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Summary. New high order implicit-explicit Runge-Kutta methods have been developed and
implemented into a finite volume code to solve the Navier-Stokes equations for reacting gas
mixtures. If only the stiff chemistry is treated implicitly, the linear systems in each Newton
iteration are simple and solved directly. Numerical simulations of deflagration-to-detonation
transition (DDT) show the potential of the new time integration for computational combustion.

1 Introduction

The present work is aimed at gaining further understanding of the basic mechanisms
controlling deflagration-to-detonation transition (DDT). The understanding of DDT is
not only a major challenge of combustion theory, but also important for safety problems
and for detonation propulsion engines. The Landau-Darrieus hydrodynamic flame insta-
bility plays an important role. Friction and roughness of the tube walls make the flow
ahead of the flame nonuniform and result in bending the flame front, which leads to flame
acceleration. The accelerating reaction front acts as semitransparent piston, generating
a pressure wave ahead. However, the acceleration is too weak to generate strong enough
shock waves for triggering detonation. For a flame propagating from the closed end of a
semi-infinite tube, it was recently shown that the formation of a preheat zone ahead of
the flame is the basic physical mechanism of the deflagration-to-detonation transition,
if the preheat zone is extended enough to provide a positive feedback for considerable
enhancement of the flame acceleration [1].

Recent 2D studies [2, 3] of a flame propagating from the closed to the open end
of a tube show that DDT occurs for a fast flame either due to preheat zone formed
within the flame fold developed due to the Landau-Darrieus instability, when the influx
of heat from the folded reaction zone increases temperature inside the fold or near the
tube wall due to hydraulic resistance caused by the friction or roughness at the tube
walls. The simulations [2] were performed using a parallel version of a general code
developed by L.-E. Eriksson [4]. This code solves the Navier-Stokes equations for reacting
gas mixtures using a third-order upwind-biased finite volume method for the inviscid
fluxes and a second-order central discretization of the viscous fluxes with an explicit
second order Runge-Kutta time integrator. Future additions include simulations in 3D,
complex chemistry and the influence of turbulence. These additions increase the stiffness
of the governing equations and therefore the time stepping method must be improved.
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New time integrators implement second-, third- and fourth-order implicit-explicit Runge-
Kutta methods [5] to use the more expensive implicit method only for the stiff part of the
problem to overcome the severe stability restriction of the economical explicit method,
e.g. for treating complex chemistry. The resulting nonlinear systems are local and solved
efficiently by Newton’s method directly. For if only the chemistry is treated implicitly, the
nonlinear systems can be solved independently in each cell by a few Newton iterations.
Tests show that the increased stability of the implicit methods and the efficiency of
the explicit methods provide efficient time integrators for the intended stiff combustion
problems.

2 Finite volume method for the Navier-Stokes equations

With the finite volume method, the 2D compressible Navier-Stokes equations in integral
form are discretized for each cell in a computational grid by the approximation

dUi,j

dt
V oli,j +

N
∑

s=1

[(F − Fv)nxA + (G− Gv)nyA]s = Si,jV oli,j . (1)

The volume averaged vector of the conservative variables in the cell Ωi,j is Ui,j , Si,j is
the volume averaged source vector, and V oli,j is the area of the cell. Since we consider
structured grids with quadrilaterals as control volumes, the cells have N = 4 faces. As

is the length of the cell interface s. The cell averages Ui,j are the unknowns in the
cell-centered finite volume method.

The inviscid flux vectors for the x- and y-directions in (1) are F = F1 and G = F2

and Fv = Fv1 and Gv = Fv2 are the viscous flux vectors for the x- and y-directions.
(x1, x2)

T = (x, y)T and (u1, u2)
T = (u, v)T . The density, pressure, temperature, total

energy per unit mass, total enthalpy, enthalpy of species k, mass fraction of species
k, diffusion coefficient of species k, production rate of species k, viscosity, and heat
conduction coefficient, are denoted by ρ, p, T , E, H , hk, Yk, Dk, ωk, µ, and κ, respectively.
Then the conservative variables, the inviscid and viscous flux vectors of a thermally
perfect gas mixture of n species read

U = (ρ, ρu1, ρu2, ρE, ρY1, . . . , ρYn−1)
T ,

Fj = (ρuj , ρu1uj + pδ1j , ρu2uj + pδ2j, ρHuj , ρ1uj, . . . , ρn−1uj)
T , (2)

Fvj = (0, τ1j , τ2j ,

2
∑

l=1

ulτlj + κ
∂T

∂xj

+ ρ

n
∑

k=1

(

Dkhk

∂Yk

∂xj

)

, D1ρ
∂Y1

∂xj

, . . . , Dn−1ρ
∂Yn−1

∂xj

)T

and S = (0, 0, 0, 0, ω1, . . . , ωn−1)
T is the source term. For a Newtonian fluid, the com-

ponents of the shear stress tensor are τij = µ
(

∂ui

∂xj
+

∂uj

∂xi

)

− 2

3
µ
(

∑2

k=1

∂uk

∂xk

)

δij where

δij = 1 if i = j and δij = 0 if i 6= j.
We have to approximate the flux vectors at the cell interfaces. The inviscid flux vectors

are discretized by a third-order upwind-biased approximation of the characteristic vari-
ables and using a total variation diminishing (TVD) limiter [4] [6]. Central discretizations
are employed for the viscous fluxes at the cell interfaces. The volume averaged nonlinear
source term is approximated by
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Si,j ≈ S(Ui,j). (3)

After the finite volume discretization of equation (1), we have a system of ordinary
differential equations (ODEs) for the time dependent cell averages Ui,j

y′ = f(y) + g(y) , (4)

where y denotes the vector of all Ui,j , f(y) the vector of all inviscid and viscous flux
contributions, and g(y) the vector of all source terms Si,j . Thereby, we classify the right
hand side of the ODE (4) into a non-stiff part f and a stiff part g. Other classifications
are possible and discussed in [5].

3 Implicit-explicit Runge-Kutta methods

We have developed high order implicit-explicit Runge-Kutta (IERK) methods to effi-
ciently solve separable stiff problems (4) [7, 5]. While first-order IERK methods have
frequently been used to treat the stiff source terms from chemistry implicitly in hyper-
sonic flow and combustion simulations [8, 9], two of our new IERK methods are second
order accurate and one is fourth order accurate. Similar high order IERK methods have
only recently been available [10, 11, 12, 13, 14].

An explicit Runge-Kutta (ERK) method is used to solve the non-stiff part f and a
diagonally implicit Runge-Kutta (DIRK) method is employed to solve the stiff part g.
A general s-stage implicit-explicit Runge-Kutta (IERK) method consists of an s-stage
ERK and an s-stage DIRK method with common weighting coefficients bi, i = 1, ..., s.
The following tableaus define the ERK and DIRK methods of an IERK method [7, 5]:

0
ε21 0
| 0

εs1 − εs,s−1 0
b1 − − bs

a11

a21 a22

|
as1 − − ass

b1 − − bs

(5)

The approximate solution yn+1 at t = (n + 1)∆t is defined by

yn+1 = yn + ∆t
s
∑

i=1

biki , where

ki = f

(

yn + ∆t
i−1
∑

j=1

εijkj

)

+ g

(

yn + ∆t
i
∑

j=1

aijkj

)

,

i = 1, . . . , s.

(6)

The coefficients of our 4th order accurate 5-stage IERK method denoted as IERK45
method are given in [5].

4 Results

4.1 Deflagration-to-detonation transition (DDT) due to flame folding

One of the typical numerical pictures of DDT due to formation of the appropriate flame
fold at the tube wall is shown in Fig. 1, where the sequence of tonal images depicting
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the square of pressure gradient gives a cinematic impression of the dynamics of the flame
front during the incipient stage of the transition from deflagration to detonation [2].
These images resemble the Schlieren photographs of laboratory experiments, though the
latter visualize gradients of the density rather than of the pressure.

A detailed investigation shows [2]: (i) formation of the large-scale preheat zone (pre-
conditioning) in the unreacted gas trapped within the fold interior at the tube wall, (ii)
acceleration of the fold-tip, and (iii) the pressure elevation and formation of a high pres-
sure peak. The transition occurs when the pressure peak becomes high enough to produce
a shock capable of supporting detonation. This requires the fold to be narrow and deep
enough. Otherwise one ends up with a moderately strong pressure wave insufficient for
triggering the transition.

4.2 Explicit and implicit-explicit Runge-Kutta methods

To show the advantages of using IERK methods for combustion a series of DDT sim-
ulations have been performed. The flux is calculated using the combustion code of [4].
The original code uses a second order explicit Runge-Kutta method known as Gary’s
method [15] for the time stepping. For our tests it has been replaced by implicit-explicit
Runge-Kutta methods of order 2, 3 and 4. The third order method is derived in [12],
and the second and fourth order methods are derived in [7, 5]. Simulations showing or-
der of accuracy and applications of IERK methods to various model problems are also
presented in the cited source papers.

Since the chemical source term (3) only depends on cell data, the implicit iteration
can be performed by solving a (3 + n) × (3 + n) system per cell where n is the number
of species. In the present simulations a mixture of two species representing burned and
unburned fuel is used. The production rate of the fuel is given by an Arrhenius expression,
cf. [2]. This reduces the implicit treatment of the source term to a scalar equation which
can be solved using scalar Newton iteration without having to solve any linear systems
or to compute Jacobian matrices. The overhead for solving the chemistry implicitly is
therefore very small. Fig. 2 shows the temperature contours obtained by using the first
order implicit Euler method for the chemistry treatment. Whereas the explicit Runge-
Kutta method becomes unstable, the present semi-implicit method remains stable during
the transition [5]. The higher order IERK methods have not yet been fully implemented
in the code, but preliminary results are promising. The new high order methods have
comparable efficiency as Gary’s explicit method for the current setup. For more realistic
chemistry the stiffness is greatly increased and the IERK methods are then expected to
surpass the explicit methods regarding both stability and efficiency.

5 Conclusions

New semi-implicit time discretization methods have been developed for the conservation
laws governing combustion. While the stiff source terms due to chemistry are treated
implicitly, the inviscid and viscous fluxes are discretized explicitly. As the implicit part
is restricted to the the local solution of the stiff chemistry ordinary differential equations
in each grid cell, the high order implicit-explicit Runge-Kutta methods are expected to
be more efficient than purely explicit or purely implicit methods. The advantages of
the implicit treatment of the stiff chemistry source terms have been demonstrated for
deflagration-to-detonation transition (DDT).
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Fig. 1. Time sequence of images for the flame/shock dynamics near the transition point at
the wall. Stronger shading corresponds to higher pressure gradient. The time and distance are
referred to as Lf/Uf0

and Lf , respectively. Lf = µu/(PrρuUf0
) is the flame width, where Uf0

is the incipient velocity of the planar flame, ρu and µu the density and dynamic viscosity of
the unburned fuel, respectively. The incipient velocity of the planar flame Uf0

corresponds to
the Mach number Mf0

= Uf0
/cu = 0.06, where cu is the speed of sound in the unburned fuel.

Reaction order m = 2, tube width D = 140Lf , dimensionless activation energy ǫ = Ea/(RuTb) =
4, expansion ratio Θ = Tb/Tu = 10. Tu and Tb are the temperatures of the unburned and burned
gases, respectively [2]
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