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Abstract— This article is devoted to the synchronization of
heterogeneous, and hence non-identical, linear systems. The
proposed solution results in a fully distributed control law
solely relying on local measurements. In order to achieve
this, it is shown that the problem can be decomposed into
three sub-problems: First, the synchronization of identical
exosystems provides a feasible trajectory which turns out to be
the synchronization manifold. Second, a decentralized observer
is proposed for estimating the absolute state based on the
local measurements performed. Third, this estimate is used to
derive a tracking control law, based on the full information

output regulation problem, to follow the generated exosystem
reference. The concept is illustrated by an example.

I. Introduction

Within the last decade a large part of the control com-
munity intensively investigated problems involving identical
dynamic systems, called agents, linked over communication
networks. Proving useful to a vast set of applications, the
fundamental underlying problem is to synchronize the states
of the agents [11], [12], [17], [18].

However, from an application centric standpoint the results
achieved do not apply to a real-world set-up because all
agents are considered identical. Technically, this is impos-
sible. Hence, the difference between the respective agents,
their heterogeneity, cannot be neglected in the design of
suitable control laws achieving synchronization. In fact,
small differences between the agents may have dramatic
effects on the synchronizability of the multi-agent system,
as will be seen later.

Surprisingly, the synchronization of heterogeneous sys-
tems is still underrepresented in the available literature. The
first rigorous treatments of the problem are given in [7],
[19]. Both results use similar approaches to achieve synchro-
nization among heterogeneous linear systems and identify
an internal model principle to prove useful in achieving the
result. However, in both cases the absolute output is used
for feedback and hence the approach is not solely relying on
local (or relative) information. Further, the approaches are
restricted to systems without exponentially unstable modes in
the individual system dynamics. Both problems are recently
solved by [9]. However, the design proposed is relying on
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a leader-follower structure of the underlying communication
network which is not necessary in general.

A very special clock synchronization problem for double
integrator agents is giving rise to the approach presented in
[2]. Although a fully distributed control law is provided,
a generalization to arbitrary linear system dynamics is not
given and the communication networks are considered to be
undirected only.

In order to overcome the limitations of the prior results,
we investigate the (partial-)state synchronization for hetero-
geneous agents with the dynamics

ẋi = Ai xi + Biui (1)

with xi ∈ R
n and ui ∈ R

m for all i ∈ {1, . . . ,N}, respectively.
Observe that the input and state dimensions of all agents are
assumed to be equal. The matrices Ai and Bi are of appro-
priate dimension and hence only differ in their parameters.
For instance, such variations may result from manufacturing
imperfections and (1) describes a realistic model of a multi-
agent system consisting of identical agents.

In contrast to the synchronization of homogeneous sys-
tems, there is no obvious synchronization manifold in this
case. In order to respect this, every agent will be equipped
with the same exosystem for generating a feasible trajectory.
This inherently assigns a homogeneous system to all agent
controllers, so that the exosystem can be seen as the internal

model of our approach. By forcing the agents to agree on a
common trajectory, this later serves as the synchronization
manifold. Then, synchronization is achieved if every agent
tracks this trajectory. Yet tracking relies on the use of the ab-
solute state for feedback and since only local measurements
are performed, the absolute state needs to be reconstructed.
Moreover, this reconstruction needs to be implementable
on every agent, so that a decentralized observer provides
adequate. As a consequence, the synchronization problem
for heterogeneous agents falls apart into three known sub-
problems of linear control theory: (i) Synchronization of

identical systems – for achieving agreement on the trajec-
tories of the exosystems, (ii) the design of a decentralized

observer – for reconstructing the absolute state from the local
measurements performed and (iii) full information output

regulation – for tracking the generated common trajectory
by using estimated state feedback.

This results in the following structure of the paper: In
the next section preliminaries, necessary for understanding
the proposed solution, are provided before in Section III the
design of all three parts is given. An illustrative example,
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synchronizing parts of the state of three different helicopters
is provided in Section IV and Section V concludes the paper.

II. Preliminaries

A. Notation and Matrices

Given vectors xi ∈ Rn with i ∈ {1, . . . ,N}, let the stacked
vector including all individual vectors be given by xT

=

[xT

1 , . . . , x
T

N
] ∈ RnN . Similarly, for the matrices Pi ∈ Rn×m

the block diagonal matrix formed from them, reads

P̃ =



P1 0

. . .

0 PN


∈ R

nN×mN .

The vec-operator stacks the column vectors of a matrix into
a single column vector, e.g. for P =

[
p1 · · · pm

]
∈ Rn×m

vec (P) =
[
pT

1 · · · pT
m

]T

∈ R
nm.

For a complex matrix M ∈ Cn×m, let MH denote its conjugate
transpose. Further, let P ∈ Rn×n, then, ρ (P) denotes its
spectrum and λk (P) its k-th of n eigenvalues. The right and
left Kronecker products with the identity In of order n are
given by P̂n = P ⊗ In and P̃n = In ⊗ P, respectively. The
n × m-dimensional zero matrix is written as 0n×m.

Regarding definiteness of matrices, we denote by A ≻

0 that xT Ax > 0 and hence that A is positive definite.
Accordingly, A ≻ B is equivalent to A − B ≻ 0.

For the design of our control laws and the decentralized
observer, a rather unknown result [4] proves beneficial.

Lemma 1: Given Q = QT, A = AT ∈ Rn×n. If xTQx > 0
and xT Ax = 0 ∀ x , 0, then ∃ µ such that Q − µA ≻ 0.

B. Graph Theory

For multi-agent systems, graph theory provides a formal
description of their communication network. Hence, a brief
introduction to the most important elements is provided. For
further reading we recommend [20].

The communication network is described by a directed

graph (or digraph) G =
(
VG,EG

)
with the set of vertices

VG = {v1, . . . , vN}, with |VG| < ∞, and the set of ordered
pairs of vertices (vi, v j) called edges EG ⊆ VG × VG. The
ordering is important to denote the direction of each edge.
Since no self-loops (vi, vi) are permitted, |EG| < ∞. Hence,
only finite graphs are considered. An important matrix clas-
sifying the neighborhood of each vertex in a graph is the
adjacency matrix AG ∈ RN×N which is defined as

AG =
[
aGi j

]
=


1,

(
vi, v j

)
∈ EG,

0,
(
vi, v j

)
< EG.

(2)

For every agent i, the set of in-neighbors is defined as
Nini
=

{
v j ∈ VG |

(
v j, vi

)
∈ EG

}
. The cardinality

∣∣∣Nini

∣∣∣ = dini

of this set is termed the in-degree of agent i and gives the
number of agents which are sending information to agent i.
The in-degree matrix DGin = diag

(
din1
, . . . , dinN

)
contains the

in-degrees and is part of the Laplacian matrix

R
N×N ∋ LG = DGin − AT

G =


−aG ji

, i , j,
∑N

j=1 aG ji
, i = j

(3)

the most important matrix for synchronization problems [12].

C. Problem Statement

Since the dynamics of the agents have already been
defined in (1), we emphasize the fact that every agent is
only able to measure state differences with respect to its in-
neighbors. The resulting output description of the agents is

yi =

N∑

j=1

aG ji

(
xi − x j

)
. (4)

The aim is to find a distributed control law ui = f (yi)
achieving partial-state synchronization based on this relative
measurement only. Let C ∈ Rp×n, then synchronizing p agent
states can be expressed as

lim
t→∞
‖Cxi(t) − Cx j(t)‖ = 0 ∀i, j ∈ {1, . . . ,N}. (5)

III. Design Procedure

After providing the mathematical foundations and a con-
cise problem description, we directly regard the control
design problem. In order to synchronize the agents, we
propose the following observer-based, distributed control law

˙̂xi = Ai x̂i + Biui + Hi (yi − ŷi) , (6a)

ui = −Ki

(
x̂i −Πiηi

)
+ Γiηi, (6b)

η̇i = Rηi + Dvi, (6c)

vi = −F

N∑

j=1

aG ji

(
ηi − η j

)
(6d)

where η ∈ Rr describes the states of the exosystem and
vi ∈ Rk its inputs. The matrices Hi ∈ Rn×n, Ki ∈ Rm×n,
Πi ∈ Rn×r, Γi ∈ Rm×r, D ∈ Rr×k and F ∈ Rk×r are to be
designed. The scheme of this control law is also illustrated
in Fig. 1, where the different parts are highlighted in color.
It can directly be seen that besides the states of the agents,
the estimated states and the states of the exosystem need to
be communicated additionally.

Then, the overall system dynamics are given by

ẋ = Ãx − B̃K̃x̂ + B̃
(
K̃Π̃ + Γ̃

)
η, (7a)

˙̂x = H̃L̂G,nx +
(
Ã − B̃K̃ − H̃L̂G,n

)
x̂ + B̃

(
K̃Π̃ + Γ̃

)
η, (7b)

η̇ =

(
R̃N − D̃N F̃N L̂G,n

)
η. (7c)

Introducing the observer error e = x − x̂ and using zT
=

[xT, eT, ηT] , this can be rewritten in compact form as

ż =



Ã − B̃K̃ B̃K̃ B̃
(
K̃Π̃ + Γ̃

)

0 Ã − H̃L̂G,n 0

0 0 R̃N − D̃N F̃N L̂G,n


z. (8)

The resulting upper triangular structure of the overall system
matrix allows to decompose the problem of synchronizing
the heterogeneous agents into three different sub-problems.
Firstly, the exosystems need to be synchronized to gener-
ate a common trajectory used as synchronization manifold.
Secondly, an asymptotically stable observer error is needed,
since thirdly, the estimated absolute state is used in the
reference trajectory tracking problem.
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rank



λi,lInγi,l

− Ã∗
i,l

l̂∗
G,n,i,l


 = rank

([
Λi,l

l̂∗
G,n,i,l

])
= rank





λi,lIn − A∗
i,l1

0 · · · 0

0
. . .

. . .
...

...
. . .

. . . 0

0 · · · 0 λi,lIn − A∗
i,lγi,l

l∗
G,i,l,1In · · · · · · l∗

G,i,l,γi
In





(12)

the dynamics of this subsystem are described by Ã∗
i,l

and its

communication topology by l̂∗
G,n,i,l

. Note that l∗
G,i,l

is a row
vector, since only the communication from the in-neighbors
to agent i is considered. First, we provide a necessary and
sufficient condition for the observability of the subsystems
Ξi,l and thus the eigenvalues λi,l.

Theorem 2: The eigenvalues λi,l with Re
(
λi,l

)
> 0 of an

agent i are observable if and only if ∀λi,l, i ∈ {1, . . . ,N} ∃k :
(vk, vi) ∈ EG, λi,l < σ (Ak) holds.

Proof: (⇒) Apply the Hautus observability criterion.
Then, observability of λi,l results for each subsystem Ξi,l in

rank



λi,lInγi,l

− Ã∗
i,l

l̂∗
G,n,i,l


 = nγi,l ∀λi,l, (11)

where γi,l = d∗ini,l
+ 1 is the dimension of Ξi,l. This rank

condition can be rewritten as (12). By renumbering the
agents in Ξi,l, without loss of generality A∗

i,l1
= Ai can

always be assumed leading to a rank deficit in the upper
left block matrix in Λi,l since λi,l ∈ σ (Ai). Because the
subsystems are constructed such that λi,l < σ (Ak)∀vk ∈

N∗ini,l
, the remaining rows in Λi,l contain nd∗ini,l

linearly
independent rows. In addition, l∗

G,i,l
has no zero elements.

Thus l̂∗
G,n,i,l

provides additional n linearly independent rows

because rank
(
l∗
G,i,l
⊗ In

)
= rank

(
l∗
G,i,l

)
· rank (In). Therefore

rank ( · ) = n + nd∗ini,l
= nγi,l can be concluded.

(⇐) If all in-neighbors are containing λi,l, the subsystems
Ξi,l only consist of the agent itself and because of d∗ini,l

= 0,

we have γi,l = 1. In this case rank
(
λi,lInγi,l

− Ã∗
i,l

)
< n = nγi,l

completing the result.

Remark 1: Theorem 2 includes the standard condition for
the synchronizability of homogeneous systems as a necessary
one - the communication graph has to be connected (cf.
Theorem 1). It is however more restrictive since every agent
is required to have at least one in-neighbor and for every
unstable eigenvalue λi, j there has to be an in-neighbor not
containing this eigenvalue. An exception to this is the case
where one agent represents the exosystem. This results in a
leader-follower synchronization problem like in [9].

In contrast to the standard observer design problem, a
structurally constrained observer matrix H̃ is sought in this
case. Because a distributed implementation of the observer
is desired, H̃ has to be in block diagonal form. To the best
of the authors’ knowledge no practically verifiable conditions
which guarantee the existence of such an observer have been
published. These would ensure the existence of a solution to

the bilinear matrix inequality

P
(
Ã − H̃L̂G,n

)
+

(
Ã − H̃L̂G,n

)T

P ≺ 0 (13)

with the Lyapunov matrix P ∈ RnN×nN . However in the
following, two ways for designing H̃ are proposed assuming
that a solution exists.

If P is restricted to be in block diagonal form as well, i.e.
P = P̃, a change of variables can be employed to transform
(13) into a linear matrix inequality. The substitution P̃H̃ = Ṽ

results in

P̃ Ã + Ã T P̃ − ṼL̂G,n − L̂ T

G,nṼT ≺ 0. (14)

Once a feasible solution of this LMI is found, the block
diagonal observer matrix is obtained by H̃ = P̃−1Ṽ since the
block diagonal structure is preserved by the multiplication
of two block diagonal matrices.

The approach described above is somewhat restrictive and
leads to conservative results. Better results were obtained by
the application of Lemma 1 [4]. Then, despite P = PT no
other constraints have to be imposed on the Lyapunov matrix.
This results in a two step procedure, first solving

PÃ + Ã T P − µL̂ T

G,n L̂G,n ≺ 0 (15)

with µ ∈ R to find a feasible P∗ and µ∗. With this solution,
(13) becomes the LMI

P∗
(
Ã − H̃L̂G,n

)
+

(
Ã − H̃L̂G,n

)T

P∗ ≺ 0 (16)

which can be solved for H̃.
So far only the stability of the observer error has been

considered. It is however possible to optimize the observer
performance. For example a path-following algorithm [13]
could be employed to improve the decay rate using

(
P∗, H̃

)

as an initial feasible solution. Alternative, more classical
solutions are obtained using [3], [15].

C. Common Exosystem Tracking

As a final step we need to design Ki,Πi and Γi such
that the agent states partially track the common exosystem
trajectory. Let

qi = Cxi − Qηi (17)

denote the tracking error of the i-th agent with Q ∈ R
p×r.

The observer problem is completely decoupled from the
exosystem tracking because of the block triangular structure
of the overall system given in (8). Because the observer is
asymptotically converging, it is possible to investigate the
tracking problem assuming xi is available for the control law.
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[
− (Ir ⊗ Ai) +

(
RT ⊗ In

)
− (Ir ⊗ Bi)

(Ir ⊗ C) 0rp×rm

]

︸                                            ︷︷                                            ︸
Ψi

[
vec (Πi)
vec (Γi)

]
=

[
0nr×1

vec (Q)

]

︸    ︷︷    ︸
Σ

(20)

Furthermore, the exosystems asymptotically synchronize so
that it suffices to assume η̇i = Rηi. As a consequence, the
following system of equations is regarded for every agent

ẋi = (Ai − Bi Ki)xi + Bi(KiΠi + Γi)ηi, (18a)

η̇i = Rηi, (18b)

qi = Cxi − Qηi (18c)

and the design has to achieve qi → 0 for t → ∞.
Obviously, to enable tracking, (Ai−Bi Ki) must be Hurwitz

for all i ∈ {1, . . . ,N}, which is possible if and only if all
(Ai, Bi) are stabilizable. In this case, the feedback matrix Ki

can be designed using any standard method available.
For the design of the prefilter and the feedforward ma-

trices Πi,Γi, respectively, the situation is not that obvious.
However, still we are able to use a standard approach for
their design. Following [5], [6], this problem is equivalent to
the full information output regulation problem. Hence, the
solution must satisfy the constrained Sylvester equation

ΠiR = AiΠi + BiΓi, (19a)

0 = CΠi − Q. (19b)

Note that, the Sylvester equation (19a) itself is solvable if and
only if the matrices R and Ai do not share any eigenvalues.
This must be true for all agents.

For further intuition on the solvability with respect to our
partial-state synchronization problem, consider the case of
full state synchronization. This implies r = n and C = In, so
that Πi = Q to fulfill (19b). In fact, this is a severe limitation
and possibly leads to an unsolvable problem for the design.
This shows, that the aforementioned small differences in the
dynamics of the agents can lead to large problems for solving
practical full-state synchronization. In general, the less states
p are synchronized, the less restrictions are imposed by (19b)
to the solution of (19a).

Since (19) describes r(n + p) equations and Πi und Γi

provide r(n + m) degrees of freedom, a sufficient condition
for the synchronizability of p states is given by

p ≤ m.

However there are cases with p > m that allow for the
synchronization of p states.

If a solution exists, it can be calculated by using the
vec-Operator to reshape the constrained Sylvester equation.
Applying the operator, (19) can be written as (20) leading to
a system of nr × nr linear equations1. Then, the conditions
for the solvability can be straightforwardly analyzed: A
solution exists, if and only if rank ([Ψi Σ]) = rank (Ψi).

1Using this form, obtaining a numerical solution is costly and may be an
ill-conditioned problem.

If in addition rank (Φi) = r(m + n) holds, the solution is
also unique. Otherwise, there might be infinitely many or no
solutions to the problem. As a consequence, the choice of
the exosystem and its dimension impact the solvability of
the above equations. Generally, a solution Πi and Γi can be
calculated from [

vec (Πi)
vec (Γi)

]
= Ψ

+

i Σ (21)

with the generalized right-inverse Ψ+
i
= Ψ

T

i
(ΨiΨ

T

i
)−1.

This solution together with a suitable design for Ki for all
i, guarantees limt→∞ qi(t) = 0.

IV. Example

Illustrating the proposed methodology, we present the roll
and yaw rate synchronization of three different helicopters.
The linearized models are given in [14] and represent a Bo
105, a PUMA XW 241 and a DRA Lynx helicopter. For this
example, the lateral dynamics are considered and assumed
to be decoupled from the longitudinal dynamics. Further,
we choose steady and trim flight at zero velocity for the
linearization condition.

Due to space restrictions we refer to [14] for the system
matrices and it can be checked that all helicopter models will
have different eigenvalues. Hence, the observer design is not
obstructed and the conditions of Theorem 2 are fulfilled.
Note that we additionally neglected the rolling angle so that
the state of each helicopter is given by xi = [vi, pi, ri]T, where
vi is the forward velocity and pi, ri denote the roll and yaw
rate, respectively.

Since we are able to synchronize two of the three states,
the exosystem will have state dimension two as well. In order
to generate feasible trajectories, a harmonic oscillator model
is used, so that the exosystem matrices read

R =

[
0 1
−1 0

]
, D =

[
0
1

]
(22)

Clearly, the exosystem is antistable2. Together with a suitable
topology of the communication network, a design for the
synchronization feedback matrix F can be obtained. Using
a ring topology for the communication graph, the Laplacian
matrix is given by

LG =


1 0 −1
−1 1 0

0 −1 1

 . (23)

At this point it is worth mentioning that all the results were
computed using YALMIP version 3 [10] together with the
solver SDPT3 in version 4 [16].

2All its eigenvalues have non-negative real part.
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Next, we focus on the decentralized observer. Since no
eigenvalues are shared as mentioned earlier, and a ring
topology is used, all the conditions needed for the proposed
design are satisfied. Hence, suitable observer matrices Hi are
obtained. We regret that due to the large number of design
parameters, the numerical results for all matrices must be
omitted due to space restrictions.

Finally, the tracking problem is considered. The aforemen-
tioned choice

C =

[
0 1 0
0 0 1

]
(24)

is used, to solve the full information output regulation prob-
lem (19) with Q = Ir. In addition, the feedback matrices Ki

are designed using the place command of Matlab R© and the
closed-loop poles are set to {−2,−3,−4} for all helicopters.
Again, by the eigenvalues of the exosystem the necessary
conditions for obtaining a solution are fulfilled.

Applying the obtained solution, results in the behavior
given in Fig. 2. Here, the course of the state variables over
time is plotted. Due to the large deviations at the beginning,
a magnification of the instant of synchronization is provided,
which gently shows the effectiveness of the approach.
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Fig. 2. Synchronization of the rolling and yawing velocity of three different
helicopters, based on the proposed scheme.

V. Conclusion

In this article, a novel approach for synchronizing hetero-
geneous, hence non-identical, linear systems is proposed. It
completely relies on the use of local information and thus
leads to a distributed control scheme. To this end, the prob-
lem is decomposed into three sub-problems: Synchronization
of identical exosystems, decentralized observer design and

full information output regulation. The synchronization of
three different helicopter models illustrates the methodology.

However, particularly for the observer design and the
regulation problem, more sophistication is needed than in the
classical stabilization domain. The influence of the exosys-
tem on the possibilities of synchronization must be further
studied and a guaranteed way of finding a block diagonal
observer matrix would prove beneficial. Another major goal
in the future is a reduction of the communication load in the
network, since the states, the estimated states and the states
of the exosystems need to be exchanged so far.
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