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Abstract: This paper presents an approach to safety verification of a controlled cooperative
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inputs. The reachable sets are represented by zonotopes. We propose an accurate approximation
of the contribution of the uncertain inputs to the whole reachable set. This approach reduces
the propagation of the over-approximation error and leads to tight approximation sets.
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1. INTRODUCTION

Checking safety properties for controlled dynamic systems
has been frequently carried out using simulations. Despite
using a huge number of simulations, the safety however
cannot be guaranteed particularly for systems with uncer-
tain initial states and/or inputs. In this case, an infinite
number of simulations is necessary to cover all the pos-
sible scenarios, which are in general unknown and unpre-
dictable. Alternatively, for stable LTI systems it is possible
to find an upper bound of output signals by computing the
1-norm of the corresponding impulse response. However,
this norm bound cannot directly be applied when the
linear system is subject to discrete transitions. For these
reasons, continuous reachability techniques have gained
importance in recent years in the field of safety assessment
of continuous dynamic systems. Beginning from an infinite
set of initial states and under uncertain inputs and distur-
bances, reachability analysis is used to check whether the
dynamic system reaches hazardous states, or not, under
all these conditions. Computing reachable sets for purely
continuous systems was shown to be decidable only for a
restricted class of systems, the dynamics of which is timed
or interval restricted (see Henzinger et al. (1998); Puri and
Varaiya (1994)). For linear dynamic systems of the form
ẋ = Ax + Bu where A ∈ R

n×n, B ∈ R
n×m, x ∈ R

n and
u ∈ R

m, abstractions or approximation techniques need
to be applied. Abstraction consists in finding a system
belonging to the decidable class equivalent to the original
system. The equivalence relation must guarantee mainly
the maintenance of the properties related to the safety of
the system. Approximation methods, however, compute
over- or under-approximations of the reachable sets using

� This work was funded by the Deutsche Forschungsgemeinschaft
(DFG) in the Priority Programme 1305.

a set of presentation such as boxes (Ratschan and She
(2006)), polytopes (Han and Krogh (2006)), polyhedra
(Frehse (2005); Bournez et al. (1999)), level sets, ellipsoids
(Botchkarev and Tripakis (2000); Kurzhanski and Varaiya
(2000)), zonotopes (Girard (2005); Althoff et al. (2008)) or
support functions (Le Guernic and Girard (2009)). The al-
ready existing methods were able to treat several academic
examples. But applied to examples inspired by real-life
applications, such as in automotive control or cooperative
platoon control, these methods has been limited by the
dimension of the continuous state space of the system.
Systems with six to seven continuous state variables are
usually considered very large for reachability analysis (see
Ben Makhlouf and Kowalewski (2006); Ben Makhlouf et al.
(2009)).

In this work, we are interested in the safety verification of
a cooperative platoon of vehicles. Longitudinal platooning
can significantly improve the efficiency of existing road
systems and increase their capacity. Cooperative control
of platoons involves the exchange of information via a
communication network and is consequently subject to
disturbances and communication faults. Furthermore, the
leading vehicle’s acceleration is an uncertain input to the
platoon dynamics. The goal is to guarantee simultaneously
short and safe distances between the platoon vehicles.
Our experience with the reachability analysis of similar
control problems showed that till now the most known
verification tools already reached their limits, when the
number of platoon members exceeds two (Ben Makhlouf
et al. (2009)). This is mainly due to the time and space
complexity related to the dimension of the application
and to the conservative approximation used within these
methods.
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The main idea developed in this paper is to adapt the
already proposed technique based on zonotopes (Girard
(2005); Le Guernic (2009); Althoff et al. (2008)) to our
application. We aim to reduce the over-approximation due
to the uncertain input contribution and to compute a
tight approximation of the real reachable sets. In this way
we will reduce the probability to have a false negative
result, i.e. an intersection with the unsafe set even though
the system is safe. Moreover, we shortly describe our
implementation of the methods using the software package
Matlab.

The paper is organized as follows. Section 2 describes the
design of the controller. The reachability analysis approach
and our adaptation to the proposed example are stated in
Section 3. In Section 4, the results are discussed. Finally,
Section 5 summarizes the work and proposes issues for
future research.

2. PLATOON MODEL AND CONTROL

2.1 Platoon Dynamics

For analysis and design of the longitudinal vehicle control
algorithm, we model the vehicle platoon as concentrated
masses according to the scheme in Fig. 1. For the platoon
dynamics, the relative motion of each vehicle to one an-
other is of main interest and will be described by the spac-
ing errors ei that are defined as the difference between the
actual distance to the predecessor and a (fixed) reference
distance: ei(t) = di(t)− dref . The effective acceleration ai
of each vehicle within the platoon is governed by the driv-
etrain dynamics. Although detailed and complex models
exist for the drivetrain description it was shown that by
lower level controls the dynamics of vehicle acceleration
can be approximated by a linear first order filter, see e.g.
Lu et al. (2004). Hence, the resulting platoon model can
be given as

ëi = ai−1 − ai, (1)

ȧi =−1/τi · ai + 1/τi · ui. (2)

We assume, that each vehicle is equipped with on-board
sensors such that the own distance error ei, relative ve-
locity Δv = ėi and acceleration ai can be measured.
Moreover, the collected data from other platoon members
can be accessed via radio communication as depicted in
Fig. 1.
From (1)-(2) the dynamics of the whole platoon can be
summarized in state space form with the state vector
x = [· · · ei, ėi, ai · · · ]

T . The leading vehicle’s acceleration
aL enters the dynamics as a disturbance and thus leads to
the following linear state space description

ẋ = Ax+B1aL +B2u. (3)

Within this work the time constant of the drivetrain τi is
assumed to be constant and equal for all platoon members.
For the following analysis a time constant τi = 0.5s
is assumed, see ,e.g., Rajamani (2006) as reference. An
analysis and robust control layout for time varying time
constants has been proposed in prior works of the authors,
see Maschuw et al. (2008).

Fig. 1. Vehicle platoon with leading and following vehicles.

2.2 Platoon Control

The controller for longitudinal guidance of the vehicle
platoon is designed to stabilize the platoon and to realize
a good disturbance rejection in terms of small spacing
errors (especially the avoidance of collisions) at reason-
able control effort. This so far can be considered as a
problem of linear optimal control including a weighting
of spacing errors and control signals. It does not account
for upper bounds on system variables that have to be
met due to safety or performance restrictions though.
These constraints comprise in particular maximum (ab-
solute) spacing errors to prevent collisions among platoon
members but also maximum amplification of velocity or
acceleration values to account for the existing saturation
effects that arise due to force limitation between road and
tire, see also Kang and Hedrick (2004). As an example, the
corresponding transfer functions for spacing errors ei(t)
and accelerations ai(t) with the disturbance input of the
leading vehicle’s acceleration are given as

Fe,i(s) =
ei(s)

aL(s)
and Fa,i(s) =

ai(s)

aL(s)
. (4)

A possible way of addressing the mentioned constraints is
to tune the H∞-norms of the corresponding transfer func-
tions by adding them to the objective function. Although
the H∞-norm does not directly express upper bounds on
system variables in time domain it enables a tuning of
the maximum amplification from the disturbance to the
corresponding system states. The resulting optimization
problem was already presented in Maschuw et al. (2008)
and was also used for the control layout in this work.
The described optimization is applied to a state feedback
structure assuming that each vehicle has information ac-
cess to all other vehicles’ states. In case that the distur-
bance variable is also available via radio communication
the information can be used for additional disturbance
feedforward control leading to the control law

u = K1 · x+K2 · aL. (5)

Within this work we will only analyze the case without
disturbance information though, i.e. K2 = 0. Hence, the
closed loop system is given by

ẋ = (A+B2K1)x+B1aL. (6)

The transfer functions being evaluated in the optimization
problem are functions of the closed loop system matrix and
hence the feedback matrixK1. As a result the optimization
problem is solved for K1 to achieve the best disturbance
behavior with respect to the corresponding objectives.
In the following, the closed loop dynamics given in (6)
will be denoted as controlled system. To comply with
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the notation used for the safety verification within the
following sections, the closed loop system matrix (A +
B2K1) and disturbance vector B1 will be denoted by A
and B respectively while the disturbance aL will be labeled
as external input u.

3. REACHABILITY TECHNIQUES FOR LINEAR
CONTINUOUS SYSTEMS WITH UNCERTAIN

INPUTS USING ZONOTOPES

In this section, we outline the main scheme for computing
the reachable sets of non-autonomous continuous systems
based on convex approximation techniques. These systems
are in general time invariant described by the following
linear differential equation:

ẋ(t) = Ax(t) +Bu(t) (7)

with A ∈ R
n×n, B ∈ R

n×m are constant matrices, x(t) ∈
R

n the state of the system at time t and u(t) ∈ U ⊂ R
m

where n is the state dimension of the system, m is the
number of inputs and U is a convex set. Given an initial
state x0 = x(0), and an input u, the solution of the above
differential equation for any time t ≥ 0 is

Φ(x0, u, t) =

x(t) = eAtx0︸ ︷︷ ︸
aut.

+

∫ t

0

eA(t−s)Bu(s)ds︸ ︷︷ ︸
non−aut. part

(8)

The reachability problem consists, for the family F =
(A,B,U) of linear vector fields described by Eq.(8), in
computing the set �t(I) of all states reached from a
predefined convex set I of initial states at a time t. This
set is defined as follows

�t(I, U) = {Φ(x0, u, t) | u ∈ U , x0 ∈ I} (9)

where U is the set of admissible piecewise continuous input
functions u : R+

0 → U .

In general, carrying out a reachability analysis for checking
the safety of dynamic systems must involve all the states
included in a domain in which the dynamics is defined.
But, it is difficult for some kind of systems to define a priori
such a domain. In this work, however, we are interested in
the computed reachable set �[0,T ](I) for a time horizon T ,
during which the safety of the system must be guaranteed.
We choose the approach proposed originally by (Girard
(2005); Le Guernic (2009)), where the system is regarded
as an addition of an autonomous and a non autonomous
part (see Eq.(8)). Using the superposition principle of
linear systems, the reachable set of each part can be
computed separately and the final set is then obtained by
applying the Minkowski sum of both resulting sets.

�[0,T ](I, U) = ∪t∈[0,T ]�t(I, U)
⊆ �aut(I)⊕�non−aut(U)

(10)

The computation algorithm used is based on the dis-
cretization of the Eq.(7) with a time step r and the over-
approximation of the reachable set by the union of a finite
number N of sets Ωi, each of which including the set
�[ir,(i+1)r](I). Consequently the reachable set is computed
as follows

�[0,T ](I, U) ⊆ ∪N−1
k=0 Ωk (11)

with
Ωk+1 = erAΩk ⊕ Vk (12)

and Vk represents the input contribution. Two problems
have to be addressed. First, a preferably tight over-
approximation V of the set

�non−aut.(U) = ∪N−1
k=0 {xp(kr) ∈ R

n|∃u ∈ U ∧

xp(kr) =

∫ kr

0

eA(kr−s)Bu(s)ds}

(13)
must be found and then an initialization Ω0 of the iteration
given by (12) must be given. In Girard (2005), both over-
approximation sets are computed by using the constants
μ = supu∈U ‖Bu‖ and ν = supx∈I ‖x‖ and then bloating
the initial set and the reachable sets with balls the radii
of which are linear functions of μ and ν respectively.
In the following, we discuss how to adapt this method to
the considered control problem. For the class of inputs
Bu(t), the coefficients of which are almost everywhere
zero, taking μ = supu∈U ‖Bu‖ to over-approximate the
input contribution to the reachable set leads to large
over-approximation. That might consequently result in an
unwanted intersection with the unsafe set. For controlled
systems, this kind of inputs is common and appears
particularly when transforming higher order differential
equations into first order. This transformation step is for
this kind of analysis necessary. The idea here is to bloat
the reachable set in each time step r only in directions i
where (Bu)i = 0 with constants μi computed using the
integral

xp(r) =

∫ r

0

eA(r−s)Bu(s)ds (14)

3.1 Over-Approximation of �non−aut.

In this paragraph, we are interested in computing an over-
approximation of the set

V r = {xp(r) | u ∈ U ∧ xp(r) =

∫ r

0

eA(r−s)Bu(s)ds} (15)

by involving the input set U and using some useful
properties of the input signal u(t). In Le Guernic (2009),
a computation scheme is proposed for systems with B = I
and involves meanwhile the computation of the Minkowski
subtraction of two convex sets by the over-approximation
of Ω0. In Althoff et al. (2007) however, a method based
on Riemann integration and Taylor series is suggested
to compute an approximation of the integral xp(r). This
method is applicable only under the assumption that
u(t) is interval-wise constant. Independently from the
particular properties of u and using the Riemann sum
approximation of the integral∫ r

0

eA(r−s)Bu(s)ds = lim
n→∞

n∑
i=1

eA(r−s∗
i
)Bu(s∗i )Δs

s∗i = Δs . i and Δs =
r

n

(16)

an approximation could be done by dropping the limit,
choosing a large n and finding a maximum of u(t) in each
Δs or simply a supremum. Alternatively, we can pick out
sample time steps r small enough to guarantee that the
values of u(t) in [ir, (i + 1)r] remain quite unchanged.
For our particular case study, we choose the time step
r equal to the sampling time of the similar controller
tested on a platform of four 1:14 scaled trucks (see Diab
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et al. (2010)). This hardware implementation is carried out
parallel to our formal verification. That is a practical way
to guarantee that the input u(t) remains constant in time
intervals [ir, (i+ 1)r]. Consequently, we obtain

V r =

∫ r

0

eA(r−s)BdsU (17)

The integral
∫ r

0
eA(r−s)Bds can be computed by using the

equality
∫ r

0
eA(r−s)Bds = A−1(erA − I)U . This involves

consequently the computation of erA and A−1. Alterna-
tively, we use the approach proposed in Van Loan (1978)
for computing integrals by involving matrix exponential,
which can be applied even if A is singular. In fact, it was
proved there that by computing the matrix exponential of

C =

(
A B
0 0

)
(18)

we get simultaneously eAr and
∫ r

0
eA(r−s)Bds, which are

the elements of the first line of the matrix

eCr =

⎛
⎝eAr

∫ r

0

eA(r−s)Bds

0 F (r)

⎞
⎠ . (19)

The recurrence (12) can then be evaluated and hence the
reachable set.

3.2 Implementation using zonotopes

In this paper, we use zonotopes to over-approximate the
reachable set. Our choice is motivated by their closure
properties under linear transformation and Minkowski
sum. Furthermore, methods proposed in Girard (2005) for
the computation of an over-approximation of the convex
hull of both zonotopes Z and erAZ as well as the proposed
order reduction of zonotopes make them more attractive
for this practical study. On the other hand, a zonotope Z of
order p/n is defined by its center c ∈ R

n and its generators
g1, . . . , gp ∈ R

n and is hence practically represented as a
matrix with c, gi as columns

Z = (c, 〈g1, . . . , gp〉)

= {x ∈ R
n | x = c+

p∑
i=1

αigi, −1 ≤ αi ≤ 1}.

To compute the reachable set we need first of all to
evaluate the image of a zonotope Z by the linear mapping
erA:

erAZ =
(
erAc,< erAg1, . . . , e

rAgp >
)
.

The convex hull of the sets Z and erAZ may be approxi-
mated according to Girard (2005) by the zonotope

CH(Z, erAZ) ⊆ (
c+ erAc

2
, <

g1 + erAg1
2

, . . . ,
gp + erAgp

2
,

c− erAc

2
,
g1 − erAg1

2
, . . . ,

gp − erAgp
2

>).

It is required for the computation of the initializing set
Ω0. This last computation and further computation steps
involve the Minkowski sum of two zonotopes given for
Z1 = (c1, 〈g1, . . . , gp〉) and Z2 = (c2, 〈h1, . . . , hp〉) by

Z1 ⊕ Z2 = (c1 + c2, 〈g1, . . . , gp, h1, . . . , hp〉) .

It is important to note that the two last operations increase
rapidly the order of the resulting zonotope. In order to
control the complexity, a maximum allowed order q is

fixed. At the end of the (k + 1)th iteration the order
is reduced to q. In fact, the generators of the resulting
zonotope Rk+1 are then sorted so that the reordered
zonotope G = (c, 〈g1, . . . , gp〉) with n < q < p satisfies:

‖g1‖1 − ‖g1‖∞ ≤ . . . ≤ ‖gp‖1 − ‖gp‖∞ .

We construct the zonotope R̂k+1 = (c, 〈Q, gs−n+1, . . . , gp〉)
where Q ∈ R

n×n is the diagonal matrix that satisfies

Qii =

q−n∑
j=1

∣∣gij∣∣ , i = 1, . . . , n

gij is the ith component of gj . The reduced zonotope R̂k+1

has hence the order q and satisfies Rk+1 ⊆ R̂k+1. The
iterative steps used for our implementation are described
by the following algorithm, where reduced(.) stands for the
reduction of the zonotope size as described above.

Algorithm 1 Iterative computation of the reachable set

initialize: R0 = Ω0, V0 = V r, S0 = [ ] , N = T/r
for k = 0 to N − 1 do
Rk+1 = erARk

Vk+1 = erAVk

Sk+1 = Sk ⊕ Vk

Ωk+1 = reduced(Rk+1 ⊕ Sk+1)
end for
result: R[0,T ] ⊆ Ωk

4. VERIFICATION RESULTS

This section describes the modeling step preceding the
verification step of the longitudinal controller described in
Section 2 and reports some results concerning the safety
analysis of the platoon.
For the following analysis the differential equations de-
scribing the dynamics of a controlled platoon with one
leading and three following vehicles are translated into the
form of Eq.(7) where the matrices A and B are substi-
tutes for the system description in (6). The setting of the
state feedback control is obtained from the optimization
described in Section 2 and leads to a full matrix K1. For
the case of three following vehicles the system comprises
nine states xT = (e1, ė1, a1, e2, ė2, a2, e3, ė3, a3) and conse-
quently K1 ∈ R

3×9.

For the verification analysis, different parameters such
as the time step r, the time horizon T , the initial set
I and the acceleration range of aL[m/s2], are varied.
During platoon operation the most critical accelerations
are assumed to happen through (emergency) braking.
Possible maximum values depend on the specific vehicle,
tire and road conditions. Here we assume maximum values
during braking of−9m/s2. The goal is to check the absence
of collisions between the vehicles and determine different
parameter ranges for which the safety of the platoon is
guaranteed on condition that the spacing errors e1, e2, e3
between the vehicles remain small and do not exceed
critical values. It should be noted that nonlinear effects
(e.g. saturation occurring at higher accelerations) are not
addressed in this work and have not been included in the
verification, though.

We note that for all figures and tables presented in this sec-
tion, the maximum zonotope order could be restricted to
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Fig. 2. Projections of the reachable sets for each 500
iteration for U = [−1, 1], N = 4000, r = 0.001 and
I = {0}2 × [0.0001, 0.0001]× {0}6.

(a) e1, e2[m] for ‖u‖ ≤ μ and q = 1000.

−8 −4 0 4 8
−4

−2

0

2

4

e1

e 2

(b) e1, e2[m] using our method (q = 20).

−2 −1 0 1 2
−0.5

0

0.5

e1

e 2

Table 1. Safe gaps [m] for different acceleration
ranges of aL for a time horizon of T = 6s and

r=0.001.

U [m/s2] [−9, 0] [−6, 1] [−3, 1] [−1, 1]

e1[m] -16 -14 -9 -3
e2[m] -5 -3 -2 -1
e3[m] -2 -1 -0.5 -0.2

Table 2. Safe gaps [m] for different acceleration
ranges of aL for a time horizon of T = 20s and

r=0.01.

U [m/s2] [−9, 0] [−6, 1] [−3, 1] [−1, 1]

e1[m] -26 -17 -9 -3
e2[m] -9 -6 -3 -1
e3[m] -3.5 -2.5 -1.2 -0.4

q = 20 except for Fig.2(a), for which a considerably larger
q was necessary to ensure acceptable over-approximation
of the reachable sets.

First, results from the proposed approximation of the
input contribution are compared with those obtained by
applying the over-approximation based on the input re-
striction ‖Bu‖ ≤ μ. Fig. 2 shows the projection of the
computed nine-dimensional reachable sets on the plane
defined by the first and the fourth dimensions. In this
way both e1 and e2 are depicted. For clarity, we plot only
the contours of the reachable sets each 500 iterations. We
note that our method results in a tighter and more precise
approximation leading to shorter safety gaps. In Fig. 3, the
gaps e1, e2 and e3 of a platoon with a leader acceleration
varying between −9m/s2 < aL < 0m/s2 for a time horizon

Fig. 3. Projections of the reachable sets for each 500
iteration for U=[-9,0], N=4000, r=0.001, I = {0}2 ×
[0.0001, 0.0001]× {0}6 and q = 20.

(a) e1, e2[m]
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(b) e2, e3[m]
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e 3

++  simulation
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Fig. 4. Gaps between vehicles for different time horizon T
for U=[-9,0], r=0.01, I = {0}2×[0.0001, 0.0001]×{0}6

and q = 20.
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of T = 4s and beginning from an initial set closer to
the origin are depicted. This figure shows the reachable
sets resulting from the verification analysis as well as the
result of a simulation from the origin. We remark that for
a time horizon 4s, the spacing errors between the vehicles
attenuate down the platoon and do not exceed 16m. To
ensure the safety of the controlled platoon a longer time
observation is required. Fig.4 shows the convergence of the
algorithm to an invariant set, which includes information
about the required reference distances. It reveals that after
15s the maximum error amplitudes for e1, e2 and e3 remain
constant. We note that e1, which is here the largest spacing
error, do not exceed 26m. That means that the safety
of the platoon is guaranteed, even in case of an abrupt
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braking maneuver, if we take a reference distance larger
then 26m. Moreover, Table 1 gives the maximum spacing
errors inside the platoon for different leader acceleration
ranges for a time horizon of 6s and with a time step of
r = 0.001s. Compared with the values given in Fig.4 for
the same T , the maximum spacing errors in Table 1 are
smaller. In fact, the choice of the step time is crucial
to the accuracy of the approximation. Choosing small
steps, however, increases the time as well as the memory
complexity of the algorithm. On the other hand, the choice
of the maximum allowed order of zonotopes q has an
important impact on the quality of the approximation.
We note that the designed controller ensures the required
stability criteria as well as the safety of the platoon under
uncertain inputs with short spacing errors.

5. CONCLUSION AND FUTURE WORK

In this paper, we addressed the problem of safety verifica-
tion of an interconnected platoon of vehicles. The platoon
is subject to uncertain inputs, in our case the acceleration
range of the leader. To verify safety, a verification method
based on the reachability analysis of continuous linear
systems with uncertain inputs is proposed. Zonotopes are
used to represent over-approximations of reachable sets.
The contribution of the uncertain input to the reachable
sets is computed using matrix computation techniques.
The results obtained demonstrate formally that the con-
trollers satisfy both stability and safety requirements. We
showed that choosing an adequate adaptation of already
existing methods can help to solve some practical prob-
lems. We were able so far to treat a 9-dimensional linear
continuous system.
For future work, we aim to verify the safety of platoons
of more than three vehicles to investigate the applicability
limits of our approach.
Further issues of current research are to analyze the effect
of intermittent loss or delays of data on the safety of the
system. For this purpose, the proposed method will be
extended to linear hybrid systems by introducing transi-
tions between continuous states. Consequently, techniques
for computing the intersection of zonotopes with jump
conditions must be introduced.
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