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Summary High order methods have increasingly been employed in computational fluid dynam-
ics, because they are more efficient than low order methods for high accuracy requirements. There-
fore, direct numerical simulation, large eddy simulation,and computational aeroacoustics have
often been performed with high order difference, element, and spectral methods. A brief review
of recent developments in high order methods is given with anemphasis on compressible flow
computations. Suitable forms of the compressible Navier-Stokes equations and strictly stable high
order finite difference methods are presented. Their applications to the numerical simulation of
aeolian tones and of confined pulsating jets are discussed.

Introduction

The comparison of the computational costs of finite difference methods shows that high order
methods are much more efficient than second order methods forwave propagation simulations,
if the number of wavelengths in the computational domain is large or the error tolerance per
wavelength is low [9] [12]. The same conclusions hold for theefficiency of high order finite
element methods [53]. Already fourth order methods can be considerably more efficient than
second order methods. Consider e.g. the standard second andfourth order difference methods
Q

(2)
x andQ

(4)
x , respectively, to approximate the first x-derivative:

(Q(2)
x v)j =

1

2h
(vj+1 − vj−1) (1)

(Q(4)
x v)j =

2

3h
(vj+1 − vj−1) −

1

12h
(vj+2 − vj−2) (2)

If the coefficients depending on the step sizeh in (1) and (2) are precalculated, the approxima-
tions (1) and (2) requirealow = 2 andahigh = 5 arithmetic operations, respectively. Thus, the
fourth order methodQ(4)

x requiresc = ahigh/alow = 2.5 times more arithmetic operations per
grid point than the second order methodQ

(2)
x . However, for the maximum numerical error to be

lower than a certain error toleranceǫ, the second order method will needmd times more grid
points than the more accurate fourth order method ind dimensions, wherem > 1 depends onǫ.
If Nd grid points are required for the higher order method to meet the error toleranceǫ, (mN)d

grid points are required for the second order method. Therefore, the higher order method will
need

alow(mN)d/(ahighN
d) = md/c (3)

fewer arithmetic operations than the lower order method to approximate e.g. the divergence of
velocity ind dimensions with a certain error tolerance. With a Fourier mode as initial condition
for the linear advection equation, the second order method (1) needs aboutm = 3 more grid
points per wavelength than the fourth order method (2) for the maximum numerical error to be
lower than the moderate error toleranceǫ = 0.1, cf. Table 3.1.1 in [12]. Then ind = 3 dimen-
sions,Q(4)

x will needmd/c = 10.8 fewer arithmetic operations thanQ(2)
x y to approximate the

divergence of a 3D vector. The efficiency of higher order methods will be even more significant,
if the wave propagation over many wavelengths has to be calculated. For very low error toler-
ances or a large number of wavelengths, the spectral method will be most efficient, cf. chapter
7 in [9] and chapter 3 in [12] for a thorough discussion.



The restriction of spectral methods to simple geometries and simple boundary conditions has
spurred the development of high order difference, volume, element and spectral element meth-
ods. International Conferences on Spectral and High Order Methods (ICOSAHOM) have been
organized since 1989 every third year. The high accuracy of spectral methods and the flexibility
of finite element methods have been combined in spectral element methods based on Cheby-
shev and Legendre polynomials [39] [43] [5]. Also in finite element methods, the degreep of
the polynomials and thus the order have been increased to approximate the solution in each
element more accurately. Those so-calledp methods have been combined with simultaneously
decreasing the grid sizeh of the elements to the so-calledhp methods [48] [44]. Spectral ele-
ment methods andhp finite element methods have been applied rather to incompressible than
to compressible flow simulations [4] [18].

High order finite difference methods have been developed foroptimized wave resolution in di-
rect numerical simulation and large eddy simulation of turbulence and in computational aeroa-
coustics [24] [50] [1]. Central discretizations have been preferred to avoid dissipation errors.
However, since central high order difference approximations cannot be applied near bound-
aries, boundary stencils biased towards the interior have been derived by Taylor expansions
[24]. Instead of relying on a simplified stability analysis for non-periodic problems, the en-
ergy method can be used to devise strictly stable high order difference operators including the
boundary conditions [21] [47] [2].

For the numerical solution of hyperbolic systems like the compressible Euler equations or the
shallow water equations, high order conservative finite difference methods and finite volume
methods have been developed. Essentially non-oscillatory(ENO) schemes are based on adap-
tive stencils such that the polynomial reconstruction fromthe cell averages is the least oscil-
latory. A combination of the possible ENO stencils weightedby local solution properties can
increase the accuracy of the resulting weighted essentially non-oscillatory (WENO) schemes.
When the conserved variables at a cell face are reconstructed from the polynomial approxima-
tions in the cells on the left and right sides of the face, the numerical flux at the face is usually
determined by an approximate Riemann solver [46].

However, for unstructured grids, like triangles in 2D or tetrahedra in 3D, residual distribution
schemes seem to be better suited. The residual, i.e. the flux balance of each cell, is distributed
to the upwind nodes, where the conservative variables are stored. The approach has similarities
with the Petrov-Galerkin method [3].

Recently, high order discontinuous Galerkin methods have been developed for fluid dynamics.
Opposed to conventional finite element methods, the polynomial approximations in each ele-
ment are not continuous at the boundaries of the elements. Discontinuous Galerkin methods
have shown to be well suited for unstructured grids and for grid adaptation [18] [8] [52].

The outline of the paper is as follows. In section ’Navier-Stokes Equations’, the perturba-
tion form of the compressible Navier-Stokes equations for low Mach number flow is detailed.
Strictly stable high order finite difference methods are presented in section ’High Order Finite
Difference Methods’. Applications to the numerical simulation of aeolian tones and of con-
fined pulsating jets are discussed in sections ’Simulation of Aeolian Tones’ and ’Simulation of
Confined Pulsating Jets’, respectively. Conclusions are given in the last section.



Navier-Stokes Equations

Perturbation Form

The compressible Navier-Stokes equations can be expressedin conservation form as

∂U

∂t
+ ∇ · F c(U) = ∇ · F v(U, ∇U) (4)

U = (ρ, ρu, ρE)T is the vector of the conservative variables, i.e. density, momentum density
and total energy density.

F c(U) =





ρu
ρuu

ρHu



 + p





0
I

0



 and F v(U, ∇U) =





0
τ

τ · u + κ∇T





denote the inviscid and viscous flux tensors, respectively.The viscous stress tensor is defined by
τ = µ(∇u+(∇u)T )− 2

3
µ∇·u I. Perfect gas is assumed with the ratio of specific heatsγ = 1.4

for air. The viscosity coefficientµ is determined from the Sutherland law and the heat conduc-
tion coefficientκ by assuming the Prandtl number to be constant.I denotes the unit tensor. If
the viscosity and heat conduction coefficients are zero, theEuler equations∂U

∂t
+∇ ·F c(U) = 0

are obtained.

For getting generalized energy estimates, however, a linear combination of the conservative
form (4) and a symmetric nonconservative form of the Navier-Stokes equations in so-called
entropy variables is preferable for truly nonlinear problems [13] [15] [11] [34] [49].

In low Mach number flow, the perturbationsU′ with respect to a reference stateU0 are very
small, e.g. the pressure perturbations are much smaller than the stagnation pressure, i.e.p′ <<
p0. Cancellation errors when discretizing∂p

∂x
, can be minimized if∂p′

∂x
instead is discretized.

Note that forp = p0 + p′ and constant stagnation pressurep0, the exact pressure derivative is
considered, because∂p

∂x
= ∂p′

∂x
[45]. Thus, for low Mach number flow, we express the Navier-

Stokes equations (4) in terms of the perturbation variablesU′ with the ansatz [45] [30]:

U(x, t) = U0(x, t) + U′(x, t) (5)

We requireU0 and U to satisfy the Navier-Stokes equations (4), and we assume that the
basic flow stateU0 is analytically known or calculated numerically. E.g. for stagnant flow,
U0 = (ρ0, 0, (ρE)0)

T satisfies the Navier-Stokes equations (4). In general,U0 is not constant,
but may depend on spacex for steady state basic flow, on time t for constant flow varyingwith
time or onx and t for unsteady basic flow. For example, a perturbation in stagnant flow can be
introduced by acoustic waves at the boundary.

Since the flow equations (4) are assumed to be valid forU0 andU, we obtain for the perturbed
conservative variablesU′ = (ρ′, (ρu)′, (ρE)′)T [30]:

∂U′

∂t
+ ∇ · F c′(U′,U0) = ∇ · F v ′(U′, ∇U′,U0, ∇U0) (6)

with the perturbed inviscid flux tensor



F c′(U′,U0) =





(ρu)′

[(ρu)0 + (ρu)′]u′ + (ρu)′u0

[(ρH)0 + (ρH)′]u′ + (ρH)′u0



 + p′





0
I

0





where the perturbed velocity, pressure and total enthalpy are

u′ = (ρu)0+(ρu)′

ρ0+ρ′
− (ρu)0

ρ0

p′ = (γ − 1)
[

(ρE)′ − 1
2
[(ρu)′ · (u0 + u′) + (ρu)0 · u

′]
]

(ρH)′ = (ρE)′ + p′

The perturbed viscous flux tensor is:

F v ′(U′, ∇U′,U0, ∇U0) =





0
τ
′

τ
′ · (u0 + u′) + τ 0 · u

′ + (κ0 + κ′)∇T ′ + κ′
∇T0





whereτ
′ = (µ0 +µ′)(∇u′+(∇u′)T )− 2

3
(µ0 +µ′)∇ ·u′ I+µ′(∇u0 +(∇u0)

T )− 2
3
µ′

∇ ·u0 I,

µ′ = µ(T0 + T ′) − µ(T0), T ′ = p′/R−ρ′T0

ρ0+ρ′
, κ′ = κ(T0 + T ′) − κ(T0) .

The perturbation form of the compressible Navier-Stokes equations (6) is more elaborate than
the conventional form (4). Equations (6) simplify foru0 = 0, ρ0 = constant, and(ρE)0 =
constant. The main advantage of the perturbation form (6) is that it removes the large contri-
butionsU0 from ∂U

∂t
andp0 from the momentum flux. Thus, equation (6) allows discretizations

in conservative form while minimizing the cancellation problem with (4) for low Mach number
flows [45] [30].

The 2D compressible Navier-Stokes equations in conservative form can be expressed in pertur-
bation form as [30]

U′
t + F′

x + G′
y = 0 , (7)

whereF′ = Fc′ − Fv ′ andG′ = Gc′ − Gv ′ denote the differences of the inviscid and vis-
cous flux vectors in thex- andy-directions, respectively, with respect toF(U0) andG(U0),
whereU0 = (ρ∞, 0, 0, (ρE)∞)T and subscript∞ denotes constant stagnation and freestream
values for internal and external flows, respectively. The subscripts in (7) and subsequently de-
note derivatives. The conservative perturbation variables U′ and the flux vectors are defined
by

U′ =









ρ′

(ρu)′

(ρv)′

(ρE)′









, Fc′ =









(ρu)′

(ρu)′u′ + p′

(ρv)′u′

(ρ∞H∞ + (ρH)′)u′









, Gc′ =









(ρv)′

(ρu)′v′

(ρv)′v′ + p′

(ρ∞H∞ + (ρH)′)v′









Fv ′ =









0
τ ′

xx

τ ′

xy

τ ′

xxu
′ + τ ′

xyv
′ + κT ′

x









, Gv ′ =









0
τ ′

yx

τ ′

yy

τ ′

yxu
′ + τ ′

yyv
′ + κT ′

y









.

Transformed 2D Navier-Stokes Equations in Perturbation Form

General time dependent geometries are treated by a coordinate transformation

ξ = ξ(x, y, t) , η = η(x, y, t) , τ = t .



The transformed 2D conservative compressible Navier-Stokes equations [40] in perturbation
form read

Û′

τ + F̂′

ξ + Ĝ′

η = 0 , (8)

where Û′ = J−1U′ ,

F̂c′ = J−1









((ρu)′ − ρ′xτ )ξx + ((ρv)′ − ρ′yτ )ξy

(ρu)′u(ξ) + p′ξx

(ρv)′u(ξ) + p′ξy

(ρE)′u(ξ) + (ρ∞H∞ + p′)(u′ξx + v′ξy)









,

Ĝc′ = J−1









((ρu)′ − ρ′xτ )ηx + ((ρv)′ − ρ′yτ)ηy

(ρu)′u(η) + p′ηx

(ρv)′u(η) + p′ηy

(ρE)′u(η) + (ρ∞H∞ + p′)(u′ηx + v′ηy)









,

with F̂v ′ = J−1ξxF
v ′ + J−1ξyG

v ′ , Ĝv ′ = J−1ηxF
v ′ + J−1ηyG

v ′ , F̂′ = F̂c′ − F̂v ′ ,

Ĝ′ = Ĝc′ − Ĝv ′ , u(ξ) = (u′ − xτ )ξx + (v′ − yτ)ξy, u(η) = (u′ − xτ )ηx + (v′ − yτ )ηy .

xτ and yτ denote the components of the velocity vector, by which the considered physical
domain is moving.xτ = yτ = 0 for a stationary geometry.

To avoid cancellation, the termsρ∞H∞(u′ξx + v′ξy) andρ∞H∞(u′ηx + v′ηy) in the energy
equation should be treated separately from the corresponding terms withp′, when the derivatives
are approximated.

Thex- andy-derivatives in the viscous flux vectorsFv ′ andGv ′ are expressed using the chain
rule, e.g.u′

x = u′

ξξx +u′

ηηx andu′

y = u′

ξξy +u′

ηηy. The Jacobian determinant of the transforma-
tionJ is determined byJ−1 = xξyη−xηyξ , and the metric terms byJ−1ξx = yη , J−1ξy = −xη ,
J−1ηx = −yξ , J−1ηy = xξ .

The geometric conservation law states

(J−1)τ + (J−1ξt)ξ + (J−1ηt)η = 0 , (9)

whereξt = −xτξx − yτξy andηt = −xτηx − yτηy.

Using the product rule for the transformed time derivative in (8), the transformed 2D conserva-
tive compressible Navier-Stokes equations in perturbation form can be expressed as

U′
τ = −J (U′(J−1)τ + F̂′

ξ + Ĝ′

η ) . (10)

High Order Finite Difference Methods

We illustrate our high order finite difference method [31] [23] first for the discretization of the
convection diffusion equation. Our approach is based on theenergy method, which allows us
to prove well-posedness of the continuous problem and to guarantee stability of the discrete
problem including the boundary conditions. Both first and second spatial derivatives can be
approximated by high order difference operators with built-in stability. Then, we show the ap-
plication of our approach to the Navier-Stokes equations including boundary treatment and low
pass filtering.



Continuous Energy Estimate for Convection Diffusion Equation

As a model equation, we consider the convection diffusion equation with homogeneous bound-
ary conditions

ut + aux = buxx , 0 ≤ x ≤ 1 , (11)

u(x, 0) = f(x) , 0 ≤ x ≤ 1 , (12)

u(0, t) = u(1, t) = 0 , 0 ≤ t . (13)

wherea andb are assumed to be constant and positive.

The L2 scalar product is defined by(u, v) =
∫ 1

0
uv dx, and theL2 norm is ||u||2 = (u, u).

Integration by parts can be expressed as

(u, vx) = u(1)v(1) − u(0)v(0) − (ux, v) . (14)

Using (14), we obtain the continuous energy estimate
d
dt
||u(·, t)||2 = (ut, u) + (u, ut) = (−aux + buxx, u) + (u,−aux + buxx)

= −a[u2(1, t) − u2(0, t)] + 2b[u(1, t)ux(1, t) − u(0, t)ux(0, t)] − 2b(ux, ux)

≤ au2(0, t) + 2b[u(1, t)ux(1, t) − u(0, t)ux(0, t)] = 0 . (15)

Thus, the energy||u(·, t)||2 is bounded by the energy of the initial condition.

For the definitions of stability below, we need to define well-posedness of a general initial
boundary value problem

ut + P (x, t,
∂

∂x
) = F (x, t) , 0 ≤ x ≤ 1 ,

u(x, 0) = f(x) , 0 ≤ x ≤ 1 , (16)

Li(t,
∂

∂x
)u(i, t) = gi(t) , 0 ≤ t , i = 0, 1 .

whereP andLi, i = 0, 1, are differential operators of the partial differential equation and the
boundary conditions, respectively.F , f , andgi, i = 0, 1, are the forcing function, initial data
and boundary data, respectively. Well-posedness and strong well-posedness are defined by, cf.
chapter 9 in [12]:

Definition 1 We call problem(16) with F = g0 = g1 = 0 well-posed, if for everyf ∈ C∞ that
vanishes in neighborhoods ofx = 0 andx = 1, there exists a unique smooth solutionu(x, t)
that satisfies the energy estimate

‖u(· , t)‖2 ≤ Keαt‖f‖2 , (17)

where the constantsα andK do not depend onf .

Definition 2 Problem (16) is calledstrongly well-posed, if it is well-posed and the energy esti-
mate

‖u(· , t)‖2 ≤ Keαt

(

‖f‖2 +

∫ t

0

(

‖F (· , t)‖2 + g0(τ)2 + g1(τ)2
)

dτ

)

(18)

holds with some constantsK andα that do not depend onF , f or gi, i = 0, 1.

Time integration of the continuous energy estimate (15) shows that (17) withK = 1 andα = 0
holds for the convection diffusion equation (11) with homogeneous Dirichlet boundary condi-
tions (13). Thus, the energy growth rate of the continuous problem (11 - 13) isα = 0.



Discrete Energy Estimate for Convection Diffusion Equation

Let vj = vj(t) denote the approximation of the exact solution of the convection diffusion equa-
tion at grid pointxj = jh with the grid spacingh = 1

N
. We use the notationv = [v0, v1, ..., vN ]T .

We define the discrete scalar product and norm

(u, v)h = huT Hv , ||u||2h = (u, u)h , (19)

whereH is a diagonal and positive definite matrix.

A difference operatorQ is said to satisfy the summation by parts (SBP) property, if [47]

(u, Qv)h = uNvN − u0v0 − (Qu, v)h . (20)

or if Q can be written ashQ = H−1B, whereB + BT = diag(−1, 0, ..., 0, 1). Thus, the
discrete energy estimate forvt + aQv = bQQv becomes

d
dt
||v(t)||2h = (vt, v)h + (v, vt)h

= (−aQv + bQQv, v)h + (v,−aQv + bQQv)h

= −a[v2
N − v2

0] + 2b[vN(Qv)N − v0(Qv)0] − 2b(Qv, Qv)h

≤ av2
0 + 2b[vN (Qv)N − v0(Qv)0] . (21)

If we could impose the homogeneous boundary conditionsv0 = vN = 0 directly in (21),
we would get the same energy estimate as in the continuous case (15). However, imposing the
boundary conditions will change the problem such that the SBP property and thus stability might
be lost for the modified operator operating on the interior points. But the boundary conditions
can be weakly imposed by the simultaneous approximation term (SAT) [2] to estimate the right
hand side of (21) to be lower equal zero [26] [20].

Here, we recall stability defintions, cf. chapter 11 in [12] [38] [35]:

Definition 3 A semi-discretization of (16) withF = g0 = g1 = 0 is calledstable, if for all
h ≤ h0 there are constantsKs and αs such that for all initial dataf the following discrete
energy estimate holds

‖v‖2
h ≤ Kse

αst‖f‖2
h . (22)

Definition 4 A semi-discretization of (16) is calledstrongly stable, if it is stable and if for all
sufficiently smallh the following discrete energy estimate holds

‖v(t)‖2
h ≤ Kse

αst

(

‖f‖2
h +

∫ t

0

(

‖F (τ)‖2
h + g0(τ)2 + g1(τ)2

)

dτ

)

, (23)

whereKs andαs are constants that do not depend on the data.

Definition 5 A semi-discretization is calledstrictly stable, if it is stable and the semi-discrete
energy growth rate satisfies

αs ≤ α + O(h), (24)

whereα is the energy growth rate of the continuous problem.



Time integration of the discrete energy estimate (21) with the right hand side of (21) lower equal
zero yields that||v(t)||2h ≤ ||f(t)||2h, i.e.Ks = 1 andαs = 0 in (22). Thus, the discrete and con-
tinuous energy growth rates are equal, i.e.αs = α. Therefore, the approximation of the spatial
derivatives in the convection diffusion equation by SBP operators and the implementation of the
homogeneous Dirichlet boundary conditions by SAT yields a strictly stable semi-discretization.
For inhomogeneous Dirichlet boundary conditions, the convection diffusion equation (11) can-
not be shown to be strongly well-posed using the energy method [20]. However, for general
Robin boundary conditions, the convection diffusion equation (11) is strongly well-posed and
its semi-discretization with SBP operators is both strongly and strictly stable [20]. For long time
integration, strict stability is particularly important,because it prevents error growth in time for
fixed grid sizes [35].

The operation count and memory requirements of SBP operators are similar to those of con-
ventional difference methods. SBP operators coincide withconventional difference operators in
the interior. At and near boundaries, boundary stencils areusually derived based on order of ac-
curacy only. SBP operators additionally satisfy the SBP property (20) leading to strict stability,
which conventional schemes cannot guarantee. Diagonal norm matricesH lead to a reduction
of the accuracy near boundaries, e.g.2p th order accurate interior methods are reduced top th
order accurate boundary stencils [47]. This is not a big disadvantage, because not order but
wave resolution matters.

SBP Operators for DRP Schemes

Dispersion Relation Preserving (DRP) schemes have been popular in computational aeroacous-
tics [50]. The formal accuracy of the method is lowered to geta better approximation of the
wavenumber and thus a lower dispersion error.

Using

1

h

τ+1
∑

j=1

αj(vm+j − vm−j) (25)

as an approximation ofdu(xm)/dx and choosing the coefficientsαj , j = 1, . . . , τ +1, such that
the accuracy becomes2τ , the coefficientsαj will contain a free parameter. The approximate
wavenumber̃k is given by

hk̃ = 2

τ+1
∑

j=1

αj sin(jhk) (26)

The free parameter is chosen such that theL2 error squared

∫ π/2

−π/2

|hk − hk̃|2d(hk) (27)

is minimized [33]. A comparison between standard central finite difference methods and DRP
schemes is given in Figure 1, wherehk̃ = hk̃(hk) is plotted. The wavenumber is clearly better
approximated with the DRP schemes than with the standard central difference methods.

Given a DRP scheme of order2τ with coefficientsαj , j = 1, . . . , τ + 1, a difference operator
Q which is accurate of orderτ near the boundary and a diagonal scalar product matrixH can
be derived such that the SBP property (20) is fulfilled [33]. For more details see [17]. Also
for compact difference methods, which have lower dispersion error than conventional central
schemes, high order SBP operators can be derived [2]. The fact that cell vertex finite volume
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Figure 1:Approximate nondimensional wavenumberhk̃ versus exact onehk for 2nd (a), 4th (b), 6th (c)
and 8th (d) order standard central difference methods (dashed) and DRP schemes of order four (e) six
(f) and eight (g) (solid) [33].

methods can be viewed as SBP operators [36] allows to couple cell vertex finite volume methods
on structured and unstructured grids to high order SBP difference operators on structured grids
[37].

High Order Approximation of Second Derivatives

Instead of applying an SBP operatorQ for the first derivative twice to approximate the second
derivative, SBP operators by Mattsson and Nordström can beused [26]. These SBP operators
have two advantages overQQ: First, their stencil and error constants are smaller than those of
QQ. Second, the mode with the highest representable wavenumber k = π/h is damped, while
it is not forQQ.

Whereas the Fourier coefficient of the highest resolvable wavenumberk = π/h is not damped at
all by thep th order methodsQ(p)

x Q
(p)
x , p = 2, 4, 6, 8, cf. the left plot of Fig. 2, it is damped by a

factor ofexp(−π2t) for the exact solution. For the standardp th order difference operator for the
second derivativeD(p)

2 , p = 2, 4, 6, 8, the Fourier coefficient of the highest resolvable wavenum-
berk = π/h is damped by factors of aboutexp(−4t), exp(−5.3t), exp(−6t), andexp(−6.4t),
respectively, cf. the right plot of Fig. 2. While e.g. the sixth order difference method for the
first derivative applied twiceQ(6)

x Q
(6)
x approximates the second derivative almost correctly up

to wavenumbers of about1/h, the standard sixth order difference method for the second deriva-
tive D

(6)
2 is almost correct even up to wavenumbers of about1.5/h, cf. line · − · in the left and

right plots of Fig. 2. Note thath = ∆x andk denote the grid spacing and the wavenumber,
respectively.

However, high order SBP operators for parabolic problems inself-adjoint form, i.e.ut = (bux)x,
whereb is a variable coefficient, have not yet been derived, and SBP operators applied tout =
buxx + bxux do not provide strict stability [20]. While second order SBPoperators have been
devised for the approximation of(b(x)ux)x, similar fourth order difference operators have only
been derived for the interior [20].

Since the approximation ofux and then of(bux)x by an SBP operatorQ guarantees strict sta-
bility and QQ correctly approximates the second derivative up to about the wavenumber limit
whereQ is correct for the first derivative, the viscous terms in the Navier-Stokes equations are
discretized by applying a high order SBP operatorQ twice, cf. the next section.
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Figure 2:Left: −h2 times the Fourier transforms of standard centralp th order difference operators
for the first derivativeQ(p)

x applied twice are compared with−h2 times the Fourier transform of the
second derivative (exact): the difference methodsQ

(p)
x Q

(p)
x , p = 2, 4, 6, 8, do not damp the Fourier

modes of wavenumberk = π/h. Right:−h2 times the Fourier transforms of standard centralp th order

difference operators for the second derivativeD
(p)
2 are compared with−h2 times the Fourier transform

of the second derivative (exact): the difference methodsD
(p)
2 , p = 2, 4, 6, 8, damp the Fourier modes of

wavenumberk = π/h the better the higher the order is.

Approach for Navier-Stokes Equations

The transformed 2D compressible Navier-Stokes equations in perturbation form (8) are solved
on the rectangle[1, jmax] × [1, kmax] in the computational plane, wherejmax andkmax
are the number of grid points in theξ- and η-directions, respectively. Thus, the spacings in
the transformed coordinates are∆ξ = ∆η = 1. The ξ- and η-derivatives in (8) and in the
metric terms are discretized by Strand’s 3-6 SBP operator, which is third order accurate near
the boundaries (at the boundary and the 5 adjacent grid points) and corresponds to the standard
sixth order central difference operator in the interior [47]. E.g. the metric termJ−1ξx at ξ = j

and η = k is approximated in the interior by(Q(6)
η y)k = 1

∆η
( 1

60
yk+3 − 3

20
yk+2 + 3

4
yk+1 −

3
4
yk−1 + 3

20
yk−2 −

1
60

yk−3), wherey = (y1, ..., ykmax)
T and the indexj has been skipped for

simplicity. Note that herek denotes theη-coordinate and not the wavenumber. For periodic
boundary conditions, cf. next section, the standard sixth order central difference operator can
be applied.

The viscous terms are discretized by first approximating thefirst ξ andη derivatives ofu′, v′

andT ′, by Strand’s 3-6 SBP operator and the standard sixth order central difference operator,
respectively. After the flux vectorŝF′ andĜ′ are computed at all grid points,̂F′

ξ andĜ′

η are
approximated by employing the difference operators once more.

The classical fourth order explicit Runge-Kutta method is used for time integration. The sta-
bility condition for the convection diffusion equation [23] is generalized to the transformed
compressible Navier-Stokes equations using the spectral radii of the coefficient matrices [29].
Optimized explicit Runge-Kutta methods have been derived in [14] [19] [1], while an explicit
linear multistep method has been suggested for time integration by [50].

Although better wave resolution, i.e. lower dispersion error, can be achieved with difference
approximations on staggered grids [24], the difference approximations on colocated grids are



preferred for the compressible Euler and Navier-Stokes equations in conservation form, because
all conservative variables are needed to compute pressure and temperature.

Boundary Conditions

For external flow, no-slip isothermal wall boundary conditions (uw = vw = 0 for a stationary
wall andTw = T∞) and characteristic farfield boundary conditions, namely the first approx-
imation of the Engquist-Majda nonreflecting boundary conditions [6], are imposed after each
Runge-Kutta step. The wall pressure and the outgoing characteristic variables at the farfield are
not extrapolated, but obtained from the Navier-Stokes equations solved at the boundaries [31].
Using the sponge layer or buffer zone approach [10], the numerical solution near the farfield
boundary can be forced to a target solution, e.g. to freestream for a simple nonreflecting bound-
ary condition [31].

For internal flow, no-slip adiabatic wall boundary conditions (uw = xτ and vw = yτ for a
wall moving with the velocity(xτ , yτ )

T , and ∂Tw

∂n
= 0) and the Navier–Stokes Characteristic

Boundary Conditions (NSCBC) technique by Poinsot and Lele [41] are employed. At the inflow
boundary, the inflow velocity and temperature are prescribed. At the outflow boundary, the
nonreflecting option of the NSCBC technique is combined withfixing the ambient pressure
level [41]. For reverse flow at the outflow boundary, the amplitudes of the ingoing characteristic
waves are set equal to zero [23].

With the 7-point stencil of the standard sixth order centralfinite difference method, periodic
boundary conditions are implemented by an overlap of 6 grid points in the periodic coordinate
direction.

To simplify the implementation, the boundary conditions have been injected here, i.e. imposed
after each full Runge-Kutta time step, at the expense of stability. To retain stability for the linear
problem with SBP operators, the boundary conditions can be imposed by SAT [2][35][27][25].
However, in the present applications, no stability problems have been observed with injecting
the boundary conditions.

Explicit Filter

Spurious high wavenumber oscillations are suppressed by a sixth order explicit filter by mod-
ifying the numerical solutionU′n+1

j,k at the completion of a full time step of the Runge-Kutta
method according to

Ũ′n+1
j,k = U′n+1

j,k −
[

D
(6)
ξ U′ + D(6)

η U′

]n+1

j,k
. (28)

D
(p)
ξ U′ represents the central difference approximation

(D
(p)
ξ U′)

j,k
=

(−1)p/2

2p
δp
ξU

′
j,k (29)

of (−1)p/2

2p ∆ξp ∂pU′(j∆ξ,k∆η)
∂ξp . The difference operator in (29) is defined byδ2

ξU
′

j,k = U′

j+1,k −

2U′

j,k + U′

j−1,k. D
(p)
η U′ in (28) is defined analogously to (29) for theη-direction. Low pass

filters like (29) are discussed in [53]. The Fourier transforms of the low pass filtersI−D
(p)
x , p =

2, 4, 6, 8, are shown in the right plot of Fig. 3 [32]. The coefficients of the filters in the right plot
of Fig. 3 are chosen such that the waves with the highest representable wavenumberπ/∆x
are completely damped. The right plot of Fig. 3 shows that forp = 6 waves at wavenumbers
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Figure 3:Left: Approximate wavenumbers of standard centralp th order difference operatorsQ(p)
x of

the first x-derivative,p = 2, 4, 6, 8. Right: Fourier transform of low pass filtersI − D
(p)
x of orders

p = 2, 4, 6, 8 [32].

below around0.8/∆x are essentially not damped. The approximate wavenumber of the sixth
order standard central difference operator used here showsthat its dispersion error is essentially
zero up to about the same wavenumber bound, cf. the left plot of Fig. 3 [33]. The second
x-derivative is correctly approximated by the sixth order difference operatorQ(6)

x Q
(6)
x up to

wavenumbers even larger than0.8/∆x, cf. left plot of Fig. 2. Thus, modes with wavenumbers
below around0.8/∆x are well resolved by the present high order finite differencemethod and
filter. The boundary treatment of the filter operator (29) follows the approach of Eriksson [7],
which assures the dissipation property− (U′, DξU

′) ≤ 0. Because of a higher operation count,
the more accurate characteristic-based filter of [32] was not used here. Optimized linear filters
have been derived by [24][51][54][1].

Simulation of Aeolian Tone

Results of strictly stable high order difference operatorsapplied to computational aeroacoustics
of aeolian tones are reported from [28].

Grid

An O-type polar grid has been used. The cylinder wall is located atr = 1
2
, wherer is the

radial coordinate. The farfield boundary is chosen atr = 100. The grid points in the radial
direction are clustered near the cylinder and distributed almost linearly near the farfield. The
smallest and largest radial increments forjmax = 513 grid points are∆rmin ≈ 0.0103 next to
the cylinder wall and∆rmax ≈ 0.5205 next to the farfield, respectively. The radial increment
ratio∆rj+1/∆rj drops from≈ 1.0103 near the cylinder wall to≈ 1.0001 near the farfield. The
angular increment∆θ in the circumferential direction is chosen constant. Because of the overlap
of six grid points in theη-direction, i.e.xk=1,...,6 = xk=kmax−5,...,kmax, we have∆θ = 2π/288
for kmax = 294. The finest513 × 294 grid considered here consists of150822 grid points.

Results

The results reported here were obtained after at least threeperiods on the finest513 × 294 grid
using the high order finite difference method outlined in section ’High Order Finite Difference
Methods’. All results are presented in nondimensional form: the reference length, time, density,



velocity and pressure scales are the cylinder diameterd, d
u∞

, ρ∞, c∞, andρ∞c2
∞

, respectively.
The freestream Mach numbersM∞ = u∞

c∞
= 0.1 and M∞ = 0.2 are considered. For the

Reynolds numberRe∞ = ρ∞u∞d
µ∞

= 150 based on the cylinder diameterd, a Karman vortex

street is observed. The Strouhal numberSt = fd
u∞

, i.e. the nondimensional frequencyf of the
vortex shedding, was computed toSt ≈ 0.1836 for M∞ = 0.1 andSt ≈ 0.1831 for M∞ = 0.2.
For these Mach numbers,St ≈ 0.183 was found by Inoue and Hatakeyama [16], who used a
compact high order difference method to solve the 2D compressible Navier-Stokes equations.
The 2D incompressible Navier-Stokes equations were approximated by a high order spectral
element method to yieldSt ≈ 0.1838 [42].

The mean drag coefficient was determined toc̄D ≈ 1.32 for M∞ = 0.1, and c̄D ≈ 1.34 for
M∞ = 0.2, cf. Fig. 4. These values agree with the ones reported by [16]. The reference value
for incompressible flow is̄cD ≈ 1.314 [42]. The amplitudes of the lift and drag coefficients
are ĉL ≈ 0.5135 and ĉD ≈ 0.02618 , respectively, forM∞ = 0.1 and ĉL ≈ 0.5203 and
ĉD ≈ 0.02614 , respectively, forM∞ = 0.2. These nondimensional force amplitudes are in
good agreement with Inoue and Hatakeyama [16], who reportĉL ≈ 0.52 and ĉD = 0.026,
respectively, forM∞ = 0.1, 0.2 and0.3.
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Figure 4:Time history of drag and lift coefficients forM∞ = 0.1, 3 periods (left) andM∞ = 0.2, 2
periods (right) atRe∞ = 150.

The Mach number contours in Fig. 5 indicate the Karman vortexstreet near the cylinder. In the
figures, a vortex has been shed from the upper surface of the cylinder. Further downstream, the
contours with lower Mach numbers indicate the instantaneous positions of the vortices.

The contours of the instantaneous fluctuation pressurep̃′ = p′(x, y, t)− p̄′(x, y) nondimension-
alized byρ∞c∞

2 are plotted in Fig. 6. The mean pressure perturbation is defined byp̄′(x, y) =
1
tp

∫ t0+tp
t0

p′(x, y, t)dt, wheret0 is some time instant when the Karman vortex street has estab-
lished andtp the period length. Note that only the region between a radiusof aboutr = 20 and
the farfield boundary atr = 100 is plotted to focus on the acoustic waves in the farfield. Since
the Strouhal number atRe∞ = 150 is essentially equal forM∞ = 0.1 andM∞ = 0.2 and the
sound waves are generated by vortex shedding, the wave length of the acoustic waves seen in
the right plot of Fig. 6 forM∞ = 0.2 is essentially halved compared to the left plot of Fig. 6
for M∞ = 0.1. The contour levels of the nondimensional instantaneous fluctuation pressure are
chosen as p̃′

ρ∞c∞2 = [−0.1 : 0.005 : 0.1]M2.5
∞

similar to [16]. The contours agree well with [16].
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Figure 5:Mach number contours forM∞ = 0.1 (left) andM∞ = 0.2 (right) at Re∞ = 150.

The peaks of the fluctuation pressure propagate more upstream for the higher Mach number in
accordance with the propagation anglesθ±p = π ∓ arccos(M∞), i.e. towardsx = −100M∞ at
the farfield [16].

Fig. 7 shows the nondimensional instantaneous fluctuation pressure on the positive (θ = 0.5 π)
and negative (θ = 1.5 π) y-axis. As discussed above, the wave length of the acoustic waves
propagating in the positive and negativey-direction is essentially halved forM∞ = 0.2 com-
pared toM∞ = 0.1. The amplitudes of the nondimensional instantaneous fluctuation pressure
p̃′ at θ = π, i.e. in the positivey-direction, are compared in Fig. 8 with the results in [16]. The
present results are somewhat lower than the reference solution, which employed adiabatic and
not isothermal wall boundary conditions. However, the correct scaling of̃p′ with M2.5

∞
r−0.5 as

in [16] is reproduced, except near the farfield boundary which is probably due to a boundary
effect. Note that the present amplitudes were taken from themaxima and minima atx = 0 at
the final time in Fig. 7.
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All results above have been obtained with double precision,i.e. with 64 bit words on a Sun
parallel computer, because single precision, i.e. 32 bit words, proved to yield too large rounding
errors for the acoustic quantities in spite of the perturbation formulation of the compressible
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Navier-Stokes equations (7). The flow field, however, could be properly computed with single
precision.

Simulation of Confined Pulsating Jets

Vortex dynamics of 2D confined pulsating jets behind stationary and oscillating orifices is re-
ported from [23].

Grid

We consider a simplified model of the human vocal tract without ventricular folds as proposed
by Zhao et al. [55]. The shape of the geometry [55] is defined by

rw(x) =
D0 − Dg

4
tanh(s) +

D0 + Dg

4
+

1

2
tan(α)(x + cDg)(1 − tanh(s)) (30)

whereDg is the minimum orifice diameter,D0 = 5Dg is the diameter of the uniform duct,
andb = 1.4 is a constant. The opening angle of the orificeα and the constantc are chosen
asα = 20◦ andc = 0.39 for the diverging orifice and asα = −20◦ andc = −0.39 for the
converging orifice. The functions is

s =
b|x|

Dg
−

bDg

|x|
. (31)

s is symmetric inx, asx → 0, s → −∞ so tanh(s) → −1 and asx → ∞, s → ∞ so
tanh(s) → 1.

The spacing of the grid points was chosen such that the resolution should be best in the region
near the orifice, i.e. the glottis in the larynx, where the flowis expected to have the most complex
structure. A closeup of the mesh near the glottis region is shown in Figure 9.

Inflow Conditions

At the inflow, the velocity in thex-direction is specified similar to Zhao et al.[55] by

uin(y, t) = U0(t) tanh [40(D0/2 − |y|)/Dg] (32)
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which is an almost uniform profile but zero at the boundariesy = ±D0/2. Dg = 4 mm is the
minimum orifice diameter andD0 = 5Dg is the duct diameter. The time-varying maximum
U0(t) is given by [55]

U0(t) = 0.02004UM − 0.02UM cos(2πf0t) (33)

whereUM = 40 m/s is the maximum expected velocity at the throat andf0 = 125 m/s is the
forcing frequency.

Dimensionless quantities for length, velocity and time aredefined with respect toDg, the stag-
nation speed of soundc0 andDg/c0, respectively.

The stagnation speed of sound was artificially lowered from340m/s to c0 = 200m/s in this
study to increase the computational efficiency. Thus, the maximum expected velocity corre-
sponds to the Mach numberM = 0.2 as in [55]. For subsonic flows at low Mach numbers, this
change is expected to have negligible effect [55].

The parameters0.02004 and0.02 in (34) are chosen such that the maximum velocity in the
orifice is aboutUM = 40 m/s for axisymmetric flow [55]. For the 2D simulations here (not
considered by [55]), these parameters were artificially changed so that the maximum velocity in
the orifice would beUM also for the 2D case. The velocity in a duct will in general be smaller
for the 2D case than in the axisymmetric case, because the cross-section area scales asy2 for the
axisymmetric case but only asy for the 2D case. Comparison with the velocity profile (Figure
4 in [55]) has led to the following nondimensional forcing function for the 2D case

U0,2D(t) = 0.0835UM − 0.0833UM cos(2πf0t) . (34)

The Reynolds number of the flow was set toRe = 3000 which is the same value as in [55].
The Prandtl number was set toPr = 1.0 as in [55]. More details may be found in [22]. Since
3D effects like vortex stretching and thus transition to turbulence are excluded in the present
2D simulations, the flow is assumed to stay laminar [56]. The simulations reported below retain
the symmetry of the inflow condition (34) w.r.t. the x-axis. Asymmetric 2D results due to the
Coanda effect are presented in [22][23].
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Diverging Orifice

For the diverging orifice,α is set to+20◦ in (30). The computational domain was set to reach
from −4 to 35 in thex-direction and−2.5 to 2.5 in they-direction.

The grid was generated with360 × 120 points. The minimumx-spacing in the middle of the
orifice was0.0287 and the maximumx-spacing at the end of the domain was0.1653. The
uniformy-spacing in the middle of the glottis was0.0082 and increased to0.0420 at the end of
the domain.

The solution was marched from timet = 0 with zero initial conditions forU′ to t = 8T0/3
whereT0 is the forcing period of the pulsating inflow. The nondimensional time step was0.0025
(26666 time steps).

Results for the vorticity modulus are shown in Figure 10. Only the top half of the domain is
shown, because the solution is symmetric w.r.t. thex-axis. A leading vortex is shed from the
orifice at approximatelyt = T0/3. It is convected downstream and grows in size as the absolute
value of vorticity is successively decreased in the center of the vortex. It leaves a trail of vorticity
and two new vortices are created inside the trail at approximatelyt = 4T0/6. A smaller fourth
vortex is shed att = 5T0/6.

The process then repeats itself. A new vortex is shed one period of time after the first leading
vortex left the orifice and the contours at later times are indeed very similar to the corresponding
contours at time one period earlier. This suggests that the influence of initial data is small. The
leading vortex is convected out of the domain but the smallerones get dissipated and only leave
weak trails.



Converging Orifice

The opening angleα in (30) was set to−20◦ and a simulation was set up with otherwise the
same conditions as for the diverging case.

Results for the vorticity contours are shown in Figure 11. A few differences and similarities as
compared to the diverging case can be pointed out. The leading vortex is created at the same
time and convected in the same way. But only one additional vortex is created within its trail
during the first period. The absolute value of vorticity in the leading vortex is smaller than that
in the diverging case. Also in this case, the process repeatsitself after one period and the effect
of initial data is small.

The reason for the leading vortices in the two cases to be at different locations is that the shed-
ding point is not the same. Assuming that shedding occurs at some critical velocity, the vortex
in the converging case will have a head start as the shedding point is further to the right.

Comparison with Axisymmetric Flow Simulations

The modulus of the dimensional vorticity within the leadingvortices att = 2
6
T0 in the ax-

isymmetric study [55] obtained by counting contour levels is about three times larger than in
the present 2D investigation. However, the present 2D vortex patterns in Fig.s 10 and 11 have
similarities with the axisymmetric vortex patterns in Fig.s 5 and 6 in [55].

Oscillating Orifice

In [22], an oscillating 2D orifice similar to the oscillatingaxisymmetric orifice in [56] with a
frequency off0 = 125Hz and a pressure drop over the orifice of∆p = 912 Pa as in [56] is
considered. The shape changes periodically between uniform, converging, uniform, diverging,
and uniform, cf. Fig. 12 [22]. Att = T0 = 1/f0, vortex pairing occurs upstream of the leading
vortex, which is caught up by the paired vortex att = 1.1T0. The resulting larger vortex gener-
ates more vortex structures at the upper wall att = 1.2T0. The vorticity decays, as the vortices
travel downstream. The vortex shedding is more pronounced for the diverging orifice shape at
t = 1.8T0 than for the converging orifice shape att = 1.2T0. The 2D vortex patterns in Fig. 12
[22] look similar as the axisymmetric vortex patterns in Fig. 7 of [56].

Conclusions

The quest for higher accuracy in CFD continues. Spectral element methods,hp finite element
methods and discontinuous Galerkin methods have well progressed. The development of high
order methods for problems with flow discontinuities like shocks and contact discontinuities has
still been a challenge. For smooth flow problems on simple geometries, high order difference
methods optimized for good wave resolution are much more efficient than the standard central
second order, if low error tolerances or the computation of many wavelengths are required. As
shown in this review, the simplicity of high order difference schemes can be combined with
built-in stability properties to yield strictly stable methods. It is expected that hybrid and mul-
tiscale methods will be developed to combine the advantagesof different approaches and to
integrate different scales, respectively.
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Figure 10:Nondimensional vorticity contours for diverging orifice. Min |ω∗| = 0.1, Max |ω∗| = 1.0,
Number of contour levels =20. Top to bottom:t = 1
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Figure 11:Nondimensional vorticity contours for converging orifice.Min |ω∗| = 0.1, Max |ω∗| = 1.0,
Number of contour levels =20. Top to bottom:t = 1
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Figure 12:Nondimensional vorticity contours for 2D oscillating orifice. Min|ω∗| = 0.1, Max|ω∗| = 1.0,
Number of contour levels =20. Top to bottom:t = 1.0T0, 1.1T0, . . . , 1.9T0. [22]


