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Framework

Agents:
noisily sample the same f
limited computational &

communication capabilities
1 measurement × agent

(ease of notation)
M measurements in total
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Measurement model

ym = f (xm) + νm (1)

f : X ⊂ Rd → R unknown (X compact)
νm ⊥ xm, zero mean and variance σ2

xm ∼ µ i.i.d. (agents know µ!!)

examples of µ:

uniform jitter generic
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Example 1 - channel gains in geographical areas

source: Dall’Anese et al., 2011

x ∈ R2 : position
t : time

f (x , t) : channel gain
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Example 2 - waves power extraction

source: www.graysharboroceanenergy.com

x ∈ R2 : position
t : time

f (x , t) : sea level
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Example 3 - multi robot exploration

source: http://www-robotics.jpl.nasa.gov

x ∈ R2 : position
f (x) : ground level
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Considered cost function

Q (f ) =
M∑

m=1
(ym − f (xm))2 + γ ‖f ‖2

K

lives in an infinite
dimensional space

regularization fac-
tor, K : X × X → R

Mercer kernel

Centralized optimal solution as a Regularization Network

fc =
M∑

m=1
cmK (xm, ·)

[ c1
...

cM

]
=
([ K (x1, x1) · · · K (x1, xM )

...
...

K (xM , x1) · · · K (xM , xM )

]
+γI

)−1[ y1
...

yM

]
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Drawbacks

fc =
M∑

m=1
cmK (xm, ·)

[ c1
...

cM

]
=
([ K (x1, x1) · · · K (x1, xM )

...
...

K (xM , x1) · · · K (xM , xM )

]
+γI

)−1 [ y1
...

yM

]

computational cost: O
(
M3) (inversion of M × M matrix)

transmission cost: O (M) (knowledge of whole {xm, ym}M
m=1)

⇓

need to find alternative solutions
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Alternative centralized optimal solution (1st on 2)

Structure of K implies

• K (x1, x2) =
+∞∑
e=1

λeφe(x1)φe(x2) λe = eigenvalue
φe = eigenfunction

• f (x) =
+∞∑
e=1

beφe(x)

⇒ measurement model can be rewritten as

ym =
Cm:=︷ ︸︸ ︷

[φ1 (xm) , φ2 (xm) , . . .]

b:=︷ ︸︸ ︷
b1
b2
...

+νm (2)
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Alternative centralized optimal solution (2nd on 2)

bc =
(

1
M diag

(
γ

λe

)
+ 1

M

M∑
m=1

CT
m Cm

)−1(
1
M

M∑
m=1

CT
m ym

)
(3)

involves infinite dimensional objects:

bc =


• · · · · · ·
... . . .
... . . .


−1 

•
...
...



⇒ cannot be computed exactly
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Suboptimal finite dimensional solution

New estimator

br =
(

1
M diag

(
γ

λe

)
+ 1

M

M∑
m=1

(
CE

m

)T
CE

m

)−1(
1
M

M∑
m=1

(
CE

m

)T
ym

)

computable (involves E × E matrices and E -dimensional
vectors)

minimizes QE (b) :=
∑M

m=1

(
ym − CE

mb
)2

+ γ
∑E

e=1
b2

e
λe

Drawbacks
1 O

(
E 3) computational effort

2 O
(
E 2) transmission effort

3 must know M
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Derivation of the distributed estimator

br =
(

1
M diag

(
γ

λe

)
+ 1

M

M∑
m=1

(
CE

m

)T
CE

m

)−1(
1
M

M∑
m=1

(
CE

m

)T
ym

)

Consider the approximations
M → Mg (guess)

1
M

M∑
m=1

(
CE

m

)T
CE

m → Eµ

[(
CE

m

)T
CE

m

]
= I

13



Derivation of the distributed estimator

obtain: bd =
(

1
Mg

diag
(

γ

λe

)
+ I
)−1( 1

M

M∑
m=1

(
CE

m

)T
ym

)

Advantages
1 O (E ) computational effort
2 O (E ) transmission effort
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Summary of proposed estimation schemes

???

br (E )

br : O
(

E3
)

comput., O
(

E2
)

transm.

bd (E , Mg)

bd : O (E) comput., O (E) transm.

original hyp. space

bc
bc : O

(
M3
)

comput., O (M) transm.

reduced hyp. space

???
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Tuning of the parameters - key ideas
Assumption: have some information on the energy of f

bc

brbd

parameters to
be estimated

number of
eigenfunctions E

number of mea-
surements Mg

assure ‖bc − br (E )‖ to
be sufficiently small

minimize the bound
on ‖bc − bd (E , Mg)‖
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Tuning of the parameters - in practice
bc

brbd

computable through distributed MC

local residuals, func. of Mg

func. of Mg and ∝ 1
Mmin

− 1
Mmax

func. of Mg and ∝ I − 1
M

M∑
m=1

(
CE

m

)T
CE

m

‖bc − bd‖2 ≤ 1
M

M∑
m=1

|rm| + ‖UMbd‖2 + ‖UCbd‖2
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Regression strategy effectiveness example
M = 100, E = 20, Mmin = 90, Mmax = 110, SNR ≈ 2.5

0 0.2 0.4 0.6 0.8 1

−2

0

2

x

f(
x)

true
meas.
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Accuracy of the computed bound
M = 100, E = 20, Mmin = 90, Mmax = 110

0 0.2 0.4 0.6 0.8 10

0.2

0.4

0.6

0.8

1

true distance ‖bd − bc‖2

bo
un

d
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Comparison with oracle
M = 100, E = 20, Mmin = 90, Mmax = 110

0 0.2 0.4 0.6 0.8 10

0.2

0.4

0.6

0.8

1

∥∥∥boracle
d − bc

∥∥∥
2

‖b
ou

rs
d

−
b c

‖ 2
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Conclusions and future works

Conclusions
Strategy:

is effective and easy to be implemented
has self-evaluation capabilities
has self-tuning capabilities

Future works
exploit statistical knowledge about M
incorporate effects of finite number of steps in consensus

algorithms
extend to dynamic scenarios (long term objective)
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