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Summary

The main contributions of this thesis is based on a new control problem
statement called The Maneuvering Problem. This involves a desired path
for the output of the system to follow and a speed assignment setting the
desired motion along the path. This separation of tasks implies, on the one
hand, that the design of the path and the desired motion along the path can
be approached individually. On the other hand, this also introduces more
flexibility in the development of the control law, since the desired motion
along the path can be shaped by state feedback.

The main theoretical aspects are discussed in Chapters 2, 3, and 4. The
Maneuvering Problem statement is presented in Chapter 2. A few appli-
cation examples show how their respective control objectives can be con-
veniently set up as maneuvering problems by constructing a parametrized
path and a speed assignment along the path. The last section of this chapter
shows further that the problem statement implies the existence of a forward
invariant manifold of the state space, represented by a desired noncompact
set, to which all solutions must converge.

Chapter 3 presents a constructive control design solving the maneuver-
ing problem. A feedback linearizable system is, for clarity of presentation,
used in this section, and most of the involved theoretical aspects concerning
the control objective with design are addressed. First the static part of the
control law is developed, solving essentially the geometric part of the prob-
lem. Then the loop is closed by the design of an update law that shapes
the motion along the path. The last section of Chapter 3 considers further
one of the proposed update laws and show that this incorporates a gradi-
ent optimization algorithm that will improve transient performance in the
system.

Uncertain systems are addressed in Chapter 4, and constructive designs
based on ISS backstepping, adaptive backstepping, and sliding-mode are
proposed for solving the maneuvering problem. In the backstepping de-
signs, n design steps are first performed to derive the static part of the
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control law. Then the dynamic update law is constructed to bridge the path
following objective with the speed assignment. In the sliding-mode design,
a maneuvering control law is first designed for the nominal part of the plant,
and then traditional techniques are used to deal with the uncertain part and
develop the overall control law.

Chapters 5 and 6 present applications of the theory, where the former
chapter considers ships and the latter considers formation control. In Chap-
ter 5, a fully actuated ship model is used, and specific maneuvering control
laws are constructed based on adaptive backstepping, sliding-mode, and
nonlinear PID techniques. Experimental results, using the model ship Cy-
berShip II, are reported for each design. Experiments of both success and
failure are discussed.

Chapter 6 proposes a maneuvering setup and design for formation control
of r vessels. T'wo formation control designs are proposed. The first develops
decentralized control laws and a centralized dynamic guidance law, which
includes the dynamic update law, to solve the problem. In the second design,
the guidance law is further decentralized in order to reduce communication
demand.

Emphasis has been put on making the thesis coherent, starting with mo-
tivation and examples in the introduction, leading to the problem statement
and its implications in Chapter 2, designs and analysis in Chapters 3 and
4, and finally applications with experimental results in Chapters 5 and 6.
Moreover, Appendix A provides necessary background material on control
theory, with emphasis on set-stability, and Appendix B reports an extensive
work on modeling, system identification, and adaptive maneuvering with
experiments performed for CyberShip II.
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Chapter 1

Introduction

“Space the final frontier. These are the voyages of the star-
ship Enterprise, its continuing mission to explore strange new
worlds, to seek out mew life and new civilization, to boldly go
where no one has gone before.”

Star Trek - The Next Generation,
Gene Roddenberry (1921-1991)

1.1 Motivation

In many applications it is of primary importance to steer an object (robot
arm, vehicle, ship, galaxy class starship, etc.) along a desired path. The
speed or dynamic behavior along the path may be of secondary interest.
Control problems for such applications are usually approached as two sepa-
rate tasks. The first task, denoted the Geometric task, is for the output y
of the system (usually the position) to reach and follow a desired path yg4
designed as a function of an auxiliary path variable 0, left as an extra degree
of freedom for the second task. In the second task, 6 is used to satisfy an
additional dynamic specification along the path. This task is denoted the
Dynamic task and is usually specified as an assignment for the speed.

In the common tracking problem the path variable 6 is assigned to a
specific time function v () constructed so that §4(t) := yq(v¢(t)) is a moving
point that satisfies the tracking objective and the dynamic limitations of the
system. In this case the two tasks, the geometric and dynamic parts of the
problem, are merged into a single task with objectives often more stringent
than required in applications. An example is to automatically drive a car
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along a road. This can be achieved by making the car track a point that
moves along the road with a certain speed. However, by instead emphasizing
that the main task is to make the car stay on and follow the road, one can
let the desired speed be of secondary interest and sacrificed if necessary.

A less restrictive control objective is to solve a pure path following prob-
lem. In this case the output y should merely converge to and follow the de-
sired path y4(0) without any specific dynamic requirements along the path.
Clearly, in many cases this problem statement is too flexible. When driving
the car the primary importance is to follow the road. However, it is also
important to keep up the speed to arrive at the destination in reasonable
time.

The idea focused on in this thesis is to bridge the gap between track-
ing and path following, and the control concept will be called maneuvering.
This is motivated by Hauser and Hindman (1995) who designed a maneu-
ver regulation control law from a tracking algorithm by converting a time-
parametrized desired output signal into a #-parametrized desired output
path and designing an update law to ensure proper motion for 6.

The class of systems considered in this thesis is represented by the ordi-
nary differential equation (ODE)

&= f(x,u,t) (1.1)

where for each ¢ > 0 the vector z(t) € R™ is the state, u(t) € RP is an input

vector that can be used to actively manipulate the state, & := %:c(t) is the

time derivative of the state, and f : R" xRP xR>o — R" is a nonlinear vector

function that can be differentiated sufficiently many times. The state vector

x can contain only the original states of the plant, or it can be augmented

with some additional dynamic states necessary to solve a control problem.
To this equation belongs an output map

y = h(z) (1.2)

where y(t) € R™ is the system output that we wish to steer along a desired
path.

1.1.1 The Tracking control problem

Let y4(t) be a bounded desired output for (1.2). Roughly speaking the
Tracking Problem is then to design a function a(x,t) such that setting u =
a(z,t) in (1.1) makes y(t) converge to and eventually track y4(t), that is,

Jim (y(2) — ya(t)) =0, (13)
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while keeping the internal states bounded. The desired output y4(t) is con-
structed a priori as a point in R that moves as a function of time. It traces
out a trajectory corresponding to the desired path we want y to follow, and
its velocity is given by the time derivative g4(t). Tracking y4(t) will therefore
satisfy both path following and the dynamic specification along the path in
a single task.

Note that the terminology about the tracking problem is inconsistent.
Some authors, Hauser and Hindman (1995); Ortega, Loria, Nicklasson and
Sira-Ramirez (1998); Encarnacao and Pascoal (2001b), call a desired output
ya(t) a desired trajectory and the problem becomes a trajectory tracking
problem. Other authors view a trajectory as a geometric curve and not a
moving point, Anderson and Moore (1989); Astrém and Wittenmark (1990),
and refer to the same problem as a trajectory following problem. When the
objective is to force the system output y(¢) to track a desired output y4(t),
the problem is in this thesis referred to as tracking or a tracking problem in
accordance with Athans and Falb (1966).

Example 1.1 Suppose we want to automatically steer the position p =
(pz,py) of a wehicle along a straight-line path. Solving this as a track-
ing problem, we need to design a desired time-parametrized trajectory. A
straight-line can be parametrized by a path variable 6 as

| a0+ by
Pd = as0 + by

where a1, a2,b1,ba are constants. Suppose further that the car should move
along the path with a constant speed reference ures. This means that |pg| =

Va3 + a2|0] = |urey|, and integration yields

! Uref Uref
0(t) = 0(0) + dr = 0(0) + ——=L—t =: vy (t).
0

Va2 + a3 Va2 + a3

Setting 0(0) = 0 gives the desired position for the car as

u Y + bl
palty = | VAR
Ure f (; > t+ b2
Vaitas

which satisfies both the path following and speed objectives in one package.

Numerous applications using various methods for solving the tracking
problem is reported in the literature. For robotic manipulators some of
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these references are Paden and Panja (1988); Zhao and Chen (1993); Zhang,
Dawson, de Queiroz and Dixon (1997); Loria and Nijmeijer (1998); Song,
Tarn and Xi (2000), for mobile robots there are Fierro and Lewis (1995);
Jiang and Nijmeijer (1999); Aguiar and Hespanha (2003); Aguiar, Cremean
and Hespanha (2003), and for different marine applications there are Yoerger
and Slotine (1985); Fjellstad and Fossen (1994); Godhavn, Fossen and Berge
(1998); Lefeber, Pettersen and Nijmeijer (2001); Behal, Dawson, Dixon and
Fang (2002); Fossen, Lindegaard and Skjetne (2002); Lefeber, Pettersen and
Nijmeijer (2003); Do, Jiang, Pan and Nijmeijer (2004).

Common for all these references was the use of a desired time-
parametrized trajectory, either stated as a generic time function or gen-
erated by a reference model copying the dynamics of the plant. The time
evolution of this trajectory is specified a priori and is not affected by the
system state in any sense. What if the true system output y is not able
to track the desired output y4(t), perhaps due to inherent limitations like
unstable zero dynamics, exogenous disturbances, or a malfunction of some
kind? Since y4(¢) knows nothing of the status of the system it will continue
unaffected on its path, the tracking performance will gradually degrade, and
a failure is imminent. In such hypothetical cases, path following can be safer.

1.1.2 The Path Following control problem

In path following we consider the entire path rather than a point tracing
out the path. If y4(6) is a continuous parametrization', the path can be
represented by the set of points

P:={yeR™: I cRs.t. y=yq(0)} (1.4)

For each y € R™, let d(y;P) be some function that measures the distance
from y to the path P such that d(y;P) = 0 for y € P and d(y;P) > 0
for y ¢ P. An example is the Euclidean distance d(y; P) = inf.ep |y — 2|
where || is the Euclidean norm. The Path Following Problem is to design a
function a(z,t) such that setting v = «(x,t) in (1.1) makes y(t) converge
to and follow the path with nonzero motion, that is,

Jim d(y(t);P) =0 (15)

while |g(¢)| > 0 for most ¢ > 0.

' A path can be parametrized continuously, discretely, or as a mix of both (hybridly);
see Section 2.1.
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In vehicle applications the practice is often to manually set the forward
propulsion to a desired value, and then actively use the steering capacity
of the vehicle to reach and stay on the path. Different solutions to this
control problem for mobile robots and marine vessels have been presented
by Micaelli and Samson (1993); Sarkar, Yun and Kumar (1993); Holzhter
and Schultze (1996); Encarnacao, Pascoal and Arcak (2000); Skjetne and
Fossen (2001); Pettersen and Lefeber (2001); Do, Jiang and Pan (2002b).

1.1.3 From Tracking and Path Following to Maneuvering

In Maneuwvering we will separate the problem into two tasks. The first and
most important task is path following. The second and less important task is
to satisfy a desired dynamic behavior along the path, for instance a desired
speed. In a vehicle application this means that the speed should satisfy
the desired speed assignment when tracing the path perfectly. However, if
the vehicle experiences difficulties in tracing the path, it should if possible
sacrifice the speed performance to achieve more accurate path following.

We will call the two tasks the geometric task and the dynamic task. The
former is to force the system output to converge to the path, and the latter
is to satisfy a desired dynamic behavior along the path.

Example 1.2 For the robotic manipulator in Figure 1.1 (this could for in-
stance be a cutting or welding tool), the control objective is for the tip of the
tool, taken as the output y, to trace a desired triangular path. The further

(1.1}

10.0) (2.0

Figure 1.1: A robotic cutting tool.

requirement is to trace the path as fast as possible without exceeding a maz-
imum speed constraint of about ms ~ 0.1m/s, and with the deviation from
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the triangular path always kept less than 1073 m. This is a typical maneuver-
ing application. The depicted triangle is the desired path in R%. Along this
path o desired speed profile must be designed. This should conform to the
mazximum speed mg along the edges, while it should slow down at the corners
to avoid transients that could exceed the maximum deviation constraint.

In its 30+ years of production, the Norwegian oil and gas industry has
become a prime mover within Norwegian research by continuously setting
new demands and standards to obtain cost effective, safe, and reliable oper-
ation in the North Sea. Control theory with applications have gotten strong
focus in this research, leading to many new developments. The next two ex-
amples give some ideas to how maneuvering can be used to further enhance
the performance of marine operations in the oil and gas industry.

Example 1.3 In the oil industry the supply vessels are often equipped with
a dynamical positioning (DP) system. This is an automatic control system

Figure 1.2: The Oseberg South oil production platform of Norsk Hydro, and
the supply vessel Far Star from Farstad Shipping. Courtesy: Norsk Hydro
and Terje S. Knudsen.

that uses available measurements, like position and orientation, together with
powerful thruster forces to position the vessel at a fixed point with a certain
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heading (DP station-keeping) or move it slowly along a predetermined track
(DP autotrack); see Strand (1999); Lindegaard (2003). DP station-keeping
s a set-point regulation problem. However, suppose in the duration of a
supply operation that the vessel needs to reposition itself at several different
places around the platform. It would then be convenient to parametrize all
those reference ponts in terms of a continuous path around the platform, as
tllustrated by the ellipsoid in Figure 1.2, and constraining the vessel to this
path. The heading of the vessel could be taken as the direction of the tan-
gent vector along the path, or simply as a constant heading, usually pointed
against the environmental forces like waves and wind; see Fossen and Strand
(2001). The desired dynamic behavior along this path would be zero speed
(fized positioning) at the reference positions, and when moving along the path
from one reference to the next the desired path speed should be commanded
online by the pilot. This is a maneuvering problem.

Example 1.4 As the oil and gas industry moves production to greater
depths, the need for more underwater autonomous control increases. One

Figure 1.3: A formation of two Kongsberg Simrad Hugin AUVs scanning a
pipeline for leakages or other abnormalities. Courtesy: Anders S. Wroldsen.

envisioned task is inspection of underwater pipelines. As depicted in Figure
1.8, it has been suggested to use a formation of autonomous underwater ve-
hicles (AUVs) to perform such a task; see Chance, Kleiner and Northcutt
(2000); Vestgard, Hansen, Jalving and Pedersen (2001). A formation of
AUVs can be utilized to construct 3D images of the pipeline or even take
time-synchronized snapshots covering a large spatial area of the seabed; see
Pascoal (2008). This will increase the probability of discovering abnormal-
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ities in, for instance, a pipeline. This formation control objective can also
be solved as a maneuvering problem. Two parallel paths in 3D space, ele-
vated from the seabed and offset from the pipeline, must be constructed. The
speed along the paths should be a constant forward velocity. In addition an
algorithm must ensure that the vehicles keep synchronized along the paths to
stay in formation.

There are subtle differences in maneuvering as compared to tracking or
path following. Maneuvering is by active control to achieve both convergence
to the path and to satisfy the dynamic behavior along the path, approached
as two separate tasks. Path following, on the other hand, is the same as
solving the geometric task only (with a nonzero motion), whereas tracking
is a method for strictly solving the geometric and dynamic tasks in a single
task. The result is that tracking becomes a special case of maneuvering, and
maneuvering becomes a special case of path following.

1.2 New developments

1.2.1 Background

Some of the results in this thesis were inspired by Hauser and Hindman
(1995) who introduced a procedure to design a maneuver regulation con-
troller. To determine the path variable 8, they used a numerical projection
from the current state onto the path. An already available tracking controller
was then converted into a maneuver regulation controller, and a quadratic
Lyapunov function was employed to guarantee that the states converge to
and move along the path. Their method applies to feedback linearizable
systems, where the path is specified for the full state. The control structure
is a mix of a continuous feedback law in conjunction with a numerical min-
imization algorithm. In Hindman and Hauser (1996) the auhors gave more
insight into their methodology where they, among other things, showed that
the desired path neither could have any sharp corners nor could it be self-
intersecting for the projection algorithm to be locally well-defined. A nice
extension of this procedure for nonminimum phase systems was proposed
by Al-Hiddabi and McClamroch (2002). See also Gilbert and Kolmanovsky
(2002) where a generalized reference governor is designed with state feedback
so that constraints on state and control variables are satisfied.

Encarnagao and Pascoal (2001b) proposed another extension of the ma-
neuver regulation methodology for control of marine craft. By applying the
above techniques, a maneuver regulation control law was designed for the
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position kinematics. This control law was then stepped through the kinetic
equations of motion using a backstepping design technique. Since the ma-
neuver regulation “virtual” control law in the kinematic equation will be a
function of the path variable 8, one step of backstepping will require the
derivative 6 in the final control law. For systems of relative degree higher
than two, this approach will require even higher order derivatives of . There
is no mentioning from this reference how these derivatives are obtained from
the projection algorithm.

Other references to what we in this thesis consider maneuvering sys-
tems are Hauser and Hindman (1997); Diaz del Rio, Jiménez, Sevillano,
Vicente and Civit Balcells (1999); Encarnagao and Pascoal (2001c); En-
carnacao (2002); Do, Jiang and Pan (2002a); Fossen, Breivik and Skjetne
(2003); Johansen, Skjetne and Sgrensen (2003); Lapierre, Soetanto and Pas-
coal (2003). Most of these works solve the maneuvering problem differently
than the methodology presented in this thesis. For instance, Fossen et al.
(2003) uses a line-of-sight (LOS) algorithm to control the heading of an un-
deractuated ship to ensure convergence to a straight-line path. The surge
speed u of the ship is independently controlled to a desired surge speed
ug(t). Together this means that both the geometric and dynamic tasks in a
maneuvering problem are solved.

1.2.2 Contributions

The contributions of this thesis is focused around a problem statement we
will call The Maneuvering Problem. The thesis includes designs for solv-
ing this objective together with analysis of the achieved performance and
properties of the closed-loop systems. The results have been published in
several international publications; the proper references are included in the
introduction to each chapter. We summarize:

e The Maneuvering Problem is defined. We show that this is a conve-
nient problem statement that can be used constructively to solve many
problems of interest. In particular, choosing a suitable parametriza-
tion of the desired path and designing a dynamic assignment along the
path, will show to be flexible tools for solving the problem at hand.
The Maneuvering Problem implies the existence of an attractive, for-
ward invariant manifold in the state space, to which all solutions must
converge. This manifold is represented by a noncompact set for which
the stability analysis of the closed-loop system is analyzed.

e Several constructive control designs are presented. These are based on



10 Introduction

traditional nonlinear design methodologies such as backstepping, feed-
back linearization, and sliding-mode control, but extended to specifi-
cally solve the maneuvering problem. Stability of the resulting closed-
loop systems are rigorously proved using tools from nonlinear set-
stability theory; see Appendix A.

e The control designs are finalized by choosing an update law that will
bridge the geometric task with the dynamic task. One such update
law involves a dynamic gradient minimization algorithm that will con-
tinuously select the path variable § that minimizes a cost function.
An analysis is provided to show improved performance of the closed-
loop system by using this update law, and several application scenarios
are simulated and experimentally tested to illustrate these properties.
Moreover, using this minimization property we define some new con-
cepts called “near forward invariance” and “near stability” that will
quantify this behavior.

e To test the maneuvering designs in a realistic environment, a model
ship called CyberShip II (CS2) is used in the laboratory facility called
the Marine Cybernetics Laboratory (MCLab) at the Norwegian Uni-
versity of Science and Technology (NTNU) in Trondheim, Norway. A
nonlinear maneuvering model for a ship is derived, and system identi-
fication procedures have been performed on CS2 to obtain numerical
values of the model. Several free-running experiments to automati-
cally steer CS2 along a desired path have been performed. These are
based on the different maneuvering designs presented in the thesis.

e An extension of the theory is developed for formation control of a
group of vessels. First, a formation setup is suggested leading to the
desired paths for the members of the formation. Then, designs based
on the maneuvering theory are performed to solve the formation ma-
neuvering problem. Different designs are presented, leading to both
centralized and decentralized control structures.

1.2.3 Comparison to existing theory

In the works by Hauser and Hindman (1995); Hindman and Hauser (1996);
Encarnacao and Pascoal (2001b); Al-Hiddabi and McClamroch (2002) the
authors always started with an already available tracking controller, and
then converted this into a maneuver regulation controller. This is contrary
to the designs presented here. We start with a parametrized path and a
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dynamic assignment along the path, do the control designs, and ties together
the geometric and dynamic objectives with the final pick of an update law.
This is more flexible and has the advantage that the path variable can be
a dynamic state integrated online in the controller to satisfy the dynamic
assignment.

By using the gradient update law we obtain qualitatively the same per-
formance as Hauser and Hindman using their projection algorithm. How-
ever, since the gradient minimization algorithm is dynamic, we relax the
earlier restrictions imposed on the desired paths such as the “sharp corners”
and “non-intersecting” conditions in Assumptions A and B in Hindman and
Hauser (1996).

For a nonlinear system in strict feedback form (Krsti¢, Kanellakopou-
los and Kokotovi¢; 1995) of any relative degree, the proposed backstepping
designs in this thesis will never require higher order derivatives of §. This ef-
fectively overcomes the restriction in Encarnacao and Pascoal (2001b) where
a relative degree n plant will require up to the n’th derivative of # in the
control law. It should be mentioned, though, that since we design a dynamic
update law for 6, higher order time derivatives may not pose a problem if
accounted for properly in the design. All kinds of permutations in the de-
sign are possible based on the application at hand and the mathematical
creativity of the designer.

1.2.4 Limitations

e This thesis will only deal with time-continuous plants. Clearly, the
presented conceptual ideas are valid for discrete plants using parallel
discrete design methods; however, such designs and analyses are not
included here.

e All the presented designs assume full state measurements. This means
that output feedback designs and controller /observer designs will not
be considered. The reader is encouraged to confer with the extensive
literature on such designs (Nijmeijer and Fossen; 1999) if a maneuver-
ing application requires an output feedback control structure.

e All plant models considered are of known structure. The parameters
of the models, however, may or may not be known.

e The applications considered in examples and experiments are all fully
actuated systems. This means that all degrees-of-freedom (DOF) can
be controlled simultaneously, implying that these systems are in some
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sense “easy” to control. Nevertheless, we stress that this thesis will
present conceptual ideas together with design tools for general classes
of systems. For specific applications with specific limitations, like those
that are nonholonomic or underactuated, the designs need to be mod-
ified in the same way as tracking designs are modified to fit the same
applications.

1.3 Modularity in the closed-loop control system

It is convenient to systematize a closed-loop automatic control system by di-
viding it into subsystems or “blocks” that have specific input/output signals
and inherent properties. This makes it easier to modify the overall system
in case a task or objective changes, since only one or a few blocks need to
be changed. For instance, if we want to change the desired trajectory in a
tracking task, only the reference system needs to be adjusted, not the entire
control system.

For most applications considered in this thesis, we propose to call the
overall closed-loop system for an Automatic Navigation System. Such a
system consists of the blocks called the Plant, the Measurement system, the
Control system, and the Guidance system; see Figure 1.4.

ing Control Sy Measurement System

Allocation

Control Law —3= Control V& Sensors —3 Observer

[
L

Measured and estimated states

Theta

Guidance System

Path and speed
assignment signals

‘ (Online) Path Generator ‘

‘ Speed Assignment Algorithm ‘

Figure 1.4: Closed-loop automatic navigation system.

This naming convention is motivated by the fact that this automatic
feedback system performs navigation in this word’s original meaning:

Navigation is “the art and science of maneuvering safely and efficiently
from one point to another” (MSN Learning and Research; 2003). The word
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navigation is derived from Latin where “navis” means boat and “agire”
means to guide. It “traditionally meant the art or science of conducting
ships and other watercraft from one place to another.” Today we talk about
navigating a car through a crowded city to get to the shopping mall, we
navigate on foot through a forrest to get to our favorite fishing lake, or a
space shuttle navigates from the earth to the moon. Speaking in terms of
dynamical systems we propose:

We navigate the output from the initial condition to the final destination
by maneuvering it safely and efficiently along a desired path with a desired
dynamic behavior.

A description of the main components of an Automatic Navigation
System follows:

e Plant: -the physical system under consideration, in this thesis rep-
resented by a set of differential equations describing its motion and
behavior as a function of time. It is parametrized in terms of a set of
states, usually taken as physical quantities such as position, velocity,
accelerations, temperature, pressure, voltage, current, etc. In a con-
trol task, the states of the plant can be manipulated by a set of control
inputs representing the actuators. These are, for instance, the propul-
sion and steering devices in a vehicle. To enable automatic feedback
control, a subset (or function) of the states is measured by a sensory
system.

e Measurement system: -the sensory system used to measure at least
some of the physical states of the plant. It also includes filters and
observers used to continuously estimate states that are not directly
measured, but can be derived (statically or dynamically) from the
measured states.

e Guidance system: -the planner (or supervisory decision maker) in
the automatic navigation system, taking as input operator commands
and, perhaps, the state of the system, and providing desired signals for
the action to come. In a tracking task the guidance system is the same
as a reference system, providing the desired trajectory with necessary
derivatives to the control law. In a maneuvering task, the guidance
system will provide information about the path and the desired dy-
namic assignment along the path.

e Control system: -a static or dynamic algorithm called a control law
that continuously determines the actions of the actuators of the plant
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in order for it to satisfy a certain control objective. Such objectives are
usually stated as either set-point regulation, tracking, maneuvering,
or path following. The control law will usually consist of feedback
terms from the system states and feedforward terms provided by the
guidance system.

Remark 1.1 An Automatic Navigation System, as defined here, should not
be confused with measurement systems such as an Inertial Navigation System
(INS) or a Global Navigation Satellite System (GNSS) with the specific con-
stellations GALILEO (European), GPS (American), and GLONASS
(Russian). These are sensor systems aiding local or global navigation. In
vehicle applications, a GNSS positioning system and an INS often consti-
tutes the major part of the measurement system. The GNSS primary mea-
surement is the absolute position, but it also provides translational velocity
by a built-in Kalman filter, and orientation if several receivers are set up in
a geometric architecture. The INS primary measurements are usually lin-
ear accelerations by built-in accelerometers and orientation angles by built-in
gyrocompasses.

1.4 Mathematical preliminaries

1.4.1 Notation

Table 1.1: Mathematical abbreviations
Symbol: || Meaning:

empty set

element of

for all

there exists

defined as

defines

mplies

if and only if

to or converge to
maps to

converge to from below
converge to from above

W <tm =

SNT LT
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Table 1.2: Other abbreviations
Symbol: || Meaning:
UsS Uniformly Stable
UGS Uniformly Globally Stable
UGAS Uniformly Globally Asymptotically Stable
UGES Uniformly Globally Exponentially Stable

LAS Locally Asymptotically Stable
LES Locally Exponentially Stable
UA Uniformly Attractive

UGA Uniformly Globally Attractive

a.e. almost everywhere
a.a. almost all
s.t. such that
w.r.t. with respect to
e Total time derivatives of a function z(¢) are denoted &, Z, PG N
A superscript with an argument variable will denote partial differ-
entiation with respect to that argument that is, of(x,0,t) := %,

o (z,0,t) = o P and " (x,0,t) :== aen , etc. The gradient o®(z, 0, t)
with z € R" will always be a row vector.

e For a function f : X — Y we say that f is of class C", and write
fecr,if (x), k € {0,1,...,7}, is defined and continuous for all
r € X. fis continuous if f € C°, f is continuously differentiable if
fe€Cl, and fis smooth if f € C*.

e The p-norm of a vector is |z], = (3I, |2;[P)? | where the most
commonly used is the 2-norm, or the Euclidean vector norm, simply
denoted |z| := |z], = (zT2)"/2. 2 This reduces to the absolute value for
a scalar.

. 1/p

e The signals norms are denoted by ||zl : ( ft )P dt) , where

in particular ||z|| := ||z|| = esssup{|z(t)| : ¢ 2 0}. If a specific

time-interval [to,?1] is of interest, we use the notation ||z, | =
esssup{|z(t)] : ¢ € [to, t1]}

o The distance-to-the-set function is denoted |z|, := d(z;A) =
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inf {d(z,y) : y € A} where the point-to-point distance function is nor-
mally taken as d(z,y) = |z — y|. Note that for an equilibrium, A =
{0}, the distance-to-the-set function reduces to the norm, |z|, =

|$‘{o} = |z|.

e A column vector is often stated as col (z,y, z) := LLET, y', zT] i , while
a row vector is row(w,y,z) := [z',y',z"]. For a vector
x = col(z1,z2,...,2,) € R™ we use the compact notation z; :=
col (1, za,...,2;),1=1,...,m. Whenever convenient (and clear from
the context) the notation |(x,y, z)| = |col (x,y, z)| is used. A vector of
only ones is denoted 1 = [1,1,...,1]T

e The induced norm of a matrix A is denoted ||A||, := maxX|g| —1 |Az|,,,
where in particular || A := [| 4],

e The minimum and maximum eigenvalues of a matrix A are given by
Amin(A) and Apax(A4).

e A diagonal matrix is often written as diag (a, b, ¢, .. .), and the identity
matrix is simply written I where its dimension should be clear from
the context.

e In control design, the subscript ‘d’ as in x4(t) or y4(0) means ‘desired.’
It will always be used for a varying desired function. For constant
set-points the subscript ‘ref’ is used as in Z,ef Or Upey.

A remark on the notation

The partial derivative notation, for instance o (x,0,1), is a convenient com-
pact notation. However, a superscript can be confused with some other
mathematical operation, like taking the power of the function. This is solved
by always keeping the argument list of the function. Partial derivatives will
always come before the argument list, while other mathematical operations
are indicated after the list (with partial differentiation as the primary oper-

2 T
ation). For example, f!(x,0,t)? = (%) and 5‘92((9,15)T = (%) .
The only exception is f~!(x) which means the inverse map of the function
f, while f(x)~! = 1/f(z). If other ambiguous cases are encountered, they

are solved using parentheses.
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1.4.2 Stability of sets

Consider the ordinary differential equation

i = f(x) (L6)

frequently referred to as the ‘system,” where for each ¢ > 0 the vector x(t) €
R™ is the state and f : R™ — R" is a sufficiently smooth vector function. Let
x(t, zop) denote the solution of (1.6) at time ¢ with initial state z(0) = zp.
If there is no ambiguity from the context, the solution is simply written as
x(t). It is defined on some maximal interval of existence (Tinin(Z0), Tmax(Z0))
where Tinin(zo) < 0 < Tmax(xo). The system (1.6) is said to be forward
complete if Tinax (o) = +oo for all zg, backward complete if Tipin(xg) = —00
for all zo, and complete if it is both forward and backward complete (Lin,
Sontag and Wang; 1996).

In this thesis, stability for (1.6) will frequently be analyzed with respect
to a closed, not necessarily bounded, set A C R™. Such a set is said to
be forward invariant for a forward complete system (1.6) if Vzg € A the
solution z(t,zo) € A, ¥t > 0. In order to measure the distance away from
the set, the “distance to the set A function” is defined as

|z| 4 == d(2;A) = inf {d(z,y) : y € A} (1.7)

where the point-to-point distance function is in this thesis simply taken as
the Euclidean distance d(z,y) = |z — y| .

An example is given by an equilibrium. An equilibrium point x. € R” of
(1.6) is a point such that f(z.) = 0. It can be represented by the compact
set

A={zeR": z=2z.}.

The distance function is in this case |z| 4 = inf {|z —y|: y =z} = |z — x|
showing that the distance function reduces to the traditional norm function.
Another example is the e-ball given by the compact set

A. ={z eR": |z| <&},
for which the distance function becomes |z| 4 = max{0, [z| — €}.

In the case when A is a compact set (closed and bounded) and it can be
established for a solution to (1.6) that the distance |x(t,zo)| 4 is bounded on
the maximal interval of existence, then the trajectory itself must necessarily
be bounded away from infinity on the maximal interval of existence. By a
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contradiction argument it follows that the system must be forward complete.
In the case when A is not bounded (noncompact) this is not necessarily
true, and other means must be used to established forward completeness.
In stability definitions for such sets, forward completeness is therefore a
prerequisite that must hold for the system.

Definition 1.1 If the system (1.6) is forward complete, then for this system
a closed, forward invariant set A is:

e Uniformly Stable (US) if there exists §(-) € Koo such that for any
e >0,
lzol 4 < 6(e), t>20 = |z(t,z0)[4 Le. (1.8)

e Uniformly Globally Asymptotically Stable (UGAS) if it is US and
Uniformly Attractive (UA), that is, for each € > 0 and r > 0 there
ezxists T' > 0 such that

lzg| g < t 2T = |a(t,xo)|y < e (1.9)

See Appendix A for the definitions of class I, Ko, and KL functions.
The above stability definitions using € —  bounds, is as shown by Lin et al.
(1996) and Khalil (2002) equivalent to using class-K and -KCL estimates.

Different mathematical tools can be applied to establish stability of a
system of the form (1.6). By far the most important in this thesis is Lya-~
punov’s direct method. Additionally, other tools like Barbalat’s Lemma
(Barbalat; 1959) and Matrosov’s Theorem (Matrosov; 1962) will be used. A
comprehensive threatment is given in Appendix A.

Set-stability for time-varying systems
Consider the time-varying system
zZ=g(z,1) (1.10)

where z(t, %o, z0) € R™ is the solution, evolving from zy at time ¢ = ¢y > 0.
Within the framework of set-stability of noncompact sets it is possible to
analyze such a time-varying system as if it is time-invariant. Using a letter
p to represent the explicit time-variation ¢ in (1.10), having dynamics p = 1,
p(0) = tg so that p(t) =t + to, Vt > 0, and defining x := col(z, p), then we
can define the equivalent and seemingly time-invariant system

:t:{ﬂ:[g(zl’p)}::f(x), mgz[ig] (1.11)

p
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for which z(¢, z¢) is the solution, evolving from z( at time ¢t = 0. According
to Lin (1992, Lemma 5.1.1) it follows that z(t, o, z0) is a solution of (1.10) for
t > to > 0 if and only if (¢, z9) := col (2(t + to, to, 20),t + to) is a solution
of (1.11) for ¢ > 0.

If stability for the original system (1.10) is analyzed with respect to the
origin z = 0, then for the new system this is analyzed as stability of the
noncompact set

A={(z,p) e R" xR>g: z=0},

for which the distance function is |(z,p)|4 = |2|.

This ‘trick’ will frequently be applied in this thesis for analysis of closed-
loop maneuvering systems. The advantage is to avoid analyzing stability
of sets that in the state-space vary with time. One can instead apply the
rather extensive theory developed for stability of noncompact sets; see e.g.
Lin (1992); Lin, Sontag and Wang (1995); Sontag and Wang (1995a); Lin
et al. (1996); Teel and Praly (2000); Teel (2002). A disadvantage is, accord-
ing to Teel and Praly (2000), that it usually imposes stronger than necessary
conditions on the time-dependence of the right-hand side of (1.10), e.g. con-
tinuity when only measurability is needed.

It should be noted, that in this thesis we will usually not go to the step of
introducing the variable p but rather just use ¢ as is with £ = 1 and ¢(0) = 0.
One should therefore be careful to distinguish this explicit time variation
from the implicit time, e.g. ¢t — z(t) where z is a state, in equations of this
thesis (though they physically are the same).

Remark 1.2 Since the explicit time-variation often only enters through the
designed reference system, e.g. t — x4(t) or t — wvs(0,t), we could in
principle define a mew state p, running inside the control computer with
dynamics p =1, p(0) = tg, in order to implement t in these functions. This
would indeed make the closed-loop system time-invariant. There is, however,
no quantitative difference in this as compared to just using time t, fort > tq,
directly.

Systems with inputs
In some cases we consider systems with input
T = f(x,u,t) (1.12)

where z(t) € R", ¥t >ty > 0, is the state, and u(-) is a measurable, locally
essentially bounded input function u : R>9 — R™. The space of such input
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functions is denoted L3} with the norm |[[uf, oo)l| := esssup{u(t) : t > 1o} .
For each initial time and state z(tp) = xg € R™ and each u € L2, let
x(t, to, o, u) denote the solution of (1.12) at time ¢. More general stability
concepts for (1.12) are given in terms of input-to-state stability (ISS); see
Sontag and Wang (1995b); Lin (1992); Edwards, Lin and Wang (2000):

Definition 1.2 The system (1.12) is input-to-state stable if there ewists
B € KL and v € K such that, for each input v € LT and each xo € R", it
holds that

|lz(t, to, w0, w)| < B (|lzol, t —to) + (||fte,00)|]) (1.13)

for each t > tq > 0.

By causality the same definition holds if we replace |[uy, o0)|| With [[uf, 4]|-

ISS is a robust stability concept that guarantees bounded state for all
bounded inputs and UGAS of the origin when the input vanishes. ISS also
generalizes to set-stability, and a treatment is given in Appendix A.3.

An application of the set-stability and ISS tools is illustrated by the
following example.

Example 1.5 Claim: The noncompact set
A={(z,t): z=u4(t)}

is UGAS with respect to the scalar system
&= — (2% —2q(t)’) + 2a(t) = f(,t)

where the desired state x4(t) is bounded and absolutely continuous, and
|zq4(t)| < M, a.a. t > 0.

Proof: Forward completeness is established by the auziliary function W :=
322 having a derivative W = —at + 26(t) < —ela|*, V|z| > {’/g where
o is a bound on §(t) := z4(t)® + 4(t) and € € (0,1). This shows input-to-
state stability (ISS) of the system with § as input (see Appendiz A.83), and

consequently that x(t) and f(x(t),t) are bounded for all t > 0.
For the distance function we have that

(ko= it || §22 | e

{;cxdm H§|x_md<t>\-

t—T1
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The absolute continuity of xq4(t) together with boundedness of x4(t) implies
that x4(t) is globally Lipschitz such that |x4(t) — xq(T)| < M |t — 7| holds.
Let 7* be the (optimal) value that satisfies the above infimum. Then

[z —zq(t)] = |z —24(77) + 2a(7") — 24(t)]
<z —za(™)| + [2a(77) — w4 (t)]
< e —wg(rh)|[+ Mt — 17 < max{l,M}H SC;fd;: ) } 1
< V2max{1, M} |(z,t)] 4.

Defining k := v/2max{1, M} the result is the equivalence relation
1
71— zat)| < (2, 1) 4 < [ —za(t)]-

Let a smooth Lyapunov function be V(z,t) := & (z — 24(t))?. This has the
bounding functions, according to (A.19) and (A.20), defined as:

o ([(z,t)] 4) == % (@, )% < V(z,t) < 5 |, 1) % = a2 (|(,1)] )
V@ (x,t) f(z,t) + Vi(x,t) = — (x — 24(t)) (x3 — md(t)3) =: —az(|(z,1)| 1)

Recall the property (x — y)(d(z) — d(y)) > 0, Yz # y, of a monotonically
strictly increasing function d(z). Using this with d(z) = x® shows that a3 is
a positive definite function, and A is therefore UGAS according to Theorem
A.10.

1.4.3 (Geometric relationships
Vectors and reference frames

A wvector ¥ is a quantity describing a magnitude and a direction. When
not related to any reference frame?, the vector is said to be coordinate-free.
However, in this thesis a vector will be related to a Fuclidean space R"
(sometimes called a Cartesian space) spanned by a set of orthogonal unit
vectors {€1,€a,...,€,} so that

T =1x1€1 + To€o + -+ T,€n (1.14)

2The names ‘coordinate frame’ and ‘reference frame’ means the same thing and will be
used interchangeably.
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where x; = Z- €, 1 € {1,2,...,n}, are the Cartesian coordinates of Z in R".
The vector Z can then be conveniently described as a coordinate vector

x = col (x1,xa,...,2,),

for which we drop the ‘arrow’ notation. This gives the orthogonal unit
coordinate vectors €; = col(1,0,0,...,0), e = col(0,1,0,...,0), ..., € =
c0l(0,0,0,...,1) representing the ‘axes’ of R".

In rigid-body dynamics the 3-dimensional space R3 is of particular in-
terest. The dynamic equations of motion involve kinematics, which is “the
study of motion without reference to the forces which cause motion,” and ki-
netics which is “the study of the relationships between the motion and the
forces that cause or accompany the motion” (Meriam and Kraige; 1993).
Several Cartesian reference frames are important in this context. The ab-
solute motion of a rigid body must be measured in a fixed coordinate frame
&, called an inertial reference frame, in R3 for Newton’s laws of motion to
apply. An inertial frame is not unique. Any fixed coordinate frame in R3
(our universe) can be used, and two such equivalent frames are related by a
translation and rotation.

For terrestrial navigation the interesting reference frames are:

ECI: The Earth-Centered Inertial reference frame. This is approximately
an inertial frame in which Newton’s laws of motion apply. It is a
nonrotating frame with origin at the center of mass of the Earth, z-
axis along the Earth’s spin axis and directed towards north, z-axis
directed towards the vernal equinox, and y-axis directed to make out
a right-hand triad.

ECEF: The Earth-Centered Earth-Fixed reference frame. This frame ro-
tates with the Earth. Its origin and z-axis coincide with the ECI-
frame, while the z-axis intersects the Greenwich meridian (0° longi-
tude) and the y-axis is directed to make out a right-hand triad. For
slow speed vehicles, navigating close to the Earth’s surface, this frame

is usually assumed inertial since the Earth’s angular rate of rotation
(we = 7.2921 - 1075 rad/ s) is small.

NED: The North-East-Down reference frame. The origin of this frame
is located at the surface of the Earth with coordinates determined
by two angles (I, ) denoting the longitude and latitude. Its x-axis is
pointing towards true North, y-axis towards East, and z-axis pointing
downwards and normal to the Earth’s surface. For local navigation of
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vehicles, close to the surface, it is common to assume that this frame
is inertial, and that the coordinates of the vehicle is given in the xy-
plane (tangential plane) of the NED frame (flat Earth navigation). It
will frequently be referred to as the E-frame.

In addition, there are some particularly interesting local frames:

Body: A reference frame fixed to the body of the vehicle. For a marine
vessel the origin of this frame is usually chosen in the principal plane
of symmetry (The Society of Naval Architects and Marine Engineers;
1950) with x-axis — the longitudinal axis — directed from the aft to the
bow, y-axis — the transverse axis — directed from port to starboard,
and z-axis — the normal axis — directed from top to bottom. It will
frequently be referred to as the B-frame.

Path: A reference frame with origin at a point along a path. Its axes are
given by the x-axis directed along the unit tangent vector, the y-axis
directed along the unit principal normal vector, and the z-axis directed
along the unit binormal vector (Lipschutz; 1969). For a continuously
parametrized path it is often called the Serret-Frenet frame. It will be
referred to as the R-frame.

See Fossen (2002); Skjetne and Fossen (2001) for more details on these
frames and the transformations between them.

Rotations

It is pertinent in control applications for robotics, vehicles, aerospace, marine
systems, and navigation systems to represent a vector X with respect to
several Cartesian frames. Let A and B be two such frames with orthogonal
unit vectors dai, do, d3 and 51, 52, 53, respectively. Let z, € A and z;, € B be?
the corresponding coordinate vectors of Z. It can then be shown (Egeland
and Gravdahl; 2002) that these are related as

o = Rizy, RY:= {ai - Bj} (1.15)

where R} is the rotation matrix from B to .A. Since Rg = {BZ . Jj} we get

that x; = Rgxa = RZ Ty which implies that

—1
RCRS =1 and RY= (Rg) . (1.16)

3The notation = € A means in this context that the elements of z are the coordinates
of & along the axes of A. In other words, x is decomposed in A.
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Two other important properties hold for a rotation matrix:

.
RY = (Rg) (1.17)
det Ry = 1. (1.18)

showing that R, is orthogonal with a unitary determinant. Such matrices
belongs to the set

SO(3) = {R cR¥3 . RTR=1and detR = 1}

called the Special Orthogonal group of order 3. A matrix R is a rotation
matrix iff R € SO(3).

A rotation about a fixed axis is called a simple rotation. Euler’s Theorem
states that the relative orientation between two reference frames A and B
can be produced by a simple rotation of B about some line in A. Any
simple rotation can again be produced by three rotations, called the principal
rotations, about the axes of A. For the nine elements in a rotation matrix,
R € R3*3, six constraints due to orthogonality implies that a minimum of
three variables are necessary to parametrize it. These are conveniently given
by the Euler angles: roll ¢ — rotation about the z-axis, pitch 6 — rotation
about the y-axis*, and yaw 1 — rotation about the z-axis. The principal
rotations of angles ¢, 0, and 1 about the axes z, ¢, and z are then given by
the rotation matrices

10 0

R,y = 0 cos¢p —sing (1.19)
| 0 sing cos¢
[ cosf 0 sinf

R,p = 0 1 0 (1.20)

—sinf 0 cosf

[ cosy —siny 0
R,, = siny cosy 0 (1.21)
0 0 1

Let © := col(¢,0,1) give the orientation of frame B with respect to frame

4Note that since @ is used as the path variable in this thesis, we will frequently use o
as the pitch angle in later chapters.
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A. The corresponding rotation matrix from B to A becomes

R(O)y =R, yRygRu (1.22)

chcp  —copsip + sOcpsp  spsip + copsbey
= | sy copcy + slspsy  —cipso + cpsOsy
—sb s e

where ¢ = cos(:) and s- = sin(-) and the commonly used zyz-convention
have been applied.

The translational part of the motion of a rigid body is now given by
the coordinate vector p. = col(z,y, z) in the inertial frame £. The rota-
tional part is given by © which describes the orientation of the body-fixed
frame B in &. Let v, = col(u,v,w) be the velocity vector of the rigid-body,
decomposed in B. This gives the kinematic relationship

Pe = R(©)5up (1.23)

for a rigid body. Likewise, let we, = col(p, ¢, ) be the angular velocity vector
of B in £. This can be related to the Euler rate vector © as

0 = To(O)wy (1.24)
where the transformation matrix Tg(+) is

1 sin¢gtanf cos¢tanf
Te(®):=] 0 oS ¢ —sin¢ (1.25)
0 sing/cosf cos¢/cosb

It is singular for # = £90° which can pose a problem in some applications.
This is resolved by using for instance unit quaternions instead of the Euler
angles to parametrize R, and Tg. See Fossen (2002) for more details.

In some applications only the two-dimensional plane is important. In
this case the coordinate vector of the origin of B in £ is p. = col(z,y),
whereas the orientation of B in £ is simply given by the yaw angle ¢. Setting
¢ =6 =0in (1.22) and (1.25) and eliminating the z-dimension gives the
rotation matrix from B to £ in R? as

e | cosyp —siny
Ra(¥)y = [ sing  cost } (1.26)

Letting v, = col(u, v) be the body-fixed velocity vector we get p. = Ra(¢))jvs
and 1 = r. These two equations are commonly put together by defining
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n = col(pe,v), v = col(w,r), and R(¢) := diag(Ra(v);,1) to get the
kinematic relationship
=R, (1.27)

commonly used in 3 degrees-of-freedom control applications for vehicles.



Chapter 2

The Maneuvering Problem

This chapter introduces the concept of a parametrized path
and how a desired dynamic behavior along the path can be ex-
pressed i terms of a dynamic assignment. Using these concepts,
a new problem statement called the Maneuvering Problem is
proposed, which involves the primary task of converging to and
following the continuously parametrized path, and the secondary
task of satisfying the desired dynamic behavior along the path.

Some examples are presented to indicate the applicability
of this problem statement for several applications. It is further
shown that this problem statement implies the existence of a de-
sired forward invariant manifold to which all solutions of the dy-
namical system must converge. The main material of this chapter
have been published in Skjetne, Fossen and Kokotovi¢ (2002) and
Skjetne, Fossen and Kokotovi¢ (2004).

2.1 Path parametrization

2.1.1 A piecewise linear path

In maneuvering the main task is to converge to and follow a desired para-
metrized path. Many parametrizations of a path is possible. It can be
continuous, discrete, or even hybrid (a mix of both). Consider for instance
the path in Figure 2.1. This is a collection of n straight-line segments {l;}
connected at a set of n + 1 way-points (WP) with locations given by the
position vectors p; € R%, i = 1,...,n + 1 in an Earth-fixed reference (or
coordinate) frame &.
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Departure
WP 1
et

WP 5
Destination

Figure 2.1: A ship maneuvering from way-point to way-point along straight
line segments.

Discrete parametrization

A discrete parametrization of this path is found as follows. Let Z = {1,2,...,
n} be a set of indices identifying each line-segment /; in the path. At each
line segment I;, ¢ € Z, we attach a local path reference frame R; with origin
at way-point p; and z-axis pointed towards p;y1. Letting €; := col(1,0),
€2 := col(0,1), and ®; be the angle of rotation of frame R; in the Earth
frame &, this gives

-
€ (Pit1 — i)

; = arctan <#) .
€1 (pl+1 pz)

A vector qr, € R; is mapped to £ by use of the rotation matrix Ra(1);) :
[—7,7) — R2¥2 that is,

qr = Ra(¥;)qr, € €, Ro(v;) == [ costp; —sinyy; } .

sinty;  cos Y,

For a position vector p € &, let n(p,i) := Ra(v;) " (p — p;) € R; be the local
representation of the point p expressed as a vector in reference frame R;.
We then get that ¢ n(p,i) is the projection of p onto the line segment I;,
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and |e] n(p,i)| is the Euclidean distance from p to I; (often referred to as
the cross-track error). The path is defined by those points for which this
distance is zero, that is,

P = {p eR?: FieTst. GQTRQ(T/JZ')T (p—pi)

- 0} L (21
We notice that the path is discretely parametrized by the index ¢ which

identifies all points along line segment ;.

Continuous parametrization

For a continuous parametrization we define

[ p1+0(p2—p1); 0 €0,1)
p2+ (0 —1)(p3s — p2); 0 €1,2)
0) := o L 2.2
pa(f) pi+ (0 —i+1)(pir1 —pi); 0€li—1,1) (22)
P14+ (0 —n+2)(pn — pn-1); 0€n—1n).
The path is then simply given by the set
P:={pe R?: 30 € [0,n) s.t. p= pa(0)} - (2.3)

For this path, each point along the path is uniquely determined by a specific
value 0 € [0,n).

Hybrid parametrization

Lastly, we show a hybrid representation. For this we identify each line
segment by an index ¢ and continuously parametrize each line segment by
0, taking values in a fixed interval, for instance, [0,1). An expression for the
line segment 7 is then py(i,0) := p; + 0 (pir1 — pi) so that py(i,0) = p; and
limg ~1 p4(i, 0) = piy1. The path becomes

P = {p €R?: FicTandhc[0,1)st. p= pd(i,ﬁ)} ) (2.4)

and we notice that each point along the path (except p,+1) is uniquely
determined by a pair (i,6) € Z x [0,1).



30 The Maneuvering Problem

2.1.2 A (" path generated from way-ponts

One method to generate a C" path is to first specify a set of n + 1 way-
points (WPs), and then construct a sufficiently differentiable curve that
goes through the way-points by using splines and interpolations techniques.
The piecewise linear path used as an example in Section 2.1.1 showed one
such curve being C°. Figure 2.5 illustrates another where the guidance tools
developed by Corneliussen (2003) were applied to generate a C3 path, based
on 12 specified way-points, encircling an oil production platform.

To construct the overall desired path py(6) it is first divided into n sub-
paths pgi(0), 7 =1,...,n between the way-points. Each of these is expressed
as a polynomial in 6 of a certain order. Then the expressions for the sub-
paths are concatenated at the way-points to assemble the full path. To
ensure that the overall path is sufficiently differentiable at the way-points,
the order of the polynomials must be sufficiently high.

For simplicity we consider R?. Let Z = {1,2,...,n} be a set of indices
identifying each subpath. The overall desired curve is denoted py() =
col(zq(8), ya(0)), 0 € [0,n], while pg;(8) = col(zq,(8), vai(0)), i € I, are
the subpaths and p; = col(x;,¥;), i € ZU {n + 1}, are the way-points. A
common choice is to let 6 take an integer value at each way-point, starting
with = 0at WP 1 and 6 = i—1 at WP 4. The differentiability requirement,
pa(0) € C", means that at the connection of two subpaths, the following must
hold

lim zq;-1(0) = lim x4;(0) lim yq;-1(0) = lim yq,(6)

0 i1 oNi—1 0 i1 oNi—1
3 0 : 2] . 2] . 0
egriril Tg;1(0) = e{rfil zg;(0) 6&‘%1 Yai1(0) = 6{?&1 Y5.4(0)

. 0’7‘ ) _ . 07" . 07" ) _ . 0’7‘
e%ﬂlxd,i—ﬂ@) = 0{?}1%,@'(9) e%ﬂlyd,i—ﬂe) = eggglyd,i(‘))

for : € Z\{1}. We consider polynomials of order k, that is,

l‘d,i(e) = akﬂﬂk + ...+ (ZLZ'Q + ap,;

2.5
yd,i(a) = bk7i0k +...+ 5171'9 + boﬁ' ( )

where the coefficients {a;;, b;;} must be determined. For each subpath there
are (k+ 1) - 2 unknowns so that there are (k + 1) - 2n unknown coefficients
in total to be determined for the full path. Many methods for calculating
these coefficients exist. The most obvious is perhaps to set it up as a large
set of (k + 1) - 2n linear equations, A¢ = b, for the full path and solve
these in a single operation as ¢ = A~'b. However, as the number n of
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subpaths increases, this soon encounters numerical problems in the inversion
of A. Instead, it is possible to calculate the coefficients for each subpath
independently. To ensure the desired continuity at the connection points,
we assign numerical values which are common for the neighboring subpaths.

Next, two methods for constructing the path is outlined. There exist
many other methods for solving this task. In particular, the reader is encour-
aged to look into constrained optimization techniques for path generation.
This is not within the scope here.

Method 1: Direct continuous parametrization

For a k’th order polynomial z4;(f) we have that scflfi(O) =0forj>k+1
Hence, we can only form equations from the first k£ derivatives of x4;(6).
The following equations can be set up:

C° : For continuity at the way-points we get for i € T the 2 - 2n equations:

rai(i—1) =z yai(i—1) =y (2.6)

T4, (1) = Tip1 Ya,i(1) = Yit1-

C': At the first way-point the slope is chosen to point against the second
way-point. Likewise, at the last way-point the slope is chosen to point
against the second-last way-point. This gives the 2 - 2 equations:

$§,1(0) =3 —T1 y§,1(0) =Y — Y1

2.7
xd,n(n) = Tn+l1 — Tn ydm(n) = Yn+1 — Yn- ( )

At intermediate way-points the slopes are chosen as a formula based
on the neighboring way-points, for instance, the 2-2(n — 1) equations:

SL‘Z,Z(Z - 1) =A (SL‘Z'Jrl - :E‘Z;l) } i—=9 n
Yo (i —1) = A (yir1 — vi-1) e
(2.8)
0 .
Tg,;(1) = A(Tiv2 — ;) }
. i=1,....,n—1
yg,i(z) = A (Yi+2 — ¥i)

where A > 0 is a design constant. A = 0.5 means that the slope at
WP i is the average of pointing against WP ¢ — 1 and WP i+ 1, while
A < 0.5 allows for a sharper corner and A > 0.5 outstretches the corner
at WP 1.
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C’ : Derivatives of order j > 2 can be set to zero. This gives for i € Z the
2 - 2n equations:

(2.9)

If the differentiability requirement of the path is C", then the above
equations up to j = r gives 2(r+1)-2n equations used to solve for (k+1)-2n
unknowns. As a result, the order k of the polynomials must be

k=2r+1. (2.10)

The path generation problem is now set up as n linear, decoupled sets
of equations A;¢; = b;, @ € T, where the unknown vector ¢; is

¢; = col ({aj,z‘}j:k,...,m {bm}j:k,...,o,) e RZHHD

and A; and b; are formed correspondingly according to the above equations.
Unfortunately, there is a numerical problem in this procedure. The matrix
A; will contain in its elements powers of ¢ — 1, 4, and ¢ + 1 where i € Z, and
the powers range from zero to r = %(k —1). This indicates a large variation
in the singular values for A;. It was described by Corneliussen (2003) that
for £k = 5 then A; becomes ill-conditioned for 7 > 8 which means that a

maximum of 7 way-points can be allowed.

Method 2: Hybrid parametrization

To alleviate the ill-conditioning problem, an alternative method is to con-
tinuously parametrize each subpath within a fixed interval ¢ € [0,1) and
let an index 4 identify the subpath ¢. This corresponds to the hybrid para-
metrization described in Section 2.1.1. The equations used to calculate the
coefficients are mainly the same as for Method 1 above:

C° : Continuity at the way-points gives for i € Z:

zq,i(0) = x; Ya,i(0) = v
’ ’ 2.11
zqi(l) =xit1  Yai(1) = yip1. (211)

C!: The slopes at the first and last way-points are chosen as:

xfm(O) =T2 — X1 yil(O) =Y2 — Y1
xfln(]‘) = Tn+l1 — Tn yzm(l) = Yn+1 — Yn-

)

(2.12)
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The slopes at the intermediate way-points are chosen as:

24 ,(0) = X (wig1 — 1) } P9

.n
45:(0) = A(yir1 —yi1)

29,(1) = A (@iya — @) }
Yh.:(1) = A (ir2 — ui)
where A > 0 is a design constant.
C’ : Setting derivatives of order j > 2 to zero gives for i € T:
255(0) =0 0
] J
2,1 =0 i) =o0.

The result is a hyprid parametrization of the path,

Pali ) = [ it }

Yd,i (e)

(2.13)

(2.14)

(2.15)

where ¢ € 7 and ¢ € [0,1). This does not conform with the requirement of a

continuous parametrization. However, since

Hm o9 (i — 1.e) = Lm o5 (4
al}‘rillpd (Z ,8) EI{‘%pd (’L,é‘)

holds for j =0,...,rand 7 =2,...,n—1, amap py(6) can be constructed so
that 8 — py(0) isC". For 6 € [0,n),leti = |#|+1 € Zande =60—[0] € [0,1)

where |-| is the floor operation. Then we have the desired C" map

0 — pa(0) := pa (i(0),2(0))

which is a continuous parametrization by 0; see Figure 2.2.

B T L L L Ll Ll (R T P e o Lo L o T et L “'\

| V) - .
o | (li=lr+1 J_ ] | 5% ()10
= Wl i fiﬁf (?_., E)j=0,.“,7' :_

I ce=0—|0] J |

| \ I

e e e

Figure 2.2: Block diagram showing the C" map 6 — py(6).

(2.16)

—
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Different applications and control design methodologies will require dif-
ferent ways of parametrizing the path. For instance, a discrete parame-
trization may be most appropriate for the methodology presented by Fossen
et al. (2003) and Breivik and Fossen (2004). In the continuation of this the-
sis, however, the path will be a continuously parametrized curve y4(0) € C"
where r is sufficiently large.

2.2 Dynamic assignments

The second task is to satisfy a desired dynamic behavior along the path.
This can be expressed in terms of a time assignment, speed assignent, or
acceleration assignment along the path:

1. A Time Assignment means to be at specific points along the path at
specific time instants. For a continuous parametrization y4(#), specific
values like 61, 05, etc., must correspond to specific time instants ¢1,
to, etc., perhaps dependent through a design function vy(-) so that
01 = ve(t1) and Oz = ve(t2).

2. A Speed Assignment is to obtain a desired speed for y along the
path. If y4(@) is a continuous parametrization this can be translated
into a desired speed for #. This desired speed may depend on the
location along the path given by 6 (as for instance speed limits along
a road), or it may explicitly depend on time. A natural choice is
therefore to express the desired speed for 6 as a design function vs(6,t).

3. An Acceleration Assignment is to obtain a desired acceleration for
y along the path. For a continuous parametrization y4(6) this can be
expressed by a design function Ua(é, 0,t) for 6, which may depend on
the speed 0 along the path in addition to 6 and t.

The assignment functions v, vs, or v, should express the desired dy-
namic behavior along the path when perfectly tracing it, that is, they should
be satisfied in the limit as the output converges to the path. This opens for
flexibility in the design since the time evolution of 8(t), 8(t), or 6(t) can ad-
ditionally be shaped by the system state. In the designs presented in later
chapters, this flexibility will be exploited to achieve a favorable dynamic re-
sponse for the closed-loop system. Note that the assignment functions could
in principle also depend explicitly on the system state x to give even more
flexibility in the design. This is, however, not considered in this treatise.
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We also find that a tracking problem corresponds to satisfying a time
assignment identically. Indeed, setting 8 = v¢(t) in y4(0) gives the desired
output g4(t) := yq(ve(t)) for a tracking task. In this case the flexibility of
only needing to satisfy the assignment in the limit, 6(¢) — v4(t), is lost.

2.3 The Maneuvering Problem Statement

For a system output y € R™, the desired path is all points represented by
the set
P:={yeR": I cRst. y=yq(0)} (2.17)

where g, is continuously parametrized by 6. We will interchangeably call
both y,4(0) and P for the desired path. Given the desired path (2.17) and a
dynamic assignment, the Maneuvering Problem is comprised of the two
tasks:

1. Geometric Task: For any continuous function 6(t), force the output
y to converge to the desired path y4(0),

Jim [y (£) — ya (8(2))] = 0 (2.18)

2. Dynamic Task: Satisfy one or more of the following assignments:

2.1 Time Assignment: Force the path variable 6 to converge to a
desired time signal v(t),

lim |0 (£) — v¢ (£)] = 0. (2.19)

t—o00

2.2 Speed Assignment: Force the path speed 0 to converge to a
desired speed v4(0,1),

lim ‘9 (t) — vs (0(2), t)‘ ~0. (2.20)

t—o00

2.3 Acceleration Assignment: Force the path acceleration 0 to
converge to a desired acceleration v, (0, 0,t),

lim ‘é (t) — va (9@), O(t),t)‘ ~0. (2.21)

t—o00
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The Maneuvering Problem, as defined above, only speaks about the su-
perior goal of convergence to the path and dynamic assignment. To properly
define the Maneuvering Control Objective, suitable for control design, we will
add conditions about feasibility of the geometric and dynamic tasks together
with boundedness of the system states.

Example 2.1 Consider systems that can be transformed into

2 = g(zy) (2.22a)
y o= (2.22D)

with uniform relative degree r, where z € R"™™™ 4s the state of the zero
dynamics, y € R'™ is the output, and v € R™ 1is the control. In this system,
(2.22b) corresponds to m chains of r integrators for which y drives the zero
dynamics (2.22a).

Let yq(6) € C" be the desired path corresponding to the geometric task (2.18).
Differentiating y4(6) r times with respect to time yields a continuous function
yc(lr) = ®(6, 0.0, ... ,G(T)). To ensure invariance of the path yq(6) with respect
to (2.22), there must then exist an admissible control function u = u* such
that the differential equation

@ (0,9,9’, o ,0(”) —wr =0 (2.23)

has a solution 0*. If this is true, then the control design task is to develop
a control law for u that ensures attractivity and invariance of the path. By
the designs presented later in this thesis, this objective is easily achieved
for the subsystem (2.22b). However, depending on the stability properties
of the zero dynamics (2.22a), one may still encounter the situation where
the z state grows unbounded and eventually causes a failure for the com-
plete system. Stable zero dynamics would circumvent this problem, whereas
Al-Hiddabi and McClamroch (2002); Dati¢ and Kokotovié (2005); Aguiar,
Dacié, Hespanha and Kokotovie (2004); Aguiar, Hespanha and Kokotovi¢
(2005) provide methods for dealing with unstable zero dynamics.

Example 2.2 A mechanical system is often parametrized as

M(q)§+ C(q,9)d + D(q)dq + 9(q) = B(q)u (2.24)

where q, ¢ € R™ are vectors of generalized coordinates and velocities, u € R™
is the control input vector, M(q) is the system inertia matriz, C(q,q) corre-
sponds to Coriolis forces, D(q) represent dissipative forces, g(q) is the restor-
ing forces, and B(q) is a matriz function with rank equal to the number of
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control inputs; see Ortega et al. (1998) for details. Suppose m < n such that
the system is underactuated. Then there exists BX(q) € R"=™)X" " formed
by the basis vectors of the left-nullspace of B(q), such that B*(q)B(q) = 0.
Suppose qq(0) is a desired path for q. Differentiating qq twice with respect to
time and substituting into the plant dynamics, gives

M(qa(6)) (af’ 0)0° + q4(6)8) + C(au(6). a3(0))a(0)6"

. (2.25)
+D(qa(6))af(0)6 + g(qa(0)) = B(ga(0))u.

Premultiplying (2.25) with B*(qq(0)) gives then a constraint differential
equation of the form

a(0)0 + B(0)0° + By(0)8 + 7 (8) = 0. (2.26)

It follows from the results of Shiriaev and Canudas-de Wit (2005); Shiriaev,
Robertsson, Pacull and Fossen (2005) that if there exists an admissible con-
trol function uw = u* that renders the path qq(0) invariant for (2.24), then 0
must be a solution to (2.26).

Let the plant under consideration be a nonlinear system

z = f(z,u) (2.27a)
y = h(z) (2.27b)

where for each t > 0, y(¢) € RP is the output, z(t) € R™ is the state, and
u(t) € R™ is the control. The input w is a measurable, locally essentially
bounded function u : R>9 — R™. The space of such functions is denoted
L7 with the norm ||u|| := esssup{u(t) : ¢ > 0}. Let U C LT be the set of
all admissible control functions.

Structural constraints in (2.27) or restrictions in the control space may
add limitations to the Geometric and Dynamic tasks. Hence, for the maneu-
vering problem to be solvable, feasibility of the two tasks must be verified.

For the system (2.27), having maximum relative degree r, a feasibility
constraint differential equation of the form

o (e,é,é, . .,Q(T),u> ~0 (2.28)

is derived by differentiating y = y4(f) up to r times and substituting the
resulting expressions into (2.27). For each u € U, let O(u) be the set of all



38 The Maneuvering Problem

solutions to (2.28) with u as input. Furthermore, let the set of all admissible
u such that O(u) is non-empty, be

Vi={ueld: O(u)#0}. (2.29)
We then say:

e The Geometric Task of the Maneuvering Problem is feasible for (2.27)
if V is non-empty, i.e., there exists at least one u* € U such that O(u*)
is non-empty.

e The Dynamic Task of the Maneuvering Problem is feasible for (2.27)
with respect to a feasible Geometric Task if there exists at least one
u* € V such that the corresponding 6* € ©(u*) satisfies the Dynamic
Task, that is, either 8%(t) = v(t), 8" (t) = vs(0%(t),t), or 8 (t) =
va (67 (1), 0%(t),1).

Having defined these feasibility conditions, the Maneuvering Control
Objective is to construct a control law for (2.27) that solves the Maneu-
vering Problem with respect to a feasible Geometric Task and a feasible
Dynamic Task, while keeping all system states bounded.

We call a control law solving the Maneuvering Control Objective for a
Maneuvering Controller. In the special case when the dynamic task is a
time assignment which is satisfied identically, that is, 0(t) = v¢(t), Vt > 0,
we call the corresponding maneuvering controller for a tracking controller.
In this thesis the dynamic task will mostly be specified in terms of a speed
assignment. However, Section 3.2 shows a modification in the control design
where both a speed assignment and time assignment are satisfied in the limit.

2.4 Examples

2.4.1 A typical maneuvering problem

We now return to Example 1.2 and show how the Maneuvering Problem can
be used constructively to formally set up the control objective. Suppose the
motion of the tip of the cutting tool is represented by

Mi+D(x)t+ K (z)z=mu (2.30)

where z € R? is the position in the plane, the force v € R? is the control,
M = MT" > 0is the system inertia matrix, and D () = Dg+D; (£) > 0 and
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(1.1

(0,0) (2,0)

Figure 2.3: The triangular path for the control objective.

K (z) = Ko + Kj (x) are the respective linear and nonlinear damping and
spring matrices. The control objective is for the tip of the cutting tool y = x
to trace the triangular path y4(6) in Figure 2.3, continuously parametrized
by 0 as

6, 6" ; 6el0,1),
va(@) =< [0, 2—6]"; 6ec[1,2), (2.31)
[4—0, 0'; 6e[2,4).

To illustrate that many feasible parametrizations are possible, this is neither
the same parametrization as proposed for the straight-line path in (2.2), nor
is 0 the distance travelled by the cutting tool; while 8 progresses from 0 to
1, the distance travelled is 1.41 m, and the total distance around the path is
4.83 m.

- [ [

Figure 2.4: The speed assignment v, (0) along the triangular path.

The task is to trace the path as fast as possible under a maximum speed
constraint of about ms ~ 0.1m/s, and with a maximum deviation from the



40 The Maneuvering Problem

triangular path less than 1073 m. Since the triangular path is not C!, perfect
tracing is not feasible. However, tracing within the maximum deviation
constraint is achievable with the strategy for the cutting tool to trace each
edge and stop and restart at each corner. The desired speed should be small
near the corners to avoid large transients that could exceed the maximum
deviation constraint. This motivates a speed assignment v4(#) that purely
depends on the location along the path. Thus, between the corners k and
k+1, k=1,2,3, we assign the following speed profile:

merarctan (S0t ) om0 € [0, 0 + 20 )
ve(0) =4 "l AR o

s k+1—a1— ms . kt1—0k

g arctan (B5Z0=0) 4 o 0 (6 + ’6k+<12>32>

where 61 = 0, 6 = 1, 03 = 2, and 04 = 4, as shown in Figure 2.4 for
0 € [0,4). The parameter a; sets the width of the low speed regions around
the corners, while as smoothens the square wave.

This example is revisited with a controller design in Chapter 4.1.3.

2.4.2 Application to DP

For dynamical positioning (DP) the equations of motion of a ship can be
simplified to a 3 degrees-of-freedom (DOF) model. The 3 DOF states are
the Cartesian coordinates (z,y) and the heading (7)) in a local Earth-fixed
reference frame £, and the corresponding linear velocities (u,v) and angular
rate (r) in the body-fixed reference frame B. In vector form, letting n :=
col(z,y, ) € € and v := col(u,v,r) € B, the resulting dynamics are

=R
M+ Dv =1+ R() b (2.33)

where R(1)) € R3*3 is the rotation matrix in (1.27) mapping the vector v € B
to 7 € £, the matrix M = M T > 0 is the system inertia matrix, D > 0 is a
constant damping matrix, 7 € B is the control input, and b € £ is a constant
(or slowly varying) bias in the system; see Chapter 5 and Appendix B for
more details.

As mentioned in Example 1.3, DP station-keeping is a set-point regu-
lation problem, i.e., force the output n of the ship to maintain a constant
reference position and heading 7,.;. However, as illustrated in Example 1.3
we can also set up DP as a maneuvering problem. Since a supply vessel often
will have to reposition itself at different locations around a platform, we can
construct a curve as a continuous parametrization containing all reference
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points and the path between them. By constraining the vessel to the path
and commanding online the speed of the vessel along the path, setting it to
zero when a reference location is reached and nonzero to move between the
locations, the result becomes a safe and functional DP operation.

The desired path computed with a 7th order algorithm
300

WP 8 WP 7

WP 9 WP 6

WP 10 WP 5

Ry

<]

S
T

¥-direction

WP 11 WE's

WPs 3,12

WP 2

100 5 WP 1

L L 3
100 200 300 400
X-direction

Figure 2.5: A sketch of the Oseberg South platform, seen from above, with
a surrounding desired path on which a supply vessel should move. The path
is a C3 curve generated by 12 way-points. See also Figure 1.2.

Path generation: To solve this as a maneuvering problem we let the
desired path be

na(0) = col ( a(0), wa(0), a(0) )

where pg(0) = col(z4(0),yq(0)) is a curve generated by the specification of
way-points as described above. One choice for the desired heading 1,(0) is
as a constant reference 1;(0) = 1, , or it can be chosen as the angle of the
tangent vector along the path,

0
Ya(0)
1 4(0) := arctan (— . (2.34)
w5(0)
The former choice means that the heading of the vessel can be controlled to
a fixed reference, for instance pointing against the resulting environmental

force, while the position of the vessel moves along the path. The latter
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choice will keep the vessel aligned with the path. Since (2.33) is a vector
relative degree two plant (Isidori; 1995), control design will require that the
desired path n,4(6) must be C2. From (2.34) this means that pg(6) must be
C3 and consequently, by (2.10), the order of the polynomials generating the
positional curve must be k = 7.

Speed assignment: For the speed assignment v4(6,t) we let a desired
path speed (in m/s) be a commanded input speed u4(t). Since the identity

Pa(0(2))] = \/962(9(10)29@)2 +y5(0(1)26(t)?
SO0 T g6 [us(6(8), )] = lua®)] (2.35)
must hold along the path, we get the speed assignment
uq(t)
a0 + 40>
Setting ug(t) = 0 will stop the vessel on the path, while setting uq(t) > 0

will move the vessel in positive direction along the path and wug(t) < 0 will
move it in negative direction.

vs(0,1) == (2.36)

2.4.3 Path following for a formation of AUVs

An autonomous underwater vehicle (AUV) is a 6 DOF system given by the
Cartesian coordinates p = col(z,y, z) in a local Earth-fixed reference frame
& and orientation given by the Euler angles © = col(¢, 0,1) where ¢ is the
roll angle, o is the pitch angle!, and v is the yaw angle. This gives the
state vector = col(p, ®). We let a body-fixed frame B be attached to the
vehicle with axes xp: the longitudinal axis directed from aft to bow, ypg:
the transverse axis directed to starboard, and zg: the normal axis directed
from top to bottom; see Figure (2.6). The body-fixed velocity state vector
are then v = col(u,v,w,p,q,r) € B where (u,v,w) are the linear velocities
in surge, sway, and heave, and (p,q,r) are the angular velocities for roll,
pitch, and yaw (Fossen; 2002).

We consider a formation of n AUVs, as motivated in Example 1.4, and let
an index ¢ € Z := {1,2,--- ,n} identify each individual AUV. Its dynamics
are

i =J(0:)vi

‘ 2.37
M;v; + Ci(vi)vi + Di(vi)vi + gi(m;) = Ti + 9o (2:37)

!The normal convention (The Society of Naval Architects and Marine Engineers; 1950)
is to use 6 for the pitch angle, but ¢ is chosen here to not confuse it with the path variable.
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Figure 2.6: The B-frame of the Explorer 3500 AUV. Courtesy: International
Submarine Engineering Ltd.

where J(0;) = diag (R (0;);, Te (©;)) is a transformation matrix using
(1.22) and (1.25), M; is the system inertia matrix, C; accounts for Coriolis
and centripetal terms, D; is a nonlinear damping matrix, g; is a vector of
restoring forces, gg; account for pretrimming and ballast control, and 7; is
the input vector used for control (we assume it is fully actuated). For more
details on this model, see Fossen (1994, 2002); Egeland and Gravdahl (2002).

Path generation: To set up the formation, we define a point called
the formation reference point (FRP) to represent the whole formation as
one. Letting py(f) € £ be the desired positional curve for the FRP and
©4(0) the desired orientation along the curve, the overall desired path for
the FRP is n4(6) = col(pq(0), ©4(0)). We define a new reference frame called
the formation reference frame, denoted F, with origin in p,(#) and axes xp:
the tangent vector, yr: the normal vector, and zp: the binormal vector
along the curve pg(#), making out a right-hand system?; see Figure 2.7.

Relative to the FRP we assign the desired positions for each AUV by
a set of assignment vectors l; € F. Let R(©)} be the rotation matrix that
maps a vector in F to &£; see Section 1.4.3. The paths for the individual
AUV members in the formation is then

=[] [ PO SO]

2Note that the zp-axis is chosen to point downwards. This is standard notation ac-
cording to SNAME (The Society of Naval Architects and Marine Engineers; 1950), having
zero depth at the surface and positive depth at the seabed.
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Figure 2.7: Three Hugin AUVs swimming in formation along a pipeline.
The coordinate axes indicates the formation reference frame with origin in
the FRP. Courtesy: Anders S. Wroldsen.

The curve pg(f) can, for instance, be constructed using the way-point path
generation technique discussed in the previous section by extending the
methodology to R3. We choose ©4(f) as the orientation of F in & along
pa(6). This gives

— 24(0)
¢4(0) := arctan (yg(g))
04(0) := arctan (%}é@) (2.39)

— (0
1 4(0) := arctan (%)

which concludes the path generation.
Speed assignment: The speed assignment can be designed according
to a desired path speed u,(t), as in (2.36), for the FRP. In R? this gives

<
=
~

8

ud(t) '
\/H0)2 + 4(0)2 + 2(6)2

Since in this case the AUVs are chosen to be aligned with the path, the
speed ug4(t) corresponds to a desired surge speed for the FRP. The de-
sired surge speeds for the AUVs themselves, however, are slightly differ-
ent according to their assigned positions in the formation. Indeed, using

vs(0,t) ==

(2.40)
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Jua(t)] = [P4(6(2))] [0s(0(0),0)] we got that

[Pai(0®)] = [5a(0(1) + R (©al0®))§ L
= |ph(O®) + R’ (0a(0@)5 L
R COES A CHOON
B [P6)]

|vs(6(2), 2)]

|ua(t)| = [ua,i(t)]

showing that wug;(t) is only equal to wug4(t) for straight-line path segments
where R? (©a(0))} = 0. Nevertheless, note that only the common formation
speed ug4(t) is commanded to the formation. This will automatically ensure
that the AUVs follow their individual paths with individual path speed

Ud,i (t)

Centralized or decentralized schemes

Notice that the motion of the AUVs in formation along the path pg(6) for the
FRP is solely determined by the time evolution of the single path variable
O(t). In a sense this implies a centralized scheme, at least for the formation
guidance system which determines the time evolution of 6(¢). The individual
control laws can be decentralized, but they will all depend on the common
variable 6.

It is possible to also decentralize the formation guidance system. Having
constructed the individual parallel paths (2.38) we can implement them with
decentralized 6 values, that is, for each AUV we assign an individual path
variable 6;. The formation objective is then solved for 6; = 0;, Vi,j € .
The control laws must in this case ensure synchronization of all the path
variables to solve the formation control objective.

Another constraint in this case is that the speed assignments between
the vehicles must correspond. Recall that the speed assignment (2.40) cor-
responds to the FRP which is the same point for all vehicles only when they
are synchronized. This means that vs(6;,t) must be equal in value for all ve-
hicles. A problem is that this depends on the current state of the individual
path variables. To circumvent this, we choose a common speed assignment
for all vehicles, that is,

ud(t)
\/$Z(W)2 + y§(m)? + 2()?

vs(m, ) = (2.41)
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where 7 is a common path variable. One choice is to let m be chosen as the
average of the path variables,

1
7T:7T(l91,--- ,Gn) 25(91+92+...+9n).
If the formation has a leader vehicle with, say, index 1, another choice is to
let 7 :71'(491,"' ,Gn) :91.
The formation setups presented here, including designs of control laws,
will be discussed in more detail in Chapter 6.

2.5 Existence of a desired manifold

Consider the nonlinear system

&= f(x,0,1)
0 =w(zx,0,t) (2.42)
y = h(z),

where Vt > to > 0, z(t) € R™, 0(t) € R, and y(t) € R™, and the functions
f( ), w(,--), and h(-) are smooth. Suppose (2.42) satisfies the maneu-
vering problem with 6 as the path variable. Moreover, suppose = = £(0,t)
is uniquely determined by h(x) = y4(f) and the equations obtained by dif-
ferentiating h(x) = yq(f) n — 1 times along the solutions of (2.42) with
0 = vs(0,t). Then, £(0,t) is the state path corresponding to the output
path y4(0) and speed assignment v4(6,t). This implies the requirement that
w(£(0,t),0,t) = vs(0,t). Let v : R™ — R™ be such that z := vy(z —£(0,t))
is a global change of coordinates, and let p represent ¢ with p = 1, p(0) = to;
see Section 1.4.2. Then the maneuvering problem with a speed assignment
is satisfied for (2.42) if the noncompact ‘error’ set

M :={(2,0,p) e R" xR xR>p: z=0} (2.43)

is uniformly asymptotically stable. This set corresponds to a desired manifold
in the state space R™" xR x R>q, given by {(z,0,p) : t —&(0,p) = 0}, which
must be attractive and forward invariant for (2.42).

An example is given to illustrate this aspects of the maneuvering prob-
lem. In the absence of disturbances in the system, its objective is met by a
forward invariant manifold of the closed-loop system.
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2.5.1 Example: Manifold interpretation of a maneuvering
objective

We investigate the nonlinear system

iy =y + o (2.44)
To =1 ’
where u € U is the control with U = {u € LL : |jul| < 2}. It is required
that:

1. the output y = x; converges to the path y4(6) = sin(0),

2. the path angle 6 converges to t — ¢, where the constant phase ¢ is left
free (this corresponds to vs(6,t) = 1).

The check feasibility, we differentiate y4(0) = sin(6) twice with respect
to time and substitute into (2.44). This gives the feasibility constraint dif-
ferential equation

cos(6)f — Sin(0)92 — 2sin(0) cos(0)d —u =0 (2.45)

which is on the form of (2.28). It can now be verified that for u = u* =
—k?sin(0) — 2ksin(#) cos(f) where k € R is a constant, then a solution to
(2.45) is 0*(t) = kt + ¢ where ¢ is a constant. The geometric task is then
feasible for all k such that ||u*|| <2 (all |k| < 1.09 satisfies this). It follows
that the dynamic task is also feasible by choosing k& = 1.

A dynamic state feedback controller designed using the backstepping
methodology of Chapter 4.1 results in the closed-loop system

1 =x2+ :E%

Ty = a1, 12,ws,0)

. 2.46
("‘)S - X($17$27w870) ( )
0 =1-—w;

with two additional states: the path angle 6 and the speed assignment er-
ror ws. The functions o and x are designed to guarantee that in the state
space R* the closed-loop system (2.46) possesses a globally attractive, for-
ward invariant manifold which meets the above requirements. To derive
the expression of the desired forward invariant manifold we differentiate
y =11 = yq() = sin(f), get &1 = xo + 22 = cos(#)f = cos(#)(1 — w,), and
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set the speed assignment error w, to zero. Thus, the desired manifold in R*

} v1 = &4(0) = sin(6),
(21, T2, ws,0) : 19 = E5(0) = cos(h) — sin(h)? (2.47)
ws =0

where (£;,&,) defines the state path for (z1, z2). This one-dimensional man-
ifold in R* is to be made a globally attractive, forward invariant manifold
of (2.46). A control law that achieves this is

u=—21—20— (201 + 1) 31 + (yg(ﬁ) + yjf (9)) (2.48a)

X = —ws = 2105(0) = 2 [y30) + i (0)] (2:48)

where 21 1= 21 —yq (0) and 22 := 21 + 32+ 2% — yg(ﬂ). On the designed man-
ifold, the motion of the closed-loop system is that of a harmonic oscillator,
z1(t)? + 41 (t)2 = 1, as required by z1(t) = ya(0(t)) = sin 6(t) with O(t) = 1.
A typical trajectory in the space of (x1,x2,60) is shown in Figure 2.8.

A further design step can be used to assign the phase ¢, for example to
¢ = 0. This corresponds to the time assignment v;(¢) = ¢, in addition to the
constant speed assignment v, = 1. Introducing w; = t — 6 we can substitute
0 =1—w, in (2.46) with

Wy = ws, (2.49)

and a new update law for wy is selected as

d)s = X(xla X2, Ws, Wi, 0)

= —w, —wi — 2134(0) — 2 |y(0) + v (0)] (2.50)

An application of Matrosov’s Theorem, using V; := (2% + 22 + w? +w?) and
Vo := wyws in Theorem A.20, implies that the equilibrium (21, 22, wy, ws) =
0 is UGAS, so that ¢(t) — 0. This means that both the speed assignment
(t) — 1 and time assignment 6(t) — t are satisfied in the limit as t — oc.
Chapter 3.2 will show this extension in a more general design.
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Figure 2.8: The trajectory of (2.46) with z1(0) = x2(0) = 6(0) = 0.
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Chapter 3

Maneuvering design with
gradient optimization

As stated in the last chapter, the maneuvering problem in-
volves two tasks called the geometric task and the dynamic task.
While the main concern is to satisfy the geometric task, the
dynamic task, further specified as a speed assignment, ensures
that the system output follows the path with the desired speed.
This chapter gives a design for solving the maneuvering prob-
lem for feedback linearizable systems. First the geometric part
of the problem is solved. Then an update law is constructed
that bridges the geometric part with the speed assignment to
complete the design. The main ideas were published in Skjetne,
Fossen and Kokotovi¢ (2002) and Skjetne, Teel and Kokotovi¢
(2002a,b).

Consider the nonlinear affine system

X =f(x)+GO)u (3.1a)

y = h(x) (3.1b)
where for each t > 0, x(t) € R™ is the state vector, u(t) € R™ is the control,
y(t) € R™ is the output, and f : R™ — R" G : R" — R"*™ and h :
R™ — R™ are smooth functions. Let the task be to solve the Maneuvering
Control Objective for a desired continuously parametrized feasible path

P:={yeR": I cRst. y=yq(0)} (3.2)

and a feasible speed assignment v,(6,t) for § along the path.
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Assumption 3.1 The following hold:

1. Foryg(0) € C" there exists K < oo such that |ygi 0)| < K forall € R
and i € {0,1,...,n}.

2. For vs(0,t) € C"! there exists L < oo such that \v‘zitj 0,t)| < L for
all (0,t) e R x R>g and i,j € {0,1,...,n— 1}.

The Assumption 3.1 will be a standing assumption throughout the thesis.

3.1 Maneuvering design for feedback linearizable
systems

Suppose the system (3.1) is input-output linearizable and that the vector
relative degree adds up to nm (Isidori; 1995; Khalil; 2002). This means that
the plant can be transformed into a chain of n integrators

Y™ = ®(x) [u— p(x)] (3.3)

where ® : R™ — R™*™ and p : R™ — R™ are well-defined on R™ and
®(x) is nonsingular for all x € R™. This plant can then alternatively be
written in the first order state space form as

&= Acw + BeP(x) [u — p(x)] (3.4a)
y=Cex (3.4b)

where = = col(y, 7, ...,y ), and (A, B.,C,) is in vectorial Brunovsky
(1970) canonical form, representing a chain of integrators.

Let the vector function £ : R x R>o — R™ be determined by differenti-
ating y = yq(0) with respect to time n—1 times and substituting 6 = v4(6, t)
in each step. In other words, we set:

£1(0,1) == ya()
52(9at) = 561?( )Us( ) ftl vt) 3(9)%(9,75)
53(& t) = Eg( )Us( ) ft t)

2
=y (0)vs(0,1)% + y(O)v(8, t)vs (0, 1) + y(O)vL (0, 1)

fn(ea t) = 5271(& t)U8(07 t) + 5271(& t)
and define

5(9, t) := col (51(97 t)v 52(0a t)a 53(97 t)v ce afn('gv t)) ) (35)



3.1 Maneuvering design for feedback linearizable systems 53

which we call, perhaps with an abuse of notation, the state path for x.

Let p represent the ‘explicit’ time ¢, with p = 1, p(0) = to. A sufficient
condition for solving the maneuvering problem of driving y(t) — y4(0(t)) and
0(t) — vs(0(t), p(t)) is to make the manifold z—&(6, p) = 0 in R"™ x R x Rxg
stable and globally attractive. This is verified by differentiating y = y4(0)
to get yZ(@)@ = = 13 = &(0,p) = y5(0)vs(0, p) which holds for all (6, p)
and thus shows' that § = v,(0,p) along the solution z(t) = £(6(t),p(t)).
Consequently, rendering the set

Mo ={(z,0,p) ER"™ xR X Rxo: z—¢(0,p) =0} (3.6)
UGAS will solve the maneuvering problem.

3.1.1 Control design procedure

In the design we will use the ‘explicit’ time ¢ directly. We proceed for (3.4a)
by choosing the linearizing control

w=p(x) + 200 [0+ (6, v (6,8) + €40, (3.7)
which transforms (3.4a) into the system
i = A+ Be [v +&0(0,t)us(0,1) + £ (0, t)]
that is linear in  and v, where v is a new control variable and the last two

terms, inside the bracket, are necessary feed-forward terms. To complete
the geometric task, we choose the linear control

v=—K(z—-¢(0,1), (3.8)
set A = A.—B.K, and use the fact that £,(0,t) = £, (0, t)vs(0,)+&_,(6,1)
for i = 2,...,n. The result is the closed-loop system

for which the last two terms set the desired motion along the path.

Since (A, B.) is a controllable pair we choose the gain matrix K €
R™X"M 56 that A is Hurwitz. Let P = PT > 0 solve the Lyapunov equation

"Except for the case y3(f) = 0 when the path y4(6) is reduced to a fixed point.
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PA+ AP = —Q where Q = Q" > 0 is selected by design. A Lyapunov
function candidate for (3.9) is then the quadratic function

V(z,0,t) = (z—£0,1) P(z—£0,1)). (3.10)
The time-derivative of V along the solutions of (3.9) and 6 becomes
V =V"(x,0,0) + V(x,0,t)0 + V(z,0,t)
—2(z—£(0,1)) P [A (z — £(0,1)) + €20, )y (0, 1) + €46, 1)
+VO(x,0,t)0 + Vi(z,0,t)
= — (= £(0,1)" Q& —£(0,1) = V(z, 0, t)ws (3.11)
where wg 1= v4(0,t) — 0 is the speed assignment error, and

VE(x,0,6)40,t) = —Vi(x,0,t) =2 (x — £(0,1)) " PEY(O,t),
VE(z,0,6)E0(0,t) = —VO(x,0,t) =2 (x — £(0,t)) " PE(6, 1)

were used.
It is convenient to introduce the error function 2z : R™ xR xR>q — R"™",
z = z(x,0,t) == x — £(0,t) and apply the global diffeomorphism (x,0,t) —
(2,0,t). In these new coordinates the closed-loop system becomes
2= Az +€9(0,t)w, (3.12a)
0 =v,(0,t) — ws, (3.12b)

and the set (3.6) is equivalent to the set
M :={(z,0,t) eR"™ xR XxR>p: z2=0}, (3.13)

which has the simplifying distance-to-the-set function |(z,6,t)|, = |2 .
By rewriting the Lyapunov function (3.10) as V() = 2" Pz, we get the
Lyapunov bounds

Amin(P) (2,0, )34 < V(2) < Amax(P) |(2,0,1) 34 (3.14a)
V S *)\min(Q) |(zv‘9at)|3\/[ +T(Zv‘97t)w8 (314b)

where
7(2,0,t) == —V*(2)2 = =V(x,0,t) = 22" PE%(6,1). (3.15)

Up to this point the control law has been designed based on the certainty
equivalence assumption that 0 = vs(0,t). The fact that this equality is
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not satisfied identically is captured by the last sign-indefinite term 7w; in
(3.14b). This upper bound on V will be used to bridge the geometric task
with the dynamic task by rendering the term 7(z, 6, t)ws nonpositive. The
relationship (3.14b) is thus the principal design inequality for finishing the
design, and it will be frequently encountered in the maneuvering designs
proposed in this thesis.

3.1.2 Closing the loop by direct speed assignment designs

Recall the dynamic part of the control law (3.12b) for which the design
variable is ws. Rendering the term 7(z,6,t)ws in (3.14b) nonpositive for
all t > ¢ty > 0 results in a negative semi-definite V and thus solves the
Maneuvering Problem.

Theorem 3.2 The set M in (3.13) is UGES for the closed-loop system
(8.12) for every continuous function ws = w(z,0,t) that satisfies:

1. there exists a continuous positive semi-definite function o : R" —
R, 0(0) = 0, such that |w(z,0,t)| < o(z), ¥ (z,0,t) € R" xRxR>q,
and

2. 7(2,0,t)w(z,0,t) <0, V(z,0,t) € R"" xR x R>g.

Proof. Letp =1, p(0) =ty s.t. p(t) =t +tyg. The closed-loop system
(8.12), with ws = w(z,0,p), is of the form of the interconnected system
(A.40) in Appendix A by setting 1 = z, xo = (0,p), and u3 = ug =
0. Defining, according to (A.40), fi == Az + £%(0,p)w(z,0,p) and fo =
col (vs(0,p) —w(z,0,p), 1) then fo satisfies Lemma A.21 since |w(z,0,p)| <
o(z) is uniformly bounded for all z in the compact set X. Moreover, since
(3.14) satisfies (A.44) and (A.45) with |(2,0,p)|\g = |2| = |21] 4, then the
conclusion of Theorem A.22 gives UGAS of M. m

Satisfying Conditions I and 2 of Theorem 3.2 for w; is accomodated by
one of the choices, the Tracking or the Gradient update laws:

1. Tracking update law: Setting ws = 0 satisfies Conditions 1 and 2
and the speed assignment (2.20) identically. The dynamic part of the control
law becomes the time-varying reference system

0 =v,(0,1) (3.16)
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which, through y4(), sets the desired motion along the path P. This method
is thus used to achieve tracking of the desired output g4(t) := yq(0(t)) where
(3.16) is integrated to get 6(t) = 0(to) + ftz; vs(0(7), T)dT.

2. Gradient update law: Setting wy, = —u7(z,60,t), p > 0, satisfies
Conditions I and 2 of Theorem 3.2 with o(z) = 2M Apax(P) |z| where
M := sup gy ‘fe(ﬁ,tﬂ exists by Assumption (3.1). We call this a Gradient
update law because 7(z,0,t) = —%—‘6/ (z,0,t) where x = z + £(0,t), and the
dynamic part of the control law becomes

0 = vy(0,t) + pr(z,0,t)

— 0s(0,) — VO (z, 0, 1). (3.17)

Important properties of this update law are discussed in Section 3.4. Next,
we return to the example in Section 2.5.1 and use feedback linearization to
solve the maneuvering control objective illustrated there:

Example 3.1 We reconsider the plant investigated in Section 2.5.1,

.i'l:wg—i-m%
:i‘g:u,

and the Maneuvering Problem with yq(0) = sin@ and vs(0,t) = 1. The plant
1s of relative degree two for y = x1, so that differentiating y twice gives

i =+ 2z129 + 205 =: u — p(x)

which is of the form of (3.3). The state path for (y,y) becomes

o= uo. ][ o5 ]

and according to the above design we get, with a gradient update law, the
control law

u = p(x)—ki(y—sin@) — ko (y — cosf) —sin b,
0 = 1—,u1V9(y,y',c9),

where ki, ko > 0,

y —sinf i y —sind
Viy.9,0) := [ 7 — cosf ] P [ 7 — cosf }
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using PA+ ATP = —1I, and

0 1
a= 5% 4l

This will ensure that the set
Mo ={(y,9,0) : y=sinb, y = cosb},

becomes globally attractive and forward invariant for the closed-loop system.
This set corresponds to a one-dimensional manifold in R3, with motion of
a harmonic oscillator, that meets the requirement of the maneuvering objec-
tive.

3.1.3 Closing the loop by filtered speed assignment designs

As an alternative to the direct designs in the last section, where wy was
assigned to a static function, we can instead apply a filtered design. Let
w € RY, g > 1, be the state vector in the linear filter

w:Ao_er—l—v (3.18)

Ws = C,Ww

where A, € R9%? is a Hurwitz matrix satisfying the Lyapunov equation
P A, + AP, = —Q, for Q, = Q) > 0, whereas ¢/ € R4 is an output
row vector such that (CL Aw) is an observable pair, and v is an input to be
designed. When V in (3.14) is augmented to

W(w,z) :=V(z)+w' Pw,
its derivative becomes
W=V+ cL)Twa + wTPwo'J
= —2"Qz+7(2,0,)ws —w' Quw + 2w Py
= —2'Qz—w'Quw +w' [c,7(2,0,t) + 2P,0].

To make the last term vanish we choose the input function for v as
1
v = —§Pglcw7(z, 0,t), (3.19)

which substituted into (3.18) gives the dynamic part of the control law

0 = vs(0,t) — czw

W= Auw — 3P c,7(2,0,1). (3.20)
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This is called a Filtered-gradient update law because the negative gradient
T = —V%a,0,t) is filtered (in the Laplace domain) by w,(s) = —H(s)7(s)
where H(s) := ¢ (sI — Ay) Pty is a stable SISO transfer function. The
cut-off frequency of this filter is an important design parameter to mitigate
state measurement noise versus bandwidth.

Since the total state space has been extended with R?, we now consider
the set

M ={(z,w,0,p) ER™ xRIXR X R>p: z2=0,w=0} (3.21)

for solving the maneuvering problem, where p = 1, p(0) = tg. Clearly, z =0
solves the Geometric task, while w = 0 = wy = 0 solves the Dynamic task.
We summarize the result in Theorem 3.3. The proof is left as an exercise
for the reader.

Theorem 3.3 The closed, forward invariant set (3.21) is UGES with re-
spect to the closed-loop system (3.12a) and (3.20), and this solves the Ma-
neuvering Problem.

Note that the filter H (s) is strictly positive real since the state space real-
ization (Aw, %PJ Ly, CI, O) satisfies the Kalman-Yakubovich-Popov
lemma?, and consequently, the filter is strictly passive with storage func-
tion U = w' P,w.

It is also noticed that the Filtered-gradient update law proposed in
Skjetne, Fossen and Kokotovi¢ (2004) and Skjetne, Fossen and Kokotovié
(2005) is the 1st order case of (3.20) by setting ¢ = 1, A, = —\, ¢, = 1,

P, = gy, and Qu = 7 to get the filter H(s) = pzy.

3.1.4 Resulting closed-loop system

The designed closed-loop system can be divided into four parts, the Plant,
the Measurement system, the Maneuvering controller, and the Guidance
system, according to Section 1.3. As shown in Table 3.1, the controller
incorporates the dynamic control law (here without phase assignment), and
provides the control signal u to the plant and the state 8 to the guidance
system. The guidance system generates the state path £(6,t), the speed
assignment vg(6,t), and their partial derivatives. The path definition y,4(6)
must be specified a priori, while the speed assignment along the path can
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Table 3.1: Closed-loop maneuvering system for feedback linearizable systems

Plant :

&= Acx + Be®(x) [u— p(x)]

y=Cex

input:  {u}

output: {y,z} and/or {y,x}
Control :

0 = v4(0) — w,

W= Apw — 3P c,7(2,0,1)

o — —put(z,0,t) Gradient
5 clw Filtered-gradient

w=p(x) + D)L [ K (2 — £(6,8)) + €00, 1) (6,1) + €4(6,)
input:  {z,£(0,1),£7,(0,1),£,(0,1),v5(0) }

output: {u,6}

Guidance :

input:  {6,t}

output:  {£(6,1),£5,(0,),£,(6, 1), vs(0) }

be modified online (which accounts for the ¢-dependence in vs(-,t)).

The maneuvering design is concluded with the choice of any of the direct
or filtered speed assignment designs. The different update laws all provide
different properties to the closed-loop system. These properties are further
explored in Section 3.4 and also by the experimental results in Chapter 5.

3.2 Phase assignment

Suppose that the path ya(0) is constructed such that with the tracking
update law 6 = v4(0,t), or in other words,

t

0(t) = 0(to) +/ vs(0(7), T)dT,

to

then yo = y4(0(to)) is the starting position at time ¢ = ¢y and ypr = y4(0(T))
is the final position at time t = T > t3. In some guidance applications, this

2Choose € > 0 sufficiently small such that @, — eP, is symmetric positive definite.
Perform then a Cholesky factorization to get Q. —eP.,, = LT L, and set Q. = L' L+¢P,,
in P,A, + Al P, = —Q.,, and use this in Lemma 6.3 in Khalil (2002).
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time specification along the path, or specifically the arrival time T' at the
destination yr, is important. Using the gradient or filtered gradient update
laws result in a phase shift of #(¢) as compared to using the tracking update
law. This is verified by

t t

US(G(T),T)dT/ ws(T)dT,

to

0@=mm+/

to

giving the phase ¢(t) = ft'; ws(7)dr for which a limit exists since the con-
vergence of w(t) — 0 is exponential.

It may be of interest to apply a gradient update law in the design, but at
the same time control the phase ¢ to a desired constant phase ¢,;, perhaps
¢4 = 0. This is similar to the objective in Hindman and Hauser (1996), but
here we will solve it in a CLF approach. Doing so, we let w; := ¢ — ¢, be
the phase error. Then

t

w@=l%ww=%:wm+/%wmﬂm—wwwd

0 to

has the derivative

W = vs(0,t) — 0 = w,. (3.22)
The Lyapunov function V' is now augmented to
W(z,we) =V (z) + %w? =2 Pz + %w?, (3.23)
o > 0, and using (3.11) the derivative becomes
W = —ZTQz — (Ve — ,uowt) ws = —ZTQz — V20w5 (3.24)

for which it can be verified that 47 = VZ(2)20 + powil = V¥ — pgwy
according to (3.15). Hence, both the Gradient or Filtered-Gradient update
laws can be constructed as before, to obtain the new feature that w¢(t) — 0
as t — oo. Maneuvering with phase assignment is therefore achieved by the
following result:

Theorem 3.4 For the closed-loop system

b= Az + €20, t)ws

(,;)t:ws

(3.25)

and the Lyapunov function (3.10) the following hold:
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1. Gradient update law: Setting
W = 1y (V9 - uowt> . py >0, (3.26)

renders the equilibrium (z,wy) =0 UGES.

2. Filtered-gradient update law: Setting
Ws = —Aws + Ay (Ve - Mo%) » >0, (3.27)
renders the equilibrium (z,wy,ws) =0 UGAS.

Proof. 1. Substituting (3.26) and (3.15) into (3.24) gives

. 2
W = —ZTQZ — (Ve - Mowt)
2
= 7zTQz — (ZZTP£0(07 t) + /J“Owt) = *}/O(Zv Wi, 07 t)

Let ¢ := col(z,w;). Claim: 3¢ > 0 such that ¢('¢ < Yo(¢,0,t), V(6,1).
Proof:

YVO('% Wi, 07 t) = ZTQ’Z + H1 (2’2TP£0(9’ t) + /‘L()(’Jt)2
= 27Qz + py [42T PEY(0,1)€%(0,8) T Pz + dpigwi®(0,1) T Pz + puw?]
= ¢ H(0,t)¢

where

1 0 0 T 0

HO,1) = M1Q+4P§9(07t)§r 0,t)' P 2u0P§2(0,t)
2p€7(0,1) ' P Ho

Since H(6,t) is symmetric positive definite and €°(6,t) is bounded (the
smallest eigenvalue would tend to zero if €% would increase to infinity ), there
exists ¢ > 0, ¢ < pyinf(r 1) Amin (H (7, 7)) such that i CTH(O,1)¢ > «CT¢,
V(0,t).
UGES of (z,wt) = 0 follows then as a consequence of the quadratic Lya-
punov function (3.23) and its derivative W = —p ¢ H(6,1)¢ < —c( ' C.

2. For the Lyapunov function Wy = z' Pz + Bw? + Tlulwg, the time-
derivative is
. 1
Wi =—2"Qz— —w? = Y1 (z,ws,wi) <0
H1
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which implies UGS of (z,wi,ws) = 0. Define Wa (z,wy, ws) := wiws. Dif-
ferentiating Wy along the trajectories of (3.25) and (3.27) gives Wy =
}6(27w87wt7p(t)) with

Yy = w? — M, — Aﬂoﬂlwtz - 2)\M1WtZTPP(t)

where (3.15) was used and p(t) = €(O(t),t) is bounded by assumption.
We get that Y1 = 0 = Ya < 0 for all bounded (z,wy,ws) and further that
Y1 =Y, =0<% (z,w,ws) = 0. All the assumptions of Matrosov’s Theorem
as stated in Theorem A.20 are then satisfied, and (z,w;,ws) = 0 is UGAS.
| |

Note that the filtered-gradient update law chosen here was the 15¢ order
version of the proposed filter in the previous section.

3.3 The projection-type update law

For comparison to the proposed update laws in the previous sections, Hauser
and Hindman (1995) constructed a desired state path ¢ () for® the full state
x and proposed using a numerical projection algorithm from the current
state x(t) onto the path. To achieve this they fixed = and considered the
minimization problem

Q%{GHvﬁamx:@AwajP@—wa} (3.28)

where P = PT > 0 and £(6) is sufficiently smooth. The cost function V/
may have multiple extrema with respect to 6 (Skjetne, Teel and Kokotovi¢;
2002b). However, suppose sufficient conditions are met so that the function

m(x) :=argmin V (x,0) (3.29)
OeR

exists and is a global minimizer for (3.28). A necessary condition is then
that VO (x, w(z)) = 0 for all feasible z. Hence, by setting

0(t) = m(x(t)), Vt>0, (3.30)

then VO(x(t),0(t))ws(t) = 0, ¥t > 0, such that (3.11) becomes negative
definite and the maneuvering problem is solved.

3The path in (Hauser and Hindman; 1995) was obtained from an assumed available
time-parametrized desired trajectory £(t) for the state x, and substituting ¢ < 6 to get
£(0) := £(0). Their speed assignment was then simply vs = 1.
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This is an alternative to the previously proposed update laws. Instead of
using w, as the design variable to ensure that V% in (3.11) is non-negative,
this method ensures directly that V¢ (x,0) = 0. However, since this method,
as described in Hauser and Hindman (1995), relies upon using a numerical
projection to solve (3.28), the implementation becomes more complicated
(hybrid). In addition, the topological restrictions imposed on the path to
ensure that (3.29) is well-defined, is rather strong. For instance, Hindman
and Hauser (1996) preclude self-intersecting paths to avoid multiple global
minima and further require that £%(f) is bounded away from zero. An
example of a path that fails to satisfy both those restrictions is

B sin (0)?
£0) = 3sin (#)% cos (0)
since, for this path, £(0) = £(£180°) = &(#360°) = ... and £°(0) =
€9(£180°) = €%(£360°) = ... = 0. This path will specifically be used as a

design example in Section 3.4.3 to illustrate that these restrictions do not
apply when using the dynamic gradient algorithms.

3.4 Gradient optimization

In this section we let the speed assignment, for simplicity, be vs(6), indepen-
dent of ¢, so that the state path (3.5) becomes £(#), also independent of ¢.
However, the implications of the results are also valid for many time-varying
closed-loop systems, especially those cases for which the time-dependence
enter through bounded functions.

The above proposed control law, (3.7) and (3.8), constitutes a stabi-
lization algorithm that drives the state z(t) to the point £(6(t)), while the
gradient update law (3.17) is a smooth dynamic optimization algorithm that
selects the point £(0) that minimizes the weighted distance between = and
&. Within this control structure, a separation of time scales can be induced
between the task of selecting the point on the path closest to the state,
and the task of driving the state towards the path. In addition to uniform
global convergence to the path, which is achieved without a separation of
time scales, the separation of time scales allows us to achieve near forward
invariance of the path from a large range of initial conditions. The con-
septs of near forward invariance and near stability will become clear in the
following sections.

The idea is first illustrated on a simple double integrator with the path
corresponding to the unit circle, then it is discussed in general for the feed-
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back linearizable systems considered in this chapter, and finally an example
for a self-intersecting "figure-8" path illustrates the achieved performance.

3.4.1 DMotivating example: The double integrator and stabi-
lization of the unit circle

We consider the double integrator

T1 = To

by = (3.31)
and the task of stabilizing the path
P = {x eR?:z'x= 1} (3.32)

without creating any equilibria in P. By converse Lyapunov theory (Teel
and Praly; 2000) there does not exist a continuous or discontinuous time-
invariant state feedback control that renders the unit circle GAS*. The rea-
soning is this: If such a feedback existed there would exist a smooth Lya-
punov function demonstrating GAS of the circle. In particular, this function
would be positive definite with respect to the circle and would have a di-
rectional derivative, in the direction of the closed-loop vector field, that is
negative definite with respect to the circle. The Lyapunov function would
obtain its minimum on the circle, and it would therefore have a maximum
inside the circle. At the maximum, its gradient would be zero and so the
directional derivative in the direction of the closed-loop could not be nega-
tive. So there must not be a Lyapunov function, which implies that GAS
cannot be achieved by such a control.
An alternative is to try to stabilize the set

—sinf

A= {(xjg):m_ [ cos 0 ]

:0} (3.33)

for the system (3.31) and ‘
f=1. (3.34)

A control rendering the set A GAS will steer (z,0) to the set PxR since

cos® 17 [ cosd _
—sinf —sinf |

*In the case of discontinuous feedback, this statement applies when the solution concept
used is that due to Filippov; for example, see Filippov (1988).
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and® thus A C P xR. However, choosing to stabilize .A under the constraint
(3.34) may introduce large transients in the distance to PxR. In an attempt
to control these transients, we will consider controlling 6 as well. Therefore,
we consider the control

0 =1+ pw (21,22,0), p>0

u=«a(x,xe,0) (3.35)

for the system (3.31), and we show that it renders the set A UGES and
achieves good performance for large pu. To design the functions w and « in
(3.35) we select a Hurwitz matrix

0 1
A= [ k1 —ko ]

and let P = PT > 0 be such that ATP + PA = —Q where Q = Q" > 0.
Using

V(x,0) = (z = £(0))" P(x—£(0)) (3.36)
£(0) = {ﬁ;ggi ] = [ o } (3.37)
and K := [k1 ka], we assign w and « in (3.35) as
w(z,0) = -V (x,0) =2z —£0)" P(6) (3.38)
a(z,0) = —K (z — £(0)) + £5(6). (3.39)

Differentiating (3.36) along the solutions of the resulting closed-loop equa-

o &= Az —£(0)) +£°(0)
6 =1—pv(z,0) (3.40)
gives
V(2,0) = — (z — £(0)) Q (x — £(0)) — nV*(x,0)?
< Amin (Q) |z —£O) < —cV(2,0),  c:= %

It follows that |z(t) — £(0(t))] < ke 2! |z(0) — £(A(0))| holds, where k :=
AmalP) © and the set A is therefore UGES. By definition,

/\min (P) )

SWhile P x R defines a two-dimensional cylindrical surface in R3, the set A defines a
one-dimensional spiral on the cylindrical surface in R3.
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|z|p = infg |z —&(0)]. We let O(x) satisfy |z|p = |# —£(F)|. Then, since
lz(t)|p < |z(t) — &(0(1))] < |z(t)|p + 2, we also have

2(t)|p < ke 2" [J2(0)lp +2], VE>0 (3.41)

which establishes uniform global attractivity of the set P xR for (3.40). This
is a prerequisite for the objective we consider in this problem. Stability of
P, however, has not been achieved since this set is not forward invariant.

To instead obtain the aforementioned “near forward invariance” prop-
erty, we induce a two time-scale behavior of the closed-loop system (3.40)
by increasing p. Letting € = 1/ be small, allows us to analyze (3.40) as
a singularly perturbed system (Teel, Moreau and Nesi¢; 2003; Kokotovié,
Khalil and O’Reilly; 1999; Khalil; 2002). Let the fast time scale be t; =t/e
and define 2/ := i—i. Then the closed-loop can be written as

o = eA(x—¢0) +e£(0)
0 = e—V'ax0).

The rapid transient of 6 is approximately described by the boundary layer
system for ¢ = 0,
0 =V (x,0), (3.42)

where z is fixed since 2’ = 0 for € = 0. Clearly, (3.42) is a continuous gradient
algorithm which minimizes V' with respect to 6 for any fixed z. For a given
x, the level curves of £ — (z — &) P (z — &) are shown in Figure 3.1.

Global minimum

Local maximum

Figure 3.1: Level sets of V (x,-) for a fixed z, that is, for the function
€ (z— &) P(x— &) where the circle, parametrized by 6, is the constraint
set for &.
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The four values of 6 satisying V?(z,0) = 0 are given by the locations
where the path £(0), defined in (3.37) and indicated as a solid curve in Figure
3.1, is tangent to a level set of € — (z — &) " P (z — ). These four values of
6 correspond to the two local maxima and two local minima of 8 — V' (z,0).
The global minimum is the value of interest, and it is denoted 6y (x). The
function 0y (+) are a locally Lipschitz function for z near the unit circle. The
function £(fy (x)) is substituted into (3.40) to obtain the reduced system

= Ax &0y (@) + € (v(2)) (3.43)

which approximately describes the true behavior of x in time-scale t. This
motion is restricted to the slow manifold V. that is e-close to the manifold
Vy defined by

V(z,0v(z) = —2(z — £(Ov(2) " PE By (2)) = 0. (3.44)

This restriction is the result of the gradient optimization which rapidly posi-
tions £(6) to the most favourable position along the desired circle 22 +x3 = 1,
to which z is to converge. This convergence is established by differentiating
W(x) := V(z,0y(x)) with respect to ¢ along the solutions of the reduced
system (3.43). Employing the identity (3.44), this derivative is

W = —[z—£&0v(@)] Qz—&(Ov(2))]
< in (Q) [z — E(Ov (z))|* < —cW (2(t)),

which implies

z(®)lp = [2(t) —£O(=(®)] < () — £(Ov (1))l

< k[a(0) — £(0((0)| 72" = k|z(0)|p e (3.45)

and therefore shows that the set P is uniformly exponentially stable for
the reduced system (3.43). The standard approximation theorems of sin-
gular perturbation analysis guarantee that the solutions of the designed
closed-loop system (3.40) are e-close, on compact time intervals, to the cor-
responding trajectories composed of the boundary layer transient of 6(t)
and the subsequent motion z(t) of the reduced system with 6(¢) = 0y (x(t)).
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With proper initialization, |z(0)|, sufficiently small and 6(0) in the region
of convergence of 0y (z(0)), it follows from the results of Teel et al. (2003)
that for any ¢ > 0 there exists p* > 0 such that p > p* implies that

l2()|p < k|z(0)|pe 3t +6, Vt>0 (3.46)

holds for the true closed-loop system (3.40). The behavior of the solution of
the true system (3.40) will therefore be d-close to the behavior, characterized
by the bound (3.45), of the reduced system, and this yields the desired near
forward invariance property.

State Response
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Figure 3.2: State responses projected into the (1, z2)-plane.

Figures 3.2 and 3.3 show the responses of z(t) and 6(¢) in a simulation,
using Matlab " and Simulink , with k; = 2 and ky = 1. Initial positions
were Ty = [—@ @]T (on the circle at the angle 225°) and 6y = 0°. Figures
3.2 and 3.3a) show the responses for p = 500.

In Run 1, V(zo,-) only had one unique initial minimum at 0y (x¢) =
225°, to which 6(t) rapidly converges. Thus, the initial transient in the
distance to the circle is small, and z(t) stays close for all time (and eventually
converges).

In Run 2, on the other hand, we change the P-matrix so that V(zo,-)
has an initial local minimum at @;yc i = 108°. Since 6(0) is in the basin
of attraction of 0jyc.min, it rapidly converges to oc.min and causes the bad
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Gradient Response Distance to the circle
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Figure 3.3: a) Time-plots of §(¢): Rapid transients to the global minimum
in Run 1, and a local minimum in Run 2. b) Initial error transients of |z (t)|,
for increasing gains p in the case of a unique minimum.

transient of x(¢). In Figure 3.3 b), the responses correspond to the unique
minimum case in Run 1 for different gains p. It is seen that the excursion
of z(-) from the circle decreases as 1 increases.

3.4.2 Main result: Near stabilization of sets parametrized
by a single variable

In many contexts, stabilization of sets parameterized by a single variable is
interesting. Obvious examples are control of robots, vessels, and vehicles
where a desired path can be characterized by such a set. In fact, all appli-
cations where the states should be forced to a one dimensional manifold or
subset in the state space fall into this category.

With the parametrization £(0) from (3.5), assumed independent of t,
define the target set (or path)

P:i={zecR": W ecRst. x=&(0)} (3.47)

for the system (3.4). As shown in the motivational example in Section 3.4.1,
stabilization of P may involve some difficulties. While uniform global attrac-
tivity can be obtained with relative ease, the forward invariance property
may be hard to achieve. Therefore, the set P cannot, in general, be ren-
dered GAS. The design procedure in Section 3.1, achieves global asymptotic
convergence to a subset of P x R but not stability of P x R. In what fol-
lows we abandon stability in the strict sense and instead construct a control
algorithm that ensures “near stability”.
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“Near forward invariance” and “Near stability”

To achieve near asymptotic stability of a set A the set has to be attractive,
and, additionally, we need the dynamic system to contain a parameter that
can be tuned to make the set nearly forward invariant. Consider the system

T = f(x,pn), xeR" pelRP (3.48)

where z is the state and p is a fixed parameter vector. Recall according to
Definition A.6 that for a given fixed p € RP, the set A is forward invariant
for (3.48) if the system is forward complete and

Vepe A = |z(t,x0)|4 =0, Vt>0. (3.49)
Correspondingly, we say that:

Definition 3.5 The set A is nearly forward invariant for (3.48) if the sys-
tem is forward complete and for each 6 > 0 there exists a set G CRP such
that

Veoe A, Vpe G = |x(t,wo)|4 <6, VE=>0. (3.50)

Definition 3.6 A closed, nearly forward invariant set A C R™ is near-US
with respect to (3.48) if the system is forward complete, there exists a class-
Koo function ¢, a positive constant ¢, and for each 6 > 0 there exists a set
G CRP such that Yu € G, the solution satisfies

|z(t, 20)| 4 < @ (|7o| 4) + 6, Vt >0, Vizoly <c (3.51)
If the constant c can be taken arbitrarily large, then the set is near-UGS.

Definition 3.7 A closed, nearly forward invariant set A C R™ is near-UAS
with respect to (3.48) if it is near-US and Uniformly Attractive; that is, for
all |xo| 4 < ¢ then |x(t,z0)| 4 — 0 as t — oo. If the constant ¢ can be taken
arbitrarily large, then the set is near-UGAS.

Rendering the target set near-UAS

To make the results in this section applicable to closed-loop systems more
general than (3.9) or (3.12) obtained from feedback linearization, we consider
the (closed-loop) system

= f(x,0) + g(x,0)vs(0) (3.52)



3.4 Gradient optimization 71

where, according to the notation of this chapter, z € R is the plant state,
0 € R is the path variable, and f : R" xR — R™ and g : R"" xR — R™"
are smooth vector functions satisfying f (£(8),0) = 0 and ¢ (£(6),0) = £%(0).
The (feedback linearized) closed-loop system (3.9) is the case f(x,0) =
Az —£(0)) and g(z,0) = £°(6).

For (3.52), we further assume there exists a global diffeomorphism
(z,0) < (z,0), given by z = z(x,0) = v(z — £(0)), and that the system
is equivalently represented by the error state as

2= f(2,0)+g(z,0)ws (3.53)

where wg = v(6) — 0 is the speed assignment error, f : R"™ xR — R™" and
g : R"™ xR — R™ are smooth functions. These are found by differentiating
the smooth map z(z, 0), giving

2= 2"(x,0)[f(2,0) + g(z,0)vs(0)] + 2°(2,0) [v5(0) — wi],
and defining
f(z7 ‘9) = zx(mv 9) [f(l‘, ‘9) + g(l‘, H)US(Q)] + ze(mv 9)”5(9)
9(z,0) := —29(56,9)

where the inverse map = = 4(z,0) is substituted for z. It is assumed the
following hold:

1. There exists a matrix pair (P, Q) = (P,Q)" > 0such that 2T Pf(z,0)+
f(z,0)T Pz < —27Qz holds for all (z,6).

2. There exist a continuous nondecreasing function oi(z) such that
19(2,0) | < o1(]2])-

3. There exist class-K functions ; and 5, that are linear for small
arguments, such that

Tz = &O)]) < [2(x,0)| <72(|x = £(O)))- (3.54)

For the system (3.53) we can then apply the Lyapunov function V' (x,0) =
2(x,0)" Pz(x,0) to get the time-derivative
Vo= V(,0)[f(z,0) + g(z,0)vs(0)] + VP (z,0) [vs(0) — ws]
= 22(z,0)" P2%(x,0) [f(z,0) + g(z,0)vs(0)]
+22(x,0) " P20 (,0)v5(0) — VO (x,0)w,
= 22(z,0) Pf(2(2,0),0) — V'(z,0)w,
= —2(z,0)"Qz(z,0) — VO (z,0)w, (3.55)
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where V(x,0) := —22(x,0) " P (2(z,0),0). Choosing the update law ws =
pVO(x,0), p > 0, satisfies Theorem 3.2 (notice that the first condition in
the theorem is satisfied by using the assumption point 2 above), and this
yields

0 =v,(0) — pVO(x,0) (3.56)

and

V < —2(x,0)TQz(x,0) < —cV (x,0), c:= M (3.57)

Amax (P)

This shows that the set A C P xR, A={(z,0): z=0}is UGAS.

The above treatment summarizes the results of the design earlier in this
chapter, using a direct gradient update law. Clearly, (3.53) captures (3.12a)
by using z = 2 — £() and setting §(z,0) = £7(#). However, additionally it
will also capture the closed-loop systems obtained from backstepping designs
in Chapter 4, in which case the nonlinear mapping z(z,6) = vy(z — £(0)) is
constructed recursively.

Define the distance functions:

felp = inf [ — £(0)] = |2 — £0(a)
|z]py = i%f VV(z,0) =/V(x,0v(x))
|2lp,; = inf |2(z, )] = |2(z, 02(2))]

where 0, 0y, and 6, are the corresponding values that satisfy the infimums.
Recall from the triangular inequality that |z — £(0)] < |z|p+|£(0(x)) — £(0)|
< |z|p + d holds where d := sup{|la —b|: a,b € P} exists due to finite
extension of the path in R™. If (3.57) hold, then for all ¢t > 0,

V(z(t),0(t)) < V(z(0),0(0))e .

Define the class-KL function § as

B (s, t):= ’yfl (k:’yQ (s) efgt) , k:= (3.58)
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This gives the following sequence of inequalities

2(Olp < [2(2) — £@-ON] <77 (l2(0)]p.) <77 (12((0), 00 ()

<! ( S \x(t)\py> <yt <\/ ¥ 0.00)

= (\/ﬁw)vmox 9<0>>€%t> <7t (kl=(a(0),60) e8!

<" (k92 (1200) = €0O)) e78) <97" (kya (12(0) | + d) )
=: B ([lz(0)|p +d], t), Vt=0 (3.59)

which explicitly states uniform global attractivity of P x R.

Some issues regarding the minimization of V(x,0) with respect to 6
need to be resolved. As shown in the motivational example in Section 3.4.1,
V(x,-) may have multiple minima which means that the initial search point
6(0) must be restricted to a local set. There may also be points z in R™™
where this minimization is not feasible. For instance, in the example with
the circular path, if z = 0 (and P = I), then the entire circle is an extremum.
We make the assumption:

Assumption 3.8 There exists p > 0 such that every fived x with |z|p < p
implies that V (x,-) has a global minimizer, denoted 0y (x), which is a LAS
equilibrium for

0=-V(x,0) (3.60)

and with basin of attraction Hg(x). The function x — Oy (z) is locally Lip-
schitz on {x : |z|p < p}.
Define the set
H(p) = {(,0) : |alp < p, 0 € Ho(w)}. (3.61)

Choosing p sufficiently large in (3.56) induces a separation of time scales
between the plant dynamics z(¢) and the set parameter 0(t). Letting € = %
be small, allows for (3.52) and (3.56) to be analyzed as a singularly perturbed
system (see Kokotovi¢ et al. (1999); Khalil (2002); Teel et al. (2003)). Let
tr = %t and define 2/ := C‘ft—"’;. In the fast time scale ¢y, the rapid transient of
0 is approximately described by the boundary layer system at ¢ = 0,

' =0, 0= -V (x,0).
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By construction, the set {(x,0): 6 =0y (x)} is asymptotically stable for
(2(0),0(0)) € H(p). The fast variable 6 therefore rapidly converges to a
slow manifold V. located in the e-neighborhood of the manifold Vy defined
by V9 (z,0) = 0. With # constrained to be the solution of the minimization
problem, 6 = 6y (z), we get the reduced system

&= [ (x,0v(x) + g (z,0v(z)vs (O (2)) (3.62)

for which we consider the energy function W(z) := V(z,0y(x)) = |x|3jv
Using the identities

VE(x,0) [f (x,0) + g (x,0) vs(0)] + VO (z,0)vs(0) = —2(x,0) " Qz(z,0)
Va(ac, Oy (z)) =0

then for |2(0)|p < 22p, we have
W(z) = —z(z,0v(x)) " Qz(x, by (x)) < —cW (x) (3.63)

and the following relationships hold

2(®)lp < la(t) = @) <7 (le®lp. ) <77 (12 (@), Oy (@)

<! ( S |9C(t)\7>,v> <! (

<97 (ke (|2(0) — @ ())]) e 2') (3.64)

=" (k2 (2(0)]p) e78) = B(12(0) . ) (3.65)

which implies that P is asymptotically stable for the reduced system. It
follows, according to the main results in Teel et al. (2003), that for each
0 > 0 there exists a pu large enough so that with proper initial conditions
(2(0),6(0)), the behavior, characterized by the distance to P, of the solu-
tions to (3.52) and (3.56) are d-close to the corresponding behavior of the
reduced system (3.62) for which 0(t) = 6y (x(t)).

We summarize the result in the following theorem:
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Theorem 3.9 There exist a class-KKL function S and a constant d > 0
such that, for all initial conditions (xg,0p) € R™ X R and all p > 0, the
trajectories of (3.52) and (3.56) satisfy

|z (t, z0)lp < B ([[xolp +d], 1), VE=0 (3.66)

and, under Assumption 3.8, for each § > 0 and each compact set K C
H <Mp) there exists p* > 0 such that p > p* and (xg,0p) € K imply

Pm

lz(t, z0)|p < B (Jxolp, t) +6, vt > 0. (3.67)

Recall that asymptotic stability of the set A (and thus attractivity of P)
guarantees that the maneuvering objective is solved. However, how well the
closed-loop maneuvering system performs, especially in the initial transient
and convergence to the path, is unanswered by the control design in Section
3.1. In essence, the concept of near stability of the path P characterizes
performance of maneuvering. The bound (3.67) states, in particular, that
for zy € P and 0 in a compact subset of Hy(z¢), the excursion of z(-, zo)
from P can be made arbitrarily small. It further states that if z¢ is close to
the path, then the solution z(¢, zg) will stay close to the path and eventually
converge to it. It therefore follows from Theorem 3.9 that the set A is near-
UAS with respect to the closed-loop system (3.52) and (3.56).

Remark: The Filtered-gradient algorithm
Skjetne, Fossen and Kokotovi¢ (2002, 2004) extended the CLF V (z,6) with

the term ﬁwg to construct a 1 order wg-update law. Differentiating the

extended CLF, the 2"? order filtered-gradient update law was designed as

0=uv,(0) —ws (3.68)
s = —ws + pV(z,0). (3.69)

By setting € = 0, we can again apply singular perturbation techniques on
the closed-loop system where x and 6 are the slow states and wg are the
fast state which rapidly converges to an e-neighborhood of the manifold
ws — uV?(x,0) = 0. Substituting the solution ws = uV?(x,0) into (3.68)
gives the reduced system

T = f({E, 6) + g({E, 6)”5(0)

b= 04 (6) — V(. 6) (3.70)
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which approximately describes the motion of  and 6 in the slow time-scale.
This reduced system is exactly the closed-loop (3.52) and (3.56). Conse-
quently, if € is chosen small and p large, then the results of near stability
from the previous analysis are recovered ‘approximately’.

3.4.3 Example: Self-intersecting path

Figure 3.4: Self-intersecting “figure-8” path.

To illustrate how the performance of the closed-loop system changes for
varying gains pu, let the path be the self-intersecting “figure-8” in Figure
3.4. (Note that our results, using a gradient-type update law, apply to
self-intersecting paths, in contrast to the results in Hindman and Hauser
(1996) where such paths were not allowed.) The analytical expression for
this “figure-8” is

B sin3()

_ | &)
0= [ £2(0) } = { 35in%(0) cos(0)vs(0) (3.71)

where 7 > 0 is a given constant. For the double integrator plant (3.31), the
path (3.71) is to be traversed with the assigned speed v4(#), consistent with
£5(0) = £4(0)v4(H). Because of the assigned speed v,(6), our update law for
is

0=uv,0)—pV?(z,0), pn>0, (3.72)

where V(x, ) is as in (3.36). We choose the control law
u=—ki (21— & (0)) — ka2 (22 — £,(6)) + E5(8)vs(6) (3.73)

so that with z := [z1 2], k1, k2 > 0, and

0 1
A=
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the resulting closed-loop system is
= Ax —£0)) + £ (O)s(0)
b = v3(0) — V0 (z, ). (3.74)

A singular perturbation analysis with p sufficiently large establishes that,
after a rapid transient of 6 directed by the gradient algorithm, the motion
of x(t) asymptotically approaches the desired “figure-8” path.

State Responses

T T
«=-= X(t) high gain
=+ X(t) low gain

x,(0
o

Figure 3.5: Typical state trajectories projected into the (x1,x2)-plane for
Maneuvering with: 1) high gain gradient optimization, p = 1.0, and 2)
low-gain, p = 0.02.

Two simulations were performed, with » = 10 and speed assigned to vs =
0.5, controller settings k1 = 21, kg = 11, and initial conditions zo = [£, 0"
and 0y = 80°. The first simulation employed a high-gain maneuvering con-
troller with gradient optimization. In this case p = 1.0 is high enough to
ensure a rapid transient as shown in Figure 3.6. Typical state trajectories
in R3, projected into the (1, z2)-plane, are shown in Figure 3.5. The corre-
sponding high-gain trajectory has a favourable transient when approaching
the desired path.

For the sake of comparison, a low-gain maneuvering controller with u =
0.02, is superimposed in Figure 3.5 (dotted trajectory). The transient in this
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Figure 3.6: Time plots of #(t) for the initial response: rapid transient to
Ay = 34° in the high-gain case; while both responses follow up with constant

speed 0.5.
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Figure 3.7: Control effort u(t): notice the
which is eliminated in the high-gain case.

transient in the low-gain case
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case exhibit a large overshoot of the path. In fact, in the limit as u — oo,
and proper initialization of 6y, it is impossible for z(t) to start inside the
“figure-8” path and go out of it. In the limit as yu — 0, on the other hand,
the controller becomes a pure tracking controller (x = 0), and in this case
we obtain the worst transient performance.

To visualize the two-time scale behavior of § and the attainement of the
assigned speed vg = 0.5, a comparison of 61 o(t) for the p = 1.0 case with
0 02(t) in the p = 0.02 case, is shown in Figure 3.6. After a rapid ‘boundary
layer’ transient where 601 (t) converged to the minimum 6y (x(0)) ~ 34°,
they both settle on a ramp of ¢-slope 0.5, as required. However, the 6 g2(t)
response never converged to the optimal 34 °. This difference accounts for
the major deterioration in the transient of x(t).

Figure 3.7 shows the control effort in the two cases. Notice how the
initial transient is rapidly removed in the high-gain case.

3.5 A reference system interpretation

If we twist our eyes, we can view the speed assignment

0=uvs(0,t), R (3.75a)
Ya = ya(0), ya € P CR™, (3.75b)

as desired dynamics in a reference system design. This reference system, as
presented earlier in this chapter, is a one-dimensional system representing a
one-dimensional manifold, the path P C R™, to which the solution y,4(6(t))
is constrained. By construction, (3.75) solves two relevant objectives for the
maneuvering problem,

1. it traces the desired path to be followed, and

2. the speed along the path |74 = [y9(0)||vs(0,t)| satisfies the desired
specification.

In the maneuvering control design in Section 3.1, a certainty equivalence
principle was used, assuming (3.75a) hold identically, and thus cancelling 0
with vs(0,t) at every occurence. Since the maneuvering problem statement
in Chapter 2 allowed for this relationship to only be satisfied in the limit as
t — oo, this introduced the error ws = vs(0,t) — 6. In the end, this error
function was used constructively, either to just obtain the reference system
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(3.75) by the tracking update law, or to design a gradient or filtered-gradient
update law.

Instead of defining 6 as a scalar path variable, consider it as the state in
a desired reference system of dimension ¢ > 1. To distinguish it from (3.75),
let 1 be this desired state with desired dynamics

= fant), neR? (3.76a)
Ya=ha(m),  ya€R™ (3.76D)

where f; and hg are smooth functions. Clearly, this system captures (3.75)
by making the appropriate substitutions. Generalizing the maneuvering
problem statement, the control objective is to satisfy the two tasks:

) Jim ()~ ya(t) =0 (3.77)
2)  Jim [i(t) ~ fa(n(t). 1) =0 (3.78)

where y is the output of the system to be controlled.

Consider the feedback linearizable system (3.4). Clearly, the exact same
design as the maneuvering design in Section 3.1 can be performed, by first
constructing the “gemeralized state path” as

§1(n,t) = ha(n)
Eo(n,t) := &1 (0, t) fa(n, t) + €1 (n,t) = h}(n) fa(n, t)

Eal0,1) = €1y (m.1) fan.£) + €1 (0, )
and defining

§(n,t) :=col (&1 (0. 1), &2(m1),..., &u(n.1)). (3.79)
Similarly to (3.7) and (3.8), the design results in the control law
u=p(x) +2(0) " [~K (z — &0, 1) + &L, 1) faln. 1) + &, (0. 1)]  (3.80)

and the closed-loop system (using a gradient update law)

= Az —£&Mm,t) + &, t) fa(n,t) + £ (n, ) (3.81a)
= fa(n,t) =TV (z,n,t)7, T'=TI">0, (3.81h)

where A = A, — B.K is Hurwitz. The Lyapunov function for (3.81) is the
quadratic function

Viz,n,t) = (z—&m.t) Plz—E&mn.t), (3.82)
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PA+ ATP = —Q, resulting in the time derivative
V=V (a0, t)i + Va0, )i+ Ve, n,1)
= —(z—£&0,0)" Q@ — &) = V)TV (z,n,t) . (3.83)

Assuming that appropriate assumptions hold for (3.76) so that (3.81) is
forward complete, then (3.82) and (3.83) ensures that the set

M={(z,n,t) e R" xRT x R>p: z =0} (3.84)
is UGES, where z :=x — &(n, t).

What is interesting here is the implication of allowing 1 to be of order
higher than one. For instance, in Section 3.4 it was shown for p large that
6(t) would rapidly converge to a value (x,t) that corresponds to a point
along the path £(-,¢) that minimized the error x(t) — £(0(t),t) according to
the Lyapunov cost function V' (z,6,t). This behavior is also obtained by the
solution 7(t) be choosing I' large. Suppose by construction of the reference
system (3.76), we allow &(7,t) to span R™, that is, for each (z,t) € R™ x
R> there exists n € R? such that {(n,¢) = z. Then the global minimizer
n(x,t) of n — V(x,n,t) corresponds to the minimum V' (z,7(z,t),t) = 0 at
which £(7,t) = x. In this minimum, the control law (3.80) is reduced to
only necessary feedforward terms, and we have that V" (x,7(z,t),t) = 0 so
that (3.81b) reduces to the desired dynamics 7 = fg(n,t).

Another advantage in this context is to avoid local minima by ensuring
by construction of (3.76) and £(n,t) that n+— V(x,n,t) is strictly convex.

In a sense, we introduced in the previous design one level of flexibility by
letting the system output y(t) converge to the output y4(t) of the reference
system that next satisfied its desired objective in the limit. This gave an
extra degree of freedom that here was used to achieve a favorable response
by applying the gradient optimization algorithm.

In light of this reflection, we can consider increasing the levels of flexi-
bility by for instance letting y(t) converge to one reference system output
yq1(t) which again converges to another referense system output y42(%), and
so on, until the last reference system solves for instance the maneuvering
objective (or any other desired objective). The advantage of this may be
that each level of flexibility will introduce an extra degree of freedom that in
the design can be used constructively to solve specific problems at hand. For
instance, in the papers by Daci¢ and Kokotovi¢ (2005); Aguiar et al. (2004,
2005), the extra degree of freedom was used to deal with non-minimum
phase performance limitations.
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Chapter 4

Maneuvering designs for
uncertain systems

This chapter presents constructive maneuvering control de-
signs for uncertain systems. In the first section, a robust recur-
sive design technique is developed for nonlinear plants in vec-
torial strict feedback form, perturbed on the right-hand side by
bounded time-varying disturbances. In the second section, the
adaptive version of the recursive design is presented for systems
in vectorial parametric strict feedback form. Finally, the last sec-
tion presents a maneuvering design based on sliding-mode con-
trol for systems with both additive and multiplicative structural
uncertainties. All designs are concluded with the selection of
an update law according to the tracking, gradient, or filtered
gradient update laws. Stability of the noncompact sets corre-
sponding to the maneuvering problem is proven in each case.
The presented material were published in Skjetne, Fossen and
Kokotovi¢ (2004); Skjetne et al. (2005); Skjetne and Teel (2004).
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4.1 ISS backstepping design

Consider the nonlinear plant (3.1) and suppose it can be written in strict
feedback form of vector relative degree n :

@1 = Gy (21) 22 + f1 (w1) + Wi (21) 61(t
By = G2 (T2) 23 + fa (T2) + Wa (T2) 02(2)

~—

Tp = Gp (Tn) U+ fu(Tn) + Wi (Zn) 0n(t)
y=h(z1)

where Vt > 0, z;(t) € R™, i = 1,...,n, are the states, y(t) € R™ is the out-
put, u(t) € R™ is the control, and d;(-) are unknown bounded disturbances.
The matrices G;(Z;) and h*(z1) := g—ﬁ(scl) are invertible for all Z;, h(z1)
is a diffeomorphism, and G;, f;, and W; are smooth.

The design task is to design a maneuvering controller that solves the
Maneuvering Control Objective for a continuously parametrized feasible path
yq(0) and a feasible speed assignment v4(6,t) where Assumption 3.1 holds.

Due to the disturbances §; in (4.1), the goal is to render the closed-
loop system input-to-state stable (ISS) with respect to the desired set M
in which the maneuvering objective is solved. Such a set is said to be 0-
invariant for a closed-loop system if it is invariant for the disturbance-free,
0; = 0, closed-loop system; see Definition A.11. Recall Theorem A.14 that
states if a forward complete system admits an ISS-Lyapunov function with
respect to a closed, O-invariant set M, then it is ISS with respect to M.
This will be the main tool to solve the maneuvering problem for (4.1).

4.1.1 Design procedure

A backstepping design is employed to solve the maneuvering problem for
(4.1). The first two steps are given to show how to deal with §. The 7’th
step for ¢ = 3,...,n is given in Table 4.1. The design procedure borrows
much from adaptive tracking by Krsti¢ et al. (1995) including the notion of
a tuning function.

Step 1: The new variables

z1(21,0) ==y — ya(0) = h(z1) — ya(0)
zi(:EZ-,Q,t) = l‘i*aifl(i‘ifl,@,t), 1=2,...,n

ws(0,0,1) := vy (0,t) — 0
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are introduced, where a;_1 are virtual controls to be specified later. Differ-
entiating (4.2) with respect to time results in

4=y —y5(0)0
= WGz + h® Gray + h® fy + h® W16, — 56.

Choose a Hurwitz matrix A; so that P, = PlT > 0 is the solution to Py A1 +
Al Py = —Q1 < 0, and define the first control Lyapunov function (CLF)

Vi(x1,0) = 2z (x1,0) " Prz1(x1,0) (4.5)
whose time derivative is
Vi =2z Pi[h* Gray + h®' f1 — yfu,]
+ 22] P W1Gl2p 4 22] PLR"I W6, + 22 Pryfws.
Then the first virtual control law is picked as
ag = ai(x1,0,t) (4.6)
=G (h™) T Az — B f1 + yhus + aao)

where a1 is a nonlinear damping term to be picked. Define the first tuning
function, 71 € R, as

T1(21,0) == 221 (z1,0) " Py (6). (4.7)
After an application of Young’s inequality, the derivative Vi becomes
Vi = —2] Q21 + 22{ PLh™ G129 + T1ws + 22 PLREY W16y + 22/ Pragg

1
< —z] Q121 + Tiws + 22] PLh® G129 + —6] 61
R1
1
+ 22 Pi{ang + 5mhfflwlwlT (h™)" Pz}

The nonlinear damping term is now chosen to cancel the last term. This
gives

a10(71,0) = py(w1)21

p1(z1) := =3 bW W ()T P, k> 0

and the result of Step 1 is

(4.8)

1
21 = A1z1 — El-ilh‘leWlT (hxl)T Piz1 +h** Gz + was + hF1IW1 64
(4.9)
"/1 < fzirlel + QZITP1hZ1G122 + Tiws + AIKIAI (4'10)
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where A; := §; and K; = Hil If this was the last step, then zo = 0 and
ws = 0 would reduce (4.10) to

. k
Vi<—aqilz)®+ki]A? <0, V|| > \/q—i|A1|

where ¢1 = Apin (Q1), k1 = Hil, which implies ISS from the disturbance 41
to the state z;. To aid next step, let
o =: 0'1(55‘2, 49, t) + Oz?(l‘l, 49, t)¢9 + wl,l(:rl, 49, t)51(t) (4.11)

where o7 collects the terms in & not containing 0 and 01, and @y, collects
the terms multiplying the disturbance §;

Jl(ig, 0, t) = agfl (.7:1, 0, t) [Gl(l'l)xg + fl(l'l)] + Oz’i(wl, 0, t) (4.12)
’W171({E1,9,t) = a:fl(l'l,g,t)wl(l'l). (413)

Step 2: Consider z3 as the next control variable. Differentiating (4.3),
1 = 2, with respect to time gives

Zog = X9 — Q1
= Gaz3 + Goaa + fo + Wady — 01 — 042(9 — w171(51

where 23 = 13 — 9. Choose Ay Hurwitz and let P, = P,/ > 0 be the solution
to PyAs + A2TP2 = —(@2 < 0. Define the Step 2 CLF

Va(Z2,0,t) := Vi(x1,0) + 22(Z2, 0, t)TPQZQ(Lf‘Q, 0,t) (4.14)
whose time derivative is
. 1
‘/2 < —Z;Flel + T1wg + QZ;PQQ?WS + —(5;51
K1

+ 225 {G] (B™)" Piz1 + Py[Gaan + fo — o1 — ofvy]}
+ QZ;PQ[Wgég — ’W17151] -+ ZZQTPQGQZ?,.

The second virtual control law is picked as

ap = az (T2,0,1) (4.15)
_ =1 -1 ~T 1\ T [7]
= G2 [A222 - P2 Gl (h ) Piz1 — f2 +01+ayvs + C%Q()]
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where agq is a nonlinear damping term to be designed. Define the second
tuning function, 79 € R, as

7’2(@2, 0, t) = 7'1(.1‘1, (9) + 222(@2, 0, t)TP2a€(.T1, 0, t). (416)
Using Young’s inequality again, the derivative V5 becomes
VQ < —Z;Flel — Z;QQZQ + ZZQTPQGQZ;J, + Towg
1
+ ZZ;PQ {0120 + 5%2 |:W2W2T + wl,lwil} PQZQ}
L o Lrer T
b6+ — [52 5a + 8 51}
K1 K9
and the second nonlinear damping term awg is chosen as

Qg0 = pa(T2,0,1)2

pPo = —%/@2 [WQWQT + lewIl] Py, ko > 0. (4.17)
Then Step 2 results in
29 = —Py iG] (B Przy + Agzy + Gaz + ofw,
- %@ Wl + w1114 Paza — w1101 + Wads (4.18)

% S —ZIlel — Z;QQZQ + QZ;PQGQZ,?, + Towg + A;KQAQ (419)

where A := [6], 65]" and Ky := diag(ﬁ—l1 + %2,,{—12) If this was the last
step, then z3 = 0 and wy = 0 would give

%S*Q2|52|2+k2|A2|2<0, V|22| > q_z|A2|

where g2 = Amin (Q1,Q2), ko = %1 + %2, which indicates ISS from the
disturbances §1,02 to the states zi, zo. Steps i=3,...,n are summarized in
Table 4.1.

Upon the completion of Step n, the choice

u = oy (Tn,0,1t) (4.20)
= Ggl [Anzn - Pn_lG;Lr_lpnflznfl - fn +op_1+ Olz_lfus + ug

up =~ #in WaW,! +>  @n 11| Pan (4.21)
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Table 4.1: ISS Maneuvering: Step i = 3,...,n
Substitute z,+1 = 0 and «, = u for Step n.

Zi =& — Q-1
= Gizip1 + Gioy + fi + Widi — g — a0 — z w140,
Vii=Vii1+2z Pz

1 T
V < - Z_] 1 J Q]zJ + Z ZZ:—_] ﬁlkéj 5
+22; {Gl \Pic1ziy + Pi [Gioy + fi — 01 — afﬁlvs]}
+2:] P, [W{S S w16 ]
+222~ Plozi_lws + Ti—1Wws + 222~ PiGizi—H

Y

Ti = Ti-1+ ZZZTPia?_l 1’th Tuning Function
a; = a;(Z;,0,1)
=Gt [Aizi — PGl \Pi1zio — fi+oio1+al_jus + o
oo = pl(a_cz, 0,t)z;
Pi = 2"92 {WWT +Z 1wz 17szT 1,5

]P
P A; —i—AiTPZ =—Q; <0 and k;>0

Y

z; = _1GZT 1Pic1ziaa —|— Az + G‘ZH_l + 049 1Ws

)

2/@ [W VV—r + Z] 1 Wi 17]w ] Pz — Zz;ﬁ wi—1,j0; + W;d;

Vig—zj i ]Q]z]+2,z PiGiziv1 + Tiws + Al KiA;
Ai := col (51,52, B ,(51)
K; —d1ag< +a T Tl PSS S l)

Ki’ K2 Ki? ’ K

Y

o; =:0; + 0499 + ZZ -1 wmé-
oi =0 [G1SU2 + fil + .. 4 o] [Giwig + fi] +
@i =) W
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with s, > 0, results in

by = —Py G Poo12n-1 + Apzn + o _jws (4.22)
1 n—1 n—1
— 3fn WaW,! +> @0 1@ 15| Patn— Y @165 + Wadn
j=1 J=1
d n
an vV, < — Z z;-erzj + Trws + A;LrKnAn. (4.23)
J=1

Resulting system: With = := z,,, z := z,, A(t) := A, (t) = col(d1(¢),
.y 0n(t)), P:=diag(Py, Po, ..., B,), and Q := diag(Q1, Q2, ..., Q) we
rewrite the n’th tuning function as

Tn(,0,t) = 2b(Zp_1,0,t) " Pz(x,0,t), (4.24)

and the closed-loop system becomes

2=A(x,0,t)z + b(Tp-1,0,t)ws + W(z,0,t)A(t) (4.25a)
0 =v,(0,t) — ws, (4.25Db)
where
A, (z,0,t) :=
[ A+ 1 h*1Gh 0 0
—PrGT ()T P Ay +py Gy 0
0 *P{lG;PQ Az + Ps3 Gs
0 0 0 0
i 0 0 0 o -
0 0 0 i
0 0 0

0 0 0

*nglGZ_QPan Anfl + Pn_1 anl
0 _PEIG;LF—lpn—l An +py |

b(Zp—1,0,t) := Col( yg(ﬁ), a?(sﬁl,ﬁ,t), el aﬁ,l(in_l,ﬁ,t) ),
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and
[ W 0 0 0 0 ]
—wl,l W2 0 e 0 ()
W (z,0,t) := —w2,1 —T02,2 Ws 0 0
| —@n-11 —Wn-12 —@n-13 °°° —Wnp-1n-1 Wn |

The backstepping design has transformed the original system (4.1) into
the error coordinates z by a diffeomorphism (z,0,t) «— (z,60,t) where
z = ¥(z,0,t) is given by (4.2) and (4.3) for ¢ = 2,...,n. The inverse map
x = Y(z,6,t) of this diffeomorphism is given by

xy =y (21,0,t) = b~ (z1 + ya(0))

T2 = 7/}2(2% 9,'[:) =22+ @1(¢1(21,9,t>, evt)

T(z,0,1) : (4.26)

Ip = wn(zm 07 t) = zp + anfl("/}nfl(zn*h 07 t)v 07 t)

which (for each fixed z) is bounded uniformly in (0,t) due to Assumption
3.1 and the continuity assumptions on h~!, Gy, f;, and W;.
The derivative of the Step n CLF satisfies the inequality

Vi < —2"Qz + Thws + ATK, A (4.27)

which is of the form of the principal design inequality (3.14b). While the
expressions (4.20) and (4.21) define the static part of the control law, the
dynamic part, specifying either 0 or (9, Ws), is to render the term 7,ws in
(4.27) nonpositive. When 7,ws < 0 is achieved, then (4.27) guarantees that
the closed-loop system is ISS where the damping gains k; can be adjusted
for a desired level of disturbance attenuation. Following Jiang, Teel and
Praly (1994), one can assign the gain from the disturbances §; to the output
error z; = y — yq(f) to ensure any desired output maneuvering accuracy.

4.1.2 Closing the loop by speed assignment designs

The set to be rendered O-invariant for (4.25) becomes
M={(2,0,t) e R"" x Rx R>¢: z=0}, (4.28)

and it is verified, for A = 0, that any solution of (4.25) staying identically
in (4.28) will solve the Maneuvering Problem. Indeed, z; = 0 will solve the
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geometric task. Moreover, for z = 0 and A = 0 we get from (4.25) that
2 = b(ZTp—1,0,t)ws = 0 such that wy = 0 — vs(6,t) = 0 must hold for all
(2,0,t) € M.

For the dynamic part of the control law, the design variable is wy :

Theorem 4.1 The closed-loop system (4.25) is 1SS with respect to the set
(4.28) for every continuous function ws = w(z,0,t) that satisfies:

1. there exists a continuous positive semi-definite function o : R" —
R>o, 0(0) =0, such that |w(z,0,t)] < o(z),V(z,0,t) € R xRxR>,
and

2. (Y (2,0,t),0,t)w(z,0,t) <0, V(z0,t) € R xR x Rxg.

In the case when A = 0, then the set (4.28) becomes UGES with respect
to (4.25) for this choice of ws.

Proof. The closed-loop system (4.25), with ws = w(z,0,t), is of the form
of the interconnected system (A.40) in Appendiz A by setting 1 = z,
x9 = (0,t), and uy := A, ug = 0 in (A.40). Defining accordingly f1 :=
A, (z,0,t)z + b(Tp-1,0,t)w(z,0,t) + W(x,0,t)A where v = Y(z,0,t) and
fo = col(vs(0,t) —w(z,0,t), 1) then fo satisfies Lemma A.21 since
lw(z,0,t)] < o(z) is uniformly bounded for all z in the compact set X.
Moreover, since Vy,(2) satisfies (A.44) with a1(-) == Amin(P) ()2, an(:) :=
Amax (P) (')27 and (A.45) with a3(-) == Amin(Q) (.)2’ (") = Amax(Kn) (')27
using |(z,0,t)|yy = |2| = |z1] 4,, then the conclusion of Theorem A.22 gives
ISS from A to z with respect to M, and UGES in the disturbance-free case.
|

The Tracking or Gradient update laws can be applied to accomodate
Conditions 1 and 2 of Theorem 4.1.

Gradient update law: Setting ws = —u7,(z,0,t), p > 0, satisfies the
speed assignment (2.20) asymptotically since 7, — 0 as z — 0. The Con-
dition 7 bound |u1,(Y(z2,0,t),0,t)] < o(z) of Theorem 4.1 can be verified
recursively by applying Assumption 3.1 and (4.26). We call this a Gradient
update law because

(@, 0,8) = =V (U(x,0,1)), (4.29)
and the dynamic part of the control law becomes

0 = vs(0,t) + prn(z,0,1)

— vy(0,1) — pVO(T(z,0,1)). (4.30)
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For uu = 0 it reduces to the tracking update law 6 = v,(6,1).

This update law has the same gradient properties as shown in Section 3.4.
Increasing the gain p will ensure that 6 rapidly converges to a minimizer of
0 +— V,(¥(z,0,t)). However, since there is now a nonlinear mapping from x
to z = W(x, 0,t) there may exist multiple local minima of 8 — V,,(V(z,0,t))
for each fixed (z,t). This should be analyzed on a case-by-case basis.

Filtered-gradient update law: As an alternative to the direct design
above, we augment the Step n CLF to

1 2
= Vn ) ) ) 4.31
Vv V+2)\Mws A >0 (4.31)

get the time-derivative

. . 1
V =V, + —wsws
Ap

1
< _ZTQZ + [Tn + )\_ws]ws+A;LrKnAna
1

and choose the update law for wy as
Ws = —A(ws + u7n) (4.32)

resulting in
. 1
V<—2'Qz— ;w?—FAZ KA, (4.33)

We note that (4.32) is (4.29) filtered by —,LLSJ%)\, and the dynamic part of
the control law becomes the Filtered-gradient update law

0 = vs(0,1) — ws

Ws = —Aws — A\uTp(z, 0,1). (4.34)

Theorem 4.2 The closed-loop system resulting from the Filtered-Gradient
update law:

z=Ax(x,0,1)z + b(Tn-1,0,t)ws + W(z,0,t)A(t)
0 =vs(0,t) — ws (4.35)
Ws = =2 \ub(Zp—1,0,1) T Pz — \w,

s ISS with respect to the closed, 0-invariant set

M ={(z,ws,0,t) ER"™ xRXxRxRsp: 2=0, ws=0}. (4.36)
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In the disturbance-free case, the set M’ is UGES with respect to (4.35).

Proof. By setting x1 := (z,ws) and xo := (0,t) in (A.40), the proof follows
directly from Theorem A.22 by applying the ISS-Lyapunov function (4.51)
with its derivative (4.33), and Assumption 3.1 for boundedness of vs(0,t).
The details are left for the reader to verify. m

Note that the filter (4.32) can be designed of any order by using the
design procedure of Section 3.1.3. Only the 15* order case was considered
here for simplicity. It should also be noted that the design can again be
extended with phase assignment according to Section 3.2.

Important: By the achieved ISS property, z and w, are only guaranteed
to enter a small residual set Z due to the disturbances. This may cause 6
in (4.30) or (4.34), and therefore y4(6), to stop, which happens if ws(t) =
vs(6(t),t) for some t. Reducing Z with larger nonlinear damping gains «;
will alleviate this problem.

4.1.3 Example: The robotic cutting tool

We return to the example in Section 2.4.1 and design a robust maneuvering
system for the cutting tool application. For the plant (2.30), let D; and K3
be unknown state dependent matrices, bounded by

sup||K1 (z)|| < mg, supl[Dy(&)]] <mp
x

T

where mg, mp need not be known. Let 1 := = and zo := %, and define
W (Z2) := [Wi(x1), Wa(z2)] € R2*® where Wj(z;) := — diag(z, , z] ) € R2*4

17

and A(t) := col (61(¢), da(t)) € R® where d1(t),d2(t) € R* contains the two
rows of Ky and D; stacked in one column vector. The plant becomes

i‘l = X9
Miy + Doxo + Koz = u+ W(Z2)A(t)

which is in the form of (4.1). The design procedure then yields

21 = z1 — yq(0)

2 = g — (w1, ya(6), y5(0), vs(6))
a1 = —Kpz1 +y3(0)vs(6)

o1 = —Kpxo

of = Ky5(0) + 15 (0)vs(8) +y5(8)0%(0)
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where 41 = —K,,, K, = KpT >0, and Ay = —K,4, K; = KdT > 0. The
control law and the maneuvering update law are given by the closed-loop
system in Table 4.2. Stability is verified with V' = p; le 21 +p222T M zz—i-iwg

and its derivative V < —lelel — z;ngg — ﬁwg + %ATA.

Table 4.2: Closed-loop maneuvering system for the cutting tool application

Plant :
i‘l = X9
i = M~ (u— D(&)wy — K(x)x1)
input:  {u}
output: {x1,z2}
Control :
0 = vs(0) — w,

Ws = —Aws — 24y (plleyZ(O) —i—pngTMa?)
U= *%21 — Kgz9 + Kox1 + Doy + Moy
+MO(?US((9) — %KW({EQ)W((Z’Q)T]?QZQ
input: {21, 22, 3(6), y3(0), 45 (6), v4(6). v1(6) }
output: {u,6}
Guidance :
input: {6}

output: {yd(Q), yS(@), y§2 (0),v5(0),0? (9)}

To satisfy the performance specifications of the example in Section 2.4.1,
we constructed the speed assignment (2.32), which has the derivative

Op1—0
ms az - 0 c [g 0, 1 M)
7,‘_|yg| a%+(0_0k_a1)27 ks Vk 2

— 2 0 c [Qk—i-m, 6k+1>-

Mg a .
7r|yg| a2+ (0k41—a1 —6)2’

HOE

Since the assigned speed is very slow at the nodes, there is a danger that the
tracing stops if the disturbances are not attenuated enough. It is therefore
important to choose k large enough. In the simulation shown next, vs(6) >
0.0013 for all # and x = 150 ensures that the residual set for w; is smaller
than 0.0013.

In the simulation, we let the matrices K and D, including the ‘unknown’
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Figure 4.1: Positional motion of the cutting tool in the space of z € R2.

trigonometric disturbance terms, be

K ({E ) . 10+ 0.15 sin(7.5:£'11) COS(7.5$12) 0
v 0 10 + 0.15sin(7.5212) cos(7.5z11)
_ 2 0.1sin(za1)
D (wz) = [ 0.1 sin(za2) 2

and M = I. The controller gains were set to K, = Kq = 501, p1 =5, po = 1,
Kk = 150, A =40, p; = 1, and the speed assignment parameters were set to
a1 = 0.005, ax = 0.001, and ms; = 0.1.

The position of the tool started from rest at (0,0) and (6(0),ws(0)) =
(0,0). The output, shown in Figure 4.1, accurately traces the path. From
Figure 4.2 the output error |z1(t)| = |x1(t) — yqa(0(t))| is observed to be in
the order of 10~° which is well below the specified limit. The speed along
the path is seen from Figure 4.3 to be approximately 0.1 m/s with a small
ripple due to the ‘disturbances’ in K(z1(t)) and D(z2(t)). In Figure 4.4
we also verify that the control effort is far from being excessive, despite the
large nonlinear damping gain.

This illustrates the gradient-based maneuvering system’s capability to
always keep the error signals small. The time spent tracing the path is
51.1s. If one were able to trace the entire path with speed mg, then the
total time would be 48.3 s so that the time loss is only 5.8%. We conclude
that our maneuvering design satisfies the problem specifications well.
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Figure 4.2: Output error 21 (t) = z (t) — yq (0(1)) .

Output speed: [dy(/dt|
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Figure 4.3: Output speed along the path.
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Figure 4.4: Control signal u(t) for the cutting tool.
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4.2 Adaptive backstepping design

This section shows how the maneuvering problem is solved by adaptive back-
stepping for parametrically uncertain nonlinear systems. Consider the plant
(3.1) and suppose it can be written in parametric strict feedback form of
vector relative degree n :

{ﬁl = G1 ((El) T2 + fl (‘Tl) + q)l (1‘1) 2
Ty = G2 (T2) 23 + fa (T2) + P2 (T2) @

: (4.37)
By = Gn (Tn) U+ fn(Tn) + P (Tn)
y=h(z1)

where x; € R™, ¢ =1,...,n, are the states, y € R™ is the output, v € R™
is the control, and ¢ € RP? is a vector of constant unknown parameters. The
matrices G;(Z;) and h*'(z1) := g—fl(:rl) are invertible for all z;, the map
h(z1) is a diffeomorphism, and G;, f;, and ®; are smooth.

The design task is again to design a maneuvering controller that solves
the Maneuvering Control Objective for a continuously parametrized feasible
path y4(0) and a feasible speed assignment v4(6,t) where the boundedness
constraints on the path and speed assignment in Assumption 3.1 are satis-
fied.

4.2.1 Design procedure

In the recursive procedure that follows, a detailed development of Step 1
and 2 are shown, while Step i=3,...,n is given in Table 4.3. The adaptive
procedure of Krsti¢ et al. (1995) is adopted, making the distinction between
the notions of a tuning function and an adaptive tuning function.

Step 1: Define the error variables

z1(21,0) ==y — ya(0) = h(z1) — ya(0) (4.38)
2i(Zi, ¢,0,t) == x; — @j—1(Ti—1, 9, 0,t), i=2,...,n (4.39)
ws(0,0,1) :=vy(0,t) — 0 (4.40)
pi=p—Q, (4.41)

where ¢ is the parameter estimate and a;_1 are virtual controls to be spec-
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ified later. Differentiating (4.38) with respect to time yields
4 =9 —yob
= W™ G2g + W™ Gy + h™ fi + W @1 — 4/96.

Choose a Hurwitz matrix A; so that P, = PlT > 0 is the solution to Py A1 +
AlTPl = —Q1 <0,and let ' =T'T > 0. Define the first control Lyapunov
function (CLF) as

Vi(z1,,0) = 2z1(21,0) " Przi(z1,0) + %@TF*@ (4.42)
whose time derivative is
Vi = 22 PUW" Grag + h™ fy 4+ B @19 — yv,]
+22] Pi[h™ G120 + ' ®1p + ylws) — T 1%
where ¢ = —¢. The first virtual control law is then picked as
a1 = aq(x1, 9, 0,t) (4.43)
=G (W) [Arzr — By — BT 1+ yfus).

Let Aj(x1) := h* (x1)®P1(z1), and define the first tuning function, 71 € R,
and the adaptive tuning function, p; € RP| as

71(21,0) := 221 (21,0) " Pry5(0) (4.44)

p1(21,0) = 241 (1) " P21 (21, 6). 45)

The result of Step 1 becomes
2= A1z1 + WGz + yiws + A1 (4.46)
Vi = —2] Qiz1 + 22 PIh™ G120 + T1ws + @' [py — T 1] (4.47)

where the terms containing z3, ws, and @ are left for the next step. To aid
next step, let

a = 01T, $,0,t) + (1, 9,0,)0
+x1,1(71, $,0,0) @ + x1.2(21, P, 0,t)p (4.48)
where
01(Z2, §,0,t) := oy (21, $,0,8)[G1(z1)z2 + fi(@1) + P1(21)@]
+ ol (21, $,0,1) (4.49)
X11(71,9,0,t) == af* (21, 9, 0,¢) 1 (21) (4.50)
X1.2(21, $,0,) == af (21, $,0,1). (4.51)
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Step 2: Consider x3 as the next control variable. Differentiating (4.39),
1 = 2, with respect to time gives

Z9g =T —
= Gazz + Gaag + fo + Pap — a1 — ) — X119 — X1,2¢

where 23 = £3—ag. Choose A Hurwitz and let Py = PQT > 0 be the solution
to PyAs + A2TP2 = —(@Q2 < 0. Define the Step 2 CLF

Voo, §,0,t) := Vi(x1,$,0) + 22(Z2, @, 0,1) " Pazo(Ta, ¢,0,t)  (4.52)
whose time derivative is
Vo = —lelel + 222TP2G223 + Tiws + QZ;Pga?ws

+ 225 {GI (h*)T Piz1 + Py |Gaag + fo + @29 — 01 — afv, — X1,2<fp] }

+ @ [y =TT + 22, Py — X1,1)®-
The second virtual control law is then picked as

ag = az(Ta, ¢, 0,1) (4.53)
= Gy [Agzo — Py G W™ Pizy — fo — ®20 + 01 4 v, + X121 pa)-

Let AQ({EQ, 0,0, t) = ‘I)Q({fg) — Xl,l(mla ®,0, t) and ’WQ(.f'Q, ®,0, t)T =
229(Z2, @, 0, t)TPQXLQ(xl, @, 0,t), and define the second tuning function, 79 €
R, and the adaptive tuning function, p, € RP, as

T2(£27 QAO, 49, t) = 7-1(5[:17 0) + 222(‘%27 ()on 07 t)TPQOZ?(xlv va 49, t) (454)
pa(Z2,$,0,t) := py(z1,0) + 209(Z2, $,0,1) " Paza(2, $,0,1).  (4.55)

The result of Step 2 becomes

Z9 = *P2_1G1T (hxl)T Piz1 + Aozg + Gozs

+afws + D23 + x1 2[Tp2—¢) (4.56)
Vo = —2] Q121 — 29 Q222 + 229 PaGazs + Taw,
+@" [y = T7'¢] + w3 [Ty — ¢ (4.57)
where the terms containing 23, ws, and gb are left for the next step.
Steps i = 3,...,n are summarized in Table 4.3. Notice the introduction
of the terms w;, ¢ = 2,...,n which from adaptive backstepping theory is

known to occur for plants of relative degree 3 or higher.
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Table 4.3: Adaptive Maneuvering: Step i = 3,...,n.
Substitute z,11 = 0 and a,, = u for Step n.

Zi =T — Q-1 ‘ ‘
=Gizis1+ Giai + fi + ®ip— o1 — a0 — Xi—11P — Xi—129
Vi:=Vi1 + 2] Pz

V{ = — z;;ll Z;szj‘ + QZZ-TPZ‘GZ‘ZZ‘+1 + Ti—1Wwg
+22/ {GL Piizioa + B[Giai + fi + ®ip — 031 — v, — Xi—1281}
+&" [pio —T 7'+ @/ 1 [Tpy — @)
+22] B[®; — Xi-1,1)P + 2z Piof_jw,

I
Ai =i = X1
w, = |+ zziTPiXi—LQa w] =0
T; = Ti—1+ ZZZ-T Piaffl 7’th Tuning Function

pi = pi_1 + 20 Piz; i'th Adaptive Tuning Function
Q= O[i(jiv QAO, 0’ t)
=G Az — PTGl Pivzion — fi — ®ip + 041
+aof v, + Xi—120'p; + Ail'w; 1]
PA+ AP =-Qi<0

Y

4 =P 'GPz + Aizi + Gizip1 + af_jws
' +2;¢ + Xi—1,2[Lpi — ¢
Vi= =512 Qjzj + 22 PGiziy1 + Tiws

A

+@"[p; T 710 + =/ [Tp; — ¢

Y

Gy =:0; + Qfé + X9+ Xi,2¢
s .
0= Z;;l o’ [Gjzjra + [ + @0 + o
o
Xi1 = Z;‘:l ;" @;

P
Xi2 ‘= &
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Upon the completion of Step n the static part of the control law and the
adaptive update law are designed as

u = an(Tn, ,0,t) (4.58)
=G [Anzn = PGy 1 Poiza1 — fo — @n
+ On1+ 0 1Vs + X120 + AT, 1]
& =Tp,(Tn, $,6,1), (4.59)
resulting in
tn=—P7G]  Py1zn 1+ Anzn + 08 _qws + A (4.60)

where An(jna ()AOa 07 t) = (I)n (:‘En) - anl,l(i‘n-l—la QAO, 49, t)a and
n
Vi=-— ZZ’JTQ]‘Z]‘ + Thws. (4.61)
j=1

Resulting system: With = := Z,, z := z,, P := diag(P1, P, ...,
P,), and Q := diag(Q1, Q2, ..., Q) the tuning function 7,(z, »,0,t) and
adaptive tuning function p,, (x, @, 0,t) are written

Tn = 20(Zn_1,0,0,t) Pz(z,$,0,t) (4.62)
pn =28 (2)" H(Tp 1,$,0,t)" Pz(x,$,0,1), (4.63)
where
b(Zp—1,9,0,t) := Col( yg(g), (w1, $,0,t), -, o |(Tn_1,5,0,t) )
[ ™ 0 0 0]
—%u I 0 0
Ja Ja
H(Zn1,0,0,t) = | “ooc  “aes L 0
: : 0
Oty — oy — Ot
o ox1 - o Oxo - e 78$n7; I .

and the overall adaptive regressor matrix ®(z) € R™*? is
_ _ T
O(z):=[ P1(x1)", Po(Z2)", -+, Pu(Zn)' ]

with Ii@j(i‘j,@, Q,t) = —2Xi_172({f1‘_1,@,Q,t)rﬁj({fj,@,e,t)Tf)j,
1=2,....n—1,7=t+1,...,n.
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The resulting closed-loop system is at this stage

2=A(x,0,0,t)2 4+ b(Tp-1,p,0,t)ws + H(Zp-1,9,0,t)P(z)p

o =—200(zx)"H(Zp_1,,0,t)" Pz (4.64)
0 =vs0,t) —ws
where
Ax(z,0,0,1) ==
[ Ay h*1Gy 0 0
—P2_1G1T (hﬂcl)—r P Ay Ga + Ko 3 K24
0 *PglG;PQ Asg Gs + K3,4
I 0 0 0 0 o
0 0 0 i
R2,n—2 R2.n—1 R2.n
K3,n—2 R3,n—1 K3,n
- n__llG;lr_an—Q An—l Gn—l + Kn—1,n

The adaptive backstepping diffeomorphism (z,9,0,t) «—— (z,®,0,t) is
given by the smooth map z = ¥(z, ¢, 0,t) defined by (4.38) and (4.39) for
i=2,...,n and = ¢ — @. The inverse map x = Y(z, p,0,t), constructed
as

w1 =11 (21, §,0,t) = h™ (21 + ya(0))

To = P9(Z0, P, 0,t) := 29 + « Z1,p,0,t),0,t
T(ei.0.) 2 '%(2@ ) = 22+ a1( (21,9, 0,1),0,1)

Tp = wn(zna ®,0, t) = Zn t anfl("/}n—l(zn*h @0, t)v 0, t)?
(4.65)
is bounded uniformly in (6,t), that is, for each ¢ € [0,00) there exists d €
[0,00) such that |(z,9)] < ¢ = |Y(2,%,0,t)] < d, ¥(0,t). This can be
recursively verified by using Assumption 3.1 and the continuity assumptions
on h=t, G, fi, and ®;.
The choices (4.58) and (4.59) yields the principal design equation

Vi = —2"Qz + Thws (4.66)
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which is of the form of (3.11). Rendering the term 7,ws nonpositive will
result in a negative semi-definite derivative wich together with the corre-
sponding CLF guarantees that the maneuvering problem is solved, that
is, z(t) — 0 as t — oo, implying that z(t) = y(t) — yq(6(t)) — 0 and
0(t) — vs(0(t),t) — 0.

4.2.2 Closing the loop by speed assignment designs

For the dynamic part of the control law, the design variable is ws. Making
Tnws nonpositive in (4.66) is accomodated by one of the three choices, the
Tracking, the Gradient, or the Filtered-gradient update laws, as in Section
3.1. We summarize for the Gradient and Filtered-gradient cases.

Theorem 4.3 For the closed-loop system (4.64),
1. the Gradient update law
ws = —utn(x, @, 0,t), >0, (4.67)
where T, = —VI(U(x,p,0,t)) is given by (4.62), renders the set
M={(z,¢,0,t): 2=0, ¢ =0} (4.68)
UGS, and lim;_, |2(t)| = 0, or
2. the Filtered-gradient update law
Ws = =X (ws + purn(z, $,0,t)), A >0, (4.69)
renders the set
M ={(z,p,ws,0,t): 2=0, =0, ws =0} (4.70)
UGS and lim;_, |(2(t),ws(t))| = (0,0).

Proof. The main tool for proving this is Theorem A.18. Clearly, the Gra-
dient (or Filtered-gradient) update law renders the set M (or M', respec-
tively), forward invariant for (4.64) (and (4.69), respectively).

1. Gradient: For each K > 0 s.t. the uniform bound |(z,,0,t)|\y =
|(z,@)| < K holds, it follows from (4.65) that |x| = | (z,®,0,t)| is uni-
formly bounded. This further implies by Assumption 3.1, global invertibility
of G; and h™, and smoothness of h, G, f;, and ®; that the right-hand
side of (4.64) with ws = —uty, is uniformly bounded by, say, L > 0. For
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the quadratic Lyapunov function V,, = 2" Pz + %@Tlﬂ*l@, the derivative be-
comes Vn < —zTQz < 0. Hence, the conclusion follows from Theorem A.18
in Appendiz A.

2.  Filtered-gradient: For each K > 0 s.t. the uniform bound
|(z, P, ws, 0, )| pp = |(2,P,ws)| < K holds, it follows for the same rea-
sons as above that the right hand side of (4.64) and (4.69) is uniformly
bounded by a constant L > 0. For the quadratic Lyapunov function V =
2T Pz + %(OTF_lgb + ﬁwg, the derivative becomes V = —z" Qz — iwg <0.
Hence, the conclusion follows from Theorem A.18 in Appendiz A. ®

4.2.3 Passivity

}

= Az +dy +dp

Y21 w= 2Pz >
()5 r 1 \, ‘15 T_.{.ll
5 f€ St

Figure 4.5: Closed-loop adaptive maneuvering system with a Filtered-
Gradient update law, disregarding the #-dynamics.

The interconnection structure, in the case of the filtered gradient update
law and disregarding the 9—dynamics, is shown in Figure 4.5. As seen, the
z-subsystem is interconnected with two parallel feedback loops; the adap-
tive update law and the filtered-gradient update law. These two loops are
separated and therefore do not explicitly affect each other.

Another property indicated in Figure 4.5 is the feedback interconnection
of passive systems. The system

z=A,z+ Hdeyy + beasy
Y1 P, =20TH" Pz (4.71)
Tn =2b" Pz
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is strictly passive with storage function U; = z' Pz, which gives e;yz =
Ui + 2" Qz where ey = col(eay, e92) is the input, 3. = col(p,, ) is the
output, and z' Qz is the dissipation rate. For the two systems

Y01 ¢ { @p=Ten (4.72)
Yoo { Ws = —Aws + Apers, (473)

we have that:

e The system Yo; is lossless with storage function Us; = %@Tf‘*lgb. This
gives elTlgb = Us; where eq; is the input and ¢ is the output.

1,2
A
This gives ejows = Usg + %wg where eqs is the input, w; is the output,

e The system Yo is strictly passive with storage function Usy =

and 50@ is the dissipation rate.

From beforehand we have seen that the 6 dynamics, concealed in this
passivity analysis, is well-behaved and that the stability and convergence
properties of the (z, @, ws) states are uniform in 6. Hence, standard passivity
theorems state that the feedback interconnection 31 + Yo7 is passive with
storage function U; + Usp from input w; = col(uiy, u21) to output y; =
col(@, p,,), while 31 + g9 is strictly passive with storage function Uy + Uz
from input ug = col(uj2, uzz) to output ys = col(ws, 7).

4.3 Sliding-mode design

Motivated by real world applications, and especially automatic navigation
of marine craft, there is an interest to explore other robust control design
methods to solve the Maneuvering Problem. The focus of this section is
therefore on sliding-mode techniques. Such designs are discussed in detail
in Utkin (1992); Young, Utkin and Ozguner (1999); Khalil (2002). For
marine applications, unknown hydrodynamic effects are a significant source
of uncertainty. Sliding-mode control thus quickly became popular for such
applications; see for example Yoerger and Slotine (1985); Healey and Lienard
(1993); Rodrigues, Tavares and Prado (1996); Zhang, Chen, Sun, Sun and
Xu (1998).

The maneuvering designs in this and the previous chapter included the
dynamic gradient algorithm. As analyzed in Section 3.4, this gradient algo-
rithm ensures minimization of an instantaneous quadratic cost function in
the error states and therefore gives improved performance. In this section
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the goal is to recover this behavior for the nominal part of the plant. A
sliding-mode control law is then proposed to ensure rapid convergence of all
states, in finite time, to the subset of the state space where the maneuvering
objective is solved for the nominal part of the closed-loop system.

4.3.1 DMotivating Example: Stabilizing the Unit Circle with
uncertain actuator dynamics

In Section 3.4.1 the problem of stabilizing the unit circle for the double
integrator was investigated. We revisit this problem for the same system,
but with uncertain actuator dynamics. In particular we consider the plant

i‘l = T3 (474&)
T =v (4.74Db)
0 =bu+d(z,v,t) (4.74¢)

where x = col(x1,72) € R? is the positional state, v is the actuator dynamics,
u € R is the commanded control input, b € [bg, b1], by > 0, is an uncertain
constant, and §(z, v, t) contains uncertain dynamics. We let b € [bg, b] be a
nominal value for b and assume that 6(x,v,t) is bounded uniformly in t by
the continuous non-negative function p(x,v).

For the nominal states (z1, z2) with v as an unconstrained control input,
the task in Section 3.4.1 was stabilization of the unit circle

P = {x L xlx = 1} (4.75)

without creating any equilibria in P. As argued in Section 3.4.1, there does
not exist any continuous or discontinuous time-invariant state feedback con-
trol that renders P GAS. Therefore, dynamic feedback was proposed to-
gether with the alternative problem of stabilizing the set A C P x R defined

T @ - [ 80 ][ )

for (4.74a), (4.74b), and the dynamic control state
0 = w(x,0).
To design the functions w(x,0) and v = «(z,0) to render A UGES, the

Hurwitz matrix
0 1
=[5 )
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was selected together with P = PT > 0 such that AP + PA = —1I. Using
the control Lyapunov function (CLF)

Vi(w,0) = (z—£(0)" Pz —€(0) (4.76)

and K := [k1, k2], the functions w and « were assigned as
w(z,0) =1—puV(z,0) (4.77)
a(w,0) = —K(x — £(6)) +€5(6) (4.78)

where V?(z,0) = —2(z — £(0))P£%(0). This results in the closed-loop system

&= Ax—£0)+£(0)
=1—pVo(x,0)

with the following properties:

(4.79)

P1: The set A is UGES and P x R is uniformly globally attractive.

To verify this, we differentiate (4.76) along the solutions of (4.79) and
get

V= — (21— £0) " (21— £(8) — iV (w,0)?
< Jr— €O < ——V(w,0), (4.80)
bm

which implies that V(x(t),0(t)) < V(x(0), 9(0))67$t. This means that |z —
£(0)] is bounded on the maximal interval of existence, and by boundedness of
€%(0) we have that V?(x,6) is bounded. Forward completeness then follows
from boundedness of the right-hand side of (4.79). Moreover, because £(0)
is continuously differentiable and £%(6) is uniformly bounded by unity, £(6)
is absolutely continuous and thus globally Lipschitz with Lipschitz constant
Ly = 1. It can then be shown that

(2, 0)| 4 < o — £0)] < V3|(2,6)| 4 (4.81)
This gives

(@), 0(8)] 4 < [(t) — £(0())] < \/i‘/(w(t% 0(t))

1 T 2pm
<oV @(0).60)e
< /25 (0) — 0(0))| e T (4.82)

<32 (2(0). 60D Ly e " (4.83)
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showing that A is UGES. Furthermore, since |z|p < |z —&(0)| < |z|p + 2
we readily get that

(Ol < /2 (O)lp +2) e T, (4.84)

m

showing that P x R is uniformly globally attractive.

P2: Suppose there exists ¢ > 0 such that |z|p < ¢ implies § — V(z,0) has
a global minimizer which is a LAS equilibrium for

0=—-Vx,0)
with basin of attraction Hy(z). Let » < ¢ and
H(r) :={(z,0): |x|p <7, € Hy(x)}.

Then for each ¢ > 0 and each compact set L C H(%’;c) there exists
p* such that p > p* and (2(0),0(0)) € K imply that

1
o0l < [P a(O)fpe " + 2 (4.85)
holds for (4.79) for all ¢t > 0.

This bound was referred to as near-stability in Section 3.4.2 and quan-
tifies the important property that if z(¢) starts close to the unit circle P, it
stays close for all future time and eventually converges by (4.84).

P3: Let v = a(x,0) + w where w is a bounded perturbation. Then the
closed-loop system

&= Az —£(0) +£°(0) + gw
; 4.
0=1—puVo(x,0) (4.86)
with ¢ = [0,1]T is globally input-to-state stable (ISS) with respect
to the closed O-invariant set A, see Appendix A.3, and the solution
(z(t),0(t)) of (4.86) converges to the set

O ol = {(.0) 5 Itz 0)4 < 6 /L s}
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To verify this, we check that (4.76) is an ISS-Lyapunov function for
(4.86). Using (4.81), we get

P |(2,0))% < V(2,0) < 3par|(z,0)% (4.87)
and

V < — (2, 0)]% + 2v3par [(z,0)] 4 [w]
2\/_29M

< —wl@ 0%, Vi@ 0)42 palll (4.83)

where k£ € (0,1). Forward completeness is guaranteed by observing that
the closed-loop vector field (4.86) is bounded using (4.87) and (4.88) and
boundedness of £%(9) and w. Hence, (4.76) is an ISS-Lyapunov function
for (4.86) with respect to A. By the above bounds it also follows that the
trajectory (x(t),0(t)) must converge to the set

\pr| ||>

(z,0) : V(z,0) <3pyp (

which is contained in O(]|wl]).

We are now ready to include the actuator dynamics v in the design. The
aim is to recover the qualitative properties of the subsystem (x, 6) as listed
above. The ISS property guarantees that if the error v — a(z,0) = w stays
bounded, then the total system will be forward complete. Furthermore, in
the set

B:={(v,z,0): v=a(z,0)} (4.89)

the properties P1 and P2 are recovered. Hence, the aim is to render B
forward invariant and to force the trajectories of the total system to (rapidly)
converge to B in finite time while keeping w = v — a(x, #) bounded.

To this end we define s := v — a(z,0) and the global diffeomorphism
(v,z,0) — (s,z,0). Differentiating s gives

s$=bu+d(z,v,t)+ p(v,z,0) (4.90)
where
(v, x,0) == —a® (z,0)xs — a*2(z,0)v — o (x, 0) (1 —uV(z, 9)) .
We propose the control

u= —%s - (% +o(v,zx, 0)) sgn(s) — %90(1)795, 0) (4.91)
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where

z) b —b
ov,,0) =L L BB )
0

0(x,v,t) b—b
+ - v, x,0
7 < ) )cp( )

and the signum operator sgn(-) is the traditional sign function. Differenti-
ating the Lyapunov-like function

v

U(s) = <s (4.92)
along the solutions of

5§ = - (b/é) Ls—1b (ks/l; +o(v,zx, 9)) sgn(s)
+6(z,v,t) + (1 - b/@) o(v,x,0)

gives
U< b—;k |s| = \/ib—;k\/ﬁ (4.93)

This inequality implies that for each initial condition sy = |s(0)| the solu-
tion! satisfies

|s(t)] < max {O, 50 — b—gkst} , vt > 0. (4.94)

This shows that s(t) is bounded, and there exists ¢’ € [0, %’;] such that
s(t') = 0, and convergence to B in finite time is achieved. Larger gain
ks implies faster convergence. Equation (4.94) further implies that for all
s(0) e B=s(t) € Bforall t > 0.

The discontinuous switching introduced by the function sgn(-) in the con-
trol law raises some practical issues. Such switching will produce chattering
due to limitations in the control devices and the digital implementation.
To alleviate these problems, an approximate continuous implementation of
the sgn(-) function by either a continuous saturation function or a smooth
hyperbolic function is often used Khalil (2002).

Let the signum function in the control law (4.91) be replaced by the
hyperbolic function

'In fact, all solutions in the sense of Filippov. This is a solution concept that captures
behavior in the presence of small measurement and actuator errors, see Filippov (1988).
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¥(s) == (1 +&1) tanh (i) , (4.95)

€2

and define € := 9 atanh(Tlsl) where €1 and €9 are small positive numbers
chosen by design. For |s| > ¢ we have |¢(s)] > [sgn(s)|. This gives U <
—%ks |s| for all |s|] > & which implies convergence in finite time to the

noncompact set
B, :={(s,z,0): |s|] <e}. (4.96)

From Property P3 and the relationship v = a(z, 0) + s where s is bounded
and converges to B, we get for each r > ¢ that the set

{(s,2,0) : |s| <r, (x,0) € O(r)}

is forward invariant. Define the set

- | [Par by
A= {(s,xﬁ) 1@ 0) a6y T HE}'

In the state space of (s, x, #) it follows since r is arbitrary that the trajectories
will converge to the set A, N B..
. . . . . TM
A simulation has been performed using Matlab/Simulink "~ for the plant

(4.74) with b = 1.5 and d(z,v,t) = ;an% The bounding function was
$2 v

taken as p(x,v) = 1 while by = 1, b = 3, and b=2. Figures 4.6, 4.7, and
4.8 show the responses for two runs using ks =5, L =1, €1 = 0.1, g2 = 0.01,
k1 = 1.0, k2 = 0.5, p11 = 26.775, p12 = 10.750, p22 = 22.100, and p = 1.0.
Initial position was zg = 0.9[—3§ @]T (just inside the circle at the angle
225°). This means that V' (xo,-) had a global minimum at 6y (zg) = 225°, a
local minimum at 6 (z¢) = 73°, and a maximum between them at 6 (zg) =
97°. The simulation and parameters for the nominal part of the plant are
identical to those for the simulation example in Section 3.4.1. The objective
is to verify that by forcing the error state s(t), through the system state v(t),
to converge fast enough to the set given by Bg, then the qualitative behavior
seen in the simulation in Section 3.4.1 is recovered. Indeed, Figure 4.6 shows
an almost identical response as Figure 3.2, with only a small discrepancy
near the starting time. The scenario is this: in Run I, we let 89 = 90°
which is in the basin of attraction of the local minimum. 6(t) therefore
moves towards this local minimum and causes the bad transient of z(¢) as
shown. If the initial condition is changed to #y = 100° we instead get the
response shown in Run 2. Since 0y in this case is in the basin of attraction
of the global minimum to which 6(t) rapidly converges, see Figure 4.6, the
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State Responses
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Figure 4.6: State responses projected into the (z1,x2) plane for two sim-
ulation runs (Run 1: dotted, Run 2: dashed) from two different initial
conditions for 6g. The solid dot indicates xg in both runs. The small circles
indicate £(fg) for 6o = 90° in Run 1 and 6y = 100° in Run 2.

distance to the circle P, after a small transient, is exponentially decreasing
and thus indicating near-stability. Figure 4.7 shows the responses of s(t) for
the two runs, zoomed in on the boundary layer. Figure 4.8 shows the first
0.5s of the rapid convergence of v(t) — a(z(t),0(t)) for Run 1 only.

4.3.2 Main result

Consider the nonlinear plant

{ﬁl = fl ({E1, 9, t) (497&)
&9 = fa(z,t) + G(x)u + d(x, u,t) (4.97Db)

where x = col(z1,z2) € R™™ is the state vector, u € RP, p > n, is the
control input, fi, fo, G, and J are sufficiently smooth functions where f;
and fy are known, while G € R™*P and § are uncertain.
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Figure 4.7: Responses for s(t) in the two runs, zoomed in on the boundary
layer. The responses were nearly identical for both runs, and they clearly
indicate the rapid convergence to B;.
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Figure 4.8: Plot showing the convergence of v(t) — a(z(t),6(t)) for Run 1
only. The figure has zoomed in on the first 0.5s.
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Design for the nominal part of the plant

Given a desired path £ : R — R™, continuously parametrized by a variable
0, and a desired speed assignment vg(6,t) along the path, let the control
objective be to solve the Maneuvering Problem:

Jim [z (t) = €(0(2))] = 0 (4.98a)
Jlim 0(t) —vs(0(t),t)| = 0. (4.98b)

In addition, we want to assure near-stability of the path
Pi={z1 € R": I st. 1 =&(0)} (4.99)

so that starting close to P implies staying close (this is a measure of perfor-
mance in path following).

It is assumed that £(A) and the partial derivatives £(#) and 592 (0) are
uniformly bounded in R™, and that v4(6,t), v?(,t), and v%(0,t) are uni-
formly bounded in (0,1).

To this end, suppose there exist a global diffeomorphism (z1,0,t) —
(2(z1,60),0,t) such that z(£(0),0) = 0 and a smooth function V'(z1,6,t)
satisfying

71 (2]) < V(@1,0,1) < 2 (l2]) (4.100)

where 71,7, € Ko. Suppose further there exists a smooth function
aq(z1,0,t) such that for a bounded perturbation w, the system

o1 = f1 (21, (21, 0,t) +w,t)

0= vy(0,8) — uV?(21,6,1) (4.101)
is forward complete, and V satisfies
Vxl(l‘laevt)fl(xlval(:‘claevt) +w7t) (4102)

+ V21,0, 8)0s(0,8) + Vi(w1,0,8) < —y3(]2]), V2l = 74 (Jwl)

where 3 € K and v, € K. The bounds (4.100) and (4.102) imply the
existence of § € KL and x € K such that

12(0)] < B([=(t)], t —to) +x ([wl]), VYt =t 20, (4.103)

which shows that the system (4.101) is ISS (see Sontag and Wang (1996)
and Lin et al. (1995)) with respect to the closed O-invariant set

A= {(21,0,t) : z(x1,0) =0}. (4.104)
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Many designs methods producing the functions a; and V' can be applied
depending on the nature of the plant. The motivational example illustrated
one such design, whereas the backstepping designs in the previous sections
showed a more general method to satisfy the above conditions. To proceed,
we merely assume the existence of z, oy, and V.

The objective next is to design a control law that will drive z2(t) rapidly
to the manifold in the state space where the function a;(x1,6,t) solves the
Maneuvering Problem for the subsystem (x1,6,t).

Structural assumption on G(z) : The general case

Assume there exist a known matrix H(z) € RP*" a constant ¢ > 0, and a
continuous nonnegative function p(z) such that

G(z)H(z) + H(z)'G(z)" > e, Ve, (4.105)
|0(z,u,t)| < p(x), V(z,u,t). (4.106)

We then have the theorem:

Theorem 4.4 Suppose the smooth functions «i(x1,0,t) and V(x1,0,t)
solves the Maneuvering Problem (4.98a) and (4.98b) for

&1 = fi(z1, a1(z1,6,1),0) (4.107)
according to the conditions in (4.100) and (4.102). Let
p(z,0,1) == f2($ t) — af(z1,0 ) — o' (1,0,t) fi(z1, 22, 7)

(
—af(21,0,t) (vs(0,t) — Vo (z1,0,1))
ag(x,0,t) .= —L(z)s —o(x)H(x )\Ifl(s)

and s

Wy(s) := (4.108)

max {|s], e}
where ¢ is a small positive number chosen by design, L(x) and H(z) both
satisfy (4.105) with c, > 0 and cg > 0, respectively, and

s:=x9 — ai(x1,0,1),
o(x) = é (ks +2|@(x,0,t)] +2p(x)), ks> 0.
Using the control law
u = ay(z,0,t) (4.109)
0 =vy(0,t) — pV?(x1,0,1), (4.110)
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then, for all initial conditions (s(to), z(to), 0(to), to) € R™T"™ x R x R>, the
corresponding trajectories (s(t), z(t), 0(t),t) will exist on [tg,00) and reach
the forward invariant set

B :={(s,2,0,t): |s| <e}

within the time interval [to,to + k—i(\s(tg)| —¢)]. This implies convergence to
the forward invariant set A. N B, where

A= {(5,2,0,1) : 2] <77 (2 (1a(e))}-

Proof. To save space, we leave out the argument lists where convenient.
Differentiating s with uw = ag(x,0,t) gives

$=—-GLs — oG + o+ (4.111)

S
H—
max {|s|, e}
Define the Lyapunov-like function U := s's. Its derivative along the solu-
tions of (4.111) becomes
U=—s" [GL+LTGT]s— ZsT [GH+HTGT]s
+2s (p+6), V|s|>e
< —cp |s|* = cno(@)[s| +2|s| (Je(z,0,8)| + p(x))
< —ksls|, V|s| > e.

This implies that
ks
s()| < max{s, (o) — (¢ t0>} - (1.112)

so that Be is forward invariant and there exists t' € [to,to + k_25(|8(t0)‘ -
e)] for which s(t') < e and convergence in finite time to Be is achieved.
Moreover, because |s(t)| < max{e, |s(to)|}, Vt > to, we get by construction
of ai(z1,0,1),

T = f1 (1‘1, al(acl, 9, t) + s, t) s (4.113)

and (4.103) that the solution z(t) is bounded for all t > to. It follows
by the assumptions and the above Lyapunov arguments that the trajectory
(s(t), 2(t),0(t),t) exist on [ty,00) so that the closed-loop system is forward
complete. Since B is forward invariant it follows from 1SS of (4.101) with
respect to A, see Lin et al. (1995), that if there exists t1 > to such that
(s(t1), z(t1),0(t1),t1) € A N B then (s(t), 2(t),0(t),t) € A N B for all
t > t1. Convergence to A: N B for any initial condition is a consequence of
convergence in finite time to B. and subsequent convergence to A.. ®
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Remark 4.1 If G(z) is known and satisfies
wTG(:U)G(sc)Tw‘ > ¢, Vo, |lw| =1 (4.114)
for some co > 0, then two choices for H(x) are imminent:
1. H(z) = WG(z) " (4.115)
2. H(z) = WG(z)" (G(x)W*lG(x)T)*l. (4.116)
The matric W = W' > 0 is a gain matriz in the first case. In the second

case, W = WT > 0 is a control allocation weight matriz, and H(x) is
recognized as the generalized pseudo-inverse.

Remark 4.2 The function (4.108) is a vector version of the continuous
‘saturation-type’ approzimation to the sign function as described by Khalil
(2002). The advantage with this function is that it maintains the direction
of s, thus making it possible to apply (4.105). Another alternative is to use
the smooth approximation

Wy(s) = col (¢(s1),%(s2),...,9¥(sn)) (4.117)

where (s;) is defined in (4.95). However, (4.117) is not directly applicable
to the general case since it does not maintain the direction of s. In the special
case when G(z) is known, (4.117) can be utilized because H(x) can then be
taken as the generalized pseudo-inverse (4.116) so that G(x)H (z) = 1.

Structural assumption on G(z): A special case

Suppose, instead of (4.105), there exist a known matrix H(z) € RP*™ and a
constant ¢ > 0 such that the uncertain matrix G(z) satisfies:

s1 G(z)H(x)s2 > c|s1||sa| > 0 (4.118)

for all s1,s9 whose components have the same sign. A sufficient condition
for (4.118) is that G(z)H(x) is diagonal, positive definite. The structural
assumption (4.118) is a special case of (4.105). Indeed, take s; = sy = s €
R™ so that (4.118) gives

s'G(z)H(z)s = %ST [G(m)H(m) +H(z) 'G(z)"| s> c|s|?

= Gz)H(x)+H(z) 'G(x)" > 2l
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implying that (4.105) holds.
In the case (4.118) holds we can apply the control law (4.110) and

u=—L(x)s — o(x)H(x)Vs(s) (4.119)
where L(x) and H(x) both satisfy (4.118) with ¢, > 0 and cyg > 0, respec-

tively,
@)1= Y (k4 I 0.0)] +p(@). k>0, (L120)
H

and Wo(-) is the smooth function (4.117) with

Q

¥(s;) == (14 €1) tanh <§—;> (4.121)

where €1 and €9 are small positive numbers chosen by design. With ¢ =
g9 atanh(77=) we have the following lemma:

14e1

Lemma 4.5 For each s € R™ such that |s| > \/ne it holds for (4.117) that
T Isl < sTWa(s) < [s][W2(s)].

Proof. From the equivalence between the 2-norm and the oco-norm we
get |s| > \/ne = |s|oo > ¢. Let s; correspond to the “largest” element in
s such that |s| |SZ| Then ST‘IJQ(S) = s190(81) + ...+ si0(s;) + ... +
snth(sn) 2 [si| = \8\ > = sl

Differentiating U = s s along the solutions of
$=—-G(z)L(x)s — o(x)G(z)H(x)¥2(s) + ¢+ ¢
gives
U=—s"GLs —os GHUy(s) +s' (p+96)
< —cp|s]® = cuo|s| [Wa(s)| + |s] ¢ + 4]
< e s 1ol (oo —lel=p).  VIsl> Vi
< —kg|s|, V|s| > v/ne,

where (4.106), (4.118), and Lemma 4.5 were applied. The above bound
implies that

|s(t)| < max {/ne, |s(to)| — ks(t —to)}, ¥t > to,
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and in conclusion we then have that for all initial conditions (s(tp), z(to),
0(to), to) € R™T" xR x R, the corresponding trajectories (s(t), z(t), 0(¢), t)
will exist on [tg, 00) and converge to the forward invariant set AL N B. where

AL = {(5,2,0,0) |2l <977 (72 (ra(Ve))) }
B.:={(s,2,0,t): |s| <\/ne}.

It was shown in this section that if the maneuvering problem can be
solved for the nominal part of the plant, then using sliding-mode techniques
the maneuvering problem can be solved for the overall plant. This was ob-
tained by forcing the states of the closed-loop system to rapidly converge
to the manifold of the state space where the maneuvering objective was
solved for the nominal states, in spite of modeling uncertainties. Indeed,
the closed-loop maneuvering system for the nominal part of the plant con-
tains all ingredients necessary to achieve this result. In particular the ISS
property with respect to the desired noncompact set played a major role in
the stability analysis.
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Chapter 5

Maneuvering designs for
ships with experimental
results

In this chapter three maneuvering designs for fully actuated
ships are treated:

(i) Adaptive maneuvering - application of the adaptive
backstepping procedure presented in Section 4.2.

(i)  Sliding-mode maneuvering - application of the sliding-
mode maneuvering theory presented in Section 4.3.

(ili) Nonlinear PID maneuvering - based on the work by
Lindegaard (2003).

All designs are thoroughly detailed and experimentally tested
using the model ship CyberShip II in the Marine Cybernet-
ics Laboratory in Trondheim. The main publications resulting
from this work is Skjetne (2003), Skjetne, Smogeli and Fossen
(2004a,b), and Skjetne et al. (2005).

5.1 A brief historic flashback

Automatic steering of ships started with the invention of the gyrocompass.
Based on the earlier developed gyroscope, Dr. Anschiitz-Kaempfe (1872-
1931) patented the first north seeking gyrocompass in 1908. This work
had attracted considerable attention from engineers around the world, and
already the same year Elmer Sperry (1860-1930) introduced the first ballistic
gyrocompass which subsequently was patented in 1911; see Fossen (2002);
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Bennet (1979); Sperry Marine (2004). Soon thereafter, Sperry designed an
automatic pilot, the gyropilot, for automatic steering of ships. This was first
commercially available in 1922, and it “had been christened ‘Metal-Mike’ by
the officers of the ship Moffett, ..., and the performance of ‘Metal-Mike’
seemed uncanny to many because it apparently had bwilt into the ‘intuition’
of an experienced helmsman” (Bennet; 1979).

The ‘intuition’ of a helmsman included proportional action as well as
predictive action and the ability to remove offsets with respect to the heading
error. This gave way to the three-term control law, today referred to as a
Proportional-Integral-Derivative (PID) control, which was first theoretically
analyzed by Nicholas Minorsky (1885-1970); see Minorsky (1922).

The gyropilot, today known as a conventional autopilot, is a single-input
single-output (SISO) control system where the heading, measured by the
gyrocompass, is regulated to a desired heading by corrective action of the
rudder. The new features of the autopilot today is, on the one hand, more
advanced control techniques including wave filtering, adaptation to vary-
ing conditions, optimal control techniques, Hs and H., control, etc. On
the other hand, it includes new agorithms such as line-of-sight (LOS) algo-
rithms to eliminate cross-track positional errors, course-changing algorithms,
weather routing to avoid ‘bad’ weather regions, collision avoidance, and ren-
dezvous maneuvering capabilities.

In spite of the relatively simple ship model the autopilot controller is
based on, it has had great success for many years. However, with the intro-
duction of new measurement systems, in particular the Global Positioning
System (GPS), and the need to perform more advanced maneuvers with
a ship, motivated creative thinking which opened new possibilities and di-
rections of research. Preeminently, this resulted in dynamical positioning
(DP) systems which were first designed in the 1960s by three decoupled lin-
ear PID controllers and later using LQG techniques (Balchen, Jensen and
Seelid; 1976). In recent years, nonlinear techniques have been applied by e.g.
Strand (1999) and Lindegaard (2003). A further extension was the weather
optimal positioning control (WOPC) system, proposed by Fossen and Strand
(2001), which will automatically point the ship against the resultant envi-
ronmental ‘weather’ force to minimize fuel consumption in station-keeping.

The dynamic equations of motion for a ship have, in the marine research
community, evolved from two main directions called maneuvering theory and
seekeeping theory. In maneuvering theory it is common to assume that the
ship is moving in restricted calm water (zero-frequency assumption), for in-
stance, in sheltered waters or in a harbor. Seakeeping analysis, on the other
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hand, refers to the motions of a vessel at all frequencies in waves, usually
at a fixed speed and heading (including station-keeping at zero speed), in a
sinusoidal, irregular, or random seaway; see Bishop and Price (1981); Bailey,
Price and P. (1998); Fossen and Smogeli (2004); Fossen (2005). Maneuver-
1ng theory in this context is maritime language and should be distinguished
from the Maneuvering Problem, which in this thesis is a control technical
problem statement valid for any feasible control application. To make the
confusion complete, in this chapter we will use maneuvering theory ship
models (not seakeeping models) and present different maneuvering control
laws with experimental results for CyberShip II.

5.2 CyberShip II

Figure 5.1: A picture of CyberShip II in the Marine Cybernetics Laboratory
(MCLab) at NTNU.

The case study of maneuvering the model ship called CyberShip IT (CS2)
along a desired path is used to illustrate and experimentally test the different
maneuvering control designs in this chapter. CS2 is a 1:70 scale replica of
a supply ship. Its mass is m = 23.8kg, its length is Loge = 1.255m, and
its breadth is Bgoge = 0.29m. It is fully actuated with two main propellers
and two rudders aft, and one bow thruster. It is further equipped with a
PC104-bus driven by a QNX® real-time operating system which controls the
internal hardware achitecture and communicates with onshore computers
through a WLAN in the Marine Cybernetics Laboratory (MCLab). To
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facilitate real-time feedback control of the ship, Opal RT-Lab® is used for
rapid prototygng of a desired control structure programmed i% Matlab
and Simulink ™~ . For execution of the experiment, a LabVIEW = interface
has been developed for commanding and monitoring the ship.

The MCLab is a Marie Curie EU training site for testing of ships, rigs,
underwater vehicles, and propulsion systems in Trondheim, Norway. It is
equipped with a towing carriage, a wave maker system, and a measurement
system that provides accurate position and attitude measurements.

All maneuvering control designs in this thesis are based on full state
feedback. However, since measurements for CyberShip II are only position
and attitude, some observer (Skjetne and Shim; 2001) or filter is necessary to
estimate velocities and angular rates. Fossen and Strand (1999) developed
a passive observer that is valid for slow speed vessels such as CyberShip
II. This observer has shown to be easy to tune and robust with respect
to disturbances and unmodeled dynamics. Moreover, Lorfa, Fossen and
Panteley (2000) showed for this observer that the separation principle holds.
In the experiments for CyberShip II the blanket assumption was thus made
that full state measurements were available, while in reality the passive
observer was used to provide these.

5.2.1 Ship model

Let n = [z,y,¢]" be the 3 DOF position (x,y) and heading (¢) of the ship
in an Earth-fixed inertial frame, and let v = [u,v,r]T be the correspond-
ing linear velocities (u,v) - called surge and sway - and angular rate (r) -
called yaw - in the body-fixed frame. According to Fossen (2002); see also
Appendix B, the dynamic model of the ship is

1= R(Y)v
Mi = f o Clw — D) + RS (5.1)

The vector b = [by, ba, b3] T, b = 0, represents a constant (or slowly-varying)
unknown bias due to external environmental forces. R(-) is the 3 DOF
rotation matrix with the properties that R(v))" R(¢) = I, ||[R(v))|| = 1 for
all v, and L{R(¥)} = PR(¢)S where

cosy —siny 0 0 -1 0
R(y):=| sinyp cosyp 0|, S:=|[1 0 0
0 0 1 0 0 0
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The system inertia matrix M = M T > 0 is

m— Xy 0 0
M = 0 m—Y, mx,—Y;:
0 meg_Ni; IZ_Nf“

where Y; = N;, the skew-symmetric matrix of Coriolis and centripetal terms

1S
0 0 013(V)

Cv) = 0 0 co3(v)
—013(1/) —023(V) 0

where ¢13(v) = —(m —Y;)v — (mxg — Yz)r and c3(v) = (m — X;)u, and the
nonlinear damping matrix is

d11(v) 0 0
D(I/) = 0 dQQ(V) d23(1/)
0 d32(1/) dgg(l/)

where di1(v) = =Xy — Xjypulu] — Xuwati?, doz(v) = =Yy = Yiyo|v] = Yippolrl,
d23(V) ==Y, - Yv|v\rw| - Yv\r\r‘ﬂa d32(y) = —N, — N|v|v|v‘ - N|7‘|U‘r|7 and
d33(v) = =Ny — Njy|p|[v] = Nppjp|7|. The coefficients { Xy, Y(.y, Ny} are hy-
drodynamic parameters according to the notation of The Society of Naval
Architects and Marine Engineers (1950); see also Clarke (2003).

The coefficients in M (and therefore C(v)) are determined quite accu-
rately using semi-empirical methods, hydrodynamic computation programs,
or system identification. These have, however, been roughly estimated be-
forehand by Lindegaard (2003) for CS2 by using system identification proce-
dures. The main difficulty is to find the coefficients in the damping matrix.
By towing CS2 at different speeds in different directions and measuring the
corresponding drag forces, about half of these parameters have been iden-
tified; see Appendix B for details. The numerical values for all identified
parameters are shown in Table 5.1. The remaining parameters are in the
designs of this chapter dealt with by robust control techniques.

Table 5.1: A priori identified parameters for CS2

m | 23.8000 | Yy | -10.0 [ X, | -0.7225 || Y}, | -36.2823
Lo | 17600 || Yi | - 0.0 || Xy | -1.3274 || ¥, 0.1079
2y | 0.0460 || Ny | - 0.0 || Xy | -5.8664 || N, 0.1052
Xy| 20N |-10]Y, |[-08612| Ny, | 50437
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The input f = [fu, fo, f;]" of generalized control forces and moments'
is for CS2 related to the propeller revolutions n = (n1,n2,n3) and rudder
angles 0 = (01,02) through a nonlinear mapping

f — Bfact(ya n, 5)

where B € R3*5 is an actuator configuration matrix and fue : R3 x R3 x
[-7,7)% — R® is a function that for each velocity v relates the actuator
set-points (n,d) to a vector of forces. Finding optimal actuator set-points
(n,d) for each commanded force f is called control allocation (Johansen,
Fuglseth, Tgndel and Fossen; 2003; Johansen, Fossen and Tgndel; 2005;
Johansen, Fossen and Berge; 2004). For CS2 this has been developed by
Lindegaard and Fossen (2003), and our control input is therefore f for which
the saturation limits are approximately | fy|, |fo| < 2.0N, and |f,| < 1.5Nm.

5.2.2 Problem statement

The main task is to converge to and follow the desired path

14(0) = [ 2a(0), wa(6), () ]" (5.2)

continuously parametrized by the path variable 6. In all experiments, the
desired path will be an ellipsoid with heading along the tangent vector,
that is, z4(0) = 6 + 5cos(7550), va(0) = —0.5 + 2.5sin(5550), and 4(0) =
yfl(@) )
Ok

The secondary task is to satisfy a desired dynamic behavior along the
path, given as a desired surge velocity u4(t) that must be adjustable online
by the operator. This is solved according to the relationship

wg (t) = ([ 25(0(1))? + y3(6(2))2 O1(t)

which gives the speed assignment vy (6,t) for 0 according to

arctan

—__uw)
Us(07t) f§(0)2+33(0)2 , ]
—120(0)29” (0)+48(0)y%” (0)
0 o d d d d
US(Q,L‘) = [x§(9)2+y3(9)2]3/2 Ud(t) (5.3)
V4(6,t) = —ialt

Vb (0)2+y5(0)2

This motivates the following maneuvering problem:

!Usually, 7 is used to denote the input generalized forces and moments according to
the notation of Fossen (1994, 2002). However, not to confuse it with the (maneuvering)
tuning function we use f instead.
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1. Geometric Task: For any continuous function 0(t), force the ship to
converge to and follow the desired path:

Tim n(t) — na(8(2))] = 0. (5.4)

2. Dynamic Task: Force the path speed 0 to converge to the desired
speed assignment vg(6,t):

lim 0(t) — vs(0(t),1)| = 0. (5.5)

Additionally, all states must be bounded. Since the ship is fully actuated,

both tasks are (trivially) feasible; see Section 2.3. However, a saturation

constraint on the propeller forces may place some limitation on the speed
assignment.

Assumption 5.1 To satisfy Assumption 3.1 we impose the following con-
straints:

1. The path functions (z4(0), yq(0)) € C3 and their three first partial
derivatives are uniformly bounded with respect to 6.

2. The desired surge velocity uq(t) € C* and its derivative uq(t) are uni-
formly bounded in t.

5.3 Adaptive maneuvering of ships

For CS2 the uncertain (non-identified) constant parameter vector is ¢ :=
[Yv|r|va Yv|v|r7 Yv|7"\7"7 N\r|v7 Ny, N|v\r7 N|r|7"7 b1, bo, b3]T € RI(), and the ship
dynamic equations (5.1) are rewritten as

i = R(y)v
My =f—-Cw)v+kv)+2n,v)e (5.6)

where k(v) is the known part of —D(v)r and

0 0 0 0O 0 0 0 cosyp siny 0
o(n,v):=| |rlv |v|r |rjlr 0 0 O 0 —siny cosy 0
0 0 0 |rlv r |v|r |r|r 0 0 1

is the regressor matrix so that x(v) + ®(n,v)p = R(1))'b — D(v)v. Pre-
multiplying by M !, the model (5.6) is in parametric strict feedback form
according to Section 4.2.
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The explicit time dependence of ¢t — v4(6,t), for all ¢ > to, will make the
closed-loop system time-varying. As shown in Section 1.4.2 and Appendix
A.2, such a time-varying case can be subsumed into a time-invariant frame-
work by treating time as an additional state with its own dynamics. For
clarity, for this purpose we can use the variable p, that is, the extended-
state dynamic system will be composed of (5.6) and

p=1 p(0)=to. (5.7)

Correspondingly, the (internal) time variable for the new extended-state
system will be denoted, as usual, by ¢ with initial time ¢ = 0. Notice that,
in particular, p(t) =t 4 o for all t > 0 and consequently vs(-, p) conforms
to (5.5) for each p > tp and each corresponding ¢ > 0.

This state augmentation guarantees that in the space of (n,v,®,0,p) €
R3 xR3 xR xR xR>¢ the closed-loop system possesses a globally attractive
manifold, where ¢ is the dynamic estimate of ¢. The expression for the
desired manifold is obtained by differentiating n = 7,(0) along the solutions
of (5.6) with 6 = v4(0, p), which gives

&= {n=n40), v=Rwa(0) nO)0s(6,p)} . (5.8)

Clearly, every solution in & satisfies the Geometric Task (5.4). To see that
it also satisfies the Dynamic Task (5.5), we differentiate 1,4(0) = 7 to get
n5(0)0 = i) = Ry = R(1a(0)R (44(0)) " n(0)vs(6,p) = n(0)vs(6,p)
which holds for all (8, p) and thus shows? that § = v4(#, p) in &.

Since the manifold £ is unbounded in the directions of 6 and p, the ma-
neuvering problem is recast in the framework of set-stability for closed, non-
compact, forward invariant sets. Denoting @ := ¢ — @ the error between the
parameter vector ¢ and its estimate , the adaptive backstepping procedure
presented in the next section will recursively construct a global diffeomor-
phism into new error coordinates z = col(z1,22) € R®, 2 = ¥(n,v,0,p),
such that z = 0 if and only if (n, v, ®,0,p) € £. By including the constraint
» = 0, the desired set then becomes the closed, noncompact subset, M C &,
given as

M:={(n,v,,0,p): ¥(n,v,0,p) =0, p— ¢ =0} (5.9)

The resulting control law presented in the next section will ensure global
attractivity of £, while rendering M UGS according to Definition A.8. We
will use p to represent the explicit time only in the analysis parts of this
section, while in the following design section we use t directly.

?Except for the case n%(0) = 0 when the path 7,(6) is reduced to a fixed point.
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5.3.1 Control design

The design follows the recursive procedure presented in Section 4.2.
Step 1: Define the error variables

21(n,0) == R() " (1 —14(0)) (5.10)
zo(v,m,0,1) := a1(n,0,t) (5.11)
ws(0,0,t) == vy(6,t) — 0 (5.12)
Q:=p—Q, (5.13)

where ¢ is the parameter estimate and aq is a virtual control to be specified
later. Observe that z; is decomposed in the body-fixed ship frame. This
means that the controller gains will not depend on the ship heading, a
common trick in vessel control (Lindegaard and Fossen; 2003) used to aid
the tuning process. Differentiating (5.10) with respect to time yields

2= RW)T (1= na(0)) + RW)" (7= ny(0)9)
= 1Sz + 2 + a1 — R() 'n5(6)8 (5.14)

where we used R(v))" R(¢)) = I and R(1)) = rR(1))S. Define the first control
Lyapunov function (CLF) as

1
Vi(z1) =52 = (5.15)

whose time derivative becomes
V= le a1 — R(v¥) ndvs] + zl 2o+ 2, R(w)Tngws

due to skew-symmety of S = —ST, giving 2, Sz; = 0, V1. With the virtual
control law

a1 = an(1,0,t) = —Kpz1 + R(4) 'ni(0)vs(6,1), (5.16)
where K, = KpT > 0, and the first tuning function
r1(n,0) = = R() T(6). (5.17)
the result of Step I becomes

5= —Kpz — 1Sz + 22 + R(W) "n9(0)ws (5.18)
V= —leszl + leZQ + Tiwg (5.19)
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leaving the terms containing zo and w, for the next step. To aid the next
step, let

oy =01+ alf (5.20)
o1 = K, (v —1S21) — rSR(r) 1(0)vs(8,t) + R(w) "nf(8)v4 (6. ¢)
of = K,R() T 0%(0) + R(w) T[] (0)vs(68, 1) +1(0)0%(8,1)].

Step 2: Differentiating (5.11) with respect to time yields

My = Mi — Méy (5.21)
=f—CWv+ k) + ®(n,v)e — Moy — Mai

where M = M7 >0. Let ' =T" > 0 and define the second CLF

_ 1 1 _+._4.
Va(z1, 22, @) := Vi(z1) + §Z2TMZ2 + §<PTF 15 (5.22)

whose time derivative is

Va=TVi+2 Mip—3'T71% .
= —ZIszl + (7’1 + z;Moz‘]?) wg + @T[®T22 — F_1¢]
tzg [z1+f—Cv+k+®p— Moy —Mafvs]

where py(n,v,0,t) := ®(n,v) " 22(v,n,0,t) is recognized as the adaptive tun-
ing function (Krsti¢ et al.; 1995). The static part of the control law and the
adaptive update law for $ are then designed as

f=anv,0,0,1) (5.23)
=—21—Kgzo+Ca; —k—Pp+ Moy + Ma?vs
();0 = FP2(77a Vvevt) = F(I)(nv V)TZ2 (524)

where K; = K] > 0. Defining the second tuning function

7_2(777 v, 07 t) = 7—1(777 0) + 22(777 v, 67 t)TMa?(na 07 t) (525)
=13(0) " R($)21(n,0) + o (n,0,8) " Mza(v,n,0,1)

and taking into account z, C(v)22 = 0, Vz2, we get

Vy = —leszl - Z;KdZQ + Tows. (5.26)
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The global diffeomorphism

(na v, @7 evt) = (’Zlﬂ 225 Qba eat)

is now explicitly given by ¢ = ¢ — ¢ and z = ¥(n,v, 0,t), where

[ R@)T (- ma(0))
V00 = | K BT (1 mg(®)) + v — R@)HO)ws60,1) | O

is bounded in (6,t) by Assumption 5.1. The resulting closed-loop system

becomes
z2=A,(W)z+g(n,0,t)ws + H®(n,v)p

o=T(n,v)'MH"~ (5.28)
0 =v4(0,t) — w,
where
-K,—rS I
AZ(V) = [ _f;wfl _Mfl (Kd+C(V)) :| (529)
T, 0
9(n,0,1) == [ ROE%%’%?) ] , H:= [ Mo_l } : (5.30)

Rendering mows < 0 in (5.26) will finalize the design according to the
following theorem:

Theorem 5.2 For the closed-loop system (5.28), every continuous function
ws = w(n,v,p,0,t), bounded in (0,t), such that

(i) ws =0 for all (n,v,p,0,t) € &,
(it)  T2n(t),v(1),0(1), ws(t) <0, Vt>to >0,

renders € in (5.8) globally attractive and M in (5.9) UGS.
Proof. Let p =1, p(0) =ty s.t. p(t) =t+ty. For the set (5.9), rewritten
as

M:={(2,,0,p) ER* xR xR xR5g: 2=0, p=0},

the distance function is |(z,9,0,p)|lm = |(2,@)|. Since M C &€ we have
that ws = 0 in M, and thus M is forward invariant for (5.28). Fur-

thermore, (5.22) and (5.26) with Tows < 0 satisfy (A.36), (A.87) with
a1 = c1](z,9)?, ao = cal(2,9)|?, and az := c3|z|?, where ¢1 := %min{l,
Amin(M), Amin(T™H}, ¢ = %max{l, Amax (M), Amax(T™H)}, and c3 =
min{l, Apin(Kp), Amin(Kq)}. Now, for each finite K > 0 such that

[(z,2,0,p)lm = |(2,9)] < K, it follows by Assumption 5.1 and (5.13),
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Table 5.2: Closed-loop in the adaptive ship maneuvering system
Plant :

1= R(Y)v
My =f—-Cw)v+k(v)+ ®(n,v)p
input: {f} output: {n,v}
Control :
W=—dw— [z RW) 0l +2z Ma{], p,A>0
0 = vy(0) — w,
o { —p[z] RW) 0%+ 23 Mof], 1 >0, Gradient
s w, Filtered-gradient

();0 = F(I)(nv V)TZQ
f=—21—Kyz+CWa —k— 0+ Moy + Maiuv,
imput: ., v,74(0). 15(0). 15" (0), va(6.0). 90,0, 016, }

output: {f,0}
Guidance :

input: {0, uq(t),uq(t)}
output: {na(8),n§(0). i (6), va(6,6),1(6.8), v1(6.1)}

(5.27) that (n,v,), and ws by continuity, are bounded. Hence, there ex-
ists, for each K, an upper bound L > 0 on the right-hand side of (5.28).
By Theorem A.18 it follows that M is UGS with respect to (5.28), and
as(|(z(t), (1), 00t),p(t))|m) = c3|z(t)|]? — 0 as t — oo shows that £ is
globally attractive. W

5.3.2 Closed-loop system

To satisfy Theorem 5.2, either the tracking update law wgs = 0 or the gra-
dient update law ws = —u7e, u > 0, for which it is verified that 7o =
~VI(¥(n,v,0,t),p), can be applied as shown in the previous chapters.
Optionally, the filtered-gradient update law can be applied, using ws; =
—dws — AT with u, A > 0. The resulting closed-loop system is summarized
in Table 5.2.

5.3.3 Experimental results

In the following we report the results of two experiments performed in the
MCLab. In the first we run an adaptive maneuvering system for CS2 ac-
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cording to the design in the previous sections. In the second experiment
we compare the performance of using the gradient update law implementa-
tion versus the tracking update law when the forward thrust f, is forced to
saturate. The path and speed assignments are given by (5.2) and (5.3).

CS2 Experiment 1: Adaptive maneuvering

For this experiment, performed 2003-10-11, the gradient update law was ap-
plied. The controller settings were K, = diag(0.2,1.0,0.5), Kg =
diag(3, 10, 7), p = 400, and I' = diag(2,2,2,2,2,2,2,1,1,1). The initial
condition for the parameter update was ¢(0) = [0,0,0,0,—0.5,0,0,0,0,0] .
The ship was first put to rest in dynamic positioning (zero speed) at 14(0),
and then the ship was commanded online to move along the path with dif-
ferent desired surge velocities.

15-
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-25 -
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Figure 5.2: Position response of CS2 following the desired ellipsoidal path
in MCLab, using an adaptive maneuvering control law with the gradient
update law.

Figure 5.2 shows how CS2 accurately traced the path on its first round
along the ellipsoid. In the total run it did many rounds, and the upper plot
in Figure 5.3 shows the commanded surge velocity uy4(t) and the resulting
response u(t). The lower plot shows the corresponding speed assignment
vs(0(t), ) and the resulting response of f(t). Clearly, 6(t) worked actively to
satisfy its twofold objective between the speed assignment and the Lyapunov
cost function minimization. The time series of the parameter estimates ¢(t)
are shown in Figure 5.4. For the full scale vessel, the commanded velocities
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Speed assignment
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Figure 5.3: Dynamic task: The upper plot shows the online commanded
surge ug(t) and the resulting response of u(t). The lower plot shows the
corresponding speed assignment v4(6(t), t) and the resulting response of 6(t).
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Figure 5.4: The parameter estimates ¢(t) in the first adaptive CS2 maneu-
vering experiment.
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{0.10, 0.15, 0.20} m/s corresponds to {1.55, 2.32, 3.10} knots. This is within
the speed domain of dynamical positioning for which this model ship is built.

Ship Experiment 2: Tracking vs. Gradient in a thrust failure
scenario

In this experiment, also performed 2003-10-11, we compared the ship re-
sponses using the tracking update law and the gradient update law when
the forward thrust f, cannot deliver enough force for the ship to track
the commanded speed. To achieve this we induced the saturation limit
|ful < 0.1N on the ship. The controller gains were the same as in the last
experiment; however, for simplicity only the bias b was adapted so that
I' = diag(0,0,0,0,0,0,0,1,1,1) with ¢(0) initialized as before.
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Figure 5.5: Position responses using a tracking update law (small ship)
and a gradient update law (large ship) in the second ship experiment with
commanded speed ug = 0.20m/s. Both responses are superimposed in the
same plot. Since CS2 cannot move with ug = 0.20m/s under the induced
saturation limit, the tracking-based system went unstable. The gradient-
based system, on the other hand, safely maneuvered CS2 along the path,
but at a slower speed.

In both cases, CS2 was first positioned at 7,4(0), then commanded for
one round with ug = 0.10m/s, and when 6 ~ 360° the commanded speed
was changed to ug = 0.20 m/s. The ship was tracing the path unproblem-
atically at the speed ug = 0.10 m/s in both the tracking and gradient cases.
However, when u,4 changed to 0.20 m/s the closed-loop systems started to
experience problems, as seen in the position responses for the second round
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in Figure 5.5. While not surprisingly the tracking system soon went un-
stable, it is observed that the gradient-based system kept moving along the
path, but with a speed slower than the infeasible uy = 0.20 m/s. The lower
plot in Figure 5.6 reveals some of the secret. While the speed assignment
vs(0(t), t) strictly corresponds to the specified speed ug4(t) according to (5.3),
the response for 0(t) was modified by the gradient term in the update law
(see Section 3.4), trying to minimize the errors z; and 2y, and 6(t) therefore
tracked a slower value. The result was that 6(t), and thus n4(6(t)), moved
not faster than the ship was able to follow.

Speed assignment
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Figure 5.6: Dynamic task: Upper plot shows the commanded surge and
resulting speed response for the tracking-based system, while the middle
plot shows the same for the gradient-based system. Both systems satisfied
the maneuvering objective well when ug = 0.10m/ s, but the tracking-based
system went unstable when wuy changed to 0.20m/s. The lower plot shows
vs (0(t),t) and O(t) for the gradient-based system only.

This last experiment served to illustrate one of the advantages of using
the gradient minimization feature in the gradient or filtered-gradient update
laws, as compared to just using the pure tracking update law.
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5.4 Sliding-mode control for ship maneuvering

Consider the ship model (5.1). As discussed in the previous section, this
model is uncertain with respect to the unidentified hydrodynamic parame-
ters and other unmodeled dynamics. In this section we develop a robust
sliding-mode control law to deal with these uncertainties.

The numerical values of the identified parameters of (5.1) are given by
Table 5.1. The unidentified parameters are set to zero, that is, ¢ := [V},
Yioirs Yirjrs Niefos Ney Nigjry NMT]T = 0. This results in an uncertainty
that together with other unmodeled dynamics are assumed captured by an
unknown additive term 6(v,t). The resulting model becomes then

i = R(Y)v (5.31a)
Mi = f—Cw)v—Dw)v+ R®) b+ d(v,t), (5.31b)

where the terms b and § are uncertain. We assume there exist known positive
reals by, kg, and ki such that

(1) 6] < bo

(i) |6(v,t)| < ko |v| + k1. (5.32)

According to Section 4.3.2 we consider (5.31a) as the nominal part of the
plant and (5.31b) as the uncertain part.

5.4.1 Control design
Design for the nominal part

To solve the maneuvering control objective (5.4) and (5.5) for the nominal
part, we propose the diffeomorphism (7, 0,t) — (z,0,t), where

2(n,0) = R(¥)" (1~ n4(9)) (5.33)
is the error variable for the geometric task, and the function
1
V(2(n,0)) := 52(n, 0) " z(n, ) (5.34)

satisfying (4.100) with v;(-) = 75(-) = 3(-)2. The nominal control law is
then chosen as

0 = vs(0,t) — uV(2(n,0)), n=>0, (5.35)
a1(n,0,t) = —Kpz(n, 0) + R(y) "nj(0)vs(0,t) (5.36)
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where V? = 2(n,0)"2%(n,0) = —z(n,0) T R(¥)) "'n%(0). Optionally, the filtered-
gradient update law can be used instead of (5.35). Letting v = a(n,0,t) +w
n (5.31a) results in

V=—2"Kyz—puV?(2(n,0)*+2"w
1
(1 = £)Amin(Kp)

where € (0,1). It follows that (4.102) is satisfied with v3(-) = £Amin(Kp)(+)?
and v4(-) = Wlmm(lﬁ.ﬂ()

< _K)\min(Kp) ‘Z|27 V|Z‘ >

|w| (5.37)

Design for the uncertain part

For the uncertain part of the plant (5.31b) we keep the known matrix M
on the left-hand side. In this case the matrix G(z) = I as compared to
(4.97), and the structural assumptions on G(x) in Section 4.3.2 are trivially
satisfied. Define

s:=v—aoai(n,0,t), (5.38)

and calculate

dn =1KpSz — K,v —rSR() 0% (0)vs(0,t) + R() "n%(0)vL(0,)
+ [KpR@)T03(0) + RW)T (0 (0)vs(0,) + ny(0)02(6,0)) | &
(5.39)
where 0 is given by (5.35). Differentiating U(s) = 15T M s along the solutions
of
Ms=f—Cw)v—D)wv+ R b+dw,t)— My (5.40)

gives
=s'[f—=CWw)v—DWw—Mdai]+s' |RW)b+d(r,t)|, (5.41)
and the control law is then chosen as
f=—-Ls—o(n,v,t)¥s(s)+C(v)v+ D(v)v + M (5.42)
where L = LT >0, o(n,v,t) € R> is yet to be assigned, and
Wy (s) = col (t(s1), v(s2), Y(s3)) (5.43)
¥(s:) := (1 +&1) tanh <j—2) (5.44)
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where €1 and €2 are small positive numbers chosen by design. With ¢ =

€9 atanh(ﬁlal) it follows from Lemma 4.5 that % |s| < sTWq(s) < |s]|WTa(s)]

for all |s| > v/3¢. Choosing
o(n,v,t) = V3 ks 4 bo + ko V] + k1] (5.45)
gives
U=—s"Ls—o(nv,t)s Uy(s)+s' [R(¢)Tb +o(v, t)}
< —sTLa— (vt ls + Js b+ Fo vl + . ¥]s| > Ve
< —ksls|,  V|s| > V3e. (5.46)

This implies for all ¢ > 0 that

Amas (M) | kot
'S(t)‘gma’({@g’ A1) ) wmin(M)AmaX(M)}’ (547

which means that for any initial conditions in the space of (s,z,0,t) €
R? x R3 x R x R>q the corresponding trajectories (s(t),z(t),0(t),t) will
exist on [0, 00) and converge in finite time to

N = {(s,z,a,t) 8| < Jés} (5.48)

and subsequently converge to

(5.49)

M;:{(s,z,e,t): 2| < Ve }

(1 — &) Amin (Kp)
5.4.2 Closed-loop system

The closed-loop system consists of the plant (5.31), the gradient update law
(5.35), and the static control law (5.42). A summary is given in Table 5.3.

5.4.3 Experimental results

Two experiments performed in the MCLab on 2003-10-06 are reported next.
The path and speed assignments are given by (5.2) and (5.3). In both
experiments, the controller gains were set to K, = diag{0.2, 0.4, 0.5},
L =diag{2, 3, 3.5}, k =ks+bo+k1 =0.1, kg =4, 1 = 0.1, e2 = 0.01, and
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Table 5.3: Closed-loop in the sliding-mode ship maneuvering system

Plant :
i = R()v
Mi = f—C)v— D)+ R() b+ d(v,t)
input: {f} output: {n,v}
Control :
W= —Xw— Auz R() Tn%(6)
0 = vs(0) — w,
o — —uz"R(Y)™n%(0), p>0, Gradient
s w, Filtered-gradient

f=—Ls—o(v)Us(s)+ C(v)v+ D(v)v + My
input: — {n,v,12(0),15(6). 1} (6),vs(60,1), 020, 1), v4(0.1)}

output: {f,0}
Guidance :

input: {0, ug(t), wq(t)}
ontput: {n(6).748). 5 (6),v4(6.2).0(6.1).4(6.1)

i = 250. The ship was first put to rest in dynamic positioning (zero speed)
at 14(0), and then the ship was commanded online to move along the path
with different desired surge velocities.

In the first experiment the tracking update law was used, and the vessel
was commanded with velocities ug € {0.10,0.15,0.20} m/s on calm water.
In the second experiment, the gradient update law was used, and the com-
manded surge velocity was ug € {0.10,0.15} m/s in waves. The wave para-
meters were: JONSWAP spectrum, significant wave height hs = 0.01 m and
peak period t; = 1.0s. For the full scale vessel this corresponds to a “slight”
sea state code with Hy = 0.70m and peak period T, = 1.0/70 = 8.4s (or
equivalently, frequency 0.75rad/s).

The results for the ‘calm water’ experiment are discussed with respect
to performance in the last section of this chapter. Figures 5.7 and 5.8 show
the responses of CyberShip II in the experiment with waves. The direction
of the waves came along the z.-axis in the negative direction. Around the
narrowest “corner” of the path the ship therefore experienced both a rapid
heading change and waves entering directly from the side. Other experi-
ments with larger wave heights gave the ship increasing problems at these
parts of the path; however, in this experiment the ship managed well.
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Figure 5.7: CyberShip II moving along the path at various speeds in waves,
using the sliding-mode controller with a tracking update law.
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Figure 5.8: The surge speed response of CyberShip II in the sliding-mode
experiment with waves and a gradient update law.
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Figure 5.9 shows a snapshot at time t = 353.6s of the Lyapunov cost
function V' (z(n(t),0)) and V?(z(n(t),0)) for 6 in the interval [0°,360°). The
discontinuity corresponds to the mapping of the heading error to the interval
[—7, ). Clearly, 6 — V(z(n,0)) has, as shown by the green curve, a global
minimizer at @ ~ 90° at which point § — V?(z(n,#)) also intersects zero.
Additionally, there is a local minimum at approximately 6 =~ 290 ° which is
on the opposite side of the path. The global minimizer will follow the ship
as it traces the path. It therefore requires a rather large perturbation in the
system to make 0(t) jump to the local minimizer and thus cause deteriorated
performance.
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Figure 5.9: A snapshot of 0(t) showing the minimization of the Lyapunov
cost function V (z(n(t), 6(t))) and the gradient V?(z(n(t),0(t))) at t = 353.6s
in the sliding-mode experiment.
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5.5 Nonlinear PID control for ship maneuvering

In this section we design a nonlinear PID maneuvering controller for a fully
actuated surface ship. The tracking controller has originally been developed
by Lindegaard and Fossen (n.d.); Lindegaard (2003), and here we propose
the maneuvering counterpart. For this purpose we will first develop the path
for the full state vector, and then design the control law.

Consider the 3 DOF ship model (5.1), restated here as

i = R(Y)v
Mir = f — C(v)v — Dy — Dyp(v)v + R(1)Th (5-50)

where Dy, is the linear (constant) part of D(v) and Dy (v) the remaining
nonlinear part. The numerical values of the identified parameters for Cyber-
Ship II are given by Table 5.1. The unidentified parameters are set to zero,
that is, ¢ := [Yi;1u, Yioirs Yirfrs Nirjos Nes Njjrs Njpjr] T = 0. This results in
an uncertainty that together with other unmodeled dynamics are assumed
captured by the bias b and robustly dealt with by the PID feedback.

The control objective is again to solve the maneuvering problem accord-
ing to Section 5.2.2. For the desired path 14(6) = col (z4(0),va(0),14(0)) .
let

(O)vs(6,1)

va(0,t) == njj
= 090, t)vs (0, 1) + v5(6,1)

ad(ea t)

be the earth-fixed desired velocity and acceleration vectors. Then, the ma-
neuvering problem is solved if

O(t) — vs(0(t), 1)
n(t) — nq(0(t))
v(t) — R((t) Tva (0, t)
() — r(t)ST R(p(t) "va(0(t), 1) + R(¥(t)) Taq(0(t), t)
Additionally, we define the integral state
o) = [ (00 = nafo0) (5.51a)
o =mn—n400) (5.51b)

such that the ‘extended plant’ state vector becomes (0,7, ). Accordingly,
the desired state vector containing the path and speed signals represented
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in the appropriate coordinate frames, becomes

0
R(¢)Tvd(9a t)

where the zero in the top element corresponds to the integral action. With
these definitions we embark on the nonlinear PID design.

5.5.1 Control design

The overall control law will consist of the PID feedback term fprp, a refer-
ence feedforward term frp, and a feedback linearizing term frr. Along the
lines of Lindegaard (2003) we propose the static part of the control law as

f=fpip+ frFr + fFrL (5.53)

where

frip = —KiR() "o — KpR(¥) (n—n4(0))

— Kp (u — R() Tva(6, t)) (5.54a)

frr = DL R(Y) "vg(0,t) + rMSTR() Tvg(0,t) + MR() " aq(6,t)
(5.54D)
frr =C(v)v+ Dnr(v)v. (5.54c)

Notice that all the error terms in fp;p is decomposed in the body frame, that
is, RW)" o, R(Y)" (n—mn4(0)), and (v — R(¥) v4(6,t)). This essentially
means that the PID gains are tuned with respect to errors experienced in
the longitudinal, lateral, and rotational directions of the ship. This is more
intuitive for tuning since the control technician will himself be onboard the
ship and therefore observes these errors in this frame (Lindegaard; 2003).
One obstacle for achieving this is that the feedforward term frp must cancel
the r-dependent term, something that would be avoided if all error signals
were decomposed in the earth-fixed frame.

It is necessary next to design the dynamic part of the control law to shape
the motion of 6(t). However, postponing this issue for now, the closed-loop
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system at this point is
& =mn—mnq(0)
1 =R®) (v — R(®) "va(0, 1)) +va(9,1)

v=—-MTK/R(}) o — M KpR(¢)" (n—ny(0))
—M "' (Kp + Dr) (v — R(¥) Tva(0, 1))
+rSTR(Y) Tvg(0,t) + R(¥) Tag(0,t) + M—TR(y) .

(5.55)

Define x := col(o,n,v), Kprp := row (K;, Kp, Kp) , and the state-dependent
transformation matrix

T(¢) == diag {R(y)), R(¢), I} . (5.56)
The PID feedback control term then takes the simplified form
frip = —KpipT()" (x — £(1,6,1)). (5.57)

For b = 0 the closed-loop can now be written

&= Ac(¥) (x — £, 0,1)+E (4, 0,8)r+&° (1,0, t)vs(0,1)+& (¥, 0,1) (5.58)

where

0 1 0
Ac(v) = 0 0 R(v)
~M'K(R(Y)" —M'KpR(W)" —M~'(Kp+Dy) |
(5.59)
It can be verified that A.(v) = T(¢) AT ()" where A, = A— BKpyp, and
0 I 0 0
A=10 0 I ., B=| 0 (5.60)
0 0 —M'D M=t |

By controllability of (B, A) there always exists a PID gain matrix Kprp such
that A, is Hurwitz. This can be found by pole placement, LQR techniques,
or any other applicable linear design synthesis. It can further be shown that
for each fixed t > 0,

eig {Ac(¥(t))} = eig{Ac} . (5.61)

It is well-known that this does not necessarily imply stability; however, it
gives a fair indication for it. For A. Hurwitz, let P. = P, > 0 satisfy
P.A.+ Al P. = —Q., and define 7 as

T(x,0,t) == 2(z — £(1,0,1)) T()PT(¥) € (v, 0,¢). (5.62)
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The dynamic part of the control law is then given by (5.51b) and

0 =vs(0,t) — ws (5.63)

where w;g is chosen from one of the alternatives

(i) ws =0

(M’) Ws = 7/'{7—(1"’ 9,75), w 2 0 (564)
(iii) w=—-A(w+ pr(z,0,t)), w>0,A>0

iii o, =,

Stability analysis

The stability analysis follows from the proof by Lindegaard (2003) which is
here extended to maneuvering in order to facilitate the gradient update laws.
For simplicity, let b = 0. Otherwise, it can be shown that if K is chosen as
K| = diag{a,a, b} then the equilibrium condition for ¢ is o¢q = Kl_lb and
substituting the state ¢ with o — Kflb gives the same, but undisturbed,
closed-loop system as (5.55). Define

V(2,0,t) = (x— £, 0,1) T(W)PTW) (z— £, 0,1)) (5.65)
which differentiated gives

V =V(z,0,t)i+ VO (x,0,t)0 + Vi(zx,0,t)
= — (2= £(1,0,1) T)QT ()" (& — &(1,0,1))

+2 (2 = (1, 0,)) T T(W)PrSTT() T (z — €1, 0, 1))

+2 (0 = £(6,0,0)T TW)RT(W) €' (,0,1) [v4(6,2) — 8]

< — (Amin (Qc) — 2maxAmax (B)) |z — £(,0,1)]

—Vx,0,t) [vs(e, t) — é] (5.66)
where [r| < rmax, [[S7(| = [T(¥)]| = 1, and Sy = diag {5, 5,0} such that
T =7rT(¢)Sr.

Observe that 7(z,6,t) = —V%(z,0,t) such that either of the choices in

(5.64) will as shown before render the last term nonpositive. Negativity of
the first term relies on the ability to guarantee that

Awmin (fPCAC . ACTPC) — maAmax (Pr) > 0 (5.67)
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for any feasible bound ry.x on the yaw rate. Several techniques for this was
shown by Lindegaard (2003), using among others LMI tools. We will not go
into those details here, but rather just assume that for each ryax there exist
a P, >0 and ¢ > 0 such that Amin (—PeAc — A! P.) — 2rmaxAmax (Pe) > c.
The resulting bound for (5.66) becomes

V< —cle—£@,0,t))? (5.68)

which proves convergence x(t) — £(¢(t),0(t),t) — 0 as t — oo and the
geometric task is solved in the limit. Since z = £(v,0,t) = 7(x,0,t) =0
the dynamic task is also solved asymptotically.

Let (z,0,t) — (z,0,t) be a global diffeomorphism where z := T'(¢) " (x —
£(1,0,t)). For either of the two first choices in (5.64), the tracking update
law (i), or the gradient update law (i7), it follows from (5.65) and (5.68)
that the closed-loop system is forward complete and the set

M={(z,0,t): z=0} (5.69)

is UGES. The same result applies if the filtered-gradient update law (7i) in
(5.64) is used, in which case the set M must be extended with ws.

5.5.2 Closed-loop system
The closed-loop system is given by Table 5.4.

5.5.3 Experimental results

Two experiments performed in the MCLab on 2003-10-17 are reported next.
The path and speed assignments are given by (5.2) and (5.3). The first
experiment verifies accurate tracing of the path at various speeds on calm
water. The second experiment, on the other hand, shows an example where
the gradient algorithm made the ship fail its task when moving in waves.
The wave parameters were: JONSWAP spectrum, significant wave height
hs = 0.01 m and peak period t; = 0.75s.

In both experiments, the gradient update law was used. The controller
gains were calculated from LQR techniques by minimizing the cost function

J:§/MPVM+MR4ﬁ (5.70)
0

for the linear system
& = Ax + Bu (5.71)
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Table 5.4: Closed-loop in the nonlinear-PID ship maneuvering system
Plant :
i1 = R(p)v
My =f— C(I/)I/ —Drv— DNL(V>V + R(w)—rb
input: {f} output: {n,v}
Control :
w=—Aw—Aur(z,0,t), pA>0
0 = vy(0) — w,
| —pr(x,0,t), p>0, Tracking or Gradient
Ws = { w, Filtered-gradient
& =mn—nq(0)
f==KpipT()" (x — &4, 0,)) + frr+ friL
input:  {n,v,7a(8),75(8). nf (6), ve(0,1), v(6,1), v (6,1) }
output: {f,0}
Guidance :
input: {0, uq(t),uq(t)}
output: {na(0),4(0),nf (0),vs(0,), w20, ),04(0.1)}

where A and B are given by (5.60), @ = diag{Qr,Qp,Qp}, and R =
I. This gives the PID gain matrix Kprp = R !BP = BP where P =
PT > 0 is the solution to the algebraic Riccati equation PA + ATP —
PBR™'BTP + @ = 0. Given Kprp this gives A. = A — BKprp and the
matrix P, in the gradient update law were simply given by solving P.A. +
Al P.=0.011. In the experiments, the gradient gain were y = 100, and the
weight matrices were chosen to Q@ = 0.0017, @p = diag{2000, 3000, 400},
and Qp = diag{1000, 3000, 800}.

Figures 5.10 and 5.11 show the responses of the ship in the successful
experiment. Very accurate tracing was obtained as confirmed with the cross-
track error zs in Table 5.5.

In the second experiment, shown in Figure 5.12, the ship experienced
significant problems when moving around the narrowest part of the path
with waves entering from the right. This is an example where the gradient
algorithm made the ship fail its task of accurate path tracing.

A snapshot at time ¢t = 445.15 s of the Lyapunov cost function V' (z(t), 0, t)
and V?(z(t),0,t) for 6 in the interval [0°,360°) is shown in Figure 5.13.
This is the moment when the ship leaves the path for the second time. As
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-05 -

Figure 5.12: CyberShip II moving along the path. Along the narrowest part,
perturbations make the desired point 7,4(6(¢)) jump and cause instability.

seen, a local minimum exist very close to the global minimum to which 6(t)
rapidly converges at this point in time. The following sequence of events
was observed in this event of failure:

1. As the ship enters the narrow part, it cannot hold the desired heading
due to the waves, with the result that V' (z(t), 6(t),t) increases.

2. The ‘previous’ global minimum of 6 — V(z(t),0,t) is suddenly con-
verted into a local minimum as a ‘new’ global minimum arises approx-
imately 50° — 100 ° further ahead on the path.

3. 6(t) slowly moves over the intermediate local maximum and then sud-
denly jumps approximately 50° towards the new global minimum.

4. The ship experiences large oscillations in its attempt to regain the
‘new’ desired state £(v,0,1).

For comparison, Figure 5.14 shows the status of V(z(t),0(t),t) and
VO(x(t),0(t),t) for the ship at the same point along the path in the first
successful experiment (without waves). As seen, there is only one global
minimum for 0(t) to track in this case; however, the “saddle” shape of
0 — VOx(t),0,t) suggests a bifurcation of V(x,-,t), splitting the single
global minimum into two local minima.
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Figure 5.13: A snapshot of 6(¢) showing the minimization of the Lya-
punov cost function V(z(n(t),0(t))) and the gradient VO(z(n(t),0(t))) at
t = 445.15s in the experiment with failure. This was just after a second
rapid movement occurred for #. Notice a new global minimum of V'(z(n,))
has formed, causing a rapid movement of € of 50° — 100 °.
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Figure 5.14: A snapshot of § +— V(x(t),6,t) and 0 — V9 (z(t),0,t) for the
successful nonlinear-PID experiment with a gradient update law. There is
in this case one and only one global minimum of V' (z(t), -, t) throughout the
movement around the “narrowest corner” of the path.
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In order to alleviate these dangerous jumps, one should instead consider
using the tracking update law. Experiments with the tracking update law
gave successful runs with very accurate tracing of the path, both with and
without waves, and this is reported in the performance analysis in the next
section.

5.6 Brief comparison of control laws

5.6.1 Performance

Table 5.5 shows different standard deviations of important error signals in
the three intervals during which the desired speed was ug € {0.10, 0.15,
0.20} m/s. All these experiments were conducted on calm water. The data
is collected from the following experiments:

e Adaptive CS2 experiment 1 conducted 2004-10-11, described in Sec-
tion 5.3.3.

e Sliding-mode experiment conducted 2004-10-06, described as the first
experiment in Section 5.4.3, using a tracking update law.

e Nonlinear-PID experiment, conducted 2004-10-17, with gains and setup
corresponding to the successful experiment described in Section 5.5.3,
but with a tracking update law.

The most important variables for path keeping are 212, z2, and zs5, respec-
tively, since these correspond to an approximate measure of the cross-track
error (provided the ship is pointed along the path). An accuracy of, for
instance, 1.1 cm in the highest speed in the nonlinear-PID case corresponds
to an accuracy of 0.8 m for the full scale ship having a breadth of 20.3 m and
is acceptable.

Investigating the table, it is seen that the best path following accuracy
was obtained by the nonlinear-PID controller. In the 0.15 and 0.20 m/s cases
this was, in addition, obtained for the lowest amount of control effort. In
the 0.10 m/s case, the adaptive controller also behaved very well. However,
except for the poor heading response of the sliding-mode controller, the
differences were small and mostly acceptable in all cases.

The numbers in the table are not meant for a strict comparison between
the three controllers, but rather to give an indication of the achieved perfor-
mance in the experiments. The controller parameters were mostly tuned by
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Table 5.5: Standard deviations for CS2 in the maneuvering experiments.

Adaptive: ug=0.10m/s | ug=0.15m/s | ug =0.20m/s

11 [m] 0.010 0.033 0.057

219 [m] 0.007 0.017 0.024

213 |deg] 1.564 2.644 3.061

u [m/s] 0.004 0.014 0.020
Mean abs thrust [%)] 14.144 20.249 26.727
St.d. abs thrust [%] 6.072 7.766 8.043
Sliding-mode: ug=0.10m/s | ug=0.15m/s | ug =0.20m/s

21 [m] 0.007 0.015 0.017

2 [m] 0.010 0.028 0.026

23 [deg] 2.929 6.785 6.883

u [m/s] 0.002 0.004 0.006
Mean abs thrust [%)] 15.204 23.826 26.230
St.d. abs thrust [%] 6.787 9.179 9.760
Nonlinear PID: ug=0.10m/s | ug=0.15m/s | ug =0.20m/s

22 [m] 0.004 0.008 0.012

25 [m] 0.004 0.007 0.011

26 [deg] 1.577 2.032 2.979

u [m/s 0.002 0.003 0.004
Mean abs thrust [%)] 16.754 19.865 23.606
St.d. abs thrust [%] 8.140 8.778 9.327

trial-and-error, which means that the bandwidths of the closed-loop systems
were probably somewhat different.

For instance, in many experiments it was observed that the sliding-mode
controller had a larger mean thrust, and seemed to command thrust more
aggressively. The data used here, on the other hand, gave similar thrust
expenditure among all three controllers.

5.6.2 Gradient cost functions

Finally, we want to compare the different gradient update laws for the three
controllers. The Lyapunov cost functions used in each case were
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ADAP:  Vo(n,v,0,3,t) =3 (n—na(0))" (n —n4(0)) + 3¢ T~
+% (V - Oll(’l?,@,t))TM(V - 011(7%9,75))

SM: V(n,0) =% (n—n4(0)" (n—nq(0))
NL-PID: V(z,0,t) = (x— £, 0,8) TW)P.TW)T (z — £, 0,t))

Of these, the sliding-mode (SM) gradient cost function is the most straight-
forward, since only the distance to the path 6 — | —1,(0)|* is minimized
directly. For most paths, this cost function will give a “well-defined” global
minimum that 0(¢) tracks. Figure 5.9 shows that for the ellipsoidal path, a
local minimum is only present on the opposite side of the path.

The adaptive (ADAP) gradient cost function, on the other hand, also in-
cludes minimization with respect to the velocity error, that Iis,
0 — |v—ai(n,6,t)3,. This introduces more complexity for analyzing the
minima structure of 6 — Va(n,v,0, ®,t). An alternative to avoid minimiza-
tion with respect to the velocity error is to design the gradient update law
for 0 already in Step 1 in the adaptive backstepping design. The only differ-
ence in the design of the control law is that terms with 6 would need to be
cancelled in Step 2. The resulting cost function will in that case be the same
as the SM cost function. Nonetheless, experience indicates no problems with
local minima in the adaptive gradient cost function.

The nonlinear-PID (NL-PID) gradient cost function has perhaps the
most complext minima structure. This includes minimization with respect
to the full error state 6 — |z —£(¢),0,t)|* where the individual errors o,
n —ny(0), and v — R(¢)) Tvg(0,t) are mixed through the matrix P, together
with the heading-dependent matrices T'(1)). Not only does this mean that
the integral state o unwantedly affects the minimization, but the cost func-
tion itself will be sensitive to heading changes of the ship. In the “failure”
experiment described in Section 5.5.3 this resulted in the “out-of-the-blue”
creation of two local minima when waves made the ship position and heading
slightly deviate.

This problem for the NL-PID control law is illuminated further by Figure
5.15, which shows what happens to the cost function as we vary the heading
1, only. The left plot shows 6 +— V(xz(t),0,t) and 0 — V% (x(t),0,t) given
the state x(t) at the time instant just prior to the second jump by 6 in the
experiment. Originally there is, as seen in the left plot, only one global min-
imum in the system. By changing the ship’s heading, however, the middle
and right plots show how a saddle point is first formed, and subsequently
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a local minimum and a maximum. This bifurcation is given by the roots
of § — V9(x(t),0,t) that for the three different values of ¢/ changes from a
single root to two roots, and finally to the three indicated roots.

V(X80 V(xXap,.8.1) V(Xaw,.0.0
t=4353sec. : t=4353sec. : t = 435.3 sec.

1000 |- : : 1 1ooof} ‘ 4 1000} | : : .
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Figure 5.15: Three plots showing the bifurcation in the Lyapunov cost func-
tion for the nonlinear-PID experiment with failure. By changing the ship’s
heading v as a parameter (in x) in 6 +— V(z,60,t) and keeping the other
states constant, a single global minimum is split into two local minima sep-
arated by a maximum.
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Chapter 6

Formation control

This chapter investigates formation control for the coordina-
tion of mechanical systems like vehicles or ships, called through-
out this chapter for “vessels”. The control objective for each ves-
sel is to converge to and maintain its position in the formation,
while the formation as a whole follows a prespecified path with a
desired speed. The material has been published in Skjetne, Moi
and Fossen (2002); Skjetne, Ihle and Fossen (2003); Ihle, Skjetne
and Fossen (2004). All case studies, including the experimental
results in the latter publication, consider a rendesvouz operation
between ships; see Figure 6.1.

Figure 6.1: Underway replenishment between three naval vessels.
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6.1 Introduction

6.1.1 Background

The field of formation control with applications towards mechanical systems,
ships, aircraft, satellites, etc., has received a lot of attention. Examples are
the works of Kang, Xi and Sparks (2000); Encarnacao and Pascoal (2001a);
Binetti, Ariyur, Krsti¢ and Bernelli (2003). One of the advantages in for-
mation flight, for instance, is a reduction in power demand obtained when
flying in a certain V-formation, as observed for flying goose. Binetti et al.
(2003) used extremum seeking to exploit this aerodynamic phenomenon. In
another study, Kang et al. (2000) developed a procedure for the design of
r+ 1 controllers which ensures that r + 1 autonomous vehicles follow a path
without altering their formation. An orthogonal projection from the state
of a chosen leader substitutes the time in the r already existing tracking
controllers for the follower vehicles. Therefore, the speed and performance
of the leader affects all other members in the formation, but not vice versa.

In the first design section of this chapter, published in Skjetne, Moi and
Fossen (2002), the control objective is approached using vectorial backstep-
ping to solve the geometric and dynamic tasks in a maneuvering problem.
The former guarantees that a virtual Formation Reference Point (FRP),
representing the formation, tracks the path. The latter ensures accurate
speed control along the path. The dynamic gradient update law, taking
feedback from the states of all vessels, ensures that all vessels have the same
priority (no leader) when moving along the path.

The question of centralized or decentralized control and communication
requirements have been extensively discussed in many publications on forma-
tion control; see Stilwell and Bishop (2000) and references therein. Central-
ized control will in general require a massive multidirectional communication
flow of state measurements, internal and external sensory information, and
necessary guidance signals. Such requirements are not feasible for numerous
applications, for instance, control of a formation of autonomous underwater
vehicles which operate in a difficult environment with very restrictive com-
munication options (Schoenwald; 2000, Table 1). In decentralized control,
each formation member will have its own controller under the management
of a formation guidance system. This can significantly reduce the number
of signals being communicated; however, depending on how the formation
guidance system is designed, it may still require an undesirable large amount
of signal flow.

In the second design section of this chapter, published in Skjetne et al.
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Figure 6.2: Ilustration of a formation setup.

(2003) and Ihle et al. (2004), the amount of intervessel communication is
reduced by decentralizing the dynamic gradient update law with the result
that only the individual path variables need to be communicated. The
individual dynamic controllers will then be equipped with a synchronization
term that ensures that the vessels keep assembled (synchronized) in the
desired formation.

Though the examples studied are all 3 DOF ship applications, the theory
is general and is, for instance, directly applicable to 6 DOF applications like
the AUVs described in Section 2.4.3.

6.1.2 Formation setup

A formation with r vessels is created by a set of formation designation vectors
liy 1 = 1,...,r, relative to a Formation Reference Point (FRP), see Figure
6.2. The idea is for the FRP to follow a given parametrized path £(6) with
a desired formation speed along it, while the vessels follow their designated
position relative to the FRP.

Let the FRP be the origin of a moving formation reference frame F, and
denote the earth fixed frame £. The path is in general not a straight line,
but a feasible curve in the output space of the vessels. The individual path
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for Vessel ¢ is then
£:(0) = £(0) + R(0)%; (6.1)
where R(6)} is a kinematic rotation matrix from F to &; see Section 1.4.3.
For ships moving on the ocean surface, the output is the 3 DOF vector
n = col(x,y,v), where (z,y) is the position and v is the heading. The
desired path is then given by £(6) = col(x4(0),ya(0),14(0)). The tangent
vector along the path in the (z,y) directions, T(0) = col(29(0),v5(0)), is
chosen as the z-axis of the moving formation frame F. The angle of the
tangent vector in the £ frame then gives the desired heading

1a(0) = avctan (143 ) = arctan <%> (6.2

where the Matlab atan2 function is used for implementation of arctan to
obtain correct quadrant mapping. The rotation matrix R(¢4(#)) for the
ships is given by

costy(0) —siney(d) 0
R(@);i:R(wd(O)) = sin1/(J)d(9) cosqéd(g) (i (6.3)

and note that differentiation gives

R(14(0)) = B’ (1a(0))0 = R(v4(0))Sva(6)0 (6.4)
where S is the skew-symmetric matrix
0 -1 0
S=1]1 0 0 (6.5)
0 0 O

and

_20(0)y5(0) — 25 (0)y5(6)
7/’2(9)— d x§(9)2+y§(9)2 . :

6.1.3 Problem statement

We consider uncertain mechanical systems, called vessels hereafter, of vector
relative degree two. Their models are given by
T1; = Gri(®1s) T2 + fri(w1) + Eri(w1)014(t)
B9 = Goi(mi)ui + foi(x;) + Eoi(x)d2;(t) (6.7)
yi = hi(21;)
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where the subscript ¢ denotes the i'th vessel. xj; € R™, j = 1,2, are the
states and x; denotes the vector x; := col(xy1;,z2;). The system outputs
are y; € R™, the controls are u; € R™, and 6;; are unknown bounded
disturbances. The matrices Gj; and hi* := B—hf— are invertible for all x;, the
output maps h;(z1;) are dlffeomorphlsms and all functions are smooth.

For a cluster of r vessels, each represented by a position output y;, let
the FRP represent the position of the formation as a whole, and let each
individual vessel y; have a designation [; relative to the FRP. Let (@) be the
desired path for the FRP and then £,(0) = £(0)+ R(0)!; is the corresponding
path for the individual vessels. The Formation manuvering problem is then
to design a set of robust control laws for the individual vessels that ensure
boundedness of all states and solve the tasks:

1. Geometric Task: For any continuous function 6(t), force the outputs
Yi, 1 =1,...,7, to converge to their designated paths £;(0),

Jim Jy; (8) = &(0(8)[ = 0 (6.8)

2. Dynamic Task: Force the path speed 0 to converge to a desired speed
Vs (07 t) )

lim |6 () — vs (0(2), )| = 0. (6.9)

t—o0

The geometric task ensures that the individual vessels converge to and
stay at their designated positions /; in the formation. The speed assignment
task ensures that the FRP will move along the path £(f) with a desired
velocity vs(0,t). Both tasks are feasible since the considered vessels are fully
actuated.

6.2 Design using a centralized guidance law

In this section a common path variable 6 represents the position of the FRP,
and thus the desired position of all vehicles. Consequently, this is a direct
application of the robust maneuvering design in Section 4.1, and a recursive
backstepping design is therefore used to solve the formation maneuvering
problem for 7 vessels with the dynamics given by (6.7).
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6.2.1 Control Design

Step 1: Define the error variables

21i(1i,0) = yi — §;(0) = hi(z1:) — £(0) — R(¥q(0))l: (6.10)
ZQZ‘(SL‘Z',G,t) = X9 *Oqi(l‘u,e,t) (6.11)
ws(0,0,1) :=vy(0,t) — 0 (6.12)

where «aj; are virtual controls to be specified later. Differentiating (6.10)
with respect to time results in

Z1; = {1 Ghizo, + RV Gians + R i + b Y Engdn — (50 + ¢2R(¢d)5li) 0.

(6.13)
Choose Hurwitz design matrices Ay, so that Py; = PlTi > ( are the solutions
to P Ay + A];Pli = —Q1; where Q1; = Q1; > 0. Define

‘/1(21,) = ZZEPMZM (614)
=1

whose time derivative then becomes

Vi= ZQZlTiPuhf”Glizm + ZQZlTiPn (50 + ng(wd)Sli> W

i=1 i=1
+ Z QZ;EPM [h‘f“Gliali + hf“fli — (50 -+ ’lﬁZR(wd)SlZ) Vs + h‘f“Eliéli} .
=1

The first virtual controls «y;(x14,0,t) are chosen as

ay; = Gyt (b)) [Alizli — iV fri + (50 + ng(wd)Sli) vs + 0401‘]
(6.15)
where ag; are damping terms to be picked. Define the first tuning functions,
7'12‘(.1'1@', (9) € R, as

T = 220 Py (59 n ¢§R(¢d)szi) : (6.16)
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To handle the perturbations we use nonlinear damping and apply Young’s
inequality

T T T
Vi=-— g 21;Q1iz1i + E T1Ws + E 220, P1ihi v Ghizo;
i—1 i—1 i=1

r T
+ Z 221, Py Eidv; + Z 221 Pliv;
=1 i=1

IS T IS
< - Z 20;Q1iz1i + Zﬁz‘ws + Z 221, Prihi" Gizai
=1 =1 =1
a 1 1
+ Z 221 Py; [010@' + o fi (i) By, EY; (hf”)T Plizli:| + Z /i_rleidli
i=1 i=1
and the nonlinear damping terms a;(z1;,6) are picked as

ag; = p1i(1s) 216 (214, 0)

. . 6.17
P = *%Kli (h;rh) EME;—Z (hfh)—r Py, K1; >0 ( )

which gives

T T T T
. . 1
T T ; T
1 <— E 21;Q1iz1i + g T1iws + g 2z, Piihi " Grizai + g K—I51i51¢-
i=1 i=1 i=1 i=1 "t

In aid of the next step, we differentiate ay; to get (019
;= o1i + o0 + wiidn (6.19)
where
o1 = o} [Griwa; + fui] + ol (6.20)
wy; = o} Eyj. (6.21)
Step 2: Differentiating (6.11) with respect to time gives
Zoi = Gogtty + fai + E2iba; — o1; — ;0 — w61, (6.22)

Choose Hurwitz design matrices As; so that Py; = PQTZ- > 0 are the solutions
to Py Ag; + AJ. Py = —Qo; < 0, and define

Va(214, 22i) := Vi(z1:) + Z 2; Paizo; (6.23)
=1
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whose time derivative becomes
T T T
y T T 0
Vo < — E 21;Q1iz1i + E T1iws + E 229; Poj0ry;ws
i=1 i=1 i=1
T 1 T
T TAT 121\ T
+§ K_51i51i+§ 229;Gy; (hi") " Priza
, 1i ,
=1 =1

+ ZQZQTZ-PQZ' [Ggiui + foi + Foido; — 015 — a‘i)ivs — wliéli] . (6.24)
=1

The control laws are then chosen as

U; = Ozzl'(l‘i, 9, t) (625)
= Gt [= Py G, (W) T Priza; + Asizai — foi + o1 + s + ugy]

where wug; are nonlinear damping terms to be designed. Define z; := col(zy;,
29i), Q; := diag (Q1i, (Q2i), and the final tuning functions 79;(x;, 0,t) € R as

To; = T1; + ZZ;PQZ‘O(%. (626)
Using Young’s inequality again, the derivative V; is bounded by

T T
. 1
Vo < — g 2 Qizi + E 229 Po; {UOi + i [EzzEgTZ + wuwl:} P2iz2i}
i—1 i=1

T T T
1 1
+ ZTQZ‘WS + Z —{5551i + Z - [5;5% + 51Ti<51,~]
i=1 i=1 M i=1 M2
and the final nonlinear damping terms ug;(x;, 6,t) are assigned as

uy; = pai(i,b,t)z2 (6.27)
1
Po; = —ERQZ‘ [EQZE;; + whwm Py, k2 > 0. (628)

Define A; := col (d1;, 02;) and K; := diag( R ) . The result is

1 1
K1i K2i 7 K2i
then

Va < —XT:ZIQM +Wsi72i + ZT:A@'TKiAi- (6.29)
=1 =1 =1

It follows for ws = 0 that each system in the z;-coordinates is an ISS system
from the disturbances A; to z;.
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Next, we must deal with the tuning functions 79;. Choosing ws; = 0 to
solve the dynamic task is equivalent to a tracking design with 6 = v,(6,t).
Another choice is to design an update law for 8 or ws that uses feedback
from the states of the vessels. It can be verified for = := col(x1,...,z,) that

7(z,0,t) ZTQZ (2i,0,t) = =V (x,0,1), (6.30)

that is, the total tuning function is the gradient of V4 with respect to 6. We
therefore consider the Gradient update law and the Filtered-gradient update
law next.

Gradient update law: Letting
ws = —/LZTQi(.Ti,@,t) = uVi(x,0,1), p >0, (6.31)

renders (6.29), for A; = 0, negative definite, and by choosing the gains
K; large enough we can guarantee any residual bound for |z;(¢)|. Defining

z = col(z1,...,2), it follows from Theorem 4.1 that the closed-loop system
is ISS with respect to the O-invariant set
M ={(2,0,t) ER*™ xR xRsg: 2=0}. (6.32)

This means that each individual vessel enters its designation within the
residual bound for |z1;(t)|.
The realization of the update law becomes

. r oV
0 =vs(0,1) +p Y T2i(i, 0,t) = va(0,1) — “3_92(

1=1

x,0,1) (6.33)

and since the states z;(t) are made small, the tuning functions 79;(t) are
made small. Hence, as t — oo, 0(t) =~ v,(A(t),t) which satisfies the speed
assignment. It follows by the analysis in Section 3.4 that choosing p large
induces a separation of time scales between the vessel dynamics and 0. In the
fast time scale, (6.33) becomes a dynamic gradient optimization algorithm
that selects the point along the path for the FRP which minimizes 6 +—
Vg(zli(l'li, (9), Zgi(l'i, (9, t))

Filtered-gradient update law: The update law can alternatively be
constructed as

0 =vs(0,1) — w,
Ws = —Aws — AL Y T2, py A >0

i=1

(6.34)
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by extending the Lyapunov function to V = V5 + Wluwg, which gives
. T 1 T
V<-— Z ZZTQZZZ — —wg + ZAIKZAZ (635)
: L :
=1 =1

It follows by Theorem 4.2 that the closed-loop system is ISS with respect to
the O-invariant set

M = {(z,ws,0,t) ER*™ x RXRxRsg: 2=0, wy=0}.  (6.36)

It is clear that this solves the Formation Maneuvering Problem for the same
reasons as above. It has been demonstrated that (6.34) is just a filtered
version of (6.33). It has the same gradient properties as discussed above if
A and p are chosen large. Experience has shown, however, that the filtered
version gives an improved numerical response for Q(t) The caveat is higher
order in the controller.

Note that even though each individual static control law u; = ag;i(z;, 0, 1)
only takes feedback from the vessel’s own states and the common path vari-
able 6, the dynamics for # must be run in a computer at a central loca-
tion, taking feedback from all states of the vessels. The governing equa-
tions for this centralized guidance system is (6.33) or (6.34) with outputs
£i(0) = £(0) + R(6)l; corresponding to each vessel.

6.2.2 Case Study 1: Rendezvous formation of three ships

For low-speed maneuvering of ships in formation we use, without loss of
generality, a linear hydrodynamic model; see Appendix B. The model is
written

iy = R(Y;)vi

; Y _ 6.37

v; = *Mi 1Dil/z‘ + Mi 1fi + R(@bi)Tw, ( )

where the subscript ¢ denotes the #'th ship, R; = R(1);) is the rotation matrix
(6.3) satisfying R; = 1; R;S where S is given by (6.5). M; = M, > 0 is
the system inertia matrix including the hydrodynamic added inertia, D;
is the (linear) hydrodynamic damping matrix, f; = col(fui, fui, fri) is the
fully actuated vector of control forces and moments, and w is vector of
environmental disturbances decomposed in the £ frame. The numerical
values of the M; and D; matrices, taken from Fossen and Grgvlen (1998),
represent true data of supply ships that operate in the North Sea. Their
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nondimensional (Bis-scaled) coefficients are

(11274 0 0
M'=| 0 18902 —0.0744 (6.38a)
|0 —00744 0.1278 |
[ 0.0358 0 0
D/=| 0 01188 —0.0124 (6.38D)
0 —0.0041 0.0308 |

The dynamical system (6.37) is in the form of (6.7), where 7, is the
output and f; is the control. Let the desired path for the FRP be

14(0) = [ 2a(0) ya(0) ©a(0) "

where z4(6) and y4(6) are three times differentiable with respect to 6, and
14(0) is given by (6.2). The individual paths for each ship are then

n4i(0) = nq(0) + R(4(0))Li

where l; = [l4i, Ly, ()]T . Let ug be the desired surge speed for the FRP along
the path. Then v4(0,t) is given by

(6.39)

uq(t) '
\/70)2 + 45(0)?

The design procedure in the previous section gives the following signals:

vs(0,t) =

z1i = 1; — ng(0) — R(1q(0))l;

29 = Vi — Qu

ar; = R} [Avzii + (0 + W5R(14)Sh) vs)

o1 = —riSan; + Rl [AvRivi + (1fg + vgR(q)Sl) V]

of; = R} [~ Av; (0 + ¥R ) S) + 0} vs + ¥5(0)2R(1g) S,
8 (O)R(1g) Slivs + (0 + WOR(1,4)S1) of)

Toi = 220 Py; (0 + ng(wd)Sli) + 229, Pyif

fi = M;[—Py;'R] Priz1; + Agizo; + M ' Divy + 015 + o jus — %Ki Poiza;]

where f; is the control law for Ship 7. The guidance law, using a filtered-
gradient update law, is

0 = vs(0,1) — w,

T
We = —Aws — @y T2i(n;, 4, 0,t).
i=1

(6.40)
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The following two simulations are performed for a formation of 3 ships
of length L = 76 m and mass m = 6-10%kg. In both simulations, the output
path is given by (6.39), where 24(f) = 6 and y4(f) = 500sin 25560. The
desired surge speed of the FRP starts out with the set-point ug = 4m/s.
At time t = 500s the formation chief sets the new formation speed to ug =

10m/s.

Simulation 1: Maneuvering with ocean disturbances

The aim of this simulation is to show that with the formation maneuvering
design we can robustly perform the path following maneuver for a formation
of ships influenced by environmental disturbances. Starting off the path, we
want the vessels to converge smoothly to their designated locations in the
formation and eventually move along the path with the desired speed.

The formation designation vectors are chosen as I; = [0,0,0]", lp =
[0,—150,0]" and I3 = [0,150,0]". This means that the FRP coincide with
Ship 1, and the ships will travel in a transversal line formation as one unit.
The environmental disturbances are

2 2
w= |0 |+ | 2 [sin(0.1¢), (6.41)

0 2
acting the same on all the vessels. To attenuate these disturbances, the
nonlinear damping gains are set to xg; = 20. The other controller pa-
rameters are set as: Aj; = —diag(0.02,0.02,0.5), Ay; = —diag(2,2,20),

Py; = diag(0.2,0.2,1), P»; = diag(10,10,40) and p = A = 20.

Response on the ocean surface
1000 T T T

500

y [meters]
o

-500
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0 1000 2000 3000 4000 5000 6000
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Figure 6.3: Simulation of 3 offshore supply vessels in a line formation fol-
lowing a desired sinusoidal path.
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The initial conditions were 7;(0) = [0, 200, %]T, 19(0) = [500, 0, %]T,
n5(0) = [0, 500, 0]", v1(0) = vo(0) = v3(0) = [1, 0, 0]", and A(0) =
ws(0) = 0.

Figure 6.3 shows how the ships in the formation converge smoothly to
their designated path and accurately track it. With the substantial environ-
mental disturbances (6.41), the position error was attenuated to less than
1m in z and y, and less than 1° in heading. In Figure 6.4 the surge speed

Surge speeds of the 3 vessels
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Figure 6.4: Time-plot of the surge speeds, u(t), ua(t), us(t), for the three
ships.

of the ships are shown. Since the center ship are chosen to coincide with
the FRP, this ship is seen to obtain the desired speed ug as assigned by the
formation chief. The two side ships obtain a periodic path speed according
to their individual positions, necessary to keep the formation.

Simulation 2: Thrust saturation failure in one ship

It is of interest to see how the formation behave as a whole, if the thrust of
one ship saturates. In Kang et al. (2000) the path variable 6 is projected
from the state of the leader vessel. Hence, only if the leader experiences a
problem will the formation as a whole act robustly on it. A failure in one of
the other vessels will not influence the others and can therefore easily lead
to an accident.

The design procedure proposed in this section, is not based on any leader
vessel. The time evolution of £(6(t)) along the path is equally influenced by
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the states of all the vessels through the guidance law (6.40). Therefore, if
one vessel experiences a problem, all the vessels will act upon it.

Response on the ocean surface
1000 T T T
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0 1000 2000 3000 4000 5000 6000
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Figure 6.5: Resulting response of the formation when Ship 2 saturates.

We continue the experiment by forcing a saturation constraint on Ship
2, so that it will maximally be able to go with surge speed of 8 m/s. The
surge speed assignment will be the same as in the previous simulation, that
is, 4 m/s for t < 500s and 10 m/s for ¢ > 500s, which now is infeasible for
Ship 2.

The environment in this simulation is disturbance free, w = 0, so that no
nonlinear damping is required. The other controller parameters are set to:
Ay = —diag(0.5,0.5,0.5), Ag; = —diag(2,2,20), P;; = diag(0.6, 0.6, 0.6),
Py; = diag(10,10,40), and g = A = 20. The initial conditions were 7,(0) =
[0, 0,Z] ", m5(0) = [100, —100, Z] ", 75(0) = [0, 250, 0] ", 1 (0) = 12(0) =
v3(0) =4, 0, 0], and 6(0) = w,(0) = 0.

Interestingly, Figure 6.5 shows that the formation follows the path as
desired in spite of the ‘failure’ in Ship 2. Figure 6.6 reveals that the speed
of the formation is considerable slower than the assigned speed of 10 m/s.
In fact, the speed of the slowest vessel converges to its maximum speed of
8 m/s while the two other vessels follow at what speed necessary to keep
the formation assembled. The formation is as fast as its slowest member.
The important part is that the vessels keep following the path and therefore
do not cause any accidents. This feature is due to the inherent gradient
optimization algorithm (see Section 3.4) that tries to minimize the Lyapunov
cost function that incorporates the states of all the vessels.

Figure 6.7 shows a time-plot of the assigned speed v4(6(t),t) and the
resulting response of 0(t). Clearly, 0(t) is slower than the assigned speed.
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Surge speeds of the 3 vessels
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Figure 6.6: Surge speeds of the ships, where Ship 2 maximally makes 8 m/s.
Commanded speed for the formation was 10 m/s.
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Figure 6.7: Time-plot of the speed assignment vs(6(t),t) for the FRP and
the resulting response of 6(t). Notice that 0(t) is slower than the assigned
speed vs(6(t),1).



172 Formation control

6.3 Synchronizing multiple maneuvering systems

In this section, the dynamic gradient update law is decentralized by using
individual path variables 6; for each vessel. The objective is again formation
control of r vessels with dynamics given by (6.7). For simplicity we disregard
the disturbances and set d1;(¢) = d2;(t) = 0.

The path for the FRP and the designated positions for each vessel is set
up the same way as shown in Section 6.1.2; however, by using individual
path variables the path for each vessel becomes &;(0;) = £(0;) + R(0)5l:,
i=1,...,7. It is assumed that the paths &;(6;) € C? and their first and
second partial derivatives are bounded in R™, and when 8; =0y =... =10,
then all vessels are in formation.

We let the speed assignment for §; be v;(0,t) where 0 := col(61,02,...,0,)
€ R". According to Section 2.4.3, this gives for instance the possibility to
use a function w(0) = 7 (61, ...,0;) € R and v;(0,t) = vs(m(0),t). Neverthe-
less, the speed assignments v;(6,t) € C' and their first partial derivatives
are assumed bounded in € and t.

6.3.1 Control Design

The control design follows the backstepping methodology proposed in Sec-
tion 4.1. In the two steps of backstepping, an individual maneuvering design
is performed for each vessel. Accordingly, the state transformation

214 :Zli(l'lz‘, 9) =Yi— 51(‘92) = hi(l'li) - &z(ez) (6-42)
29 :,227;(5[:2‘, 0, t) = X9 — Olli(xlia 0, t) (643)
W; :ZUZ‘(Q, t) - QZ (644)

is defined, using
a = ani(z14,0,t) = G (W) 7 Avzn — b2 fri + €0(0:)vi(0,1)] (6.45)

where Aj; are Hurwitz design matrices. Define the vectors v(6,t) :=
col(v1(0,t),...,v,.(0,t)) € R" and w := col(wy,...,w,) € R" such that

0=uv(0,t)—w, (6.46)

and let ¢; be the i’th Cartesian coordinate vector such that 6; = eiTO. Then
the Step 1 control Lyapunov functions (CLFs) Vi;(21;,0) := 2{,P1iz1; have
the time derivatives

Vi = —20;Quiz1i + 220, Piihi  Giza; + Triw (6.47)
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where 71;(x1;,0,t) 1= 2zEP1i§?ieiT € R are the Step 1 tuning functions.
Skipping some details, Step 2 results in the static part of the control
laws

U; = Oégl'(l‘l', 9, t) (648)
= Gy [Agiza; — Py, Gy, (h‘f”)T Priz1; — fo
+ ot (Guma + fri) + o, + afv]

and the closed-loops

Zi = AZ(SL‘h)ZZ + Bi(l‘u, 49, t)w (649)
Ay hiY Gy liel
Ai(zy;) = _ ! Bi(x;,0,t) :== | > ,*
z(l'lz) *P{ZIG]—Z (hizh)T Py Ao > z(l'lz ) a%
where z; = col(z1;,22;) and Aj; are Hurwitz design matrices satisfying

Pj;iAji + A]TZP]Z = —Qj;- The corresponding CLFs with time derivatives
become

Vai(wi, 0, 1) = Vii(21i,0) + 29, Pizai = 7 Pizi (6.50)
Vai = —20;Quiz1i — 29;Qaiz0i + Toiw = —z; Qizi + T (6.51)

where P; = diag( P14, Pa;), Qi = diag(Q14, Q2;), and
Toi(i, 0, 1) 1= T15(w14, 0, ) + 229, Py, € RVXT (6.52)

are the resulting tuning functions. It can be verified that 79;(x;,0,t) =
_V20i(xi7 0, t)’

When designing the update laws, it is now necessary to ensure both
synchronization of the 6; variables as well as satisfying the speed assign-
ments. To make the presentation cleaner, we will collect all states and
functions into vector notation by defining x := col(zy,...,z,) € R*™,
z = col(z1,...,2) € R¥™ and the matrices A := diag(4,...,4,), B :=
col(Bi,...,By), P := diag(P1,...,P.), and @ := diag(Q1,...,Q,). The
overall closed-loop incorporating all vessels is then

= A(z)z+ B(z,0,t)w (6.53)
0 = v(bt)—w (6.54)

where the function w = w(z,0,t) is yet to be assigned. Let the composite
CLF be V(x,0,t) := Vo1 (z1,0,t) + - - - + Var(xr, 0, 1), giving

V(z,0,t) = z' Pz (6.55)
V = —2'Qz—V%x,0,t)w(z,6,t) (6.56)
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where VO(z,0,t) = V| (x1,0,t) + - - + Vi (x,,0,t) = 2(x,0,t) " P2%(x,0,1).
To prepare for synchronization of the 6; variables, we define the synchro-
nization constraint function for 0 as

®, : RI—R p>1

¢1(0) (61— 02)"
— p
Op(0) = ¢2:(9) | @ : %) (6.57)
¢r_1(0) (Or—1 —0,)F

where p is a power on the weight chosen by design, and the Jacobian <I>19, €
erlxr is

6171 gz 2 0 0
0 2 3 .. 0 0
7] . 2 2
@, (0) = : S (6.58)
o 0 0 - ¢ff1l beil

Note that the nullspace of @g has dimension 1 and is given by
N (q>g; (9)) —meR n=keol(l,1,...,1), keR\J0}}. (6.59)
We will need the following lemma:

Lemma 6.1 Given ®, : R" — R'™1, let U(0) := @Y ()" A®,(0) € R
where A = AT > 0 is a weight matriz. Then ¥(0) = 0 iff ®,(0) = 0. For
each pair 0 < dg < Ag there exist §1, A1 > 0 such that

Proof. If ®,(0) = 0 then clearly ¥ = 0. To prove the other direction,
note first that ®,(c1) = 0, Ve € R, where 1 = col(1,1,...,1). Assume that
U = 0 but ®,(0) # 0. Hence, 8 # cl for any ¢ € R. From the struc-
ture of QZ(Q) we get that @z(H)G = p®,(0). Hence, for 8 # 0 we get
197w = @,(0)" A®,(0) =0 = &,(0) = 0 since A = AT > 0, and
this is a contradiction.

The upper bound on |¥(0)| is obvious since |Py(0)] < Ay = Hfbg 0| <
A for some A. For the lower bound, define v(0) = col((61 — 6,), (02 —
0:)y...,(0,—1—06,),0) € R". Then @g(@)v(ﬁ) = p®,(0). Note that |®,(0)| <
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Ag = [v(0)] = [v(O)]y < cplv(B)]y, < cpA(l)/p where ¢, relates the 2p-norm
to the 2-norm. This gives

A1) 2 [o(6) 1'“1’ > [o(®)"¥(6)
= v, >1 > pAm |@, (0))
>p méé
WO 2 AL 5 (6.61)
> An— =:01. .
Cp Aé/p
| |
Synchronizing #; = 0 = ... = 0, is now equivalent to the constraint

®,(0) = 0. The formation maneuvering problem with synchronization is
therefore solved by rendering the set

M= {(2,0,t) eR*™ xR" xR : 2=0, ®,(0) =0} (6.62)

UGAS under the additional requirement that (z,0,t) € M = w = 0 to
satisfy the speed assignments.
Define the “synchronization CLF”

Vi(w,0,8) = V(x, 0,1) + %(Dp(H)TAcbp(H) (6.63)

where A = AT > 0 is a weight matrix. The derivative of V; with respect to
time becomes

Vi=V+0,(0) A2 (0)0 (6.64)
= —21Qz = V(z,0,t)w(z,0,t) + @, (0)" A®Y () (v(8,t) — w)
=—21Qz+®,(0)" ADY(0)v(0,t)

= [V0(@,0.6) + @, (0)" A} (0)] wi(a, 0.2),

which has two sign indefinite terms. For the term &, 0" A@g (0)v(0,t),
notice that v(0(t),t) € N (@g (0(t))) for all t > 0 will ensure that this term
vanishes. Hence, the logical requirement of equal speed assignment (for the
FRP) among all vessels falls directly out of the equation. We will return
later with a discussion for how to achieve this.
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For the second sign indefinite term in (6.64), notice first that V(z, 0,t)+
P, O A(Dg (0) = VO(x,0,t). Motivated by the gradient algorithms de-
scribed in earlier sections, we choose

w(z,0,t) = F[V"(x,e,t)Jr@p(e)TA@g(e) !
= TV(x,60,t)" (6.65)

where I' = I'" > 0 is a gain matrix. The final derivative of V, along the
solutions of the closed-loop system becomes

Ve=—2'Qz =V (2,0,)1'V(x,0,1) ", (6.66)
and this gives the result:

Theorem 6.2 The overall closed-loop formation maneuvering system

3= Ax)z + B(z,0,) TV (x,0,t)"
0 — 0 T (6.67)
=v(0,t) —T'V(x,0,t)

s forward complete and solves the formation maneuvering problem, that is,
the set (6.62) is UGAS.
Proof. Clearly, the speed assignment is satisfied in M since VO (z,0,t) =
VO(x,0,t) + @, (0) T ADY(0) = 0, ¥(2,0,t) € M. Let Z := col(z, @, (9)).
For the Lyapunov function (6.63) we have the bounds p1 |Z|> < Vi < pa | Z]?
and V, < —Amin (@) |z|2 where p1 = min(Apin(P), 0.5 Amin(A)) and p2 =
max(Amax(P), 0.5 \max (A)). This implies that for all t in the maximal inter-

val of existence [0,T), Do
1Z(t)] < - 1Z(0)]. (6.68)

Consequently, by the smoothness assumption on the plant and boundedness
of the path signals, the speed assignment signals, and z, implies that the
right-hand side of (6.67) is bounded on the maximal interval of existence
(constructing the smooth transformation x = Y(z,0,t) resulting from back-
stepping will explicitly show this). This rules out finite escape times so that
T = oco. It is verified that |(z,0,t)|\, = |Z|. Hence, (6.68) shows that M is
UGS according to Definition A.8. Let

0(z.0,1) = 2TQz + (TP 4 w(o) )T (TP 4 \11((9)T)T (6.69)

such that V, = —p(z,0,t). The claim is that ¢(z,0,t) is positive definite
with respect to Z. If this is true, then it follows from Theorem A.10 that
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(6.62) is indeed UGAS with respect to (6.67). The following reations, using
Lemma 6.1, verify the claim:

(i) z=0, ®,(0) =0 = ¢(z,0,t) =
(i) |z 260 = |@(2,0,1)] = Amin(Q )52
(iii) z=0, |®,(0)] >0 = [T(O) 21 = |p(2,0,8)] = Amin(T)07.

Remark 6.1 In Skjetne et al. (2003), Matrosov’s Theorem was applied to
sﬁow UGAS in the previous theorem. This is, however, not necessary since
Vs is in fact negative definite.

Constructing the speed assignments

The restriction that v(6(¢),t) must for all ¢ > 0 be in the null-space of
@g (A(t)) means that for all ¢ > 0, then v1(0(¢),t) = va(0(t),t) = ... =
vr(6(t),t) must hold. Recall that the speed assignment v;(6,t) sets the de-
sired path speed for the FRP for Vessel i. When the vessels are synchronized,
these desired path speeds should obviously be the same. The main problem
occurs in the initial state when the vessels are not synchronized since for
01 # 02 then v4(01,t) may not be equal in value to vs(f2,t).

One way to circumvent this is to let all speed assignments be the same
and only depend on time, that is, v;(0,t) = vs(t) for all ¢ = 1,...,r. This
may, however, be too restrictive. Other choices can also be made depending
on the shape of the path and how it is parametrized. An attractive method
is to parametrize £(-) for the FRP in terms of path length. 6; will then have
unit ‘meter’ and a common speed assignment v (t) will directly correspond
to a desired tangential velocity in ‘m/s’ along the path.

A promising method was proposed in the Example in Section 2.4.3. The
suggestion was to use a common speed assignment v;(6,t) = vs(m(6),t) for
alli =1,...,7, where 7(0) is any desired function of the path variables. For
instance,

w(e):%(91+92+...+90 (6.70)

will let vg(m,t) depend on the average value of the path variables. Another
alternative, if the formation has a leader vehicle with, say, index 1, is to let

s (0) = 91.
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Decentralized controller realizations

In Theorem 6.2 it is established that all 8; variables will synchronize so
that the formation maneuvers along the path as desired. Letting I' =
diag{~;,...,7,}, then from (6.48) and (6.67), the individual controller real-
izations are

U; = CYQ((EZ', 9, t)
/ Tyo T Tad (T (6.71)
0; = v;(6,1) —’yi{ei VO(2,0,1) +¢; 32 (0)T A, (9)}.
For A = diag{A1, ..., A\r—1} then it follows further that echbg )" AD, (0) =
pXi (0 — 0i01) 7" — phic1 (i1 — 0:) 1 with Mg = A, = 0 = 0,41 = 0.
Note that the term ¢ V?(z,0,¢)T may require states x; of vessels other
than Vessel ¢, and thus resulting in an undesired communication of vessel
states. The reason is that v; was allowed to depend on the 6;’s of all vessels
such that V9(z,0,t) = V) (z1,0,t) +- - - + V. (2., 0,t). If we instead restrict
v; to only depend on 6, that is, v; = v;(6;,t), then we get VO(x,0,t) =
1r0vv(V2‘911 (z1,01,t),..., VQGT’" (zr,0,,1)), and the modified realizations become

0; = vi(0;,t) —; {‘/207, (wi,0:,0) + € @) (0) " AD, (9)} : (6.72)

This dynamic equation is seen to be a decentralized guidance law, depend-
ing only on the vessel’s own states together with all path variables. The
communication requirement in this latter case is to only transmit the r path
variables between the vessels.

It is observed from (6.72) that A = 0 makes the gradient update law
for 0; identical to the gradient update law for maneuvering of a single ship
according to Chapter 5. On the other hand, in the limit as ||A|| — oo, the
0;’s will be identically synchronized and yield the exact same responses as
obtained for the common 6 formation control procedure in Section 6.2.

6.3.2 Case study 2: Underway Replenishment Between Three
Ships

As an illustration to the synchronization procedure, we consider again a
rendezvous maneuvering operation between three offshore supply vessels.
The equations of motion in surge, sway, and yaw for each ship is given
by (6.37), but for simplicity we assume w(¢) = 0. In this illustration, two
ships are of length L = 76 m and mass m = 6-10° kg, and one ship is larger,
L =100m and m = 7-10°kg. Their nondimensional (Bis-scaled) coefficients
are given by (6.38).
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Figure 6.8: Italian supply ship “Vesuvio” refueling two ships at sea. Cour-
tesy: Hepburn Engineering Inc.

Given a path &;(6;) and a speed assignment v;(6;,t) for each vessel, the

maneuvering design yields the following signals
215 = 1n; — &§(0;)
Zoi = Vi — Quj ‘
ai = R(%)T[Alizli +&%(0:)v:(0, 1)), i = o1i + afib;
o1, = RTROtli +RT [Ay‘Rl/i + fflv’;]

) . 2 .
a%; = RT[—AU&ZZ + §i1vi + é‘?lvfl]
Vit = =220, Pug;’ — 229, P

fi = Mi[= Py  R(yp;) "Puiz1; + Agizai + My ' Divi + 01i + afiv,]

where f; is the control law. The synchronization constraint function is given

by
_ [ 0u(8) | _ | (61—062)P
(0) = [ NG ] - [ (92_93),,] (6.73)
which has the Jacobian
[ (0 — o 0
25(0) —p{ s (B — )1 (62— O ]

To ensure that v(6,t) € N(@g (0(t))) for all t > 0 we let v; = vy = vg =
vs = constant. The path will be parametrized in terms of path length so
that the speed assignment for the FRP will correspond to a desired path
speed in ‘m/s’ along the path. The guidance law for Vessel ¢ becomes

0 = vs — WV + PN (0 — 0i01) T —phicy (Bi1 — 07 (6.74)
where )\0 = )\3 = 00 = 04 =0.
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Simulation

The aim of the simulation is to verify the synchronization property of the
maneuvering controllers. The path for the FRP is a circle

2a(6) rcos((%)

. 0;
€)= | waton | = | 7o (%)
. i cp.
Ya(ti) arctan —yg.(el)
zdl(oi)
where 7 = 1200m. The designation vectors are I; = [0, —150,0]", Iy =

[0,0,0]", and I3 = [0,150,0]", which means that the FRP coincide with
Ship 2. The speed assignments will be a desired surge speed which starts
out with v, = 6ms™!. At time ¢t = 500s the formation chief sets the new
formation speed to v; = 10ms~'. The other controller parameters are set as:
A11 == A13 = —diag(0.2,0.2,().2), A12 == fdiag(().l,().l,o.l), A21 = A23 =
—diag(0.4,0.4,0.4), Ass = —diag(0.2,0.2,0.2), Py; = diag(0.2,0.2,1), Py; =
diag(10,10,40), v, = 5, A = 0.0081, and p = 1.

Initial conditions were 1;(0) = [1350,0,%Z]", n,(0) = [1109, —459, Z]7,
n3(0) = [742, —742, 3], v1(0) = v2(0) = v3(0) = [0,0,0] ", and 6(0) = 0.

Figure 6.9 shows the output response of the vessels. Within one revo-
lution along the path, the vessels are synchronized. This is also verified in
Figure 6.10 where |®1(6(t))| is plotted. Clearly, after an initial transient, the
synchronization constraint function converges to zero. The surge velocities
are seen in Figure 6.11 to comply with the speed assignment for the FRP
and the individual designations of the vessels. It should be remarked that
no saturation limits have been implemented so that the response times are
somewhat unrealistic.

It should further be remarked that the scenario of thrust failure described
in the case study for the previous design also works for the synchronization-
based controller. However, the error that arise in the speed assignment in
this case, will propagate to a steady-state error in the synchronization term
®,(0). Larger A will reduce this error. Alternatively, one can introduce
integral feedback (Skjetne and Fossen; 2004) from $§ = ®,(0) in the update
law for 6. Though the theoretical aspects of this is not analyzed, simulation
has shown that it may completely eliminate the synchronization error if
tuned properly.
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Figure 6.9: Simulation of 3 offshore supply vessels in a rendezvous formation.
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Figure 6.10: Time response of |®1(6(¢))| which shows that synchronization
is successful.
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Figure 6.11: Time responses of the surge speeds, u(t), ua(t), us(t).



Conclusion

In this thesis we have developed theory around a new problem statement
defined by The Maneuvering Problem and The Maneuvering Control Objec-
tive in Chapter 2. The theoretical contributions include constructive control
designs, analysis, and applications with experimental results.

The Maneuvering Problem was defined as solving a Geometric task and a
Dynamic task. The geometric task was to converge to, and stay on, a desired
path parametrized by 6, whereas the dynamic task was to satisfy a desired
dynamic behavior along the path, usually specified as a speed assignment
for §. To check feasibility of these tasks for a specific system, a feasibility
constraint differential equation in 6 should be derived. The geometric task
was feasible if this differential equation has a solution #* for an admissible
control input, and the dynamic task was feasible if 6* additionally satisfied
the dynamic assignment.

It was further shown that the maneuvering problem implied the exis-
tence of a globally attractive, forward invariant manifold in the state space
to which the solutions must converge. In, for instance, the cutting tool design
example in Section 2.4, the flexibility of picking a suitable path parametriza-
tion and constructing the speed assignment were shown to be powerful tools
to satisfy the design specifications.

In Chapter 3, a design procedure using feedback linearization was pre-
sented that solved the maneuvering control objective and made the closed-
loop system UGES with respect to the noncompact set representing the
desired manifold. This was achieved by constructing a static control law
that was tied together with a dynamic update law in order to render the
time derivative of the control Lyapunov function (CLF) negative definite in
the distance to the set.

It was further shown in Chapter 3 that the dynamic update laws, called
the Gradient or Filtered-gradient update laws, included an inherent gra-
dient optimization algorithm. The resulting dynamic controller consisted
therefore of a stabilization algorithm that drives the state x(t) to the point
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£(6(t)) on the path, and a dynamic optimization algorithm that selects the
point £(6) on the path that minimizes the weighted distance between x and
&. The fast optimization algorithm was analyzed by singular perturbation
techniques, and it was shown that increasing the gain p induces a two-time
scale behavior of the closed-loop plant. In the fast time-scale 6(t) rapidly
converges to the minimizer, and in the slow time-scale, x(t) is driven to-
wards the path. These properties was further used, in an example, to claim
near forward invariance and near stability of the unit circle for a double
integrator plant.

With the most important aspects and subtleties explained using feedback
linearizable systems in Chapter 3, we embarked on designs for uncertain
systems in Chapter 4. ISS and adaptive backstepping maneuvering designs
were both conducted. As compared to traditional backstepping designs for
tracking, it was shown that the maneuvering design recursively constructed
a maneuvering tuning function that was finally dealt with in the end by
the choice of an update law. This tuning function was indeed shown to be
the gradient of the corresponding CLF with respect to 8, and the update
laws were therefore again of the gradient or filtered-gradient types with the
same performance properties as analyzed in Chapter 3. In the sliding-mode
design, a maneuvering control law was first designed for the nominal part
of the plant, and then traditional sliding-mode techniques were used to deal
with the uncertain part and develop the overall control law.

The maneuvering designs were experimentally tested for a real model
ship in a marine control laboratory. This work was presented in Chapter 5
(and Appendix B). The ability to online adjust the forward speed of the ship
along the path was easily achieved by constructing the speed assignment
properly. To highlight the performance property of the gradient update
law, a comparison between a tracking-based controller and a gradient-based
controller was done for the adaptive backstepping design. Significant results
were in this case obtained in the event of a saturation failure in the ship.

In Chapter 5, a maneuvering design based on a nonlinear PID technique
was also developed and tested. However, using the gradient update law in
the experiments for the nonlinear PID resulted sometimes in failure. The
reason was traced to the minima structure of the Lyapunov cost function,
and it was shown that perturbations in the path following performance could
create local and global minima close to each other with the result that 6(t),
through the gradient optimization algorithm, could jump between them and
consequently cause large transients in the system.

Finally, Chapter 6 proposed two maneuvering designs solving a forma-
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tion control problem. This was achieved by designating each vessel of the
formation a position relative to a Formation Reference Point (FRP). Set-
ting this up as a maneuvering problem for the FRP would then solve the
formation objective.

Two formation control designs were proposed. The first developed de-
centralized control laws and a centralized dynamic guidance law, which in-
corporated the gradient update law, to solve the problem. In this case, the
point along the path £(6(t)) for the FRP was selected based on the state of
all vessels. This means that a function of the weighted distance of all ves-
sels to their designated positions were minimized with respect to a common
0. A simulation showed that if one vessel failed to satisfy the commanded
speed for the formation, this would then affect the progression of all vessels
along the path due to the gradient minimization. In the second design, the
guidance law was further decentralized in order to reduce communication
demands. This was achieved by using individual path variables 6; and syn-
chronizing these using an additional synchronization term in the individual
update laws. When implemented, this would require for Vessel i, in mini-
mum, only the knowledge of 6;_1 and 6;;; (i.e. its neighbors) in order to
achieve synchronization.

From a practical point of view, the maneuvering problem may have some
impact due to the simplicity of systematically approaching control problems
as two separate tasks that are combined in the control law. This methodol-
ogy differs in this respect from trajectory tracking where both tasks are com-
bined priorly in the design of the desired trajectory and, as a consequence,
looses flexibility. With the two-task approach of the maneuvering problem,
one can individually design the desired path and the desired dynamic as-
signment along the path, and it is therefore a convenient solution to many
practical problems for vehicle path following, formation control, rendezvous
operations, etc. Chapter 2 gave, for instance, an algorithm for generating
a feasible path for a ship from the specification of some way-points. By
adding some more intelligence into the path-generating algorithm, one can
additionally take into account constraints such as sea depth, stationary or
moving obstacles, and weather forecast. The desired speed along the path
is approached as a separate task, and for the ship experiments it was even
shown that the speed could be set online by the vessel operator.

Ideally, the maneuvering problem is applicable to any control problem
where the output should be constrained to a one-dimensional trajectory
in the output space. It also makes some synchronization problems easier to
handle, since synchronizing two scalar variables 61 and 65 inside a (guidance)
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computer can be easier than synchronizing two n-DOF output states 7, and
1y by direct control action.

Some aspects of maneuvering are yet to be analyzed. For instance, a
deeper analysis of the effect of perturbations on the gradient minimization is
necessary. In some sense we have claimed that using the gradient update law
will robustify the closed-loop system with respect to failures. The ‘failure’
referred to here is such as the saturation failure in Section 5.3.3, in which case
the ship would still manage to follow the path despite the infeasibly assigned
speed. However, the nonlinear PID experiment in Section 5.5.3 showed that
a small loss of position and heading would cause 6 to jump between local
minima due to the dynamic gradient optimization, and thus cause large
transients. The differences in those two experiments lies with the shape
of the Lyapunov cost function and its minima structure. Consequently,
conditions for when the gradient algorithm is sufficiently robust with respect
to perturbations should be developed.

Another issue is to derive a method where any desired cost function can
be used, not only the applied Lyapunov function. In this case it would
be easier to guarantee robustness of the gradient algorithm based on the
convexity properties of the chosen cost function.

The maneuvering theory presented in this thesis has inspired ideas and
creative thinking beyond the reported material of this thesis. It is further the
hope of the author that more applications, new control problem setups, new
designs, and more analysis, based on the maneuvering concepts presented in
this thesis, can and will be addressed by control researchers in the future.
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Appendix A

Stability tools

In this appendix we will give a treatment of important tools for analyzing
stability in the designs presented in the main chapters of this thesis. This
inludes both stability of equilibria and the more general concept of set-
stability. A variety of references are used where the most important are Lin
(1992); Lin et al. (1995); Sontag and Wang (1995a); Lin et al. (1996); Teel
and Praly (2000); Teel (2002); Khalil (2002).

A.1 Ordinary differential equations

Consider the time-varying ordinary differential equation!
&= f(z,1) (A.1)

where for each ¢ > 0 the vector x(t) € R™ is the state.

To ensure existence and uniqueness of solutions, f is assumed to satisfy
the following properties (Teel; 2002): For each starting point (zg,tg) € R™ x
R and each compact set X x 7 containing (zg, tg) then:

e for all (z,t) € X x T, the function f(-,¢) is continuous and f(z,-) is
piecewise continuous,

e there exists L > 0 such that

|f(z,t) — f(y,t)] < Lz —yl, V(z,y,t) € X x X x T,

!Since the vector z in reality is a function of time, the notation () = f(z(t),t) would
perhaps be more precise than (A.1). However, to indicate that ¢ in (A.1) is an explicit
time-variation in the system, the notation without the time argument for the states is
chosen.
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e fis bounded on X x 7.

This will ensure that there exists T' > tg > 0 such that there is one and
only one solution of (A.1) on [tg, T]. Often we simply assume that f(-,-) is
smooth which implies all the above conditions.

Let x(t,t9,x0) denote the solution of (A.1) at time ¢ with initial time
and state z(tp) = xo where 0 < tg < oo. If there is no ambiguity from
the context, the solution is simply written as x(t) with the initial state xg
at time tg. The solution is defined on some maximal interval of existence
(Tin(20), Tmax(z0)) where Tmin(zo0) < to < Tmax(xo). The system (A.1) is
said to be forward complete if Thax (o) = 400 for all xg, backward complete
if Tnin(x0) = —oo for all zg, and complete if it is both forward and backward
complete (Lin et al.; 1996).

A solution is an absolutely continuous function satisfying x(to, to, xg) =
T and:

e (-, 1, x) is differentiable a.e. on (Tinin, Tmax) s

o La(t,to,x0) = f(x(t,to,70),t) is Lesbegue integrable on (Tinin, Tiax)

o a(t,to, w0) — z0 = [, Fa(7,to,z0)dr = [}, f(a(7,t0,20),7)dr.
A convenient but crude way to ensure forward completeness is:

Proposition A.1 (Teel; 2002) Suppose the function f : R" x R>g — R”
satisfies the above conditions for existence and uniqueness of solutions. Sup-
pose also that f(-,-) satisfies a global sector bound, that is, 3L > 0 and ¢ > 0
such that ¥(z,t),

|f(z,t)| < Llz| +c.

Then all solutions are defined for all t > tg.

To prove this proposition, a differential version of the Gronwall-Bellman
lemma, is needed:

Lemma A.2 Lety: R — R be absolutely continuous and satisfy
y(t) < a(t)y(t) +b(t), a.e. t € [to, 1] (A.2)

where a(t), b(t) are continuously differentiable functions that satisfy a(t)b(t)—
a(t)b(t) = 0 and 0 < ag < l|a(t)] < oo for some ag and |b(t)] < oo,
vVt € [to,tl]. Then,

b(to) ! b(t)
y(t) < <y(t0) + a(t?))> €xp </to CL(S)dS) — @, Vt € [to,tl]. (A3)
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If b = 0 then the above constraints can be relaxed and a(t) needs only be
locally integrable to give

y(t) < (ko) exp < /t ta(s)ds) CVEE [to, ). (A4)

0

Furthermore, when a,b are constants, the result is

(0) < (stt0) + ) expalt — 10) ~ (A5

Proof. Consider the differentiable function

n(t) = <y(t) + %) exp < /t:a(s)ds> . (A.6)

In view of (A.2) and the constraints, differentiation gives

i) = <y<t> . b(““(i(g)f“)a“)) e (- [ atoras)

0

~a(®) (y(t) + % exp <— /t:a(s)ds)

— (§(t) — a®)y(t) — b(t)) exp ( / t a(s)ds)

0

<0. (A7)

This implies that n(t) < n(to), YVt € [to,t1] so that when substituting the
definition for n(-) and using that exp (— ft'; a(s)ds) > 0 gives (A.3). When
b =0, then the fraction b/a in (A.6) vanishes so that the same result follows
by only a locally integrable function a(-). m

Proof of Proposition A.1: Consider y = |z| = Va Tz which is
continuously differentiable on R™\{0}. Suppose that a solution x(t,tq,xo)
of © = f(x,t) escapes at the finite time T > to. Then, for each M < oo
there exists T € [to,T) such that |x(7,to,xo)| > M. Differentiating y with
respect to time gives for each compact time interval [ti,ta] C [to,T), with
SL‘(t) 75 0Vvte [tl,tg],

w(t, tr,x1) " fla(t, by, 21),t) < Ly(t)+c¢

d
) = Lt t =
(t) |z(t,t1,x1)] |z (t, t1,21)] a

o dt



204 Stability tools

where x1 := x(t1,to, o). In view of Lemma A.2 this implies that

|z (t,t1,21)] < <|m1| + %) ellt=t1) _ Vit € [t1, ta).

c
za
By picking M > (|sc1| + %) elT—t1) _ £ this last inequality implies that no
T € [to, T') can be found so that |x(T,ty,xg)| > M. By contradiction it follows
that T = oo.

Some convenient classes of functions are next defined. These are instru-
mental in nonlinear control theory.

Definition A.3 A function o : R>g — R>¢ with a(0) = 0 is positive semi-
definite if a(s) > 0 for s > 0 and positive definite if a(s) > 0 for s > 0. It
belongs to class-KC (a € K) if it is continuous, «(0) = 0, and a(s2) > a(s1),
Vsg > s1, and it belongs to class-Keo (o € Koo ) if in addition lims .o a(s) =
00. A function f : R>g X R>g — Rxq belongs to class-KL (B € KL) if for
each fizedt > 0, 5(-,t) € K, and for each fixed s > 0, (s, ) is nonincreasing
and limy_.o 5(s,t) = 0.

An equilibrium point z. € R™ of (A.1) at ¢t = to is a point such that
f(xe,t) = 0, YVt > to. Such an equilibrium can always be shifted to the
origin, giving the following stability definitions:

Definition A.4 For the system (A.1), the origin x =0 is:

e Uniformly Stable (US) if there exists §(-) € Koo such that for any
e >0,

|zo| <6(e), t >t >0 = |[x(t,to,z0)| <& (A.8)

e Uniformly Globally Asymptotically Stable (UGAS) if it is US and
Uniformly Attractive (UA), that is, for each € > 0 and r > 0 there
exists T > tg > 0 such that

lzo| <7, t >T = |z(t,t0,x0)| <e. (A.9)

The following comparison principle (Lin et al.; 1996, Lemma 4.4) is also
useful, especially in proving asymptotic stability by Lyapunov arguments
and KL-estimates:
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Lemma A.5 For each continuous positive definite function o there exists
a KL-function B,(s,t) with the following property: if y(-) is any (locally)
absolutely continuous function defined for each t >ty > 0 and with y(t) > 0,
Yt > to, and y(-) satisfies the differential inequality

y(t) < —a(y(t)), a.a.t >ty (A.10)
with y(tg) = yo > 0, then it holds that

y(t) < Bolyo, t —to), YVt >to. (A.11)
Proof. See Lin et al. (1996, Lemma 4.4). ®

A.2 Set-stability

Often we will consider more general attractors than the compact equilibrium
set Ac = {x € R": = = z.}. Such attractors will be closed subsets of the
state space. They can be compact or noncompact sets. In order to measure
the distance away from the set, the “distance to the set A function” is
defined as

|z| 4 == d(2; A) = inf {d(z,y) : y € A} (A.12)

where the point-to-point distance function is here simply taken as the Euclid-
ean distance d(x,y) = |z —y|. Stability of the set is then determined in
terms of bounds on the distance function.

In this framework, as shown by Teel and Praly (2000), we can consider
the explicit time dependence of ¢ — f(x,t) in (A.1) as a state with its own
dynamics and analyze stability of an augmented system with respect to a
noncompact set in which ¢ is free. For clarity, for this purpose we use the
variable p, that is, the extended-state dynamic system becomes

Zzi[i}:[ﬂ?m}:g@ %:[ﬁ]. (A.13)
Correspondingly, the time variable for the new extended-state system will
be denoted by ¢ with initial time ¢ = 0. Notice that, in particular, p(t) =
t + to for all ¢t > 0 and consequently f(-,p(t)) for ¢ > 0 is equal to f(-,t)
for ¢ > t9 > 0. According to Lin (1992, Lemma 5.1.1) it follows that
x(t, tg,xg) is a solution of (A.1) for t > to > 0 if and only if z(¢, zp) :=
col (z(t + to, to, zo),t + to) is a solution of (A.13) for ¢ > 0.
Stability of the origin z = 0 for (A.1) is captured by stability of the set
of points
A ={(z,p) eR" xRs¢: =0} (A.14)
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for which the distance-to-the-set function becomes |z] 4 =
inf{lz —y|: ye A} =|z|.

With this motivation in mind we can therefore, in general, use set-
stability analysis for time-invariant ODEs

T = f(x) (A.15)
where z(t, zg) € R™, V¢ > 0, is the solution with initial condition z¢ = z(0).

Definition A.6 A nonempty closed set A C R"™ is a forward invariant
set for (A.15) if the system is forward complete and Yxo € A the solution
x(t,x0) € A, Vt > 0.

For noncompact sets there is a possibility that a solution may escape to
infinity in finite time within the set. Forward completeness is therefore a
requirement in stability analysis of such sets. The tool called finite escape-
time detectability through | - | is helpful:

Definition A.7 (Teel; 2002) The system (A.15) is finite escape-time de-
tectable through | -| 4 if, whenever a solution’s mazximal interval of existence
is bounded, that is, x(t,xq) is defined only on [0,T) with T finite, then
limg 7 |z(, 20)|4 = 00.

This is equivalent to what is called the unboundedness observability prop-
erty in Mazenc and Praly (1994) by defining the output y = h(x) = |z|4.
Nevertheless, we will continue using finite escape-time detectability to ensure
forward completeness of the system.

Stability definitions using € — § neighborhoods as in Definition A .4 is, as
shown by Lin et al. (1996); Khalil (2002), equivalent to using class-K and
class-KCL estimates. For stability of sets we have:

Definition A.8 If the system (A.15) is forward complete, then for this sys-
tem a closed, forward invariant set A C R™ is:

1. Uniformly Globally Stable (UGS) if there exists a class-Ko function
@ such that, Vzg € R", the solution x(t,xo) satisfies

(¢, 20) 4 < ¢ (Jzoln),  VE20. (A.16)

2. Uniformly Globally Asymptotically Stable (UGAS) if there exists a
class-KCL function B such that, Vxog € R™, the solution x(t,xo) sat-
isfies

lz(t, 20)| 4 < B (|zol 4, 1), vVt >0, (A.17)
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3. Uniformly Globally Exponentially Stable (UGES) if there exist strictly
positive real numbers k > 0 and A > 0 such that, Vxqg € R", the
solution x(t,zo) satisfies

|2 (t, o) 4 < K |2o| e, vt > 0. (A.18)
When A is compact (for instance an equilibrium point), the forward
completeness assumptions is redundant since in this case the system is finite

escape-time detectable through | - |4, and the above bounds therefore imply
that solutions are bounded on the maximal interval of existence.

Definition A.9 A smooth Lyapunov function for (A.15) with respect to a
nonempty, closed, forward invariant set A C R™ is a function V : R" — Rxq
that satisfies:

1. there exist two Kyo-functions a1 and oo such that for any x € R™,

a(|z]4) < V(z) < aa|z] ), (A.19)

2. there exists a continuous and, at least, positive semidefinite function
ag such that for any x € R™\ A,

Vi) f(x) < —as(|z] 4)- (A.20)

Note that when A is compact, the existence of as is a mere consequence
of continuity of V. We now have:

Theorem A.10 Assume the system (A.15) is finite escape-time detectable
through | - | 4. If there exists a smooth Lyapunov function for the system
(A.15) with respect to a nonempty, closed, forward invariant set A C R",
then A is UGS with respect to (A.15). Furthermore, if as is strengthened to
a positive definite function, then A is UGAS with respect to (A.15), and if
ai(|z] 4) = cil|z)’y for i =1,2,3, where ¢y, co, c3,7 are strictly positive reals
with v > 1, then A is UGES with respect to (A.15).

Proof. By integrating (A.20) along the solutions of z(t, z¢) we get
V(e(t, z0)) — Vi(zo) = /0 t & Vialr o))} dr
t
= [ viGatreon et a)ar

t
< —/ as(|2(r @) )dr <0, >0
0
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showing that V (x(t, zg)) < V(zo), and consequently that
J(t, 20)] 4 < 07" (V(2(t,20)) < a7 (V(wo)) < a7 (02 (|Jwol4))  (A-21)

for all t in the maximal interval of existence [0,T). Suppose the system
escapes at a finite time T > 0. From the finite escape-time detectability
property, this means that for each M < oo there exists t1 € [0,T) such
that |z(t1,20)|.4 > M. Picking M > ai* (a2 (|wo| 4)) contradicts that (A.21)
must hold ¥t € [0,T). Hence, T = oo and the system is forward complete.
By defining ¢ (-) == a; ' (a2 (")) € Koo, then (A.21) proves UGS according
to (A.16). Suppose next that as(-) is positive definite. From (A.19) and

(A.20) we have

%{V(x(t,xo))} < —a(V(x(t,20)))

where a(-) 1= az(ay'(+)) is positive definite. Let By(-,-) be the class-KL
function, corresponding to «, from Lemma A.5. This gives

V((E(t,l‘o)) < Ba(v(‘TO)a t)? vt > 0
4
la(t,zo)l4 < ot (V(e(t,20)) < art (Ba(V(20), 1))
< oyt (Balaz(lzol0), 1)) = B (|20l 4, ), VE20,

where 5 € KL and UGAS follows from (A.17). In the last case we have that
ai(|z] 4) = ci|z|’y for ¢; >0 and r > 1, and this gives

1 1 c
lz(t,z0)| 4 < o C—V(m(t,wg)) < '\’/C—V(xo)e_r&t
1 1

C c
< {/c—j zo| 4”7, VE>0,

which shows UGES according to (A.18). m

A.3 Set-stability for systems with inputs

Consider the system

&= f(z,u) (A.22)

where z(t) € R", u(t) € R™, Vt > 0, and the map f : R” x R™ — R" is
smooth. The input u is a measurable, locally essentially bounded function
u : R>g — R™. The space of such functions is denoted £ with the norm
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[Uftg,00) || := esssup{u(t) : t >to >0}. We use |Jul| = [[upo)ll and let
|[up 4| be the signal norm over the truncated interval [0,¢]. For each initial
state o = 2(0) € R"™ and each u € LT, let (¢, o, u) denote the solution of
(A.22) at time t. If there is no ambiguity from the context, the solution is
simply written z(t).

For a nonempty closed set A C R™ we have:

Definition A.11 The set A is called a 0-invariant set for (A.22) if, for the
associated “zero-input” system

= f(z,0) =: fo(x), (A.23)
it holds that for each x¢ € A then z(t,x0,0) € A for all t > 0.

Definition A.12 The system (A.22) is input-to-state stable (ISS) with re-
spect to a closed, 0-invariant set A if there exist § € KL and~y € K such that
for each w € L7 and all initial states xg, the solution x(t,xo,u) is defined
for all t > 0 and satisfies

[o(t,z0,u) 4 < B (lzol4. )+ (upo ] (A24)
for each t > 0.

Definition A.13 A smooth ISS-Lyapunov function for the system (A.22)
with respect to the closed set A is a smooth function V : R™ — Rxq that
satisfies:

1. there exist two class-Koo functions oy and ae such that for any x € R”™,

ay (|[z],) < V(z) < o (lx]l), (A.25)

2. there exist a class-KC function ag and a Koo-function x such that for
all z € R"® and u € R™,

2|4 = x(Jul) = VF(@)f(z,u) < —az(|z]4). (A.26)
For compact sets A, an equivalent representation of (A.26) is:

2.” There exist two class-K~o functions as and oy such that for all x € R™
and u € R™,

V(@) f(z,u) < —as (Jz] 4) + o (Jul) - (A.27)
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Note that (A.27) implies (A.26) for both compact and noncompact sets:
V(@) f (2, u)

< —az(|z] ) + aa (Jul)
U
<

V() f(2,u)

for all |z] 4 > a3’ (ﬁa4(\u|)> =: x(Ju|) where € € (0,1). The converse
is a bit more technical (Sontag and Wang; 1995b, Remark 2.4) and not
generically true for noncompact sets (Sontag and Wang; 1995a, Remark
2.9).

These preliminaries now lead to the ISS sufficiency theorem. Some pow-
erful converse results are found in Sontag and Wang (2000).

—ea (|2 4)

Theorem A.14 Assume the closed set A is O-invariant for (A.22). If the
system (A.22) is finite escape-time detectable through | - |4 and admits a
smooth ISS-Lyapunov function with respect to A, then it is 1SS with respect

to A.

Proof. It follows from the bounds (A.25) and (A.26) that

V]z(@)l 4 = x ([[ul]) = %{V(x(t»} < —az (o' (V(2(1))) -

By Lemma A.5 this shows that V (z(t)) and, consequently, |x(t)| 4 are bounded
on the maximal interval of existence. By the finite escape-time detectability
through | - | 4 property it follows that the system is forward complete and the
solutions exist for all t > 0. (The proof from here is the same as given in
Sontag and Wang (1995b, Lemma 2.14).) Let o, i = 1,2,3 and x be as in
Definition A.13, 1. and 2. For an inital state xo and input function u, let
x(t) = x(t,zo,u) be the corresponding trajectory of (A.22). Define the set
Q:={x: V(z) <as(x(|ul])}. If there exists t1 > 0 such that x(t1) € L,
then x(t) € Q for all t > t1. To prove this, assume otherwise. Then there
exist some t > t1 and some € > 0 such that V(x(t)) > ag (x(||u|])) + . Let
to =inf{t > t1: V(x(t)) = az (x(l[ull)) +}. Then [z(t2)] 4 = x ([|ul]) such
that .

V(z(t2)) < —as (Ja(t2)| 4) < —as (o' (V(2(t2)))) < 0.
Hence, there must exist t € (t1,t2) so that as (x(||u]])) +¢ < V(z(t2)) <
V(z(t)) which contradicts minimality of to.
To continue, let tz3 = inf{t > 0: x(t) € Q} where t3 may be infinite. For all
t >tz we have that V(z(t)) < az (x(||u]])) so that

()4 < or ' (V1)) < g (o2 (x(lul])) =y ([ul]).- (A.28)
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Moreover, for 0 <t < t3 then x(t) & Q so that |x(t)| 4 > x(||ul|) and
V(a(t) < —as (jz(t)|4) < —as (ap ' (V(2(?)))) =t —a (V(z(1)).
Let 3, be the class-KL function from Lemma A.5 such that
V(z(t) < B (V(z0), 1), VEE[0,23).

Define B(s, t) == a;* (By (a2 (s), t)) € KL. Then for all 0 < t < t3 it
follows that
()| 4 < B (lzola, 1) (A.29)

Note that neither v or 3 depends on the initial state xo or the input function
u. Therefore, combining (A.28) and (A.29) gives

[2()| 4 < B(lzol g, 8) + v ([lul]) (A.30)
for allt >0, and (A.24) follows by causality. m

Corollary A.15 Suppose the system (A.22) is ISS with respect to a closed,
0-invariant set A. Then

tlim lu(t)] =0 = tlim |z(t)] 4 = 0. (A.31)

Proof. For each ¢ > 0,r > 0, and each input function u such that
limy oo u(t) = 0, we need to show that there exists T = T'(g,r,u) > 0 such
that

lzo| 4 <7t > T = |a(t,xo,u)| 4 < e. (A.32)

Ezxistence and uniqueness of solutions for all forward time implies that for
all 0 < t; <t, a solution satisfies

x (t,2(0),u) =z (t,x(t1,z(0),u),u) a.e. (A.33)

This is verified by integrating (A.22) to get

x (t,2(0),u) = z(0) + /0 f(x(s),u(s))ds

= 2(0) + Olf($(8)=U(8))d8+ t [ (2(s),u(s)) ds

=z(t1,2(0),u) + [ f(z(s),u(s))ds

t1
=z (t,z(t1,2(0),u),u) a.e. t>1t1 >0.
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Moreover, for each initial state xg and input function u, ISS guarantees a
uniform bound ¢ = ¢ (xg,u) > 0 such that

| (t, z0,u)| 4 < B (2ol 45 8) +7 ([lul]) < e(zo,u). (A.34)

Pick ty > 0 such that v (Hu[tlm)H) <35, andT >ty such that B (c, t —t1) <
5 for allt >T. This gives

|fE(t,fIf0,u)‘A = |w (tax(t17x07u>7u>|A

<B(|lzt)lgs t—t) +7 (|Jupo0|]), VE=1
Sﬁ(c(xo,u),t—t1)+g, vt >t
g, Vt>T >t (A.35)

where T depends on €, u, and xg. |

A.4 Convergence analysis

Many systems have stronger properties than only stability. A UGS system
may also have internal signals that converge to some value, often to zero.
For such convergence analysis the most commonly used result is Barbalat’s
Lemma (Barbalat; 1959):

Lemma A.16 (Barbalat) Let ¢ : R>g — R be a uniformly continuous
function on [0, 00). Suppose that lim¢ fot o(7)dr exists and is finite. Then

o(t) — 0 as t — oc.
Proof. Khalil (2002, Lemma 8.2). m
A corollary is the following:

Corollary A.17 If a function ¢ : R>o — R satisfies 6,0 € Loo and ¢ € L,
for some p € [1,00), then ¢(t) — 0 as t — oc.

Blending Lyapunov’s direct method and Barbalat’s Lemma gives the
theorem due to LaSalle (1968) and Yoshizawa (1966). This is stated next in
terms of stability of closed, forward invariant sets:

Theorem A.18 (LaSalle-Yoshizawa) Let a closed set A C R™ be a for-
ward invariant set for (A.15). Suppose for each K € [0,00) there exists
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L € [0,00) such that |x| 4 < K = [f(x)| < L. Then, if there exists a smooth
Junction V : R™ — R>q such that

o (|2 4) < V(@) < a2 (2l 0 (A.36)
V= V(@) f(z) < —as (2l ) <O, (A.37)

Vo € R", where ai,as € Ko and ag is a continuous positive semidefinite
function, then A is UGS with respect to (A.15) and

T s (Ja(t, 20) ) = O (A3

If a3 is strengthened to continuous positive definite, then A is UGAS with
respect to (A.15).

Proof. Integration of (A.37) and using the bounds in (A.36) imply that for
each rg € R™, K > 0 such that

j2(t, 20)| 4 < a7 ' (V(2(t,20))) < a7 (V(20))
< a7 (a2 (20| 1)) = ¢ (|20l 4) < K, (A.39)

holds for all t in the mazimal interval of existence [0,T), where ¢(-) =
oyt (@ (+) € Koo is independent of T. The bound (A.39) implies by as-
sumption that there exists L > 0 such that |f(x(t,x0))| < L, Vt € [0,T).
Integration along the solutions of (A.15) then yields

t t
\x(t,scg)scg|§/ |f(sc(s,:ro))|ds§/ Lds < Lt,
0 0

Vt € [0,T), thus excluding finite escape time so that T = oo. UGS (and
UGAS in the case ag is positive definite) follows then directly by Theorem
A.10. Since V is nonincreasing and bounded from below by zero, it has a
limit Vo as t — oo. Integrating (A.37) gives

t t
tlim az (|z(s,z0)| 4)ds < — tlim V(z(s,x0))ds
— i {V{wo) — Via(t.a0))}
= V((Eo) — Voo

which shows that the first integral exists and is finite. We next show that
t— a3 (|z(t,20)| 4) s uniformly continuous on Rxq. For each € > 0 we let
d:=¢/L, and for any t1,ta € R>¢ with |ta — t1] < § we get

t

(2(t, 70) — (b, 70)| < / | F(@(s,20)) ds < Lits — 1] < ¢

t1
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which shows that the solution x(t,xg) is uniformly continuous. Next,

—_— p— 1 f _— _— 3 f R
lzl4 = [yl Al inf o |~ inf |y —w|
< llo—sl-ly—sll, scaA
<z —yl, Va,y € R”,

shows that |-| 4 is globally Lipschitz with Lipschitz constant equal to unity,
and consequently, |-| 4 is uniformly continuous. Finally, since ag is con-
tinuous, it is uniformly continuous on the compact set {s € R>o: s < K}.
Putting this together we conclude that t — o (|x(t,x0)| 4) is uniformly con-
tinuous, and limy_.o a3 (|(t, z0)| 4) = 0 follows from Lemma A.16. m

Another important tool for convergence analysis is the invariance princi-
ple that can be used to prove convergence to an equilibrium in the case when
the Lyapunov function only yields a negative semidefinite time derivative.
One version is due to Krasovskii (1959), while another is given by LaSalle
(1960) (see Rouche, Habets and Laloy (1977, Theorem 1.3, pp. 50-51) and
Khalil (2002, Theorem 4.4, p. 128)). Since these theorems either require
periodic systems or solutions that live in compact sets, they are usually
not applicable to the closed-loop maneuvering systems encountered in this
thesis.

A powerful theorem that is applicable for time-varying systems and sta-
bility analysis of noncompact sets, is the theorem of Matrosov (1962). A
version of this theorem, applicable to closed, forward invariant sets, is stated
here as presented by Teel, Panteley and Loria (2002):

Theorem A.19 (Matrosov) Suppose the system (A.15) is finite escape-
time detectable through |-| 4, and f(x) is continuous. If there exist:

e a locally Lipschitz function V : R™ — Rx,

e a continuous function U : R™ — Rxq that for each pair of strictly
positive real numbres § < A, is uniformly continuous on

Ha(0,A):={zeR": 6 <|z|4 <A}
o class-Koo functions oy and aso,
such that

Looq(|z|4) < V(z) < az(|z],) for all z € R™,



A.4 Convergence analysis 215

2. V¥(x)f(x) < =U(z) <0 for a.a. z € R",

and, for each pair of strictly real numbers § < A,
e a C! function W : R" — R,

e strictly positive real numbers €1, €2, and
such that

3. max {|W(x)|,|f(x)W(x)|} <o forall x € Ha(0,4A),
4. 2eHA(0,A)N{EeR™: U() <er} = [W*(x)f(z)| > e,

then, for the system (A.15), the set A is UGAS.

See Teel et al. (2002) for the proof. Another useful extension of Ma-
trosov’s Theorem is the version by Loria, Panteley, Popovi¢ and Teel (2002)
where a family of auxiliary functions Vi, ¢ € {1,...,j}, are used, instead of a
single function W as above, to provide UGAS of the origin of a time-varying
system. Consider the system (A.1) and suppose that the origin = 0 is an
equilibrium. Then:

Theorem A.20 The origin of the system (A.1) is UGAS under the follow-
mg assumptions:

1. The origin of the system (A.1) is UGS.

2. There exist integers j,m > 0 and for each A > 0 there exist

e a number p > 0,

e locally Lipschitz continuous functions V; : R" x R — R,
ie{l,...,5},
e a (continuous) function ¢ : R" xR —R™ i€ {1,...,j},

e continuous functions Y; : R" x R™ - R, i € {1,...,5},
such that, for a.a. (z,t) € B"(A) x R,

max {|Vi(z,t)|, |¢(z, )|}
Vi (a,t) f (w, 1) + Vi (x,t)

=

Yi (2, ¢(x, 1))

where B"(r) :={z € R": |z| <r}.
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3. For each integer k € {1,...,j} we have that
{(z,0) € BY(A) x B™(u), Yi(z,¢) =0, Vi € {1,...,k—1}}
{Yk(z,i) < 0}.
4. We have that
{(z,9) € BM(A) x B™(u), Yi(z,9) =0, Vi€ {L,...,j}}

{z=0}.

=

See Lorfa et al. (2002) for the proof.

A.5 Partial set-stability for interconnected systems

Consider the interconnected system

&1 = fi(x1, 2, ur)
. A .40
&y = fa(x1, T2, u2) ( )

where z1(t) € R™ and z3(t) € R™ are the states, u1(t) € Uy C R™ and
ug(t) € Us C R™2 are inputs where Uy, Uy are compact sets, and the vector
fields f1, fo are smooth. We investigate stability of the set

A= {(z1,22) € R" x R™ : |z1]4, = 0}, (A.41)

where A4; C R™ is a compact set (for instance an equilibrim point z; = 0).
In this case, we get that |z|4 = |z1].4, where x := col(z1,x2).
The next lemma will be used to guarantee forward completeness:

Lemma A.21 If for each compact set X C R™ there exist L > 0 and ¢ > 0
such that:

|f2(f,(172,’U)| < L |IIJ'2| +c, VIIJ'Q € anv (A42)

uniformly for all (§,v) € X xUs, that is, fo satisfies a sector growth condition
in xo, then the system (A.40) is finite escape-time detectable through |- | 4.

Proof. We need to show that for each x99 = x2(0), each bounded function
z1(+) € X, and each input function uz(-) € Ua, then the solution xa(t) =
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wa(t, w20, 21, u2) exists for all t > 0. Define y(z2) := |z2| = \/xg x9 which is

continuously differentiable on R™\{0}. Time-differentiation gives

Gv(@2(0) = a0 o (1), 22(0).ua(t) < Ly (aalt) + ¢ (A3

which in view of Lemma A.2 (and the proof of Proposition A.1) shows that
y(z2(t)) (and therefore x5(t)) is bounded on the maximal interval of existence
[0,T). Assume that x2(t) has a finite escape-time at T < oo. Then, for
each M < oo there exists T € [0,T) such that |zo(T)| > M. However, this
contradicts boundedness of x2(t) on [0,T), and the solution x2(t) must exist
forallt > 0. As a result, the solution of (A.40) can only escape to infinity if
x1(t) grows unbounded, but this must necessarily be detected through |x|4 =
‘x1|A1' =

This gives the following stability result for (A.41) with respect to (A.40):

Theorem A.22 Assume that the sector bound (A.42) in Lemma A.21 holds
for (A.40). If, in addition, there exist a smooth function V : R™ x R™ —
R>o and Koo-functions o;, t =1,...,4, such that

a1 (|21]4,) <V (1, 22) < @z (|21]4,) (A.44)

and

Vo (x1,x2) f1 (z1, 22, u1)

+V22 (21, 22) fo (21, 2, u2) < —as (|21]4,) + a4 (Jul) (A.45)

hold, where u := col(uy,us) € Uy X Us, then the system (A.40) is 1SS with
respect to the closed, 0-invariant set (A.41). In the case when uy = 0 and
ug = 0 then the closed, forward invariant set (A.41) is UGAS with respect to
(A.40), and if a;(|z| 4,) = ci|z|)y, fori = 1,2,3, where c1,ca, c3,7 are strictly
positive reals with r > 1, then (A.41) is UGES with respect to (A.40).

Proof. Since
V(@1 (1), 22(1))
for all V(x1(t), 22(t)) > o™ (204 (|u(t)])) where o = azoa;* € Koo and u is

bounded, then V(x1(t),z2(t)), and consequently |z1(t)| 4,, is bounded on the
mazimal interval of existence [0,T). Since Ay is compact this implies that



218 Stability tools

x1(t) is bounded on [0,T). By Lemma A.21 this means that the system is
finite escape-time detectable through |- |4, and forward completeness follows.
The fact that A is 0-invariant for (A.40) follows from the above Lyapunov
bounds with u(t) = 0. Recall Definition A.13 and Theorem A.14. Since
|z| 4 = |z1].4,, the function V is a smooth ISS-Lyapunov function for (A.40)
with respect to A, and this proves ISS. UGAS in the case when u; = 0 and
ug = 0 follows from the definition of ISS, and UGES further follows from
Theorem A.10. m

Remark A.1 By defining the output y = h(x1,z2) := |x1|a, for (A.40),
then ISS for the set A is equivalently characterized by the concept called
State-Independent Input-to-Output Stability (SIIOS) as defined by Sontag
and Wang (2000). Indeed, the smooth function V in (A.44) and (A.45)
becomes a SIIOS-Lyapunov function for (A.40), and this can be used to
deduce that

|y(t,:c0,u)| = |IIJ'1(t,IIJ’0,U)|A1 < ﬁ (|:‘C10|_A1 at) +’Y(Hu”) (A46)

where 8 € KL and v € K. Since |x|4 = |v1|4, ISS of the system (A.40)
with respect to the closed, 0-invariant set (A.41) follows from (A.46). The
converse also holds as shown in Sontag and Wang (2000).



Appendix B

Modeling, identification, and
control of CyberShip II

This appendix presents a modeling, identification, and con-
trol design where the objective is to maneuver a ship along a
desired path at different velocities. Material from a variety of
references have been used to describe the ship model, its diffi-
culties, limitations, and possible simplifications for the purpose
of automatic control design. The numerical values of the para-
meters in the model is identified in towing tests and adaptive
maneuvering experiments for CyberShip II in the Marine Cy-
bernetics Laboratory. The material of this appendix have been
partly published in Skjetne, Smogeli and Fossen (2004a) and in
its entirety in Skjetne, Smogeli and Fossen (2004b).

Introduction

Model-based control for steering and positioning of ships has become state-
of-the-art since LQG and similar state-space techniques were applied in the
1960s. For a rigid-body the dynamic equations of motion are divided into
two distinctive parts: kinematics, which is the study of motion without ref-
erence to the forces that cause motion, and kinetics, which relates the action
of forces on bodies to their resulting motions (Meriam and Kraige; 1993).
The rigid-body and hydrodynamic equations of motion for a ship are in
reality given by a set of (complicated) differential equations describing the
6 degrees-of-freedom (6 DOF); surge, sway, and heave for translation, and
roll, pitch, and yaw for rotation. The models used to represent the physics
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of the real world, however, vary as much as the underlying control objec-
tives vary. Roughly divided these control objectives are either slow speed
positioning or high speed steering. The first is called dynamical positioning
(DP) and includes station keeping, position mooring, and slow speed refer-
ence tracking. For DP the 6 DOF model is reduced to a simpler 3 DOF
model that is linear in the kinetic part. Such applications with references
are thoroughly described by Fossen (1994); Strand (1999), and Lindegaard
(2003). High speed steering, on the other hand, includes automatic course
control, high speed position tracking, and path following; see for instance
Holzhiiter (1997); Lefeber et al. (2003); Fossen et al. (2003). For these ap-
plications, Coriolis and centripetal forces together with nonlinear viscous
effects become increasingly important and therefore make the kinetic part
nonlinear. By port-starboard symmetry, the longitudinal (surge) dynamics
are essentially decoupled from the lateral (steering; sway-yaw) dynamics and
can therefore be controlled independently by forward propulsion. Moreover,
for cruising at a nearly constant surge speed and only considering first order
approximations of the viscous damping, a linear parametrically varying ap-
proximation of the steering dynamics is applicable. The origin of these types
of models are traced back to Davidson and Schiff (1946), while Nomoto,
Taguchi, Honda and Hirano (1957) gave an equivalent representation. See
Clarke (2003) for a historical background and Fossen (2002); Perez (2005)
for a complete reference on these original models and their later derivations.

The contribution of the material in this Appendix is a 3 DOF nonlinear
maneuvering model for a ship. This model can be simplified further to either
a 3 DOF model for DP, a steering model according to Davidson and Schiff
or Nomoto, or it can be used as is for nonlinear control design. Furthermore,
system identification procedures for a model ship called CyberShip II (CS2)
in a towing tank facility have produced numerical values for nearly all the
hydrodynamic coefficients. To find the other values, an adaptive maneu-
vering control law was implemented for CS2, and free-running maneuvering
experiments were performed. The adaptive parameter estimates in these
experiments then give approximate values for the other hydrodynamic coef-
ficients.

B.1 The 3 DOF ship maneuvering model

Ship dynamics are described by 6 degrees-of-freedom (6 DOF) differential
equations of motion. The modes are (z,y, z), referred to as surge, sway,
and heave, describing the position in three-dimensional space, and (¢, 6, 1)),
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called roll, pitch, and yaw, describing the orientation of the ship. Assuming
that the ship is longitudinally and laterally metacentrically stable with small
amplitudes ¢ = 6 = ¢ = 6 ~ 0, one can discard the dynamics of roll and
pitch. Likewise, since the ship is floating with z &~ 0 in mean, one can discard
the heave dynamics. The resulting model for the purpose of maneuvering
the ship in the horizontal plane becomes a 3 DOF model. Let an inertial
frame be approximated by the Earth-fixed reference frame £ called NED
(North-East-Down) and let another coordinate frame B be attached to the
ship as seen in Figure B.1. The states of the vessel can then be taken as
n = [z,y,¥]" and v = [u,v,7]" where (z,y) is the Cartesian position,
is the heading (yaw) angle, (u,v) are the body-fixed linear velocities (surge
and sway), and r is the yaw rate.

_{Inertial frame} Te (North)

-._\'E.f:- Ship course

a H Y .
[H \: u\-‘_?. .= x, (Surge)

‘ 1,_’ Ship heading

{Body frame}

Y

yp (Sway)

e ——————— — — —— — ]

ye (East)

Figure B.1: Figure showing the inertial earth-fixed frame and the body-fixed
frame for a ship with the earth-fixed position (z,y), the heading 1, and the
corresponding body-fixed velocities (u,v) and rotation rate r.

B.1.1 Rigid-body dynamics

The Earth-fixed velocity vector is related to the body-fixed velocity vector
through the kinematic relationship

= R(p)v (B.1)
where
cosy —siny 0

R(y) = | sinyy cosyp O
0 0 1
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is the rotation matrix in (1.27). It has the properties that R(W)"R(y) =1,
|R()|| =1 for all ¢, and £{R(¢))} = YR(¥)S where

0 -1 0
S=|1 0 0|=-8T

0 0 0
is skew-symmetric. By Newton’s second law it is shown in Fossen (2002)
that the rigid body equations of motion can be written!

Mgpv + Cr(v)v = frB (B.2)

where Mpp is the rigid-body system inertia matrix, Crp(v) is the corre-
sponding matrix of Coriolis and centripetal terms, and frp = [X,Y, N]"
is a generalized vector of external forces (X,Y) and moment N. Let the
origin ‘O’ of the body frame be taken as the geometric center point (CP)
in the ship structure. Under the assumption that the ship is port-starboard
symmetric, the center-of-gravity (CG) will be located a distance z, along
the body zp-axis. In this case, Mrp takes the form

m 0 0
Mpp=| 0 m ma (B.3)
0 mzy I

where m is the mass of the ship and I, is the moment of inertia about the
zp-axis (i.e., yaw rotation). Several representations for the Coriolis matrix
are possible. Based on Theorem 3.2 in Fossen (2002), we choose the skew-
symmetric representation

0 0 —m(zgr+v)
Crp(v) = 0 0 mu (B.4)
m(xzgr +v) —mu 0

The force and moment vector frp is given by the superposition of ac-
tuator forces and moments f = [fy, fo, f+] ", hydrodynamic effects fz, and
exogenous disturbances w(t) due to, for instance, waves and wind forces
(Sgrensen, Sagatun and Fossen; 1996). The forces and moments in frp are
all expressed with reference to the center point (CP) such that the full set
of dynamical equations is given in the body-fixed reference frame.

!Usually, 7 is used to denote the input generalized forces and moments according to
the notation of Fossen (1994, 2002). However, not to confuse it with the (maneuvering)
tuning function we use f instead.
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B.1.2 Hydrodynamic forces and moments

The vector fp is the result of several hydrodynamic phenomena, and it
involves the radiation problem and diffraction problem. For an ideal fluid,
the components addressed in the radiation problem are radiation-induced
added mass, potential damping, and restoring forces. For the 3 DOF states
considered here, restoring forces are only important in case of mooring which
is not in the scope of this appendix. In addition to potential damping
there are also other damping effects such as linear skin and pressure induced
viscous damping, wave drift damping, and damping due to vortex shedding.
The diffraction problem, on the other hand, addresses generalized Froude-
Krylov forces and generalized diffraction forces. These are due to wave
excitation and disregarded in this work. For more details, see Faltinsen
(1990). See also the works by Bailey et al. (1998), Fossen and Smogeli (2004),
and Fossen (2005) where the authors derive a unified frequency dependent
model for maneuvering a ship in a seaway.

Due to currents in the ocean fluid, the velocity v is different than the
relative velocity v, between the ship hull and the fluid. The hydrodynamic
forces and moments depend on this relative velocity. For a nonrotational
current with fixed speed V. and angle 3, in the earth-fixed frame, the current
velocity is given by

Vi cos B,
Ve = | Vesinf, (B.5)
0

Normally V. and 3, should be modeled as stochastic processes. However, in
the deterministic setting of this paper we simply assume that V, = Bc = 0.
In the body-frame this gives the current component v, := R(¢) v, and
the relative velocity v, := v — v, = [u,v,,7] . With these definitions it is
common (Sgrensen; 2005) to model the hydrodynamic effects as

fu = —Mai, — Ca(vy)vy — d(vy) (B.6)

where My accounts for added mass, C4(v,) accounts for the corresponding
added Coriolis and centripetal terms, and d(v,) sums up the damping effects.
By the notation of The Society of Naval Architects and Marine Engineers
(1950) the matrix My is given by

—Xu 0 0
Mi=| 0 -Y -Y% (B.7)
0 —-Ny —N;
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where the assumption of port-starboard symmetry again is applied. For
zero relative velocity, v, = 0, zero frequency of motion due to water surface
effects (low-frequency assumption), and assuming an ideal fluid, the added
mass matrix is constant and My = MX > 0. In general, My = Ma(we)
where w, is the frequency of encounter given by

2
w
wo — —2U cos

; (B.8)

We —

Here wq is the dominating wave frequency, g is the acceleration of gravity,
U = vu? + v2 is the total ship speed, and £ is the angle of encounter defined
by 8 = 0° for following sea.

For control design it is common to assume for the plant model that
My = limy,, .0 Ma(we) is constant and strictly positive. However, since
Ma = M4(0) is not necessarily symmetric, Theorem 3.2 in Fossen (2002)
is not directly applicable to find C'4(v,). To overcome this obstacle, we
observe that this theorem is deduced from the kinetic energy T' = %I/TM .
A modification for the added mass kinetic energy is

1 1 1 + -
Tyq = §IJ;FMAV7» = ZVTT (MA + MX) Vp = EV,TMAVT

where My := 5(Ma + M, ) = M. This means that C4(v;), for a nonsym-
metric My, is derived from Theorem 3.2 of Fossen (2002) using My instead
of M4, and this gives

0 0 Yyur+5(No+Yi)r
Ca(vy) = 0 0 — X, (B.9)
—Y,vu, — % (Ni, + Yr) r Xgur 0

The most uncertain component in the hydrodynamic model (B.6) is the
damping vector d(v, ), to which many hydrodynamic phenomena contribute.
Let d(v,) = [XD(I/T),YD(I/T),ND(VT)]T. For a constant cruise speed v, =
vy ~ [up, 0,0]T one can fit the damping forces and moments at vg to the
linear functions

Xp(vy) = = Xy(up —ug) — Xyvp — X1
Yp(vr) = =Yu(ur — up) — Yyu, — Yor (B.10)
Np(vy) = —Ny(ur — ug) — Nyvp — Nypr

where the hydrodynamic coefficients {X.y,Y(,), Ny} are called hydrody-
namic derivatives because they are the partial derivatives of the forces and
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moment with respect to the corresponding velocities, for instance, Y, :=
aygiil”"). Seeking in this paper a more globally valid model of the damping
effects, we consider a nonlinear representation. Abkowitz (1964) proposed
using a truncated Taylor series expansion of d(v,). Since in general d(v,) is
dissipative for both positive and negative relative velocities, it must be an
odd function, and, hence, only odd terms in the Taylor expansion are re-
quired. Using first and third order terms only, and assuming port-starboard
symmetry, this gives

XD(VT) = —AyUr — quuu?
_ 3 2 2 3
YD(VT) =—-Yu, =Y, r— vavvr - }/vvrvrr — Yorrvpre — Yoppr
2 2
ND(VT) = —Nyvp — Npr — vav”? - varvrr — NyppUpr® — NT‘TTT3

(B.11)
which is valid for all feasible velocities. Fedyaevsky and Sobolev (1963)
and later Norrbin (1970) and Blanke and Christensen (1993) gave another
nonlinear representation

XD(VT‘) = _qur - X\u\u |u7" Uy

YD(VT) =-Yu. —Y,r — Yv\v\v |’U7" Ur — Yv|v\r |v7"| r—= Yv|r|v |T‘ Ur — }/‘7‘|7‘ |’I“| r
ND(VT‘) - _var - Nrr - N|v|v ‘vr| Ur — N|v|r |’U7" r— N|T\v |’I“‘ Ur — N|7‘|7‘ |’I“| r
(B.12)

called the second order modulus model. These functions are not continu-
ously differentiable, and strictly speaking they therefore cannot represent
the physical system. However, experiments have shown that they match the
damping effects quite accurately and are therefore often used. Based on the
experimental data presented in the next section and curve fitting, we choose
in this paper the damping model

d(vy) = Dpvy + Dy (vy)vy =: D(vy)vy (B.13)
where
—-X, 0 0
Dy, = 0 -Y, -Y.
0 —-N, —N,
Dnr(vy) :=
—Xjufu |ur] — D 0 0
0 _Yv\v\v |v7" - Yv\r\v "I“| —Lor ‘vr‘ - }/‘7‘|7‘ |’I“‘
0 _N\v\v |v7" - N\r\v |’I“| _N\v|r ‘vr‘ - N\r|r |’I“‘

which essentially is the second order modulus model with an extra third
order term in surge. The reason for picking this model was that it gave the
best fit to the experimental data.
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With frp = f+ fu +w(t) the kinetic equation of motion (B.2) becomes
Mppv + Mav, + Crp(v)v + Ca(ve)vr + D(vyp)vy, = f+w(t)  (B.14)

where
ve=v—R() v,
v =1 —1STRY) 0.

For the kinetic model (B.14) one must decide upon using either the
relative velocity v, or the inertial velocity v as the velocity state. There
are different practices in the literature, and the current velocity v, must in
either case be measured or somehow estimated to account for it in (B.14).
A simplifying technique was applied by Fossen and Strand (1999) who used
v as the velocity state and assumed that the dynamics related to the current
v. (and other unmodeled dynamics) are captured by a slowly varying bias b
in the Earth frame. This gives the simplified model

Mi 4+ Cw)v+ D)y = f+ R(%) b+ w(t) (B.15)

where M := Mpp + My and C(v) := Crp(v) + Ca(v). The alternative,
applied among others by Holzhiiter (1997), is to use v, as the state, but in
this case the kinematic relationship (B.1) must be rewritten as

il = R(Y)vr + ve (B.16)

which means that v. enters both the kinematic and kinetic equations of
motion.

For simulator design, a model according to (B.14) or more advanced
should be used. For control design, on the other hand, experience shows
that (B.1) and (B.15) are adequate provided some type of integral action is
used in the controller to compensate for the bias b; see for instance Skjetne
and Fossen (2004).

B.1.3 Simplified models

For special applications, simpler models than (B.15) can be used. For in-
stance, for DP a linearization of (B.15) around v = 0 yields

Mi+ Dy = f+ R() b+ w(t) (B.17)

where the Coriolis and nonlinear damping terms were eliminated. Note that
the curve-fitted coefficients in Dy, for DP will be different from those fitted
to the nonlinear (globally valid) model (B.13); see next section.
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Another special application is steering a ship at (nearly) constant surge
speed. Separating the surge dynamics from the steering dynamics, using
(B.10), and assuming port-starboard symmetry and v. = 0, we get a ma-
neuvering model consisting of the surge dynamics

. 1 1
(m—Xu)quu(u—uo) — (m*Yi))U’r— <m$g — 5]\]U _ 5}@) ’I“2 — fu
(B.18)
and the sway-yaw (steering) dynamics

m—Y, mz,—-Y; U
[mngi, Lo, ][f}+ (B.19)
Y, Y, +(m—Xy)u vl _ | fo
|:—Nv+(Xu—Y1',)u —Nr—i-(mxg—%N@—%Y})u}[r]_[fr].

For each fixed surge speed u = wug, the steering dynamics become linear.
Hence, treating u as a parameter, (B.19) is a linear parametrically varying
(LPV) model of the form of Davidson and Schiff (1946). This can be further
related to a Nomoto model as described by Clarke (2003). For conventional
ships, the inputs are usually linearly related to the rudder angle § as f, =
—Y50 and f., = —Nsd. As a result, linear design techniques such as gain
scheduling or similar can be applied to solve a steering task.

B.1.4 Actuator forces

The actuator forces and moments are generated by a set of thrusters with
revolutions per second n = [ni,na,... ,npl]T € RP1 and a set of control
surfaces (or propeller blade pitch) with angles § = [01,82,...,08,,] " € RP2.
They are related to the input vector f through the mapping

f = Bfact (Vr,n, 5) (BZO)

where B € R3X(P1+p2) i5 an actuator configuration matrix, and f, : R? x
RP! x [—m, 7)P2 — RP1TP2 ig a function that for each velocity v, relates the
actuator set-points (n,d) to a vector of forces.

As a case we consider CyberShip II which has two main propellers and
two rudders aft, and one bow thruster fore; see Figure B.2. The main
propellers generate thrust forces {17, 7>}, the bow thruster generates {73},
while the rudders generate lift forces {L1, L2} and drag forces {D1, Da}.
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Figure B.2: Actuator configuration of CyberShip II.

Disregarding the drag forces?, the force vector becomes

fact (VT7 n7 6) = [Tl (nla U/T)a T2(n27 U/T)a T3(n3)7 Ll (517 u?‘ud,l)a L2(627 uTud,Q)]T

where w44, © = 1,2, are given below. Let the force attack points of
{T1,T5,T3} be located at coordinates {(l7,,lyr ), (laty, lyr,), (lory, lyry) } in
the body-frame, and likewise {(lyr,,lyr,), (lzRs, lyRr,)} for the rudders. Then
the actuator configuration matrix is

1 1 0 0 0
B = 0 0 1 1 1 (B.Ql)
|lyT1| - |lyT2| |l:ET3| - |l:ER1| - |l:ER2|

2We will show in the next section that the rudder drag forces can be viewed as a
perturbation of the hull drag in surge motion and can therefore be eliminated from the
actuator model.
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The propeller thrust forces {11,752} are according to Blanke (1981) and
later Fossen (1994), expressed as

T; = pdi K7 (J;) |ng| (B.22)

where p is the water density, d; is the propeller diameter, and K is a
nondimensional thrust coefficient which depends on the advance ratio J; =
7.4 of Thruster . The ambient flow velocity u, is given by u, = (1 — w)u,
where w € (0,1) is the wake fraction number usually assumed constant
(generally it is a slowly varying dynamic variable). For a range of J;, K (J;)
is nearly linear and may be expressed according to Blanke (1981) as

Uq,
n;d;

Kr(Ji) = apg—ard;i =ap — (B.23)
where ag,a; > 0. An approximate formula for the thrust forces is then
obtained by substituting (B.23) into (B.22) and grouping all constants, that
is

where T, > 0, Tj,), > 0 are the new parameters. However, the experi-
mental results show that the thrust force T; primarily is dependent on the
propeller revolutions n; and less sensitive to the ambient flow velocity u,.
Additional accuracy is therefore obtained if (B.24) is separated into the
equations

‘n‘n |ni|n; — In\u |n; | w, ni >n
Ti=9 T |mi| mi — Tt |n; | w, n; <n (B.25)
0, otherwise
7% T,

i = 1,2, where 7 = max{0, 2H*u,}, n = min{O “u,}, and {T}F Injn’ \n\u’
T

} are positive coefficients. For each w,, (B.25) is a monotone
nln>, Linfu ’
function and an inverse function is:

7T+

Inln \n\

T 1 + .\
Uy + (Tipur) + 4T, T Ti>0
ni=1{ 0, T,=0  (B.26)

.
nlu 1 -
o1, Ur T o7 \/(TnuuT> — 41,5 T <0

Inln Inln

The thrust force produced by the bow thruster will also depend on the
velocity of the ship. However, because the exact form of this relationship
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is not known, we rather choose the speed independent equation used by
Lindegaard and Fossen (2003), that is,

T3 = T|n3‘n3 |n3| ns, T|n3\n3 > 0. (B.27)

This has the inverse function

sgn(73
ng = L T\n3|n3 |T3|. (B.28)

T\ﬂ:%lﬂ:%

Finally we must find the rudder lift forces as a function of rudder angle
and the relative velocity of the fluid u,,q at the rudder surface. From mo-
mentum theory (Lewis; 1988) it can be shown that for a positive velocity
u, > 0 then at rudder ¢, ¢ =1, 2,

8
Urud,; = Ur + ku 21—‘72 + ’U/% — Up
mpd;

where T; is the thrust force from the preceding propeller, d; is the propeller
diameter, and k, is an induced velocity factor. Normally k, ~ 0.5 when the
rudder is close to the propeller. This equation tells that for a positive surge
speed and positive propeller thrust, the fluid velocity at the rudder is larger
than the surge velocity u,. However, for T; < 0 the argument inside the root
may become negative. In this case we make the blanket assumption that this
argument is zero. For negative surge speed we simply assume uyq; = Uy
In summary we then have

_8 T 20 _
Urud,; = Ur + ku <\/HlaX {07 Wpdlzirz + ur} Ur) ’ ur 20 (B29)
Uy, Up < 0.

From foil theory (Newman; 1999) the lift and drag forces are modeled as

L; = gAf“ud,iOL((Si) ‘urud,i‘ Urud,i (BSO)
Di = —g iud,iCD(éi) |u7“ud,i| Urud,i (B31)
where A7, is the effective rudder area, Cp, is the nondimensional lift coef-

ficient, and Cp is the nondimensional drag coefficient. These latter coeffi-
cients are further modeled as CL(0;) = ¢10; — ¢ |0;| §; and Cp(d;) = c3 ||
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where c1, co, and c3 are positive constants. Putting this together and group-
ing all constants, we get the lift and drag force models

Li— L%(sz ‘5|5 |5 | di |urud,i| Urud,i Urud,i >0 (B32)
L5 51 - ‘5|5 |5z| 51 |urud,i| Urud,is Upyd i <0
D; = —D\5 64| [wrud,i| Urua,i (B.33)

where {L5 , L|5 s Lss L\5I5’ D5} are positive coefficients. We allow the lift
forces to have different coefficients for positive and negative velocities. The
drag forces should now be added to the propeller thrust forces, T;+ D;, in the
overall actuator model. However, since D; depends on T; through w4 ; this
expression becomes excessively complicated. To make it less complicated,
experimental data suggest that D; can be viewed as a perturbation of the hull
drag force dj(v,) in surge. Assuming that a robust maneuvering controller
is able to deal with this perturbation, we do not consider it hereafter. The
inverse function of (B.32) is

A;‘F(L“ uTUd,i)? Urud,i >e
0; = 0, |Urud,i| <e (B.34)
AZ_ (Li’uTUd,i>7 Urud,i < —¢

sgn Lz 1
Az—"—(LhuTud,i) = 2 (Jr ) (Lg_ - 2—\/<L+ zudz) \6\6 rudz‘L |>

2L55 Urud,i
_ —sgn(L;) , _ 1 _ 2 _
A7 (Lis wrud,i) = Y (L5 Y <L5 uzud,i) - 4L\6|6ugud,i |Li]
16[6 rud,i

where we have introduced an e-neighborhood around the non-effective point
Uryd,i = 0 to avoid division by zero.

B.2 System identification

The Marine Cybernetics Laboratory (MCLab) is a Marie Curie EU training
site for experimental testing of ships, rigs, underwater vehicles, and propul-
sion systems at the Centre for Ships and Ocean Structures (CESOS) at the
Norwegian University of Science and Technology (NTNU). The dimensions
of the basin are Lx Bx D =40 m x 6.45 m x 1.5 m, and it is equipped
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with a towing carriage, a position measurement system, and a wave maker
system, while a wind and current system are under construction.
CyberShip II (CS2; see Figure B.3) is a 1:70 scale replica of a supply ship
for the North Sea. Its mass is m = 23.8 kg, its length is Logs = 1.255m, and
its breadth is Bgge = 0.29m. It is fully actuated with two main propellers
and two rudders aft, and one bow thruster; see Figure B.2. It is further
equipped with a PC104-bus driven by a QNX® real-time operating system
which controls the internal hardware achitecture and communicates with
onshore computers through a WLAN. For position and attitude measure-
ments, four cameras onshore in the MCLab observe three infrared emitters
on the ship, and a kinematic computer algorithm calculates the 6 degrees-of-
freedom (6 DOF) data. The accuracy of these measurements are very high,
which means that the corresponding velocities are estimated with high pre-
cision to render a full state feedback design possible. To facilitate real-time

Figure B.3: A picture of CyberShip II in the command centre of the Marine
Cybernetics Laboratory at NTNU.

feedback control of the ship, Opal RT-Lab® is used for rapid prototyping
of a desired control structure programmed in Matlab® and Simulink®. For
execution of free-running experiments, a LabVIEW® interface has been de-
veloped for commanding and monitoring the ship.

Since there is no current or exogenous disturbances in the model basin,
the CS2 ship model is

My +C(v)v + D(v)v = Bfae (v,n,0) (B.35)
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where the parameters in Mrp, Ma, Dr, Dnr(v), B, and fqe (v, m,6) must
be identified. We choose the following strategy:

1. The matrices Mrp, M4, and B are found from the main particulars
of CS2 (weight, mass distribution, lengths, area, volume, etc.)

2. By towing CS2 at different constant surge and sway velocities, with
fact = 0, and measuring the average towing forces, one can use least
square interpolation to find the damping parameters in Dz, and Dy, (v)
that are excited by pure surge and sway motions; see Figure B.4.

3. When the damping parameters for pure surge and sway motions are
known, the actuator parameters in f,. (v, n,0) are found by repeating
the above towing experiments at different thruster revolutions and
rudder angles.

4. The remaining parameters are those damping coefficients excited by
the yaw rate. Lacking equipment for turning experiments and moment
measurements on the towing carriage, we use adaptive estimation in
free-running adaptive maneuvering experiments to find those remain-
ing parameters.

The parameters in the rigid-body system inertia matrix Mrp and the
input matrix B are found from straight-forward measurements of the main
particulars of the ship, that is, its dimensions, weight, mass distribution,
volume, area, and the actuator setup. The zero frequency added mass co-
efficients in M4 can be found from semi-empirical formulas or simple en-
gineering “rules-of-thumb.” For commercial ships, however, strip theory is
usually applied (Faltinsen; 1990). This requires a ship geometry computa-
tion program that produces a geometry file which is fed into a hydrodynamic
computation program based on strip theory. Nevertheless, for CS2 these pa-
rameters have all been roughly estimated beforehand by Lindegaard (2003),
and their values are given in Table B.1. The ship model used by Lindegaard
(2003) was for DP using a linear damping model according to (B.17). Since
we seek a nonlinear representation of the damping effects, the DP values
cannot be used. The system identification procedure next will therefore
consider the damping and actuator coeflicients.

The parameters to be identified in the surge direction are {X,, Xy,

Xuyuu} and {Twn, \nlu’ |n|u} Using the towing carriage, CS2 was
pulled both forward and bachard at different constant speeds, and for each
run the average pull force X,,;; was measured and recorded; see Figure B.4.
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Table B.1: Mass-related parameters with respect to CP for CyberShip II

m | 23.800 || Yy | -10.0 || (lery, byry) | (-0.499,-0.078)
Lo| 1760 || Vi | -0.0 | (lemy, lyny) (:0.499, 0.078)
2y | 0.046 | Ny | - 0.0 || (lozy,lyzy) | (0.466, 0.000)
Xo| -201| Ny | -1.0 | (lary, lyr,) | (-0.549,-0.078)

(Lotas Lyry) | (-0.549, 0.078)

Since . = v = r = 0, and letting n; = ns at each run, we have for pure
surge motion that

Xputl + Xdrag + 2T" 1| ni — 2T|n‘u In1lu, m1 <0
0= X X S (B.36)
pull + Xdrag + 2T \n\n |n1‘ ny — |n\u ‘nl‘ u, ni >0
where Xgyrqg = Xyt + Xjyjy |u| u 4 Xyuuu?. Setting this up as a linear set of

equations, Ax = b, where x contains the unknown parameters, A contains
the applied speeds u and propeller rps n1, and b contains the corresponding
measured forces X, the unknown coefficients are calculated by a least
square fit. For n; = ng = 0 then Xgq9 = —Xpuu. Figure B.5 shows these
measured forces and the corresponding interpolation. In addition it shows
the linear DP curve X4,y = Xyu fitted to those measured points that are
within the slow speed region u € [—0.15, 0.15]. Clearly, there is a large
discrepancy for higher speeds. Having the nominal drag forces for ny =
ne = 0, then the same towing experiments are repeated for different propeller
revolutions. These were chosen as ny = ny € {£200, £500, 1000, 2000},
and the thrust forces were estimated from 277 = —X,,;; — Xgrqg- The result
is shown in Figure B.6 where it is observed that for each revolution set-point,
the surge speed has very little effect at positive revolutions, while for negative
revolutions the slope is higher. Figure B.7 shows how the rudders affect
the drag in surge motion at different speeds. This justifies the argument,
previously discussed, of not including the the rudder drag force D; in the
actuator model, but rather viewing it as perturbations of the nominal drag
coefficients. A robust control design should compensate for this.

The next step is to identify the parameters {Y,, Yjyjy, Ny, Npyjp} Which
can be found from pure sway motion measurements. In this case we have
v = u = r = 0, and the force equation becomes Y,,;; + Yy4rqy = 0 where
Yirag = Yov + Y|v‘v|v|v. Force rings are set up according to Figure B.4 to
measure the pull forces at both positive and negative sway speeds. The full
set of measurements constitutes a set of linear equations that are solved by
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Figure B.4: Two force rings, forward and backward, were applied to measure
the drag and propulsion forces when towing CyberShip II longitudinally at
different speeds. Four force rings, two port and two starboard, were used to
measure the drag force and moment for lateral motion.

least square minimization. These measurements are also used to identify the
moment coefficients { IV, Nj,|, }. The moment equation is Npui + Narag = 0
where Ngrqg = Nyv + NMU\@\@. Let the moment arms from CP to the stern
and bow measurement points for Y,,; be lsern and [y, respectively; see
Figure B.4. Thenv > 0= Npull = Y;oull, bow, stbd'lbow _Y;mll7 stern, stbd'lstern
and v <0 = Npull = }/pull, stern, port * lstern - }/pull, bow, port * lbow- The result
of this interpolation is shown in Figure B.9.

To identify the rudder lift forces {L;, Lrg s Ly s L|75| st> €S2 is towed
forward with §; = d2 < 0 and backward Wit&l 61 = 09 > 0 for different
(equal) rudder angles, and for each run the average force Yy, stern, stod 18
recorded. The moment equation is Ny, + Njipe = 0 where Ny;pe = 2 |lpg, | L1
and L; is given by (B.32) with u,,q = u. For these runs, the sideslip angle
f = arctan ; ~ 0 such that we can assume that Np.; = —Ypuu, stern, stod *
lstern, that is, not affected by the moment arms from X,,;. Separating
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Force X acting in surge direction on Cybership 2 for zero external forces
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Figure B.5: Measured drag forces of CyberShip II for ny = ny = 0 at
different speeds and the corresponding fitted nonlinear curve as well as a
linear curve for DP.

positive and negative motion according to (B.32), Figure B.10 shows that
the rudders are most effective in forward motion. Finally, we repeat the
same experiment for the bow thruster to find the parameter {7j,,,,} in
(B.27). Unfortunately, the sideslip angle 5 was rather high in these runs so
that hull drag distorted the measurements for higher speeds. Nevertheless,
Ypull, bow, stba Was measured, and since (B.27) is an odd function it is enough
to test with negative revolutions for ng. Figure B.11 shows the measured
points and the weighted least square fitted curve.

To sum up, the parameters identified thus far are given in Tables B.1
and B.2.

Since no yaw motion was induced in these towing experiments, the para-
meters { Yy, Y.y, Yiojrs Yirjrs Nes Nigjos Njjrs Njrjr } are yet to be identified.
We leave these to be estimated in the adaptive maneuvering controller de-
veloped and experimentally tested in the next section.
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Figure B.6: Measured and interpolated thrust forces 77 = T for different
propeller revolutions at different speeds for CyberShip II.

B.3 Adaptive ship maneuvering with experiments

We consider the dynamic ship model (B.1) and (B.35) which for f = Bfu.(v,n,0)
can be rewritten in parametric strict feedback form (Krsti¢ et al.; 1995) as

i = R(Y)v
Mir = f— Cw)v + g(v) + D) (B.37)

where g(v) is the known part of —D(v)v and

= [Yiejus Yo, Yiojrs Yieirs Nirjos Nes Mg N ] |
0O 0 O 0 0O 0 0 0
S(w):=| |rlv r |ulr |rjlr 0 0 O 0
0O 0 O 0 rlv r |v|r |r|r

are the vector of unknown parameters and the regressor matrix, respectively,
so that g(v)+®(v)¢ = —D(v)v. The objective is to design a robust adaptive
control law that ensures tracking of 7(t) to a time-varying reference 7,(t)
while adapting the parameters .
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Force X acting in surge direction on Cybership 2 for different rudder angles
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Figure B.7: The measured and curve fitted drag forces for different rudder
angles 01 = do for CyberShip II.

Remark B.1 Using adaptive tracking to estimate unknown parameters will
not in general guarantee convergence to the true values. This is only obtained
if the ship model is sufficiently accurate and the inputs to the closed-loop
system (references and disturbances) are persistently exciting the regressor
matriz (Anderson, Bitmead, Johnson, Kokotovi¢, Kosut, Mareels, Praly and
Riedle; 1986). Consequently, this step in the parameter identification strat-
eqy involves most uncertainty. Nonetheless, the success in the design of a
robust tracking control law with subsequent accurate tracking in experiments
indicate that 100% parameter accuracy of the model is not necessary. Us-
ing the obtained (numerical) model with integral action to compensate for
the bias b in (B.15) for control design should guarantee success in practical
implementations.

The time-varying reference n,(t) must trace out a desired path on the sur-
face as well as satisfying a desired speed specification along the path. Such
problems are conveniently solved according to the methodology in Skjetne,
Fossen and Kokotovi¢ (2004); Skjetne et al. (2005) where the tracking ob-
jective is divided into two tasks. Instead of constructing a desired reference
n4(t) that contains both the path and speed objectives in one package, one
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Force Y acting in sway direction on Cybership 2 for zero external forces
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Figure B.8: Measured drag forces in sway motion and the corresponding
fitted nonlinear curve as well as a linear curve for DP for CyberShip II.

can keep these objectives separate by solving the maneuvering problem.
Using 6 as a scalar parametrization variable, we want the desired path
to be an ellipsoid with heading along the tangent vector, that is,

T

ng(0) = | zq(0), va(0), arctan(=%) (B.38)

Q_&Q:lg‘d%

where z4(0) = 5 + 4.5 cos(1550) and yq(0) = —0.75 — 2.25sin(3550). For the
speed specification, we want the surge speed u(t) to track a desired surge
speed u4(t) which is adjustable online by an operator. This latter objective
can be translated into a speed assignment for Q(t) by noting the relationship

wa (t) = [ 25(0(1))? + y(0(1))20(2).
The corresponding speed assignment for 0 becomes

uq(t)
V02 + (02

vs(0,t) == (B.39)
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Figure B.9: Measured drag moments in sway motion and the corresponding
fitted nonlinear curve as well as a linear curve for DP for CyberShip II.

which has the partial derivatives

—[9(0)29” (0)+5(0)y5” (6)
o0(0,) = O OV O]
[#4(0)2+44(0)2]

t Ug(t)
vs(0:0) = 7y

(B.40)

where ug(t) and 4g4(t) are provided online by the operator, for example, by
filtering a constant reference urpr through a reference filter.

The control objective is then, according to Skjetne, Fossen and Kokotovié
(2004); Skjetne et al. (2005), formally stated as a maneuvering problem:

1. Geometric Task: Force the ship position and heading n to converge
to and follow the desired path 7,4(0),

Tim [ (£) — 74 (6(1))] = 0. (BA1)
2. Dynamic Task: Force the path speed 0 to converge to the desired
speed assignment v4(6, 1),

lim |0 () — vs (0(2), 1)] = 0. (B.42)

t—o0
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Lift force L of a single rudder for different speeds and rudder angles
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Figure B.10: Curve interpolation to the measured lift forces for the rudders.
Notice that CyberShip II generate more lift force in forward motion than
backward motion.

Note that the dynamic task can be solved identically by letting § =
vs(0,t) be a dynamic state in the control law, called a tracking update law,
which is decoupled from the rest of the dynamics of the ship. Other update
laws are also possible based on the results in Skjetne et al. (2005).

The maneuvering control design is based on adaptive backstepping (Krsti¢
et al.; 1995). A complete adaptive design procedure with stability analysis
for solving the maneuvering problem is reported in Skjetne et al. (2005)
where CS2 is used in a case study. This gives the internal control signals

z1 = R(WT (n—mnq(0))
z0:=v—ay(n,0,t)

a1 = —Kpz1 + R() '15(0)v,(0,¢)
o1 =~y (R TR@)21 +v) + R0 T0(0)0,(0,6) + R() Tn(0)0L(0,1)
of = —K,R(®) 'n%(0) + R) 1) (0)vs(8, 1) + n%(0)v2(6,1)]

where the error vector zy is rotated to the body-frame for convenience. This
means that the controller gains are not dependent on the ship heading (which
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Bow thrust force T3 for different speeds u and thrust rps
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Figure B.11: Measured and interpolated bow thrust force 73 for forward
and backward motion of CyberShip II and different negative propeller rev-
olutions.

is more intuitive since a control technician will himself be located in the
body-frame when tuning the gains). The control law, the adaptive update
law, and the maneuvering update law are given in Table B.3, where ¢ is the
parameter estimate, K, = KJ >0, Kg = KdT >0,and I =TT > 0 are
controller gain matrices.

Finding the optimal actuator set-points (n, d) for each commanded input
fin (B.20) is termed control allocation. The simplest approach is to solve
an unconstrained least-square optimization problem by using the generalized
pseudo-inverse and the inverse functions (B.26), (B.28), and (B.34), that is,

(n.6) = fout (v, B')

where Bf = W—1BT (BV[/'*lBT)_1 is the generalized pseudo-inverse with
a weight matrix W (Fossen; 2002, Chapter 7.5). Experience has shown,
though, that using the pseudo-inverse does not result in good control alloca-
tion when using varying control surfaces such as rudders. A more advanced
method is to use constrained optimization techniques. For CS2 this has
been developed and reported by Lindegaard and Fossen (2003); Johansen,
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Table B.2: Experimentally identified parameters for CyberShip 11

X, | 072253 N, [0.03130 [ T} [ 3.65031E-3

Xjuju | -1:32742 | Niypo | 3.95645 | 7, | 1.52468E-4

Xy | -5.86643 | L | 6.43306 | 7}, | 5.10256E-3

Y, | -0.88965 | L, | 583594 | T, | 4.55822E-2

Yoo | -36.47287 || Ly | 3.19573 || Tjyjn, | 1.56822E-4
Ly | 234356

Table B.3: Maneuvering control and guidance system for CyberShip II

@ =Td) 2
0 =v4(0,1)

f=—2n—Kizn—g(v) - 2v)¢
+C(v)ag + Moy + Mafvg(6,t)
ot — 4 @) (na(0), 50,15 0))
put { (vS(Q,tg,U‘Z(O,t),vg(e,t)) ) }
output = {f, 0}
Guidance :
input = {0, uq(t), uq(t)}
(na0), m(0). 5 ) }
(vs(ﬂ,t),vg(ﬁ,t),vé(ﬁ, t))

output =

Fuglseth, Tgndel and Fossen (2003), where the routine developed by the
former authors has been used in these experiments.

For the experiment, the controller settings were K, = diag(0.5, 2.0, 1.5),
K, = diag(8, 25, 18), and I" = diag(8, 4,8, 8,8, 4,8, 8). The initial condition
for the parameter update was @(0) = 0. The ship was first put to rest in dy-
namic positioning (zero speed) at 74(0), and then the ship was commanded
online to move along the path with urgr = 0.15m/s for 22 rounds before
we commanded it to come to a stop again. The experiment was conducted
on calm water without environmental disturbances (sea state code 0) since
we use and wish to estimate zero frequency hydrodynamic parameters.

Figure B.12 shows how CS2 accurately traced the path (in the time in-
terval ¢ € [808,950]s). In the experiment we experienced problems with
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position measurement outages along the upper side of the path. This ac-
counts for the transients at ¢t =~ 500s in the surge speed response seen in
Figure B.13. The way the maneuvering problem is posed, accurate path

-05 - b

-25 b

Figure B.12: CyberShip II tracing the desired path.

following has priority over accurate speed tracking. Nevertheless, it is seen
in Figure B.13 that CS2 tracks the commanded speed quite well. Figure
B.14 shows the adaptive parameter estimates of @(t). We observe a rapid
change and a subsequent slow convergence to new values. We believe those
values are close to the true values for the nominal surge speed u ~ 0.15m/'s
and moving along this ellipsoidal path. It is likely that the parameter con-
vergence will be different for different paths and speeds. Nonetheless, we
adopt these values as approximate values for the remaining parameters in
the maneuvering model for CS2; see Table B.4.

Table B.4: Adaptively estimated parameters for CyberShip IT
Yo | -0.805 | Njp | 0.130
Y, -7.250 || N, -1.900
Yiyr | -0.845 | Ny, | 0.080
Yip)r | -3.450 || Ny, | -0.750

This robust adaptive maneuvering design with experiments also illus-
trates that 100% numerically correct values for the hydrodynamic parame-
ters are not necessary to achieve accurate tracing of the path. Table B.5
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Figure B.13: The desired and actual surge speed of CyberShip II for the full
experiment. Notice the discrepancies around ¢ &~ 500s which resulted from
position measurement outages.

shows the standard deviations of the error signals in z;. The most impor-
tant variable for path keeping is z12 since this is an approximate measure of
the cross-track error (provided the ship is pointed along the path, z;3 ~ 0).
An accuracy of 2.26cm is 7.8% of the ship breadth and acceptable. This
corresponds to an accuracy of 1.58 m for the full scale ship having a breadth
of 20.3m.

Table B.5: Standard deviations for CyberShip II in the free-running maneu-
vering experiment.

| ua[m/s] || z11[m] | z10[m] | z13deg] | u — uq[m/s] |

| 015 | 0.0350 | 0.0226 | 2.623 | 0.0080 ||

B.4 Conclusion

We have presented a modeling, identification, and control design for the task
of maneuvering a ship along desired paths. The identification and adaptive
maneuvering procedure with experiments have provided numerical values
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Figure B.14: Adaptive parameter estimates ¢(t) in the free-running Cyber-
Ship II maneuvering experiment.

for all parameters in the nonlinear ship model for CyberShip II. It was the
intention of the authors to quantify such a model and share it with the
marine control research community for use in simulations and case studies.
Material from a rich variety of references have been used to describe the
model, its difficulties and possible simplifications.

System identification procedures, using a towing carriage in the Marine
Cybernetics Laboratory in Trondheim, Norway, were performed where the
model ship CyberShip II was towed at many different velocities and the
average towing forces were recorded. For zero acceleration and zero input
forces these measurements are directly related to the drag of the ship hull.
These measurements were accurately fitted to a nonlinear damping model
of the ship for pure surge and sway motions. Knowing these nominal mod-



B.4 Conclusion 247

els, the same towing tests were repeated, with the thrusters and rudders
activated, to find the actuator models. After these tests, eight damping
parameters related to the yaw rate of the ship were still unknown. To find
these, an adaptive maneuvering control law was implemented and experi-
mentally tested. The estimates of the unknown parameters in this experi-
ment were assumed to be close to the true values and therefore adopted as
the remaining numerical values.

In summary, this design with experimental testing has provided a com-
plete maneuvering model with numerical values for CyberShip II. The accu-
racy of the obtained parameters are believed to be close to the true values
(as far as this is possible to quantify for a nonlinear ship model that still
is a mere simplification of the real world). Nonetheless, the free-running
maneuvering experiment using a robust adaptive control law showed that
accurate maneuvering along desired paths is very much achievable in pres-
ence of modeling uncertainties and exogenous disturbances.



