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Abstract— Considered in this paper is the development of
a dynamic model based on system identification for a specific
problem of active control of flow separation using synthetic
jets. A feedback control loop is very crucial for the efficient
operation of synthetic jets. Constructing the dynamic model
of the jets is of fundamental importance to accomplish such
feedback control. We apply a polynomial NARMAX (nonlinear
autoregressive moving average model with exogenous inputs)
method to the results derived from numerical simulation,
where the interaction of synthetic jets with a laminar boundary
layer is examined. Since the pressure distribution across a
control surface including the jet slot is a good measure of
flow separation, a dynamic nonlinear model is identified for the
downstream pressure response with respect to the synthetic jet
actuation. The model is verified using a set of CFD simulation
results with different actuation frequencies. The identified
dynamic model with uncertainty caused by variation of free
stream velocity is proposed for control system design for
mitigating flow separation.

I. INTRODUCTION

Synthetic jets have attracted attention, since extensive
numerical and experimental results have shown that these
may be a promising application among numerous active
flow control methods. A synthetic jet is uniquely created
from the periodic suction and blowing of working fluid
so that the energy can be provided to the flow without
adding extra mass. A Synthetic Jet Actuator (SJA) operates
in a stand-alone manner without any extra piping or fluidic
packages, and thus can be easily fabricated and integrated
into a fluidic system [1].

To date, a large number of research articles have been
appeared on flow separation control of lifting surfaces using
synthetic jets. Available research includes dynamic stall
control as well as static stall control. The characteristics of
synthetic jets, such as actuation frequency, slot width and
jet momentum coefficient, have been widely examined [2]–
[8]. Experiments on an airfoil showed that synthetic jets not
only delay stall by simply suppressing the flow separation,
but can also control the degree of the separation by varying
the actuation frequency of the jets [9], [10].

Implementation of a feedback loop is essential for flow
separation control using synthetic jets. Supposing that a
synthetic jet actuator is applied on an aircraft in flight, it
should cope with large uncertainties connected with the flow
around a wing. In addition, the available power to operate
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the actuator is limited during flight. Therefore, robustness
and efficiency of the controller are crucial so as to ensure the
performance of the actuator. However, research on feedback
control of flow separation using synthetic jets are not
readily available, since it is challenging to develop a flow
model to facilitate the synthesis of control algorithms that
can guarantee the required performance. The difficulty in
modeling is mainly due to the highly nonlinear mechanisms
associated with the synthetic jets.

From a control standpoint, a synthetic jet model should be
of sufficiently low order to be applicable in realistic control
applications, while capturing the key dynamics of the orig-
inal physical system. Previously, reduced order modeling
using Proper Orthogonal Decomposition (POD) has been
studied for synthetic jet systems [11]–[13]. These studies
showed that as few as 4 or 5 principal modes can accurately
describe the response of flows, demonstrating that low-order
modeling by POD is a efficient tool for control or simulation
of synthetic jets. Another approach is to employ mathemat-
ical models, such as ordinary differential equations, whose
structures are based upon physical knowledge of synthetic
jets, and estimate the model coefficients from numerical or
experimental data [14]–[17]. However, the majority of these
modeling studies were limited to either inner cavity flow in
the actuator or ejected vortices in the immediate vicinity
of an exit slot. Otherwise, the relationship between the
performance parameters, such as lift or moment coefficients,
and the synthetic jet actuation was directly sought. This
relationship, however, is insufficient to capture the strong
nonlinear interaction of the jet with the cross flow.

In this research, we concentrate on the interaction of
synthetic jets with the crossing boundary layer, since the
vortices created by the jets travel downstream close to the
control surface and modify the flow characteristics. This
interaction facilitates improvement of the performance of
fluidic systems by delaying the onset of the flow separation.
The inner region of the boundary layer on the control
surface where a jet exit slot is located is treated as the
domain for the system identification in Fig. 1. In this
domain, the pressure gradient (or pressure recovery) over
the control surface is a good measure for quantifying the
flow separation control if the synthetic jets are introduced
slightly upstream of the separation location [15], [18].

The objective of this study is to build a reasonable
nonlinear model that captures the flow response for syn-
thetic jets as well as the influence of uncertain flow condi-
tions. A polynomial NARMAX (Nonlinear AutoRegressive
Moving Average model with eXogenous inputs) method
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is applied to numerical results to identify the model. The
NARMAX is capable of approximating a wide variety of
nonlinear functions. For example, non-linear models such as
Hammerstein, Wiener, bilinear and Volterra models can be
interpreted as subclasses of NARMAX [19]. The parameters
of the polynomial NARMAX are linear so that existing
parameter estimation techniques such as least squares can be
readily used [20]. The resulting NARMAX model is verified
through CFD simulation. Furthermore, varying a free stream
velocity within a certain range, the model parameters that
depend on the free stream velocity are collected into a set
such that uncertainty in the model can be assessed for varied
external flow conditions.

II. NUMERICAL SIMULATION

Nektar, the h/p spectral element formulation for the
Navier-Stokes Equation, is utilized for simulation. The
schematic for the flow configuration is shown in Fig. 2.
The flow is assumed to be incompressible and laminar,
developing the boundary layer on a flat plate. The synthetic
jet is modeled as a time-varying velocity profile in Fig.
3 [21]. A sinusoid approximates the spatial profile of the
flow exiting the jet slot. Although the assumed sinusoid
is slightly different from the detailed profile examined
in numerical simulations [22], the difference is not so
significant as to affect the downstream flow response.

As shown in Table I, the physical properties for the
simulation refer to the parameters of the low-speed wind
tunnel experiments [9], [10]. The boundary layer thickness
at the jet exit slot is calculated for a free stream velocity
of 20m/s via the Blasius boundary layer equation. The
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Fig. 3. Velocity condition approximating the flow exiting the jet slot

TABLE I

PHYSICAL PROPERTIES FOR THE NUMERICAL SIMULATION

kinematic viscosity (m2/s) 1.51×10−5

jet amplitude (A, m/s) 4
slot width (mm) 1.12

distance from a leading edge to a slot (mm) 62
boundary layer thickness

at a slot position, δo (mm, for U∞ = 20m/s) 1.1323

simulations were performed for three different free stream
velocities: U∞ = 15m/s, 17.5m/s, 20m/s.

The parameters are nondimensionalized with respect to
the boundary layer thickness at the slot, δo, and the free
stream velocity, U∞. The dimensionless variables are defined
as follows.

• velocity: u∗ = u/U∞, v∗ = v/U∞
• coordinates: x∗ = x

/
δo, y∗ = y

/
δo

• time: t∗ = t
/

tc, where tc =
(
δo

/
U∞

)
• pressure: p∗ = p

/
ρU2

∞
• angular frequency for actuation: ω∗ = 2π f · tc
• Reynolds number: Re = U∞δo

/
ν

In what follows, all the asterisks representing dimension-
less properties are omitted for convenience. The dimen-
sional values are highlighted in parentheses if necessary.

The grid distribution and boundary conditions for Re =
1608(U∞ = 20m/s) is shown in Fig. 4. The number of total
elements is 252, and the grids are clustered with respect to
the exit slot at 0 ≤ x ≤ 1.06. The Blasius velocity profile is
employed as an inlet velocity boundary condition. Without
the jet actuation, it guarantees a laminar boundary layer on
the flat panel.

Time-series data for velocity and pressure are captured
during the actuation at the coordinates in Fig. 5. The
downstream data is collected further from the jets than the
upstream data, since vortices created by the jet are fully

wall B.C.

Neumann B.C.Blasius velocityprofile

X

Fig. 4. Grid distribution and boundary conditions for Re = 1608
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developed at 4 to 5 times the slot width from the slot.

III. MODELING

A. NARMAX

As the synthetic jets are a series of large unsteady vortical
structures, physical modeling based on Navier-Stokes equa-
tions is significantly demanding. In this study, it is attempted
to build a dynamic model directly via parameter estimation
of input-output data relationships. As alluded to earlier, a
polynomial NARMAX identification method is presented
henceforth. Particularly, a NARX (a NARMAX with the
noise terms excluded) is implemented, neglecting the noise
terms.

The discrete nonlinear model will be constructed as
follows.

y(k) =
nθ

∑
i=1

θ̂i pi (k)+ ξ (k) = P(k) ·ΘT + ξ (k) , (1)

where y is a measured output, pi a regressor term,
θ̂i a model coefficient, P(k) =

{
p1(k), . . . , pnθ (k)

}
, Θ ={

θ1, . . . ,θnθ

}
, and ξ a residual error. The polynomial struc-

ture leads to a formulation for the regressor term as follows
[23].

pi (k) =
p

∏
j=1

y(k−ny j)
q

∏
k=1

u(k−nuk),

p1 (k) = 1,

i = 2 . . .n, p, q ≥ 0, 1 ≤ p + q ≤ L,

1 ≤ ny j ≤ ny, 1 ≤ nuk ≤ nu,

(2)

where u denotes input data.
As shown in (2), the permutations of input and output

pairings generate a large number of possible regressor
terms. Hence, the orthogonal least-square estimation algo-
rithm is implemented to identify the significant terms among
all the possible terms and calculate the corresponding θi’s
[19]. The orthogonal least-square estimation algorithm gives
the auxiliary model of (1) as

y(k) = ŷ(k)+ ξ (k) =
nθ

∑
i=1

ĝiwi (k)+ ξ (k) , (3)

where gi’s are orthogonal and calculated by the modified
Graham-Schmidt method.
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Fig. 6. Schematic of a synthetic jet model for flow separation control

The significance of each regressor terms in (3) are eval-
uated by Error Reduction Ration (ERR), which is defined
as

eRRi = ĝ2
i

N

∑
k=1

w2
i (k)

/
N

∑
k=1

y2 (k). (4)

Comparing the ERR values of each regressor, it is deter-
mined which terms should be retained in the model. The
procedure is stopped if ERR is less than a preset threshold
[19].

The error between the identified model and the numerical
results is quantified with a normalized mean square error
(NMSE) as follows.

NMSE =

√
∑(ŷ(k)− y(k))2

/
∑(y(k)− ȳ(k))2, (5)

where ŷ is a model output, y the simulated output, and ȳ
the mean value of y.

B. Construction of a Synthetic Jet Model

For model development, the actuation frequency is taken
as an input, and the pressures at each upstream/downstream
sections are proposed as system outputs. If the geometric
configuration is fixed, free stream velocity is the most sig-
nificant variable affecting the model uncertainty. Therefore,
as shown in Fig. 6, each model parameter vector, Θi, in
the NARMAX model is computed via CFD simulation
and system identification for different fixed free stream
velocities, Ui, and gathered into a set {Θ}. The transfer
functions, Gi(z), derived from the different NARMAX mod-
els are utilized to construct a set {G}. This set represents
the parameter uncertainty of flow system, which is to be
accommodated in controller design to guarantee robust
performance.

IV. RESULTS

A. Synthetic Jets in a Quiescent Flow

The evolution of synthetic jets in a quiescent flow is
presented in Fig. 7. As the free stream velocity is nonexis-
tent in this case, nondimensionalization is performed with
respect to a virtual free stream velocity 20m/s. Periodic
blowing/suction through a narrow slot results in a series of
vortex pairs, which advance with the momentum confined
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Fig. 7. Vorticity contour plot of synthetic jets with ω = 0.142289(400Hz)
in a quiescent flow. The solid lines present the streamlines.

within the vortices. The result verifies that while this
simulation does not include accurate CFD conditions for
the synthetic jet actuation consisting of orifice, cavity and
inner moving boundary, the assumed velocity condition in
Fig. 3 satisfies the essential characteristics of synthetic jets.

B. Interaction of Synthetic Jets with a Boundary Layer

CFD simulation results for Re = 1608 are presented
in Fig. 8. The jet frequencies are given as ω =
0, 0.035572(100Hz), 0.142289(400Hz). The jet magnitude
is fixed at 0.2. During the jet blowing period, the interaction
of the jets with the crossing boundary layer displaces the
streamlines of the cross flow such that separation bub-
bles are periodically created near the jet exit and travel
downstream, while maintaining a coherent structure. This
is a special characteristic which cannot be observed in
continuous suction or blowing, and promotes the effective
transference of high momentum of the free stream into the
boundary layer.

Time-series data at the upstream and downstream sections
of Fig. 5 are compared for ω = 0.142289 in Fig. 9. The
coordinates of the measuring points are (-1.0, 0.1) on
the upstream section, and (6.0, 0.1) on the downstream
section. The sharp peaks shown in the downstream cross
stream velocity correspond to the moment when the vortex
crosses the measuring point. These peaks cannot be ob-
served at the upstream point. Evidently, the velocities and
pressure downstream show the stronger nonlinear behaviors
than upstream. Therefore, a nonlinear system identification
method is necessary to construct a dynamic model for the
downstream flow response.

C. System Identification

The input signal for system identification should have suf-
ficient frequency content to cover the important frequency
bandwidth of the system. Consequently, a chirp signal is
chosen as an input for the identification, since it shows good
control in the excited frequency band and its sinusoidal
characteristics match those of the synthetic jet actuation.
The proposed chirp signal is given in (6) below [24].

(a)

(b)

(c)

Fig. 8. Contour plots of streamwise velocity, u, at a peak blowing cycle
for (a) no actuation (b) ω = 0.035572 (c) ω = 0.142289. The arrow points
the slot, and the solid lines represent streamlines.

(a)

(c)

(b)

(-1,0.1)
(6,0.1)

Fig. 9. Time responses at upstream (dashed) and downstream (solid)
points for (a) streamwise velocity (u), (b) cross stream velocity (v), (c)
pressure (p). The dotted lines are the jet velocity of ω = 0.142289(400Hz)
with respect to the right axis.
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(b) Measured pressure output (dashed) at (x=6,y=1) and output response
of the identified model(dotted)

Fig. 10. NARX System identification

v jet = A f (x)sin

(
ω1t +(ω2 −ω1)

t2

2M

)
, 0 ≤ t ≤ M, (6)

where the instantaneous angular frequency increases lin-
early from ω1 to ω2 over a time period M.

The identification is performed on the downstream pres-
sure response at (6.0, 0.1), given the chirp signal as the
synthetic jet velocity. The pressure data and chirp signal
are employed for y and u respectively in the NARMAX
formulation of (1). The chirp signal sweeps the frequency
band from 0.017786 (50Hz) to 0.17786 (500Hz) and the
pressure response is captured as shown in Fig. 10. As for
the order of the model, a second-order dynamic system
structure with second-order nonlinearities is chosen for the
present study. In terms of the residual errors and complexity
of regressors, this quadratic structure shows superior results
compared with higher order structures The resultant NAR-
MAX model is given below.

y(k) = 1.481378 · y(k−1)−0.541882 · y(k−2)

+0.07506 ·u(k−1)−0.088163 ·u(k−2)

+1.462855 · y(k−2)2−2.77682 · y(k−1)u(k−1)

+3.159657 · y(k−1)u(k−2).

(7)

To validate the model given by (7), the CFD simulation
and estimated results are compared for two different actua-
tion frequencies in Fig. 11 and 12. The frequency analysis
shows the model can approximate the harmonic components
up to 4×ω with respect to the jet frequency ω , whereas the
time response at low frequencies shows a phase error shown
in Fig. 11(b). This error could be decreased by changing
the chirp parameters in (6). From the results, NARMAX
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Fig. 11. Simulation results (dashed) and estimated model response (solid)
for ω = 0.035572(100Hz)
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Fig. 12. Simulation (dashed) and estimated model response (solid) for
ω = 0.142289(400Hz)

is verified as an effective method to identify the nonlinear
model for the interaction of synthetic jets with the boundary
layer.

The same procedure is repeated for Re = 1206(U∞ =
15m/s), Re = 1407(U∞ = 17.5m/s). The regressor terms
are the same as those for Re = 1608 so as to examine
how the variation of external flow conditions influences the
model parameters and estimation error with the fixed model
structure. Before the identification, the scale conversion
is made on the simulation results for Re = 1206, 1407 to
compare those with the data for Re = 1608 with respect to
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TABLE II

COMPARISON OF NARX MODEL COEFFICIENTS FOR DIFFERENT RE’S

Regressor(pi) θ̂i(Re = 1206) θ̂i(Re = 1407) θ̂i(Re = 1608)
y(k−1) 1.695299 1.584948 1.481378
y(k−2) -0.702646 -0.616763 -0.541882
u(k−1) 0.016703 0.044092 0.075060
u(k−2) -0.019884 -0.051217 -0.088163
y(k−2)2 2.376915 1.923612 1.462855

y(k−1)u(k−1) -3.373990 -3.210335 -2.776820
y(k−1)u(k−2) 3.666473 3.551438 3.159657

NMSE 0.0803 0.0798 0.0706

the same nondimensionlizing scheme. The scaling formulae
for the measured pressure output, y, and the jet velocity
input, u, are given as follows.

yc = y
(
U∞

/
U∞,re f

)2
, uc = u

(
U∞

/
U∞,re f

)
, (8)

where the subscript, (·)c, means converted variables, and
U∞,re f is a reference velocity. In this study, U∞,re f = 20m/s
and U∞ = 15m/s,17.5m/s, respectively.

After conversion, the model parameters under different
Reynolds numbers are presented in Table II. Each of the
model coefficients changes monotonically as the free stream
velocity increases, while the estimation error varies slightly.
The physical behavior of the fluidic system is at least
consistent within the range of given free stream velocities
such that each parameters may be described as simple
functions of free stream velocity.

The results show that if the external flow conditions such
as free stream velocity are changed within a reasonably
acceptable range, a model for synthetic jets can be described
using NARMAX. The model has consistent regressor terms
and a set of model parameters that represent the variation
of external conditions.

V. CONCLUSIONS AND FUTURE WORK

Numerical simulations were performed to examine the
interaction of synthetic jets with a boundary layer. These
verified that strong vortices generated by periodic suc-
tion/blowing are the main sources of flow modification
within a boundary layer. Focusing on a region in the
neighborhood of the jet exit slot, a dynamic model rep-
resenting the coupling between jet actuation and measured
pressure was identified using NARMAX. For different free
stream velocities, the model parameters were computed
while keeping the regressors fixed. Therefore, the effect of
synthetic jets under a varying free stream velocity can be
identified as a NARMAX model with parameter uncertainty.

In future work, this approach will be applied to geome-
tries susceptible to flow separation such as backward facing
steps, diffusers and cylinders, and the derived models will
be used to design flow separation controllers which guar-
antee robust performance under uncertain flow conditions.
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