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Figure 1: Vortex shedding from a cylinder.

1 Introduction

DA (,t) O?A(&,t) DA (1)

+as (B) A (&, 1) +ag |[A(E DAL (1)

o o 25
We consider the linearized Ginzburg-Landau equation given by
A (1,t)  9*A(,t) . 0A(Z,1) o\ A s
o1 = a 02 as (ZL‘) T + as (ZL‘) A (ZL‘, t) (2)
for & € (—o0,1), with boundary conditions
ALt = u(), (3)
A(—o0,t) = 0, (4)

and where A : (—o0,1] x Ry — C, ay € C%*((—00,1];C), az € C* ((—00,1];C), a; € C, and

u : R, — C is the control input. a; is assumed to have strictly positive real part.

2 Problem Statement

We now truncate the semi-infinte domain (—oco,1] at & = z4 € (—00, 1), and rewrite the

equation to obtain two coupled partial differential equations in real variables and coefficients

by defining
p(t) = R(Blat) = % (B (z,0) + B (x.1)), (5)
(o1) = S(Bla0) = 5 (Blwt) = B(x.1), (©)
where
x:f:ij, andB(x,t):A(j,t)exp(Qim/:@(T)m). (7)
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i denotes the imaginary unit, and  denotes complex conjugation. Equation (2) becomes

P = ARPyy T U (2) p = artee — br (2) 1, (8)

Ly = Qrpyy + b1 (x)p~+ agrte, +br(x), (9)

for z € (0,1), with boundary conditions

p(0,8) = 0, 1(0,4) =0, (10)
p(1,t) = wug(t), ¢(1,t) =us(t), (11)
and where
& ), & ) (12)
() £ B (aa(0) = 304 (0~ - 9)). (13
i) 2 3 (0l - 50 (0) - - ). (1)

3 Stabilization by State Feedback

In [1], extending the results in [3, 4], the state feedback stabilization problem was solved by

searching for a coordinate transformation on the form
pt) = et~ [ ) o) + ke (o) (0] do (15)
et) = ot)= [ e () p (0 + ) ()] dy (16)
transforming system (8)—(11) into

Py = ARDPy + fR(T) P — arlee — fr(2)1, (17)
it = Py, + f1(x)p+ agle: + fr (7)1, (18)

for x € (0,1), with boundary conditions

p(0,6)=0, 7(0,t) =0, p(1,t) =0, i(1,£) =0. (19)



By the choice of fr and f;, system (17)—(19) can be given any desired level of stability. The

corresponding stable behaviour for the original system is ensured by the control input

w®) = [ 20 nt) + s ) 0.0 (20)
w® = [ a0+ 8 ) 0] 1)
where
ki(y) = k(Ly), (22)
kei(y) = ke(Lly). (23)

The skew-symmetric form of (20)—(21), is postulated from the skew-symmetric form of (8)-

(9). The following result was proven in [1].
Theorem 1
i. The pair of kernels, k (x,y) and k.(x,y), satisfy the partial differential equation
Kea = kyy + B(z,y)k + Be(x, y)ke, (24)

kc,xm = kc,yy - 6c<x7 y)k + ﬁ(xa y)km (25)

for (z,y) € T ={z,y:0 <y <z <1}, with boundary conditions

teo) = = [ 86 (26)
(ea) = 5 [ adnan 27)
k(z,0) = 0, (28)
ke(x,0) = 0, (29)
where
Bey) = lan (bnly) — fa(@) +ar (a(o) = i)/ (dh+ad), (30

Be(w,y) = lar (br(y) — f1(2)) — ar (br(y) — fr(2))] / (ak + af) - (31)



The equation (24)-(25) with boundary conditions (26)-(29) has a unique C*(T) solu-

tion, given by

key) = Y Gulz+yz—y), (32)
ke(2,y) = Y Gen(@+y,2—y), (33)
where
] 3
Gaten) = -1 [b(r0)dr (34)
1 ”
Geo(61) = 7 / b (7,0)dr, (3)

Gni1(&m) = // (1,8) Gy (7,8)dsdT + = / / (7,8) Ge (7, 8) dsd{ 36)
Gent1(E,m) = ——// (1,8) Gy (T,5)dsdT + — // (7,8) Ge (T, 5) ds(B)

and
e =5 (5L e = o (51552, (39)
ii. The inverse of (15)(16) exists and is in the form
pt) = st = [ 1)+ L) G0ld (39)
) = @)= [ @) ) )i @Ol (@0)
where | and 1, are C®(T) functions.

iii. If fr and fr are chosen such that

s (fu)+5100)1) <~ (a1
where ¢ > 0, then for any intial data (py,to) € Hy(0,1), the system (8)—(11) in
closed loop with the control law (20)-(23) has a unique classical solution (p,1) €
C*1((0,1) x (0,00)) and is exponentially stable at the origin in the L (0,1) and Hy (0,1)

norms.



It was also shown in [1], that for the numerical coefficients given in [6], the target system
(17)—(19) can be chosen such that the kernels have compact support and are independent
of the choice of z4. In this case, we have that k; (y) = 0 and k.1 (y) = 0 when y < z; for
some xs € (0,1), and stability of the zero solution is ensured for the system evolving on
the semi-infinite domain (z4 — —oc0). It follows that even though the system evolves on a
semi-infinite domain, we need to design an observer that provides an estimate of the state
in (zs,1), only. In the anti-collocated case, that is when the measurement is downstream
of the cylinder, we can design the observer independent of the choice of x4, guaranteeing
output feedback stabilization on the semi-infinite domain. In the collocated case, that is
when sensing and actuation are both at the location of the cylinder, stability is guaranteed
when the system is truncated to a finite domain. In the latter case, the semi-infinite case can
be approximated with arbitrary accuracy by increasing the domain on which the estimate
is computed. It is interesting to notice that also in this case, the output injection gains are
independent of the size of the domain.

In the next two sections, we design observers for the anti-collocated and collocated cases
for system (8)—(11) by modifying the results in [5] to deal with two coupled pde’s and the

semi-infinite domain.

4 Anti-Collocated Output Feedback Design

Suppose that p (T, t), ¢t (Tm,t), py (Tm,t), and i, (z,,,t) are available for measurement for
some T,, < x,. Without loss of generality, we set z,, = 0 from now on.! Consider the

following observer

~

Pt = ARPye + bR (%) P — arles — by ()1

+p1 () (p(0,8) = p(0,)) + pea () ((0,8) = 2(0,2)), (42)

Zt = a;ﬁm + b[ (ZL’) ﬁ + aRZm + bR (ZL‘) )

—pe () (p(0,1) = p(0,2)) + p1 (x) (0 (0,£) —2(0, 7)), (43)

'We can always rescale the semi-infinite interval (—oo, 1] such that the point x,, € (—oc,1) is moved to

the origin in the new coordinates.



for x € (0, 1), with boundary conditions

p:c (07 t) = Pz (07 t) + Po (,0 (07 t) - Ib (07 t)) +p6,0 (L (07 t) —1 (07 t)) ) (44)
Z:v (07 t) =g (07 t) — Pec,0 (p (07 t) - ﬁ <07 t)) + Do (L (07 t) - Z<O7 t)) ’ (45>
p(Lt) =up(t), i(Lt)=u(t). (46)

In (42)-(46), p1 (z), pe1(x), po, and p.o are output injection gains to be designed. The
skew-symmetric form of the output injections is postulated from the skew-symmetric form
of system (8)—(9). Notice that both p(0,t), ¢ (0,¢) and their first spatial derivate are used in
the observer. Defining the observer error p(x,t) = p(x,t) — p(x,t), the error dynamics is

given by

Pt = abeax + bR (I) 15 — Qrlyy — bI (‘T) [ — D1 (.’IZ) p (‘Té‘?t) — Pe1 ('T) L (Z’S,t) ) (47)

o = 1Py + 01 (%) P+ arler + b (€)1 + pen () P (25,1) —p1 (2) T (25, 8), (48)

for z € (0,1), with boundary conditions

ﬁac (07 t) = _pOﬁ (07 t) - pc,OZ (07 t) ) (49)
Zx (07 t) = pc,Ob (07 t) - pOZ (07 t) ) (50)
p(1,t) = 0, (Lt =0. (51)

The observer gains p; (), pe1(x), po, and p.o should be chosen to stabilize the system
(47)—(51). Towards that end, we look for a transformation

x

pet) = & (1) — / P (2.9) & (5, 1) — po (2, 9) & (4, 8)] dy, (52)

Ts
x

(ot) = R(et) - / pe (2.) 6 (5, 8) + p (2,9) & (5, 8)] dy, (53)

Ts

transforming system (47)—(51) into the exponentially stable system

0y = aRa':r:Jc + fR ('T)5 - a]'%:rx - fl ('T)

R

, (54)

Ry = ala—mc_"fl (1')5_‘*’@]%'%11 +fR (.I‘) '%7 (55)



for x € (0, 1), with boundary conditions
7. (0,t) = 0, k. (0,¢) =0, (56)
(1,t) = 0, &(1,t)=0. (57)

Once the coordinate transformation (52)—(53) is found, the output injection terms are given

by

D1 (.f) = apr (.I’, 0) + alpc,y ('T? 0) ) (58)
Pe,1 (:E) = —arpy (:Ea O) + ARPcy (:Ea O) 9 (59)
po = p(0,0), and p.o = p.(0,0). (60)

By subtracting (47)—(51) from (54)—(57) and using (52)—(53) it can be shown that the kernels
p and p. must satisfy

Pez = Py — By, 2)p— B (y,2) pe, (61)
Peaw = Degy + B (Y,2)p — B (Y, @) pe, (62)
with boundary conditions
DD~ 1), (63)
e 03] 26.(a,), (69
p(ly) = pe(ly)=0. (65)

Changing coordinates according to

IT=1-y, y=1—ux, (66)
and defining
B(#,9) & By,x), B, (%9) 28, (y,2), (67)
pE9) = pr,y), Pe(®,9) = pe(7,9), (68)
we obtain
Py = Pax— B (&9 D — B (£,7) Pey (69)
Doy = Dezs + B (&,9) P — B (£, 9) Pe, (70)



with boundary conditions

L7

p(r,z) = —= [ B(v,7)dy, (71)
2

Pe(L,2) = %/Ec(%v)d% (72)
0

ﬁ(f,O) = ﬁc(f,()):o (73)

Equation (69)—(73) is the same as equation (24)—(29). Thus, we get the following result

directly from Theorem 1.

Theorem 2 Suppose that fr and f; satisfy (41), and that p,p. is a solution of (61)—(65).
Then for any intial data (py,70) € Hy(0,1), the system (47)-(51) with output injection
gains giwen by (58)-(60) has a unique classical solution (p,7) € C*! ((0,1) x (0,00)) and is
exponentially stable at the origin in the Ly (0,1) and Hy (0,1) norms.

Having found a convergent observer and a stabilizing state feedback control law, it follows
from standard results that the closed loop consisting of replacing the state with its estimate
in the state feedback control law is exponentially stable at the origin [2]. We now formulate

the solution to the output-feedback problem.

Theorem 3 Suppose that fr and f; satisfy (41), and let k, k. be the solution of (24)-(29)
and p, p. the solution of (61)—(65). Then for any intial data (py,to), (P, o) € H1(0,1), the
system (8)—-(10) with the controller

p(L1) = / e () 9 (928) + b () (5,8 dy, (74)
L(Lt) = / e () P (95 0) + o () 0 (8] dy, (75)
and the observer

~

pt = aRp:m: + bR (.’IZ) p - CL[ZME - bl ((L‘) L

+p1 (JE) (p (07 t) —p (07 t)) + De (JE) (L (07 t) - Z<07 t)) ) (76)



-0

A5t

-20 '
0 0.2

Figure 2: State feedback gain kernels.

Zt = a;ﬁm + b[ (ZL’) ﬁ + aRZm + bR (ZL‘) )
— e (@) (p(0,8) = p(0,8)) +p1 () (¢ (0,£) = 2(0,¢)), (77)

ﬁ;c <07 t) = pzc <O7 t) +p0 (p (07 t) - ﬁ <07 t)) +pc,0 (L <07 t) - Z<O7 t)) )
(0. = (0.0 = peo(p(0.0) = HO.) 410 (6 0.) =7 (0.1),
pL1) = / ki (0) 7 (0, 8) + o () (3, 8)] s,

i(Lt) = / (o () 5 (5, 8) + k1 () (3 )]y,

have unique classical solutions (p,1), (p,i) € C** ((0,1) x (0,00)) and are exponentially sta-

ble at the origin in the Ly (0,1) and Hy (0,1) norms.

Figure 2: State feedback gain kernels, k; (y) and k.1 () .
Figure 3: Open-loop plant response.

Figure 4: Output injection gains, p; (x) and p.; ().
Figure 5: Open-loop observer error.

Figure 6: Closed-loop plant response.
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5 Collocated Output Feedback Design

In the collocated case, measurements are taken at the same location as the control input, that
is on the cylinder surface. The measurements are p(1,t) and ¢ (1,t), which leaves p, (1,%)
and ¢, (1,t) for control input. The controller presented in Section 3 was of Dirichlet type.
In the collocated case, we need Neumann type actuation, which can easily be derived from
transformation (15)—(16) by setting homogeneous Neumann boundary conditions at z = 1

for the target system. The resulting controller is

ug (t) = /0 [k (Ly) p(y, 1) + kew (Ly) e (y, )] dy + K (1,1) p(1,8) + ke (1,1) 0 (1,2) (78)
ur (t) = /0 {_kc,x (17y)p<y7t)+kx (Ly)[’(yvt)] dy_kc (171)/0<17t)+k(171)b(17t0779)

where k and k., are the kernels found in from Section 3. The boundary conditions in (11)

must be replaced by
pr (1,t) = ug (1), ta (1,8) = ur (). (80)

Consider the observer

Pt = ARPyy + bR (T) p — arlge — by (7)1

+p1 (I> (p (Lt) - /A) (Lt)) +pc,1 (I> (L (Lt) - Z<17 t)) ) (81)

Zt = a;ﬁm + b[ (ZL’) ﬁ + aRZm + bR (ZL‘) )

—pen () (p(L,1) = p(L1) +p1 (2) (o (1,8) —2(L,2)), (82)

for x € (0,1), with boundary conditions

p(0,6) =0, (83)

i(0,8) =0, (84)
pe(Lt) = po(p(1,1) =p(1,1)) +peo (¢ (1,1) = (L,2)) +ur(t), (85)
b (1) = —peo (p(1,6) = p(1,8)) +po (¢ (1,8) — 2 (1,0)) +ur (1) (86)

13



The observer error is governed by

for x € (0,1), with boundary conditions

p(0,t) =0,
7(0,1) = 0,
ﬁaj (17t) = _polb (17t) - pC,Uz (17 t) )

Zx(Lt) = pc,Op(lat)_pOZ(lvt)

As in the previous section we now seek a transformation

1

p(z,t) =a@@—/@@@5mw+@@w%mmw,

(et) = Fnt) - / e (2,95 (0,8) + p (@,9) & (4,)] dy,

x

that transforms system (87)—(92) into the exponentially stable system

G = ROz + fr(x) 0 — arfyy — f1(2)

R

)

R = 104+ f1(2) 6 + agkes + [r(2) R,
for z € (0,1), with boundary conditions

5(0,t) = 0, #(0,t) =0,

. (1,t) = 0, R, (1,¢) =0.
When the transformation is found, the observer gains are given by
pi(z) = —arpy(x,1) —arpey (z,1),
Pe,1 (I> = Qjpy (I, 1) — QRPc,y (*I? 1) y
Po = _p(171)7 pc,O = —Pe¢ (171)

14
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Subtracting (87)—(92) from (95)—(98), and using (93)—(94), we obtain

Pae = Py — B(2,9)p— B (z,y)pe,

Pegx = Peyy + Bc (.T, y)p - B (.I', y) De,

with boundary conditions

1
pc<l',l') = 5 60(777)d’y7
)

p(0>y) = pc(0>y)207

where
Bla,y) = lagr (br(x) = fr(y) +ar (b (x) = fr ()] / (ak +a7) ,
Be(wy) = lar(br () = fr(y) — ar (br (x) = fr (4))]/ (a% +a3).
Setting
T =y y=u,
p(2,9) = plz,y),
Pe(2,9) = pe(,y),
we get

Pre = P+ B3P+ B, (Y, %
Peii = Deyy— Be (0, 2)p+ B (

with boundary conditions

(102)

(103)

(104)

(105)

(106)

(107)
(108)

(109)
(110)
(111)

(112)

(113)

(114)

(115)

(116)



Finally, noticing that 3 (¢, %) = 8 (Z,%) and B, (3, %) = .. (Z,9) , we obtain
Peaz = Degy — B (,9) D+ B (Z,7) Pe, (118)
with boundary conditions
o 1]
p(E8) = —5 [ Bv,dy, (119)
0
o1
Pc (IVT) = 5 Bc (777) d’}/, (120)
0
p(2,0) = p.(2,0)=0. (121)
From (99)—(100), we have
151 (g) = _aRin (L g) - alﬁc,i (L g) ) (122)
Per (4) = arpz (1,9) — arPes (1,9) - (123)

Since equation (117)—(121) is identical with equation (24)—(29), it follows that the observer

gains can be obtained from the feedback gains as

p () = —arks (1,7) — arke, (1,7), (124)

Pe1 (I) - alk:c (17 I) - aRkCJJ <1a I) ) (125)
and we get the following result.

Theorem 4 Suppose that fr and fr satisfy (41), and that k, k. is a solution of (24)—-(29).
Then for any intial data (py,70) € Hy (0,1), the system (87)-(92) with output injection gains
given by (124)—(125) and (101) has a unique classical solution (p,7) € C*! ((0,1) x (0, 00))
and is exponentially stable at the origin in the Ly (0,1) and Hy (0,1) norms.

We now formulate the solution to the ouput-feedback problem in the collocated case.
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Theorem 5 Suppose that fr and f1 satisfy (41), and let k, k. be the solution of (24)—(29).
Then for any intial data (pg, to) , (Po, Lo) € H1(0,1), the system (8)—(10) with the controller

P, (Lt) = /0[kx(l,y)f)(y,t)+kc,x(1,y)i(y,t)]dy+k(1,1),0(1,t)+k‘c(1,1)b(1,ﬁ0L26)

L (L1) = / o (L) P (00 8) + oo (L) 8 (5, 8)] dy — oo (1, 1) p (L, 8) + & (1, 1) (1(H2T)

and the observer

pt = aRpxz + bR (ZC)@ - CL[ZMC - bl ('I)Z

+p1(@) (p(L,1) = p(1,1)) + pea (2) (e (1,8) =i (1,8)), (128)

Zt = a[ﬁm + b[ (ZL’) ﬁ + aRZm + bR (ZL‘) )

— e (2) (p(L,2) = p(L,1) +pu () (0 (1,8) —i(1,2)), (129)

p(05) = 0
1(0,6) = 0,
p (1) = polp (16— p(1,0) 4 peo (1 (1,1) — 1 (1,1)

e ) 00 4 e (1900 0y 1,1 (1,0) e (112 (1)
D) = —peolp(18)— p(L0) 1ot (11) i (1,1)

[ b 002 00) 4 L) 00y = b (11 (1,0) + (1)1 (L1,

have unique classical solutions (p,t), (p,1) € C*'((0,1) x (0,00)) and are exponentially sta-

ble at the origin in the Lo (0,1) and Hy (0,1) norms.

Figure 7: Output injection gains,p; (z) and p.; ().
Figure 8: Closed-loop observer error.

Figure 9: Closed-loop plant response.

6 Simulations with Nonlinear Model

The observer designs in Sections 4 and 5 are linear designs, ignoring the last term in (1). In

this section, we explore the performance of the observer (in the collocated case) in simulations

17
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of the full, nonlinear model of vortex shedding. Including the nonlinear term, equation (8)—

(9) becomes

Pr = appee + (br (2) + cr (2) (0° + 7)) p— artee — (b1 (z) + ¢1 (2) (p* 4+ ¢%)) ¢, (130)

w = arpg, + (b (@) +cr () (P + %)) p+ artes + (br () + cr (z) (p° + %)) ¢, (131)

where
1 (1—zq)z+zq
cr(r) = R(ag)exp [ R a_/ az (t)dr | |, (132)
1 Tq
1 [(-za)ztaa
cr(z) = J(ag)exp | —R a_/ az (t)dr | |. (133)
1Jzy

Figure 10: Open-loop plant response for the nonlinear system.

Figure 11: Open-loop observer error for linear observer.

Figure 12: Open-loop observer error for nonlinear observer.

Figure 13: Closed-loop plant response for the nonlinear system, using the linear observer.

Figure 14: Closed-loop plant response for the nonlinear system, using the nonlinear
observer consisting of a copy of (130)—(131) with the output injections designed for the

linear case.
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Figure 10: Open loop simulation of nonlinear system.
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Figure 12: Observer error for nonlinear observer.
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Figure 14: Closed-loop plant response for nonlinear observer.

7 Explicit Construction

Whereas the previous sections dealt with output feedback stabilization of the model of vortex
shedding (2)—(4), we depart from that application in this section, and construct explicit for-
mulas for the state feedback kernels in the special case of constant coefficients. We therefore
assume that by (x) and by (z) in (8)—(9) are constants, which we denote br and by, respec-
tively, and select the target system (17)—(18) by setting fr = —c, for some non-negative

constant ¢, and

fr=br =L (br+e). (134)
aR

The stability criterion (41) is clearly satisfied. Furthermore, we have from (30)—(31) and
(38) that

b = i(bR—FC), (135)
aRr
b = 0. (136)
Formulas (34)—(37) become
Gol6n) = ~7(6~n), (137)
Gc,O (5777) = 07 (138)
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Gt (E,1)) = / / (, ) dsdr, (139)

Gent1 (E,m) = Z/n /0 Gen (7, 5)dsdr. (140)
It is clear from (138) and (140), that
Gon(E7)=0, n=0,1,2, ... (141)
so it follows that
ke(xz,y) =0. (142)

The problem of finding G is now identical to the problem solved in [4, Section 6] where it

was found that

k(x,y) = —byI1 ( e y2)> (143)
’ b(a?—y?)

where [; is the modified Bessel function of the first kind and of order one. In view of these

calculations and Theorem 5, we obtain the following result.

Theorem 6 Let ¢ > 0. Then for any intial data (py, o), (Po, o) € H1(0,1), the system
(8)—(10) with the controller

by (1) = / kz(@/)i)(y,t)dy—i(bRJrC)P(l,t), (144)
(L) = / B2 ()1 (1) dy — 5. (b +-0) 1 (1,1) (145)
and the observer

Pr = ARPyy + brP = Qrlee — bil — ko (2) [ar (p (1,1) — p (1, 1)) —ar (¢ (1,1) = 2(1,2))], (146)

B = arpyy + brp + apiss + bri — ko (2) [ar (p (1,8) — p(L,8) +ar (c(1,1) — i (1,1))], (147)

p(0,t) = 0, (148)
i(0.8) = 0, (149)
1
pe(Lt) = 5o (bnt O (p(L0) = p(LD) + / ks ()9 (0 0)dy = 5. (b + ) p (1350)
1
(1) = 261LR (br+0) (0 (1L,6) — i (1,8) +/0 ks (1) (3, ) y—i(b}g—kc)b(l,tlwl)



7
75
%

BT 75

G

aryittag ey,
Nty ll”,,Z;l,,,I;lll,,,lZl, 075
o
Wiy
itgg iz
il
iy

S
A 50
G
gy
Wiy

7
s > 7 27NN . 7 7
gty \ 2
i

77
7oA

S LA e
S s
e et
L Upydtn, N
iy Ill; 'lllll;l \\§

i i

Uiy I[,/lllll
i
an
g

7
7
BT 77
0 sty o
'll,,,Zl/,,Zl oy
d| ""IIZ{ZII
iy

iy :
/l/IIIII’IIIIIIII’I/”’

Figure 15: Open-loop plant response with ag =1, a; =0, bg = 2.5, and b; = 1.5.

where

Fa (7) = iR (ba +¢) L (Ve <blR_+;> (1—42))

, (152)

have unique classical solutions (p,t), (p,1) € C*'((0,1) x (0,00)) and are exponentially sta-

ble at the origin in the Ly (0,1) and Hy (0,1) norms.

In (152), I, is the modified Bessel function of the first kind, and of order two.
Figure 15: Open-loop plant response for the system with constant coefficients.
Figure 16: Open-loop observer error for explicit observer.

Figure 17: Closed-loop plant response for explicit controller/observer.
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