigs in order to reduce the environmental impact. A method referred to
as acceleration feedback was developed for marine DP systems by Lindegaard (2003), which improved the positioning accuracy without using more
thrust than a standard PID controller.
The majority of industrial control systems are based on linear theory and
gain-scheduling. Gain-scheduling refers to change of controller parameters based on different modes of operation and state conditions. For position mooring, the different modes of operation can be defined according to
which type of operation the vessel is conducting, e.g. drilling, interaction
with supply vessel etc., while the state condition typically is the heading or
deviation from some operation point. The kinematic equation is assumed
constant over a certain span of degrees. This is illustrated in Figure 1.9,
where the controller parameters are gain-scheduled both with respect to
the pre-chosen number of headings, and the deviation from an operation
point in the horizontal plane, with a more aggressive controller the further
the vessel is from the origin. The complexity of such a control system is
clear, and chances of misinterpretation or confusion is obvious. In addition, it poses a nontrivial programming task, with an imminent danger of
logical errors. The controller objective is for most cases to drive the system
states to zero, or some preset desired position and heading. It is common to
use the measured position and filtered or estimated velocities to determine
the controller output. Using estimated states is referred to as output feedback, while using only measured states is referred to as state feedback. The
introduction of nonlinear observers based on the backstepping technique
by Fossen and Grøvlen (1998) and Strand and Fossen (1999) removed the
13
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necessity of lengthy pretuning and gain-scheduling procedures. It also allowed for using the system properties more directly in the controller design.
Most of these controllers aim to drive the system states to zero (or some
other preset value) by the use of thrusters, and it is left to the operator
to switch between heading control, motion damping or complete control.
Thus, these controllers are still based on the assumption that the operator will have the capability of foreseeing whether the vessel will reach a
state where thruster assistance is necessary, or if the mooring system can
handle the loads without any assistance, or limited assistance only. If the
controller itself can make this decision, for instance by using the energy
level of the vessel as an argument, the controller can relieve the operator of
tasks, which again lets him focus on other work tasks. In this work, such an
energy consideration is discussed, see Paper I. Also, a solution where the
part of the controller which is based on the reliability criterion is active only
when the mooring lines are critically loaded is considered, while heading
control and motion damping is continuously active, see Papers II-III.
For vessels which are supposed to operate at one location for a significant
amount of time, adding a mooring system will reduce the fuel consumption of the thrusters significantly, since the mooring system will position
the vessel and counteract the slowly varying environmental loads, such as
current and second order wind and wave loads. Most of the proposed controllers for position mooring are based on the ones used for dynamic positioning, with some modifications to include the mooring line term in the
controller, see for instance Strand et al. (1997), Sørensen et al. (1999), Aamo
and Fossen (1999) and Ryu and Kim (2005). In order to expand the operational weather window for moored vessels, Nguyen et al. (2007) proposed
a hybrid position mooring system which automatically switches between
different controllers based on the actual weather condition. Nguyen and
Sørensen (2007) implemented a setpoint chasing algorithm in order to reduce the possibility of mooring line breakage in extreme conditions.
An illustration of the overall vessel–mooring–riser–thruster system is shown
in Figure 1.10, illustrating the Alvheim FPSO located off the coast of Bergen,
Norway, in 120 meter water depth. As can be seen, the system is very complex, consisting of several mooring lines and risers, as well as several rotatable thrusters. For the Dalia FPSO off the coast of Angola, almost 70 subsea
wells are tied in. Off-take and delivery of oil is accomplished using shuttle tankers, typically using tandem stern loading on weathervaning units
and transfer via a buoy with spread moored units, with tandem loading
usually provided as backup. With their huge displacement (the storage capacity of the world’s FPSO vessels ranges from 10000 [m3 ] for FPSO San
14
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Figure 1.9: Illustration of gain-scheduling in the horizontal plane for linear
controllers.

Jacinto, to 350000 [m3 ] for Girassol FPSO), and their very rectangular crosssectional shape, FPSO vessels make a perfect target for the environmental
loads. Thus, the mooring system, as well as the thrusters and control system, will need to be carefully designed according to the different tasks it
will perform, along with its location.
The primary risk for offshore petroleum installations is hydrocarbon release, constituting nearly 50% of the total number of incidents in the period
1996–2002, see Muncer (2003). The second largest incident group is unwanted vessel motion (causing loss of position and objects dropped and
damaged), which constitutes some 12% in the same period. In the pe15
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Figure 1.10: Illustration of a turret anchored FPSO. Courtesy of APL/Axis.

riod 2000–2001, there is a clear increase of the relative number of incidents
caused by vessel motion, now constituting more than 25% of the total number of incidents. Loss of position may also cause damage to connected systems such as the mooring system and risers, and may also cause a collision
between two vessels. For DP and position mooring operations, the operator typically has in the order of 10–20 seconds from the time the position
measurement systems fail, until the situation becomes critical. Decreasing
the number of tasks for the operator, and designing a useful supervisory
system may decrease the reaction time of the operator.

1.3 Motivation
At a first glimpse, it may seem like the two applications aquaculture and
petroleum offshore installations have very little in common. However,
when introducing large aquacultural farms, the necessity of a more complex and complete automation scheme than existing solutions is obvious.
Then, the technology transfer potential from the mature offshore petroleum
16
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industry, in the sense of automation in general, and dynamic positioning
and position mooring in particular, is evident. By investigating these technology transfer possibilities, and at the same time identifying new needs,
improved (in the sense of safety and cost-effectiveness) controller schemes
can be designed.
The previous sections have described the state-of-the-art for the aquacultural and petroleum industries, as well as for DP and position mooring
controllers. However, both industries are facing new challenges; for the
aquacultural industry it is the necessity of industrialization that drives the
changes. ’The bigger, the better’ seems to be the overall agreement within
the industry. With the lack of suitable locations inshore, large offshore facilities will inevitably emerge. As for the petroleum industry, the persistently
high oil prices motivates for developing new fields, fields that previously
have been disregarded due to too high investment costs or a too high risk
of failing engineering wise. Many of these fields require ’a first’, i.e. new
technology development.
The scope of this work is to develop new position control schemes for moored
marine vessels, which increase the safety of the structure at the same time as being a cost-effective alternative. Section 1.1 gave a background on the different
challenges that the two industries are faced with. It is likely that both future aquacultural farms and offshore oil installations will utilize mooring
systems to some extent, therefore there is a clear possibility that the two
industries can benefit from each other concerning mooring system design,
installation, supervision and control. It is emphasized in Section 1.1.1 that
the aquacultural industry in particular is in need of a technological leap,
both on the biological side when introducing new species, and on the engineering side. It is the engineering perspective that is adopted in this thesis;
the challenges concerning the biological part of the problem are described
in order to give the reader the complete picture of the complex problem
of implementing full scale offshore aquacultural plants. This thesis aims
to identify and solve a given positioning problem, under the assumption
that the structure utilizes a mooring system and have thrusters available
for aiding the mooring system.

1.4 Contributions
This thesis contains development of a new approach for control of complex
marine structures, applicable for both aquacultural farms and moored oil
producing vessels. Most of the state of the art position mooring controllers
use geometrical boundaries and gain-scheduling for determining the de17
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sired thruster force. By including the state of the limiting systems directly
in positioning task, it is possible to develop less conservative controllers,
saving both fuel and increasing the overall reliability of the system. The
methodology developed in this thesis uses a measure of the reliability of the
mooring system for determining the desired thruster force. The methodology allows for different approaches when designing the controller. Either,
the reliability measure can be used intrinsically in the controller, or it can
be used as a pretuning mechanism in order to determine the parameters of
a given controller. A third option is to use the reliability measure for monitoring an operation, aiding the operator in making the right decisions. The
first two options are studied in detail in the work presented in the aft of this
thesis, identified by Paper I – Paper III. The upsides of the proposed controllers are first and foremost i) reliability against mooring line failure, ii)
a more intelligent thruster usage, resulting in a presumably less consumption of fuel, and iii) a reduced necessity of lengthy pretuning procedures.
The methodology is not limited to offshore structures, but can be implemented on other structures where monitoring of structural components is
crucial for the safety of the operation, and where means of control are available. Three journal papers constitute the main contributions of the thesis.
These are added chronologically at the end of the thesis, and the specific
contributions of each of these three papers are:
Paper I Published in Control Engineering Practice. A model of an interconnected marine structure, consisting of three semisubmersible types of modules, is developed. The controller which is
developed takes the energy of the system into consideration when determining the magnitude of the necessary actuator force. A methodology using a reliability criterion, referred to as the δ-index, is introduced to evaluate the integrity of the mooring system.
Paper II Accepted for publication in International Journal of Control. The concept of a controller acting on the reliability of a connected subsystem, the mooring line system, is developed further. The δ-index is
included directly in the controller to ensure the integrity of the system. The part of the controller which depends on the δ-index is only
active when the loading becomes critical.
Paper III Provisionally accepted for publication in Automatica. A controller
which depends on the δ-index is implemented on CyberShip III, and
experimental tests are performed in the Marine Cybernetics Laboratory. The results show that the controller performs well in calm to
moderate seas.
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1.4.1 List of Publications
This list contains both accepted and submitted papers by the author, 2003–
2007.
Journal Papers
• Leira, B.J., Barth Berntsen, P.I., Aamo, O.M. (2005). Structural Reliability Criteria and Dynamic Positioning of Marine Vessels, Advances
in safety and reliability. London: Taylor & Francis.
• Leira, B.J., Sørensen A., Barth Berntsen, P.I., Aamo, O.M. (2006). Structural Reliability Criteria and Dynamic Positioning of Marine Vessels,
International Journal of Materials & Structural Reliability. 4(2): 161–174.
• Barth Berntsen, P.I., Aamo, O.M., Leira B.J., Sørensen A. J. (2007).
Structural Reliability–based Control of Moored Interconnected Structures, Control Engineering Practice. 16(4): 495–504.
• Barth Berntsen, P.I., Aamo, O.M., Leira B.J.(2008). Thruster Assisted
Position Mooring Based on Structural Reliability, International Journal
of Control. In Press.
• Leira B.J., Barth Berntsen, P.I., Aamo, O.M. (2008). Station–keeping of
Moored Vessels by Reliability-based Optimization , Probabilistic Engineering Mechanics. Accepted for Publication.
• Barth Berntsen, P.I., Aamo, O.M., Leira B.J.(2008). Ensuring Mooring
Line Integrity by Dynamic Positioning: Experimental Tests, Automatica, Provisionally accepted .
Conference Papers
• Barth Berntsen, P.I., Aamo, O.M., Sørensen, A.J. (2003). Modelling
and Control of Single Point Moored Interconnected Structures, Proceedings of the 6th Conference on Manoeuvring and Control of Marine
Crafts, 16–19 September, Girona, Spain.
• Barth Berntsen, P.I., Leira, B.J., Aamo, O.M., Sørensen, A.J. (2004).
Structural Reliability Criteria for Control of Large–Scale Interconnected
Marine Structures, Proceedings of the 23rd International Conference on
Offshore Mechanics and Arctic Engineering, 20–25 June, Vancouver, Canada.
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• Leira, B.J., Barth Berntsen, P.I., Aamo, O.M., Sørensen, A.J. (2004).
Positioning and Motion Control of Multiple Interconnected Marine
Structures Based on Structural Design Criteria, Proceedings of the 9th
International Symposium on Practical Design of Ships and other Floating
Structures, 12–17 September Lübeck-Travemünde, Germany.
• Leira, B.J., Barth Berntsen, P.I., Thomassen, P. (2004). Aspects of Design and Operation of Fish–farming Plants for Harsh Environments,
Proceedings of the Seventh International Conference on Marine Science and
Technology 07–09 October, Varna, Bulgaria.
• Leira, B.J., Sørensen, A.J., Barth Berntsen, P.I., Aamo, O.M. (2005). Integration of Structural Reliability Criteria with On–line Control Schemes,
Proceedings of the Ninth International Conference on Structural Safety and
Reliability of Engineering Systems and Structures, 19–23 June, Rome, Italy.
• Leira, B.J., Barth Berntsen, P.I., Aamo, O.M. (2006). Reliability–based
structural optimization for positioning of marine vessels, Proceedings
of the 25th International Conference on Offshore Mechanics and Arctic Engineering, 4–9 June, Hamburg, Germany.
• Barth Berntsen, P.I., Aamo, O.M., Leira, B.J. (2006). Position Mooring
Based on Structural Reliability, Proceeding of the 7th IFAC Conference
on Manoeuvering and Control of Marine Craft, 20–22 September, Lisbon,
Portugal.
• Barth Berntsen, P.I., Aamo, O.M., Leira, B.J. (2006). Dynamic Positioning of Moored Vessels Based on Structural Reliability, Proceeding
of the 45th IEEE Conference on Decision and Control, 13–15 December, San
Diego, CA, US. 5906–5911
• Barth Berntsen, P.I., Aamo, O.M., Leira, B.J. (2007). Structural
Reliability–Based Control for Moored Vessels: Experimental Results,
Proceeding of the 26th International Conference on Offshore Mechanics and
Arctic Engineering, 10–15 June, San Diego, CA, US.

1.5 Thesis Layout
This thesis is a collection of papers produced throughout the work with my
PhD. The three most significant ones are presented in the second part of the
thesis, identified as Papers I–III. The papers included are identical to those
submitted, with only minor changes to the layout, so that the style of the
thesis is contained throughout the text.
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In Chapter 2 the mathematical modelling of marine vessels is discussed,
and a description of the experimental setup in MCLab in January 2007 is
given. This Chapter also includes the statistical tools used for obtaining the
main results. In Chapter 3 the conclusions and suggestions for future work
are presented. In Paper I a model of an interconnected marine structure
and a control strategy for evaluating the reliability of the mooring system
are developed. The paper is accepted for publication in Control Engineering Practice. In Paper II the reliability index, called the δ-index, is included
directly in the controller to ensure the integrity of the mooring line system. The paper is accepted for publication in International Journal of Control.
In Paper III the controller is developed further and experimental tests are
carried out with the vessel CyberShip III, in the Marine Cybernetics Laboratory. The paper is provisionally accepted for publication in Automatica.
Please note that the bibliography lists following Chapter 3 contains all references appearing in the thesis, i.e. those from Chapters 1–3, as well as
those in Papers I-III.
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Chapter 2

Mathematical Modelling and
Experimental setup

T

he controllers proposed have been evaluated both by means of a numerical simulator, the Marine Systems Simulator (MSS), and in the Marine Cybernetics Laboratory (MCLab), which is a test basin at the Department of Marine Technology. The mathematical modelling of marine vessels for use with MSS is described in Section 2.1, while the test setup is
described in Section 2.2. The concept of structural reliability, along with
some basic statistical tools needed, are presented in Section 2.3.

2.1 Mathematical Modelling of Marine Vessels
The modelling of marine vessels is usually divided into two regimes, referred to as modelling for manoeuvering and modelling for seakeeping. The
two models have different validity properties, thus it is important to choose
a model based upon the type of operation the vessel will conduct. Manoeuvring refers to the study of ship motion in the absence of wave excitation,
i.e. a calm water assumption, whereas seakeeping refers to the study of
vessels in waves while the vessel keeps its course and speed constant. The
separation between the two models allows for making different assumptions that simplify the study in each case. In this thesis, position mooring is
considered. Hence the most correct choice of model is the seakeeping model.
In recent years the focus has been on describing a unified model, see Bailey
et al. (1997), Fossen and Smogeli (2004), Fossen (2005) and Smogeli et al.
(2005). However, this will not be reviewed here.
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Figure 2.1: Illustration the different reference frames.

2.1.1 Reference Frames
Three different reference frames are utilized in this thesis in order to describe the motion of the vessels adequately, based on Fossen (2002). The
different frames are described in the following and illustrated in Figure 2.1.
NED–frame The North–East–Down reference system, {n}-frame, is fixed
to the surface of the earth, and the curvature of the earth is neglected. It
is common to assume that the frame is inertial, so that Newton’s laws apply. The reference system is described by (x n , yn , zn ), where xn is positive
towards the North, y n is positive towards the East, and z n is positive downwards. The position and orientation of the vessel is usually described in
this frame.
24
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BODY–frame The Body–fixed–frame, {b}–frame, is fixed to the vessel,
usually at the center of gravity. The translational and rotational velocities
relative to the NED–frame are usually described in the b–frame. The reference system is chosen to coincide with the principal axes of inertia, and is
described by (xb , yb , zb ), where xb is directed from the stern to the bow, y b is
directed to the starboard, and z b is directed towards the keel.

p–frame The p–fixed frame, {p}–frame, describes an arbitrary point on
the vessel, under the assumption that the vessel behaves as a rigid body.
The point is described relative to the body-fixed reference system by
(x p , y p , z p ), where x p , y p and z p describe the distance from the b–frame to the
p–frame along the xb , yb and zb axes, respectively.
The position and orientation of a marine vessel are, in the {n}-frame, given
in vector format as




η = η1 , η2 T = n, e, d, φ, θ, ψ T ∈ R3 × S3 ,

(2.1)

where n, e and d are the x, y and z position, respectively. The quantities φ,
θ, and ψ are the rotations (Euler angles) around the n, e and d axes respectively, defined positive clockwise in a right–handed–system. The vector is
commonly divided into two terms, η 1 and η2 , which contain the positions
and rotations, respectively.
The velocity vector of the vessel in the {b}–frame is given as


ν = [ν1 , ν2 ]T = u, v, w, p, q, r T ∈ R6 ,

(2.2)



where ν1 = [u, v, w]T are the translational velocities, and ν2 = p, q, r T are the
rotational velocities.
Transformation Between Reference Frames
Having positions and velocities defined in different reference frames motivate for establishing a connection between the two frames {n} and {b}. Also,
it is convenient to introduce the connection between {b} and {p}. This is referred to as Kinematics, and treats the geometrical aspects of motion only.
These relationships are described in detail in the following.
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Transformation Between {n} and {b}
Using Euler angles, the translational velocities are transformed from the
{b}–frame to the {n}–frame according to
 
(2.3)
η̇1 = R η2 ν1 ,
 
where R η2 is referred to as a rotation matrix, given by
⎡
⎤
⎢⎢⎢ cψcθ −sψcφ + cψsθsφ sψsφ + cψcφsθ ⎥⎥⎥
  ⎢
⎥
(2.4)
R η2 = ⎢⎢⎢⎢ sψcθ cψcφ + sφsθsψ −cψsφ + sθsψcφ ⎥⎥⎥⎥ ∈ SO (3) ,
⎣
⎦
−sθ
cθsφ
cθcφ
 
where s and c denotes sine and cosine, respectively. Since R η2 is an element in the special orthogonal group of order 3, the following holds
 
   
 
(2.5)
R η2 RT η2 = RT η2 R η2 = I,
 
,
(2.6)
det R η2 = 1
−1  
T  
(2.7)
R η2 = R η2 .
The rotational velocities are transformed from the {b}–frame to the {n}–
frame according to
 
(2.8)
η̇2 = T η2 ν2 ,
where

⎡
cφtθ
⎢⎢⎢ 1 sφtθ
 
⎢⎢⎢
cφ
−sφ
T η2 = ⎢⎢ 0
⎣
0 sφ/cθ cφ/cθ
⎡
⎤
−sθ ⎥⎥⎥
⎢⎢⎢ 1 0


⎢
⎥
T−1 η2 = ⎢⎢⎢⎢ 0 cφ cθsφ ⎥⎥⎥⎥ ,
⎣
⎦
0 −sφ cθcφ

⎤
⎥⎥⎥
⎥⎥⎥
⎥⎥⎦ θ  ±π/2,

(2.9)

(2.10)

where t denotes tangent.
Now, the 6 degrees of freedom kinematic equations may be expressed in
compact form as
 
(2.11)
η̇ = J η2 ν,
where

 
J η2 =

Transformation Between {n} and {p}
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The position of the {p}–frame in the {n}–frame is given as
 
pnp = η1 + R η2 p p ,

(2.12)

where pnp denotes the location of the {p}–frame in the {n}–frame, η1 is the

T
position of the {b}–frame in the {n}–frame, and p p = x p , y p , z p is the vector describing the location of the {p}–frame in the {b}–frame (by assuming
that the vessel is a rigid body, this vector is constant). The translational
velocities of the {p}–frame in the {n}–frame are
 
(2.13)
ṗnp = η̇1 + Ṙ η2 p p
 
 
(2.14)
= R η2 ν1 + R η2 S (ν2 ) p p
   
 
(2.15)
= R η2 ν1 − R η2 S p p ν2 ,
 
where the skew-symmetric cross-product operator S p p : R3 → R3 is given
as
⎤
⎡
 
 
  ⎢⎢⎢⎢ 0 −z p y p ⎥⎥⎥⎥
0 −x p ⎥⎥⎥⎥ , S p p = −ST p p .
(2.16)
S p p = ⎢⎢⎢⎢ z p
⎦
⎣
−y p x p
0
The velocities of the {p}–frame in the {n}–frame can be written in compact
form as
   
(2.17)
η̇ p = J η2 H p p ν,
where

 
⎡
  ⎢⎢ I ST p p
⎢
H p p = ⎢⎣
0
I

⎤
⎥⎥⎥
⎥⎦ .

(2.18)

Transformation Between {b} and {p}
From (2.17) it can be seen that the velocities in the {p}–frame can be expressed as
 
(2.19)
ν p = H p p ν.
Similarly, forces and moments in the {p}–frame may written
 
τ p = H p p τ.

(2.20)

The latter transformation is particularly useful, since hydrodynamic software can have a coordinate system different from that associated with the
center of gravity. Thus, the calculated forces may be transformed to any
given reference system through (2.20).
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2.1.2 Dynamics
The hydrodynamic modelling described in the following is based on Faltinsen (1990), Fossen (2002) and Sørensen (2005). When modelling for control
purposes, it is common to separate the model in a low frequency part and a
wave frequency part. It is assumed that the two parts can be superimposed
in order to determine the total motion of the vessel. Also, it is common to
assume that the body does not deform, i.e. it behaves like a rigid body.
Rigid body dynamics
Newton’s second law of motion states that
Definition 2.1 The relationship between an object’s mass m, its acceleration a,
and the applied force F is
F = ma.
(2.21)
This applies in an inertial frame, such as the {n}–frame. For a marine vessel,
(2.21) can be written in the {n}–frame as
M(η)η̈ = τ{n} ,

(2.22)

where M(η) ∈ R6×6 is the rigid body mass matrix in the {n}–frame, and
τ{n} ∈ R6 denotes the vector containing the external forces and moments. In
the {b}–frame, (2.22) can be written
MRB ν̇ + CRB (ν)ν = τ,

(2.23)

where the term C RB ∈ R6×6 denotes the rigid body Coriolis–centripetal matrix, and must be added since the {b}–frame is not inertial. The system
matrices MRB and CRB have some inherent properties which are frequently
exploited in control system design:
MRB = MTRB > 0, ṀRB = 0,

(2.24)

∀ν ∈ R .

(2.25)

CRB (ν) =

−CTRB (ν) ,

6

The rigid–body Coriolis–centripetal matrix can be computed from MRB .
The final rigid–body dynamic equation, neglecting the surrounding environment, may be written
MRB ν̇ + CRB (ν) ν = τRB ,
 
η̇ = J η2 ν.
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The environmental effects acting on a vessel are numerous. The importance
of the different effects depend strongly on the weather condition, the hull
and topside design and the velocity and heading of the vessel. Generally
speaking, wind will for offshore vessels be the dominating second order
effect, at least for heavy weather conditions. However, waves and current will also have significant second order effects. Waves will in addition
constitute the main first order effects. The different environmental effects
and hydrodynamic phenomena acting on marine vessels are described in
Faltinsen (1990).
The nonlinear, low-frequency, 6 degrees of freedom mathematical model of
a marine vessel including environmental effects can be written
 
(MRB + MA ) ν̇ + CRB (ν) ν + CA (νr ) νr + D (νr ) νr + g η = τenv + τm + τ, (2.28)
where M A ∈ R6×6 denotes the asymptotic added mass matrix for ω → 0,
CA (νr ) ∈ R6×6 denotes the Coriolis–centripetal matrix originating from M A ,
D (νr ) ∈ R6×6 denotes the damping matrix, including effects from wave drift
 
damping, skin friction and vortex shedding, g η ∈ R6 denotes the vector
containing the buoyancy effects, τenv ∈ R6 denotes the vector containing
the environmental loads, τ ∈ R6 is the propulsion vector, and τm ∈ R6 denotes the vector containing the generalized mooring forces. Based upon the
desired accuracy, the hydrodynamic properties identified by M A , CA (νr ),
 
D (νr ) and g η in (2.28) can be determined through: i) comparison with
existing structures; ii) numerical software such as HydroD and ShipX; iii)
model tests, and iv) full scale tests. It is commonly recognized that the
chronology of the list represents an increased accuracy in the results. Determining the desired propulsion vector is the aim of this work. In general,
there are loss terms and rate saturations between the desired thrust and the
actual output. However, in this work, these loss terms are neglected. For a
thorough description of the loss terms associated with propellers and machinery, and their importance, see Smogeli (2006). The mooring system was
implemented in the MSS for this specific work, based on the finite element
model developed by Aamo and Fossen (2001). The number of necessary
finite elements for each mooring line depends strongly on the water depth,
and have a strong influence on the simulation time. Therefore, in order for
the MSS to be an efficient simulation tool, the water depth considered in
this work is limited to 200 meters. Four mooring lines consisting of traditional stud-chain links make up the mooring system, spread evenly around
the turret center. Each line is divided into 30 finite elements. The terms M A
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and CA (νr ) have the following properties
MA = MTA ,
CA (νr ) =

−CTA

(2.29)
(νr ) .

(2.30)

The relative velocity vector,νr ∈ R6 , is given as
νr = ν − ν c ,

(2.31)

where νc ∈ R6 is the vector containing the current velocities. It is assumed
that ν̇c = 0. Note that the rigid–body terms are only depended on ν.
The wave frequency model is based on a linear theory, i.e. it is assumed
that the waves and motions are relatively small and are given in the hydrodynamic frame. For station keeping operations, the hydrodynamic frame


is given by the parameters η̄ = [η¯1 , η¯2 ]T = xd , yd , 0, 0, 0, ψd T , i.e. the desired
operating location. As long as the vessel oscillates with small amplitudes
about this frame, the linear assumption holds. The wave frequency motions
in the hydrodynamic frame can, according to Sørensen (2005), be described
as
M (ω) η̈Rw + D p (ω) η̇Rw + GηRw = τwave1 ,
 
η̇w = J η̄2 η̇Rw,

(2.32)
(2.33)

where ηRw ∈ R6 is the vector describing the wave frequency motions in the
hydrodynamic frame, ηw ∈ R6 is the wave frequency motion vector in the
earth fixed frame, τwave1 ∈ R6 is the vector containing the first-order generalized wave excitation forces, M (ω) ∈ R6×6 is the frequency dependent
mass matrix, containing both the rigid body and the added mass effects,
D p (ω) ∈ R6×6 is the frequency dependent potential damping matrix and
G ∈ R6×6 is the linear restoring matrix due to gravity and buoyancy. It is
common to assume that the mooring lines do not affect the wave frequency
motions, Triantafyllou (1994).
The frequency dependent terms M (ω) and D p (ω) have memory effects
which in general are important to consider. Kristiansen and Egeland (2003)
have proposed a state space representation of these effects, which improves
the effectiveness in numerical simulations. Again, the determination of the
hydrodynamic effects constituting (2.32) can be determined with a different
degree of accuracy.

2.2 Experimental Setup
The experimental tests were carried out in January 2007, in MCLab. The
motivation of the model tests was to verify the performance of the controller demonstrated in numerical tests, as well as to verify the numerical
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vessel model. The latter objective will prove wether or not MSS will be
useful for testing the controller numerically, or if further model tests are
necessary. The basin is 6.45 by 40 meters, and approximately 1.5 meters
deep. The laboratory is equipped with a wave generator, which can produce both regular and irregular waves. It also has a position measurement
system based upon four cameras, detecting five light bulbs located at the
vessel, flashing with a frequency of 50 [Hz]. At least two cameras must
detect at least the same three light bulbs in order for the positioning system
to work. Loss of measurements usually leads to severe loss of position
and termination of the experiment. The laboratory is also equipped with a
moveable carriage, and a control room, where the operator can supervise
the experiment. The vessel used in the experiments is called CyberShip
III, and is shown in Figure 2.2. The main properties, along with those of
the full-size vessel, are presented in Table 2.1. The vessel is equipped with
four thrusters, three fully rotatable and one bow thruster. However, the
heading of the thrusters is fixed during the experiments in order to reduce
the number of error sources. As can be seen from Table 2.1, the scaling
of the thrusters are not consistent. The bow thruster is over–dimensioned
for the model vessel as compared with the other thrusters. (However, the
actual output force from the bow thruster is negligible, indicating considerable losses for this specific thruster). For the experiments presented in this
work, the vessel is equipped with a mooring line, composed of a spring, a
wire and a gauge ring. The mooring line is attached to the bow of the vessel. The measurement of the tension in the mooring line enters the vessel’s
computer and is, along with a number of other measurements, transmitted
via a wireless link to a computer located in the control room. The controller
parameters are set in the control room, while the controller algorithm itself
is implemented on the onboard computer, making it possible for the operator to change the controller parameters while the system is running. In
order to simulate water current, a string running over a series of pulleys
and connected to weights is attached to the stern of the vessel. Preferably,
this load should be applied at the point where the hydrodynamic forces
act, however, the layout of the light bulbs used for the position measurements does not allow this. Due to the fact that the external load is acting
at the stern of the vessel, a yawing moment arises when the vessel turns
relative to the string. This yawing moment would not appear if the forces
were acting at the center of hydrodynamic forces. However, if this out-ofposition setup is taken into consideration when designing the controller,
and the thrusters are able to counteract this yawing moment, this poses no
real problem. For the tests performed, the incorrectness in setup was counteracted by estimating the external loads in the frame that the appeared,
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i.e. at the stern of the vessel. The string used is a very light weight line
(monofilament), making the net weight of the line itself very small. However, when the line comes in contact with water (which inevitably happens
from time to time) the weight is somewhat increased. Also, the pulleys
used have a significant friction in their ball-bearings.

Figure 2.2: CyberShip III.

2.3 Structural Reliability
As stated in Section 1.3 the scope of this work is to develop a position
mooring controller which ensures the integrity of the mooring system, at
the same time as being a cost-effective alternative. Integrity in this context
should be understood as reliability, or trustworthiness, during an operation, or during the entire lifetime of the structure. As mentioned in the
introduction, marine structures may be very complex, often comprising
several major components, such as mooring systems and risers, all critical for a safe and successful operation. The focus of this work is the safety
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Table 2.1: Main characteristics of CyberShip III.

Length over all
Length between particulars
Breadth
Draught
Weight
Azimuth thrusters(3)
Tunnel thruster

Model
2.275 [m]
1.971 [m]
0.437 [m]
0.153 [m]
 
74.2 kg
27 [W]
27 [W]

Full Scale
68.28 [m]
59.13 [m]
13.11 [m]
4.59 [m]
 
2.3 ∗ 106 kg
1200 [kW]
410 [kW]

of the mooring system, with the possible failure mode corresponding to a
single mooring line breakage. Due to manufacturing errors and deviations,
wear and tear and possible previous unnoticed damages, the mooring lines
may break under different loading conditions. In this work, it is assumed
that these problems are taken care of by proper inspection routines. During
the design of the mooring system, a safety factor is added to the diameter
of the different mooring line sections in order to account for corrosion. By
doing this, less strict inspection routines are needed. Also, the different
classification societies, such as Det Norske Veritas (DNV) and The American Bureau of Shipping (ABS), along with governmental institutions such
as The Norwegian Maritime Directorate (NMD), demand that each mooring line is over-dimensioned with a factor typically equal to 1.65 according
to the expected maximum loading in a 100 year storm. Although these
precautions are taken, there still exists a probability of failure. By deciding on the allowable failure probability, it is possible, from statistical data
provided by the manufacturer of the mooring lines, to compute the maximum allowable static loading of the mooring lines. This section will give a
short introduction to statistical methods used in this thesis, based on Madsen et al. (1986) and Melchers (1999), and describe the concept of structural
reliability.
When concerned with waves and the linear responses of marine structures,
it is common to assume that the statistical parameters are constant over a
time period with a duration of (at least) 1 hour. This is frequently referred
to as short term statistics. A second assumption is that the wave process (i.e.
the surface elevation) is of a Gauss distribution (named after Carl Friedrich
Gauss, 1777–1855). In Figure 2.3, an illustration of the probability density function (PDF) for a Normal distribution is shown in the upper half.
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The corresponding cumulative distribution function (CDF) is shown in the
lower half. The PDF is a real-valued function whose integral over any set
gives the probability that a random variable has a value within this set. The
PDF for the Normal distribution is given as
1 −x2
f (x) = √ e 2 ,
2π
while the corresponding CDF is given as
 x
f (t) dt.
F (x) =

(2.34)

(2.35)

−∞

1
0.8
PDF

0.6
0.4
0.2
0
-∞

0
x [-]

∞

0
x [-]

∞

1
CDF

0.8
0.6
0.4
0.2
0
-∞

βa

Figure 2.3: Illustration of the probability density function and the cumulative distribution function for a Normal distribution.
In order to be able to estimate the failure probability, it is necessary to know
the difference between the maximum load a structure is able to withstand,
R (often referred to as resistance), and the loads Q that it will be exposed to,
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with the corresponding load effects S found from conventional structural
analysis methods. The loads on marine structures are caused by wave-,
wind- and current, and will fluctuate with time. The resistance will also in
general be a function of time. A typical situation is that the extreme load
effects increase with time, while the resistance decreases, as illustrated in
Figure 2.4. Here t denotes the time, t 1 is the start time, t2 is some arbitrary
chosen time, while fS (s|t = t1 ) and fS (s|t = t2 ) are the probability density
functions for the load effects at time t1 and t2 respectively. Similarly, fR (r|t =
t1 ) and fR (r|t = t2 ) are the probability density functions for the resistance at
time t1 and t2 respectively. The two dotted lines in Figure 2.4 are the mean
values of R and S.
R,S
fR (r|t = t1 )
fR (r|t = t2 )

R(t)

fS (s|t = t1 )

fS (s|t = t2 )

S(t)

t2

t1

t

Figure 2.4: Illustration of the time-varying resistance, R(t), and the timevarying load S(t).
From the figure it is seen that the structure will fail if
Z = R (t) − S (t) < 0,

(2.36)
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where Z is referred to as the safety margin. The probability that the event
described by (2.36) will take place can be evaluated from the amount of
overlap by the two probability density functions f R and fS , shown in Figure
2.4. At t = t1 , these two functions barely touch each other, while at t =
t2 , they have a significant amount of overlap. The latter case represents a
corresponding increase in the failure probability.
If it is chosen to use time-independent values of either R or S (or both), the
minimum value of (2.36) on the interval [0,T], where T denotes the design
life time or the time which a specific operation is expected to last, must
be used. When concerned with maximum (minimum) value theory, an extreme value distribution, such as the Gumbel distribution, (also referred to
as the type I asymptotic form), must be used, see Gumbel (1958) and Sødahl (1991). The Gumbel distribution may be applied in cases where the
initial distribution has an exponentially decaying tail (which is the case for
the Gauss distribution).
The probability of failure may be expressed as
 ∞  s≥r
fR (r) fS (s) drds,
(2.37)
p f = P (Z = R − S ≤ 0) =
−∞

−∞

where it is assumed that R and S are independent. This can also be expressed as
 ∞
FR (x) fS (x) dx,
(2.38)
p f = P (Z ≤ 0) =
−∞



where
FR (x) = P (R ≤ x) =

x
−∞

fR (y) dy.

(2.39)

The integral in (2.38) is known as a convolution integral, where F R denotes
the CDF of R. Closed-form expressions of this integral can be obtained for
certain distributions, such as the Gauss distribution. The first term of (2.37),
fR (r), is frequently represented as a Gaussian variable, while the second
term, fS (s), will for extreme sea states correspond to a Gumbel distribution.

2.3.1 δ-index
Assuming that R and S are independent and Gaussian random variables,
with mean values μR and μS and variances σ2R and σ2S , the quantity Z has a
mean and variance given by
μZ = μR − μS ,
σ2Z
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The probability of failure may then be written as



0 − μZ
,
p f = P (R − S ≤ 0) = P (Z ≤ 0) = Φ
σZ

(2.42)

where Φ () is the standard normal distribution function (corresponding to
μ = 0 and σ2 = 1). By inserting (2.40)–(2.41) into (2.42), we get
⎡
⎤
⎢⎢⎢
⎥
⎢⎢⎢ − (μR − μ s ) ⎥⎥⎥⎥⎥
⎥⎥ = Φ (−β) ,
(2.43)
p f = Φ ⎢⎢⎢ 
⎣⎢ σ2 + σ2 ⎥⎦⎥
R
S
where
β=

(μR − μS )
μZ
= 
,
σZ
σ2R + σ2S

(2.44)

is defined as the safety index, see Cornell (1969). By defining an acceptable failure probability, p f = pA , one can find the corresponding value of
β, i.e. βA , that represents an acceptable lower bound on β (since decreasing
β results in a higher failure probability). This lower value can be used to
determine whether the resistance R is within the acceptable range as compared to the load effect, S. This is illustrated in Figure 2.3, where the red
dotted line in the lower half represents a failure probability of 5%, with the
corresponding β A found along the horizontal axis.
As previously stated, the integrity of the mooring system is the concern
of this work, with the failure mode corresponding to breakage of a single
mooring line. The load results in a time-varying line tension, T k , where the
subscript k denotes mooring line k. The signal is filtered through a low-pass
filter, so T k may be written
T k (t) ≤ Tk,l f (t) + κσk ,

(2.45)

where t denotes the time and T k,l f denotes the filtered, low frequency signal. The scalar κ is a scaling factor based on the tail behaviour of the chosen type of distribution which is applied to represent the extreme load effect (Gauss, Gumbel, etc.). The scaling factor measures the expected extreme value in terms of the standard deviation of the basic process. For a
Gaussian dynamic response process with a corresponding Gumbel extreme
value distribution, it can be shown that (Myrhaug (2005), Sødahl (1991))
κ=


0.57722
,
2 ln (n) + √
2 ln (n)

(2.46)
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where n is the number of individual maxima which occur during the considered time period. Finally, σ k in (2.45) is the standard deviation of T k ,
defined as



σk =

N
2
1 
T k,i − T̄ k ,
N i=1

(2.47)

where N is the total number of samples used (i.e. N samples backwards in
time), and T̄ k is the mean tension given as
T̄ k =

N
1 
T k,i .
N i=1

(2.48)

The factor κ in (2.46), along with σk in (2.47), will compensate for the missing first order variations in the filtered measurement of the mooring line
tension. From a thruster’s point of view this is advantageous, since 1. order variations in the control signal are known to introduce unnecessary
wear and tear of marine machinery.
For this application, the safety index β, (2.44), is reformulated (and renamed) according to
δk (t) =



T b,k − T k,l f (t) + κσk
σb,k

,

(2.49)

where T b,k is the mean breaking strength of mooring line k, and σ b,k is the
σk is
standard deviation of the mean breaking strength. As long as σ b,k
fulfilled, we have that β ≈ δ. This condition is in general fulfilled, however
there are two exceptions: i) for extreme sea states, and ii) when a large number of samples are used for calculating σk . In the case of extreme sea states,
compared to σb,k . Then σb,k in the denomiσk may become significant as 

nator of (2.49) is replaced by σ2b,k + σ2k . As for exception ii), this is best
explained by an illustration. In Figure 2.5, an example of a particular load,
T k , is given in the upper part of the figure, with the corresponding σ k,i being
plotted below, using different number of samples N for its estimation (see
(2.47)). (Note that the load is not affected by the changing number of samples). The load is acquired from open loop simulations, i.e. no controller
forces are active, and the sea state is kept constant. The number of samples used for the different σ k,i are N1 = 25, N2 = 50, N3 = 150, and N4 = 300
(where Ni corresponds to σ k,i ), with a sampling frequency of 5 [Hz]. The figure illustrates how, when using a relatively low number of samples (σ k,1 ),
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the first order variations dominate σ k,i . However, as the number of samples is increased, the second order variations become more dominant. This
is observed from the graphs of σ k,2 –σk,4 , while σk,1 mainly reflects the high
frequency energy in the signal. This is an important feature of σ k that needs
to be assessed thoroughly when choosing the sampling interval. By selecting a relatively large number of samples, significant second order changes
in the tension will be captured by σk , thus increasing the right-hand term of
(2.45), without actually representing a change in the sea state. For the cases
where σk becomes significant, it should be included in the denominator of
(2.49). However, it is important that the number of samples, N, is chosen
such that changes of σk actually represent changes in the magnitude of the
first order variations. It is also important that when the tests are initiated,
the measurements are allowed to run for some time prior to turning the
controller on, so that σ k has a value based on the relevant environmental
conditions.
The assumption that the tension in the mooring line is available for measurement needs some justification. Such measurement devices, exposed
to a very harsh climate (salt water, possibly icy conditions, mechanical
impacts, etc), are known to suffer from significant drift. Redundancy of
measurement devices will somewhat reduce the drift, or at least help to
detect it, however it will not alone solve the problem. When discussing
drift of measurements, it is the second order tension variations that are of
concern: The relative magnitude of the first order variations will not be affected by the drift. For mooring lines that are stock products, one will have
good data for the relationship between force and extension, by knowing
the anchor point, water depth and amount of chain laying on the sea floor.
Thus, a possible solution is an observer checking the measurements from
time to time for drift, in order to recalibrate the measurement devices when
needed. Tests have shown, see Paper I, that a second order equation may
represent the tension in a mooring line adequately for control purposes.
The estimate of the mooring force based on the second order equation may
be used for detecting and correcting drift of the measurements.
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Figure 2.5: Variation of σ for different choices of N.
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Chapter 3

Conclusions and Suggestions
for Future Work

T

his thesis has considered control of surface vessels moored to the sea
bed. A new approach for design of position mooring controllers have
been developed, implemented and tested both numerically and experimentally. In Section 3.1 the results from the different papers are summarized
and the conclusions are presented, while suggestions for future work are
given in Section 3.2.

3.1 Conclusions
Control of marine systems in a harsh environment is an important issue.
Presently, there is a strong research focus on this topic, ranging from supervisory control to local thruster control. By identifying critical components,
and including their condition intrinsically in the controller, the load on the
operator, and thus the possibility of false handling of an emergency situation may be reduced. As the aquacultural industry develops, with larger
structures which are exposed to a harsher climate, the structures will become more complicated and more advanced. Thus, supervision and control
of the structure will become necessary. A new controller methodology has
been developed in order to include the condition of the mooring system directly in the controller. The methodology has been introduced for different
controller schemes, both using the reliability index as a pre-tuning criterion (Paper I), and using it intrinsically in the controller (Papers II-III). The
different controllers have been tested on different vessel models and since
both the models and controllers vary, comparison of quantities in the form
of thruster levels and vessel response presented in the different papers have
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little meaning. Also the time used for tuning varies strongly. However, the
properties, in the form of tuning ability, and behaviour of the closed-loop
system, may be compared.
In Paper I a model of a futuristic aquacultural farm was developed. It consisted of three semi-submersible like modules, illustrated in Figure P1.2, a
mooring system, and finally, control actuators in the form of a thruster and
a foil. A reliability index, given by (P1.45), was applied to determine the
maximum allowed deviation from the origin, which again determined the
maximum energy that the vessel should have at any time. By introducing a nonlinear function using the energy of the system as an argument,
described by (P1.47)–(P1.49), the closed loop system described by (P1.51)–
(P1.52) ensured a smooth control and reduced loading of the thrusters. This
again reduced the fuel consumption. The numerical simulations showed
that the controller performed satisfactory. The controller ensured that the
maximum allowed energy level was not violated, at the same time the
thrusters were not run unnecessarily, see Figure P1.12. Also, the results
showed that it is possible to utilize a foil to place the structure transversely
to the incoming water current. This ensures the fish contained in the aft
part of the structure supply of fresh water, see Figure P1.14. The ingenuity
of the design was the nonlinear function, which ensured the reliability of
the mooring system, and at the same time limited the fuel consumption to a
minimum when the mooring system was able to sustain the environmental
forces.
In Paper II the application was changed to an FPSO, moored to the seabed
via a single point spread mooring system. However, the more important
change was that the paper aimed at including the reliability criterion intrinsically in the controller. This was achieved by employing the backstepping technique for the controller design. The main result was summarized
in a theorem, see Theorem P2.1. This time, it was not necessary to include
a nonlinear function like the one introduced in Paper I, since the controller
inherently had both motion damping capabilities and the ability of reducing the thrust when possible. The performance of the controller, when the
vessel was exposed to a time varying current that eventually will make the
tension in the mooring lines reach a critical level, is shown in Figure P2.6.
The figure shows the time variation of δ and ψ. This proved that the controller behaved perfectly in this context. In Figure P2.8, the output of the
thrusters is shown, with some leaps in the thrust as δ = δ s . In addition to
the above, the paper illustrated how a rather simple adaptive mechanism
can detect changes in the environmental load. This estimate can be used in
the controller, assuming that the loads are not available for measurement,
see Figure P2.9. The paper also discusses the importance of the variable
42

C ONCLUSIONS

σk , a variable that captures the effect of the first order loads, and how an
increase in the sea state will affect this variable, as shown in Figure P2.10.
In Paper III the controller developed in Paper II was implemented on a
model vessel named CyberShip III, a 1:30 model of an offshore supply vessel. The objective was to show that the controller performed well under
realistic conditions. Three sea states were used, namely H s = 0, 0.03 and
0.06 meters, which corresponds to H s = 0, 0.9 and 1.8 meters for the full
scale vessel. The results, see Figures P3.3 and P3.6, show that the controller
was implementable for the given conditions, and that it worked the way it
was supposed to; aiding the mooring system when necessary, otherwise it
carried out motion damping and heading control. The thruster force was
relatively smooth, and with no big leaps in the thruster usage for either
of the sea states, shown in Figures P3.4 and P3.6. Since the laboratory
time was limited, and a number of anticipated, and unanticipated, problems were encountered, more tests are needed in order to verify the results.
Also, some modifications to the test setup would improve the validity of
the results. New tests would make it possible to designate more time for
tuning of the controller, thereby further improving its performance.
In order to be able to verify the numerical simulator, numerical simulations were run after the experiments to see if the main behaviour could be
recreated. Numerical simulations are very useful in order to tune the controller prior to running experiments in order to save time in the laboratory.
It is important to estimate the consistency of the numerical model as compared to the real world, and to understand the area of application of the
numerical model. The vessel data used in the numerical model were obtained from various reports regarding CyberShip III, see Marintek (1988)
and Nilsen (2003), while the mooring force was approximated by a second
order polynomial. The artificial water current was introduced over a time
span of two seconds, in order to simulate the friction introduced by the
line running over three pulleys. Engine and propeller dynamics were excluded in the mathematical model. For the numerical tests, the load was
applied at T ime = 2 [min] and removed at T ime = 4 [min], while the experimental load/unload times deviate slightly from this. The results for a
significant waveheight H s = 0 [m], are shown in Figure 3.1. In the left half,
the δ-index, the heading ψ and the thrust τ from the experimental tests are
plotted. The corresponding numerical results are plotted in the right half.
The reference values, δ s and ψ s are plotted as dashed blue lines. The overall
behaviour of the numerical results are much smoother than those obtained
from the experiments. There are a number of possible reasons for this, for
instance disturbances in the form of repercussive waves from previous experiments, in addition to unmodelled engine and thruster dynamics which
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are not included in the numerical model. For the δ-index, both the level
and the rate of convergence is in good accordance, while the convergence
time for ψ is significantly longer for the numerical simulation, as compared
to the experimental result. This may be caused by an overestimation of the
damping in yaw used in the simulator. The coupling effects between the
different degrees-of-freedom are obvious, with a small dip in the δ-index as
ψ converges to ψ s . The peaks in the thrust are in general lower and fewer
for the numerical simulation, and the converged level in the period 3 − 4
minutes is approximately 10% higher for the numerical simulations than in
the experiments. Similar results have been obtained for an increase in the
sea state.
It is clear that the numerical and experimental results are in relatively good
agreement, at least for low velocities, which is the case for the translational
degrees of freedom. For increasing velocities (the yaw rate is high compared to the translational velocity), it may seem that the numerical model
does not match the experiments completely. More extensive model testing
is therefore needed in order to verify whether or not the numerical model
is adequate for moderate and higher velocities. Also, a more complete numerical model should be introduced, describing engine and propeller dynamics. However, it is concluded that the numerical simulator is adequate
for testing the controller algorithms.
From a tuning perspective, and also from an implementability perspective,
the controller proposed in Paper I is the preferred one. Determining the
different parameters is a straight forward procedure, and the time used
for tuning after implementation was short. The controller presented in Papers II and III is much more complicated and requires significantly more
time for both implementation and tuning. However, for this controller,
the reliability criterion is included directly in the controller. This avoids
spending time to determine the controller limits prior to the initiation of
the operation, saving vessel time, which constitutes an important economical aspect. Also, from the experience gained in the laboratory, the latter
controller seems very robust when it comes to erroneous measurements
and unmodelled effects.

3.2 Future Work
There are a number of possibilities for future work. On the theoretical side,
an identification algorithm for the system matrices could be developed, so
that the controller allows for changing system properties. This is relevant
both for aquacultural farms and FPSOs, since both will load and offload
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Figure 3.1: Comparison of experimental results, left half, and numerical
results, right half.

a significant amount of mass from time to time, significantly changing the
system properties. In order to be able to perform more realistic numerical
simulations and experimental tests of aquacultural farms, a more elaborate
model must be developed in order to determine the effects from the net
itself and the fish contained by it.
There are also a number of fields which may benefit from introducing reliability based control. The only prerequisite is that it is possible to establish
a reliability criterion and that the means of control are available or imple45
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mentable. Possible applications for reliability based control are
• Production and drilling risers: Similar to the mooring application discussed in this text, with the riser angle as input argument for the reliability index, instead of the line tension.
• Pipe laying operations: Control of strain in order to avoid buckling
and ovalization.
• Towing operations: Control of tension in towing cables.
• Couplings between two bodies: Control of clamping forces via active
connectors.
• Lifting operations: Control of tension in the lifting cable, and supervision of environmental changes which may affect the operation.
• Road friction control: Active control of the ground pressure from foils
in order to avoid skidding.
Also, it is possible to establish the reliability criterion as a monitoring criterion only, without any active control. This is in order to evaluate wether an
operation can continue, or if it should be stopped due to a too high probability of failure.
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Abstract
In this paper, a model of a futuristic fish farming structure is developed
and problems related to interconnected marine structures and strategies for
configuration control are studied. A control system is designed that: 1) Ensures limited loading of the mooring system; 2) Keeps the chain of surface
modules aligned transversely to the incoming current, and; 3) Ensures positive strain in the connectors between the modules. Control actuation is by
means of a thruster mounted on the first module, and a hydrofoil mounted
on the last module. The performance of the control system is demonstrated
by simulations, and evaluated by a structural reliability criterion referred
to as the delta index.
Keywords: Marine Systems, Large-scale systems, Interconnected systems,
Configuration control, Structural reliability.
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Figure P1.1: Example of interconnected marine structure: floating airport.
The illustration is shown by courtesy of Moss Maritime a.s.

P1.1 Introduction
Large-scale interconnected marine structures are being considered for a
number of applications, such as platforms for offshore oil and gas exploitation, sea-farming and floating airports (see Figures P1.1 and P1.2). These
structures may consist of a large number of modules (floating modules,
mooring systems, risers, etc.), connected to each other via rigid or flexible
connectors. Challenges associated with these systems include modelling
of hydrodynamic loads and the development of automatic control laws for
configuration control and motion damping. The control problems are related to the ones encountered in positioning and tracking of ships, Fossen
(2002), but are also similar to the ones encountered in the fields of flexible
joint robotics, Spong (1990), active suspensions, Lin and Kanellakopoulus
(1997), and control of large flexible space structures, Joshi (1989). This paper is an extension of the work presented in Berntsen et al. (2003).
In a 20-25 year perspective, aquacultural production and harvesting of natural bio-resources in the ocean are envisaged as increasing ten-fold. Locations exposed to harsh weather are expected to be used for fish farming,
creating the need for more durable structures, possibly including automatic
configuration control and motion damping. It is also foreseen that mobile
structures will be used making it possible to change location temporarily,
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Figure P1.2: Sketch of fish farm.

for instance during algae attacks. It may then be attractive to move into
more weather-exposed open water areas. By using automatic control for
vibration and motion damping, marginal structures may be able to sustain
higher sea states coping with fatigue and large responses.
In this paper, we develop a numerical model of a futuristic fish farming
structure. Today, most fish farms are placed in locations where environmental loads from wind, waves and currents, are favorable. Typically, they
are placed
 fjords, or downstream of islands, where the current is smaller
 in
m
than 0.3 s , and the significant wave height is less than 1 [m].
The paper is organized as follows. The case study is presented in Section
P1.2. The process plant model is presented in Section P1.3. In Section P1.4
the controller is developed, followed by the results from the simulations
in Section P1.5. Conclusions and suggestions for future work are given in
Section P1.6.

P1.2 Case study
The example studied is sketched in Figures P1.2 and P1.3. The structure
consists of five surface modules interconnected in a chain, with the first
module moored to the seabed via four mooring cables. The four cables
are connected to the same point on the first module, allowing the surface
structure to rotate freely. This configuration is motivated by several con59
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siderations. A single point mooring system, as opposed to multiple point
mooring systems, is preferable from the point of view of: 1) Cost effectiveness; 2) Applicability in terms of the size and configuration of the attached
surface structure; 3) Ease of operations like attachment and detachment of
surface structure; 4) Modularity in terms of adding or removing individual
modules, and; 5) Rotational mobility of the structure, which enables continuous supply of clean water to the fish by ensuring that fish contained
in one part of the structure do not spend long periods of time in the wake
of other parts of the structure. Control actuation is by means of a thruster
mounted on the first module, and a hydrofoil mounted on the last module.
The focus in this application is on problems related to tidal currents of high
eccentricity. The surface current is assumed to be given by

 ⎤
⎡
⎢⎢⎢ A x sin 2π · t ⎥⎥⎥
vx
T ⎥

(P1.1)
= ⎢⎢⎣
Vc =
⎥,
vy
Ay cos 2π · Tt ⎦
where T = 12 × 3600 (tidal cycle of 12 hours), and Ax = 0.3 and Ay = 0.01
are the amplitudes of the current in the Earth-fixed x- and y- directions, reAy , giving a tidal ellipse with large eccentricity,
spectively. Notice that A x
which is typical for tidal currents found in fjords.
A steady seastate is considered which is characterized by significant wave
height H s = 2 [m], peak period T P = 8.7 [s] and mean direction 60 degrees.
This represents an extreme seastate for a fjord (NS9415 (August, 2003)).

P1.3 Process plant model
In the following section the process plant model of the moored interconnected fish farm structure is developed. The process plant will serve as
the real world in the simulations, thus the controller performance will be
judged on the basis of this mathematical model. An accurate description is
therefore essential for the credibility of the work, and facilitates reproducability of the results.

Modules
Module kinematics
The following reference frames are used, see Figure P1.4:
• The Earth-fixed frame, denoted X E YE ZE , is placed so that the X E YE
plane coincides with the water surface, and the Z E axis is positive
downwards.
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Figure P1.3: Configuration of the marine structure consisting of five surface
vessels and four mooring cables.

• The body-fixed frame, denoted XYZ i for module number i, is fixed
to the module body, in such a way that the origin coincides with the
center of gravity, with the X axis directed from aft to fore along the
longitudinal axis of the module, and the Y axis directed to the starboard.
The position and orientation of module number i in the Earth-fixed frame
are defined by ηi  [xi yi zi φi θi ψi ]T , where the first three variables describe
the position, while the last three describe the Euler angles. The translational and rotational body-fixed velocities are defined by the vector ν i 
[ui vi wi pi qi ri ]T . The body-fixed general velocities are transformed to the
Earth-fixed frame by
η̇i = J(ηi )νi ,

(P1.2)
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Figure P1.4: Earth-fixed (X E YE ZE ) and body-fixed (XYZ) reference frames.

where
J(ηi ) =

 
J1 ηi
0
  ,
0
J2 ηi

⎡
⎢ cψcθ −sψcφ + cψsθsφ sψsφ + cψcφsθ
  ⎢⎢⎢⎢
J1 ηi = ⎢⎢⎢ sψcθ cψcφ + sφsθsψ −cψsφ + sθsψcφ
⎣
−sθ
cθsφ
cθcφ
⎡
⎤
cφtθ ⎥⎥⎥
⎢ 1 sφtθ
  ⎢⎢⎢
⎥
cφ
−sφ ⎥⎥⎥⎥ ,
J2 ηi = ⎢⎢⎢⎢ 0
⎣
⎦
0 sφ/cθ cφ/cθ

(P1.3)
⎤
⎥⎥⎥
⎥⎥⎥
⎥⎥⎦ ,

(P1.4)

(P1.5)

where s, c, t is compact notation of sin, cos and tan respectively.
Module kinetics
Based on Sørensen et al. (2002) the equations of motion of module i in 6
degrees of freedom are described by
 
(P1.6)
Mi ν̇i +Ci (νi )νi +Di (νi )νi +gi ηi =τi,M +τi,C +τi,E + τi,T + τi,F ,
η̇i = J(ηi )νi , i = 1, 2, . . . , n,

(P1.7)

where n is the number of modules. M i is the inertia matrix, including
hydrodynamic added inertia, Ci (νi ) is the Coriolis and centripetal matrix,
Di (νi ) is the damping matrix, and gi (ηi ) contains the restoring forces and
torques. τ i,E constitutes the environmental forces and torques, inflicted
from winds, currents and waves, τ i,M is the mooring forces and torques,
τi,C is the connector forces and torques, τ i,T is the propulsion forces and
torques and τi,F the forces and torques from the hydrofoils.
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Connectors
Let the connector k be connecting modules i and j, as shown in Figure P1.5,
n the force, decomposed in the Earth-fixed frame, acting on
and denote by fi,k
module i from connector k. Clearly, the force acting on module j from conn . Vectors that are given with respect to the Earth-fixed
nector k is f nj,k = −fi,k
reference frame are identified by the superscript n. In general, this force
may be considered a control input, facilitating design of feedback control
laws that can give the interconnected structure desirable properties. We in





troduce ηi,1 = xi yi zi T , ηi,2 = φi θi ψi T , νi,1 = [ui vi wi ]T , νi,2 = pi qi ri T to
simplify the notation.
Connector kinematics
Consider two modules i and j, coupled via connector k, as shown in Figures P1.5 and P1.6. The connector acts at the points p i,k and p j,k , which are
given with respect to the body-fixed reference frames and consequently are
constants. In the Earth-fixed frame, the connection points are given by
 
pni,k = ηi,1 + J1 ηi pi,k ,

(P1.8)

= η j,1 + J1 (η j )p j,k .

(P1.9)

pnj,k

The vector describing the relative position of two coupled connection points
is given as
(P1.10)
li,k = pnj,k − pni,k ,
while the distance between the connection points is given by


li,k = pnj,k − pni,k  .

(P1.11)

Figure P1.5: Kinematics of two interconnected surface vessels.
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Figure P1.6: Four connectors interconnecting the two vessels.

Connector forces
The connector will impose forces on the modules, acting at p i,k and p j,k , as
well as their accompanying induced torques. The forces will consist of a
restoring part and a viscous damping part, the former depending on the
relative distance between the two modules, the latter depending on the
relative velocities between them. The time derivative of the rotation matrix
J1 will be needed for expressing these forces, and is given by
 
d   
J1 ηi = J1 ηi S (νi ) ,
dt
where the cross-product operator S : R 3 → R3 is defined as
⎤
⎡
⎤
⎡
⎢⎢⎢ v1 ⎥⎥⎥
⎢⎢⎢ 0 −v3 v2 ⎥⎥⎥
⎥⎥⎥
⎢⎢⎢
⎥
⎢⎢⎢
0 −v1 ⎥⎥ (·) , v = ⎢⎢ v2 ⎥⎥⎥⎥ .
S (v) (·) = v× (·) = ⎢⎢ v3
⎦
⎣
⎦
⎣
−v2 v1
0
v3

(P1.12)

(P1.13)

Translational forces The translational restoring forces and damping forces
along the connectors are derived from (P1.11) and its time derivative in the
following manner




d   li,k
n
li,k
,
(P1.14)
fi,k = kk li,k − Lk + dk
dt
li,k
where kk and dk are the spring and damping coefficients of connector k,
and Lk is a positive constant constituting the nominal distance giving zero
spring force. In general, kk and dk may not be constant, giving rise to forces
that depend on the motion of the modules in a nonlinear manner. The time
derivative of (P1.11) is given as
T


 

d   li,k 
li,k =
J1 (η j ) ν j,1 − S(p j,k )ν j,2 − J1 ηi νi,1 − S(pi,k )νi,2 .
dt
li,k
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In the body-fixed reference frame of module i, the connector force is given
by
  n
.
(P1.16)
fi,k = JT1 ηi fi,k
Notice that (P1.16) can be interpreted as a local control law feeding back
from the states ηi , η j , νi , ν j .
Induced torques The forces acting on the module will induce torques
about the modules center of gravity (provided p i,k  0). When transformed
into the modules body-fixed reference frame, the torque vector is given by
mi,k = pi,k × fi,k = S(pi,k )fi,k .

(P1.17)

Interconnection forces
It is assumed that all connectors have the same spring and damping coefficients kc and dc , that is,
kk = kc , dk = dc , for k = 1, ..., 4 (n − 1) ,

(P1.18)

and that the connectors are located in the same coordinates on all modules
given by the points p p , p = 1, ..., 8, as indicated in Figure P1.6. Defining
n = 0 and f n = 0 for k = 1, ..., 4, gives
f0,k
n,k
τi,C

4 ⎡

⎢⎢⎢
⎢⎣
=
k=1


  n
n
− fi−1,k
JT1 ηi fi,k
  n
  n
− S (pk+4 ) JT1 ηi fi−1,k
S (pk ) JT1 ηi fi,k

⎤
⎥⎥⎥
⎥⎦ , i = 1, ..., n.

(P1.19)

Mooring system
We will employ the finite element model of a mooring system developed
by Aamo and Fossen (2001). For completeness, we review the equations below. Let the mooring system consist of m cables, each of which is uniformly
partitioned into n segments of length l j = L j /n, where the superscript j
identifies the cable. The nodal points are enumerated from 0 to n, see Figure P1.7. Thus, the endpoints of element k are the nodes k − 1 and k. The
position of the k th node in Earth-fixed coordinates is denoted by r kj (t). On
this grid, the following set of m times n − 1 coupled ordinary differential
equations for the motion of the nodes is obtained
j

ρ0 l j
6

j
j
(r̈k−1
+ 4r̈kj + r̈k+1
) = fkj(hg) + fkj(dt) + fkj(dn) + fkj(r) ,

(P1.20)

j = 1, ..., m, k = 1, ..., n − 1,
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where

⎡ j
⎤
j ⎥
⎢
e
e
⎢
⎥⎥
⎢
j
lk+1
− kj lkj ⎥⎥⎥⎦ ,
fkj(r) = EA0 ⎢⎢⎢⎣ k+1
j
εk+1
εk
j

T
j
j ρ − ρw
0 0 g ,
fk(hg) = l j ρ0 c j
ρc
j 
C  j j  j  j j  j  j
j
fk(dt) = − 1 ṙk · lk  Pk + ṙk · lk+1  Pk+1 ṙk ,
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j

j
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k
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j jT
lk lk
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,
j2
εk
1
1
j
j
C1 = C DT πd j ρw , C2 = C DN d j ρw .
2
2

(P1.21)
(P1.22)
(P1.23)
(P1.24)
(P1.25)

(P1.26)
(P1.27)
(P1.28)

ρ0 is mass per unit length of unstreched cable, f (hg) constitutes the buoyancy (gravity and hydrostatic) force per unit length of unstretched cable,
f(r) contains the internal reaction forces, f(dt) and f(dn) are tangential and normal hydrodynamic drag, respectively, per unit length of unstretched cable,
E is Young’s modulus, A0 is the cross-sectional area of the unstreched cable,
C DT and C DN are the tangential and normal drag coefficients for the cable,
respectively, d is the diameter of the streched cable, treated as constant and
equal to the diameter of the pretensioned cable; and ρ w is the density of the
ambient water.
Mooring line forces
The connection between the module and the mooring system is implej
mented by simply equating η1,1 and rn for j = 1, ..., m. Only the foremost
module is connected to the mooring system, hence τ i,M = 0, for i  1. The
generalized mooring line forces, to be included in (P1.6), are then given by
τ1,M =
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Figure P1.7: Grid for finite element discretization.
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⎪

⎪
⎨
T
l εnj ·
= J1 (η1 )


⎪
⎪
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⎫
⎪
⎪
⎪
⎬
.
⎪
⎪
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⎭

(P1.30)

Hydrofoils
The lift force generated by hydrofoils
is related to the circulation Γ around
&
v · ds, where v is the fluid velocity and c

the hydrofoil, defined as Γ =
c

is the closed curve enclosing the hydrofoil. The circulation implies higher
velocities on the suction side than on the pressure side of the hydrofoil, and
is a consequence of the flow leaving tangentially from the trailing edge of
the hydrofoil, referred to as the Kutta condition, see Newman (1977). The
lift- and drag-forces can be written
1
ρw Avr |vr | C L (α) ,
2
1
F D = ρw Avr |vr | C D (α) ,
2
FL =

(P1.31)
(P1.32)

where C L (α) and C D (α) are the lift and drag coefficients respectively. A is

T
the projected area for α = 0, and vr = vr,x vr,y is the relative velocity between the hydrofoil and the water, where the x− and y−subscripts denote
the x− and y−direction respectively. The lift and drag coefficients are func67
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tions of α which is the angle of attack between the hydrofoil and the relative
velocity.
Hydrofoil forces
The generalized force resulting from the hydrofoil connected to the last
module in the chain, to be included in (P1.6), is assumed to act at the point
b
pFq and is given by
I
b
τq,F =
f q,
(P1.33)
b
S(pFq ) F
where
b

fFq

⎡
⎢⎢⎢
⎢
= ⎢⎢⎢⎢
⎣



 ⎤
⎥⎥⎥
⎥⎥⎥
⎥⎥⎦ .

 
1
2 ρC D (α) Avr,x  vr,x

1
 
2 ρC L (α) Avr,y vr,y
0

(P1.34)

First order wave induced motions
A common assumption for station keeping operation, see Sørensen (2004),
is that the first order wave induced motions are linear and can be superimposed on the low-frequency motions. The total displacement is written
ηi,tot = ηi + ηi,W F ,

(P1.35)

where ηi ∈ R6 is the displacement due to low frequency motion as derived
in the previous section, and η i,W F ∈ R6 is the displacement due to wave
frequency motion. For this application scaled transfer function results are
used to describe the wave frequency motion. Thus, effects of waves on the
interconnected structure and on controller performance can be studied.

P1.4 Control system design
Control objective
The objectives of the controller will be to 1) Ensure limited loading of the
mooring system in order to avoid cable breakage; 2) Keep the chain of surface modules aligned transversely to the incoming current in order to ensure continuous supply of clean water to the fish, and; 3) Ensure positive
strain in the connectors between the modules in order to avoid buckling
effects due to variations in the current. It must be emphasized that the
mooring system should be dimensioned such that thruster assistance is not
needed under normal conditions. Thruster assistance will kick in under
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harsh weather conditions with extreme loads on the mooring system, and
will aim at compensating for slowly varying environmental loads, only. In
positioning applications such as the one studied here, it is common to apply wave-filtering to avoid excessive energy consumption, and wear and
tear of thrusters and their accompanying mechanical parts.
Traditionally, position mooring systems have been designed to restrict the
movement of the surface vessel within a region in the (x, y) plane, usually
given by some defined safety distance away from the origin of the mooring
system. Thruster assistance is applied when the vessel moves outside this
region, leading to a rather aggressive thruster use. Usually, this is compensated for by adding motion damping, which limits the speed of the vessel
at the expense of higher fuel consumption.
Here, an alternative method for obtaining smoother control action is suggested. Rather than restricting position, the objective is to limit the total
energy of the system, which is denoted E and defined as the kinetic energy
of the surface structure plus the potential energy stored in the mooring
system. In principle, the controller will slow down the vessel whenever
the vessel has a kinetic energy that is larger than the maximum additional
potential energy that can safely be stored in the mooring line. In this way,
motion damping is only applied when the speed of the vessel threatens the
capabilities of the mooring system. The maximum potential energy that
the mooring system can store is given by structural reliability properties
in a way that is described below. The controller design will take place in
several steps. First, a simplified model for the low-frequency motion is
presented. Then a state feedback control law is designed as if the objective
were to drive the surface structure to the origin of the mooring system. The
resulting state feedback control law is then altered to take into account the
energy considerations just described. Finally, an observer is designed to
provide low-frequency estimates of the vessel velocity and environmental
loads, which are used in the feedback law, but are usually not measured.

Control plant model
The process plant model was established above, and is a detailed description
of the dynamics of the system. It serves the purpose of a "real world" simulation tool for testing the performance of control systems. A simplified
model, called the control plant model, will be used for the development of a
controller. The goal of the controller is to reduce the translational motions
in the x − y−plane. By assuming low speed and no coupling between the
translational and rotational degrees of freedom, the control plant model is
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given by
m

ẍl f
ÿl f

+ (k0 + k (r))

xl f
yl f

=

lx
ly

+

τx
τy

,

(P1.36)

where m is the rigid body mass, k 0 is a positive constant that
 constitutes the

pretension of the mooring system, while k (r), where r = x2l f + y2l f , k (0) = 0
and k0 +k (r) > 0, is the nonlinear part of the spring coefficient introduced by
the mooring system. l x and ly are the slowly varying environmental loads
(for instance from currents and winds), whose estimates will be available
through the observer developed in Section P1.4, and τ x , τy are the control
inputs. The subscript l f on x and y emphasizes that the model contains
low-frequency components of the motion, only. Position measurements
are available, that is, x and y are measured and filtered through a low pass
filter to obtain xl f and yl f , while ẋ and ẏ are not measured. In Berntsen
et al. (2003) it was assumed that the spring coefficient was constant for all
displacements relative to the origin. In the present paper the nonlinearity of
the spring coefficient is also studied. Describing the spring coefficient more
precisely is assumed to result in more accurate estimates of the unmeasured
states, hence reducing the required actuator force. This is confirmed by
simulations presented in Section P1.5.

State feedback control law
Defining the state vector as
T 
T

x = x̄T lx ly = xl f ẋl f yl f ẏl f lx ly ,

(P1.37)

modelling the slowly varying environmental loads as constant, and applying the nonlinear static output feedback
τ=

τx
τy

= k (r)

xl f
yl f

+ u,

(P1.38)

(P1.36) can be written in the form
ẋ = Ax + Bu =

Ā
0

B̄
0

⎡
⎤
⎢⎢⎢ x̄ ⎥⎥⎥
⎢⎢⎢
⎥
⎢⎢⎣ lx ⎥⎥⎥⎥⎦ +
ly

⎤
⎡
 ⎢⎢⎢⎢ x̄ ⎥⎥⎥⎥
y= Cx = C̄ 0 ⎢⎢⎢⎢ l x ⎥⎥⎥⎥ ,
⎦
⎣
ly
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B̄
0

u,

(P1.39)

(P1.40)
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where
⎡
⎢⎢⎢ 0
⎢⎢⎢ k0
⎢ −
Ā = ⎢⎢⎢⎢ m
⎢⎢⎢ 0
⎣
0

1 0
0 0
0 0
0 − km0

0
0
1
0

⎤
⎡
⎤
⎥⎥⎥
⎢⎢⎢ 0 0 ⎥⎥⎥
⎥⎥⎥
⎢⎢⎢ 1 0 ⎥⎥⎥
1 0 0 0
⎥⎥⎥
⎢⎢
⎥⎥
⎥⎥⎥⎥ , B̄ = ⎢⎢⎢⎢ 0 0 ⎥⎥⎥⎥ , C̄ = 0 0 1 0 .
⎢⎣
⎥⎦
⎥⎦
0 1

(P1.41)

Having applied a linearizing feedback, the separation principle of linear
systems can be used. Towards solving the state feedback problem, the environmental loads are canceled by setting
u=−

lx
ly

+ v,

(P1.42)

to obtain
x̄˙ = Āx̄ + B̄v.

(P1.43)

It can be verified that (Ā, B̄) is a controllable pair, so a state feedback control
law can be designed,
v = K̄x̄,
(P1.44)
that achieves desired rates of convergence of solutions of (P1.43) to the origin.
Driving the states to the origin by thruster force would make the mooring
system superfluous. The objective of the thruster is instead to assist the
mooring system in the event that the center of turret moves so far away
from the origin, (due to extreme environmental loads), that a risk of cable
failure arises. The safety margin with respect to line failure can be quantified by means of the so-called reliability index, see e.g. Madsen et al. (1986).
This index makes it possible to take all different types of statistical uncertainty into account, and a simplified version of it is defined as

δ j (t) =


T Br,mean − T j (t)
σBreak

,

(P1.45)

where T Br,mean is the mean breaking strength, σ break is the corresponding
standard deviation, and T j (t) is the time-varying tension in line j. Clearly,
from (P1.45) it is seen that a lower value of the delta index results in a higher
probability of mooring line failure. With a given maximum allowed breaking probability Pbreak , the tension corresponding to this breaking probability can be read from the breaking probability distribution as defined by
T Br,mean and σbreak , and inserted for T j (t) in (P1.45). The result is denoted
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δset , and represents the minimum acceptable value for δ j (t) . The performance of the positioning system can be evaluated by computing δ j (t) online, and comparing with δ set . Based on in-field measurements (or in our
case, open loop simulations using the "real world" simulator) r max is defined to be the distance from the origin corresponding to δ = δ set . The
2
defines
potential energy stored in the mooring system when x 2l f + y2l f = rmax
in turn the maximum
total energy the system is allowed to have, that is
'r
2
+ 0 max k (r) rdr. The total energy of the system is
Emax = 12 k0 rmax

1 
1
E(x̄) = m( ẋ2l f + ẏ2l f ) + ko2 x2l f + y2l f +
2
2





x2l f +y2l f

k (r) rdr.

(P1.46)

0

Thus, applying the control (P1.44) whenever E ≥ E max makes the region
defined by E ≤ E max exponentially attractive. In order to obtain a continuous (nonlinear) control, a lower energy threshold is defined as E t < Emax , at
which point control is gradually activated according to
v = f (E)K̄x̄,
where

⎧
⎪
0,
⎪
⎪
⎪
⎨ E2
Et
f (E) = ⎪
− 2 ΔE
2E +
⎪
ΔE 2
⎪
⎪
⎩ 1,

(P1.47)
E ≤ Et

Et2
,
ΔE 2

Et < E < E max
E ≥ Emax

ΔE = E max − Et .

(P1.48)
(P1.49)

The selection of the lower and upper bounds for the function f (E) becomes
critical for the performance of the controller. Choosing a too narrow band
may cause the controller to switch on and off rapidly, while choosing a too
large band will result in an unnecessary high thruster usage.

Observer
The only likely measurement to be available is position, provided by a GPS
receiver. Therefore, the controller suggested in the previous section cannot be implemented directly. An observer that provides an estimate of the
states can be constructed by simply copying (P1.39) and adding an output
injection term, giving
x̂˙ = Ax̂ + Bu + L(y − Cx̂),

(P1.50)

where y = [xl f yl f ]T . In view of the fact that (A, C) is an observable pair, L
can be designed to achieve any desired rate of convergence of the estimated
state x̂, to the true state x. The benefits of pole-placement techniques has
been chosen to optimize the observer for this application.
72

S IMULATION STUDY

Output feedback control law
In summary, the thruster assistance control system is a nonlinear dynamic
output feedback controller, given by
 
x̂˙ = Ã Ê x̂ + Ly,
(P1.51)
 
τ = K Ê x̂ + k (r) y,
(P1.52)
where
 √yT y
1
1
k (r) rdr,
Ê = m( x̂22 + x̂24 ) + k0 yT y +
2
2
0
 
f (Ê)K̄ 0
K Ê =
,
0
−I
 
 
Ã Ê = A + BK Ê − LC.

(P1.53)
(P1.54)
(P1.55)

Exponential attractiveness of the region defined by E ≤ E max is claimed by
the separation principle of linear time invariant systems. The importance of
including nonlinear effects for the mooring system is evident when examining Figure P1.8. The figure displays the comparison between the real and
the estimated environmental force. The result for the linear observer is in
the upper graph of the figure, while the result for the nonlinear one is in the
lower graph. Using a nonlinear function describing the stiffness properties
of the mooring system has significantly improved the estimates of the environmental loads as compared to the observer proposed by Berntsen et al.
(2003). There was no apparent improvement of the velocity estimates.

P1.5 Simulation study
Open loop simulations
After an initial transient due to initial conditions, the structure enters a
periodic orbit driven by the tidal current, with a period of twelve hours.
Figure P1.3 gives an impression of the instantaneous behavior of the interconnected structure during a 180 degree direction change of the current,
while Figure P1.9 shows the low frequency orbits of the five surface modules.
The structure as a whole rotates counter clockwise. As expected, the chain
of modules spends a large fraction of the time in almost a straight line,
aligned with the strong current in the x−direction. This is an undesirable
configuration, because modules towards the end of the chain lie in the wake
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Figure P1.8: Comparison between the real (solid) and the estimated (dotted) results for the linear, upper graph, and the nonlinear, lower graph,
observers.

of the foremost modules for long periods of time, resulting in poor environmental conditions for the fish. The high eccentricity of the tidal current also
leads to an uneven loading of the mooring system.
The upper graph of Figure P1.10 shows the mooring forces in one of the
mooring lines. The maximum tension is seen to be about 44 [kN]. For
all the lines of the present mooring system the mean breaking strength is
T Br,mean = 49 [kN], and the standard deviation of the breaking strength,
σBreak , is taken as 7.5 % of the mean value. With a design criteria of a failure
probability of less than 10−3 , the corresponding lower bound on the delta
index is δ set = 3.1. Using these values in (P1.45), the resulting time variation of the delta index is shown in the lower graph of Figure P1.10. The
minimum value of the index is seen to be about 1.5, which is well below
δ set = 3.1 and therefore represents an unacceptably high failure probability. Overload of the mooring system can be avoided by simply resizing
it to withstand the most extreme conditions to be anticipated. However,
by utilizing the possibility of introducing a motion control mechanism, the
strength of the mooring system can be applied as criteria for activation of
the control energy. The maximum offset permitted by the control system
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Figure P1.9: Position of surface vessels during one tidal cycle. Open loop.

will be decisive for the resulting probability of line failure.

Closed loop simulations
Following the procedure outlined in the previous chapter, the maximum
allowed annual failure probability should be less than 10−3 , which corresponds to δ set = 3.1, resulting in rmax = 55 [m]. The lower value, rt , which
defines E t , is set to 52.3 [m].
The maximum value of r is approximately 53.5 [m], see Figure P1.11, which
is below the preset limit of 55 [m]. The maximum r is hence reduced only
slightly as compared to the open loop case. The corresponding tension
and delta index of the most loaded mooring line, compared to the open
loop results, are shown in the upper and middle graph of Figure P1.12.
The maximum value for the critical line is now around 37 [kN], with the
corresponding value of the delta index close to δ set . This is achieved by
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Figure P1.10: Tension, upper graph, and delta index, lower graph, for one
of the four mooring lines. Open loop.

using the thruster approximately 35% of the time.
Positioning combining use of thruster and hydrofoil
A hydrofoil is used in combination with a thruster to position the modules
favorably with respect to the incoming current. The modules are in this
case exposed to steady current given by
Vc =

vx
vy

=

0.3
.
0

(P1.56)

The thruster will make sure that the energy contained by the system is limited, while the foils will place the structure transversely to the incoming
current. In Figure P1.13 the effect a foil will have on the mooring system
is seen. At first, only the thruster is active. Then, when the interconnected
structure is at rest, after approximately 5 minutes, the hydrofoil is made
active. A drag penalty in the y−direction is apparent. In Figure P1.14 the
position and heading of the five vessels for stationary conditions are plotted. The foil successfully rotates the whole structure by approximately 10
degrees.
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Figure P1.11: Position of surface vessels during one tidal cycle. Closed
loop.

P1.6 Conclusions and future work
A model of a futuristic fish farming structure has been developed, and used
for studying strategies for configuration control. For a chain of modules
moored to the seabed a control system has been designed that: 1) Ensures
limited loading of the mooring system in order to avoid cable breakage;
2) Keeps the chain of modules aligned transversely to the incoming current in order to ensure continuous supply of clean water to the fish, and;
3) Ensures positive strain in the connectors between modules in order to
avoid buckling effects in turning currents, such as tidal currents with high
eccentricity. Actuation was done by means of a thruster mounted on the
first module, and a hydrofoil mounted on the last module. It was shown
in simulations that a control system based on a very simple control plant
model performs very well when applied to the much more complicated real
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Figure P1.14: The position and heading of the five vessels with constant
current, positioned by a thruster and a foil.

world simulator. Future work involves active connectors between surface
modules for motion damping, and in particular damping of wave induced
motions. Another possible development is the inclusion of the reliability
index as an intrinsic part of the control law.
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Abstract
This paper addresses dynamic positioning of surface vessels moored to the
seabed via a spread mooring system, referred to as position mooring. In
normal weather conditions, the mooring system constrains the vessel and
the controller applies thruster force for motion damping and heading control, only. When environmental loads due to wind, waves, and current increase, thruster assistance is required also for positioning in order to avoid
damage to the mooring lines. While traditional position mooring systems
apply thruster force based on constraining the vessel to lie within a predefined geographical region, the controller designed in this paper instead employs structural reliability measures for the mooring lines to restrict movement. These structural reliability measures become an intrinsic part of the
controller, enabling it to automatically adjust the admissible region for the
vessel in the presence of changing winds, currents, and waves.
Keywords: Marine Control, Reliability, Position Mooring, Backstepping.
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P2.1 Introduction
Position mooring systems (PM) have been commercially available since the
late 1980’s, and have proved to be a cost-effective alternative to permanent
platforms for offshore oil production. The current research on PM systems
is based on the experience obtained from research on dynamic positioning
(DP) systems since the 1970’s. DP systems based on optimal control theory
and Kalman-filtering were proposed in Balchen et al. (1976), and extended
in Balchen et al. (1980), Balchen et al. (1981), Grimble et al. (1980), Grimble
et al. (1983), Fung and Grimble (1983), Sælid et al. (1983) and Sørensen
et al. (1996). More recently, nonlinear controllers have been developed for
DP systems based on integrator backstepping techniques, see Fossen and
Grøvlen (1998), Robertsson and Johansson (1998), Strand and Fossen (1999)
and Aarset et al. (1998).
PM systems differ from DP systems in that thruster assistance is used mainly
for damping the surge, sway and yaw motions and for keeping the desired
heading, whereas the position is kept within an acceptable region by the
mooring lines (Strand (1999)). Thus, fuel consumption is kept to a minimum in normal weather conditions. In rough weather conditions, thruster
assistance may be needed for position keeping in order to avoid line tensions rising above safety limits. In Strand et al. (1997), a model for the
mooring system based on line characteristics found by solving the catenary
equations is presented and the optimal controller derived in Sørensen et al.
(1996) is extended for this system. Common for existing PM systems, is
that motion is restricted to lie within predefined safety regions, leading to
considerable conservativeness with regards to exploiting the capacity of the
mooring system. In Berntsen et al. (2008) we proposed a method for taking
structural reliability measures of the mooring lines into account when designing PM systems. More precisely, we defined a reliability index for each
mooring line and used them to estimate safety regions depending on the
time varying weather conditions and seastate. The result was a controller
that applies thruster assistance in accordance to environmental forces in
order to keep the likelihood of mooring line failure at an acceptable level.
In the present paper, we continue this work by designing a nonlinear controller that contains the reliability index as an intrinsic part rather than as
a separate part for estimation of safety regions. In addition, the reliability controller is combined with heading regulation and motion damping.
Stability properties are established using the backstepping technique.
This paper is organized as follows. In Section P2.2 we model the lowfrequency motion of a 3 degrees-of-freedom surface vessel, and define the
reliability index for the mooring lines. In Section P2.3 we develop the con84
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troller, and in Section P2.4 we briefly describe the Marine Systems Simulator, and present simulation results. Conclusions are given in Section P2.5.
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Figure P2.1: Illustration of a turret anchored FPSO. Courtesy of APL/Axis.

P2.2 Mathematical Modelling
We consider a surface vessel moored to the seabed via a spread mooring
system with q cables. An example of the system is shown in Figure P2.1,
along with the two reference frames used: the earth-fixed frame (NED),
and; the vessel-fixed frame with origin located in the center of turret (COT).
Mooring lines are usually composed of a mixture of chains, wire lines and
synthetic fibers, depending on the sea depth. We will use a turret based
mooring system, for which all mooring lines are connected to the same terminal point on the vessel (COT). The mooring lines introduce nonlinear
stiffness to the system. The vessel is assumed to be fully actuated, and will
be exposed to wind, waves and current for which the mooring system and
the thrusters will need to compensate. Mathematical modelling of marine
crafts can in general be divided into two regimes: i) Modelling for the pur85
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pose of establishing a process plant model (PPM); ii) Modelling for establishing a control plant model (CPM). PPM serves the purpose of the real world
in numerical simulations, and is usually a very complicated mathematical
model, including both linear and nonlinear effects. CPM is a simplified
model used for constructing and analyzing the controller. The simplifications can be several, both concerning hydrodynamic effects and degrees-offreedom. For DP and PM problems, which consider a surface vessel at low
speed, it is common to use only 3 degrees-of-freedom (3DOF) and assume
linear hydrodynamics. We assume that the modelling of moored vessels is
equivalent to established models for free-floating vessels with the restoring
force from the mooring system as the only additional dynamic effect.

Vessel dynamics
The low frequency, low speed CPM model of a surface vessel in 3 DOF is given
as
 
Mν̇+Dν+g η = τ + JT (ψ) b,

(P2.1)

ṗ = J2 (ψ) w,

(P2.2)

ψ̇ = ρ,

(P2.3)

T 


where η = pT , ψ = x, y, ψ T is the position and heading vector in earthT



fixed coordinates (NED), ν = wT , ρ = u, v, ρ T is the translational and
 
rotational velocity vector in body-fixed coordinates (COT), g η consists of
the mooring forces, τ ∈ R 3 is the control vector, b ∈ R 3 is a slowly varying
bias term representing external forces due to wind, currents, and waves,
M ∈ R3×3 is the system inertia matrix, containing rigid body mass and
added mass, D ∈ R3×3 is the hydrodynamic damping matrix and J(ψ) and
J2 (ψ) are rotation matrices defined as
J(ψ) =

J2 (ψ) 0
0
1

⎡
⎤
⎢⎢⎢ cos ψ − sin ψ 0 ⎥⎥⎥
⎢
⎥
= ⎢⎢⎢⎢ sin ψ cos ψ 0 ⎥⎥⎥⎥ .
⎣
⎦
0
0
1

(P2.4)

The system inertia matrix
M is symmetric positive definite. It is common

to assume that D̄ = D + DT /2 is positive definite as well, but this is not
necessary for our design. We refer the reader to Fossen (2002) for further
details on modeling of marine vessels for control applications.
The mooring system is assumed to consist of q mooring lines, attached to
a turret. The low frequency contact force of mooring line k, k ∈ {1, ..., q}, is
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denoted T k (η) = [T x,k , T y,k , T z,k ]T , and the total mooring force acting on the
vessel in COT is
⎤
⎡ (q
⎢⎢⎢ k=1 T x,k ⎥⎥⎥
⎥
⎢⎢⎢ (q
(P2.5)
g(η) = ⎢⎢ k=1 T y,k ⎥⎥⎥⎥ .
⎦
⎣
0
The low frequency tension in mooring line k is given by
   

T k rk,l f (t)  Tk η  ,

(P2.6)

where rk,l f = p − pk , p is the position of COT given in the NED frame, and
pk = [xk , yk ]T denotes the anchor point of mooring line k. The subscript l f
emphasizes that it is only the low frequency variation that is considered.
Note that the system, described by (P2.1)–(P2.3), is given with respect to
the COT frame.
Usually, the computed system matrices from hydrodynamic software are
given with respect to the software specific data-frame. The choice of using
the COT frame as the basis for our control design is convenient because
the yaw-component of (P2.5) becomes zero in this case. It is, however, not
restrictive, since the system matrices may easily be transformed between
different coordinate frames. Thus, the system matrices may be transformed
to COT, in which frame the control law is derived, and then transformed to
the frame utilized by the simulation tool.

Reliability index
The main objective of the controller design is to ensure that the mooring
system is not overloaded under severe weather conditions. In order to
reach that objective, we need to quantify mooring line load with respect
to its expected endurance. This is done by defining a reliability index for
each mooring line, as described by Madsen et al. (1986). The reliability
index quantifies the probability of mooring line failure, and a somewhat
simplified version is expressed in terms of the tension as


T b,k − κk σk − T k rk,l f (t)
, k = 1, . . . , q,
(P2.7)
δk (t) =
σb,k
where T b,k is the mean breaking strength of mooring line k, σ k is the standard deviation of thetime varying
tension (including high frequencies), κ k

is a scaling factor, Tk rk,l f (t) is the low frequency part of the mooring line
tension, and σb,k is the standard deviation of the mean breaking strength.
In practice one would find σb,k from tests, alternatively from data sheets
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provided by the manufacturer. We, however, assume that σ b,k = 0.075Tb,k .
We select a lower bound for δk , denoted δ s (equal for all mooring lines), that
defines the critical value of the reliability index. The condition δk < δs represents a situation where the probability of line failure is intolerably high.

P2.3 Main Results
Controller design
In this section we develop a state feedback controller using the backstepping technique, under the condition that all states are available for feedback. Equation (P2.7) describes the reliability criterion for line k, based on
T (rk,l f ). For simplicity of notation, we omit l f as a subscript, however the
reader should keep in mind that only the low frequency part is considered,
along with the standard deviation of the complete signal, σ k . The controller
will act based on the most critical reliability index, so we denote by j the
subscript that represents the mooring line with the highest possibility of
failure at any time. That is
δ j (t) = min δk (t).
k∈{1,...,q}

(P2.8)

While the characteristics of the mooring lines are allowed to be nonlinear,
we will nevertheless pose the following assumptions on the mooring system.
Assumption P2.1 There exist constants ε1 and ε2 such that
0 < ε1 ≤ T j ≤ ε2 ,

(P2.9)

for all t ∈ R+ .
Assumption P2.2 There exists a constant  such that
r j ≥  > 0,

(P2.10)

where r j denotes the extension of mooring line j, for all t ∈ R+ .
Assumption P2.1 says that the tension in a mooring line should increase
as the surface vessel is moved further away from its anchor point, while
Assumption P2.2 says that the anchor point of the most loaded anchor line
will always be a horizontal distance away from the surface vessel. These
assumptions always hold for a properly designed mooring system.
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We will need the time derivative of δ j , which is given by


Ṫ j r j (t)
,
δ̇ j (t) = −
σb, j
and since

Tj


Ṫ j r j (t) = T j ṙ j = p̄T ṗ,
rj

(P2.11)

(P2.12)



where p̄ = p − p j , we get

δ̇ j (t) = −

Tj
σb, j r j

p̄T J2 (ψ) w.

(P2.13)

Formally, the controller should render the set
*
) 
A = η, ν : ν = 0, ψ = ψs , δ j ≥ δs ,

(P2.14)

asymptotically stable in some sense, where ψ s is the desired heading. This
objective, along with the structure of the model, makes backstepping a natural choice of control design method. By making the states of the system
converge to A, the velocity tends to zero, the heading to ψ s , and δ j < δs
is counteracted, respectively providing motion damping, heading regulation, and structural reliability. The following proposition presents our state
feedback controller.
Proposition P2.1 Let γ and κ be strictly positive constants, and Λ be a diagonal
matrix such that Λ + D̄ is positive definite. Then, the controller
⎤
⎡ T
j
⎥⎥⎥
⎢⎢⎢
 
δ̄ j γϑ
ϑ
δ̄
j
−Λν−JT (ψ) b+g η , (P2.15)
τ= Mζ+ ⎢⎢⎣ σb, j
⎥⎥⎦ +(D + Λ)
−κ (ψ − ψ s )
− (ψ − ψ s )
where

)
*
δ̄ j = min 0, δ j − δs ,
⎡ 



⎢⎢⎢ γ ξI+ρδ̄ j S2 ϑ + γδ̄ j I − ϑϑT w
rj
ζ = ⎢⎢⎣
−κρ


p − pj
,
ϑ = JT2 (ψ)
rj
⎧
⎪
0, δ j > δs
⎪
⎨
Tj T
,
ξ=⎪
⎪
⎩ − σ ϑ w, δ j ≤ δs
b, j
S2 =

0 1
,
−1 0

⎤
⎥⎥⎥
⎥⎥⎦ ,

(P2.16)
(P2.17)
(P2.18)
(P2.19)
(P2.20)
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renders the set A globally exponentially stable (GES). If b in (P2.15) is replaced
by an estimate b̂, then the system is input-to-state stable (ISS) (with respect to A),
with input b̃ = b − b̂.
Proof. Consider the function
1
1
V1 = δ̄2j + (ψ − ψ s )2 .
2
2

(P2.21)

Its time derivative along solutions of (P2.1)–(P2.3) is
V̇1 = δ̄ j δ̇ j + (ψ − ψ s ) ψ̇.

(P2.22)

Using (P2.13) and (P2.3), we obtain
V̇1 = −δ̄ j

Tj
σb, j

ϑT w + (ψ − ψ s ) ρ.

(P2.23)

Choosing w and ρ as virtual inputs, defining
αw  δ̄ j γϑ,

(P2.24)

αρ  −κ (ψ − ψ s ) ,

(P2.25)

and using Assumption P2.1 we get
V̇1 ≤ −

Tj T


γε1 2
ϑ (w − αw ) + (ψ − ψ s ) ρ − αρ . (P2.26)
δ̄ j − κ (ψ − ψ s )2 − δ̄ j
σb, j
σb, j

Defining the change of variables
z=

zw
zρ

 ν − α,

(P2.27)

where α = [αTw , αρ ]T , consider now the function
1
V2 = V1 + zT Mz.
2

(P2.28)


γε1 2
1
δ̄ j − κ (ψ − ψ s )2 + zT (θ − Mα̇) + ν̇T Mz + zT Mν̇ ,
σb, j
2

(P2.29)

We get
V̇2 ≤ −
where
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⎡
⎢⎢⎢ −δ̄ j T j ϑ
σb, j
θ = ⎢⎢⎣
ψ − ψs

⎤
⎥⎥⎥
⎥⎥⎦ ,

(P2.30)
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and, using (P2.1), we obtain


 
γε1 2
δ̄ j − κ (ψ − ψ s )2 − zT D̄z + zT θ + τ+JT (ψ) b − Dα − g η − Mα̇ .
σb, j
(P2.31)
From (P2.24)–(P2.25) we have that
⎡ 


 ⎤
⎢⎢⎢ γ ξI+ρδ̄ j S2 ϑ + γδ̄ j I − ϑϑT w ⎥⎥⎥
r
j
(P2.32)
α̇ = ⎢⎢⎣
⎥⎥⎦ .
−κρ
V̇2 ≤ −

Substituting (P2.15) and (P2.32) into (P2.31) gives

 

γε1 2
δ̄ j − κ (ψ − ψ s )2 + zT − D̄ + Λ z + JT (ψ) b̃ .
V̇2 ≤ −
σb, j
Completing squares, we obtain

2

2
γε1 2
1 T
1

2
V̇2 ≤ −
δ̄ j − κ (ψ − ψ s ) −  D̄ + Λ z − J (ψ) b̃ + JT (ψ) b̃
σb, j
2
4




1
1
γε1 2
2
b̃ ,
δ̄ − κ (ψ − ψ s )2 − zT D̄ + Λ z +
≤−
σb, j j
2
2λmin

(P2.33)

(P2.34)
(P2.35)



where λmin is the smallest eigenvalue of the positive definite matrix D̄ + Λ .
Defining the set,
*
) 
(P2.36)
B = η, ν : z = 0, ψ = ψs , δ j ≥ δs ,
and the generic norm

1/2
 
 η, ν B = δ̄2j + (ψ − ψ s )2 + zT Mz
,
we have that
V2 =
and

1  2
 η, ν B ,
2

 2
V̇2 < −c1  η, ν B + c22 |b̃|2 ,

(P2.37)
(P2.38)
(P2.39)

for some strictly positive constants c 1 and c2 . It follows that B is GES (Teel
 
(2002)) when b is known (b̃ ≡ 0). Suppose η, ν ∈ B. Then from (P2.24)–
 
(P2.25), α = 0, so from (P2.27), ν = 0. Thus, η, ν ∈ A, so B ⊂ A, and A is
GES. For b unknown, the ISS part of the result follows from noticing that
(P2.39) gives

1/2
 
c1  2
2c2
|b̃|,
(P2.40)
V̇2 ≤ −  η, ν B ∀  η, ν B ≥
2
c1
and applying Theorem 4.19 in Khalil (2002).
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Adaptation of unknown disturbances
We assume that both η and ν are available via measurements. We implement the following identifier to estimate the unknown disturbance vector
(Krstić et al. (1995)).
 
ν̂˙ = −M−1 Dν − M−1 g η + M−1 τ + M−1 JT (ψ) b̂ − Am ν̃,

(P2.41)

where
and

ν̃ = ν − ν̂,

(P2.42)

Am = A0 − λM−T M−1 P,

(P2.43)

where λ > 0 and A0 is a matrix satisfying
PA0 + AT0 P = −I, P = PT > 0.

(P2.44)

The update law for b̂ is given by
b̂˙ = ΓM−1 Pν̃,

(P2.45)

where Γ = ΓT > 0. The error dynamics for the identifier becomes


ν̃˙ = A0 − λM−T M−1 P ν̃ + M−T JT b̃,
b̃˙ = −ΓM−1 Pν̃.

(P2.46)
(P2.47)

For the identifier, we have the following result.
Proposition P2.2 The origin of the identifier error dynamics (P2.46)–(P2.47) is
globally asymptotically stable (GAS).
Proof. Consider the Lyapunov function
V = b̃T Γ−1 b̃ + ν̃T Pν̃.

(P2.48)

It’s time derivative along solutions of (P2.46)–(P2.47) is

2
V̇ = − |ν̃|2 − 2λ M−1 ν̃ .

(P2.49)

 
Since ν̃, b̃ = 0 is the only solution that can stay forever in the set
) 
*
ν̃, b̃ : ν̃ = 0 , the result now follows from LaSalle’s invariance principle.
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Adaptive controller
We are now ready to state the main result of the paper. Noticing that the
identifier error dynamics (P2.46)–(P2.47) and the controlled surface vessel
form a cascade, we can apply Lemma 4.7 in Khalil (2002) to obtain the following result.
Theorem P2.1 The set
*
)

η, ν, ν̃, b̃ : ψ = ψs , δ j ≥ δs , ν = ν̃ = b̃ = 0

(P2.50)

is GAS under the dynamics of the surface vessel (P2.1)–(P2.3) in closed loop with
the controller (P2.15), with b replaced by b̂, and the identifier (P2.41)–(P2.43).

P2.4 Simulation Study
The performance of the controller is demonstrated in numerical simulations using a high fidelity ship simulator called the Marine Systems Simulator (MSS), developed at the Department of Marine Technology, NTNU
(Perez et al., 2006). The Marine Systems Simulator serves the purpose of
our PPM.

The Marine Systems Simulator
The Marine Systems Simulator constitutes a very realistic nonlinear ship
simulator in 6DOF, and is ideal for testing the performance and robustness
of control strategies. It employs the equations
 
MRB ν̇+CRB (ν) ν + MA ν̇ + CA (νr ) νr +D (νr ) νr + g η = τthr + τenv ,
+,-.
+,-.
rigid body e f f ects

hydrodynamic e f f ects

 
η̇ = J η ν,

(P2.51)
(P2.52)



where η = x, y, z, φ, θ, ψ T is the position and Euler angles vector,


νr = u − uc , v − vc , w, p, q, ρ T is the translational and rotational velocity vector in body-fixed coordinates, where u c and vc are the slowly varying current velocities. τthr is the control vector, and τenv contains environmental
forces from wave drift and wind. We have split the equation into two terms,
one containing effects from the rigid body, with subscript RB, and one containing hydrodynamic effects. MRB ∈ R6×6 is the rigid body mass matrix,
 
CRB (ν) ∈ R6×6 is the rigid body Coriolis and Centripetal matrix, g η ∈ R6×1
is the restoring matrix, M A ∈ R6×6 is the added mass, C A (νr ) ∈ R6×6 is the
hydrodynamic Coriolis and Centripetal matrix, and D (νr ) ∈ R6×6 is the
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damping matrix containing both linear and nonlinear effects. Note that
only the hydrodynamic effects are dependent on ν r . J(η) is the rotation matrix. For further details on surface ship modelling, see Fossen (2002). The
mooring system consists of four mooring lines connected to a turret. The
water depth is 200 meters and the four mooring lines are spread out, with
approximately 1/3 of their total length of 400 meters laying on the sea bed.
In the simulator, the mooring lines are represented by finite element models, each consisting of 30 elements. The mooring line model is described
in detail in Aamo and Fossen (2001). The vessel is equipped with one bow
thruster and three azimuth thrusters with fixed headings. The commanded
thruster output is directed to each of the thrusters via a thruster allocation
scheme as described by Sørensen et al. (1999).

Simulation results
The vessel is a 175 [m] long, 25 [m] wide ship, with a draught of 5.5 [m].
First, we will show some preliminary results, then we will present results
from our two main scenarios.
Preliminary results
Exposing the vessel to an incoming current from the north with a magnitude of 0.5 [m/s], applying control, we see from Figure P2.2 that the controller allows the δ−index to converge to δ = 6, while the minimum limit
is set at δ s = 4. The thrust for this case is given in Figure P2.3, with the
thrust in x− and y−direction in the upper and lower graph, respectively.
The thrust varies around zero when δ has converged, implying that the controller only applies motion damping and heading regulation at this time,
while the mooring forces balance the environmental forces on average.
However, if the vessel is exposed to an incoming current with a magnitude
of 0.9 [m/s], and the controller applies motion damping and heading regulation, only, we see from Figure P2.4 that the δ criterion is clearly violated,
putting the mooring system in jeopardy.
Scenario 1
The vessel is exposed to an incoming current from the north, varying as
shown in Figure P2.5. Figure P2.6 shows the time variation of δ and ψ as
the current varies. In the upper graph we see that δ converges to δ s , however, not before the actual environmental load exceeds what the mooring
system safely can sustain. The lower graph shows that ψ regulates to ψ s .
Thus, we have achieved a reduction of the loading of the mooring lines
94
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Figure P2.2: Time variation of δ for νc = 0.5[m/s].
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Figure P2.3: Time variation of thruster force for νc = 0.5[m/s].
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Figure P2.4: Time variation of δ for νc = 0.9[m/s], with motion damping
and heading regulation, only.

when necessary, while maintaining the preset heading of ψ s = 30◦ . We can
see how the δ−index is slightly influenced by the change in the heading.
The position of the vessel in the (x, y)−plane is shown in Figure P2.7, with
heading illustrated for t = 1 [s], t = 1000 [s], and t = 10000 [s]. Notice
that the heading ψ has converged to ψ s at t = 1000 [s], while the vessel
still moves around due to the varying environmental load. The thrust that
achieves this is shown in Figure P2.8. After some initial transients, the
thrust varies around zero as long as δ > δ s , while thruster assistance for positioning is applied in the time interval [2500, 7000] to maintain δ = δs . The
controller utilizes estimated values of the environmental disturbances. The
performance of the adaptation mechanism is shown in Figure P2.9. The
estimated disturbances match the actual disturbances very well when the
environmental load is constant, while they lag somewhat behind when the
conditions are varying. It is possible to tune the adaptation mechanism so
that the estimated values converge faster, however, it should be noted that
the changes in environmental loading in the simulations are unrealistically
rapid.
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Figure P2.6: Time variation of δ and ψ for scenario 1.
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Figure P2.7: Position of the vessel for t = 1[s], t = 1000[s] and t = 10000[s] .
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Figure P2.8: Time variation of the commanded thruster force for scenario 1.
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Scenario 2
In scenario 2 the current is constant, with a magnitude of 0.9 [m/s] from
the north, while the sea state increases from H s = 0.5 [m] to H s = 1.5 [m]
between t = 2000 [s] and t = 4000 [s]. This effect is captured by σ j shown in
Figure P2.10, which clearly reflects the increasing sea state. The increasing
σ j causes the thrusters to move the ship closer to the origin in order to
keep δ at δ s , as shown in the upper graph of Figure P2.11. The lower graph
shows that δ remains at δ s . The thrust for scenario 2 is shown in Figure
P2.12, with the force in x− and y−direction in the upper and lower graph,
respectively. As expected, thruster assistance increases with increasing sea
state as measured by σ j .

P2.5 Conclusions
In this paper we have developed a controller for position mooring that
takes into account structural reliability of the mooring lines and continuously performs heading regulation and motion damping. By making structural reliability an intrinsic part of the controller, the capacity of the moor99
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ing system is utilized better while keeping the probability of mooring line
breakage within acceptable limits. This is achieved by formulating a reliability criterion based on measurements of tension in each of the mooring
lines. The performance of the controller is demonstrated in numerical simulations using a high fidelity ship simulator.
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Abstract
This paper addresses dynamic positioning of surface vessels moored to the
seabed via a turret based spread mooring system, an operation referred to
as position mooring. While the mooring system keeps the surface vessel in
place most of the time, thruster assistance is needed in severe weather conditions to avoid mooring line failure. Traditionally, this is done by keeping
the vessel within a predefined geographical region. We present a conceptually new controller for position mooring operations. By using a structural
reliability measure for the mooring lines, the new controller protects the
mooring system whenever needed as a result of severe weather conditions
and high environmental loads, by maintaining the probability of mooring
line failure below a preset value. In particular, the excessive use of thrusters
caused by conservatively defined safety regions in conventional PM systems is avoided, giving a fuel optimal operation. The feasibility of our
controller is successfully verified in laboratory experiments.
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P3.1 Introduction
The offshore structures used for drilling and production of oil and gas are
exposed to some of the worlds most inhospitable environments, with temperatures often falling below the freezing point and winds reaching hurricane force. The reliability of the structure and it’s subcomponents is crucial
for keeping the crew safe and the operation up and running. Since the
late 1980’s, floating vessels moored to the seabed have proved to be a costeffective alternative to permanent platforms for offshore oil production.
While the mooring system holds the vessel in place in moderate weather
conditions, thruster assistance may be needed during severe weather. A
control system that provides thruster assistance for a moored vessel is referred to as a position mooring system (PM), as opposed to a dynamic positioning system (DP) which refers to the non-moored case. A PM system
also uses thrusters constantly for damping the surge, sway and yaw motions and for keeping the desired heading Strand (1999).
The current research on PM systems is based on the experience obtained
from research on DP systems since the 1970’s (see Berntsen et al. (2008) and
the references therein). Strand et al. (1997) present a model for the mooring
system based on line characteristics, and extend the DP controller derived
by Sørensen et al. (1996) for this system. Sørensen et al. (1999) reduced
the number of tuning variables by introducing a nonlinear observer. A dynamic line tensioning controller was proposed by Aamo and Fossen (1999)
in order to reduce the necessary thruster force. In order to expand the operational weather window for moored vessels, Nguyen et al. (2007) proposed
a hybrid position mooring system which automatically switches between
different controllers based on the actual weather condition. Nguyen and
Sørensen (2007) implemented a setpoint chasing algorithm in order to reduce the possibility of mooring line breakage in extreme conditions.
Common for existing PM systems, is that motion is restricted to lie within
predefined geographical safety regions, using linearization and gainscheduling procedures to derive the controller. This leads to considerable
conservativeness with regards to exploiting the capacity of the mooring
system, and consequently excessive use of the thrusters. In order to deal
with this problem, we proposed in Berntsen et al. (2004) a method for taking structural reliability measures of the mooring lines into account when
designing PM systems. The controller acts to keep the probability of line
failure below an acceptable level regardless of changing weather conditions. In this way, the conservativeness involved in defining a geographical
region for traditional position mooring systems is removed, giving a controller that uses less fuel. The method is extended in Berntsen et al. (2006),
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where the reliability measure becomes an intrinsic part of the controller. In
this paper, we continue the development by implementing the controller
using the reliability measure intrinsically on a scaled model vessel and conduct experimental tests to verify the performance of the controller under
realistic conditions. The reliability measure behaves like a control objective, ensuring that the possibility of failure of the mooring system never
exceeds a preset level.
The paper is organized as follows: In Sections P3.2 and P3.3 we review respectively the mathematical modelling of the moored vessel and the control
design from Berntsen et al. (2006). Results from the laboratory experiments
are reported in Section P3.4, and conclusions are offered in Section P3.5.

P3.2 Mathematical Modelling
We consider a surface vessel moored to the seabed via a turret based spread
mooring system with q cables. Mooring lines are usually composed of a
mixture of chains, wire lines and synthetic fibers, depending on the sea
depth. We will use a turret based mooring system, for which all mooring lines are connected to the same terminal point on the vessel, referred
to as center o f turret (COT), as indicated in Figure P3.1. The vessel is assumed to be fully actuated, and will be exposed to wind, waves and currents for which the mooring system and the thrusters will need to compensate. The control design employs a low frequency model based on
the assumption that low frequency and wave frequency motions can be
separated (Sørensen (2005)), and that the wave frequency part can be neglected. In this way, the excessive use of thrusters that would result from
the controller trying to compensate for wave frequency motions is avoided.
For vessels with sufficient metacentric height and waterplane area, such as
ships, it is according to Strand (1999) sufficient to consider a three degreesof-freedom model (3 DOF), incorporating surge, sway and yaw motions.

Vessel dynamics
The low frequency motion of a surface vessel in 3 degrees-of-freedom (3
DOF) can be modeled as (Fossen (2002))
 
Mν̇+Dν+g η = τ + JT (ψ) b,
ṗ = J2 (ψ) w,
ψ̇ = ρ,

(P3.1)
(P3.2)
(P3.3)
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Figure P3.1: Illustration of a turret anchored FPSO. Courtesy of APL/Axis.
T 


where η = pT , ψ = x, y, ψ T is the position and heading in the NED frame
T 


(earth-fixed north-east-down coordinate system), ν = wT , ρ = u, v, ρ T is
the translational and rotational velocities in body-fixed coordinates, g(η)
T

constitutes the mooring forces and moment, τ = τ x , τy , τψ is the control
input, b is a slowly varying bias term representing unmodelled environmental forces due to wind, currents, and waves, M is the system inertia
matrix, D is the hydrodynamic damping matrix, including damping effects
from the mooring system, and J(ψ) and J2 (ψ) are rotation matrices defined
as
cos ψ − sin ψ
J2 (ψ) 0
.
(P3.4)
, J2 (ψ) =
J(ψ) =
sin ψ cos ψ
0
1
While g(η) and τ are given in body-fixed coordinates,
b is given in the NED

frame. The system inertia matrix M and D̄ = D + DT /2 are symmetric
positive definite matrices. The system matrices are known, assuming that
hullshape and loading condition is known. We refer the reader to Faltinsen
(1990) and Fossen (2002) for further details on modelling of marine vessels.
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The mooring system is assumed to consist of q mooring lines, attached to a
turret. The contact force of mooring line k, k ∈ {1, ..., q}, is denoted T k (η) =
[T x,k , T y,k , T z,k ]T . The 3 DOF mooring force acting on the vessel becomes
g(η) =

q 



T x,k T y,k 0 .

(P3.5)

k=1

The low frequency force of mooring line
by
 k is given

(P3.6)
T k (rk (t))  Tk η  ,


where rk = pl f − pk  and pk = [xk , yk ]T denotes the anchor point of mooring
line k.

Structural integrity
The main idea behind the controller is to position the surface vessel by
thruster assistance in such a way that the probability of mooring line failure
is kept below a predefined acceptable level. The failure probability (corresponding to a given reference duration) for mooring line k is expressed in
terms of the so-called δ-index as
p f,k = Φ(−δk )

(P3.7)

where the index is defined in terms of the mooring line force as
δk (t) =

T b,k − κk σk − T k (rk (t))
, k = 1, . . . , q.
σb,k

(P3.8)

where T b,k is the mean breaking strength, σ k is the standard deviation of the
time varying mooring line force (including high frequencies), κk is a scaling
factor, T k (rk (t)) is the low frequency part of the mooring line force, and
σb,k is the standard deviation of the mean breaking strength. Notice that
even though high frequencies of the force are included in the computation
of σk , σk will be a slowly varying measure of the sea state, and will not
excite wave frequency motion in the vessel. We select a lower bound for
δk , denoted δ s that defines the critical value of the reliability index. The
condition δk < δs thus represents a situation where the probability of line
failure is intolerably high.

P3.3 Controller Design
The controller objectives are: 1) Ensure structural integrity of the mooring;
2) Regulate the heading to a preset desired heading, and; 3) Employ motion
damping by limiting velocities in all three degrees of freedom.
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In addition to measuring the mooring line forces, which enables computation of the reliability index, we assume that both η and ν are measured.
Thus, only the slowly varying bias term b in (P3.1) remains unknown. To
compensate for these forces, an observer is constructed.

Observer
We implement the following observer to estimate the unknown disturbance
vector b, Krstić et al. (1995).
 
(P3.9)
ν̂˙ = −M−1 Dν − M−1 g η + M−1 τ + M−1 JT (ψ) b̂ − Am ν̃,
where
and

ν̃ = ν − ν̂,

(P3.10)

Am = A0 − λM−T M−1 P,

(P3.11)

where λ > 0 and A0 ∈ R3x3 is a Hurwitz matrix satisfying
PA0 + AT0 P = −I, P = PT > 0.

(P3.12)

The update law for b̂ is given by
b̂˙ = ΓM−1 Pν̃,
where Γ = ΓT > 0. The error dynamics for the observer become


ν̃˙ = A0 − λM−T M−1 P ν̃ + M−T JT b̃,
b̃˙ = −ΓM−1 Pν̃.

(P3.13)

(P3.14)
(P3.15)

The following holds for the observer.
Proposition P3.1 The origin of the observer error dynamics (P3.14)–(P3.15) is
globally asymptotically stable (GAS).
Proof. Consider the Lyapunov function
V = b̃T Γ−1 b̃ + ν̃T Pν̃.

(P3.16)

It’s time derivative along solutions of (P3.14)–(P3.15) is

2
(P3.17)
V̇ = − |ν̃|2 − 2λ M−1 ν̃ .
 
) 
*
Since ν̃, b̃ = 0 is the only solution that can stay forever in the set ν̃, b̃ : ν̃ = 0 ,
the result now follows from LaSalle’s invariance principle.
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Adaptive controller
Formally, the controller should render the set
*
)

A = η, ν, ν̃, b̃ : ψ = ψs , δ j ≥ δs , ν = ν̃ = b̃ = 0

(P3.18)

asymptotically stable in some sense, which implies heading regulation (ψ =
ψ s ), mooring system integrity (δ j ≥ δs ), and convergence of the estimates ν̂
and b̂ to ν and b, respectively ( j is the index of the most critically loaded
mooring line). The following proposition presents our output feedback
controller.
Proposition P3.2 Let γ and κ be strictly positive constants, and Λ be a diagonal
positive definite matrix. Then, the controller
⎡
⎢⎢
τ= Mζ+ ⎢⎢⎢⎣

Tj
σb, j δ̄ j ϑ

− (ψ − ψ s )

⎤
⎥⎥⎥
⎥⎥⎦ +(D + Λ)

 
δ̄ j γϑ
−Λν−JT (ψ) b̂+g η , (P3.19)
−κ (ψ − ψ s )

where
)
*
δ̄ j = min 0, δ j − δs ,
⎡ 



⎢⎢⎢ γ ξI+ρδ̄ j S2 ϑ + γδ̄ j I − ϑϑT w
rj
ζ = ⎢⎢⎣
−κρ


p − pj
,
ϑ = JT2 (ψ)
rj
⎧
⎪
0, δ j > δs
⎪
⎨
Tj T
,
ξ = ⎪
⎪
⎩ − σ ϑ w, δ j ≤ δs
b, j
S2 =

0 1
,
−1 0

⎤
⎥⎥⎥
⎥⎥⎦ ,

(P3.20)
(P3.21)
(P3.22)
(P3.23)
(P3.24)

in closed loop with the system (P3.1)–(P3.3) and the observer (P3.9)–(P3.13) renders the set A globally asymptotically stable (GAS).
Proof. Consider the function
V1 =

1 2 1
δ̄ + (ψ − ψ s )2 .
2 j 2

(P3.25)

Its time derivative along solutions of (P3.1)–(P3.3) is
V̇1 = δ̄ j δ̇ j + (ψ − ψ s ) ψ̇.

(P3.26)
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Using (P3.3) and the time derivative of (P3.8), we obtain
V̇1 = −δ̄ j

Tj
σb, j

ϑT w + (ψ − ψ s ) ρ,

(P3.27)

where T j denotes the derivative of T j with respect to r j . Choosing w and ρ
as virtual inputs, defining
αw  δ̄ j γϑ,
αρ  −κ (ψ − ψ s ) ,

(P3.28)
(P3.29)

and assuming that T j is bounded below by ε > 0, we get
V̇1 ≤ −

Tj T


γε 2
ϑ (w − αw ) + (ψ − ψ s ) ρ − αρ . (P3.30)
δ̄ j − κ (ψ − ψ s )2 − δ̄ j
σb, j
σb, j

Defining the change of variables
z=

zw
zρ

 ν − α,

(P3.31)

where α = [αTw , αρ ]T , consider now the function
1
V2 = V1 + zT Mz.
2

(P3.32)

By using (P3.1), we obtain
V̇2 ≤ −



 
γε 2
δ̄ j − κ (ψ − ψ s )2 − zT D̄z + zT θ + τ+JT (ψ) b − Dα − g η − Mα̇ .
σb, j
(P3.33)

where

⎡
⎢⎢ −δ̄ j T j ϑ
σb, j
θ = ⎢⎢⎢⎣
ψ − ψs

⎤
⎥⎥⎥
⎥⎥⎦ .

(P3.34)

Substituting (P3.19) and the time derivatives of (P3.28)–(P3.29) into (P3.33)
gives
V̇2 ≤ −


 

γε 2
δ̄ j − κ (ψ − ψ s )2 + zT − D̄ + Λ z + JT (ψ) b̃ .
σb, j

(P3.35)

Completing squares, we obtain
V̇2 ≤ −
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γε 2
1 
1  2
b̃ ,
δ̄ j − κ (ψ − ψ s )2 − zT D̄ + Λ z +
σb, j
2
2λmin

(P3.36)
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where λmin is the smallest eigenvalue of the positive definite matrix D̄ + Λ .
Defining the set,
*
) 
(P3.37)
B = η, ν : z = 0, ψ = ψs , δ j ≥ δs ,
and the generic norm

1/2
 
 η, ν B = δ̄2j + (ψ − ψ s )2 + zT Mz
,
we have that
V2 =
and

1  2
 η, ν B ,
2

 2
V̇2 < −c1  η, ν B + c22 |b̃|2 ,

(P3.38)

(P3.39)
(P3.40)

for some strictly positive constants c 1 and c2 . It follows that B is GES (Teel
 
(2002)) when b is known (b̃ ≡ 0). Suppose η, ν ∈ B. Then from (P3.28)–
 
(P3.29), α = 0, so from (P3.31), ν = 0. Thus, η, ν ∈ A, so B ⊂ A, and A is
GES. For b unknown, (P3.40) gives

1/2
 
c1  2
2c2
|b̃|,
(P3.41)
V̇2 ≤ −  η, ν B ∀  η, ν B ≥
2
c1
so by Theorem 4.19 in Khalil (2002) the dynamics of the controlled surface
vessel is input-to-state stable (with respect to A), with input b̃. Since the ISS
dynamics of the controlled surface vessel and the observer error dynamics,
which origin is GAS by Proposition 1, form a cascade, the result follows
from Lemma 4.7 in Khalil (2002).

P3.4 Experimental Tests
The experimental tests were performed in the Marine Cybernetics Laboratory (MCLab) at NTNU. MCLab is a 6.45 by 40 meter test basin specifically
designed for testing control strategies for marine vessels. It contains a wave
generator and a movable control bridge. The vessel used is the CyberShip
III (CS3), shown in Figure P3.2. CS3 is a scale model of an offshore supply
vessel, and is equipped with 4 thrusters. The main characteristics of the
CS3, along with those of the full scale supply vessel, are shown in Table
P3.1. The vessel is equipped with five illuminated balls. The lightballs are
detected by four cameras and the information is processed to yield position
and velocity measurements for the vessel.
In the experimental setup, we moored CS3 from the bow to the basin with
one mooring cable. In order to simulate the slowly varying environmental
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forces, we tied a cord to the aft of the vessel and used weights to drag it
backwards. The increase in the weights were introduced instantly, representing a step in the environmental loads. Although this does not represent a realistic transition between two environmental loading conditions,
but rather an extreme case, it provides information about the performance
of the controller.

Figure P3.2: Cybership III (CS3).

Experimental results
Two different scenarios were tested in order to evaluate the controller. For
the the scenarios, we applied the same weight to the aft of the vessel, and
the controller parameters were not changed. The varying parameter was
the significant wave height, H s , with H s = 0 [m] for scenario 1 and Hs = 0.06
[m] for scenario 2. The scaling factor between model waves and full scale
waves is 30, so the model waves corresponds to H s = 0 [m] and 1.8[m] for
the full scale vessel. The initial heading was about 0 [deg].
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Table P3.1: Main characteristics of CS3.

Length over all
Length between particulars
Breadth
Draught
Weight
Azimuth thrusters(3)
Tunnel thruster

Model
2.275 [m]
1.971 [m]
0.437 [m]
0.153 [m]
 
74.2 kg
27 [W]
27 [W]

Full Scale
68.28 [m]
59.13 [m]
13.11 [m]
4.59 [m]
 
2.3 ∗ 106 kg
1200 [kW]
410 [kW]

Scenario 1
Scenario 1 is the basic one, with no waves, and the environmental load
applied at t = 2.3 [min]. The controller was turned on at t = 0 [min]. As
seen from Figure P3.3, where the desired and measured levels are shown
in dashed lines and solid lines, respectively, the heading quickly regulates
to the setpoint ψ s = 10 [deg] when the controller is turned on. The δ-index
is slightly affected by the change of heading. When the environmental load
is applied, the δ-index starts decreasing, indicating that the vessel is moving. The movement initiates motion damping, as shown by the increase in
thruster usage in Figure P3.4. The figures clearly show that the controller
acts to prevent the δ-index from going below the critical level δ s = 4. At
t = 4.3 [min], the environmental load is removed, and the δ-index increases
while the thruster usage decreases.

Scenario 2
The controller is turned on at t = 0 [min] in this case, while the environmental load is applied at t = 1.8 [min]. The drop in δ-index, see Figure
P3.5 within the first minute is partly due to vessel movement as a result
of heading regulation, but also caused by the fact that the ship was not at
rest when at the beginning of the experiment, due to the incoming waves.
The thruster usage, shown in Figure P3.6 has more variations than for scenario 1, due to the increased sea state. The main features of the controller
remains evident in higher sea states, as heading regulates to the desired
heading, and the δ-index stays above its critical value.
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Figure P3.3: Time variation of δ and ψ for scenario 1.

P3.5 Conclusions
We have presented a conceptually new controller for thruster assisted positioning of moored vessels. By using a structural reliability measure for
the mooring lines, the controller protects the mooring system whenever
needed as a result of severe weather conditions and high environmental
loads. In particular, we avoid the excessive use of thrusters caused by conservatively defined safety regions in conventional PM systems, giving a
more fuel optimal operation. The feasibility of our controller has been successfully verified in laboratory experiments. Further work includes automatic heading control in order to minimize drag (the current solution applies heading regulation to a fixed setpoint), and adaptation of potentially
unknown vessel parameters.
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Figure P3.4: Time variation of thruster force for scenario 1.
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Krstić, M., Kanellakopoulos, I. and Kokotović, P. (1995). Nonlinear and
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