
Manifolds

Def A (topological) manifold of dim .
n (n -manifold) is

a second countable Hausdorff space M s.t. H x E M

F an open nbhd
.

U
, xc. U s.t. U is homeomorphic to IR?

Secoudcmntabh for a top . sp . X means F countable set of opens 4,4 ,.-
set

. any open subset A X is a union A Ui's .
E.g -

in IR
"

can take gun balls w/ rational radius & w/ centre having
rational words

.

(Not nutty vibrant, except allows us to use induction instead A

transfinite induction at one point . )



compact mfd.s.rs this sense on Aten called closed mfds
(to contrast w/ impact mfd.su/bonndary- , but we won't talk about those) .
Examples :
- S" spheres
- Toms
. Klein bottle

- orientable surfaces A genus g

• 1121pm
,
EP? (n- s)

- M m - mfd . , N n . mfd . then MxN is an fnxm) - mfd .

Non-ewn#ks: -:- not Hausdorff , but

woo open nbhd .
A cone Pt. is IR u IR satisfies other and -s

homeowner. c to IR
's Rko} for a T -mfd .



R-
Gog Poincare duality - for M an orientable compact n - mfd;
then is aHyon cm]e HIM) st. up product w/ CM]
gins isomer. s

in -

- nay : H4m¥ Hn -dm:L
r

Lenny: M an n - mfd
.

,
x em

,
then H

* (M, Myx}) =/# *b
;R O

,
*th

Note : This implies if M is an n- mfd . then it 's met an m -mfd .
for n#m . (Gcnemlires Rn # IRN if n # m .)

Prod: F open nbhd . U A x s . t . U = IR
"

in homeowner .

o : VI IR?

Then H.CM, MYxD I H.lv ,UVXD I H.HR?Rnlfgx3 )
(by excision A MW



So remains to compute A. (IR? 1127103 )

(IR? Also3) is ht
. py g.

t to ( O
,

"

on yo})
( on ↳ IR" is a deformation ntmet )

i

(075-7 ↳ (on
,
0403) gins Hi

,

- iso

- S
" '

↳ 0h40} is a deformation ntmt
⇒ iso

.
for i by LES ton pairs & 5- lemma

⇒ H.dk?lRTso3) E H
. 1075

") I II.(51=15; !n .

O



KcM

Notation H
.
(Mlk ; R) is H.CM

, MLK ; R)
"

homology in a small nbhd
.
A K

"

Kalam → CM
, my ↳ ( M ,Mlk)

-
g: : H.CM/L;Rl → H.CM/K ; R)

- if K=f× } write H.CM/xiRl
, g!

Ropy : M om n - mfd .
,
K c M cpt.

( i) H
,( Mlk; R) =D, * >n

Cii) at Hn(Mlk; R) is O iff g.a =D in Hnlmlx : R)
H xek
(or : HnlMlk ; R)→¥,

Hnlmlx ; R) is injective . )



Cory: If M is a cpt . mfd . then H&M . = O for k on

Prod cm tahr Ksm in Pnp . & H.IM/in?R)=H+lM.B;Rl-.Hdm;D.
D

For the prob we need a miwmt A the Mayer - Vietoris sequence :

Defy : A pair A subspaces A
,
B c X is reasonable f
-

i

in AUB F opens UN w/ ACU , Bev, Vvv = AUB

st . Aa V
,
04V , AND GUN gie it, - isomers

(E. g . A.0 any open subsets or X)
Write 5. (X, Atb)

'

-
=S.lt/1S.A-S.B)Propn.: for A ,B CX reasonable

,

5. (X , At B) is g.isomorphic
as 5. (X

,
Auld

.



Proof :
- s

.
A +SB → s

.

X → 5. (X
.
At 8)

Hands- A ""

s.tn. → s!x → stix
, AUD

Using 5- lemma, it's enough to show S
.
At 5.8 → S

.
Auld

is isomer . on H*
.

Enters as 5. A-15.0 → S
.
U + Sir → S

.

VO)

- -( subcx
.
A
" small chains

"

for

com show using SES s&5-lemons corn A Avo by UN

again that
this gins LnnlityThem. says this is a g. isomer.

isomer. on H. D



Lemmy: A,BcX nnsonable

i
IX. Ano)→ IX. A)

i
' f f j
(x.O) → (X, Au B)

' l
j

Them's a LES

" -

ttnk.AM?...,HhdxiAl0HnlXBj..-sHnlX,AvD-iHn.iK,AnD---Pro
: Ginn N

,
N ' cm subgroups A ME Ab ,

ur hours a Comm - square
P

MINN' → MIN

" mtw.am/w.ng&FIm1NnN' " min MIN' than
→



Apply to singular chains , get SES A ch
. as

o → s
. CX, An8) → six .A) ⑦ SH , B) → SIX, Atl) → 0

the gins LES m want since Has . (X.Atl) I H . CX, Aub) . D

Special case : Man n -mfd . , K ,
L c M got. (⇒ closed)

apply LES to opens Mlk , MIL to get

" - Hhlmlkul) → HhMlk) @ Hunk)→ Hh (Mlknl)→ Hk, Al Kul) . - -
EM sinister



Ropy : M om n - mfd .
,
K c M cpt.

( i) H
.( Mlk; R) = 0, * >n

Cii) a e Hn(Mlk; R) is O iff g.a =O in Hnlmlx : R)
X x e k
(or : HnlMlk ; R)→%,

Hnl Mtx ; R) is injective . )

Prof :
-

First prom the com when M = IR?

Step Kc Mn compact & convex .
for × c. K it's enough to show (IR? RTK) C) (IR? Myx})
gins H

.
- iso. fairs is stronger than fi) & Iii) but nottour more generally)



Using LES for pairs & 5-lemma
, enough to show

Mlk G IR
"

143

igirs H
,
- isamor - S .

Choose a sphere S c R
"

centred at x w/ K inside
the open ball bounded by S

Then S ↳ IR
"

IK is a deformation That

Define IRTK ⇒ S by y to paint when line from

x to y
intersects S

s 'a÷÷;'
Ims"7Ytoss

' dug this his

(can't hit k because then the line between

× & the point when it dem would lie in K )



inn.

gin It . -iso - s ⇒ ordersthe 3rd ,by the 2 -out -A - 3 property for isomers.
Steph KCR

"

is a finite union Kyu . - - u Kr w/ ki compact & convex

indent on r (rsl is step) . Set K's Kyu . - - ukr,
Then K' n kn = union A cpt . comet subsets K

, nkr , . . . , Kr. , n kn

Han LES (w/ K- K'ukr)

- - - Hm.CN/khKr)-sHhllRYK)-sHhllRnlk'/0Hz/lRYKr) → - - -

tf k - n then both groups next to ANGRY K) anO
⇒ HuHRTK) = O

.



for h-- n
. Ana, (HttK' nkv) = 0 so

HIRTH → Hulk
"

IK') ⑦ H . GRYK)
is injotir
So a c. HINK) is O iff g,Y, a = O & Hae = O

<⇒ jigs g.
"
g"µa is Ottxek '

& Ease!'s:{a iso ¥ xe Ku
i
- e. gk.sn so txt k

.

Steps KCIR
"

any compact set
Ginn a c. Hi GRYK) can lift to a diam je SiIR

"
set

.

image in S ..CM?lRTK1 is a cycle npnsenting a.



This means 2g is in Si
. ,
(RTK)

⇒ 2g is linear comb
.
A finitely many simplices in Nhk

- can choose L comport , disjoint frm k s -t . the images of
these smiphies tie in L

L

choose a opted. N n k s.t. Nnl =p

cpt . & contains
an open nbhd .

N A any pt. ohK

Then 2g is in Si . .(RTN)
⇒ image a o in S ;urn , IRTN) is a cycle

uprooting d' e H , HRYN) s -t . 4=5,94'
com um K by finitely many closed balls On.. . , a s . t. Oi doin#B.



" E : : sina.a.estoo

if i> n then good' = O by step 2 ⇒ a =g¥ gonal =D
⇒ Hick IK) - Obrian .

If i - n & gin so H xek,
want to show 9=0.

We know gti is iso . H be B; by step7 .

Bink-1-0 so F x c- Oink & goin' s g×4= O
⇒ so,

a
'
= O

.

Then sista's t be 0
.



So gtfo's 0 by step 2 . ⇒ 4=9%82' =D
.

Now consider general M .

Steph Kc M compact set
.
I U open, VIR

"

w/ KCU .

Then HidMlk) I H*(VIK) by einion
& now can apply step 3 .

Steps : Ken orbiting . Can write Ks K
, u

-- - u k

when each Ki is as In step 4 .

Apply LES as in step 2 to indent on r
. D



Rpg : M om n - mfd .
,
K c M cpt.

( i) H
*( Mlk; R) =D, * >n

Cii) at HnlMlk; R) is O iff g.a =D in Hnlmlxi R)
H xek
(or : HnlMlk ; R)

"¥,
Hnlmlx ; R) is injective . )

Oef M n - mfd.
,
Tc M

,
f (MIT ; R) is subgroup I

¥
,
Hncmlx ; R) consisting A G.)

"T
s#

CT
H x c. T F compact nbhd

.
N A x

, an f Hn (MIN ; R)
set

. HyeN ur hair dy = gy4µ .



PI : M n - mfd
,
K c M got. Then

HnlMlk ; R) 5 PM 1K ; R)

Prod The map G.)
×,,c

: Hn (Mlk ; R)→
,

Hnlmki R)
is injection and futons through PCMIKIR) since

K gins the inquired opt . nbhd . for every point for a class in
the image .
Remains to show that kxkekc.MN/KjR ) is in image .CK
for x e K F got. nbhd

. N A x & AN E Hn MIN ; R) set
.

ay = gyan Hye N . Sime k is compact, can cover it by
finitely many smh nbhd

-S K
, ,
. - -

, K, s
-

t
. 4k ; kits



Set K'
i
s k
, un

- - v ki
we prove by induction that F q,

G Hn(Ml ki
'

; R)
st . dy = Sydney. for

ye k ! .
Han LES (for K's , , ki)

- . - Hnidmlkinki) → Html kit → Hnlmlkf
. .
) Hn (Mlk;) -411M¥!"!

"

o xiii! .si " iii.mfs:÷n.k¥94
→ Ohmmm got 0 when innit to
any pointx in Kinki :

sis
'

mine,
- s ! main;) - a-a. so



By exactness, F 44. '→Kai
. ,
idk;)

Then
g. die; = a

wall × e K'is Ki . . v ki . D

conj If M is a cpt . n - mfd . then

a H
,
cm ; R) = 0 if i - n

- Him;D I MMM; R) .

Defy: M an n - mfd
.
(not necessarily compact) , R a comm. ring.

An Reorientation oh M is (a)•me MMM; R)

s -t . a. is a generator A Hnlmlx ; R) R Fx c.M



M is Reorientate if 7 an R- orientation
,

R-rated if we
'
n chosen one.

for Rs Z
. m just any

thot M is orientable (oriented .
Ring: for I, this agrees w/more geometric defines A orientations

.

Given a generator ne Hn(Mt x) am always extend uniquely
to
a nbhd . A x : take UCM open nbhd . A x , U IR?

& B cu image A closed ball around image a xe IR;
then g: : HnMl 8) → Hn(MH is an isomer

.
(by excising

MW) & can assign Sf Tu e Hn(Mlg) for ye 8
.



But m may
not be able to do this consistently on an A M :

a::im÷ .:÷
might get back -n instead of u

.

So not any mfd . is (2) orientable .
But w/ R= 2/2 the non - zero ett

. u is unique

- no choices involved ⇒ all mfd- s are (uniquely) 1/2 - orientable
.

¥.
: m m

R- oriented compact n - mfd . The fundamentals
[MI e HnM;R) is the hl.gg class corresponding to the



orientation under the isomer. from above
.

Think a cm] as a homology class npnsenting " all A M
"

- if we can represent M as a D- set A dim
.
n

then CMT is up muted as a cycle by a sum

A all n - snip tires

Erny (n . l - simply is a force A exactly two n -simplices
& hour to choose signs in the sum so that these
cancel ont - w/ Z - waff . s such

a whine A signs
exists iff M is orientable .

W/ 21£- coff . s these pairs always cancel so sum A n - simplices



is automatically a cycle.

a
.±EfMi2is

'
is a cycle tht moments 67

We saw this moments a generator A Has ?

Propp : M compact, connected n - mfd - Then

sa : Hnlm ; Rl → think ; R) ER

is injective, & an isomer. if M orientable
.

Prod Him; R) MmIM;D so enough to show
MIMIM ;D → HIMla ; R) is injection .



Gim Ka), em C- MMM; R) let ve M be the set A xe M
St

. a
×
= 0

We all show V is both open & closed - siree M connected

this means V = M or $ - implies ay = of y iff q=O
for a single x .

For x em F N opt . nbhd. A x and an c. Hn ( MIN ;R)

sit
. ay - Sjw A YEN .

Can choose U open nbhd
.
A x

,
U Z IR

" & Bc UnN com
.
to

closed ball around image A x in IR
"

s} :Hink;D I Hihly ; R) Hye B.



⇒ if xc. V then ay = O f y c. B
- so some open nbhd

.
A × lies inV

& if xfV then ay -40 V ye B
- so some open nbhl. A x lies in Mtv

⇒ V & MN an open ⇒ V is open & closed .

Implies infectivity.

If M is orientable then orientation maps
to a generator

so

§, is surjective . D



Upstart: M a compact , connected, R - orientable n - mfd .
,
then

HIM; R) I R .

com show if M is net R- orientable
,
then the image & S , is

2- torsion subgroup A Hum ; R)
for R - Z

,
this means

HIM) :{7 M orientable

O
,
M net orientable

E. g . RIP
"

is orientable iff n odd



Cap products
-

Defy : C .

E Ch
,

Mf Ab

3- a natural emlnatimpmnngev : Hank ,m)
.

@C.→ Mfo]
-

gins in deg .
O by M in deg . O

,

9EHo7.CC.ml.n.xc.cnercg@DsfgyHnjqg0indeg.stOHomCCn.M
)

xn) , {Q
n 0.3 Cmd4)

1
,
n 1,2 (mod 4)

Needed to get a chin map :evCdCg@xDsevCdg-oxxtlln90ddpeltomKn.M) , as Cnn = filth glad + G)Htt " gldx) = O



As a special case , for X c- Top hour

w : S
-

(x; m) @ 5. CX) → Mco)
17

Hants
.

X
,
M)

for R a ring , hour also

eve : s.cximas.ca, R)→ Holo FRED
-

5.X RED malt
.
in R

In homology , this gives thekroneikerpamngkr: HEX ; a H.dk;D → RED

or : H
" H;D ⑦ Hnlx ; R) → R



Defy : Diagonal t Eilenberg- Zilber map give natural chain map

s.ci
.

⇒
s
.xxx ; R) → s.xos.HR)
#

1,2

s.kxxtor-S.XO-S.NO R

combine -lo !
cd I @ s.GR/fs.CXiR)six; e) as .lk;D → six;D s.xas.GR)

mnlt.in R
This is the (chain - level) cap product
In homology, get

H'' IX;R) *HIX;D A.CX; R) - independent N cherie A E- 2
map



sage ATX: Rl . one Hmh:D get on a c- Hmm (X;D
.

Key properties ee HH;D ,
Tre HMX;D

.
a- Hh(X ; R)-

:

• ke (g.trna) = Kr (guts, a)
- - -

if n = k- m n +m =L

. (out) n a =qnHI)
k- (ntm) h- m
-

(h-m) - n

• In a = a
.

I EHYX;D
.

. for f :X-Y Is, ye H' ( Y; Rb
z n f* a = £ (ft'm n 2)



Proofs : Either draw a bunch A big diagrams
or use Alexander -Whitney map to get explicit formulas (Eremite)

.

This (compact Poincare duality) : M an R- inented compact n - mfd
,
then

cupping w/ fund. class [MIE HIM ; R) gins isomers

- nail : Hhcmir) I Hmklmir) .

If he is a field, then UCT implies H
" (M; I Homh(HIM;D, k)

= Him;D" (dual v- sp.)
If we know Him;k) one finite- dimensional then m hour
(non - unaired) isomnes Hi (M : h) I Hn-i IM ; k)

.



This is true if M is smooth (& in general if n-44) since then

M can be dcsinked as a finite cell a-

Examples s
'
v S3 is not ht

. py- equivalent to any apt. mfd . :

H
.
Is:S? 2/27=1242. * so

,
is

O
,

otherwise

- so can only be ht .py - egt to a 3 - mfd .

(since for any apt . n - mfd.MN know HIM; 2/21=2/3

& Him;2421=0 for i > n)
But then Poincare duality implies H , IHz.gs/tzbntHi=Z/2

,
HEO

.



Application to cup products
-

com use connection between n & u to extract information
about u from PD

.

M
,
N

.
P R-modules

Defnj : for a homomor . A R- modules g : MgN → P

am define turn adjoint homomorphisms M → Home (N , P)
m 1-7 9cm① -l

N → Home IM,
n t pl - ⑦ n)

q is a perfectionism if these are both isomer . S



Pop M a compact R- oriented n -manifold . The pairing

Hn
-him ; R) qH4m ;D Is Any ;

"IINK
is perfect if either R is a field or Rs Z and Html me free ab. groups.

Note we have Ka Gulu, CMT) = ke (9 , f n IM])
so the pairing is equivalently given as

Hn
-ha;D arlthonirl → Hn-him;D q Hn -him;D R

id @ friend

The adjoint H
" -4M;D → HandHMM; R), R) can be desired

as



Hn-4M;D → Hmrlltn.IM; R) , R) Home(HMM;D ,
R)

ke
' I

- adjoint Ake isomer. by Parian duality

ki is almost the map in UCT for Ht - only difference is sign filth
)

s . by UCT isomer. if R is a field or RIE
, H&M free .

Same argument works f- the other adjoint. D



Poincare duality and UCT gin :
Pnp M a apt. R - oriented n- mfd

,
R = field or

12=2 and H
,
M is free

,
then

Hn
-him;D qH4m;D Is HTM;R) "¥M

"
R

is a perfect pairing ,
i - e .

HMM;D -5 HomeCH"hCM;D ,

R)
& t ke (gu - , CMT) = Kat, yn CMT)



Conj M cpt . cornuted R- oriented n- mfd .
Ci) Rs Z , H*M free

.

If a c. Hklm) (free) generates a summand Za
then 3 Be Hh

-4M) set
. auf generates HYMIE Z.

Iii) R a field . for any a c- HMM; R)
,
a-1-0

,

then

z p e Hh
-Yn;D st . au p to in HYM;HER

.

Prod: In ti) , HKM) E
RS

,
aes

injection to summand Za (or IS → Z
x t 7

s t O
, s.to
)

is a hammer . HMM) a set
.
TG) = I .



3 ! p e Hn
-4M) st . at) = is ( yup ,

CMJ)
In particular

,
k (auf , CMT) =L

"

" (i , Kups) nai)

since M is cornuted
,
KCI

,

-) : Hom → Z
is an isomer .

,
so yup) nCMT generates Hom

⇒ auf generates HM since - nCMT : Hmm → Hom
is an isomer.

Gi) is the same. D



Examples S
-

✓ S4 is net htpy - aft to
a compact mfd . :

H
, (53572/2)=1242 , *so ,

2,9

O
,
otherwise

so am only h ht .py - got to a 4 - manifold

But then if x E Hz is the non
- an element

,

we must hour x? x u x is non - am in H?

We saw x. = 0 so this contradicts the previous Con
.



CJ : Then our isomer. s A graded rings
Htc IRP? 2123 I 2/21×3/4"') w/ deg x =3
H*CAPT I E Hy") w/ day y = 2 .

Prod : IRP" is a compact , connected n -mfd
. (2/2 - oriented)

The inclusion RIP
"
↳ IRAN as

the T- skeleton gins

H * GRIP? 242) → H'' (RIP ii 212) ring hominem
,

isomer. in degrees si (by cellular cshl.gg)
⇒ up products on Rpn in deg. en m determined by
those in IRP

""
- can proceed by induction .



Enough to show

HiaRPn; 212) @ H
"" (Rpn; 2K) F HYIRIP; 242)

is an isomer. (ich)
All 3 groups are 2/2 so this means

W x; to in Hi
, m hour X;

u in- i ¥0
"

i - this follows from cup product
×
, pairing being perfect

in = x
;
u xn , = x! vx!

-is ×;
1. e . the unique non - un alt. in H'

'

(Rpn ; 2/2) w/ ish
is Xi

.



EP
"

is a compact connected oriented 2n - mfd
.

-

\
because HM Y ± 2

Again can use cell st.
.

to induct on n.

y, generator d H
-

(AP")
,
then in my assume

y! is a generator oh H" CAPT
, for ion .

Need to show the same holds for Tsn .

Sims ji is a generator, F yn.; E H
"""

s .t
.

gjuyn .; is a generator n Hthklpn) 2
.

We know yn
= my

"

,

"

for some m C- 2, since

yi
"
is a generator .



but then
y! u my?

"
= my; is a generator

This
am only happen if ms Il and y? is a generator.

D



To
pms Piman duality for a compact mfd. M

m want to work loudly on M - all we know
about M is that loudly it looks like IR?
But open subsets A M won't h compact.

Clearly PO as we stated it before fails for non - compact
mfd

.
S : for IR

"

m hour

↳HRM E H
' ARM = {2. * =OO

,
* 1=0

To fix the m need a new variant A cold
.gg



cohomdogywttcompatsnppntoefn
.
: g e Sk IX; R) = RSingh has wmpatnpport if

3- Kc X compact st. g (o) = 0 if dsilc Xlk
-

or g minks on Singh (NK)
i.e

. e is in SMX
, NK ; R)

The www.msn/yt . support form a subgroup S! (x ; R) cS4X;D
This a U Styx

,
Xlk : R) .

KcX

compact

if y has apt . support , so does Sg ⇒ s:(X; R) is a subample,A 5 CAR?



Cohomology of X w/ impart support is
HEH;D = His:Kirk

.

Nde If X is compact, then any cohesin hers compact
support ⇒ HEH;D = It

"

CX; R) .

Want to reformulate this using uhinits :

Qf f : I → e a functor . The dimity A F
,
if it exists

,

is an B . cttmgf EC w/ maps u ;
: Ff;) → whiny f

s .t . for f .. i →j in T the triangle di) Nj) commutes
,

hit fu;
whin
,
F



w/ the universal property tht gins ×
, ti :Hit → x

,
sit

.qisq.fr/f)V-f:i-sjin T
,
F ! my g : things → x s-t

. qui s fi .

Ewing: m a mfd, CptM) = set A compact subsets of M
,

partially ordered by E
,

mind as a art
. (das sett - s A goth)

& unique nor . K →L iff Ks L)
.

S:(n; R) = U Slm ,
Mlk; sarin of Gtm → oh

kecpttm) Krs 5cm
,
Mlk ; R)
Il

sink ; R)
w/ Kal '→ chinn

map from (M,m)L)→ (M ,Mlk) .



em HE (M;D = chins HTYMIK ; R) .
Kecptlm)

Est: A poset T is filtered if t i.je T F k et . ish
, jsk

H
.
: oh → grab prisms filtered chinks

.

Here Cptth) is filtered since K
,
L E Cpt cm) ⇒ Kul also compact.

Fat I posit, Jc ] is Mind if Vic. I F je Jst . is j
for f : I → e this implies whiny fly -5 whiny f.



Examples (H:(IR")) :
Amy got. subset is contained in some closed ball centred at O
⇒ these give a aliment subset of CptHR?
for smh B

,
B
'
C B

H'911270) -5 H' CRYO)
1.i7*411240')

if ur hair a filtered poset & a diagram where
every map is

an isomer . then chin is also isomorphic to the

objects in the diagram .

⇒ HIGH = HTA , RHOD H' (5) If n

"



⇒ HIC RT = Hn
. ,CITY) as required for Poincare butty .

Defy m an R - oriented n - mhd
,
Kc M got .

We proud that the orientation gins me Hnl Mlk ; R)
s.t

. g.Mk is the mutton at x t x e k

⇒ if K cL 5,4hL = Mk

3- Inti- up products Hilmlk ; R) @ Hj (Mlk ;D →Hj, IM ; R)
we get -nm, : HimIki RI → Hm; (MiR)

K" stink ; R) → Hi (Mll ; R) - - - -3 HIM;K)
- risk
,
I - nm by win. prop . Achim

Hn -ifMi R)



Uf M is compact, then Dm = - n Cn] as GD =mm)
Thug : M - R- oriented n- mfd . , then

Dm : H! mid → An -n MiB
is an isomer .

Lenny: This Whb for
Ms IR?

(computation above + E )

• M an n - wht - , V.V open st . M = U OV

Then I ' '

Mayor
- Vitus for HI ! i.e . aLES

n .- a cunv ;D→ It:(vial It :(v ; → Him ;D → Hittin;D
s- O



Note maps go the
"

wrong
"

way : 0cm gins HI (b) → H :( M)
Kc U got .

H'' (V. VIK) -5 HMM ,Mlk) by aeision

so HICU) I him HMM
,
MK)→ thin HMMM#

Kc. Cptlv) Kc- goth)
,,

cptlul → goth) H:(M)

• There is a commutative diagram nlnting this to M-V for H* :
r . - Hidvnv ;R) → Hidvirl Hidv ; → Him;D . .-

bow blown 1. On
n
. - An.iNNiR) -' Hn

.;N ;D Hn.;N;D -'Hn:(Mid -

- -



I

G) so 5- lemma gins : if Ou .Or
,
Dunn on isomers, so is Dm

• If M is a union d U
,
C Vac -- -

-

C M then

can:p AIN ; ;D → HIM;D

family. ton
whim
, Hin-*(Vii R) t Hn

.
.IM;D

(2) so Dm is on isomer. if each Dy. is
.



Now we can pmr PD starting from the case d IR?

Step: U = Yu - - - our s IR
"

open w/ Vic Rn
open & convex . Induct on r.

✓si : U
, = Rn

U ' = V.v - - - uUri
,

V 's Vu = union Vink is r-I
cmrrx open

Hour Dui , Dury , & isomers

⇒ Ou isomer. by G) .

Stg: Uc Rn any open

✓ = Vi
.

V
, open & convo

.

Set Vjs U , un- - v Uj
then Ou; is isomer. by step I ⇒ Du isomer. by (2)



step: M = Yu - - - v Ur w/ Vi homeowners to open in IR
"

Indent on r as in step 1 .

Steph M arbitrary - since M is 2nd countable
I

open arm 4,4 ,
. -- w/ Vi is open in IR?

Use G) & step 3 as in step 2 .

O



Review
-

s
"

IR
""

sit A Koi- - , xn) c- Rn
"

s
-
t
. x

;30
,
Exist

* *:*
.

d
'
: D
" '
↳ D

"

incl
.
A subset A (Xo , Xn) where A- = O

or Goi - - in . .) t) ( yo ; - - , Yi . , , O ,yi , -- ; yn . .)

Os j - is no
,
then did = did"'



Singular n- simplices Singh = { D" → X cts
. }

X top . sp.

2
;
: SinghX→ Sign,X

as:X l→ oodi : s"
'

↳ on→ X

gidi , gi
- izj

Singular n - chains 5nA = Z Singh
a : ex → Sn. ,X

as = §
,

2,0 for GE Sirgnx
,
and extend linearly

22=0 - i. e
.
6.X

, 2) is a chain ex .



f. , d) chin x. G - e. C
,
E Ab

,
ne Ed

,
d : Cn→ G., d's O)

Zf C Cn muggles = herd : Cn → Cn.,

Bnc c- Cn n-bomd-oines.im d : Cnt
,
→ G

d- = O ⇒ 81 c 2C

HE = 2481 homology
Xetop,
Hnk := Hns.X

f
.

f :X → Y cts
.

no Singh → Sing. Y
6 :SIX 1→ for :S" -1×-74

diff .o) = f. laid



- f. : SH → SY extending linearly
2ft = f*2 i

- e.
f
. is a chain map

~ fi: AnX - Hi
, gins H* : Top Is Ch ¥ grab functor

Exnny.ly Hilt)

single) = { si Es * }

Zi Cn = Cn. ,
H i

{(*) = Zen IS Z Cn - o
o
,
n odd

son =

.

ti) " arm = ( %.tt/cn. , = {ten . . , n even



5.(*) : 2 ,
T

o
°

.
. . z Es z → z → z → O . .

.

H
.
H = {2/0=-2 , Kao2/2=0

,

* SO odd

0/0 = 0
,
* so am

= {2, *
so

0
,
* to

• o : I → X
,
m : s

'
→ d'

nurse orientation

6. me = - o x bd . ry



- Hox I 2 x.X ( Sox = EX
-

set of path - components
n S

,X : Z {paths in X}
X / x - x' if a cop

path between p : I →X
,
2ps pH - pH) )

X
,
x
) 112

so

- A.X I X)
ab
= commntntors

ghg' ' 5 '

[ L : s' → X '→ ↳ Csi] c- It
.X

ht . py
- invariance : L =L' ⇒ ↳=L

'

.
⇒ GCS') =L:[S' ]

O. I 8 > X -
we saw (Hel op)

*

= ↳ + Lf so hammer
. )



• H
. 1¥

.
,A) I Haki

Relative homology : A CX subspace , 5nA C S
,
X subgroup

six
,Al = SnxlsnA

2 on 5.X induces boundary map on 5.(X.A)
HIX ,Al = H

.
S
.
(x. A) - nlntin homology

Relative cycle in SIX ,A) - represented by f ES NX sit. 2g is in Sm , A28
- bd.y inX, but

' A TEE' 'msn.is?Isfnsins.a



This gins Hnk ,A) → Hm ,A

homology class
rip . by Int in
cycle that is +→[2g]
rip . by Amin

y w/ do t Sh. ,A

This gins LES of a pain (X ,A) :

- . . Hit → HH → Hnk ,A) -23 Hn. . A " -

- exactness means at earth group
im = kw



Eilenburg - stunned axioms : A homology theory- - consists of
functors hn : Pain → Ab

,
natural maps 2 : hnk, A)→ ha,A h

. .!A .

• LES - - - ↳ A → hnx → huh
,A) I hn , A - --

• Ht
. py- immune : if f. g : (X, A) → (Y

, 8) ( f. g :X → Y cts , FA c B)
me hmd-y.ie (F h : Xx I → Y

,
ht

,
ol - f

,

ht
, 11=9 , Ha

, tleotgc.lt)
then f*=g* : hfx.AT →h

,
(XO)

• Eaaisim : if u c
'

A c X
,
J c Ao then

KCNV , Alu) oh, CX,A) isomer.

. Additivity : hnl ftp.X.IE??hnXi



• Dimension axiom : h .(a) = 0, k¥0

Excision & ht . py - in. u no if A ex & F A a 8 a X St
.

A c 5 & A
"

↳ 8 a deformation rat nut ( F g : 8-3 A, gi sida ,
3- htpybetween ig & id taking At 5 to A) = "

good pair"
then Hix ,A) = HINA) = HINA, H

-single point that is image
AA in quotient



Example: compute It 5 as Ha (I
,
2J) :

*

- - - H
,
I → H

.
(t.SI) → Ho 25 → Hot → Ho (I

,
at) → O

' l
l ' '' Il

- . . O za- Z O
0,0) ↳ 1

(O , 1) ,-3 1

house both path - comps of 25

go to the single one 6h I

q (i.j )= ixj
- Sujata - where = 0

band : list s-t. itj = 0

I 290 ,-D}

⇒ it
, 15,2 It

= Z
, Holt

,54=0 .



Mayer - Vietoris sequence ;

A
,
o cX

,
Aou E = X
I

A- no → A

if fi
is → X
i '

- - - AlanB)
'

Hit ⑦ Hn B HnX -9 Hn
. . And

a is Hux → Hnk ,8) Is HIA ,
An8) Es Hn,CAN)

excision



Cellular homology :
A cehcon-y.la/orCV-cm-plex) is a top . sp. X w/ filtration
D= X.

,
s Xo CX

,
c - - -

c ! X; = X
wfpwrhmts Yoshimi't topology :

n- l

I s → Ion Vex open Iff thx; open inAfixc. I def

lied I
v -

Xn. . → Xn

⇒ x. Hn . . I V 5
xc.hn



Ciampi IRP
"

is 5) (x - - x) or D) (xn -×
for xe 20

")
- gins pnshont

gn
- o
→ On

H
IRB
"'t RIP

"

This determines
a cell stir

. on IRB
"

w/ one cell in each dim
.

Sh
.

Callum chains : CMX = Hn (Xn , X.. . ) - In (x. H. . .) links)
I 2T n

h

w/ differential ltnlxn.xn.j-ltn.dk. .) → Hn
. .Hm ,Xna)



This is n chins a
.

& H
.
C!X I H*X

zum : Z? → ZI
. ,

a 1-3 I degfgpfa) P
Bern

.. jm¥i¥÷u÷*,
when 5

"

Xn
. .
→ Xn

.,/X . . . I "'

→ S
"- i

-
Fp

Exempts HMP' is computed by

O → ane.→ a
- - - ga .→ Exo

O



Mc
,
= deg( ) n Cn ..

(
s
""
→1121pm

- '

→ Rpn
-GRIP" -

-

± Sn-7

= {0 ,

n odd

2cm
. . .

n em

O 2 D

O → E →. . . z → a→ Z → 2 → o

n I o

O
,
n odd

2
,
n em

no Hamp
-

={¥, In ,
n odd (⇒ RIP

' orientablefor n odd
712

,

Os * s n
,
* odd ht for n em )



5.X M M c- Ab
' '

s.cii.ms
A.Him := Haskin)

Han canonical map A. (x) ⑦ M→ Hnk : M) but net isomer
.

in general

Tor CA
, b) = bae i O - well - defined
i

o →q→ ↳→ A → O

\ I
am
I
freemartin AA

Tor 12,07=0, Tor (Q ,8) = 0
,

Tor ( In
, 8) = n -torsion subgroup

in 8

c.on msht.mn O → 2-52 → In→ O



Universal coefficient theorem : there are natural SES s

o → Hnxam → An CX; M) → Tn (Hn
..
X
,

Ml → O

E
- g. HIX;D) I IH.NO

Exempt H
, GRIP? 2/2) :

O
,
t >7

H
.
IRIP
-
= {¥!!

Ho (RIP
'

; 2/2) I 20242 = 2/2

o → an • 212 → A
, (1121172/2) → Tor (2,2/2)-10

''
il

212 O



Hs :
o → o → HIRE ;212) → Tor ( H

,
(RIP
')

,
242) → O

''

2/2 11

⇒ HIM? za) = {212, Os * sa
⇐K

O, * > 2



cshomthyy:

six ; m) = Homes .X , m)
STX : M) = Hom (Smx

,
M) (lives in deg . -n in 5k; m)

\ singular as a chain ex
.)

n - unchain

= Horn (Z Singh ,M)
= msiynxffunet.ms Singh → M)

Chowdary map S : S
-

(Xin) -15
' ' (X; m)

①

g : sax→ M 1-3 god



° Hoy ng z
. Dual Eilenburg - Stanard axioms, Moyer -Vietoris, .- -

Universal cuff . them . : 3 natural SES s

OT Ext (Hn
.
,X , M) → H' CX ; M) → Hom (Hull. M) → O

when Ext CA
,
B) is when Hom(i

,
o) : Hom Ko

.
8) → Ham (f.8) .

o-i a
.
→ A→ o

• Ext CA , = O ⇒ H
"

(x; E Hom ( Hnk, Q)
• Eat (Z, B) = 0
. Eat (In

,
B) = char (B -9 8) = 848



EX : H'TRIP
-

:

Ho RIP- = Hom(HoIRA? Z) E Z

O → Eat Iga , at → H
'
mph → Horn (24,2

,

,
E) → O

l l

O O

O → Ext (2/2,2) → H2 RIP-→ Hom (Q 2) → O
' ' II 11

2/2 0
242



Eilenberg - 2-lbw them
.
: S

.
(Xxx ) naturally chairs htpy
egt to 5. XO Sy

Kinnett them
.

: forX
,
Y have natural SESS

O→CHI@Ha'll → It
, Ham → Tor (H.X.H.mn

. .
→ O

- -
11

④ HpX Hgy ④ Tar Hill
, Hj'D

pigs n ixj -n -l


