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Abstract: In this paper, we discuss integrated vehicle slip ratio control under both deceleration
and acceleration without the need for controller switching, and also propose a design method for
such an integrated slip ratio controller. When a vehicle switches from acceleration to deceleration
and vice versa, the slip ratio varies discontinuously. Here, the slip ratio is approximated to a
continuous function by using a sigmoid function. And a controller is then designed by using
feedback linearization based on the approximated slip ratio. The stability of the designed
control system is proven by Lyapunov stability theorem. Furthermore, we propose a robust
control method based on a disturbance observer and sliding mode control theory. Finally, the
effectiveness of the proposed control method is verified through numerical simulation.

1. INTRODUCTION

In modern society, automobiles represent a fundamen-
tal means of transport. However, as the damage caused
because of accidents is major, it is important to take
measures to obviate the same. One of the reasons for such
accidents includes vehicle spin or drift-out. A vehicle turns
because of the yaw moment generated by the lateral forces
exerted on the tire when steering. However, these lateral
forces decrease rapidly when the tires slip or lock under
rapid acceleration or deceleration, forcing the vehicle into
a spin or drift-out. This occurs because a yaw moment suf-
ficient to turn the vehicle cannot be generated. Therefore,
most new vehicles are equipped with an anti-lock braking
system (ABS) to prevent tire lock during deceleration, and
a traction control system (TCS) to prevent tire spin during
acceleration. Two separate systems are used because the
relationship between the vehicle velocity and the circum-
ferential velocity of the tire is different in acceleration and
deceleration, but both systems control the slip ratio of the
vehicle.

A variety of slip ratio control methods have been pro-
posed, such as sliding mode control (Chikhi et al. [2005],
M.Tanelli et al. [2007], and M.Kasahara et al. [2009]), H∞
control (H.Lv et al. [2007]), and slip ratio estimator and
observer (K.Fujii and H.Fujimoto [2007] and T.Suzuki and
H.Fujimoto [2010]). However, these control methods deal
either with acceleration or with deceleration because the
slip ratio varies discontinuously when the vehicle changes
from acceleration to deceleration and vice versa. For this
reason, two separate controllers are designed and switched
when accelerating and decelerating. However, if controller
switching fails, it is conceivable that vehicle motion can
become unstable.

Fig. 1. Vehicle model

In this paper, we discuss integrates vehicle slip ratio con-
trol under both deceleration and acceleration without the
need for controller switching and propose a design method
for such a controller. The proposed method relies on feed-
back linearization based on a continuous approximation of
the slip ratio using a sigmoid function. The stability of the
control system is proven by using Lyapunov stability the-
orem. The effectiveness of the proposed method is further
verified by numerical simulation.

2. VEHICLE MODEL

The vehicle longitudinal dynamics is described by the
quarter vehicle model (M.Kasahara et al. [2009]) shown
in Fig. 1. The longitudinal motion of the vehicle and the
rotational motion of the wheel can be described as follows:

mv̇ = F − Faero − Froll

= F − Cav2 − Crmg, (1)
Jω̇ = −rF + τc + τd, (2)

where v [m/s] denotes the vehicle velocity, ω [rad/s] is the
angular velocity of wheel, τc [Nm] is the control torque,
τd [Nm] is the commanded torque to the driver, F [N]
is the driving/braking force on the tire, Faero [N] is the
aerodrag force, Froll [N] is the rolling resistance force, m
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Fig. 2. Driving/braking force.

[kg] is the vehicle mass, J [kgm2] is the inertial moment
of the wheel, r [m] is the wheel radius, g [m/s2] is the
gravitational acceleration, Ca [kg/m] is the aerodrag force
coefficient, and Cr [-] is the rolling resistance coefficient.

The slip ratio λ is expressed as follows considering that
the driving force is applied when rω ≥ v, and the braking
force is applied when rω < v.

λ =
rω − v

max (rω, v)
. (3)

The driving/braking force F acting on the tires is a func-
tion of the slip ratio λ, and the saturation characteristic
changes according to the condition of road surface. In
addition, it is well known that the driving/braking force
has a maximum value when λ is near ±0.2. Since the
vehicle dynamics in this paper considers the longitudinal
direction only, the tire slip angle is considered zero and
the considered tire force is the pure driving/braking force.
In this paper, the Magic Formula tire model (H.B.Pacejka
and I.J.Besselink [1997]), expressed by the following equa-
tion, is used to express these characteristics.

F = D sin {Ctan−1(Bλ)}, (4)
where D is the maximum frictional force possible for
the tire, and B and C are the design parameters. By
using (4) to express the driving/braking force F ; for
example, at D = 3000, B = 6.2, C = 1.8, the change in
driving/breaking forces can be studied as shown in Fig. 2.

3. CONTROL SYSTEM DESIGN

The slip ratio (3) varies discontinuously when the vehicle
changes from acceleration to deceleration and vice versa.
For this reason, separate controllers are used when accel-
erating and decelerating.

In this paper, in order to design an integrated controller
for both acceleration and deceleration, the slip ratio λ
is approximated to a continuous function λ̄ by using a
sigmoid function. Then, based on this approximate slip
ratio λ̄, a controller which tracks the desired slip ratio λd is
designed by using feedback linearization. Finally, by using
Lyapunov stability theorem, it is proven that λ during
acceleration and deceleration tracks λd with the designed
controller.

Hereafter, we assume that all physical parameters are
known, and that v, ω, λ, τd, F , Faero, and Froll are
measurable.
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Fig. 3. Time response of λ and λ̄.

3.1 Approximation of slip ratio

In this paper, the following sigmoid function is used:

σ =
1

1 + exp
{
−a

(rω

v
− 1

)} , (5)

where a is the design parameter. The approximate slip
ratio λ̄ is defined as follows:

λ̄ =
rω − v

σrω + (1 − σ)v
. (6)

By setting a to a large value in (5), λ̄ can approximate
λ with high accuracy. The time responses of λ and λ̄
are shown in Fig. 3, where a sine-wave torque with an
amplitude of 900 [N] and period of 6 [s] is added as the
commanded torque from the driver, τd. In Fig. 3, a is set
to a value of 40.

3.2 Controller design

By differentiating (6) and substituting (1), (2), and σ̇, the
state equation with respect to λ̄ is obtained as,

˙̄λ =
rvω̇ − rωv̇ − σ̇(rω − v)2

{σrω + (1 − σ)v}2

=
r{v2(1 + A)2 − aA(rω − v)2}

mJv2(rω + Av)2

× {mv(τc + τd − rF ) − Jω(F − Faero − Froll)},
(7)

where A and σ̇ are
A = exp

{
−a

(rω

v
− 1

)}
,

σ̇ =
aA{mrv(τc + τd − rF ) − Jrω(F − Faero − Froll)}

mJv2(1 + A)2
.

From (7), the control torque τc expressed by the following
equation is obtained by using feedback linearization:

τc = − kJv(rω + Av)2

r{v2(1 + A)2 − aA(rω − v)2}eλ̄

+
(rmv + Jω)F − Jω(Faero + Froll)

mv
− τd, (8)

where k > 0 is the feedback gain; eλ̄ = λ̄ − λd is the
tracking error; and λd is the desired slip ratio, which is
determined as follows:

λd =

{
cd, if λ ≥ 0

−cd, if λ < 0
, (9)
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where cd is a positive constant value. In addition, the
denominator of the first term in (8) is positive for all v
and ω, that is,

v2(1 + A)2 − aA(rω − v)2 > 0, ∀v, ω (10)
by appropriately setting a of (5). Then, eλ̄ asymptotically
converges to zero, that is, λ̄ asymptotically converges to
λd because the error system becomes

ėλ̄ = ˙̄λ = −keλ̄. (11)

To control the actual slip ratio λ, we apply the following
control law, in which the tracking error eλ̄ of (8) is replaced
by eλ = λ − λd.

τc = − kJv(rω + Av)2

r{v2(1 + A)2 − aA(rω − v)2}eλ

+
(rmv + Jω)F − Jω(Faero + Froll)

mv
− τd. (12)

3.3 Stability of control system

In this subsection, it is proven that λ during acceleration
and deceleration asymptotically converges to λd under the
control law (12).

By differentiating (3) and substituting (1), (2), and (12),
the error equation with respect to eλ during acceleration
and deceleration is obtained as follows:

· Acceleration (rω ≥ v):

λ̇ = ėλ = − kv2(rω + Av)2

(rω)2{v2(1 + A)2 − aA(rω − v)2}eλ, (13)

· Deceleration (rω < v):

λ̇ = ėλ = − k(rω + Av)2

v2(1 + A)2 − aA(rω − v)2
eλ. (14)

We define the following candidate Lyapunov function:

V(eλ) =
1
2
e2

λ. (15)

Then, the time derivative of (15) along the trajectories of
the closed-loop system is as follows:

· Acceleration (rω ≥ v):

V̇ = − kv2(rω + Av)2

(rω)2{v2(1 + A)2 − aA(rω − v)2}e2
λ, (16)

· Deceleration (rω < v):

V̇ = − k(rω + Av)2

v2(1 + A)2 − aA(rω − v)2
e2

λ. (17)

Obviously, V̇ < 0, ∀eλ �= 0 holds for both acceleration and
deceleration from (10). Since Lyapunov function V is pos-
itive definite and decrescent, eλ asymptotically converges
to zero. That is, λ during acceleration and deceleration
asymptotically converges to λd.

4. ROBUST CONTROL SYSTEM DESIGN

In the previous section, we assumed that all the physical
parameters were known and the commanded torque from
the driver τd, the driving/braking force F , the aerodrag
force Faero, and the rolling resistance force Froll were

0 0.2 0.4 0.6 0.8 1
0

500

1000

1500

2000

2500

3000

3500

4000

Fig. 4. Variations in the driving/braking force.

measurable during controller design. However, in practice,
the vehicle mass varies, for example, because of a varying
number of passengers. Moreover, it is difficult to measure
τd, F , Faero, and Froll accurately. For actual vehicle
control, a robust control system is required to account for
physical parameter fluctuations and disturbances.

In this section, a robust control method based on a dis-
turbance observer and the sliding mode control theory is
proposed. Hereafter, we suppose that the only physical
parameter exhibiting fluctuation is vehicle mass m, that
other parameters are known, and that τd, Faero, and Froll

are unknown. Thus, m is expressed as the sum of the
nominal value m0 and fluctuation ∆m; that is, m = m0 +
∆m. Furthermore, by utilizing the true value F with the
nominal value Fn and the bounded state-dependent coef-
ficient φ, the variation in the driving/braking force caused
by changes in the road surface condition is expressed as
follows (see Fig. 4):

F = Fn + φ. (18)

By differentiating (3) and substituting (1) and (2), the
state equation with respect to λ during acceleration and
deceleration is obtained as follows:

· Acceleration (rω ≥ v):

λ̇ = ėλ =
v

Jrω2
(τc − rFn + τ̄d) − Fn

m0rω
− ∆v

rω
, (19)

· Deceleration (rω < v):

λ̇ = ėλ =
r

Jv
(τc − rFn + τ̄d) − rωFn

m0v2
− rω∆v

v2
, (20)

where ∆v is

∆v =
( 1

m0
− ∆m

m0(m0 + ∆m)

)
(φ − Faero − Froll)

− ∆m

m0(m0 + ∆m)
Fn

=
φ − Faero − Froll

m
− ∆m

m0(m0 + ∆m)
Fn,

τ̄d = τd − rφ and is estimated by the disturbance observer
shown Fig. 5. The first order system in Fig. 5 is a low-
pass filter that cuts off the high-frequency component. The
estimated torque is represented by ˆ̄τd.
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Fig. 5. Block diagram of disturbance observer.

Consider the following control law:
τc =τ̄c − ˆ̄τd

= − kJv(rω + Av)2

r{v2(1 + A)2 − aA(rω − v)2}eλ

+
rm0v + Jω

m0v
Fn − ρ

eλ

|eλ| −
ˆ̄τd, (21)

where ρ > 0 is the design parameter. By substituting (19)
and (20) in (21), the state equation with respect to eλ

under acceleration and deceleration is obtained as follows:

· Acceleration (rω ≥ v):

ėλ = − kv2(rω + Av)2

(rω)2{v2(1 + A)2 − aA(rω − v)2}eλ

− v

Jrω2

(
ρ

eλ

|eλ| +
Jω∆v

v
− ˜̄τd

)
, (22)

· Deceleration (rω < v):

ėλ = − k(rω + Av)2

v2(1 + A)2 − aA(rω − v)2
eλ

− r

Jv

(
ρ

eλ

|eλ| +
Jω∆v

v
− ˜̄τd

)
, (23)

where ˜̄τd = τ̄d − ˆ̄τd is the estimate error. We define the
following candidate Lyapunov function:

V(eλ) =
1
2
e2

λ. (24)

Then, the time derivative of (24) along the trajectories of
the closed-loop system is as follows:

· Acceleration (rω ≥ v):

V̇ = − kv2(rω + Av)2

(rω)2{v2(1 + A)2 − aA(rω − v)2}e2
λ

− v

Jrω2
eλ

(
ρ

eλ

|eλ| +
Jω∆v

v
− ˜̄τd

)
, (25)

· Deceleration (rω < v):

V̇ = − k(rω + Av)2

v2(1 + A)2 − aA(rω − v)2
e2

λ

− r

Jv
eλ

(
ρ

eλ

|eλ| +
Jω∆v

v
− ˜̄τd

)
. (26)

If the design parameter ρ in (25) and (26) satisfies

ρ̄ = ρ −
∣∣∣Jω∆v

v
− ˜̄τd

∣∣∣ ≥ 0, (27)

Fig. 6. Block diagram of control system.

Table 1. Simulation parameters.

Vehicle parameters.

m0 900 ∆m 180 J 0.869

r 0.311 Ca 0.248 Cr 0.01

Design parameters

k 6 a 40 ρ 2000

cd 0.2 T 0.03
Magic Formula parameters (Dry asphalt)

B 6.2 C 1.8 D 4564

Magic Formula parameters (Wet asphalt)

B 4.8 C 2.1 D 2282

Initial values

v(0) 27.8 ω(0) 89.4 λ(0) 0

then (25) and (26) become

· Acceleration (rω ≥ v):

V̇ = − kv2(rω + Av)2

(rω)2{v2(1 + A)2 − aA(rω − v)2}e2
λ − ρ̄v

Jrω2
|eλ|,
(28)

· Deceleration (rω < v):

V̇ = − k(rω + Av)2

v2(1 + A)2 − aA(rω − v)2
e2

λ − ρ̄r

Jv
|eλ|. (29)

Obviously, V̇ < 0, ∀eλ �= 0 holds for both acceleration and
deceleration from (10) and

v

Jrω2
> 0,

r

Jv
> 0. (30)

Since Lyapunov function V is positive definite and decres-
cent, eλ asymptotically converges to zero; that is, λ during
acceleration and deceleration asymptotically converges to
λd.

The block diagram of the proposed control system is shown
in Fig. 6

5. NUMERICAL SIMULATION

Simulation was performed to verify the effectiveness of the
proposed controller. The simulation parameters are listed
in Table 1. The commanded torque from driver τd was
set as show in Fig. 7. In this simulation, assume that
sign of τd is known. Moreover, the nominal values Fn for
the driving/braking force in the controller design were set
for dry asphalt, whereas the true value F was set as wet
asphalt (see Fig. 8).
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Fig. 7. Commanded torque from the driver τd.
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Fig. 8. Nominal values Fn and true value F .

The results of numerical simulation are shown in Figs. 9
and 10. In the simulation, smoothing is implemented as,

eλ

|eλ| → eλ

|eλ| + ε
, ε = 0.03,

to prevent chattering due to nonlinear inputs, the control
torque τc was set to zero when τd = 0, and the desired slip
ratio λd was set to cd when τd > 0 and −cd when τd < 0.

Without the controller, the vehicle suffers tire locking
during deceleration and the tire slip during acceleration.
In addition, the vehicle velocity cannot be reduced or
increased as adequate driving/braking force cannot be
supplied when the tires lock or slip, respectively. By con-
trast, with the proposed controller, both tire lock and
slip are prevented, despite physical parameter errors and
variations in the road conditions. Thus, in this case, the
vehicle can be decelerated and accelerated as the driv-
ing/braking force can reach the maximum value when
the controller maintains the slip ratio within ±0.2. Fur-
thermore, although an estimate error exists due to the
influence of a low-pass filter, τ̄d can be estimated by using
the disturbance observer.

Then, in order to prove the effectiveness of the proposed
controller, a comparison was made utilizing a switching
controller

τc =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−k
Jrω2

v
eλ +

rm0v + Jω

m0v
Fn − ρ

eλ

|eλ| −
ˆ̄τd,

if rω ≥ v

−k
Jv

r
eλ +

rm0v + Jω

m0v
Fn − ρ

eλ

|eλ| −
ˆ̄τd,

if rω < v

. (31)

The results of numerical simulation using (31) are shown
in Fig. 11. Comparing (21) with (31) reveals that there
is no difference in the control performance. However, the
proposed controller has an advantage that vehicle slip
ratio can be controlled both deceleration and acceleration
without the need for controller switching.

6. CONCLUSION

In this paper, we proposed an integrated control method
for the vehicle slip ratio for both acceleration and decelera-
tion. The proposed method relies on feedback linearization
based on a continuous approximation of the slip ratio using
a sigmoid function. The stability of the control system was
proven by using Lyapunov stability theorem. Furthermore,
in order to achieve robust stability against vehicle mass
fluctuation, variation in the driving/braking force caused
by changes in the road surface conditions, and unknown
commanded torque from the driver, we proposed a robust
control method based on a disturbance observer and slid-
ing mode control theory. A numerical simulation verified
the effectiveness of the proposed method.
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Fig. 9. Simulation results without control.
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Fig. 10. Simulation results with proposed controller.
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Fig. 11. Simulation results with switching controller.
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