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Abstract— Nonlinear Model Predictive Control (NMPC)
algorithms are based on various nonlinear models. Recently, an
on-line optimization approach for stochastic NMPC based on a
Gaussian process model was proposed. A significant advantage
of the Gaussian process models is that they provide information
about prediction uncertainties, which would be of help in
NMPC design. On the other hand, an explicit solution to the
stochastic NMPC problem based on Gaussian process model
would allow efficient on-line computations as well as
verifiability of the implementation. This paper suggests an
approximate multi-parametric  Nonlinear Programming
approach to explicit solution of stochastic NMPC problems for
constrained nonlinear systems based on Gaussian process
model. In particular, the reference tracking problem is
considered. The approach builds an orthogonal search tree
structure of the state space partition and consists in
constructing a feasible PWL approximation to the optimal
control sequence.

I. INTRODUCTION

NONLINEAR Model Predictive Control (NMPC) involves
the solution at each sampling instant of a finite horizon
optimal control problem subject to nonlinear system
dynamics and state and input constraints [1], [2], [3], [4]. A
recent survey of the main on-line optimization strategies of
NMPC is given in [5]. Mathematical models of engineering
systems usually contain some amount of uncertainty
(unknown additive disturbances and/or uncertain model
parameters). Therefore, the robust MPC problem
formulation requires the model uncertainty to be taken into
account. In many applications, the system to be controlled is
described by a stochastic model where the probabilistic
distribution of the uncertainty is assumed to be known.
Several approaches for constrained MPC based on stochastic
models (stochastic MPC) are proposed in [6]-[12]. The
approaches [6], [7], [8] are based on linear state space
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models with stochastic parameters and/or additive noise and
they optimize the expected value of the cost function subject
to hard input constraints [6] or probabilistic constraints [7],
[8]. In [9], [10], [11], [12], stochastic MPC approaches
incorporating a probabilistic cost and probabilistic
constraints are developed. The method suggested in [9] is
based on a moving average (MA) model with random
coefficients. It was further extended to linear time-varying
MA models [10] and to state space models with stochastic
uncertainty in the output or the input map [11], [12].

It should be noted that the stochastic MPC approaches
[6]-[12] are based on parametric probabilistic models.
Alternatively, the stochastic systems can be modeled with
non-parametric models which can offer a significant
advantage compared to the parametric models. This is
related to the fact that the non-parametric probabilistic
models provide information about prediction uncertainties
which are difficult to evaluate appropriately with the
parametric models. The Gaussian process model is an
example of a non-parametric probabilistic black-box model
and up to now it has been applied to model mainly static
nonlinearities. The use of Gaussian processes in the
modelling of dynamic systems is a recent development e.g.
[13], [14], [15]. In [16], [17], [18], an on-line optimization
approach for stochastic NMPC based on Gaussian process
model is proposed.

It has recently been shown that the feedback solution to
linear and quadratic constrained MPC problems has an
explicit representation as a piece-wise linear (PWL) state
feedback defined on a polyhedral partition of the state space
[19]. The benefits of an explicit solution, in addition to the
efficient on-line computations, include also verifiability of
the implementation, which is an essential issue in safety-
critical applications. For nonlinear and stochastic MPC the
prospects of explicit solutions are even higher than for linear
MPC, since the benefits of computational efficiency and
verifiability are even more important. An approach for
efficient on-line computation of NMPC for constrained
input-affine nonlinear systems has been suggested in [20]. In
[21], [22], [23], approaches for off-line computation of
explicit sub-optimal PWL predictive controllers for general
nonlinear systems with state and input constraints have been
developed, based on the multi-parametric Nonlinear
Programming (mp-NLP) ideas [24]. The mentioned methods
for explicit NMPC are based on deterministic first principle
models of the systems.



This paper suggests an approximate mp-NLP approach to
explicit solution of stochastic NMPC problems for
constrained nonlinear systems based on a Gaussian process
model (referred to as GP-NMPC problems). In particular,
the reference tracking problem is considered. The
contribution of the present work is the formulation of a more
general GP-NMPC problem compared to [16], [17], [18],
and representing it as an mp-NLP problem. Further, the
approximate mp-NLP approach [23] is applied to build an
orthogonal search tree structure of the state space partition
and construct a feasible PWL approximation to the optimal
control sequence. Thus, the approach proposed in this paper
can be considered as an application of the approximate
methods [22], [23], [25] for explicit solution of MPC
problems to the cases where the system dynamics is
described by a probabilistic (Gaussian process) model.

The following notation will be used in the paper. 4> 0
means that the square matrix A4 is positive definite. For

xeR”", the Euclidean norm is ||x||=\/xrx and the

weighted norm is defined for some symmetric matrix 4 > 0

as ||x|| L= VxT Ax . For a random variable y with Gaussian
N(u(y),0° (»))

distribution, and (y) and o?(y) are respectively its mean

distribution, denotes its probability

and variance.

II. MODELLING OF DYNAMIC SYSTEMS WITH GAUSSIAN
PROCESSES

A Gaussian process is an example of the use of a flexible,
probabilistic, nonparametric model which directly provides
us with uncertainty predictions. Its use and properties for
modelling are reviewed in [26].

A Gaussian process is a collection of random variables
which have a joint multivariate Gaussian distribution.
Assuming a relationship of the form y = f(z) between an

input ze RP
(1), »(2), ..., y(M)~N(0,X),
Z,, =Cov(y(p),¥(q)) = C(z(p),z(q)) gives the covariance
between the output points y(p) and y(q) corresponding to

and output yeR, we have

where

the input points z(p) and z(q). Thus, the mean p(z)

(usually assumed to be zero) and the covariance function
C(z(p),z(gq)) fully specify the Gaussian process. Note that

the covariance function C(z(p),z(q)) can be any function

with the property that it generates a positive definite
covariance matrix. A common choice is:

1 D

C(z(p),z(q)) = v exp —Ezwi(zi(p)—zi(q))z +vp,, (1)
i=1

where © =[w,, ... ,wp,V,,v;] are the ‘hyperparameters’ of

the covariance function, z; denotes the i-th component of

the D -dimensional input vector z, and «, 6 is the

Pq
Kronecker operator. Other forms of covariance functions
suitable for different applications can be found in [27]. For a
given problem, the hyperparameters are learned (identified)
using the data at hand. After the learning, one can use the w
parameters as indicators of ‘how important’ the
corresponding input components (dimensions) are: if w; is
zero or near zero it means that the inputs in dimension i
contain little information and could possibly be removed.
Consider a set of M D-dimensional input vectors

Z=[z(1),z(2),...,z(M)]" and a vector of output data
Y=[y1),y(2), .. ,y(M)]T. Based on the data (Z,Y), and

given a new input vector z', we wish to estimate the
probability distribution of the corresponding output y*.

Unlike other models, there is no model parameter
determination as such, within a fixed model structure. With
this model, most of the effort consists in tfuning the
parameters of the covariance function. This is done by
maximizing the log-likelihood of the parameters, which is
computationally relatively demanding since the inverse of
the data covariance matrix (M*M) has to be calculated at
every iteration.

The described approach can be easily utilized for
regression calculation. Based on a training set Z, a
covariance matrix K of size M*xM is determined. As
already mentioned before, the aim is to estimate the

probability distribution of the corresponding output y* at

some new input vector z . For a new test input z , the
predictive distribution of the corresponding output is

3y | z',(Z,Y) and is Gaussian, with mean and variance:
u(zH)=k(zH'K'Y
(2 ) =ky(z )= k() K 'k(z) +v,

where k(z") =[C(z(1),2)), ..., C(z(M),z)]" is the MxI

vector of covariances between the test and training cases and

2)

ko (z*) = C(z*,z*) is the covariance between the test input
and itself.

Gaussian processes can be used to model static
nonlinearities and can therefore be used for modelling of
dynamic systems if delayed input and output signals are
used as regressors [13]. In such cases an autoregressive
model is considered, such that the current predicted output
depends on previous estimated outputs, as well as on
previous control inputs:

z(t) =[p@ -1, p(t=2), ..., p(t = L),u(t -1),
u(t=2), .., u(t-L)" 3)
(@)= f(z(0)+n@)
where ¢ denotes consecutive number of data sample, L is a
given lag, and 7(¢) is the prediction error. The quality of

the predictions with a Gaussian process model is assessed by



computing the average squared error (ASE):
14 ,
ASE =22 (D)= (@) 4)
i=1
and by the log density error (LD) [13]:

_ 1S 2 o a O = YO
LD=—r ;log(27r)+ log[o” ($(i))]+ 260)

In (4), (5), u(P@i)) and o*(§(i)) are the prediction mean

)

and variance, y(i) is the system’s output and M is the

number of the training points.
The iterative multi-step ahead prediction can be done in
the following ways, as described in [28]:
1) by feeding back at each time step the predictive mean
only;
2) by feeding back at each time step both the predictive
mean and the predictive variance;
3) by Monte Carlo simulations.
Thus, the wuncertainty attached to each intermediate
prediction is taken into account. The Gaussian process
model now not only describes the dynamic characteristics of
the non-linear system, but at the same time provides
information about the confidence in the predictions. The
Gaussian process can highlight areas of the input space
where prediction quality is poor, due to the lack of data, by
indicating the higher variance around the predicted mean. It
is worthwhile noting that the derivatives of means and
variances with respect to input data can be calculated in
straightforward manner. For more details see [28].

III. FORMULATION OF THE GP-NMPC PROBLEM AS AN MP-
NLP PROBLEM

Consider a stochastic system described by an uncertain
nonlinear discrete-time model:

x(t+1) = f(x(0),u(1) + (1) (6)
where x(f)eR" and u(f)eR"™ are the state and input
E()eR”  are and

variables, Gaussian disturbances,

f:R"xR™ — R" is a nonlinear continuous function. The
uncertainty consists in that the analytical expression of
f(x,u) is not known and neither are the mean values and
the covariances of the disturbances &(¢) . The relationship
(6) is represented in the form:

()= fo(z0))+5@) (7
where y(t)=x(t+1)eR" and z(¢) =[x(t), u(t)] e R"".
Suppose that we have an output data set
Y, =[»;(0),y;,(D),...,y;(M -1)], i=12,..,n corresponding
to an input data set Z =[z(0), z(l),...,z(M —1)] . Assume that

the relationship (7) is approximated with Gaussian processes
with distributions:
YINN(O’ZI)J YZNN(()’ZZ)a"" YnNN(O’Zn) (8)

where the covariance functions

2y pg = Covin (), 11(9)) = Ci(z(p), 2(9)) » ;

Z, pg =Cov,(¥,(p),y,(9) =C,(z(p),z(q)) with
p=01,..M
input and output data sets. Having obtained the Gaussian

process model (8), the probability distribution of the output
y(M) corresponding to a new input z(M) can be

determined as described in the previous section:
MM, (Z,Y)~N (1 (M), 0% (31 (M)

-1, ¢=0,1,...,M -1, depend on the given

: )
Yo (ME(M),(Z,Y,)~N (u(y, (M), 6% (3,(M)))
In (9), u(y;(M)) and o-z(y[(M )) denote respectively the

mean and the variance of the output variable y,(M),

i=12,..,n. We introduce the vectors
(M) =[Oy (M), ..., u(y, (M))] and
oy (M) =[c* (3 (M)),...0°(y,(M))] and the matrix

Y =[1,Y,,...,Y,]. Then, the relation (9) is represented:
Y(M),(Z,Y)~N (11, (M), 05 (M) (10)

As shown in [28], it is possible to obtain a multi-step
ahead prediction:

YM +R)z(M +k),(Z,Y)~N (w0, (M +k), 0'; (M +k))
k=0,1,..,N-1
Suppose the initial state x(¢) =x,, and the control inputs

(11

u(t+k)=u,,;,k=0,1,..,N-1 are given. Then, by taking
into account that y(¢) = x(¢+1) and z(¢) =[x(¢), u(¢)], from
(11) we obtain the probability distribution of the predicted
states x4y, £=0,1,...,N -1 which correspond to the

given  initial  state  x, and  control  inputs
U, k=01,.. ,N-1:
2
Xetke+1it | Xkt o Ur vk ~-/\[(,u(kaJrl\t ),0 (xt+k+1\z ) (12)

k=0,1,..,N-1
The 95% confidence interval of the random variable x,,
i [2(x, ) = 2000, g )s (X gy )+ 200(%, 44, )] s Where
0 (X 441,) 18 the standard deviation.
Here, we consider a reference tracking problem where the
goal is to have the state vector x(¢) track the reference
signal r(¢) e R”. In the problem formulation, the type of the

cost function is like the one used in [19]. Suppose that a full
measurement of the state x(z) is available at the current time

t. For the current x(¢), the reference tracking GP-NMPC

solves the following optimization problem:
Problem P1:

V' (x(t),r(£),u(t 1)) = n}/in JWU,x(t),r(t),u(t-1)) (13)

subject to x,, = x(¢) and:



‘u(kalt)—zO'(xH_klt)mein, k:L ces ,N (14)
M) 420X g,) S X £=1, ., N (15)
Upgin SUppp S, K=0,1, .. ,N—1 (16)
Ay AU, <Aup,, £=0,1,...,N-1 (17)
max {1, ) = 20 )~ (0] s
||/u('xt+N|t) + 20—(xt+N|t) - r(t)”} <6
Auy =t —U gy, k=01, .., N-1 (19)
Xetke+1it | Xkt o Ur vk ~-/\[(,u(kaJrl\t )’0-2 (xt+k+1\z ) (20)

k=0,1,..,N-1
with U =[u,,u,,....u,, y_;] and the cost function given by:

JU (@)@t =1) = 1) - O, +

N-1 5 5
3t -rf,
k=0

Here, N is a finite horizon. From a stability point of view it
is desirable to choose ¢ in (18) as small as possible [2].

However, due to the uncertainty of the x,,,, prediction,

21

characterized by the variance o (x,, Nie) » the feasibility of

problem P1 will rely on & being sufficiently large. A part of
the GP-NMPC design will be to address this tradeoff. If the
system is asymptotically stable (or pre-stabilized), N is large,
and the Gaussian process model has a small prediction
uncertainty, then it is more likely that the choice of a small
o will be possible.

A more general stochastic MPC problem is formulated in
[9], [10], [11], [12], where a probabilistic formulation of the
cost is introduced that includes the probabilistic bounds of
the predicted variable. Also in these references, a
probabilistic formulation of the constraints is used, i.e. the
random variable should not exceed a certain bound with a
given probability. The stochastic MPC problem considered
in this paper (problem P1) is of a more special form
compared to the general problem formulated in [9]-[12].
Here, the cost function (21) includes the mean value of the
random variable and the constraints (14), (15) and (18) are
equivalent to the following probabilistic constraints:

Pr(x, 4 2 Xpin) =p, k=1 ..,N (22)
Pr(x, g S Xpax ) =ps k=1,....N (23)
Pr(x. v, — ()] < 8) = p (24)

where the probability p is 0.95 (the confidence interval

used in (14), (15) and (18) is associated with this level of
probability).

The following assumptions are made:
Al. P,O,R>0.

A2, X, <0<x <0<up,and Auy, <0< Aup,, .

max > Ymin

We introduce an extended state vector:
X@) =[x@), r(t), u(t-1]e R", W =2n+m (25)

Let X be the value of the extended state at the current time
t . Then, the optimization problem P1 can be formulated in a
compact form as follows:

Problem P2:

V(%)= min J(U,X) (26)
subject to:
GU,x)<0 (27)
The GP-NMPC problem defines an mp-NLP, since it is NLP
in U parameterized by X . An optimal solution to this
problem is denoted U" =[u; ,u,,,,...,u,, y_;] and the control
input is chosen according to the receding horizon policy
u(t)= u,* . Define the set of N-step feasible initial states as
follows:
X, ={%eR"|G(U,%) <0 for some U e R"}  (28)
If 6 in (18) is chosen such that the problem P1 is feasible,
then X, is a non-empty set and due to assumption A2, the
origin is an interior point in X .
In parametric programming problems one seeks the

solution U™ (¥ ) as an explicit function of the parameters X
in some set XcX,c R” [24]. The explicit solution

allows us to replace the computationally expensive real-time
optimization with a simple function evaluation. In this paper
we suggest a computational method for constructing an
explicit PWL approximate solution of the reference tracking
GP-NMPC problem.

IV. APPROXIMATE MP-NLP APPROACH TO EXPLICIT GP-
NMPC

Here, the computational issues related to the non-
convexity of the optimization problem are treated in a way
similar to that in [23].

A. Close-to-global solution of mp-NLP

In general, problem P2 can be non-convex with multiple
local minima. Therefore, it would be necessary to apply an
efficient initialization of problem P2 so to find a close-to-
global solution. One possible way to obtain this is to find a
close-to-global solution at a point v, € X, by comparing the
local minima corresponding to several initial guesses and
then to use this solution as an initial guess at the
neighbouring points v, e X,,i=12,..,N;, 1ie. to
propagate the solution. The following procedure is used to

generate a set of points V[ = {vo,vl,vz, ,le} , where
v,€Xy,i=0,12,...,N,.

Procedure 1 (generation of set of points):
Consider any hyper-rectangle X, < X, with vertices

A’ = {/Ilo,ﬂf, ,/Ijg,i} and center point v, . Consider also



the hyper-rectangles X({ c Xy, j=L2,..,N; with vertices

respectively A = {/llj,/%-zj, ,/1]{}‘ } ,j=L2,..,N.

J

Suppose Xé cXg C .. CXévj. For each of the hyper-

rectangles X, and X| c X, , J=L2,..,N;, determine a
set of points that belongs to its facets and denote this set
@/ ={¢1j,¢2j, ,¢,{}¢}, J=0,12,.,N;. Define the set of

all points where

Vo= {vo,vl,vz, sV, } s

N; N; .
ved A U/}, i=12, N,
j=0 j=0

The following procedure is applied to find a close-to-
global solution at the points v; € V,,i=0,1,2, ... ,N;:

Procedure 2 (close-to-global solution of problem P2):
Consider any hyper-rectangle X, < X , with a set of points

Vo = {vo,vl,vz, ,VNI} determined by applying Procedure

1. Then:
a). Determine a close-to-global solution of problem P2
at the center point v, through the following minimization:

JU vy, (29)

1

U *(v )=arg min
0 U{uca/ c { Ul/m‘a/ . U{{{z"al}

where Ul-laml ,i=12,..,Ny correspond to local minima of
the cost function J(U,v,) obtained for a number of initial
guesses Ul-0 ,i=12,...,Ny.
b). Determine a close-to-global solution of problem P2

at the points v; €V, i =12, ... ,N, in the following way:

1. Determine a close-to-global solution of P2 at the center
point v, by solving problem (29). Let i =1.

2. Let V* = {vo,vl,vz, sV, } cV, be the subset of
points at which a feasible solution of P2 has been already
determined.

3. Find the point v € V* that is most close to the point v;,
i.e. v=arg m}'/r} ||v -V || . Let the solution at v be U" o).
ve
4. Solve P2 at the point v; with initial guess for the
optimization variables set to U : ).
5. If a solution of P2 at the point v; has been found, mark

v; as feasible and add it to the set V* . Otherwise, mark v,

as infeasible.
6. Let i=i+1 . If i<N,, go to step 2. Otherwise,

terminate.
B. Computation of feasible PWL solution
Definition 1 (Feasibility on a discrete set):

Let X:{vl,vz, ,VQ} cR" be a discrete set. A function

U(X) is feasible on X if G(U(v;),v;)<0,ie{l,2,..,0}.

We restrict our attention to a hyper-rectangle X < R”
where we seek to approximate the optimal solution U *(f)

to problem P2. We require that the state space partition is
orthogonal and can be represented as a k — d tree. The main
idea of the approximate mp-NLP approach is to construct a

feasible piecewise linear (PWL) approximation U (xX) to

U"(X) on X, where the constituent affine functions are

defined on hyper-rectangles covering X . In case of
convexity, it suffices to compute the solution of problem P2

at the 2" vertices of a considered hyper-rectangle X, by
solving up to 2" NLPs. In case of non-convexity, it would

not be sufficient to impose the constraints only at the
vertices of the hyper-rectangle X,. One approach to resolve

this problem is to include some interior points in addition to
the set of vertices of X, [23]. These additional points can

represent the vertices and the facets centers of one or more
hyper-rectangles contained in the interior of X,. Based on

the

approximation U, (X)=K,X+g, to the optimal solution

solutions at all points, a feasible local linear

U'(¥), valid in the whole hyper-rectangle X, is

determined by applying the following procedure:

Procedure 3 (computation of explicit approximate
solution):

Suppose Al and A2 hold. Consider any hyper-rectangle

Xy X, with a set of points Voz{vo,vl,vz,...,le}

determined by applying Procedure 1. Compute K, and g,
by solving the following NLP:

Problem P3:
N, .
min Y (J(Kov; + g9.v;) =V (%)
Ko:80 120 (30)
. 2
Bk +20-U" 0]
subject to:
G(Kovi+g0,vi)SO,VvieV0 (31

In (30), the parameter £ > 0 is a weighting coefficient.

C. Estimation of error bounds

Suppose that a state feedback UO(E) that is feasible on
Vo < X, has been determined by applying Procedure 3.
Then, for the cost function approximation error in X, we
have:

e =V@ -V (#H<e, FeX, (32
where V(%)=J ((}0 (¥),x) is the sub-optimal cost and
V¥ (%) denotes the cost corresponding to the close-to-global

solution U™ (X), i.e. V' (¥)=J(U (%),%). The following



procedure can be used to obtain an estimate &, of the
maximal approximation error &, in X,.

Procedure 4 (computation of the error bound):
Consider any hyper-rectangle X, c X ; with a set of points

Vo= {vo,vl,vz, ,VN]} determined by applying Procedure

1. Compute an estimate &, of the error bound &, through

the following maximization:

&= max  (V)-V'(v) (33)
i€{0,1,2, .., N}
D. Approximate mp-NLP algorithm for explicit GP-
NMPC
Assume the tolerance & >0 of the cost function

approximation error is given. The following algorithm is
proposed to design explicit reference tracking GP-NMPC:
Algorithm 1 (explicit reference tracking GP-NMPC)
1. Initialize the partition to the whole hyper-rectangle,
i.e. IT={X}.Mark the hyper-rectangle X as unexplored.
2. Select any unexplored hyper-rectangle X, e I1. If no

such hyper-rectangle exists, terminate.
3. Compute a solution to problem P2 at the center point
v, of X, by applying Procedure 2a. If P2 has a feasible

solution, go to step 4. Otherwise, split X, into two hyper-
rectangles X; and X, by applying the heuristic rule 2 from
[23]. Mark X, and X, unexplored, remove X, from II,
add X, and X, to IT, and go to step 2.

4. Define a set of points V :{vo,vl,vz, ,le} by
applying Procedure 1. Compute a solution to problem P2 for
X fixed to each of the points v;, i=1,2, ..., N; by applying
Procedure 2b. If P2 have a feasible solution at all these

points, go to step 6. Otherwise, go to step 5.
5. Compute the size of X, using some metric. If it is

smaller than some given tolerance, mark X, infeasible and
explored and go to step 2. Otherwise, split X, into hyper-
rectangles X, X,, ..

1 from [23]. Mark X,, X,, ..
X, from IT, add X, X,, ..., X)y to Il, and go to step 2.

., Xy by applying the heuristic rule

o X N, unexplored, remove

6. Compute an affine state feedback U o(X) using
Procedure 3, as an approximation to be used in X,,. If no
feasible solution was found, split X, into two hyper-
rectangles X, and X, by applying the heuristic rule 3 from
[23]. Mark X, and X, unexplored, remove X, from II,
add X, and X, to IT, and go to step 2.

7. Compute an estimate &, of the error bound &, in X
by applying Procedure 4. If &, <&, mark X, as explored
and feasible and go to step 2. Otherwise, split X, into two

hyper-rectangles X, and X, by applying Procedure 4 from
[23]. Mark X, and X, unexplored, remove X, from II,
add X, and X, to II, and go to step 2.

V. SIMULATION EXAMPLE

A. The nonlinear system

Consider the stochastic system described by the following

nonlinear state space model:
% =—tanh(x+u’)+¢& (34)
where £ is white noise with variance 0.0025 and zero

mean. The sampling time, determined according to system

dynamics, was selected to be 7,=0.5. The Euler
approximation of system (34) is:
x(t+1) = x(¢)— T, tanh(x(¢) + u(t)’) + & ()

where &(1)=T,4(7).

B. Gaussian process model identification

(35)

The control signal u was generated by a random number
generator with normal distribution. The control signal
blocking was T, =6T,, i.e. it is kept constant for 6 time

instants. The number M of the input signal samples used
for the identification determines the dimension of the
covariance matrix. In our case, M =200. Let x, be the

mean value of the state of system (35) obtained for the

. . 1 <
generated control signals, ie. x, :HZX(I)' By
1

introducing the variable y(¢) = x(t)-x,,, we would like to

obtain a Gaussian process model for the following discrete-
time stochastic system:

y(t+1)=y(O) =T, tanh(y()) +u()) + &(6)  (36)
Based on the generated data set, the discrete-time system
(36) is approximated with Gaussian process with zero mean
and covariance function of the form (1). The maximum
likelihood framework was used to determine the
hyperparameters. The optimization method applied for
identification of the Gaussian process model was the
conjugate gradient method with line searches [28]. The
following set of hyperparameters was found:
O =[w,w,, vy, ]=[0.3952,0.9754,1.0333,0.0354] (37)

A validation control input signal was generated by random
number generator with normal distribution and rate of
change that is different from the one used for the
identification signal. The response of the Gaussian process
model to the validation signal is shown in Fig. 1. The
associated average squared error and log density error are
respectively ASE =0.0017 and LD =-2.1476 .
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Fig. 1. Response of the Gaussian process model to the excitation signal used
for validation.

C. Design of explicit reference tracking GP-NMPC
controller

The mp-NLP approach described in section IV is applied
to design an explicit reference tracking GP-NMPC
controller for the system (35) based on the obtained
Gaussian process model.

In the GP-NMPC problem formulation (problem P1), the
predicted state x,,;,y of system (35) is used. This

prediction is obtained in the following way. First, we obtain
the prediction of y,, ., from the Gaussian process model

of system (36):
2
Vivk+le | Ykl > Ur+k NN(xu(kaH\z)s o (yt+k+l\t )

(3%)
k=0,1,..,N-1
Then, the predicted x,,;.y, is:
Xerkrllt = Vewk+lle T ¥m (39)

The iterative multi-step ahead prediction was done by
feeding back at each time step the predictive mean only.
The following control input and rate constraints are
imposed on the system:
—1<u<l; -0.5<Au<0.5 (40)
The prediction horizon is N =8 and the terminal constraint
is:

>

max {",u(xHNl,) —20(xp, ) —1(1)

|Gy +20 i) @y < 6
where 6 =0.015. The weighting matrices in the cost
function (21) are 0=10, R=1, P=10. The GP-NMPC
minimizes the cost function (21) subject to the Gaussian
process model (38)—(39) and the constraints (40), (41).

The formulated GP-NMPC problem results in
optimization problem P2 with 8 optimization variables and

(41)

33 constraints. One internal region X < X, is used in

Procedures 1, 2, 3 and 4. This results in problem P3 which
has 32 optimization variables and 285 constraints. In (30), it

is chosen £ =10. The approximation tolerance is chosen in
the following way:
(42)

a’™r

2(X,) = max(z,, , min Vi(F),
XEA
where €, =0.005 and &, =0.05 are the absolute and the
relative tolerances, respectively. The extended state vector is
(0) =[x(0), r(t), u(t=1)]e R*, which leads to a 3-
dimensional state space to be partitioned. The latter is
defined by X =[-1.2,1.2]x[-0.7, 0.7]x[-1, 1].

The partition has 1419 regions and 18 levels of search.
Totally, 24 arithmetic operations are needed in real-time to
compute the control input (18 comparisons, 3
multiplications and 3 additions).

The performance of the closed-loop system was simulated
for the following set point change:

r(t)=-0.5,t€[0;50]; r(r)=-0.2,t<[51;100] (43)
r(t)=02,t<[101;150]; r(t)=0.5,t [151;200]
and initial conditions for the state and control variable
x(0)=0 and u(0)=0, respectively. The resulting closed-

loop response is depicted in Fig. 2 to Fig. 4.
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Fig. 2. The control input. The dashed curve is with the approximate explicit
GP-NMPC and the dotted curve is with the exact GP-NMPC.
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Fig. 3. The mean value of the state variable predicted with the Gaussian
process model. The dashed curve is with the approximate explicit GP-
NMPC, the dotted curve is with the exact GP-NMPC, and the solid curve is
the set point.
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Fig. 4. The 95% confidence interval of the state variable predicted with the
Gaussian process model. The dashed curve is with the approximate explicit
GP-NMPC, the dotted curve is with the exact GP-NMPC, and the solid
curve is the set point.

The results show that the exact and the approximate
solutions are almost indistinguishable.

VI. CONCLUSIONS

In this paper, an approximate mp-NLP approach to
explicit solution of reference tracking NMPC problems
based on Gaussian process models is developed. The
approach builds an orthogonal search tree structure of the
state space partition and consists in constructing a feasible
PWL approximation to the optimal control sequence.
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