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sinyuhwcthomdogy-A.BEAb - Horn (A , 8) homomor
- s A → 8

C. c- oh , Mc. Ab mo Hom (C
, m) . w/ Hank ,mln - Hom (c.

n ,
m)

2 : C.→ Cnn at : Hom ( Cn .. . M) → Hank
,
m)

'' Il

Hom (C.M)
,. . Hank

,Mtn

(z
't)
-
= (5)* = Ot = O

g :C . → D. chain map w g
't

: Hom ( D
,
M)
.

→ Hank ,M) .
chain map

Get functor Homt , M) : Ch
"
→ Ch



Atc: Work w/ Cochin complexes (differential goes C
"

→ c
"")

C-quintet , in chairs u
.

C
.
← s corhuin K

. (
°

w/ C
"
-

- C
- n

Eyrie : Horst , m) tpnscves chairs homotopies
f. g : C. → 0 . chain ht.pe, → f

"

, g
"

chain htpc .
Homo

,
Ms Hank

, M)

Sirloins :

ACX top . ns.s 5. (X. A ; M) : = Hom ( S . IX. A)
,
M)

-

singular entrains on (X
,
A) w/

coefficients in M

5 (x. A ; m) - Hom (Snk
,
Al

.

M) = 5K
, Aim) -n



Singular cohomology : Hi CX
,A ; m) = H

. ; ( s
.

IX.A : Mt)-

5 : pain
"
→ Ch

H. : Poirot → grab

S : 5 (X
,
A ; m) → S

""
(X
, A : M) induced by 2 : Sn

. .
→ Su

- coboundary map

Cobarrubias B
"

(X
,
A ; M) = image A S : S

"'
IX
,
A ; m) -i SYX ,A;m)

couples : (X. A;M) skier of S : S
" (x

,
A ; M) → S"' (X.A ; m)



More explicitly :

5k ; m) = Hom (Snk) , m)
= Hom( Z Singh , M)
I ns.ugnx

Zi : smynA → Sign. ,A no 2,7 : m
sign -ex

→ may , X

s : SIX;M) → S
"

Him) is given by
( g : sign. .A →m) to Ca)

"
a:p
-

fo di
q : Smx - M is a coryde iff god = O i. e

. q vanishes on Bmx



Why cohomology?
- on cohomology groups , get a graded commutator ring
- interplay between homology & cohomology (Poincare duality)

Cxamp Ho X ?

SIX ; m) = using.
X

= MX

S : 5→ s
'
=
m
sing,X

g :X→ m i→ (s g) (p) = scoop)
- old , p) = glpls) -Hplol

)

p : I →X c. sing ,X

q coyote means 89=0 s⇒ Sg (pls Ot p
<⇒ Iplo) = 94107) H path p in A



1. e . g is constant on path components

HoH ;m) = EH; m) = MIX IT m

ie tox

16 Fox is finite
,
this is same as ④ M I M Z X s HoH; M)

it EX

- but not isom.c to H
.
if x.X is infinite

E. g . if Fox is count-ble
,
so is HoH)

but HOH) is uncountable
.

Example: HY CH On

sing .(*) = { I *} function sing
n
HH &

STX) = zs.mn ⇒ ⇐y,
I

'
n
'→ I



ntl
(Soden ..) = ii. third - ien..) = [ epi
in -

5" (X) CX i -
- o tht2 terms

= g
- cancel for

= §! hold n'denn

n even

1 o -l -2

- - - o → 5× → six → s
'

X r - -

O l O
- - - O → z → a → a → a n

- -

zn = {a new Anais { Q n >O

O
,
n odd Z

,
ne O

B
"

= {0, n odd2
,
herrn >O



A c X

o → s
.

A → s
.
X → S

.
IX.A) → O

\
lastmin free chain K

.

Hml-
,
M) prisoners split SES s

÷ ↳him splittable

- get SES
O → six

, aint→ 5AM 51A ; Ml → O
n

Hom (s
.

IX. AliM)
= hand A STX;m)→ 5A ;m)(⇒ """m - 7±÷asI÷÷

.

I Ind



Get LES in homology :

r . - H' IX.Aim) → H' Cx ; m) → HTA ; m) Is H
"' IX. Aim) - -

( it . six . A ;mD ( lt.nlslaimll-H.n.flxn.in))

We also hour a Mayer - Vietoris sequence in cohomology :
A
,
B cX

, X -- Aou 5
,

hun LES

fit , i'
*) j

.
-j
' *

- - - HH → HA His → Anand -5 H
"" X - -

-

j
Anb ↳ A

j ' f ;, fi
8 ↳ X



Defy : An Continuing) cthomdoyytheoy consists
- funders hi : pain → Ab

,

n.cz
,
h
" H) = hill , B)

f- * stiff)
- natant abounding maps S : h

"

IAI → h
" '

(X
,
A)

st
.

(LES) - - - hill
,Alys tick -shift) -4 h

"'
(x. A) - - - is a LES

\
from from

IX.B)→ IX. At A↳X

(Homotopy invariance) ' f
, g :(X.A) → (XD) homstopia

⇒ f
't
= g*



(Excision) UCA - X
,
Jc Ao them

till , A) → h
"

(XIV
.
AW) is isomer.

(additivity) X=¥¥i , h
"

KIT!%hYXi)
(Dimension) h

"

( *) =D
,

n -1-0

Ropy. : Htt ; m) is a ushlgy theory .

Prod
(LES) Above

(Ht .pyinv.ae) Hom f , m) preserves him
ht - pies , so follows from

ht . py fog ⇒ E.g± : 5. (X , A) → 5.198) chain htp. .



(Excision) Induced by prod for His his Hom t
,
M)

(Dimension) Above

(Additivity) Ennis - D

7. nature map H
"

X; m) → Hom ( HnX , M) but not always isomer.
Instead have cohomology vision of UCT

.

Lenny: C . oh
. a. . M e Ab

,
F a rut . map

H
. n
Hom (C, m) → Hom ( Hhc

,
M)

[g] up . by ↳ Cc] i→ 9k)
9 : Ch→ M cryde up . by a C-Ck



Proof :

InHom(C
,
m) ¥ Hom ( Hac

,
M)

q i- I 1-3 plc))

go 2 = 0

⇒ y (ca 2 d)= gcc) so glad) seek) is well- defined

ByHank ,M) is in kernel :

2*4 ⇒ asf (c) = flan so if c is cycle
f : Cn.FM

④ factors through the quotient Hq Hank,m) . D



Ext
-

i
O → F. → so→ A → o free m . A A c- Ab

M E Ab

Ext A. m) = char : Hom bro
,
m) → Ham 19 ,M))

Think A f
.

s ( §;) as two - term chairs complex,
then HE . = {A .

* = O

*any , my left
out

,

O
,
* to

H* Hank
. .
my = {Hom (A.m) . *

ol
' → Hm CAMI→ Hom ko.MHtmk.in)

Ext A.M) , *= -I



F.
,

f! free nsdnt.ms A A ⇒ chain ht . py equivalent
& Hom (-

,
M) prisons chairs ht . pies

⇒ It
.
Hom 6.MIZ H

, Homer
,

'
M) ⇒ Eat A.M) is independent

A choice of f.

Example :
-

o
. F free

, tf is a
free m.

no Ext (GM) = O

- Elm
,

O → Z -72 → ZIM →O

mon : Hom 17M) →Ham (2.M)
" I

m

"l so Ext calm , M) : when ( M Tm M)
m
,
→m

= M 1mm



• D divisible abelian group (smh as Q)
,
then Hank

,
O) pnsems

SES
,
hence Ext IA

, D) e- 0

Props. : SES O → A
'
→ A → A

"

-70
, get LES

o→ Hom ( A"
,
8) → Horn → Homa :O →⇐th:D-ifxth

,
8) → Eat A:b) -so



Universal coefficient theorem for cohomologyt
Thy. : A CX

,
ME Ab

,
hour natural SESS

•→ Eat ( Hn
. .
IX. Al

,
M) → Hnk

,
A; m) → Hom (Hnk, Al, M) → O

Propp : C . levdwise free chain Cx
;
ME Ab

,
hour natural SES s

• → Eat (Hn
.,c , M) → H

- n
Hank

,

m) → Hom ( Hnc, Ml →0

Png on sons
,
2ns 2nd

,
H
,
= Hnc

•→ on 2n → Hn -10 SES - a free nsdntion A Hhc
11

C- Cn free

⇒ free



O → 2n → C
, Bn . , → O SES

(
boundary as map to Bn.,

B'
n

= Bn -n

Z
.
.

8! chin w/ differential O

O → 2
.
→ C

.

Es 8! → O SES A chain a. s
-

I lentwise free

⇒ turbine splittable SES
⇒ get SES

O → Hom (B , M)
.

→Hank ,m)
.

→ Hom 12
,
M)
.

→ O



Get LES

- - - Hom ( B.n.. .M) → HnHom(GM) → Hml2.
n ,

m) Hom ( B.
n ,
m) -n

b
'

w
- n

D'
7 - n

As in UCT for Hal- im) , unwinding defn . A bd . my map in LES gives
a = jin : Hom (Z-n . Ml → Horn (O

-n
,

M)
her As I Hom (H

-n ,
M)

where D.= Ext IH
-n .
M)

Harr SES around Hn Hom K, m) :

O→ when An , , → Hn Hom CC , M) → he Sn→O
"

" D
Ext CH

.no , m) Hom l H. n
,
M)



• As in UCT ton Heal- ; M) these SESS an non - canonically spliltnbk
- F non - natural isomer.

Hnk; m) = Hmlltnx , M) Ext ( Hn.,X , M)
Cory : If f : IX. A) → (x. 8) gins isomers Hill

,
A) F Hill ,8) HiFK

then f" : H
"
( x.B ; m → Hi IX.A ;M) is isomer.

Proof :
-

5- Lemma

Lori 160 is divisible le - g . Q) then It " (X. A;D) E Hom (Hnk,A) , D)



Thy. : Ack
,
ME Ab

,
hour natural SESS

•→ Eat ( Hn
. .
IX. Al

,
M) → Hnk

,
A; m) → Hom (Hnk, Al, M) → 0

Example: If Hnx isfree H n then Eat's =D & get
isomer

. Hnk ; m) I Hom (Hull , M)
If M=Z & HnX is f.g. & free then
Hom (Hn X

,
Z) I I HNX hen m hour isomers between-

I HNX HH

Exim: H'411215 )



H
,
RIP
"

= {2/2, * odd
,
an

Z
,
is O

,
* = n odd

0
,
t arm 30

,
* 7h

Horn (2/2,2) = 0
Ext (2/2,2) = when (2-52)=2/2
Horn (Z, Z) = Z

text (2,27=0

O → Eat ftp.RP?24-HilRlPn-sHomlHilRP,' a) →O
i em as → Him' → O

o - is n
i odd 0 → H

' mph→ O

Oa i en



i - n odd
• → o → HNIRP' → Honk

,
2) →O

17

H'' 1121pm ,{⇒
* =0

,
* an odd

⇐

2/2
,
k eun

,

Oct s n

O
, otherwise

Exim: suppose H*X is finitely generated H *

Write HNX I f. ⑦ Tn F isomer. Hank
,
# IF

I I Eat Isn
,

so

free
, torsion Hom (Tn

,
21=0

zit Of#mi Extttn
,
2) It

so



UCT gins SES

o → I
. .
→ Hnx → Fn → O

⇒ An X = f. ④Tn, - free part stays in place,
torsion moves up by 7

Cellular cohomology-
X cell complex , I = n- dim't cell

, Xk - k - dim't sub complex

H*lXn,Xn
.. : Mtn # (Vash ; m) Hms! m) {m? * =L

J
O
,
* th

Xnlxn,



can define Chun Kim) Hk (Xn
,
Xu, im) ( in deg. - k)

cellular differential :

s : Hh Hh,X..im/-sHhlXu;m)-Hh4Xn..nXhiM)
Hk

,
Xn,) ← He

,

bday in
LES for

Hn .. . Xn)
Then 5=0 &

H.nk.am/XiMDIHhlX;M)Pnpn.:c:mCx;m)=HomCC.Mlxl
,
M)

. Hank:dx
,
m)

Are VCT gives dunk:Ms lthcxn.xn.im/-Hm(HalXn.Xn.D
, MY
"



Exercise" Ack
,
hair commutative square retesting bd.mg maps in LES

Hhftim) Is H"' IX. Aim)

Hml#A.mHmllttn.k.AM?2{Hn...lX.Al-HnAProof A Pugin: we have M
-

ater diagrams
Hklxn.xn.im)- Hklxn ; M)
-Hk"lXn

.. ,Kn;M)

2b cxu.ae
..)- Ha , I V ti

Hom ( Hnku.xu.li M)- Hmfltnxn
,
M)-ltomllth.lxn.nl/nl,M)o



CJ : a c. %
,

Ga : Sk→ Xh attaching map

Be Ph
,
g. p

:Xh → XuHu
. ,
I VqSh→ Sh projection to

sphere indeed

S : dmHim → ckjfcx.my
3 B

112 112

mph → Menu
I 1- so G) = §,deglg.pk) ffs)-

non - zero only finitely
many times by
compactness A Sh



Etienne: IRR? cell str
. w/ one cell in each deg. Sh

un
"

o → I → .
. - ta's zit, I → o

(Ty : Ed in dug . s Q -l
.

- - -s

- n

i → It →I-iii. . . - → I- o
Z
; (Cau) s { Th , i urn , 03 is - n & - n odd

0
, otherwise

B ; (Cien) = {0, is o & i odd Hklppn =/? th --O
,
n odd

2/2
,
heron

,

Oaks n
22

,
i win

,
O > i 3 -n

O
, otherwise



Homology A products
-

X.Ye Top want to understand It
,
(Xxx) in terms A Hex & H*Y

Step : Define ⑦ A drain as & gin alg's description
He( C . @ O

.

) in terms A HI , HAD if C
.
is larlnise free

Steph 3 natural chain ht.pyeg.ie between S
.
(Xxx)

and 5.X 5.Y ( Eilenberg- Zilber them .)

(This is also the main input to get products in Ht
. )



Tensor Products A chain Complexes
-

At , B , graded abelian groups

(
(abelian groups An , n C- 2)

Want A-
*
④B
,

when ae Ap , be Bq is a b in byres ptg
→ (A 4)

n

= ④ Ap ⑦ By
ptg. - n

Basic properties A ① carry over



C.
,
D
.

chain complexes
Define C

.

-00
. by (C.①D.)

n

= ⑦ Cp Dq
(non - uniquely) p-19in µNstej An element in (COO)

,
can batmltenos

a finite sum C Ci di2 : ( C.⑦D.)
n

→ ( C
,
@O

. )n , is '
Cie Cpi , dit Og ;

on ( ⑨d by 26 d) = go of +fyPc@qdPit9.i-ncc.CpDE Dq
2- (cod) =#cord +69202 d)

= od t HIP
-

Icoa2dttfP2c@2dxfJPf.l)Pc ¥4
\-

=D cancel - need sign to get chain ex .



Notation : Me Ab write MEN] for the
gu - ab . group / ch . ex

.

i
'

O

b

M - deg - n
b
O
,

l

l

Hun associativity : C
. -04 . @E.) I (C

.

-00
.) ⑦E

.

unit : C
. 0-267 In deg. n : ④ Cp -0kW, s Cn ⑦ Z

pxg.sn
( 9. so)

⑦ on Ab was also symmetric : A O Z B A



Symmetry for Ch : t : C. 00
.

Is O
.

-0 C
. by

c- ( c d) = (g)Md C

CE Cp , ht Dq
Need sign for i to be

a chain map
:

c- ( 240dL) = c- ( scad + tilPa add)
= C-e)"

"9-
dare + fill' fl)"'

"
ad ① c

T
-

(g)pot
-

g. l. .) Pot
Ztlcoxd) =L- e)'

'9- Hdac) still't ad c x C-1)Pff-7) t d de
- -

C-1)P9.iq
- would not agree w/o some sign to compensate for sign from 2



Convention : We use some sign as symmetry for A grab-

so that taking underlying abelian groups is compatible w/ symmetry

Eyrie :
- ⑦ C

.

: Ch → Ch preserves chain ht
- pies

& levelwise split able SESS
.

If C
.
is levelwin free it presents all SESS

.
i
.

O
b

Ennis : I
.

=
& I

261 : f) - lo)
- 2b

2167,173 o

t
o
'

:
two chain maps C. → 0

. and
chain map C.② I.→ D. to

him ht
- pg between them



Lemmy T natural map A.Cg HD → H
,
(Coo)

• A grab
compatible w/ associativity , went, symmetry isomorphisms

Pnd: Ed e H
,
C
,

Cd) c- HqD , Cc)@Edl t lead]
up. by cycle CE Cp np.by cycle

de D
9-

2 (c d) = dead + the •ad = 0 so cycle
(c-12') ④ d = cod + 2 c ' d = cod +24' d)

He' @ d) =L ⑦ d as 2d= O
Sa will - defined

, independent & choirs A npnsentntins. D



Detn : A
.
.
B
,

c- grab , Tor ( A. 8)
n
= ¥g, ,Tm( Ap , Bg)

Pyon. : C
.

,
D
.

E Ch
, C

.

is lent -wise free .
3- natural SES s

O → He @ Hao)n→ Hn Kao) → Tor (Hf , H+0)n
. ,→ 0

Note specializes atg.a UCT if D. = MCD .

Me Ab



Lemmy C
.

leastwise free chain ex
. w/ zero differentials.

Then C.
*
④ It I Hf @ H+0 → Ht (COO) is an isomer.

Prod for cecp , dt D, then 2(cod) = G)Pc add
C

.

Inshrine free ⇒ ( ⑦- preserves
SES

,

so Zn ( (①D) I ¥g=nCp⑦ZqD
KCC@D) = Cp -00,0

pxg.sn

Hnk@D) I ¥
.

Cp Ago * BHO)n
. D



Purgatory
Zn -- KC

, Bks Onc , Hh - Hac
Han SES O → oh 2h → Hy →0 free resolution

(as C levelwin free)

O → 2h → Ck Oh , -7 O
' '

D
'

k

Z
. ,
B ! as ch

. a.s w ( diff . O - & level wise free

O→ 2.→ C
.

→ 8
.

→O SES oh ch . a.s
,

level wise split able .



Get SES d ch
. a. s

O -s ?@0
.

→ c. 8D
.

→ B! @ O. → O
- -

apply Lemm to compute It,

LES in homology is

In
- o' -

⇒ (2. ②HDL → H
. (Coo) → ( 8.⑦ Ht07n_JC2a@H.D

,?
' - -

Han SES s centred at Hfc O)

o→ cheer An → Hnk ①D)→ her Dn, → 0

Unwinding defn. A Dn m get :

bn : p¥
.

Bp Ago → p¥.n2p HgD is ljoid); nip ida,



⇒ when An = IH.C-OH.DK
her An = Tor ( HI

,
It
,
D)
n

Get SES

O-sflt.coHD)
n
→ H

.(COO) → Tor (Htc , HD), → 0 .
D

length : com show these SESs or non - canonically spl;Hable
- hour (non-natural) isomon

.
s

Hnk @O) I (HE • Hao)
n

④ Tor ( HI , Hao) no .

Remy: Works for ch. as A R -modules for any PID R
E. g. if k is a field get H

, Kgo) I HE 9 Hi,D .


