
-

Tensorpwdnctshcbnin-omgeesc.gl
.

C- Ch

(C
.
D.)

n

= ¥g=n CP Of
• Cp , de Dq 2K d) = { a do (d) Pc dod

C. level wise free
,
D
.

E CL

O →CHEAH
.Oh→ Hn(Cao) → Tor (H*C ,H.Dn.TO

I ' II

⑦ Hpc @ Hyo ④TortHpc , Ago)
Ptq=n ptqsh -7



(
* . D* c- grab

(
*
⑦ O
,
→ E
,
to bilinear maps Cpt Og ftp.g

C
. .
O
.

c. ch

f
chain map C. 00 .→ E . <→ 2 fpqlc ,d)

= fp ..
. g.
Gc .

d) + tilPfp ,q. ,(sad)
[ fp.a.cc ,d) = f ( cord) ]



The

Eilenknjrilbertheoremwewill show 5. (Xxx) is naturally chain htpc. to S. X OS
.

Y

Will use acyclic models - F also explicit chain maps
In deg . 0 we have a natural isomer.

G.x -05.17
.

= Sox@ Sox = EX ① 24=2 (xxx) -- so

Pwpn.ci) F natural chain map q
: S

. (Xxx) → S.X@S.Y
given in deg. O ly this isomorphism

Gil Any two meh are naturally chain hornApis.



Proof :

F) Want to inductively define 97" : SHH) → (s .X @S.nl/ns.t.2gYY=9n.i"

2
, starting w/ go = isomer. above

For coal : on →×,y
'"TH : S

.
tonsil-s s

. (xxx)

sdsn.lj.ae
so ↳D= 6×4*2 in six.y)
for Sn E Sn Ana DD.

So nutumhty bones q!" (o, t) = TY" ( 6×7*81
= 19
. Td Msn)

so m start by defining folk)
.

This should satisfy
29181 = 9,12 sp



: want g.(s.) s.to 2%8 , = g.(28,3=9.403,031 - Kiko))
[03.67 : so → s' two faces as' s 43007 - CD@CD

00→ 07

f.¥! Rs . - G)⑦ L, -1L ,@G]
" → " 20,8 , = co] @ (es - cos) t (Cs -ed) @G)

=
-

co3oCo7-fCi3@G7nIiWanten8ns.t
. 29ns

.

= yn . .Gsn)

Hds .Dos.sn) = {2. * -
o

O
,
* ¥0

In particular Hn
. ,
( s
.
505.57=0 ⇒ cycles our boundaries

on . .GS) is a cycle : 29,128) : 9ns (Tsn) = 0

so 3 some chairs whose boundary is 9.→ (dsn) - we choose



one & defines this to be Rsn
.

Now
we set gfi' (go) = (q@T,) Ksn & extend linearly to chains .

This is natural : w f :X → X'
, g : Y → y

'

m want
¥-0%79! " = g!!Y

'

. (Gx g) *
Enough to cheek on 6

,
t) : I

"
→ Xxy wine both sides our linear

then Lf,@g.) 9!" kit) = 4*0 g.) (0*04) Ksn
= (f⇐% @ 9*4) 9.sn in Ab: Here

a B
(Ba 8) (a b)

= (Cfd , @ ( gt) ,) 9ns, = paa @ Sob

⇒
EIFi.si:Wint : Ba Q Sg =p g)la@ g) •Sob

A B →A
"
⑦ B
"



'
Y
is a chain map :

z g?# (o,-4=26*0⇒ 9ns
=

K.@t*) 29ns
= Gaston. . last
= 99

.
? (6×4*122)

= on?? 2 6×4*8 .
= 95.726 ,t)

(ii) Ginn 9. 9' as in (i) (both given by standard isomer. in deg . O)
m want a natural chain ht . py ,

i.e. want

s?" : SdXxx → 6.X @ S .Mm, st .
JS
,

" Sn.? = g
'
- y



For n= 0 we know fo = Go' so take so= 0

Given su tor ka n start by defining SCS)
- this should satisfy
Isis) = q's . - QQ- s. .. Cash)

Hn (s .sn S.si) -- O as n- O

so RHS is a bday iff it's a cycle :

IRAs) = a Caisse.sn) c- sn.dz's .) - (ri .? .sn- en.PH
= O

s. can choose Sion w/ this boundary & proceed as in (i) .
D



Pwpn.ci) F natural chain map psi S.A 5.Y → say)

given in deg. O ly this isomorphism
Gil Any two meh are naturally chain hornstopit.

Ryanair : Earlier we defined exterior moult
. maps

Spx x Sgt → Sp. a. (xx'D
- these combine to a chain

map
S

-

X ⑦ 5.Y T S
.
(Xxx)

tht satisfy Li) .
Propn .Tiny two notum chain maps S

.

X a S
-
Y → s

.
X O S

.
Y

given by id in deg . 0 am naturally chain htpe .
Cii) Ditto for S.(Xxx) → 5.(Xxx)



Thy (Eilenberg- Zilber) : F natural chain ht.pyeg.ee S
.

I 5.X S
.
Y.

Prog we know 3 chain maps 5. (Xxx) 5.X off
g-win in deg. O by specified isomer.
So pp long are chain maps given by id in deg . O
⇒ chain htpa . to respective id's . D

Cori H
.
CAME A. (s

.X S
.
Y)

.

S
-
X & S-Y an levelwise free, so we get :

Cory (Kiimeth Them.) : F natural SES s

O → H*X①H*Dn→ Hn → Tor UHH
*

'Dn.TO
(non - canonically splittable)



(ntm
,
n
,
m>O)

Examine: Hhlsnxsm) IIHS" @H.sn}
= ④ Hps

"

@HIM
pxq=k

= {
Z

. ¥04 =D
,

n (p= n, g.= O)
k - m ( p 0

, q-m)ksnxm Cps n. F-m!¢ , otherwise

n = m :

Ah (5×5) = {&
k = 0, 2h

202, k - n

O
,
otherwise



Eje : compute ¥ (IRRIRIP')

Rende: Kinnett Them
.
works w/ coefficients in any PIO .

If k is a field then Tor s O &

*
*
Xxx :D e- Hiskik 0h Hill ; k)

The Alexander -Whitney map-
one explicit choice A S

.
(Xx'd → S

.

X OS
.

Y is the
Alexander -Whitney map.

Notation: af : DP ↳ D
"

=p
- fare w/ ratios 0,1, . -y p

w} : set ↳ I = q - fine w/vortices n- of , - - . , n-b n



awk": SIX → or
n

is given on G. it :S
"

→ Xxx by

awn(Gt) = [ 6oahp0towng-l6@tdfp.Eg.ndI w"q)
Pt g- n un -

H Tt -
or....,p P , pal , . - in aw ( Sh)

Prog : aw is a natural family A chain maps, i - e .
for f :X-1 X! g :'( →Y

'

cts
. maps.

5. (xxx) -9 S
.
CX) S.CM

(fxg# /
, f.• g* commutes

s.cxkyj-s.lk/oS.lyyProhjReduce to checking 2 aw (g) = aw (28)

by explicit computation . (Notes (Exercise)



Note : F Eilenberg - Zilber & Kinnett thin- s for cthl.gg
& for relative hl.gg , but regain some technical hypotheses.
(see notes

.)

Cross and Cup Products
-

We can use S
.

→ S
.

X @SY to define products in cthhgy .
Exercise :
-

( i) 3 natural homomor. s A abelian groups
Hom CA

,
M) @HomfB.N) → Horn (AaB

,
MON)

(g : A - m) ① (f : O -1N) 1-2 & fr : AaB → M N)
(ii) F nntyyd chain maps (C ,O c- oh

,
M

,
NE Ab)

om(cm)
.

① Hom(O ,N) . → Horn (C O
,
MON)

.



[ LHS in deg. n is ④ Hom K
-p .
No Hml Qq , N)

pagen

RHS : Hom ( ¥⇐C-p Dq , MON) )

¥ : from exercise
,
have natural maps

5k; m) as
-

Ct ; N) → Hom ( s
.
Xos

.
Y
,
MON)

step: compose w/ s .CAN → SH • 5.Y to get
six ; m) @5Ct.iN) → ltomfs.xos.nl

,
Man)→ Horn( s

.
(Xxx)

,
MON)- STAY;

m MON)
steps: R a ring, mutt . gins a hammer. R&R → R , and so

sea
,
nasty ;Rts scxxt ; Ron 5CXxx ; R) KYE Thana)



Step: s:X→Xxx diagonal , gins : 5 (Xxx ; R)→ 5K; R)

Fair) o six , e) Ei" s- xxx ; E. six ; long ,!!)
steps In cohomology Steps 44 5 give

HttxiRl@H4t.R) → H
.
(5k; e) on 54;RD HYXXY;R)

s 2- 5×7 4.Band)
ATX; e) a HMX;R) → H'TXxx;R) HMX ; R)
} 7- 37,2 (up product)

s'T3am)



So given
}eHMx;D , ye HH ; R) -33×2 c- Htt 't (Xxx ; R)

}eHMx;D , ne HMX, no guy e H'
"9- (X ; R)

Note that since any two drones of maps in step 2am
chain ht.pe, these products in cohomology an independent
of this choice

.

⇒ : Ht (s-v sa) = Ht ( Eph) as abelian
groups

(both Zi - deg . O , 2,4 , O ok)
in Sar S4

x
gen . in deg . 2 then X

-
= Xu × = {g°m

. in Cip
's



Filby : 5. (Xxx) → EX SY chain ht-pyeg.ee ,
unique up to chin ht-pyeg.ee

one particular choirs : Alexander -Whitney map :

(Gtl : oh → Xx Y
,
aw (Gt) = p§q=n 60 If 0 to why

= ↳ on ( Ca; . o;)
ptg.snaj : DP ↳ On - retires 0,7 . .-y p

of : Dot c, I
"

- ratios n - y. ,- - - , n-I, n compose w/E-2Cross and cryo product
-

& malt. in R
cross
r a ring f

product ,
six ; R) S

' (Y; R) → Hom Is
.
Xa S

-

Y
,
RAR) →Hank

. ,
R)

(l l)

"omls.x.nl Him Is .gr?ota..nPlx;rlo5ttc;mHmTp9.g?nxosg.t.R.oR)5lXxY;R)
f.Tanit : six ;no six:D → 5Kxx ; m SIX;R)



More explicitly : n- pig,

go.sk/yR)=Rsi3Ptmogxtre5lXxY;R)
+ c. 5th ; R) = "Matt

=

@sing .HN
)

9×4 (6.e) = @ Goa;) . +(tow!)
- e -
g , multiply t )
0.1..-n,p

in R p,pal , n

Kay ?

(puts) lo) = 9×4 (soo) = fat 16,6)
= flood:) . thrown)- -

• lol
.
. . -

, p Glp , ppl , n



This induces HMX;R) * Hotly ;D to HP't fxay ; R)
HPCX ;Mx H 9-(x; R) I Heat (x ; R)

these
maps are well- defined

, indep. A choice of E-Z map(as chain htpc. maps agree on H*)

Note : These products are preserved by maps in cohomology from
Cts

. maps
, e.g .

f : X- X ' w f * ([a) u CH) = f.
*

Ca) v f. * (b]
"
in HK' tin H*X

Remain: 7 a relative version of products , but this some technical
assumptions on subspaces .



Emmy: ln Hts? up products on trivial for degree masons

- If xe H 'S" x2=×u× = O house Hhs's

In Htfsnxsm) there is a non -trivial v :

+c- It
"

, y c- Hm generators then xvy is a generator in H!'m

Enemies on HoH; R) I RTM
, u is given by pointwise

mutt
. in R

.

Also HMX :R) × Hnk; R) -4 HUX; R)

×=¥,×Xa HNCXIMIIIHNIX. ; R)
and Lf u 3)

a

= Gla) - 3 ,



Endearing
we'll see : u makes HMX;R) a graded forum .) ring when R
is a Gomm.) ring .

Stout w/ diagrammatic door. A rings :

RE Ab
,

m : RO R→R
,
u : Z→R

' multiplication tub) : wait in R
s .t. the following diagrams commute
R&R⑦R RAR Z R

KI ROZ(At fidom Im N) naif Xy f lidar
RAR IR RM IR c- for

Gal ruths uses Radar)I (RAR)@R
m



(
commutative if also the following commutes :
c) roar

my
,of.

RAR
T(

isomon
.
that swaps factors in @

Same defn . applies in any cat
. w/ B & a symmetry

In grab : A gmdedring is R * C- grab w/ m : R*OR*→ R*,
n : 2107 → R* sit . analogues or (A)

,
CU) commute

- Ra is commentative if also (C) commutes
.



Explicitly ur hair : bilinear maps Rpx Rq → Rptq
,

ee Ro le suo)) s
-
t
. e. x = x = X - e

a. (b.cl = la - b) - c

symmetry isomer. on grab has a sign : A
,
@ B* I 8*①A*
a ab '→ffP9bag

at Ap ,bE8q
⇒ Graded commutativity means : XE Rp , yeRg , x. y = C-7)Tty . ×



In Ch :

Adiffenntiolgmdedmrg (or dg- ring) is R
.

E Ch
,

chain maps rn : R
.

@ R
.

→ R
,
u? ZG] → R

.

s .t. A)
,
LV) commute

, commutate if (C) commutes

Explicitly : graded ring stir. s
.
t
. e is a cycle (de = O)
(e- uh

,
de - ul 217=0 )

and 2 (a.b) = (da) . b + (d)Pa . 2b (Leibniz formula)
at Rp , be Rg

A Comm .) dg . ring stir . on R . no (comm.) graded ring Str. on H, R
w1mnlt.H.R@H.R → H

*
(R@ R) → H*R

on Ea)
, Cy] → Cx) . Ey) = [x. y]

XC-Rp , y eRg, cycles -



- will- defined since (X +2x') -

y = X.y t 2x
'
. y
-

17

2 (x' . g) as dy s 0

To get a ring stir . on H*R something weaker than a dog- ring Str.
is sufficient :

(comms)

Defy: A homstopydgimg is a ch . ex . R . x m : R
.

@ R
.

→ R
.

+ went n: ICD → R s -t . LAI
,
(V) ( (Cl ) commute

up to chain
ht - pyo, i- e . I chain ht .pies between composites .

Sing chairs ht.pe maps an equal on H*
,
a homotopy (comm

.)
dog- ring R . no graded Gomm.) ring. H

,R .



Homstory Ring Structures on Cnhains
-

Two approaches
- for any E -Z we can show firs acyclic models) that
then is a notum homotopy Comm. ) dog- ring str

. on SIX; R)
,R Gomm

.) ring
-

use A-W map , then S
'

CX;R) is a dog- ring (in the strict
sense) , ht if R is comm. m only hens commutativity
up to chain ht

-pg

in fact
,
it's impossible to find a natural comm. dg- ring Str . on SIX

- can use the
" failure

" A commutativity to get more Str. onH
- crhmdoyyope-rnt.ms (see AGTop 2).



Proxy : for E - Z maps g× 't : S
.

(Xxx) → 5.X OS! ur hair

( i) H X
, Y , 2 c-Top ,

5. CXXY -2) → S
.

05.2

1
.

I
.

S.xo-s.HN) → Has .Y @ 5.2
commutes

up to a notum chain ht -P)
u ; g.(*) → Z co]

(ii) s
.
(Xxx)→ g.X • 5.1*1 id0shg.X@zqylidindey.o, O in deg.> o)

Hs
.

#
commutes

up to a notum chain ht .py (same w/* xX)



Ciii) S
. (xxx) → S

-

X @ 5.Y

f, t :Xxy → xxx
t
. !

s.y@S.X5. (xxx) →

commutes
up to a notum chain ht .py

Prof Aydin models
.

- - - O

apply Hmt , R) & combine it 5lXiM@5HiRI-sHomls.XoS.Y.R) :

Cory (Take d.= E to simplify rotation)
by sax on 5×052 → s

' (xxx) 52
f b commutes

up to a notum chain ht .pig

SX @ 514×27 - 5 (XxxxZ) ( Assoc- for cross product)



Cii) 5×02

y
,

I
V

5×054) → 5 (Xx *) -5 5K
commutes

up to a natural chain ht .py (and some for 2670 SX)
(iii) s

-

X @S'll → s
-

(xxx

tf t ft commutes
up to a natural chain ht .py

Silas
-

x →
5cm

(in cohomology , get 3 e H
" X

, no HAY , 5 E H" Z
,
I c. Hof*) : I

3×4×3) = (3×7)×3 in Htt 't" (xxAz)
3×1 = 3=7×3 in HPX

,
t* (3×2) = G)totyxg in H'

"9- (Yxx)



Cory : Sox has a notum homotopy comm
. G- ring str.

Prod

µ
sxosxoix-5kxxlos.li six @ SX

from previous Cen.) (E - Z map nntnnd)t
s!x.*×, canids f

SH@5km → → scxxx)
(E. 2 maplidos. mtmd) tidal time, *xj

Saxons
-

X →5ham → s
! s ! a fides

E
xxx → Xxxxx
said



(v) s
'

X a Zeo)

sextons xxx)

s.xt.sx-s.tk
*×

cc) s
'

X @ s
-

X → 51xxx)
y;

c- f fi. six
H txx

.

s ask → s
-

xxx)
×

×
;! o

Xxxx



Cory : R a
Cuman

.
) ring ,

then HMX ; R) has a natural graded forum)
my str. given by V .

Defy: R comm. ring . Thegmdedpdynomratnng-RCxs-gx.TW/
x; in deg . di hers in deg n

Rex
,;-- in)m = free R - module m gon - S x! ' .. - qin

w/ i
,
d
, t . - . x ind

n

= m

rutt . "

as expected
"

but Xi x; s C-7)did] Xjx;

If all gems are in em degrees, or Rs F, (2/2)
this is just a regular polynomial ring if we forget grading-



Thing : We have isomer. s A graded comm. rings

HMP; I q[x7/xY ' H'TRIP's; E)I f
.

deg. x - 7

HYER
'

) ZCy3/y"' H' ( GPT I ZG)
deg . y= 2

Remote for IRB? H' GRIP?G.)I 2/2 for Os ish
-
- fo

, xi}
so ring Stu. amounts to X;

u Xj 4- 0 if i +j Sh
Iso Xi +j)

for dip? y , c. H2
" Caph) generator, y ; uyj is a generator inH

"

itjsn .


