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Abstract

In this paper we investigate the use of model predic-
tive control (MPC) as a means for controlling a class of
sampled-data hybrid systems. A weak form of uniform
asymptotical stability is established for the closed-loop.
This is done by first establishing stability results for an
associated discrete-time system. Conditions for existence
of a solution to the underlying optimization problem are
also provided.

1 Introduction

Industrial control systems are generally comprised of logic
and continuous controllers. The logic performs functions
like starting process equipment, controlling low-level (or
regulatory) controllers, and controlling discrete control in-
puts (on/off valves, pumps etc.). The logic may for in-
stance switch between different continuous controllers de-
pending on the operating conditions of a process. Contin-
uous controllers are used for regulatory control and for su-
pervisory control. On the regulatory level PID-controllers
constitute the typical continuous controllers. On the su-
pervisory level continuous controllers compute the set-
points for the regulatory controllers using for instance an
optimization algorithm. In our context it is important
to note that the logic and continuous controllers in many
cases are closely coupled, hence they form a hybrid dy-
namic system (HS). Typically, industrial design practice
is based on a separate construction of the continuous and
logic part of a control system. By this, the effect of the in-
teraction between the continuous and logic part is difficult
to foresee during the design-phase.

The hybrid nature of a system may also originate from
the controlled system itself. In chemical process control a
process may change its characteristics abruptly. One ex-
ample of this is the change between laminar and turbulent
flow conditions.

The above observation forms the motivation for this
study in which we investigate the design of hybrid control
systems. We utilize optimization-based control, or more
specifically, MPC for this purpose. This is done by includ-
ing both continuous- and discrete control inputs as deci-
sion variables in the optimization. Further, the switching
instants of the control inputs are also decision variables.

There are extensive research efforts in HS today. Re-
search is conducted in both mathematical-, control-, and
computer science communities, see eg. [1] and references

therein. Some of this research is directed towards process
control as reported in [2].

MPC has been an active research area for close to two
decades. The research has been driven by numerous suc-
cessful applications of the technology, and during the last
years a sound theoretical foundation has been established

This paper consists of two parts. First, the proposed
control strategy is presented and certain aspects of it are
discussed. Second, we present stability results for our pro-
posed control strategy.

In what follows := (=:) denotes assignment, a function
f:Xx...xY — Wis denoted f(-,...,-), N:={0,1,...},
Nt :={1,...}, Iy :={0,... ,N}, and I}, :={1,... ,N}.
2 Problem formulation
We have tried to keep the notational complexity as low
as possible. Further the symbolism is, as far as possible,
made consistent with mainstream work in the MPC area.
2.1 The Plant
The plant to be controlled is assumed to be known and
described by the following continuous-time, time-invariant
constrained linear system:

d
T
x(0) — given,
n := dim(z(t)) ; m := dim(u(t)),
xz(t) e X CR"; u(t) e U C R™,
AeRYV™"™; Be R"™,

where z(t) is the state of ¥ at time ¢, and wu(t) is its
control input at time ¢. We have available a sampled state
measurement. We assume that the state and control input
of ¥ are chosen so that the control objective is to bring
the state to the origin. Thus, naturally we let 0 € X x U.
Also, X and U are assumed to be closed.

2.2 The Controller

As mentioned in the introduction, an MPC strategy is
used to design the controller. Thus, as a part of the con-
troller, a predictor is needed.

2.2.1 Predictor

We are considering the nominal case, and use the sampled
solution of ¥ as the predictor:

(t) =: &(t) = Az(t) + Bu(t), t > 0,

2(m;m) == ez +/ e By(o; ) do
’ (1a)

2 = 2(jA; )

where



A the sample period (A > 0).
Let & > 0 be the current discrete-time index, then
tr = kA

the current time;

J a generic future (relative to k) discrete-time
index;

zp in general some estimate of z(t;). In this
study zo = z(tg);

the prediction of the state of ¥ at time t5, +7
using 7 (see below);

z(1;7)
zj the prediction of the sampled state at time
tr, + jA using m;

the open-loop control input at time t; + o,
induced by 7. Cf. Eq. (2).

v(o; )

Further, we define the following symbols:

Ths denotes both the finite move horizon and the
endpoint of the move horizon (the open-loop
control input is identically zero beyond this
horizon);

M the (maximum) allowable number of control
input switches on the move-horizon;

T, = (Ti)iel& where 7; € [0,Tm] A 7 < Tig1,
the open-loop timing sequence;

0 = 0;
Tm+1 = T
v = (Vi)icry,_, Where v; € U, the open-loop

control input sequence;

the open-loop control input at the time-
interval [t + 75, te + Tit1);

vi,t € Ing 1

instants at which the open-loop control input
is switched.

Ti, b € IE\Z

At last,

7w = (7,,m,) the timed open-loop control input
sequence.

The open-loop control input, v(+;-), used in the predictor,
Eqgs. (1), is defined as:

v(o;m) = {Ui’

0, o>7m-

o€ [T, Tit1), ¢ € Ing—1,

(2)

2.2.2 Performance index
The performance index is defined as:

$(mwn k) = Y Loyj(z)

JEIN 1

+ Z Lﬁ,i(ﬂ'ﬁvi)v

i€ln—1

where

L. ;(-),j € N nonnegative real functions,
L% (), (k,i) € N x Iy 1 nonnegative real functions,

T = :L’(tk),
NA the prediction horizon.

The notation L¥ ;(-,-) is necessary since Ly iy(,-) do
not, in the present approach, provide the desired flexibil-
ity. Note that, of course, Ly, gy (i41)(*s*) = Ly (k+1)44(" *)-
We, however, would like to avoid this forced equality,
and, indeed, L ;. (-,-) and L' (-,-) may be chosen in-
dependent of each other. A typical choice for L ;(-,)
would be Lq’j’i(m,vi) = (Ti41 — 7i)/TmLgyi(v;), where
L;(-), Vj € N, are nonnegative real functions.
2.2.3 Optimization
Let

I, := {m, : 7, satisfies its definition},

I, := {m, : m, satisfies its definition}.

We define the set of all possible timed open-loop control
input sequences by

IT:=1I, xII,.

The optimal timed open-loop control input sequence at
time ¢y, is given by the solution to the minimization prob-
lem, P(zy, k),

P(zg, k) : lgleiﬁlfﬁ(ﬁ;wk,k)
s.t. Egs. (1),
z € X,Vielf_,,
zn = 0.

The final state equality constraint, zx = 0, is present for
closed-loop stability reasons.
We denote the minimizer 7 (), i.e.

i (zr) = arg P(zk, k).
Let
¢*(zk, k) == d(mp(zn); Tk, k).
We recursively define

mp (@) = (77 (@n), 75k (28))

= (i (@k))iert, » (g (@n))iern )



With the solution of P(z,k) we also associate vj(+;-),
z;(5+), and 2 ;(), where

vp(T;xg) == v(T; 5 (zr)),
zip(Ty ) == z(1; 7y (2r)),
2,5 (@k) = 2 (JA; 2

The control input at the time-span [tg,tg4+1) is by defini-
tion of MPC

u(t) ;= vf(t — tg; ), € [ty trir)- (3)

Observe that sampled state feedback is present. Signals
and symbols are depicted in Fig. 1.

Tt ly T Ty i Time

< - - Ty e

Figure 1: The control input v(-;-) switches on the con-
tinuum [tg, ¢, + Thr]. The switching times are denoted
7;. The continuous-time system is sampled at equidis-
tant time-instants with sample period A, as indicated by
(tk+j,2;).- The control input returns to zero at 7as. If the
depicted v(-;-) is the optimizing v} (;-), then the “fat”
part of v(-;-) would represent w(t), t € [tr,tr+1).

2.3 Discussion
We allow U to be formed by a Cartesian product of unions

of closed connected sets (associated with the continuous
control inputs) and finite sets (associated with the dis-
crete control inputs). Note that such sets will always be
disconnected (and nonconvex), as opposed to most work
on model predictive control where it is assumed that U
is at least connected, in fact U is almost always assumed
to be convex. Convex X and U combined with a predic-
tor/performance index pair giving a convex optimization
problem lead to readily computable optimal solutions. In
our case, however, P(xy, k) becomes a nonlinear mixed-
discrete programming problem when there are discrete
valued elements in u(t). Even if the performance index
is a quadratic form, the system is linear, and u(-) takes on
values in some convex set, P(xy, k) is in general a noncon-
vex programming problem due to the predictor’s nonlinear
dependence on the 7;’s.

The controller is assumed to receive the current state of
the plant at known time-instants, ¢;, further, we assume it

can change the control input at any time-instant, limited,
however, to a finite number of times, M, on a finite time
interval, Ths. This assumption makes our approach dif-
ferent from both pure discrete-time and continuous-time
MPC approaches. We let the time-instants at which we
obtain information be equidistant, and the time-span be-
tween each instant equals the sample period, A. It is also
assumed that the quantization of z(t) and w(¢) is infinitely
fine.

Our choice of parameterization of the open-loop control
input, cf. Eq. (2), induce a piecewise constant closed-loop
control input. There are, of course, also other sensible
parameterizations. However, discrete control inputs are
easily included in our choice, further it is the simplest
parameterization possible, hence it does not complicate
the analysis more than necessary.

In our case we may have an infinite or finite prediction
horizon combined with a move-horizon restricted to be fi-
nite with a finite number of moves on it. In addition the
number of moves, M, and the number of stages, NV, on
the prediction horizon is not necessarily equal in the finite
case (certainly not in the infinite case), and either one can
be the larger. However, the move horizon cannot be longer
than the prediction horizon (Ths < NA). The control in-
put is not restricted to switch only at the sample instants,
tr, — the switching times, 7;, are decision variables. In
particular this latter point does not allow an application
of the previously reported results known to the authors.
Neither the predictor nor the performance index may be
cast into the general discrete-time framework of Keerthi
and Gilbert [4].

As is seen from the above discussion, there are sev-
eral differences between our approach and others. How-
ever, we note that if we drop the switching times as deci-
sion variables and instead fix 7, = 72 := (A,..., MA),
then convex X and U, and quadratic forms as stage-costs
give a “standard” linear MPC formulation, apart from the
sampled-data formulation.

3 Stability analysis of the pro-
posed MPC approach

Several MPC approaches which ensure nominal closed-
loop stability have been proposed. Cf. [5] for a review. In
our work we will use the line of reasoning used in [4] as a
basis, and also we will use ideas from [6].

Let Ry denote the set of nonnegative reals. ||-|| denotes
the Eucledian norm. For ¢ € Ry, N(e) := {z : ||z|| < e}.
A function W : Ry — Ry is said to belong to class Ky if:
(a) it is continuous; (b) W(s) =0 < s = 0. W(:) is in
class K if W(-) € Ko and is strictly increasing. W () is
in class Koo if W(-) € K4 and W(s) — oo when s — oo.
|t] denotes the largest integer smaller than or equal to
t, while [t] denotes the smallest integer greater than or
equal to t.

3.1 Stability preliminaries
The stability properties of the closed-loop will be estab-

lished by using the following theorem with ¢*(-,-) as the



Liapunov function V(-,-).
Consider the constrained time-varying system

z, € X CR", k>0, (4)
where fi : X — X for all k > 0. For (I,a) € N x X, let
zi(l,a), k > 1, denote the solution of (4), given z; = a. A
state r. € R" is said to be an equilibrium state for (4) if
z. € X and fi(z.) = z. for all £ > 0. Assume that z =0

is an equilibrium state for (4).

Tre1 = fe(or),

Theorem 1

Suppose AN > 0, V : Nx N(A) — R, a(-) € Ky,
B() € K4, v(-) € K4, which satisfy the following
conditions: (a) N(A\) c X; (b) a(|la]]) < V(l,a) <
B(llall), ¥(ha) € N x N(N); and (c) V(i,a) - V(I +
1,z141(1,a)) > v(||al]),V(l,a) € N x N(X). Then for (4),
the following result holds: x = 0 is uniformly asymptoti-
cally stable (UAS).

The proof is omitted due to page limitation. It can be
found in [7].

3.2 Existence of a solution to P(zy, k)

The stability results depend on solving P(zy, k), hence at
least sufficient conditions for this to be possible should be
found.

Sufficient conditions for existence of solutions to discrete
optimal control problems are also reported elsewhere, in-
cluding [6], [8], and [9].

By a feasible timed open-loop control input sequence,
it is meant a 7 that satisfies the constraints imposed on
P(l‘k, /C)

Proposition 1

IfL.; :R" - R, j€N, ande;’i I, xR™ — R, (k,i) €
N X Ipr1, is nonnegative lower semicontinuous; V(k, i) €
N x In1,7, € I L% (7,,v) — 00 as |Jv]] = oo; and X
and U are closed, then the existence of a feasible timed
open-loop control input sequence 7 that yields a bounded
performance index ¢(m; x, k) for initial condition x implies
the existence of an optimal timed open-loop control input
sequence, mj(x), for this initial condition.

The proof is omitted due to page limitation. It can be
found in [7].
3.3 Stability results
In what follows we assume the prediction horizon, N, is
finite, contrary to the existence proposition where there
was no such restriction.

The (continuous-time) closed-loop system is:

z(t) = Ax(t) + Bup(t — tg; z(tr)),
:L’(tk) S XF, t e [tk,tk+1), k>0.

ZCL:

We also have the following associated discrete-time closed-

loop system — Y., as observed at the sampling instants:
Tacr:  wpp1 = a(teyr) = 25 (Asmi(ar)) = 251 (@),

T GXF,]CZO.

Below, X is defined and shown to be nonempty.

We proceed by considering Y q¢r. Let the solution of
Y acr be denoted z(1,a) for k > [ given z; = a.

Similar to [4] we define a predictor property Cr, which
is implied by controllability (for interpretation, see imme-
diately below) of the predictor, see [4]. Let m, = 72,
and delete the columns of the control distribution ma-
trix corresponding to the discrete control inputs before
performing the usual algebraic test for controllability on
the resulting associated linear discrete-time system. In
the nominal case considered here, controllability of the
predictor follows from controllability of ¥ (in the sense
described above) as long as we have a non-pathological
sampling period with respect to A [10].

Definition 1 (Property Cr)

The predictor (1) has property Cp if IW() €
K, M', T};, N' such that for every a € R™, Ir €
I x (R x Dy X ... % Dyp_o)™ such that for zo = a:

M'—1 N'—1

e =0and Y il + Y Izl < W(llzol),
i=0 j=0

where c¢ is the number of continuous control inputs, D;,
i € I._,, are the control input sets associated with the
discrete control inputs, and II’ is a redefinition of IL using

M’ and T}, instead of, respectively, M and T)y.

In addition to the predictor property and the assumptions
made in the existence proposition, A1-A4 (see below), we
need some additional assumptions on the functions com-
prising the performance index, and the constraints. (Note
that A4 is a stronger version of the growth condition in
the existence proposition.) For completeness we restate
the previous assumptions together with the ones which
are purely related to the stability question, A5-A10.

Al X and U are closed.

A2 VjeN L,; : R® — R nonnegative lower semicon-
tinuous real functions.

A3 V(k,i) € NxIy_y LY ; : I x R™ — R nonnegative

lower semicontinuous real functions.

A4 ¥(k,i) € N x Iy 4, 7,
Koo Ly i(mr,v) > Hi(|J0]]).

V(k,i) € N x Iy_1,
Koo Ly (77, v) < Ha([Jv]]).

e II,, 3H,(-) €

A5 € I, 3H,() €

A6 Vj €N, x € R*, 3H;(") € Koo L. j(z) < Hs(||a]))-

A7 VjeN, x € R*, AH,(-) € K4 L, j(z) > Ha(||z]])-

A8 0 € Interior X x U, where U, denotes the Cartesian

product of the ¢ control sets associated with the
continuous control inputs.

A9 M > M', Ty > Ty, and N > N'.



A10 Y(k,i) € N x Iy q, (7r,7%,) € T2, (v1,v2) € U?
Lﬁj;l(frﬂvl) < L§7i+1(7rr,v2), where 7, is gener-
ated as in the proof of Proposition 2 with T = Tr

Let

Xr:={a € X : P(a, k) for N finite has a feasible timed
open-loop control input sequence}.

Note that X F is time-invariant, since the constraints are
time-invariant. Further, by A2 and A3, the performance
index is finite for every feasible 7 when N is finite.

The stability proof for ¥ 4o will make use of the fol-
lowing lemma.

Lemma 1 R
i. Cp, A8, and A9 imply 0 € Interior X p.

ii. Al, A2, A3, A4, and a € X imply P(a,k) for N
finite has a solution.

Proof:
i: From A8 we have, for some ¢ > 0, N(¢) C X x U,. Let
W(-) be the Ky function given by property Cr. Choose
A > 0 such that A < W1i(e). If ||a|]| < A, then by A9,
A8, and property Cp, there exists a timed open-loop con-
trol input sequence which is feasible for P(a, k). That is,
N()) C Xp, and part i is proved.
ii: Follows directly from the hypothesis and the existence
proposition. O

Proposition 2
Suppose that (1) satisfies property Cr and that the above
assumptions hold. Then:

i. forall 1 > 0 and a € Xp, limj_o 2x(l,a) = 0 and
lim;_ o u(t) = 0.

ii. © = 0 is the only equilibrium state for ¥ s¢y, and it
is UAS with region of attraction equal to Xp.

Proof:
i: Pick arbitrary [ > 0 and a € X'F and let the solution
zi(l,a) of L4 be denoted zy, for short. In what follows
we omit the argument zj; unless presence is vital for the
proof. From Lemma 1 part ii, V(k,z) € N x Xp ¢*(x, k)
exists. Furthermore, at any k > [ a feasible solution for
P(xk41,k + 1) may be extracted from the solution at k,
cfr. & below. Thus, for any & > [ we have

¢*(zr, k) = Lo g(zr) + Logr1(251) + .-
+ Lo grn—1(2g,N_1) + Lﬁ,o(ﬂ-:,kvvlt,o) +...
+ Lﬁ,M—l("T:,k: Vi M—1)-
The final state constraint, A5, A6, and A10 imply
" (zk, k) > L g(wr) +
Z Lﬁ,i(ﬂ':,kavz,i) + ¢(7; 21 (w8), ke + 1)

i€I1q—1

Next we define 7 and . 7

cyOM-1)).
Case 1: 73, > A:

o :=min{i € I}, : Tei(Te) > A}

~ % L~ R . +
Ti = Thapict — A5 0ic1 = Vg qyi03 0 €Ly (0
If « > 1, then

Ti=Ty; 01 :=0;i€e{M—-a+2,..., M}.

Case 2: 15; < A:
a:=M,T; 2:0,2-6.[7\_4, and 0; :=0,1 € Ipr—4.

Next, by optimality and ¥ scr:

¢*(xk7k)_¢*(mk+lvk+1) > LZJ»‘(:U’»‘)"_ Z Lg,i(ﬂ':,kvvlt,i)'
i€In_1

The sequence ¢*(xi,k) is non-increasing by non-
negativity of the right-hand side, it is also bounded below
(by zero) by A2 and A3, hence it converges as k — 0.
This implies that the right-hand side converges to zero. By
A7, A4, and continuity of the norm this implies z;; — 0
as k — oo, and using the definition of u(-), Eq. (3), it is
clear that u(t) — 0 as t — oco. By the arbitrariness of
and a, i follows.

ii: = 0 being the only equilibrium follows from the first
part. Next we apply Theorem 1 with ¢*(-,) as the Lia-
punov function V(-,-). Let A > 0 be the constant defined
in the proof of Lemma 1 part i. Pick a € N(\) C Xp
and 1 > 0. Tet B(lall) = (N — DH(W(|lal}) +
MH>(W(||al])), then property Cr, A9, and the proper-
ties of H3(-) and Ha(:) imply ¢(m;a,l) < B(||a||) where
7 is given by Cp, clearly 8(-) € K+. Now, by optimality
#*(a,1) < d(m;a,1) < B(llall). Let a(-) = Hi (), then, by
A2 and A3, ¢*(a,1) > a(llall). Let 4(-) = H(-), then,
by A2 and A3, ¢*(a,1) — 6" (zr1 (L), + 1) > 7([lal]):
In conclusion we see that conditions (a), (b), and (c) of
Theorem 1 are satisfied, and hence the origin is UAS for
YacrL- X'F is the region of attraction by part i. O

Now, we proceed to analysis of Ycp.

Definition 2 (-UAS)
Given the system

&(t) = f(z(t), z(ty), 1), z(ty) EX CR™, t€lty, trs1), k z(o,)
5

where f : R" x X x R — R" is sufficiently smooth for
existence and uniqueness of a solution, and f(0,0,t) =0
for all ¢ > 0. Let x(t) denote the solution of Eq. (5) for
t > 9 given z(t°) and x(L%JA) The origin is said to be
e-uniformly asymptotically stable (e-UAS) if:

1.

0 ~
Vm(L%JA) €X, >0, ¢ 38(c) >0,
s.t. z(t°) € N(8) = x(t) € N(e) Vt > °.



If this is satisfied we say that the origin is e-US for Eq. (5).
2. It is uniformly convergent (UC) in the following sense:

0 ~
Ir >0, s.t vx(LtZJA) €X,t°>0,0>0,3T(s) >0,
s.t. z(t°) € N(r) = z(t) € N(o) Vt > t° + T.

Theorem 2
Suppose U compact, and let K := maxycy ||u]|. Also,
suppose

el K A||B|| < min{racr,p(e)},

where racr > 0 and p(-) € K+ are known [7]. Combined
with assumptions A1-A10 and property Cp this implies
that the origin is e-UAS for Y¢p .

Proof:

f(-,+) in Def. 2 is given by: f(x(t),z(ty),t) := Ax(t) +
Buly A (t — | £1A;2(ty)) and X = Xp. f(0,0,¢) = 0,
Vt > 0 by optimality and since A0 = 0.

e-US: Pick t° > 0, x(L%JA) € Xp,and e > e. Fort e

(10, [2]A] we have:

t
llz ()] = |22 (t%) + / =7 Bu(o) do ||,

10

< el IR(|la(*)]] + KA||B]).

When there are no perturbations (i.e. nominally) it can
be shown ([7]) that for ¢ € [tg, tk+1]:

=@ < H(llzx]]), H(-) € Koo,

where H(-) is given by ||4]|, ||B||, 4, and some of the
functions in the assumptions and property Cp. From this
we see that if we, with H~'(¢), associate an eacy =
H=1(¢) for Lacr and ensure by restricting ||z(t°)|| that
||:r([%]A)|| < dacr =: p(e) where d4¢ corresponds to
eacr we will, by the property of H(-) and (uniform) sta-
bility of ¥ 4¢r, be guaranteed that ||z(¢)|] < e, for all
t > t%. By the hypothesis this can be done by restricting
() to N(8) where 6(¢) := -2l — KA||B|| > 0.

UC: This follows in the same manner as for e-US. By the
hypothesis there is an initial set, in which z(#°) can be
picked, with radius r := —#Gk — KAJ|BJ| > 0 which en-
sures that ||a:([%]A)|| < racr, where racy, is the radius
of the initial set for ¥ 4¢r. Now, given some o > 0 we
let cacr = Hil(O'), and T := Tacp A + A, where Tacy,
corresponds to o4cyr. This implies that ||z(t)|| < o for
all t > t° + T by the property of H(-) and since the state
of ¥ acy, is (uniformly) convergent to the origin (starting
within N(racr))- O

4 Discussion

Our control approach is limited to linear time-invariant
systems, a natural extension would be to consider lin-
ear time-varying systems, or even nonlinear systems. For
nonlinear systems, the controllability property, Cr, will in

general be difficult to verify [4]. Including the possibility
for a delayed sampled-state measurement would also in-
crease the applicability of the approach. In our analysis we
have assumed that the global optima of the optimization
problems are found. Although we have proved existence
of global solutions, the problem of finding them is not
investigated.

5 Conclusions

An MPC strategy for control of a class of constrained
sampled-data hybrid systems is proposed, and so called
e-UAS of the origin for the closed-loop system is estab-
lished.

References

[1] Rajeev Alur, Thomas A. Henzinger, and Eduardo D.
Sontag, Eds., Hybrid Systems III: Verification and
Control, number 1066 in LNCS. Springer, 1996.

[2] Sebastian Engell and Stefan Kowalewski, “Discrete
Events and Hybrid Systems in Process Control”, in
CPC-V. Tahoe City, Cal, USA, January 1996.

[3] J. B. Rawlings, E. S. Meadows, and K. R. Muske,
“Nonlinear Model Predictive Control: A Tutorial and
Survey”, in Preprints IFAC Symposium ADCHEM,
Kyoto, Japan, 1994.

[4] S. S. Keerthi and E. G. Gilbert, “Optimal Infinite-
Horizon Feedback Laws for a General Class of
Constrained Discrete-Time Systems: Stability and
Moving-Horizon Approximations”, Journal of Opti-
mization Theory and Applications, vol. 57, no. 2, pp.
265-93, May 1988.

[5] D. Q. Mayne, “Nonlinear Model Predictive Control:
An Assessment”, in CPC-V. Tahoe City, Cal, USA,
January 1996.

[6] Edward E. Meadows, Michael A. Henson, John W.
Eaton, and James B. Rawlings, “Receding horizon
control and discontinuous state feedback stabiliza-
tion”, Int. J. Control, vol. 5, pp. 121729, 1995.

[7] Olav Slupphaug, “Model Predictive Control for a
class of Hybrid Systems”, Tech. Rep. 96-46-W, Nor-
wegian University of Science and Technology, Depart-
ment of Engineering Cybernetics, 1996.

[8] S.S. Keerthi and E. G. Gilbert, “An Existence Theo-
rem for Discrete-Time Infinite-Horizon Optimal Con-
trol Problems”, IEEE Transactions on Automatic
Control, vol. 30, no. 9, pp. 907-9, September 1985.

[9] Jaroslav Dolezal, “Existence of Optimal Solutions in
General Discrete Systems”, Kybernetika, vol. 11, no.
4, pp. 301-12, 1975.

[10] E. D. Sontag, Mathematical Control Theory, Num-
ber 6 in Texts in Applied Mathematics. Springer,

1990.



