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Integration and Multiplication

Letf, g : [0,T] — R two continuous functions.

What does it mean to define the integral

T
/ fr&rdr
0

when f, g are not differentiable ?
Important example: ¢ = B with (B;);>0 a Brownian motion.

Starting point of the Rough Paths theory (Terry Lyons, Massimiliano
Gubinelli).

Example of a more general problem: given a distribution (¢) and a
non-smooth function (f), how can we define their product? Namely a
distribution f¢.
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Local approximation

If g is of class C!, then we define

t
1, ::/frg,dr, t€10,T].
0

Thenwehave [y = 0andfor0 < s <¢<T

t
L= L~ fls - 8) = [ (=g gdr = ol ).
)
We write
10:07 It_ls:fs(gt_gAv)+RAvta Rstzo(’t_SD-

These properties characterise (I;)e[o,7], since if we have 7 !"and 77 then
setting 112 := ' — I?

22
12 = 1% = o(|r — 5])

which implies 7' constant.
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Local approximation

Let us still study the formula
Ih =0, I, — I = fs(g — &) + R, Ry = o(|t — s|).
If wecompute for0 < s <u <t <T

Ry — Ry — Ry = (fu _fs)(gt - gu)

which does not depend on /.

Therefore the existence of / is equivalent to the existence of R such that
the above formula holds.
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A cochain complex

Les us define forn > 1

Ayi={(t1,. . 1) €10,T" ity <o <t}

C,:={f:A, — R continuous},

n+1

6n : Cn — Cn+17 (5l’lf)t|...t,,+| = Z(_l)n+2_kﬁ1...)\k...tn+1'
k=1

Then we have

> 0,41 00, = 0 (exercise!)

> if g € Cy1 and 9,11 g = 0, then g = 9, f with f € C, (exercise!).
In particular we have an exact cochain complex

1) [ 1
R—=>C—5C 20—
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Local approximation

Therefore, existence of I € C; such that
> Ip =0,
> (011 = fi(g — gs) +o(|t — s|), where (01 1)y = I, — I,
is equivalent to the existence of R € C; such that
> (62 R)sur = (fu — fs)(8r — gu)» where (02 R)s = Ry — Ry — Ruts
» Ry =o(|t —s]|).

Gubinelli calls 7 the integral, Ay, := fi(g, — gs) the germ, and Ry, the
remainder.

Lorenzo Zambotti Santander, July 2017



The sewing lemma

Fora > 0and h € C,, we set

h(t,...,t
|Alla == sup ‘(7;)’
(11 yestn) EAR |ty — 11
and we say that i € CJ if ||h]|o < +00. We also set C5 " := UB>aC§-

Theorem (Gubinelli)
There exists a unique map A : C;f N6Cy — C;Jr such that

oA = idc§+m52C2' Moreover A satifies for all o > 1
|IAB||o < Kol|Bl|as B e C§+ N9 Cs.
Proof.
See the first lecture sheet of O
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https://www.iam.uni-bonn.de/abteilung-gubinelli/teaching/rough-paths-controlled-paths-ws1516/

A first application: Young integration

Theorem

Iff e C* g e C? (standard Holder spaces) with o + 8 > 1 then there
exists a unique pair (I,R) € CP x C5 5 such that

Iy=0, I —I = fi(g — &)+ R

The map
C*xCP>(f,g) —=1ecC’

is the unique continuous extension of

Cc' x ¢! 9(f,g)—>/ fgduecCl.
0
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» Existence. Setting Ay, := fs(g: — &s5) € Cg, we already know that
(52A)sut = _(fu _f:V)(gt - gu)a 0<s<t<T,sothat

[(02A)5ue] < Clu— ||t — u|’8 <Clt— s|a+6.

Setting R := —A&A € C5F then A + R € CJ) and
52(A+R) = 5A — 5A0,A = 0, so that A+ R = 6,1 with I € CP.
» Uniqueness. If I', I? then |12 — 12| = o(|t — s]).
» Continuity. The estimate
1llcs < £ lleallglles
follows from

[AGAl0rp < Kaipll0Allars, 64 € C3HP N80,

in the Sewing Lemma.
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Dyadic approximation

Let us consider for 7} := i27"T'andn > 0

2”
I'=Y Lp<pAn
i=1

Then, since 737" = 7,

‘1;1 — I;l—i_l’ = Z ]].(tlngt) (Al?71¢ _An+1 l,n+1 _A)H»l )H»l)

‘ hi—shi—1 2i—10i
i=1

2)1

< Z) 52A n+l L

21 1 21
i=1

< gnlatp-1)

which is summable. Then we obtain that I} — I; as n — +00 (see
again )
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https://www.iam.uni-bonn.de/abteilung-gubinelli/teaching/rough-paths-controlled-paths-ws1516/

fa=0>1/2

Theorem
Iff,g € C% with o > 1/2 then there exists a unique pair
(I,R) € C* x C3° such that

10:07 It_Is:fS(gt_gs)"i_Rst-
In the above situation, we write

L= dog(f.6) = [ re
Then uniqueness yields the Integration by parts formula

Lo (f,8) + 1jo,(8.f) = fig — foso,

since

ftgl _fsgs :fs(gt - gs) + gs(ft _fS) + (fl _fs)(gt - gs) .
——

Ii—I Ay Ry
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Ifa=p<1/2

However, if & = 3 < 1/2 then neither existence nor uniqueness.

This problem is revelant for stochastic integration and SDEs:
t
X =Xo + / U(Xs) dB;
0

with (B;),>0 a standard Brownian motion.

In particular, we can not apply the Sewing Lemma to the germ
Ag = fs(gr — gs) since 2a < 1 and therefore in general 6,A ¢ C?l,+.

We need to change the germ A in such a way that 5,A € Cé*.
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Modifying the germ

Note that the result of the integration map is supposed to satisfy
—I,=f(g — &)+ Ry, ReC™
Then we could assume that also f satisfies
fi=fi=fg—8)+Ry R e
If Y € Cy is such that (02Y ) = (g4 — &5) (g — &u), setting
A = fi(gr — &) +f{Ysr,
then

(62A)sut = - (fu —fs _fs/(gu - gs))(g gu) € C3a

/
R.m

If 1/3 < a < 1/2 we are in the setting of the Sewing Lemma.
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Rough paths

For g € C, we want Y € C; such that (6,Y) s = (g4 — &5)(&r — &u)-
In fact, for g : [0, 7] — R it is enough to set Yy, := (g, — g;)% since
(a+b)? —a®> — b*> = 2ab.

This is a natural choice, which moreover shows how much all this is

related to generalised Taylor expansions.

However it is not the only possible choice, nor necessarily the most
desirable. As we’ll see below, Itd integration is not covered by this
setting.

In fact, for any such ¥ we can set Y’ := Y + ;h and Y’ still has the
desired property.

Note that Yy; = %(gt — g5)? belongs to C%a. For reasons which will be
clear later, we require this property for all Y.
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Rough and controlled paths

Let us summarise: given o € [1/3,1/2] and g € C?, we call a pair
(g,Y) € C* x C3* a Rough Path if

(02 )sur = (8u — &5)(&r — 8u); 0<s<u<t<T.
A pair (f, f) € C* x C* is controlled by g if
i —fs = £ (g — &)l S I — s

We denote by 9&30‘ the space of paths controlled by g.
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Integration of controlled paths

In this setting, we can apply the Sewing Lemma to the germ
Ag = fs(g — gs5) + f1Yy and define the integral I € C® such that

0l =A —ANoA, Ih = 0.
Then the integration map acts (continuously) on controlled paths

2: 5 (f, ) (I, f) € 25
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Brownian motion in R

Let us suppose that g = B, a standard Brownian motion in R. Then for
all o < 1/2,as. Be C* Wefix o €]1/3,1/2].

We set Yy, = 5(B, — By)*. Forall o < 1/2,as. Y € C§.
A path controlled by Bis (f,f’) € C* x C* such that

i —fi = f{(Bi = B)| Sl —s*,  0<s<i<T
For all such (f,f’) there exists a unique / € C* such that Iy = 0 and
I, — I, — fy(B, — By) —f/Yy| < |t —s]?*, 0<s<t<T.
Moreover
I, — I, —fi(B; — By)| < [t — s>,  0<s<t<T.

If the Stratonovich integral fo. fs o dBy is well defined, it is equal to /.
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Brownian motion in R

Let us suppose that g = B, a standard Brownian motion in R. Then for
all o < 1/2,as. Be C* Wefix o €]1/3,1/2].

We set Yy, = 3[(B, — By)? — (t —s)]. Forall « < 1/2,as. Y € C5.

A path controlled by Bis (f,f’) € C* x C* such that
[fi—fi—F B =Bl Sle—s[**,  0<s<r<T.

~

For all such (f,f’) there exists a unique / € C® such that Iy = 0 and
I, — I, — fy(B, — By) —f/Yy| < |t —s]?*, 0<s<t<T.
Moreover
I, — I, —fi(B, — By)| < [t — s,  0<s<t<T.

If the It6 integral [ f; dBy is well defined, it is equal to /.
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Multi-dimensional (rough) paths

It is important to extend the above setting to functions g : [0, 7] — R,

If o €]1/3,1/2] and g € C, we call (g', Y7, 1 < i,j < d), with
(¢',YV) € C* x C3* a Rough Path if for all i,

(0¥ = (8 — g))(gl —gl), 0<s<u<t<T.

We say that (f, f") € C* x (C%)“ is controlled by g if

o= = DS — 8 S lr — s

We denote by ngo‘ the space of paths controlled by g.

In this setting, we can apply the Sewing Lemma to the germ
Al i=f(g) — &) + >, 1/'Y;, and define the integral I' € C* such that

SF =& —AHA, =0
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Multi-dimensional (rough) paths

First, this allows to cover SDEs in R4
1
X, = Xo+/ o(X,)dB;, X,Be C([0,T;;RY), o:R! - RI@R?.
0

Furthermore, the situation is more insteresting and complicated, since
there is no canonical choice for the off-diagonal terms

(0¥ = (gl — 8D)(gl — &), i#).

It is always possible to find Y¥ € C, satisfying this, take e.g.
Yy = —g' (g — g). However in general this choice does not satisfy the
analytical requirement Y7 € C3°.

Therefore existence of Rough Paths over a path g : [0, T] — R? is not
obvious.
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Brownian motion in R?

Let us suppose that ¢ = B, with B = (B', ..., B?) a standard
Brownian motion in RY. We fix o €]1/3,1/2].

We set Y} = [!(B}, — Bl) o dB),. Forall a < 1/2,as. Y € C3* (not
obvious).

A path controlled by Bis (f,f") € C* x (C*)? such that

==Y fB =B Sle—sP  0<s<t<T

For all such (f,f) there exists a unique / € (C%)“ such that Iy = 0 and

| —E — (B} — B)) Z Yii<le—sPe,  0<s<r<T.

If the Stratonovich integral fo. fs o dB; is well defined, it is equal to /.
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Brownian motion in R?

Let us suppose that ¢ = B, with B = (B', ..., B?) a standard
Brownian motion in RY. We fix o €]1/3,1/2].

We set Y = [!(B}, — Bl)dB],. Forall a« < 1/2,as. Y € C3* (not
obvious).

A path controlled by Bis (f,f") € C* x (C*)? such that

==Y fB =B Slt—sP  0<s<t<T

For all such (f,f) there exists a unique / € (C%)“ such that Iy = 0 and

| —E — (B} — B)) Z Yii<le—sPe,  0<s<r<T.

If the It6 integral [ f; dBy is well defined, it is equal to /.
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» In the Young situation (o > 1/2), f and g play symmetric roles.
The integral is a bilinear functional

» If o < 1/2, the pair (g, Y) is a non-linear object by the constraint
on &Y.

» In particular, rough paths are non-linear objects. This is where
algebra gets into the picture.

> On the other hand, for a fixed rough path, controlled paths form a
linear space and the integral is a linear functional.

> The off-diagonal terms Y}, = [/(Bi, — Bi) dBl, i # j, are defined
using Stochastic calculus. Since 6,YY € Céf, the Sewing Lemma
can not be used to define them.
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Another fundamental remark:

>

the analytical bound in the Sewing Lemma implies that the
integral is continuous w.r.t. (f,g,Y).

This implies that solutions to a Rough Differential Equation are
continuous w.r.t. the underlying rough path.

This was the motivation of Terry Lyons when he introduced
Rough Paths in the first place, and it is called the Continuity of the
[t6-Lyons map.

(Hans Follmer wrote in the *80s a famous note conjecturing this
kind of results)

In the classical theory of stochastic calculus and SDEs, one has in
general only measurability of the Itd map.
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Lower regularity

If we want to consider a path g : [0, 7| — R with even lower regularity,
say g € C* with o €]1/4,1/3], then we have to modify further the
germ.

We assume that (f,f’,f") € (C)3 satisfies

T i (8 —8)° 3a
Jo=f =15 (8 — 85) + B + Ry, Re G,

Then the germ

_ 2 _ 3
Av = filg — g0) + 18 2&) e 3,&)
satisfies
. \2
(024)5ur = —Rsu(gr — gu) — (ff —f; —f{' (& — &) @’2‘?“)
=R}

In order to apply the Sewing Lemma, we need that R’ € C%a.
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Lower regularity

If we want to consider a path g : [0, 7| — R with even lower regularity,
say g € C* with o €]1/4,1/3], then we have to modify further the
germ.

We assume that (f,f’,f") € (C®)? satisfies
L2
R A (R SRNe =LY W Iye

f=f=f(g—8)+Ry, ReG
Then the germ

_ 2 _ 3
Ay = filg — g0) + 18 2&) e 3,&)
satisfies (exercise...)
o )2
(52A)sut = —Rsu(gt — gu) — RZMW

If 1/4 < a < 1/3 we are in the setting of the Sewing Lemma.
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Compact notations

Leta €]0,1[and g € C°.

We set X! := 1 (g, — g,)", 5,1 € [0,T], n > 0. By Newton’s binomial
theorem

n
Xy =Y XXk sutel0,7T)
k=0

(a convolution product...). Note that X" € C5 and
n—1
(02X = D _XE X0 sure0,T).
k=1

Now we define N as the largest integer such that Na < 1, i.e.
N=1/a].

We say that Z : [0, 7] — R{0--¥=1} is controlled by X if

N—1
Zf:ZZ§X§f"+R’;t, nei{0,...,N—1}, RnecéN—n)oé'
k=n
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Compact notations

Then the germ Ay = Z VAD satisfies
N-1
(82A)0 = D [20 (X = X)) = Zi X
k=0
N—1  k+l

Zk k+1 —i Xz Z Zk Xk-H

s ut
i=1

N— _
l+l Z Zk X];;l o ZZL X;tkl

XH—] Zt Rl Zzl XH—]

ut

Il
2ﬁ ZPHV'
'_o L3

_ i+1 (N—i+it1)a 1+
= R’ X, €G C Gy
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Compact notations

We define as above I by Iy = 0 and
01l =A — AA, R := —AGA.
If weset Z : [0,T] — R{0-N=1}py
=1  Z':=7"" ne{l,....N—1},

then Z is a controlled path. Indeed

N—1 N—-2
20> ZEXE = L-1,-)  ZIXE = [0 — Al +2ZV XN e Oh
= i=0

N—1
Z' =77 = Z ZEXET R = Y ZE X R+ 2N I
k=n—1
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Iterated integrals

In four celebrated papers (1954, 1957, 1958, 1971) Kuo-Tsai Chen
discovered that the family of iterated integrals of a smooth path in R¢
has a number of algebraic properties.

Lets < tand X : [s,7] — R¢ a smooth path. Set X;,() := 1,

t
Xs[ l1 ] ) = / Xsr(il ... in_l)X;” dr

r2 . .
/ X drn/ X dr,_y - / X! dry,
s

withn € N, i, € {1,.

Then X, is in the dual V* of the vector space V spanned by all finite
words {(aj ...a,)}»>0 with letters in {1, ..., d} (tensor algebra).

Example:
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On V we have a bialgebra structure (defined by Frédéric on Monday)

>

Yy Vv vV v Y

the shuffle product LW : V@V =V
io W jr =i(oWwjr) +jio Wwr).

the deconcatenation coproduct A : V>V ®V

Ay in) =Y (i1 i) @ (ikyr - - in)
k=0

associativity L(id ® W) = W(W ® id)
coassociativity (id ® A)A = (A ® id)A
unit 1 : R — V, w(id® 1)(v,r) = w1 ®id)(r,v) = rv
counit 1* : V= R, (id ® 1")A = (1* ® id)A = id
compatibility A(a W b) = (Aa) W (AD)
grading V = @,>0V,, where V,, is the span of the words with n
letters.
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Convolution product

Note the recursive formulae A() = () ® (),
A1) = (d®@ -)AT + Ti R ().
If V has a coproduct, then on V* we can define the convolution product
*: VeV — Vv*
(AxB)(1) := (A® B)AT

which is associative with unit 1*.

E.g.
<Xsu * Xula 7_> == <qu ® Xm‘, A7—>, VT S V

Important remark: x is commutative if and only if A is cocommutative.

(Deconcatenation is not cocommutative)
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Hopf Algebra

If V is a bialgebra and we have a linear map A : V — V (antipode)
such that forall 7 € V

WA ®id)AT = w(id® A)AT =101%(7)
then V is called a Hopf Algebra. In our case:
Al .. oip) = (=1D)"(in ... 11)-
Let G C V* the space of characters (multiplicative functionals):
gevr, glawb) = g(a)g(b), Va,beV.
If V is a Hopf Algebra then G is a group for the convolution product
(g1 % 82)(7) := (81 @ g2)AT

with inverse g~! = g o A and identity 1*.
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Concatenation

If u € [s,1] then X[, ) := (X, r € [s,1]) is the concatenation of X[,
and X, ). We write
Xisa) = Xisui) * Xfur)

Setting r,41 :=1t, rp := s, we have

Xylip .. iy) =
n [ .. rn .7
= Z/ X:,Z drn/ X;':l:ll dr,—1-- / Xl1 dry 1(’k§“<’k+l)
s s
= ZXSM .- ut(lk—i-l ] )

Namely Xst = Xsu * XHI’

(X, 7) = (X @ Xy AT) = (X * Xty 7)), YT eVv.
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Shuffle

Note now that

]]-(s<r1<~-<rn<t)]l(s<rn+1<~~<r,1+m<t): Z ]l(s<rg(1)<~-<r0(n+m><t)
o€Sh(n,m)

where Sh(n, m) is the set of all 0 € S,,4,, such that

o i) <o'2)<... <ol (n),

o lm+ 1) <o i n+2)... <o Y (n+m).
This yields the multiplicativity w.r.t. the shuffle product

(Xst, 1) (Kgp, 72) = (Xp, 71 L T2)

(il . in) LU (in—i-l R in+m) = Z (l'g(l) R ig(n+m)).

o€Sh(n,m)
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Geometric rough paths

Chen proved that X is a V*-valued function with the following
properties for all s < u < r:

> XSI(T) - (Xsu ® XMI)AT, VT € V, le XSM * XL[Z - XSI"
> XSI(TI LU TZ) = Xst('rl)Xst(TZ)-
(Notations from [Hairer-Kelly 2013]).

Therefore X is a flow of characters.

Terry Lyons defined [1998] a (weak) geometric rough path of regularity
a > 0 as a V*-valued function X satisfying the above properties plus
some control on the modulus of continuity

> supP || X (i1 - - 0n)| /|t = s|"*] < 400, forall (iy ...i,) € V.
Remarks:
» Smooth paths are dense.

» Xy (i) = X! — X! for some X' € C%, since i is primitive in V.
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Rough integration and differential equations

Terry Lyons proved that this setting allows to give a deterministic
theory of integration w.r.t. dX and to solve differential equations

dY = o(Y) dX,

obtaining continuity of the It6-Lyons map X +— Y and even X — Y,
although the map X — Y is in general only measurable.

This result includes Brownian integration, both in the sense of It6 and
Stratonovich (although the It6 rough path is not geometric), but not
more general rough paths.

Note that setting X, := Xg,, we have
Xg =X 14X, = (X, 0 4) + X,

where A is the antipode.
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The Stratonovich Rough Path is geometric

Let (B!);>1 >0 be independent Brownian Motions.
We set X () := 1 and forn > 1
t .
st(il ... in) = / Xsr(il .. l'nfl) o dB;,"
S

We claim that this defines a.s. a geometric rough path.

Santander, July 2017
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The Chen relation

A recurrence proof: let us set 7 = (iy,...,i,—1) and
Ti = (il, v ,in_1,i). Then

t
Ko, 1) = / (X,7) o dBL
su | t |
= / (XsrT) o dBlr +/ (Xsﬂ') o dB;
N . u .
- <Xsua Ti> +/ <Xsu & Xura A7_> (¢] dBi,

t
= <Xsua 7—i> + <Xsu ®/ Xy 0 dBlr» A7—>
u

= X @ Xy, 7 ® 1 4 (id ® i) AT)
= <Xsu & Xuta ATi>-
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Multiplicativity w.r.t. the shuffle

Recall that for M, N two continuous semimartingales, the Stratonovich
integral has the property

t t
MINZ _MSNS - / M}’ (o] dNr +/ NrO er
A N

(integration by parts formula).
This implies

t t
) Xul]) = [ K)o a8l + [ X))o 0B

= Xst(ij) + Xst(]l) = Xst(i U—’])
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Multiplicativity w.r.t. the shuffle

Let M, := X(7i), N; := Xy(0j), t > s. Then
13 t
Xst(7i> Xst(aj) = M;N; = / M, o dN, +/ Ny o dM, =
S N

1
:/ o7 Xgr(0j) 0 dBL + / X0 Xy (1i) 0 dBY
N

t
/ Xy (T Wwaj)o dB’ / Xy (tiwo)o dB{
N N

=Xy ((rwaj)i+ (riwo)j) = Xu(ri W oyj).
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The extension Theorem

Theorem (T. Lyons)

Given a (geometric) rough path X of regularity o > 0, the values
(X7, 7 € V,y,m > N) are uniquely determined by the values of
(X7, 7 € Viy,m < N), where N := |1/a|.

Proof.
We have forall m € V,,

(52X7—)sut = (Xsu ® XMI)A/T

where A'7 := A7 — () ® 7 — 7 ® () is the reduced coproduct. We
conclude by recurrence on the number of letters and by the Sewing
Lemma since (6,X7) € C§“. O
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Controlled Paths

Given a geometric rough path X of regularity o > 0, we say that
Z:10,T] = Vy_1, with N := |1/«], is a controlled path if for all
words 7,

Z;r = Z Z;T (XSI ® T )AU +R5Tt? RT c CéN—|T|)a,

jo|<N—1
where 7" : V — R is the linear functional such that 7*(0) = 1(;—,)
and |o| is the number of letters in o.

When the alphabet has a single letter, the condition is:
We say that Z : [0, 7] — R{%~N=1} is controlled by X if

Zz"xk" Ry,  nef0,... N—1}, R eV
k=n
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Rough Integration

Theorem
If Z is a controlled path then for each letter i the germ

i E o ol
Ast T Zs Xst
|o|<N—1

satisfies 0,A € CgNH)a. Then by the Sewing Lemma the rough integral

/ Zdx'
0

is well defined where X! — X! = X (i).
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The Itd6 Rough Path is not geometric

Let (B!);i>1,>0 be independent Brownian Motions.

We set X, () := 1 and

t
Xst(il ... i,,) = / Xsr<i1 . . in—l) dBlr".
s
B.g. ilWi=2ii,

t
Koliwi) =2 [ (B~ B)aB, = (B~ B ~ (1)

Xy(i) = Bl — Bl — X (i W i) # X ()X (i).
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The Itd6 Rough Path

However we do have X, = X, » Xt setting ro := 1, 11 := 5

Xst ll in) =
l 2 [
- Z/ dBln/ dB;,” ] / dBlrll ]]'(Vk§”<”k+l)

= ZXSM .- Xut(lk+l . )

How can we describe the It6 Rough Path?
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Decorated Trees/Forests

Two equivalent settings
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The Connes-Kreimer Hopf algebra

We consider the space H of rooted trees, with edges decorated by
letters of the alphabet {1, ...,d}. The identity is e, the product is the
identification of the roots, and the coproduct is

AT = Z(T/O’) ® 0o

oCT

where o varies among all subtrees of 7 with the same root as 7.
This is a bialgebra and a Hopf algebra.

The previous bialgebra V is canonically embedded in #: a word
(i1 -+ -iy) is interpreted as a linear tree with n edges, the first (at the
root) decorated with i,, the next with i, and so on.

The coproduct of H extends that of V, the product does not.

This Hopf algebra was already famous in numerical analysis (!):
Butcher (1972) and Hairer-Wanner (1974).
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k[ 1 JI 1 1
+ & + & + o ®

(different but isomorphic representation w.r.t. that common in algebra,
see Kurusch’ lectures).
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A recursive formula

‘H has a recursive structure: all elements of H are obtained from e with
a finite number of products and of applications of the operators

T — [7];

where we add to the root of 7 a new edge with decoration i and we
move the root to the new node.

The coproduct A has the recursive construction

Ae=eR e, A(Tl"'Tn):<ATl)"'(ATn)

Alrli=[r]i® e+ (id ® [];,)AT.
(A non-cocommutative coproduct)

‘H is graded by the number of edges.
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Chen and Kreimer

In 1998, Dirk Kreimer gives an extension of Chen’s result.

He extends the iterated integrals to functionals of decorated trees in :

> (Xy,0) =1
> <Xst7 TL: 7_n> = <Xst7 Tl> s <Xst7 Tn>
>

Xy, [Fls) = / (X)X du

and shows that X is a H*-valued function with the following properties
foralls <u <t

> XH(T) = (XS‘M ® XMI)AT, VT c H, le XXL{ * Xul‘ = X‘Yl‘
> Xy(mim) = Xu(11)Xa(12).
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v

XSI(T) = 1
t
Xu(T) =X — X! = / X' dr
N
Xa(7) = (X — X;) (%] — X)) (X[ — X{)

t
Xy (7) = / (X — xI) X! dr
S

v

v

v

v

t
Kolr) = [0 = Xxt = x) Ko
s
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A recursive proof of Chen’s relation

t
(X, [T]) :/(XS,T)Xidr
Su ,
_ / (Xor) X1 dr + / (Xyr) X1 dr
t
= <Xsua [T]i> +/ <Xsu ®Xur7A7—>Xff dr

t
= (Xg, [7]1) + K ® / X, Xt dr, AT)

= (X, [T]:) + (Xgu @ Xie[]1 AT)
= (Xu @ Xy, [T]i ® 1 + (1d @ []i)AT)

= (X ® X, Al7];).
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Branched rough paths

In 2006 Massimiliano defines a branched rough path of regularity
« > 0 as a function X : [0, T]? — H* s.t.

» (X, 1) = (X ® Xy, AT), V7 €H.
> (X, 1m2) = (Xt 71) (Xst, 72).

> sup, || (X, )|/|1 = 5|97 < o0, for all 7 € H, where |7| is
the number of edges of 7.

Notations and presentation follow [Hairer-Kelly 2013].
Massimiliano also extends the analytical theory of rough SDEs to the
branched case, in particular the notion of controlled paths.

Since [e]; is primitive, we have X ([e];) = X! — X! with X' € C~.
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[t0 as a Branched Rough Path

(X, [7) = / %, 1) dBi

u t
= / (Xg7) dBL + / (X,,7) dB.

t
= (X, [T]i) + / (X @ Xy, AT) dBi

XSM?[ ]>+<Xsu®/ XurdB AT>

=
= (X, [7]i) + Xgu ® K[ )i, AT)
<X3u uty ] ®1+ <1d® H )AT>
=

® X, [7
Xou ® X, A[7]3)-
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[t0 as a Branched Rough Path

Let us recall that the Itd Branched Rough Path is not geometric, since
Xa(iwi) = (B — By)* — (1 — 5) # (B — By)* = X (i) X (i)

Note that now i LU i = 27 with 7 equal to

which is not a product in H. On the other hand,

] N/
0 = - 00 = .

Note that setting X, := X¢,, we have
Xg =X X, = (Xy0 A) % X,

where A is the antipode in .
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The antipode
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Exercise

Let X be the Itd Brownian rough path, with 1/3 < v < 1/2. Then for

t
Xyr = / (B — B))dB!
St ' ' s . . . 4 . -
= / Bl dB — / B/dB. + B'B/ — BIBJ
0 0

=(Xy0Ad)*x X, 7.
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Let X be the Itd Brownian rough path, with 1/3 <~ < 1/2.

For s < t, what is X, ? For instance, if

i

[ ) . Bi _ Bi 2 o
T = ) XaT = / (B; — B;) dBi, = ( ! S) (t S) .
s

2

What is X7 ?
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Let X be the Itd Brownian rough path, with 1/3 <~ < 1/2.

For s < t, what is X, ? For instance, if

i

r ) . Bi_Bi 2 f—
T = ) XstT:/(B;—B;) dBi,:( ! S) ( S)'
s

2

What is X;;7 ? Answer: by the Chen relation, X;; = X;; o A. Example:

i i
X[ST — 7XSIT + XS[ \/
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The extension Theorem

Theorem

Given a branched rough path X of regularity o > 0, the values
(X7, 7 € Hyy,m > N) are uniquely determined by the values of
(X7, 7 € Hpym < N), where N := |1/a].

Proof.
We have for all 7 € H,,
<52X7—)sut = (XW X XMI)A/T

where A'T := AT — e ® T — 7 ® e is the reduced coproduct. We
conclude by recurrence on the number of edges and by the Sewing
Lemma since (6,X7) € C§“. O
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Controlled Paths

Given a branched rough path X of regularity a > 0, we say that
Z:[0,T] — Hy—1, with N := | 1/a], is a controlled path if for all
trees 7, 0

Z;r = Z Z;T (XSI ® T )AU +R5Tt? RT c CéN—|T|)a,

lo|<N—1
where 7* : H — R is the linear functional such that 7*(0’) = 1,
and |o| is the number of edges in o.

When the alphabet has a single letter, the condition is:
We say that Z : [0, 7] — R{%-~N=1} i5 controlled by X if

Zz"xk" Ry,  nef0,... N—1}, R eV
k=n
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Rough Integration

Theorem
If Z is a controlled path then for each letter i the germ

Ait = Z z] thﬂi
lo]<N—1

satisfies 0,A € CgNH)a. Then by the Sewing Lemma the rough integral

/ ZdXx’
0

is well defined where X! — X! = X ([e];).
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Rough Integration

Theorem
If Z is a controlled path then for each letter i the germ

Ait = Z z] thﬂi
lo]<N—1

satisfies 0,A € CgNH)a. Then by the Sewing Lemma the rough integral

/ Zdx’
0
is well defined where X! — X! = X ([e];).

For further readings on Rough Paths, see the books by Peter Friz.

If you want one paper to read on what I discussed until now, then I
recommend [Hairer-Kelly, ATHP15].
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Three papers

» Martin Hairer (2014),
A theory of regularity structures, Inventiones.

» Yvain Bruned, M.H., L.Z. (2016),
Algebraic renormalisation of regularity structures, arXiv.

> Ajay Chandra, M.H. (2016),
An analytic BPHZ theorem for regulariy structures, arXiv.

This trio of papers "gives a completely automatic black box for local
existence and uniqueness theorems for a wide class of SPDEs".
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Singular stochastic PDEs

Let & be a space time white noise

(KPZ) Ou = Au+ (Qu)* +¢, x€ER,
(PAM) ou=Au+ué, xeR>

(®%) ou=Au—1u>+¢ xecR.

Even for polynomial non-linearities, we do not know how to properly
define products of (random) distributions.

Note that if T € §'(R?) and ¢) € S(R?), then we can define
canonically the product T = Tt € S'(RY) by

T (p) = Tp(p) == T(hp), ¢ € SRY).

Similar problem with stochastic integrals, as we have seen.
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Wong-Zakai

Let us consider the ODE in R4

Xo = b(xz) +f(xe) Be (1)

where B. is a smooth approximation of a BM B. Then it is well known
that x. — x solution to the Stratonovich SDE

dx = b(x) df + f(x) o dB.

In order to obtain the It6 SDE in the limit, one has to define rather

d,. . 1 R R o\ r
EXE =b(%:) — EDf(xa)f(xe) +f(x) Be (2)

and in this case X, — X solution to
dx = b(x)dt + f(x) dB.

Now, (2) is a renormalisation of (1).
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Regularisation

Let &, = p. x £ aregularisation of £ and let u. solve

Ote = Aue + F(uz, Vue, &, ).

What happens ase — 0 ?
We need a topology such that
» the map & — u. is continuous
> (. —Case — 0.
For classical negative Sobolev spaces the first point fails.
For classical positive Sobolev spaces the second point fails.

The theory of regularity structures (RS) gives a framework to solve this
problem.
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The Solution Map on models

Martin’s theory gives
» a space of Models (M, d) (analog of the space of Rough Paths)
» a canonical lift of every smooth &, to a model X¢ € M
» a continuous function ® : M — S’(R) such that u. = ®(X?)
solves the regularised equation

Oue = Au, + F<ue> Vusags)'

The model X* € M contains a finite number of relevant explicit
products (analogous to the necessary finitely many iterated integrals)

e.g. & (Gx&)

(with G the heat kernel). These products can be ill-defined in the limit
e —0:

E[£:(G % &)] = pe * G % p=(0) — G(0) = +o0.

Therefore in general X° does not converge in (M, d) as e — 0.
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Renormalised products

The theory identifies a class of equations, called subcritical, for which
it is enough to modify a finite number of products in order to obtain a
convergent lift X € M of {.. For instance

§(G*&) = E(G* &) — EIE(G*&)).

The model X¢ € M contains all these modified (renormalised)
products.

Convergence in (M, d) means (simplifying a lot) convergence of all
these objects as distributions.

Then we define the renormalised solution by it := ®(X¢).
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The general procedure

One can summarize the procedure into three steps:
» Analytic step Construction of the space of models (M, d) and
continuity of the solution map ® : M — S'(R%), [MH14]
> Algebraic step Renormalisation of the canonical model
X® — X* € M, [BHZ16]
> Probabilistic step Convergence in probability of the renormalised
model X¢ to X in (M, d), [CH16].
We obtain a renormalised solution & := ®(X), also the unique solution
of a fixed point problem.

A~

This works for very general noises, far beyond the Gaussian case.
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Wong-Zakai for SPDEs

The analogous result for the SPDE is much more subtle: if
Oz = Pu. + H(u.) + F(u.) &, x e R,

then u. = ®(X°) does not converge in general; necessary to
renormalise the equation and study . := ®(X°):

Oyite = %ite + H(iro) — C. F' (i) Fite) + F(it) &-
with C. = E[£.(G % £&.)] ~ e~ '. The limit i := ®(X) solves
dit = (02i + H(i)) dt + F(it) dW,

in the It6 sense (true for very general ., see [Chandra-Shen]).

Although there is nothing singular in this SPDE, the result is far from
simple and requires the full power of the theory [Hairer-Pardoux15].
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Important messages

We want to renormalise the (unknown) solution u. = ®(X¢).

We renormalise the (finitely many, explicit) ill-defined products and
construct the renormalised model X¢ [BHZ16].

We prove that the renormalised model Xe converges to Xin (M, d)
[CH16].

Continuity of the solution map ® : M — S’(R¥) yields convergence
of the renormalised solution iz. = ®(X®) to u = ¢(X) [MH14].

Very important: (M, d), X¢, X¢ and X¢ — X are all non-linear.

The group describing the transformation X* — X€ is in general
non-commutative.

Renormalisation does not mean modifying the equation but choosing
the correct equation.
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Another example: KPZ

The regularised version is
Opue = Buz + (Ote)” + &
which has to be renormalised to
Orite = Oite + (Dyite)* — Ce + &

and
C.=E [(axG * 55)2} ~ é

In this case, one of the ill-defined products to be renormalised is

(0,G % £.)* — (G = &) — E[(0:G * £.)?).
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Singular stochastic PDEs

Around 2010, Martin and Massimiliano, among others, try to
generalise Rough Paths to stochastic PDEs like KPZ, PAM and ®*.

(KPZ) ou=Au+ (Vu)> +¢, (6,x) eRxR,
(PAM) Ou=Au+ué, (t,x)€RxR?
(%) Ou=Au—1u’+¢ (t,x) ER xR,

This needs two generalisations:
» The rough path must be parametrized by R with d > 2

» Xy (7) can become a distribution, say, in 7 for fixed s, i.e. we want
to allow that sup_,[|X ()| /]t — 5|°7] < 400 with o, € R.

Two new theories are born: regularity structures and paraproducts.
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Rough Paths ?

Consider e.g.
Oue = Aue + U(ue) &, (t,x) eRxR.
What is the associated "Rough Path" (model) ? If we had before
t . .
(a7 = [ CCur) X
N

then now it looks reasonable to replace

t t
Xit ? 55(”7)’)7 / - du —>/ /RGtu(xy) dudy
s 0
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Rough Paths ?

In Rough Paths X, (7) is always an increment
t . .
(X, [T]i) = / (X)X}, du
St .. s .o
= / (X)X, du — / (X)X}, du.
a a

The analytic property

sup(| (X, 7)1 /|1 = s77] < o0

sF#£t

is recursive, since if s, ¢ are close to each other then u € [s, 1] is close to
s as well.
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Rough Paths ?

Let us use a now notation for the addition of a new trunk:
[’7’ ]i — T (7‘ ) .

For SPDEs, we imagine a recursive object I1,7(y) replacing X, (7),
such that

ILZ(7)(y) = G+ (IL7)(y) — G+ (TL7)(x).

(From now on, x, y are space-time variables.)
What would be a reasonable analytic requirement here ? If

ILer(y)] < Cly — |7l
with |7|; > 0 then we would like to have, by analogy with RPs,
L Z(r)(y)| < Cly —x|I7+2

but this requires further assumptions on y — G * (IL,7)(y).
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Taylor sums and remainders

In fact we have to modify the definition of IT,7(y). We recall
t ..
(X, [T]i) = / (X)X, du
ST .. N ..
= / (Xy7) X, du — / (X)X}, du.
a a

This increment is a Taylor remainder at order 0. This suggests to go to
a higher order by setting

Y
MI(N0) =Gx () — Y Y - S 546 « (11,7) ().
k<IZ(7)ls

But then we have to modify the coproduct if we want Chen’s relation.
It still involves extraction of a subtree at the root and contraction, but
there are additional decorations that take into account the terms of the
Taylor series.
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Tree representation

Recall that we are interested in a finite number of polynomial functions
of &, P1(&:), ..., Pn(&e).

More precisely, for a fixed ¢ € CZ° we consider the random variables

7= /Rdcp(z) Pie(2)dz,  i=1,...N.

To each such random variable we associate a rooted tree T;.
Every integration variable in Z; is a vertex in T;.

Every integral kernel in Z; is an edge in 7.
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xQO
= [v@e@E= [v@n-vime —
s

Remark: the previous tree is absent in Rough Paths.

xe----QY

xe--—--O»n

Ze----0O)1
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Further decorations on trees

We have additional decorations on trees, needed to code

— x)k
ILI(T)(y) =G+ (ILr)(y)— > (yk,) G * (IL7) (x).
K<IZ(7)]s

» n on nodes, representing powers of (y — x)
» ¢ on edges, representing derivatives 9¥G of the heat kernel

1 /n _
s =SS () s e s

SCT ng,es
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Distributions

We have a linear space H of decorated trees, representing distributions
on R? which are relevant to the given equation.

Since we do not expect to multiply all distributions, H is not assumed
to be an algebra.

We do not expect H to have a coproduct either, so it is not clear how to
define the Chen relation

X x Xy = X
The solution is to split X, into two components, containing
respectively functions and distributions.
Remember: in Rough Paths we have X, = X;l * X;.

Then we want to differentiate the two factors, and have X; ! behaving
as a true function of s, while X, can behave as a distribution in ¢.
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We consider two spaces of decorated trees, H and . such that
» H_ is a Hopf algebra and codes classical functions
» H is a linear space coding relevant explicit distributions

» we have a left coaction
At H - Hi@H

compatible with the coproduct of H. .

Then H is a comodule over H .

For g, € G, and IT : H — S'(RY),
L7 (y) := (g @ I AT 7)(y)

is a good candidate for X,, = X! x X
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IL7(y) = (g ® IL AT T)(y)

> gy € G4 is a character and therefore multiplicative

» in general IT : H — S'(RY) is not multiplicative, even if it takes
values in smooth functions

» this "freedom" of II to be non-multiplicative is crucial in the
renormalisation procedure

» Il is always assumed to satisfy

= = &, IZ(r) =G« IIr

» the canonical choice of II, for a regularised version & of the noise,
satisfies moreover multiplicativity

(- 1) = (1) - - - (7).
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Renormalisation

We consider a third space of decorated forests,

» H_ is a Hopf algebra and codes renormalisation of diverging
subtrees

» we have right coactions
Ail/H—>,H®/H_, A72H+—>H+®/H_

compatible with the coproduct of H_, so that H and H . are
comodules over H_.

- I (n _ -
sm= S () @ s
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Positive and negative renormalisations

If we set

» AT(T) := {S C T : S subtree with the same root as 7'}
» A (T) :={S C T : S subforest of T'}

then

yr= Y Y b ( )T/s>:+g;s®sgs+ms

SeAH(T) ns,es

s S () s s

Se—(T) ﬂs,es
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The renormalised model

We definefor{ € G- C H* mapsMy: H — Hand My : Hy — H
My(7) == (ild® {)A™T.
We can define for ¢ € G C H*

T (y) = (gMy @ TIMy, AT 7)(y)

= (gl H(A™ @ AT)ATT(y).

A compatibility condition between these coactions implies that this
works well...

G is the structure group, G_ the renormalisation group.
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Coactions and coproducts

We have defined 2 coproducts and 3 coactions, which are all variants of
just 2 operators AT, A™:

> a contraction/extraction of subtrees at the root (as in Rough Paths)

» a contraction/extraction of subforests.

We also have a non-trivial action on decorations, related to the Taylor
sums, which is the same for all operators.

For the Analytical theory: there is an analog of controlled paths.

Several theorems replace the Sewing Lemma.
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