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Summary In the present study a method to handle contact points in a sharp interface method is
presented. The contact points are tracked explicitly and their velocities are a function of the contact
angle. For sharp interface methods an accurate approximation of the curvature is important. This
cannot be obtained by using the conventional central difference methods adjacent to walls since
the level set functions are not defined therein. Therefore we propose to use the tracked contact
point and the intersection points of the first two grid lines parallel to the wall with the zero contour
line of the signed distance function to approximate the contact angle and curvature adjacent to the
walls.

Introduction
Drop impacts on dry surfaces can be found in many industrial and natural processes. Applications where the behavior of the impacting drops plays an important role include ink-jet printing, spray cooling, pesticide spraying, erosion processes due to rain and thermal spray coating.
Probably the first study on droplet impacts was performed by [24]. An overview on the different
phenomena which can take place during a drop impact is given in the reviews of [17] and [25].
One of the difficulties arising in modelling droplet impacts is the moving contact line problem.
If the conventional no-slip boundary condition is applied to the Navier-Stokes equations, the
stresses are diverging at the line where the three phases meet. In fact, molecular dynamics
(MD) simulations show a near complete slip in the region of the contact line [10]. Although
there are several empirical models connecting the dynamic contact angle at the contact line
with the velocity of the contact line, a complete understanding of the mechanics at the contact
line is still missing.
The surface tension plays an important role during the spreading and receding of an impacting
drop. Therefore, accurate modelling of the surface tension in the continuum model is important.
The surface tension introduces a jump in the solution across the interface. While this jump
is smeared out to obtain numerically smooth solutions in diffuse interface methods, the jump
conditions are imposed by sharp interface methods. The ghost-fluid method (GFM) [4], which
uses a fixed Cartesian grid, was extended to incompressible two-phase flows [9]. The GFM
allows to retain the jumps across the interface and therefore it is possible to eliminate the error
which stems from the artificial smearing of the fluid properties. To use the GFM it is necessary to
know the location of the interface, as well as its curvature. This information about the interface
geometry can be obtained from the the level-set approach [23] [15]. However, if the interface
crosses a wall boundary, i.e., if it forms a contact point, a special method to approximate the
geometric information is required. Spelt [22] proposed a method to treat contact points in diffuse
interface methods, where contact points are tracked explicitly. In the presented paper we present
an extension of Spelt’s method to a sharp interface method.
Equations
Navier-Stokes equations
We consider incompressible flow of two immiscible viscous fluids. In this study we confine ourselves to two-dimensional problems. There is no fundamental obstacle to extend the presented

method to three dimensions. The continuity and momentum equations, i.e., the Navier-Stokes
equations for a Newtonian fluid for incompressible flow:
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where u is the velocity vector , p is the pressure, g is the gravity vector, µ and ρ are the dynamic
viscosity and the density, respectively. The material properties µ and ρ can be different in each
fluid and we use a + and − sign to discriminate between the two fluids. These equations have
to be fulfilled in both fluids in two-phase flow.
Interface conditions
The boundary conditions at the interface can be derived by considering an infinitesimal control
volume across the interface. This volume can be divided into a control volume for each fluid.
The conservation laws for mass and momentum hold for the entire volume as well as for each of
the partial volumes. Subtracting the sum of the conservation laws applied to the two partial volumes individually from the conservation laws applied to the entire volume, we get the boundary
conditions at the interface. For the case with constant surface tension σ and no mass transfer
across the interface we get the following jump conditions:
[u] = 0
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where square brackets define the jump across the interface, e.g. [u] = u+ − u− . We further
denote n and t as unit normal and tangent vectors to the interface. κ is the local interface curvature and τ is the viscous stress tensor. These conditions imply that the velocity and tangential
stresses are continuous across the interface, whereas the pressure and the normal stresses are
discontinuous.
Level set method
In order to apply the interface conditions presented in the previous section it is necessary to
know its position. A popular method to keep track of the interface position in two- phase flows
is the level set method (LSM) [19]. There the interface is defined as the zero contour line of a
scalar function φ. Typically φ is the signed distance function from the interface and it exists and
is continuous through the entire computation domain. The signed distance function is advected
with the local fluid velocity using the advection equation
∂φ
+ u · ∇φ = 0.
(5)
∂t
Since all discretisations of the advection equation will not be exact, φ looses its signed distance
property over time and has to be reinitialised solving the following equation to steady state
∂φ
+ sign (φ) (|∇φ| − 1) = 0.
(6)
∂τ
The interface normal and curvature can be obtained directly from the signed distance function.
∇φ
n=
(7)
|∇φ|
κ = −∇ · n
(8)

Contact point
Around a point where the interface between two fluids meets a solid surface, the conventional
no-slip boundary condition cannot be applied. For otherwise the stresses around the interface
would become singular. To avoid this singularity the no-slip boundary condition is often replaced by a slip boundary condition of the following form:
uk = λ

∂uk
∂x⊥

,

(9)

wall

where λ is the slip length and k and ⊥ denote the parallel and normal directions relative to the
wall. The difference in the surface energies can lead to a motion of the contact point. For small
capillary numbers this effect can become extremely important. However, it is not possible to
describe the dynamics around the contact point accurately using the Navier-Stokes equations.
Some authors choose to fix the contact angle to model the dynamics around the contact line
[1, 2, 5, 12]. In the present paper we shall set the contact point velocity uCP as a function of
the contact angle. To achieve this goal Spelt [22] proposed to track the contact point explicitly.
Thus, the position of the contact point is described by an ordinary differential equation
dxCP
= uCP = f (θ),
dt

(10)

where f (θ) is an arbitrary function describing the dependency of the contact point velocity on
the contact angle. The choice of f is important and should be done carefully to obtain good results. Different approaches to model the dependency of the contact point velocity on the contact
angle are possible, including the use of empirical data or results from microscale simulations
around the interface. In the present paper we uses a simple linear relation as an example.
Discretisation
The discretisation is done on a uniform staggered grid, where the scalar quantities, i.e., pressure
p and signed distance function φ, are stored at the cell centers while the velocity components u
and v are stored at the vertical and horizontal cell faces, respectively [7]. The classical marker
and cell (MAC) method is used to couple velocity and pressure in the discretisation of the
incompressible Navier-Stokes equations (1) and (2).
Navier-Stokes
The advection terms in the Navier-Stokes equation (2) are discretised by a 5th order finite difference WENO scheme using a Lax-Friedrichs flux splitting [20]. For the WENO scheme can
handle the discontinuities in the first derrivative of the velocity automatically. In points which
are not adjacent to the interface the viscous terms are discretised by second order central difference stencils, i.e.,
 2 
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∂ u
≈
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∆x2
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≈
.
(12)
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∆y 2
The velocity component in y-direction is treated analogously. To enforce incompressibility a
direct projection is applied. First an intermediate velocity u∗ is obtained by updating the velocity

from the previous time step with the advective, viscous and gravity terms.


µ 2
∗
u = u + ∆t − (u · ∇) u + ∇ u + g
ρ

(13)

This intermediate velocity field is then used as the right hand side of the Poisson equation for
the scaled pressure correction p∗ = p/∆t. Homogeneous Neumann boundary conditions are
applied to solve for p∗ .
 ∗
∇p
= ∇ · u∗
(14)
∇·
ρ
Away from the interfaces the density ρ corresponds to the constant density of the fluid we are
in and the Laplace operator is approximated by the standard second order 5 point central finite
difference stencil. Finally the intermediate velocity is made divergence free using the solution
of the pressure Poisson equation.
∇p∗
un+1 = u∗ −
(15)
ρ
This projection procedure can be viewed as a special time splitting scheme which is advancing
the solution ∆t in time like one time step in a forward Euler scheme. Therefore a repetition of
the projection procedure can be employed to form a Runge-Kutta time integration scheme. In
the present work the 3rd order TVD Runge-Kutta method by Shu and Osher [21] is applied. An
expression for the maximum allowed time step for a forward Euler time integration considering
advection, diffusion, surface tension and gravity is given by Kang et al. [9]:
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Interface jump conditions
The jump conditions at the interface (4) can be rewritten such that jumps are separated for the
derivatives of the velocity components [9].
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The jumps are continuous functions which are defined in the whole domain. Therefore they
can be computed at the grid centers and then interpolated to the location where they are required. To compute the jump conditions one needs to approximate the derivatives of the velocity components at the cell centers. Kang et al. [9] choose to first interpolate the velocity
components to the cell centers and then use standard central differences to approximate the
gradients of the velocity. Here a different strategy is adopted, where the derivatives ux and
vy are directly computed as the difference approximations of the velocities at the cell faces,


i.e., ux i,j = ui+1/2,j − ui−1/2,j /∆x, and the other two derivatives namely
 uy and vx are approximated at the cell corners, i.e., uy i+1/2,j+1/2 = ui+1/2,j+1 − ui+1/2,j /∆y and those two
derivatives are subsequently interpolated to the cell centers. Both methods lead to the same
stencil for uy and vx , but for ux and vy the direct approximation results in a smaller stencil with
the same order of accuracy. In addition we point out that ux and vy at the cell centers and uy
and vx at the cell corners have to be computed anyway to approximate the viscous terms, cf.
equations (11) and (12).
The separated jump conditions together with the ghost-fluid method [13] allow to treat the jumps
in a sharp manner. If there is an interface crossing the grid lines of a stencil, the known jumps
are added or subtracted from the points on the opposite side of the interface. This addition or
subtraction is then included into the second order finite difference method. The treatment of the
jump condition is improved by interpolating the jump condition to the place where the interface
intersects with the grid lines. This procedure allows to discretise the Poisson equation
(βϕx )x + (βϕx )x = f (x)
with the interface conditions [ϕ] = a and [βϕn ] = b in the following way:
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(19)

(20)

F is a correction term for the jumps and therefore dependent on the interface position and
the jump conditions a and b. If no interface crosses the stencil, F is zero and equation (20)
reduces to the conventional second order central difference method. The correction appears
only on the right hand side, which is beneficial since the same linear solvers can be used as
for conventional central difference discertisations. If for example the interface intersects the left
arm of the stencil, i.e., it is located between xi−1,j and xi,j and at xi−1,j we have the fluid with
the material constant β + , the correction term reads:
F =

βi−1/2,j aΓ βi−1/2,j bΓ Θ
−
,
∆x2
β + ∆x

(21)

where Θ · ∆x is the distance between xi−1,j and the intersection point, and the subscript Γ
indicates that the jump conditions are interpolated to the intersection point. In the context of
two-phase flow this method is used for the viscous terms, where ϕ corresponds to the velocity
components, a = 0 and b are the jump conditions form equation (17). For the pressure Poisson
equation ϕ corresponds to the pressure p∗ and the derivative is continuous, i.e., b = 0 and the
pressure jump a is given by equation (18). For details concerning the GFM and its implementation for two-phase flows we refer the reader to the literature [9, 13].
Level set method
The gradients in the level set equations (5) and (6) are discretised by a 5th order finite difference
WENO scheme [14]. To minimise spurious displacements of the interface during the reinitialisation the constrained reinitialisation CR-1 by Hartmann et al. [8] is applied. The normal is
approximated by a conventional second order finite difference scheme. The expression for the

curvature (8) can be rewritten as:
φ2x φyy − 2φx φy φxy + φ2y φxx
κ=−
,
3/2
φ2x + φ2y

(22)

where the derivatives are approximated by second order finite differences as well.
Contact point treatment
The contact point is tracked explicitly with the ordinary differential equation (10). Immediately
after the advection of φ the contact point is updated using the velocity which was computed
form the contact angle θ at the last time step.
n
n
xn+1
CP = xCP + ∆t · f (θ )

(23)

Since the updating of the contact point is a part of each Euler step in the projection algorithm,
which forms one step of the Runge-Kutta scheme, the order of the temporal discretisation of the
contact point position is consistent with the temporal order of the other equations.
The curvature κ and the contact angle cannot be computed with central differences at the wall
since the stencil for the first grid point inside the fluid would contain points which are located
inside the wall. As discussed in more detail below, the interface is assumed to continue as a
straight line into the wall and the level set values at the ghost points are set as signed distances
to that line. As a result the curvature at the first grid point would be compromised if computed
by central differences. Instead a circle is fitted through the contact point xCP and the intersection points of the interface with the first two grid lines parallel to the wall. To get convergent
curvatures the intersection points of the grid lines and the zero level set contour are determined
by a quadratic interpolation. The curvature at the first gird point is then given as the inverse of
the radius R from the fitted circle. The smaller angle between the wall and the fitted circle is:


|xCP − xm |
−1
(24)
θ̂ = sin
R
where xm is the x-position of the center from the fitted circle, cf. Fig. 1. Using the y-position of
the circle center and the sign of the first grid point left of the interface it can be checked whether
θ̂ is the contact angle in the desired fluid and we set θ = θ̂. Otherwise the correct angle is obtained by θ = π − θ̂. In Figure 1 the fitted circle at the contact point is illustrated. During the
reinitialisation the interface suffers from spurious displacement. Therefore the reinitialisation
will change the measured contact angle and curvature since they depend on the first two interpolated intersection points. The spurious displacement and therefore the change in the contact
angle and curvature can efficiently be reduced using a constrained reinitialisation.
The reinitialisation equation (6) can be rewritten as a hyperbolic equation where the characteristics are pointing perpendicular away form the interface [18]. Therefore the position of the
interface decides where a boundary condition for the reinitialisation is required. In areas where
no boundary condition is required the ghost points for the signed distance function can simply
be filled with a linear extrapolation from the fluid points. To fill the ghost points in areas where
a boundary condition is required, the interface is prolonged as a straight line from the contact
point with a slope given by θ. For all ghost points which are below a line which is perpendicular to the interface at the contact point (shaded area in Figure 1) the distance to the prolonged
interface is computed analytically. In addition the sign of the distance can be decided using

the first fluid point adjacent to the interface. To ensure that the characteristics are obeyed the
ghost points are finally filled with either the extrapolated value or the analytical signed distance
whichever has the smallest absolute value. If there are multiple contact points the analytically
determined distance to the closest prolonged interface is used.
Fitted circle

Interface

(x2, y2)
R

(xm, ym)
(x1, y1)
Contact point

Interface normal

Prolonged interface

Figure 1: Illustration of the contact point treatment, in the shaded region the ghost points are filled with
the analytical distance to the interface if this is smaller than the extrapolated value.

Results
To test our implementation of the GFM we first compute two examples of two-phase flow with
dynamic interfaces for which analytical solutions exist. The ability of our method to handle
contact points is demonstrated in an additional example of a droplet receding on a solid wall.
Oscillating droplet
An oscillating droplet surrounded by another fluid where both fluids are inviscid is a popular test
case for multiphase solvers. An analytical solution to this problem can be found using potential
theory [11]. Initially the droplet has the shape of an ellipse with a semimajor and a semiminor
axis which is 5% longer and smaller than the radius r = 13 .
The surface tension σ = 1 N/m and the density ρ+ = ρ− = 1 kg/m3 will lead to an oscillation
6σ
which is not damped in the inviscid case. The frequency of the oscillation is ω02 = (ρ+ +ρ
− )r 3 .
0
Hansen [6] showed that the influence of the no-slip boundaries are becoming small if the domain
becomes larger than 2 × 2 m2 . This was also verified in the present case. Therefore all the
reported results were computed with a domain size of 2 × 2 m2 . The time step was chosen such
that it is 1% of the maximum allowed time step and the number of grid points was m = 52,
m = 100 and m = 200.
The time evolution of the semimajor axis is plotted in Figure 2. As the grid is refined the numerical solution approaches the exact solution. The amplitude of the semimajor axis is damped
in the numerical results and the frequency is slightly too low as well. To analyse the influence
of the time step we computed a solution on the coarsest grid with a 10 times larger ∆t. It can

be seen in Figure 2 that the results are converging with decreasing time step. The area loss after
two oscillation periods is 0.356%, 0.077% and 0.004% for the three grid resolutions. This is
comparable to the results by Hansen [6].
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Figure 2: Time evolution of semimajor axis for the oscillating droplet.

Standing wave
Viscous damping of surface waves is used to verify the two phase solver for cases where viscous
and surface tension forces interact. An analytical solution for this problem was presented by
Prosperetti [16]. We use non-dimensional variables here. Initially two fluids are separated by
a flat interface in the middle of the domain which is slightly perpetuated by a sine wave. The
wavelength of the perturbation is λ = 2π and the initial amplitude is set to A0 = 0.01λ.
σ
According to the analytical solution the oscillation frequency is ω02 = ρ+ +ρ
−.
All solutions are obtained in a domain of size 2π × 2π. The boundary conditions parallel to the
interface are slip walls, and perpendicular to the interface periodicity is enforced. Both densities
are set to unity, the surface tension is σ = 2 and the viscosities are set to µ = 0.064720863. For
all reported grid resolutions the time step was set to ∆t = 0.01.
Figure 3 shows the time evolution of the amplitude and the amplitude error. Again the frequency
predicted by the numerical computations is too low, but converges with grid refinement. Opposed to the inviscid droplet oscillation, the damping of the oscillation amplitude is not strong
enough. The RMS values of the amplitude errors are summarised in Table 1. A convergence
rate between first and second order is observed. The RMS errors are slightly higher than those
reported by Desjardins et al. [3]. The lower accuracy in our method could be caused by the completely explicit time integration, whereas a semi-implicit Crank-Nicholson scheme is employed
by Desjardins et al.
Droplet on plate
Our last example is a droplet on a plate receding to its static contact angle. Again, non-dimensional
variables are used. A droplet of radius r0 = 1.66 and contact angle of 30◦ is placed on a solid
surface. A different fluid is surrounding the droplet. The static contact angle is θs = 120◦ . This
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Figure 3: Time evolution of the wave amplitude (left) and amplitude error (right).
Table 1: RMS of amplitude error for the standing wave

Mesh

Error

8×8
0.2962
16 × 16 0.0958
32 × 32 0.0261

configuration will lead to moving contact points until the static contact angle is reached. In the
steady state all velocities should vanish and the interface will assume a circular shape.
A rectangular computational domain of size [−1, 1] × [0, 1] is used. All boundaries are no-slip
walls except for the bottom wall where the drop is placed on, here a slip boundary condition,
cf. equation (9) with a slip length of λ = 0.02 is applied. The fluid parameters are chosen as
in Case II of Spelt [22], i.e., ρ− = 1, ρ+ = 20, µ− = µ+ = 0.0495 and σ = 2.21, where
the fluid denoted with − is inside the droplet. The function of the contact point velocity is
uCP = 0.1 · (θ − θs ). A time step of 0.7 times the maximum stable time step is chosen for all
grid resolutions.
The velocity field at t = 2 is shown in Figure 4. During the receding of the contact points
two vortices develop. The maximum absolute value of the velocity is always located around the
contact points and the slip allowed from the boundary condition is clearly visible. In Figure 5
the time evolution of the interface is plotted. Since the Capillary number of the flow is relatively
low Ca = µuσCP ≤ 3.528 · 10−3 , the interface keeps a circular shape during the entire receding
process. The evolution of the contact angle θ and the position of the right contact point xCP as
a function of time are presented in Figure 6. The contact angle and contact point position are
almost identical for both grid resolutions. Initially the contact angle is small resulting in a high
contact point velocity. This is causing a relative large curvature at the contact point which in
turn leads to a relatively large pressure jump adjacent to the contact point. Therefore high slip
velocities are produced. As the contact points are receding, the contact angle gets smaller and
therefore the velocities are reduced as well. Finally the contact points approach their equilibrium

positions, the vortices are dissipated and steady state is reached.
At steady state the interface position error is computed by interpolating the position of all intersection points between the grid lines and the zero contour line using a 1-dimensional cubic
spline interpolation. The position error of the interface εinterface is then given as the 2-norm of
the distance between each interpolated intersection point and its correct position. The relative
error of the contact point at steady state εCP is given as the difference between the contact point
and its analytically position. Table 2 summarises the errors when the steady state is reached
(t = 24). Since the interface is slightly displaced during reinitialisation of the signed distance
function the curvature at the contact point is changed as well. This causes small spurious velocities around the contact point. The reported norms of the velocity are computed directly after
reinitialisation, they will decrease until the next reinitialisation. Tests showed that they will
converge to zero if no reinitialisation is applied after the steady state is reached. An important
contribution to the errors of the interface and contact positions is the mass loss which occurs
during the computation. The interface approaches the shape of a circle but with a radius which is
too small. Often the signed distance function is lifted after reinitialisation to eliminate the mass
loss. But this procedure would lead again to a spurious change in the curvature at the contact
point. Therefore we did not adopt this practice in the presented examples.
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Figure 4: Velocity field at t = 2, the largest velocity 0.087 appears at the contact points.
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Conclusions
We devise a way to handle contact points in sharp interface methods. The main difficulty is the
computation of the curvature at the first grid point adjacent to the wall. A method is presented
where a contact point is tracked explicitly. A circle is fitted through this contact point and the
intersection points of the zero contour line of the signed distance function with the first two

120
64 × 32
128 × 64

0.8

110
100

0.7

90

θ

xCP

80
70

0.6

0.5

60
0.4

50
40
20

0.3
0

5

10
t

15

20

0

5

10
t

15

20

Figure 6: Time evolution of the contact angle (left) and the contact point position (right).
Table 2: Errors at t = 24 for a droplet on a plate.

kuk2
64 × 32 0.719 · 10−3
128 × 64 0.391 · 10−3

kvk2

εCP

εinterface

0.858 · 10−3
0.381 · 10−3

13.359 · 10−3
7.903 · 10−3

5.320 · 10−3
3.353 · 10−3

grid lines parallel to the wall is used to calculate the contact angle and the curvature adjacent
to the wall. Numerical experiments show that the present two-phase solver based on the sharp
interface method can correctly simulate dynamic interfaces and the steady state of contact lines
for standard test cases, although an improvement is still possible.
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