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Abstract: This paper is concerned with neural-learning control of nonlinear dynamical
systems. A variable neural network is introduced for approximating unknown nonlin-
earities of dynamical systems. Based on variable neural networks, adaptive neural
control and predictive neural control schemes are studied. In the adaptive neural
control scheme, the weight-learning laws and adaptive controller developed using the
Lyapunov synthesis approach guarantee the stability of the overall control system.
The convergence of tracking and modelling errors are analysed. The predictive neural
control scheme results in simple and easy implementation of nonlinear predictive
control. An application of neural-learning control to industrial combustion systems is
also discussed. Copyright c©2002 IFAC
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1. INTRODUCTION

Recently, neural networks have become an at-
tractive tool that can be used to construct the
model of complex nonlinear processes. This is be-
cause neural networks have an inherent ability of
learning and approximating a nonlinear function
arbitrarily well. This therefore provides a possi-
ble way of modelling complex nonlinear processes
effectively. A large number of control structures
have been proposed on the basis of neural net-
works in recent years (Chen and Billings, 1990;
Narendra and Parthasarathy, 1990; Brown and
Harris, 1994; Sjoberg, et al., 1997; Liu, 2001), in-
cluding supervised control, direct inverse control,
model reference control, internal model control,
predictive control, gain scheduling, optimal de-
cision control, adaptive linear control, reinforce-
ment learning control, indirect adaptive control
and direct adaptive control. The principal types
of neural networks used for control problems are

the multilayer perceptron neural networks with
sigmoidal and the radial basis function neural
networks.

Most of the neural network based modelling
schemes view the problem as deriving model pa-
rameter adaptive laws, having chosen a structure
for the neural network. However, choosing struc-
ture details such as the number of basis functions
(hidden units in a single hidden layer) in the
model must be done a priori. This can often lead
to an over-determined or under-determined net-
work structure which in turn leads to an identifica-
tion model that is not optimal. The main problem
is that it requires all observations to be available
together. A novel neural network architecture, re-
ferred to as a variable neural network, has been
proposed and shown to be useful in approximating
the unknown nonlinearities of dynamical systems
(Liu et al. 1999). In variable neural networks, the
number of basis functions can be either increased
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or decreased with time according to specified de-
sign strategies so that the network will not overfit
or underfit the data set.

This paper applies variable neural networks to
adaptive neural control, predictive neural control
and neural-learning control of combustion sys-
tems. Based on the Gaussian radial basis func-
tion (GRBF) neural network, an adaptive neural
control scheme is presented. The weight adap-
tive laws developed using the Lyapunov synthesis
approach guarantee the stability of the overall
control scheme. The convergence of the tracking
and modelling errors is taken into account through
the adaptive control algorithm derived by com-
bining neural networks and Lyapunov synthesis
techniques. A predictive neural control is also
studied for nonlinear control systems. It is shown
that the use of nonlinear programming techniques,
which is often needed by most nonlinear predictive
control approaches, can be avoided by using a
set of affine nonlinear predictors to predict the
output of the nonlinear process. The predictive
controller based on this design is both simple and
easy to implement in practice. An active control
approach using neural-learning control techniques
is developed for combustion systems. It is based
on an output model which is estimated by a neural
network. This output model is then used to pre-
dict the system pressure and overcome the com-
bustion system time delay. Finally, the prediction
is used by a controller to optimally attenuate the
oscillating modes. This control strategy has been
implemented in an industrial combustion system.

2. VARIABLE NEURAL NETWORKS

Two main neural network structures which are
widely used in on-line identification and control
are the fixed neural network and the growing
neural network. The fixed neural network usually
needs a large number of basis functions in most
cases even for a simple problem. Though the grow-
ing network is much better than the fixed network
in reducing the number of the basis functions for
a number of problems, it is still possible that this
network will lead to an overfitting problem for
some cases. To overcome the above limitations of
the fixed and growing neural networks, a new net-
work structure, called the variable neural network,
is proposed.

The variable neural network has the property that
the number of the basis functions in the network
can be either increased or decreased over time
according to a design strategy. For the problem
of nonlinear modelling with neural networks, the
variable network is initialised with a small num-
ber of basis function units. As observations are
received, the network grows by adding some new

basis functions or is pruned by removing some old
ones. The variable neural network is illustrated by
Figure 1.
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Fig. 1. Variable neural network

To add new basis functions to the network the
modelling error must be greater than the required
accuracy. Similarly, to remove some old basis func-
tions from the network, the modelling error must
be less than the required accuracy. In this way, a
proper sized network will finally be obtained.

3. ADAPTIVE NEURAL CONTROL

There remain a number of unsolved problems in
nonlinear system control. In particular, the design
and implementation of adaptive control for non-
linear systems is extremely difficult. In most cases
the adaptive control strategies developed largely
depend on the particular information on the non-
linear structure of the plant to be controlled. The
recent intensively studied neural networks bring a
new stage in the development of adaptive control
for unknown nonlinear systems. If the relationship
between the input and the output of an unknown
nonlinear plant is modelled by an appropriate
neural network, the model obtained can be used to
construct a controller through any nonlinear con-
trol design methods, e.g., inverse model synthesis,
model reference and label-feature generation. The
whole procedure of the training and construction
of the controller can be implemented on-line. The
neural network model is updated by measured
plant input and output data and then the con-
troller parameters are directly adapted using the
updated model. The structure of a neural network
based adaptive control system is shown in Figure
2.

Consider a class of continuous nonlinear dynami-
cal systems which can be expressed in the canon-
ical form:

y(n)(t) + F (y(n−1)(t), ..., y(1)(t), y(t))

= G(y(n−1)(t), ..., y(1)(t), y(t))u(t) (1)

where y(t) is the output, u(t) the control input,
y(i) the i-th derivative of the output with respect
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Fig. 2. Adaptive neural control

to time, and F (.) and G(.) unknown nonlinear
functions. The above equation can also be trans-
formed to the state space form (Liu et al., 1999):

˙̄x = Ax̄− bF (x̄) + bG(x̄)u (2)

y = x1 (3)

where A = [0, In−1; 0, 0], b = [0, 0, ..., 1]T and
In−1 is an (n − 1) × (n − 1) identity matrix,
and x̄ = [x1, x2, ..., xn]T is the state vector. The
nonlinear part G(x̄)u−F (x̄) of the system can be
described by the following GRBF neural network:

G(x)u− F (x) =

(g∗(K)u− f∗(K))TΦ(x̄,K) + ε(K) (4)

where

Φ(x̄,K) = [φ(x̄; c1, d1), ..., φ(x̄; cK , dK)]T (5)

φ(x̄; ci, di) = exp
{
− 1

d2
i

‖ x̄− ci ‖2

}
(6)

for i = 1, 2, ...,K, f∗(K) = [f∗
1 , f

∗
2 , ..., f

∗
K ]

T and
g∗(K) = [g∗1 , g

∗
2 , ..., g

∗
K ]

T are the optimal weight
vectors, ci the i-th centre, di the i-th width, ε(K)
the modelling error, and K the number of the
basis functions.

It is shown from approximation theory that the
modelling error can be reduced arbitrarily by in-
creasing the numberK, i.e., the number of the lin-
ear independent basis functions φ(x̄; ci, di) in the
network model. Thus, it is reasonable to assume
that the modelling error ε(K) is bounded by a
constant εK , which represents the accuracy of the
model. Although εK can be reduced arbitrarily by
increasing the number of the independent basis
functions, generally when the number is greater
than a small value the modelling error εK is
improved very little by increasing the number
further. It also results in a large sized network
even for a simple problem. In practice, this is not
realistic. In most cases, the required modelling
error can be given by considering the design re-
quirements and specifications of the system. Thus,
this problem can be solved by the use of variable
neural networks.

The stability of the overall control scheme is
an important issue in the design of the system.

The overall stability depends not only on the
particular control approach that is chosen but also
on the control laws that are used. In practice,
one of the design objectives for a system is that
the tracking error between inputs and outputs
should converge to the required accuracy. Those
problems are solved here by developing a stable
adaptive control law based on Lyapunov stability
techniques. It assumes that the basis functions
φ(x̄; ck, dk) for k = 1, 2, . . . ,K are given.

The control objective is to force the plant state
vector x̄ to follow a specified desired trajectory
yd = [yd, y

(1)
d , ..., y

(n−1)
d ]T . The tracking error

vector and the weight error vectors, respectively,
are defined as e = x̄ − yd, f̃(K) = f∗(K)− f(K)
and g̃(K) = g∗(K)− g(K), where f(K) and g(K)
are the estimated weight vectors. One approach to
this problem is to take the control input satisfying

gT (K)Φ(x̄,K)u =

y
(n)
d + fT (K)Φ(x̄,K) + aT e (7)

where the vector a = [a1, a2, ..., an]T makes the
following matrix

Aa =




0 1 0 ... 0
0 0 1 ... 0
...

...
...

...
...

−a1 −a2 −a3 ... −an


 (8)

stable, i.e., all the eigenvalues are in the open
left plane. The control input consists of a linear
combination of the tracking errors aT e, the adap-
tive part fT (K)Φ(x̄,K) which will attempt to
estimate, and cancel, the unknown function F (.),
and y

(n)
d is a feedforward of the n-th derivative of

the desired trajectory.

Consider the following Lyapunov function

V (e, f̃ , g̃) = eTPe+
1
α
f̃T (K)f̃(K) +

1
β
g̃T (K)g̃(K) (9)

where P is chosen to be a positive definite matrix
so that the matrix Q = −PAa − AT

a P is also a
positive definite matrix, and α and β are positive
constants which will appear in the sequential
adaptation laws, also referred to as the learning
or adaptation rates.

If there is no modelling error, i.e., ε(K) = 0, the
weight vectors f and g can simply be generated
according to the following standard adaptation
laws to make V̇ (e, f̃ , g̃) ≤ 0:

ḟ(K) = −αPT
n eΦ(x̄;K) (10)

ġ(K) = βPT
n euΦ(x̄;K) (11)



where the vector Pn is the n-th row of the matrix
P , i.e., Pn = [pn1, pn2, ..., pnn].

In the presence of a modelling error ε(K), to
ensure the stability of the system, several algo-
rithms, e.g., the fixed or switching σ-modification,
ε-modification and the dead-zone methods, can
be applied to modify the above adaptation laws.
Thus, the control law (7) and the weight adapta-
tion laws (10) and (11) guarantee the stability of
the closed-loop system and the convergence of the
weights.

4. PREDICTIVE NEURAL CONTROL

The fundamental idea in predictive control is to
predict the vector of future tracking errors and
minimise its norm over a given number of future
control moves. It is clear that predictive controller
design mainly consists of two parts: prediction and
minimisation. For nonlinear dynamical systems,
a nonlinear predictive neural control strategy is
proposed, as shown in Figure 3. The basic idea of
this strategy is to apply a set of neural predictors
to predict the future system output sequences and
then to calculate the control input through a for-
mula that will be found by employing optimisation
techniques.
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Fig. 3. Predictive neural control

Only discrete-time affine nonlinear control sys-
tems will be considered with an input-output re-
lation described by

yt = F (yt) +G(yt)ut−d (12)

where F (.) and G(.) are nonlinear functions, y is
the output and u the control input, respectively,
the vector yt = [ yt−1 yt−2 ... yt−n ], n is the
order of y(t) and d is the time-delay of the system.
It is assumed that the system order n and the time
delay d are known but the nonlinear functions F (.)
and G(.) are unknown. Clearly, the future output
can generally be expressed by the NARMAmodel:

yt+d+i = F̃ (yt, ..., yt−n+1, ut+i, ..., ut−d) (13)

for i = 0, 1, ..., L, F̃ (.) is a nonlinear function.

Though the model (13) is an exact prediction of
the nonlinear plant (12), this is not convenient

for the computation of a control input to track
a desired reference signal even for i = 0. Follow-
ing the affine nonlinear system described by (12)
and the general future output expression (13), we
present some (i+d)-step ahead nonrecursive affine
nonlinear predictors, for i = 0, 1, ..., L, to approxi-
mately predict the future output. These predictors
use available sequences of both past inputs and
outputs of the process upto the sampling time t
to construct the predictive models, which are of
the following form (Liu et al., 1996):

ŷt+d+i = F̂i(xt) +
i∑

j=0

Ĝij(xt)ut+j (14)

for i = 0, 1, ..., L, where F̂i(xt) and Ĝij(xt) are
nonlinear functions of the vector xt to be esti-
mated, and the vector xt = [yt, ..., yt−n+1, ut−1, ...,
ut−d]. The key feature of these predictors is that
the present and future control inputs ut, ut+1, ...,
ut+i occur linearly in (14). It can be seen from
(14) that linearized predictors for nonlinear sys-
tem which are widely used in the literature (see,
e.g., Wang et al. 1995) are a special case of the
above.

To be modelled by proper sized networks, the
nonlinear functions F̂i(xt) and Ĝij(xt) are both
approximated by variable networks. They are ex-
pressed by

F̂i(xt) =
Ni∑

k=1

fi,kφi,k(xt) (15)

Ĝij(xt) =
Nij∑
k=1

gij,kφij,k(xt) (16)

for j ≤ i and i, j = 0, 1, ..., L, where φi,k(xt) and
φij,k(xt) are basis functions of the variable net-
works, Ni and Nij denote the size of the networks.
Define the weight and basis function vectors of the
neural networks as F̄i = [fi,1, ..., fi,Ni

]T , Ḡij =
[gij,1, ..., gij,Nij

]T , Φ̄i = [φi,1(xt), ..., φi,Ni
(xt)]T ,

and Φ̄ij = [φij,1(xt), ..., φij,Nij
(xt)]T . In order

to define how well the predicted process output
tracks the reference trajectory, there are many
cost functions used in predictive control. Here,
we use a cost function which is of the following
quadratic form.

Jp =
1
2
‖Rt+d+L − Yt+d+L ‖2

2

+
1
2
α‖∆Ut+L ‖2

2 (17)

where Rt+d+L = [ rt+d rt+d+1 ... rt+d+L ]
T ,

Yt+d+L = [ ŷt+d ŷt+d+1 ... ŷt+d+L ]
T , and

Ut+L = [ut ut+1 . . . ut+L ]T ,Rt+d+L, Yt+d+L

and Ut+d+L are the future reference input, pre-
dicted output and control input vectors, respec-



tively, L is the control horizon, L + d is the
prediction horizon, and α > 0 is the weight.
The optimal controller output sequence over the
prediction horizon is obtained by minimising the
performance index Jp with respect to Ut+L. This
can be carried out by setting

∂Jp

∂Ut+L
= 0 (18)

Thus, the control input ut minimising the perfor-
mance function Jp is given by

ut = I1(QT
LQL + αDT

LDL)−1(QT
LRt+d+L

−QT
LHL + αIT

1 ut−1) (19)

where

QT
L =




ḠT
00Φ̄00 0

ḠT
10Φ̄10 ḠT

11Φ̄11

...
...

. . .
ḠT

L0Φ̄L0 ḠT
L1Φ̄L1 . . . ḠT

LLΦ̄LL




T

(20)

DL =




1 0
−1 1

. . . . . .
0 −1 1


 (21)

HL = [ F̄T
0 Φ̄0 F̄T

1 Φ̄1 . . . F̄T
L Φ̄L ]

T (22)

I1 = [1, 0, ..., 0] is an identity vector.

The predictive neural controller is therefore rela-
tively simple and easy implement using the affine
nonlinear predictors. There is no need to solve
a nonlinear programming problem to obtain the
optimal control input ut unless additional con-
straints are imposed on the control signal and/or
output of the system.

5. NEURAL-LEARNING CONTROL OF
COMBUSTION SYSTEMS

Combustion processes exist in many applications
related to power generation, heating and propul-
sion; for example, steam and gas turbines, do-
mestic and industrial burners, and jet and ram-
jet engines. The characteristics of these processes
include not only several interacting physical phe-
nomena but also a wide variety of dynamic be-
haviour. In terms of their impact on the system
performance, pressure oscillations are of most sig-
nificance. In some applications, the pressure oscil-
lations are undesirable since they result in exces-
sive vibration, causing high levels of acoustic noise
and in extreme cases mechanical failure. In the
frequency domain, the pressure is characterised by
dominant peaks at discrete frequencies which cor-
respond to the acoustic modes of the combustion
chamber.

A model for the pressure can be derived from
an underlying thermo-acoustic representation of
the combustion system. Under various assump-
tions, mass, momentum and energy partial dif-
ferential equations can be used to develop the
modal descriptions (23) below (Liu et al., 1999).
The reason for presenting this physical description
is to show that the system can be represented
by a model that is identical to a neural-network
structure. The unsteady pressure p̃ (variations
about a mean) can be expressed by the following
physically based model:

p̃(x, t) = p̄
n∑
i

ψi(x)µi(t) (23)

with the function ψi(x) = sin(kix + φi0), where
ki and φi0 are determined by the boundary condi-
tions, and correspond to the spatial mode shapes,
µi represents the acoustic dynamics, n is the num-
ber of modes that changes with operating points,
and x is the displacement along the chamber
length.

The basic control principle is to provide additional
energy which is out of phase with the oscillating
modes. In order to enable this to be achieved for
each mode independently, a prediction model of
the combustion dynamics must be developed. One
approach is to exploit the structural similarity of
output (23) to that of a neural network. On the
assumption of a point pressure measurement, the
output model of the combustion process described
by a variable neural network is

p(t) =
N∑

i=1

wifi(ξi, t) + δt (24)

where wi is the weight, fi(ξi, t) the basis function
with a parameter vector ξi , N the number of
the basis functions and δt the modelling error.
For a different position on the combustor, the
weights will be different. In combustion systems
with active elements, there is a large time de-
lay between the actuator’s input and the actual
measured pressure. To control a system with time
delay, a predictor is needed to estimate the future
output. The output predictor using the neural
network is readily constructed as

p̂(t+ τ) =
N∑

i=1

ŵifi(ξi, t+ τ) (25)

where τ is the time delay of the combustion sys-
tem and ŵi is the estimated weight. This implies
that the accuracy of the output prediction de-
pends on the estimated weights at time. It is there-
fore assumed that this time dependence is low in
frequency compared to the mode frequencies



Based on the mode predictor, the output of a
controller that is used to cancel the effect of the
inherent time delay is generally of the form

u(t) = f(p̂(t+ τ)) (26)

where f(.) is a function of the output prediction.
The design of this function depends on what
control performance is under consideration, and it
can be a linear or non-linear function. The active
controller consists mainly of the weight-learning
algorithm for the neural-network based output
model, the output predictor and the feedback
controller. The output model based predictive
control using neural networks is shown in Figure
5.
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Fig. 4. Neural control of a combustor

The neural control has been simulated on a com-
bustor with six modes. A performance measure
of the system is the power spectrum of the com-
bustor pressure. The power spectrum with and
without active control is shown in Figure 5. The
power in each mode is reduced by 20 dB when the
active control is applied.
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Fig. 5. Power spectrum of the combustor pressure

The neural control strategy of combustors was
implemented using Matlab, Simulink and Real-
Time Workshop, connected to a dSPACE board
based around the TMS320. The actuator was a
loudspeaker, which was installed on the outer
wall of the combustion chamber. This implemen-
tation has successfully been demonstrated in an
industrial combustion test rig with a commercial
combustor.

6. CONCLUSIONS

A variable neural network structure has been in-
troduced, where the number of the basis func-
tions in the network can be either increased or

decreased over time according to some design
strategy to avoid either overfitting or underfitting.
The adaptive neural control, which combines the
Gaussian radial basis function network and Lya-
punov synthesis techniques, guarantees the stabil-
ity of the control system and the convergence of
the tracking errors. A set of affine nonlinear neural
predictors was used to predict the output of the
nonlinear process so that the difficulty of applying
nonlinear programming techniques to minimise
the performance function for nonlinear predictive
control is avoided. The resulting predictive neural
control algorithm is relatively simple and easy to
implement in practice. The neural-learning con-
trol of combustion systems has successfully been
applied to industrial combustion control.
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