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FY3464 Quantum Field Theory

Problemset 1
NTNU

Institutt for fysikk

SUGGESTED SOLUTION

Problem 1
We require that

(x′)µ(x′)µ = xαxα. (1)

Starting with the lhs, we get:

(x′)µ(x′)µ = ηµν(x′)µ(x′)ν = ηµνΛ
µ
αΛ

ν

β
xαxβ. (2)

Consider now the rhs, which equals

xαxα = ηαβxαxβ. (3)

Comparing the two equations, it is clear that

ηαβ = ηµνΛ
µ
αΛ

ν

β
. (4)

As for the inverse, we note that Eq. (4) can be written as

ηαβ = Λ
µ
αΛµβ. (5)

Multiply this by ηβγ (and sum over β, as indicated by the repeated index):

δ
γ

α = Λ
µ
αΛ

γ
µ . (6)

Comparing this with the definition of the inverse given in the problem text, we see that

Λ
γ

µ = (Λ−1)γ
µ. (7)

which is what we set out to prove (after renaming indices).
Problem 2
We get:

H|k1,k2, . . .⟩=
∫ d3k

(2π)3 ω(k)a†
kak

( N

∏
i=1

√
2ω(ki)a

†
ki

)
|0⟩

=
∫ d3k

(2π)3 ω(k)
√

2ω(k1)
√

2ω(k2) . . .×a†
k[a

†
k1

ak+(2π)3
δ(k−k1)]a

†
k2
. . . |0⟩

= ω(k1)|k1,k2, . . .⟩+
∫ d3k

(2π)3 ω(k)a†
k

√
2ω(k1)

√
2ω(k2) . . .×a†

k1
[a†

k2
ak+(2π)3

δ(k−k2)]a
†
k3
. . . |0⟩

= ω(k1)|k1,k2, . . .⟩+ω(k2)|k1,k2, . . .⟩+ . . .

=
N

∑
i=1

ω(ki)|k1,k2, . . .⟩ (8)
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Problem 3
Writing out the Poisson brackets explicitly, we have

φ̇(x) =
∫

dx′
(

δφ(x)

δφ(x′)

δH
δΠ(x′)

− δφ(x)

δΠ(x′)

δH
δφ(x′)

)
,

Π̇(x) =
∫

dx′
(

δΠ(x)

δφ(x′)

δH
δΠ(x′)

− δΠ(x)

δΠ(x′)

δH
δφ(x′)

)
. (9)

To compute these expressions, we need H :

H = Πφ̇−L =
1
2
[Π2 +(∂iφ)

2 +2ζφ
2], (10)

where we used that Π = ∂0φ = ∂0φ. Since H =
∫

dxH (x), we obtain:

δH
δΠ(x′)

= Π(x′),

δH
δφ(x′)

=
∂H

∂φ(x′)
−∇ · ∂H

∂[∇φ(x′)]
= 2ζφ(x′)+∂i∂

i
φ(x′). (11)

Note that ∇ has components ∂i =
∂

∂xi , in effect it is a covariant derivative which thus differentiates
with respect to contravariant variables. We also used that ∂i = −∂i. The Poisson brackets in Eq. (9)
then take the form:

φ̇(x) = π(x),

Π̇(x) =−2ζφ(x)−∂i∂
i
φ(x). (12)

Eliminating Π from these equations, we arrive at the equation of motion:

φ̈+∂i∂
i
φ+2ζφ = 0 (13)

or alternatively

∂µ∂
µ
φ+2ζφ = 0. (14)


