
1

Estimation and prediction in spatial models with block
composite likelihoods

Jo Eidsvik,
Department of Mathematical Sciences, NTNU, Norway

With Ben Shaby (Colorado State Univ), Brian Reich (North Carolina
State Univ), Matt Wheeler and Jarad Niemi (Iowa State Univ)



Motivation

Large spatial (spatio-temporal) datasets



Parent model

Spatial Gaussian model

Model: Y (s) = X (s)β + w(s) + ε(s).

I s is a spatial location on a domain of interest.

I Y (s) is the response variable.

I X (s) are covariates.

I β are regression parameters.

I w(s) is a spatially smooth process, covariance parameters; φ, σ2.

I ε(s) is independent noise ε(s) ∼ N(0, τ 2)

I θ = (σ2, φ, τ 2).



Parent model

Gaussian likelihood

Model: Y (s) = X (s)β + w(s) + ε(s).

Sampling locations s1, . . . , sn.
Data: Y = (Y (s1), . . . ,Y (sn))′, X = (X (s1), . . . ,X (sn))′.

Log likelihood:

l(Y ;β,θ) = −1

2
log |Σ| − 1

2
(Y − Xβ)′Σ−1(Y − Xβ)

Challenges for parameter estimation and prediction:

1. Build and store n × n matrix Σ(θ) = Σ = C + τ 2I n
2. Compute log |Σ| and Σ−1 or (Y − Xβ)′Σ−1(Y − Xβ)

Some approaches: tapering, fixed rank Kriging, Markov random fields,
predictive process, approximate likelihood methods.



Composite likelihood

Use model for composites

I Lindsay (1988), Curriere and Lele (1999), Varin (2008).

I Scales with dimension. Useful for parallel computing.

I Use joints for subsets of data, not full joint. M blocks.
n =

∑M
k=1 nk .

I Block-pair variables: Y kl = (Y ′k ,Y
′
l)
′, X kl = (X ′k ,X

′
l)
′, size

(nk + nl)× (nk + nl) covariance Σkl = Σkl(θ).

I Log composite likelihood:

lCL(Y ;β,θ) =
M−1∑
k=1

∑
l>k

{
−1

2
log |Σkl | −

1

2
(Y kl − X klβ)′Σ−1kl (Y kl − X klβ)

}



Composite likelihood

Split and conquer - examples of blocking

lCL(Y ;β,θ) =
M−1∑
k=1

∑
l∈N→

k

{
−1

2
log |Σkl | −

1

2
(Y kl − X klβ)′Σ−1kl (Y kl − X klβ)

}
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Composite likelihood

Estimation : Maximum composite likelihood

(θ̂, β̂) = argmaxθ,β{lCL(Y ;β,θ)}.

I Iterative algorithm p = 0, 1, . . ..

I Estimating equations:
dlCL(Y ;β̂p,θ̂p)

dβ = 0,
dlCL(Y ;β̂p,θ̂p)

dθ = 0.

I β̂p = A−1b,

A = A(θ̂p;Xklpairs), b = b(θ̂p;Xklpairs,Yklpairs).

I Fisher-scoring: θ̂p+1 = θ̂p − E

(
d2lCL(Y ;β̂p,θ̂p)

dθ2

)−1
dlCL(Y ;β̂p,θ̂p)

dθ



Composite likelihood

Analytical derivatives

Computed for each block-pair.

d log |Σkl |
dθr

= trace(Σ−1kl

dΣkl

dθr
)

dZ ′klΣ
−1
kl Z kl

dθr
= −Z ′klΣ

−1
kl

dΣkl

dθr
Σ−1kl Z kl

Z kl = (Y kl − X klβ)



Composite likelihood

Asymptotic properties: Godambe sandwich

θ̂ → N(θ,G−1). (Varin, 2008).

G = G (θ̂) = H(θ̂)J−1(θ̂)H(θ̂),

H(θ̂) = −E
(
d2lCL

dθ2 (θ̂)

)
, J(θ̂) = Var

(
dlCL
dθ

(θ̂)

)



Composite likelihood

Synthetic data

Unit square domain. n = 2000. 2000 replicates of data.
Covariance Σ(h) = τ 2I (h = 0) + σ2(1 + φh) exp(−φh), h = |s i − s j |.
Effective range 1/4th of domain.



Composite likelihood

Likelihood vs composite with M = 100 blocks.

Parameter estimates: log precision, log range, log nugget precision.



Prediction

Prediction from composite likelihood

Y a
k = (Y ′k0,Y

′
k)′. Y k0 unobserved variables of size nk0 in block k.

X a
k = (X ′k0,X

′
k)′ associated covariates.

lkCL(Y k0) = −
∑
l∈Nk

1

2
[(Y a′

k ,Y
′
l)
′−(X a′

k ,X
′
l)
′β]′Σ−10kl [(Y

a′

k ,Y
′
l)
′−(X a′

k ,X
′
l)
′β]

Σ0kl is (nk0 + nk + nl)× (nk0 + nk + nl) covariance matrix.

Ŷk0 = X k0β̂ + A−10 b0

A0 = A0(θ̂), b0 = b0(θ̂;Xklpairs,Yklpairs)



Prediction

Prediction properties

Ŷk0 − Yk0 ∼ N(0,G−10 )

G0 = H0J
−1
0 H0,

H0 = −E
(
d2lkCL
dY 2

k0

)
, J0 = Var

(
dlkCL
dYk0

)



Prediction

Synthetic data

Unit square domain. n = 2000. 2000 replicates of data. 200 prediction
sites.
Covariance Σ(h) = τ 2I (h = 0) + σ2(1 + φh) exp(−φh), h = |s i − s j |.
Effective range 1/4th of domain.



Prediction

Likelihood vs composite with M = 100 blocks.



Prediction

Results for block size 32 and 102

L CL, 3× 3 CL, 10× 10

MSE β̂1 0.05 0.05 0.06

MSE β̂2 0.17 0.21 0.23

MSE θ̂1 0.014 0.018 0.018

MSE θ̂2 0.0036 0.0043 0.0054

MSE θ̂3 0.0007 0.0008 0.0008

Coverage (0.95) β̂1 0.96 0.95 0.96

Coverage (0.95) β̂2 0.93 0.92 0.92

Coverage (0.95) θ̂1 0.93 0.92 0.91

Coverage (0.95) θ̂2 0.94 0.94 0.91

Coverage (0.95) θ̂3 0.95 0.95 0.94
MSPE 193 195 204

Mean pred. coverage (0.95) 0.95 0.95 0.95
Computing time (sec) 76 39 12



Prediction

Parallelization

Number of observations (thousands)
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(b)

Matrix factorization on GPU. For-loop harder - require splitting the data
on resource units.



Prediction

Satellite dataset: n ∼ 200.000

Y (s) = β0 + w(s) + ε(s).
Estimate parameters. Use plug in for prediction.



Prediction

Satellite dataset: Fixed rank kriging and CL



Prediction

Satellite dataset: Prediction results for a hold-out set

FRK, 4 FRK, 3 CL, reg 15 CL, fast 30
MSPE 44.3 88.1 25.7 26.0

Pred cov (0.95) 0.81 0.71 0.96 0.96
Timing (min) 6 2 40 4



Discussion

Local composite spatial modeling

I Split parameter estimation and spatial prediction

I Just predicting in (pairs of) blocks... overlapping blocks...

Unifying these elements instead:

I Form a process on a local graph.

I Ease hierarchical Bayesian modeling.



Discussion

Predictions on local domains, building a process

p(x1, x2, . . . , xn) = p(x1)p(x2|x1)p(x3|x1, x2) . . . p(xn|xn−1, . . . , x1)

= p(x1)
n∏

i=2

p(xi |x1, . . . , xi−1)

Assuming a neighborhood. Some of the conditioning can be ignored.

p(x1, x2, . . . , xn) = p(x1)
n∏

i=2

p(xi |xj , j ∈ N→i )

Where N→i represents the neighborhood of i for the indexes below i .
(Similar to a Cholesky factorization.)



Discussion

Datta et al. (2016) formed a neighborhood graph



Discussion

Nearest neighbor Gaussian process



Discussion

Nearest neighbor Gaussian process
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