
Jon Erling Gorset Refsnes

Nonlinear Model-Based
Control of Slender Body
AUVs

Thesis for the degree of philosophiae doctor

Trondheim, December 2007

Norwegian University of Science and Technology
Faculty of Engineering Science and Technology,
Department of Marine Technology



NTNU
Norwegian University of Science and Technology

Thesis for the degree of philosophiae doctor

Faculty of Engineering Science and Technology
Department of Marine Technology

c©Jon Erling Gorset Refsnes

ISBN 978-82-471-7149-3 (electronic)
ISBN 978-82-471-7135-6 (printed)
ISSN 1503-8181

Doctoral Thesis at NTNU, 2008:60

Printed by Tapir Uttrykk



Abstract

This thesis contains new results on nonlinear model-based control of au-
tonomous underwater vehicles (AUV). The key motivation has been the
Minesniper MkII designed by Kongsberg Defence & Aerospace. It is a low
cost and expendable slender body AUV/ROV (Remotely Operated Vehicle)
measuring only horizontal position, depth and orientation. This is an in-
herent limitation which entails increased challenges in designing adequately
accurate controllers. Furthermore, unmodelled dynamics, in combination
with unknown external disturbances and unreliable position measurements
are important factors that represent obstacles in the design of an output
feedback controller.

To solve the problem, we initially emphasize the development of the
underlying mathematical model which the controllers and observers are
based on. To date, there is no uniform consensus in the control community
on the modelling of the hydrodynamic forces and moments acting on AUVs.
Hence, in attempt to stress the issue, this thesis provides a description of
the most important contributors. The background material is primarily
gathered from the hydrodynamic literature and subsequently reformulated
into a structure suitable for control system design and analysis.

As basis for model-based controller and observer design is the control
plant model (CPM). A novel design is proposed which involves dividing the
CPM into two co-working models: A 6 degree of freedom (DOF) model
describing the nonlinear and coupled dynamics of the vehicle; and a 3 DOF
model in surge, sway and heave capturing the main current loads, hence a
current induced vessel model (CIVM). By dividing the complete model into
two sub-systems, a high degree of robustness towards environmental distur-
bance, measurement noise and unmodelled dynamics is obtained. The main
reason for this is that the CIVM observer, which provides current velocity
estimation, is a stand-alone mass-damper system proven exponentially sta-
ble independently of the nonlinear and coupled vehicle model. This opens
doors to new vehicle CPM designs and relaxed high-gain criteria.
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A major part of this thesis concerns observer design. Based on the
CPMs, nonlinear Luenberger-type observers are derived to provide estima-
tion and filtering of position, velocity and current velocity. The main focus
has been on studying the effect of the dynamic structure rather than the
optimal correction gain. As a result, we have discovered that the properties
of the CPMs which the observers are based on, have considerable impact on
the transient performance of the observers. A simulation comparison study
indicates that the proposed CPM involving the CIVM possesses favorable
properties compared to a conventional system consisting of only one model.
Full scale experimental results obtained from sea trials with the Minesniper
MkII are presented, showing strong observer performance.

To close the loop a nonlinear output feedback controller is proposed. A
new 5 DOF vehicle CPM is designed specifically for slender body AUVs.
Part of the model is linearized about the relative surge speed. This en-
ables domination of the destabilizing Coriolis terms with the use of con-
stant observer gains. Subsequently, this leads to an easy-to-follow observer-
controller structure which is suited for implementation and tuning. Lya-
punov stability theory and cascaded systems theory are employed to prove
asymptotic stability of the closed-loop system. A desirable result of the
stability analyzes is that the observer and controller gains can be tuned
independently, and there are no high-gain demands on the controller gains.
Solutions are proposed both for transit operations and set-point regulation
in the form a weather-optimal dynamic positioning controller. The output
feedback controller is shown to provide successful results in simulation and
in full-scale sea trials with the Minesniper MkII.



Acknowledgements

This thesis is the result of my doctoral studies from January 2004 through
December 2007. It has taken place at the Department of Marine Technology
at the Norwegian University of Science and Technology (NTNU) under the
counselling of my supervisor Professor Asgeir J. Sørensen and co-advisor
Professor Kristin Y. Pettersen at the Department of Engineering Cybernet-
ics (NTNU). My funding was provided by the faculty Engineering Science
and Technology at NTNU. In addition, Kongsberg Defence & Aerospace
(KDA) at Stjørdal, Norway has contributed with financial resources cover-
ing expenses related to travelling, office equipment and experimental test-
ing.

I would first like to thank my supervisor and mentor Prof. Asgeir
Sørensen. His exceptional motivational skills and ability to continuously
guide me in the right directions have been much needed assets in my strug-
gle towards finishing the Ph.D. I am deeply thankful for his constant en-
couragement and counselling in academics and life in general.

I am grateful to Prof. Kristin Y. Pettersen for teaching me the impor-
tance of nonlinear stability theory. Her meticulous and quick feedback has
been of tremendous value throughout the years.

My work has benefited greatly from the collaboration with KDA. In
addition to the financial contribution, they have provided me with the
opportunity to test my theories in practice on one of their underwater
vehicles. Not only has this improved my thesis considerably, but I have also
learned much about implementation issues, and bridging the gap between
theory and practice. I would in particular like to thank Tore Persen, Gunnar
Øiaas and Kenneth Nakken at KDA for helping with the testing and letting
me take part in KDA’s development in underwater vehicle technology.

I would like to thank my friends and colleagues at the Marine Technol-
ogy Center at Tyholt, NTNU. The fruitful discussions and laughs during
the many lunches and coffee breaks have been highly appreciated and a
much needed variety to the somewhat solitary environment of the office.



vi Acknowledgements

Thanks to Per-Ivar Barth Berntsen, Dr. Anders S. Wroldsen, Dr. Kari
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Chapter 1

Introduction

The many challenges related to automatic control of underwater vehicles
have attracted considerable interest over the last decades. The idea

of having a self-driven device performing various tasks underwater without
human intervention is appealing from both an industrial and a theoretical
viewpoint. This thesis considers nonlinear model-based control of slender
body autonomous underwater vehicles (AUV). Model-based implies that
a mathematical model is the underlying foundation for the proposed con-
trol design. The slender body AUV/ROV (Remotely Operated Vehicle)
Minesniper MkII developed by Kongsberg Defence & Aerospace was made
available for full scale experimental testing. We will in this work propose
nonlinear control algorithms that can be implemented in a real AUV system
providing model-based estimation and control of slender body AUVs.

1.1 Motivation

Underwater vehicles are becoming increasingly popular both for commer-
cial use in the ocean industry and in the scientific and research communities
around the world. As the major oil companies move the traditional surface
oil drilling platforms to the seabed, it is likely that the positive develop-
ment in underwater vehicle technology will continue to grow in the future.
This will create an increase in demand for underwater vehicles. Figure 1.1
illustrates the next offshore oil rig, moved from the surface to the seabed.
In order to extract more oil and gas from the reservoirs, the oil installations
are placed closer to the source. Several different installations performing
different tasks are placed on the seabed, and they are connected to onshore
facilities with pipelines. This entails an increased demand for subsea equip-
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Figure 1.1: A vision of the future offshore oil drilling platform. Courtesy: Norsk
Hydro (2002).

ment that can carry out surveillance and repair work. Figure 1.2 illustrates
several oil installations on the seabed.

Seabed installations are in periodically need of surveillance and repair
work. As the use of deep ocean divers is no longer an option, it follows that
this work must be carried out automatically by AUVs or by a remotely
operated vehicles (ROVs). A relatively new idea is to deploy hybrid un-
derwater vehicles, a combination of the traditional AUV and ROV, see e.g.
Bingham et al. (2002) and Chardard and Copros (2002). Another envi-
sioned application for AUVs is the scanning and inspection of pipe lines.
One of the most essential tasks in this operation, and also for surveillance of
seabed installations, is accurate positioning. In order to successfully com-
plete missions with lies within a small neighborhood of the desired location.
This is in general the key objective in most controller designs, whether the
desired set-point is constant or moving along some path.

Having established this, it is natural to consider the following fact: In
order to place an object at a desired location, the most important thing
to know is the location of the object itself. This leads us to underwa-
ter navigation. There is little doubt that one of the biggest challenges in
the development of underwater vehicle technology is determination of the
position in three dimensions with sufficient accuracy and update rate. Po-
sition measurements are usually obtained by means of acoustic systems.
The accuracy of these measurements, however, is generally not to the sub-
meter level required for inspection (Bingham et al., 2002). In recent years,
we have witnessed an impressive evolution in the sonar technology which
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Figure 1.2: Seabed oil installations. Courtesy: FMC.

has resulted in implementable solutions for high accuracy online relative
positioning systems for underwater vehicles. For this to be possible, the
distance between the vehicle and the target has certain limitations. Unfor-
tunately, in many cases, for instance when scanning a pipeline, the scanned
data would have limited value without a clear understanding of its loca-
tion in the global frame. This brings us back to the challenges pertaining
to the potentially poor quality of acoustic measurements. We will in this
thesis propose algorithms that, based on acoustic measurements, generate
online estimates of the vehicle’s position. Subsequently, this may enhance
the reliability of the positioning system.

Figure 1.3: The Minesniper MkII in the sea.

The work presented in this thesis is motivated by the Minesniper MkII
shown in Figure 1.3. The AUV/ROV is developed by Kongsberg Defence
& Aerospace (KDA), Stjørdal, Norway. It is designed for rapid mine veri-
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fication and destruction. It is a low-cost and expendable vehicle that when
armed, carries a charge which destroys both the mine and the vehicle it-
self. Furthermore, it is connected to the surface ship through a fibre optic
cable providing the operator the opportunity to remotely control the vehi-
cle. However, in transit operations such as way-point tracking, automatic
control is applied. In that sense it could be deployed for other applications,
such as pipeline scanning or environmental surveys. The relatively small
weight compared to the nominal speed implies that the dynamics are speed
dominated, and that the nonlinear characteristics of the hydrodynamics be-
come important. Moreover, due to cost, this generation of the Minesniper
does not carry any velocity sensors or inertial measurement units (IMU).
The position is measured by using a short base line acoustic measurement
system. The sensor suite also provides measurements of the heading, pitch,
roll and depth. This restriction in the instrumentation increases the chal-
lenges for accurate tracking. Therefore, to improve the performance, we
propose observers providing position and velocity estimates. For underwa-
ter vehicles speed measurements can be obtained by using Doppler Veloc-
ity Log (DVL) or by integrating accelerations measured by the IMU, see
e.g. Kinsey and Whitcomb (2004). However, the DVL can only generate
accurate velocity measurements as long as the distance to the seafloor is
within a certain boundary. Furthermore, IMUs are subject to drift in the
derived velocity when integrating faulty acceleration measurements. Con-
sequently, the controller proposed in this thesis may contribute to improve
the performance of vehicles with more sophisticated sensor suites since the
proposed observer and controller work independently of velocity measure-
ments. Subsequently, this may contribute to increase the reliability of the
control system by providing analytical redundancy to the measurements,
and thus making the system more tolerant to faults.

1.1.1 Examples of AUVs

There are several examples of operational underwater vehicles designed for
commercial use or for scientific reasons. The following examples limited to
five present different properties of AUVs:

Example 1.1 The Hugin AUV is developed by Kongsberg Maritime and
Forsvarets Forskningsinstiutt (FFI) in Norway. It is intended for high accu-
racy seabed mapping and surveillance and mine reconnaissance. Figure 1.4
illustrates a scenario where Hugin is performing seabed mapping. Commu-
nication with the surface ship is obtained by use of acoustic signals. The
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Figure 1.4: Illustration of the Hugin AUV performing seabed mapping.

HUGIN survey vehicles have demonstrated endurance in excess of 72 hours,
and they have depth ratings of 3000-4500 m. These attractive features come
in addition to providing high qualitative sonar images of the seabed. Very
few others can report equivalent capabilities. Six commercial survey vehicles
are currently in operational use around the world. From the first commercial
survey in 1997, HUGIN survey vehicles have covered a distance exceeding
120,000 km of commercial survey work. See e.g. Hagen et al. (2003) and
Jalving and Gade (1998) for more details regarding the HUGIN AUV.

Figure 1.5: The Remus 100 AUV developed by Naval Oceanographic Office, USA.

Example 1.2 The REMUS AUV (Remote Environmental Monitoring
Units) was designed under a cooperative program involving the Naval Oceano-
graphic Office, the Office of Naval Research, and the Woods Hole Oceano-
graphic Institution (WHOI), all in the USA. There are several versions of
this vehicle. The REMUS 6000 has the capacity of depths up to 6000m.
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Figure 1.6: Left: The MARIUS AUV. Right: The Glider AUV

Potential applications of the vehicle are: Hydrographic surveys, environ-
mental monitoring, debris field mapping, search and salvage operations,
fishery operations and scientific sampling and mapping. Figure 1.5 shows
the REMUS 100. See e.g. Allen et al. (1997) and von Alt et al. (2001) for
more details.

Example 1.3 The MARIUS AUV has been developed under the Ma-
rine Science and Technology (MAST) Programme of the Commission of
the European Communities, see Figure 1.6. The primary envisioned mis-
sions of the prototype AUV are environmental surveying and oceanographic
data acquisition in coastal waters. The vehicle is 4.5m long, l.lm wide and
0.6m high. It is equipped with two main rear thrusters for cruising, four
tunnel thrusters for hovering, and rudders, bow, and stern planes for vehicle
steering and diving. See Pascoal et al. (1997) and Oliveira et al. (1998).

Example 1.4 The Glider AUV is designed for investigating oceanog-
raphy to depths of 200 meters for periods as long as a month. The low
energy usage leads to high endurance. The vehicle changes buoyancy to
generate heave motion and thereby horizontal velocity due to the fins. Fig-
ure 1.6 shows the Glider AUV, see e.g. Roger et al. (2004) and Leonard
and Graver (2001).

1.1.2 A Historical Overview

Underwater vehicles have been around for a very long time. The first
conceptual designs were developed by Bourne already in 1578. The first
submarine built was constructed by Van Drebbel in 1620 (Roberts and
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Figure 1.7: The Bushnell Turtle submarine.

Sutton, 2006). But it was not until 1776 that the first submersible was
used in a naval operation. The ”Turtle” was built by David Bushnell and
his brother Ezra, and it was the first American submarine (Blidberg, 2001).
Figure 1.7 shows the egg-shaped wooden submarine Turtle. To control the
depth, the person onboard operated a valve to admit water into the ballast
tank and ascend with the use of pumps to eject water. The air supply lasted
for thirty minutes. Unfortunately, the Turtle was not very effective. The
reason was probably because the crew member being physically exhausted
of the unacceptable levels of carbon dioxide at the time the vessel reached
its target. Obviously, the technology within the field of manned submarines
has advanced dramatically since those days. Nevertheless, this touches on
one of the important reasons for the growth of the unmanned underwater
vehicle (UUV), namely, in addition to mere safety reasons, the potential
weakness that arises when involving humans to perform operational tasks
under water.

The first UUV was, according to Roberts and Sutton (2006), a self-
propelled torpedo designed in 1868 by Whithead. This was in fact an au-
tonomous underwater vehicle (AUV), see Figure 1.8. But it was not until
the 1970s that the commercial use of UUVs, both AUVs and remotely oper-
ated vehicles (ROV) was recognized. According to Blidberg (2001), initial
investigations into the utility of AUV systems started in the 1960s. A few
AUVs were built mostly intended for specific applications and data gath-
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Figure 1.8: The first AUV, a torpedo developed by in 1868 Whithead.

ering. Unfortunately, there are few published papers on this. Some years
later, in the 1970-1980s, when offshore oil was discovered in the North Sea,
ROVs were introduced and immediately used extensively to perform un-
der sea tasks which were earlier carried out by divers. Still, the use of
AUVs was limited, although Bingham et al. (2002) reports of some AUVs
developed in the USA that were intended for data gathering in the Arctic
regions. There were some successes and many failures. The main problem
concerned the onboard computers. These were too big and power consum-
ing and did not have the capacity to handle the data that was required
during an AUV mission. However, in the 1980-1990s, computer technology
experienced great advancement. Small, low power computers with suffi-
cient memory offered the potential of implementing complex guidance and
control algorithms in addition to handling the sensor data on autonomous
platforms. This decade was indeed the turning point for AUV technology.
It was clear that the technology would evolve into operational systems, but
not as clear as to the tasks that those systems would perform (Blidberg,
2001). During the following decade AUVs grew from being mere proto-
types into first generation operational systems able to accomplish defined
objectives. After the millennium the commercial markets have grown, con-
tinuously and the first truly commercial products have become available.
The AUV technology will move from the academic and research environ-
ments into the commercial mainstream of the ocean industry (Blidberg,
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2001).
The AUV technology has undergone a tremendous development during

the last decades, from conceptual prototypes in the 1980s to fully opera-
tional systems at present time. There are, however, still many important
research investigations to be undertaken and problems to be solved before
the AUV is fully embraced by the commercial ocean industry. These are,
according to Blidberg (2001) and Bingham et al. (2002), mostly concerned
autonomy in a wide sense. Firstly, batteries: As the subsea industry is
operating on increasing depths and ranges, the need for longer endurance
of AUVs will grow. Obviously improving the batteries is essential, but in
addition, finding the optimal weighting between vehicle’s size, speed and
onboard equipment to maximize the endurance, both in terms of time and
distance is still a hot topic of research. Secondly, since the possibilities for
human intervention with the AUV during a mission is limited, it is vital
that the system will be capable of ”learning the surroundings”. This means
that based on the data obtained from the various sensors onboard, the ve-
hicle should, to a higher degree than at present time, be able to perform
for instance collision avoidance, disturbance rejection and adaption in order
to meet the demands of the ocean industry. Although successful solutions
have been found, there are still great potential for improvement within
these topics. Moreover, there exists a strong interest in the ocean industry
and in research communities to develop technology such that the AUV is
capable of accurate navigation relative to a predefined target, for instance
a pipeline. Finally, and probably most importantly, the use of AUVs must,
according to Blidberg (2001), be proven economically viable compared to
other solutions. Underlying this criteria is the need for sufficient reliability
in order for the AUVs to attract the offshore industry.

1.2 Modelling and Control of AUVs

Modelling and control of underwater vehicles have drawn considerable at-
tention for many years. The most common basis for the mathematical mod-
elling is the finite dimensional model developed at the U.S Navy’s David
Taylor Model Basin in the 1950s (Gertler and Hagen, 1967). These sec-
ond order nonlinear ordinary differential equations, known as the standard
submarine equations of motion, have served as basis for subsequent devel-
opment within the fields of modelling and control of underwater vehicles
(Smallwood and Whitcomb, 2004). A well established model for marine
vehicles in the control communities at present time is described in Fossen
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Figure 1.9: The NPS ARIES AUV.

(2002) and Sørensen (2005a). It is a nonlinear six degree of freedom (DOF)
model, written as an Euler-Lagrange system where the main force contribu-
tors are divided into separated terms. This makes the system easy to follow
and a popular tool for nonlinear control and observer design. In this thesis,
we will primarily base the model derivation on Fossen (2002) and Sørensen
(2005a).

Many solutions have been proposed to solve the nonlinear and complex
problem of three dimensional tracking of underwater vehicles. A common
approach applied have been to linearize the nonlinear dynamics about cer-
tain operating points usually given by the forward speed. Yoerger and
Slotine (1991) and Healey and Lienard (1993) at the Naval Postgraduate
School (NPS) were among the first to demonstrate full scale results on an
AUV. Transit control of the NPS ARIES AUV was obtained by using a
sliding mode controller (Slotine, 1985), where the system was linearized
about a known constant forward velocity. This work has had significant
influence on the development of controllers for underwater vehicles. The
sliding mode controller design is well known for its robustness related to
the inevitable large proportions of unknown dynamics and environmental
disturbance. In addition to the NPS, other institutions such as the Woods
Hole Oceanographic Institution (WHOI) and the Johns Hopkins University
(JHU) have contributed significantly to the development within the large
field of guidance, navigation and control of AUVs. In particular, Whitcomb
and Yoerger (1999) have developed solid theories on thruster modelling for
marine vehicles. Furthermore, impressive results on high accuracy naviga-
tion using a combination of Doppler log measurements and long-base-line
(LBL) navigation are reported in e.g. Whitcomb et al. (1999) and Kinsey
and Whitcomb (2004). Model-based solutions are also considered in Kinsey
and Whitcomb (2007) and Smallwood and Whitcomb (2004).

Extensive work at the Institute for Systems and Robotics (ISR) in Lis-
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Figure 1.10: The INFANTE AUV .

bon has been carried out on the MARIUS AUV (Pascoal, 1994). Figure 1.10
shows the INFANTE AUV, a major redesign of the MARIUS AUV, see
Egeskov et al. (1994) for details on the vehicle design and hydrodynamic
properties. The complete guidance, navigation and control system have
been thoroughly reported in the literature and proven to be a solid contri-
bution within the field of AUV technology, see e.g. Pascoal et al. (1997).
The basis for this control design is gain scheduling H∞ controllers. Accord-
ing to Fryxell et al. (1996), this method rests on a firm theoretical basis,
and leads naturally to an interpretation of control design specifications in
the frequency domain. Furthermore, it provides clear guidelines for the
design of controllers so as to achieve robust performance in the presence
of plant uncertainty. Moreover, successful experimental results on the IN-
FANTE AUV using output feedback control is reported in Silvestre and
Pascoal (2004). The reported control law is a set of linear finite static
output feedback controllers that are designed using linear matrix inequal-
ity (LMI)-based techniques and scheduled on the vehicles forward speed, a
technique which was shown to be efficient, see e.g. Kaminer et al. (1991)
and Kaminer et al. (1995). The work on the INFANTE is nicely sum-
marized in Pascoal et al. (2006) which provides an overview of the many
challenges related to guidance, control and navigation of AUVs. Other ex-
amples of the use of H∞ control of AUVs can be found in Conte and Serrani
(1998) and in Park et al. (2000) who proposed a nonlinear H∞ optimal PID
controller.

These control strategies are based on linearizing the controller about
certain operating points. The literature also shows numerous results on
nonlinear controllers for AUVs which are shown to be theoretical viable.
However, there are relatively few reported results on nonlinear model-based
control (NMBC) for underwater vehicles that include experimental tests.
In addition to difficulties in obtaining sufficiently accurate models, unpre-
dictable current loads and poor position measurements present challenges
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Figure 1.11: Illustration of the closed loop system consisting of the guid-
ance, navigation and control block.

when employing NMBC designs. Due to these reasons and issues related
to implementation, tuning and debugging, other solutions are often cho-
sen for the controller design. This thesis presents successful experimental
results using NMBC designs on a slender body underwater vehicle, demon-
strating among other results orientation and velocity tracking, estimation
of unmeasured states, filtering and dead reckoning.

1.3 Control Design Framework

The control design presented in this thesis is based on the system structure
developed in Fossen (2002). This involves constructing the marine ves-
sel control system by connecting three independent subsystems: guidance,
navigation and control (GNC), see Figure 1.11 which is inspired by Skjetne
(2005). Briefly, each block is explained as follows:

Guidance - is the action or system that continuously supplies the control
system with the desired position and attitude, velocities and accelerations
based on reference data provided by the operator. Typical methods used
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are way-point tracking or path-following. Separating the guidance system
from the control system increases the modularity and decreases the com-
plexity of the overall system to some extent. Although, it is vital to ensure
that the desired trajectories generated by the guidance system are feasible
for the control system at all times, since indeed, the subsystems are strongly
interconnected.

Navigation - is the science of determining the vessel’s position, course,
and the distance travelled. In a wider sense, the main task of the navigation
system is to generate accurate data on the vehicle’s state, i.e. position and
velocity. To obtain this, sensor units such as inertial measurement systems,
compass and acoustic systems are used. One of the main elements of the
navigation system is the signal processing unit that assures that the mea-
sured signals are valid. Furthermore, if the entire state is not measured or
the measurements are unreliable, an estimator can be included in the nav-
igation system to reconstruct the unmeasured state and provide filtering
of the noisy signals. In control systems terms, the estimator is called an
observer.

Control - is the action of determining the necessary control forces and
moments to be provided by the control actuators on the vessel in order
to satisfy a certain control task. Examples of control objectives are mini-
mum energy, set-point regulation, trajectory tracking and path following.
Constructing the control algorithm involves feedback from the navigation
system and feedforward from the guidance system. The control system con-
sists of two subsystems: The control law and the control allocator which
maps the forces and moments generated by the control law algorithms into
suitable control actuator inputs.

We have in this thesis focused on developing the control law and the
observer. These blocks are marked red in Figure 1.11.

1.3.1 Model Complexity Levels

For marine control purposes it is convenient to distinguish between two
model complexity levels representing the same system. These are named the
process plant model (PPM) and the control plant model (CPM) (Sørensen,
2005b).

Process Plant Model (PPM): This model is a comprehensive descrip-
tion of the actual process and should be as detailed as needed. The main
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Control plant model

Process plant model

u y

Figure 1.12: Block diagram of the coherence between the PPM and the CPM.
The measured signals are denoted by y, and u is the control input.

purpose of this model is to simulate the real plant dynamics including pro-
cess disturbance, sensor noise, update rates, saturations and control inputs.
The PPM is used to test and calibrate the controllers and observers in addi-
tion to act as a simulator for user training and hardware-in-the-loop testing.
In order to describe the behavior of the system as accurately as possible,
these models incorporate features that have direct bearing on the system
response, but are unsuitable for stability analysis. Therefore, an additional
and more simplified model is often necessary to ensure that desired stability
properties are obtained.

Control Plant Model (CPM): This model is a often a simplified math-
ematical description capturing the main characteristics of the physical sys-
tem. The purpose of this model is to capture the essential behavior and to
serve as basis for model-based controller and observer design. Hence, the
CPM often constitutes a part the controller/observer. Furthermore, the
CPM is also used in analytical stability analysis such as Lyapunov stability
and passivity-based analysis. This model should be ”simple, but not sim-
pler”.

The transition between the PPM and the CPM is often not mentioned
in the literature. In the control community, the CPMs are usually defined
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Figure 1.13: Illustration of an observer consisting of a predictor and a
corrector.

sufficiently accurate such that the most important characteristics are pre-
served while carefully ensuring that the model remains feasible for stability
analyzes. For the hydrodynamicists, however, many of these CPMs would
appear insufficient since they do not involve all the inherent hydrodynamic
features of the system. The optimal model in the hydrodynamic community
would however most likely be unsuited for stability analysis. Unfortunately,
poorly formulated CPMs that do not capture the important characteristics
of the dynamic system, may cause reduced performance and also stability
problems. Hence, when deriving the CPM, emphasize should be placed on
stability and robustness issues related to the system in addition to simpli-
fying the model such that analysis is feasible. Figure 1.12 illustrates the
connection between the PPM and the CPM.

1.3.2 Observers

An observer in marine applications has three main objectives:

• Reconstruct unmeasured states based on the available inputs

• Estimate the environmental disturbance acting on the system

• Perform filtering of the measured signals

In marine applications, and underwater in particular, estimation and re-
generation of the complete state based on the available measurements are
important features and useful functions in a control system. A typical ob-
server consists of two main parts: predictor and corrector, see Figure 1.13.
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Predictor - predicts the behavior of the vehicle based on commanded
control input. This part is usually a copy of the CPM. Measurements such
as orientation can also be used in the predictor.

Corrector - corrects the estimated state provided by the predictor by
using the available measurements.

There are conceptually two different kinds of observers; deterministic
and stochastic. The relatively simple structure of the linear determinis-
tic observer by Luenberger (1964) has lead to a wide use of this in many
different industrial applications. In the same decade, Kalman developed a
recursive solution to the discrete-time version of the Wiener filtering prob-
lem called the Kalman Filter (KF). In short, this can be described by
determining the optimal linear feedback gain that separates a signal from
its noise (Kalman, 1960). Based on knowledge of the measurement noise
and the process dynamics the recursive algorithm, which was later extended
to the continuous case in Kalman and Bucy (1961), generates the optimal
correction gain online. The KF has also been applied to nonlinear state
estimation problems using techniques such as the Extended Kalman Fil-
ter (EKF). The nonlinear model must then be linearized about a certain
operating point to obtain the feedback gain.

We will in this thesis focus primarily on the development of the predic-
tor. That is, we work towards finding the dynamic structure in the predictor
that provides the optimal foundation for estimation of the state of an un-
derwater vehicle with no velocity measurements. Whether the correction
gains are set constant or optimally determined based on stochastic theory
is considered outside of the scope of this thesis. Therefore, to maintain the
right focus throughout the thesis we have chosen to employ Luenberger-
style observers with constant correction gains.

1.3.3 Problem Statement

In the development of a model-based output feedback controller the follow-
ing two tasks must be completed:

1. Develop a CPM model that includes the necessary kinematics and
kinetics to describe the six DOF motion of the vehicle. This should,
in addition to incorporate the environmental disturbance, be of such
kind that it can be used for stability analysis. Moreover, it should
be robust in the sense that unmodelled dynamics of a certain extent,
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do not represent an immediate danger for instability and undesirable
control action.

2. Based on the CPM, design stable observers and controllers that to-
gether provide smooth and accurate tracking of the desired reference
trajectories. Provided that the CPM is designed correctly, this should
be obtained in all specified conditions. The observers and controllers
should be able to compensate for the environmental loads induced on
the vehicle in a satisfactory manner.

1.4 Contributions and Thesis Organization

The main contributions of this thesis can be summarized as follows:

Chapter 2 presents a thorough description of the PPM of slender body
underwater vehicles. At present time there is no uniform consensus within
the research community on the exact analytical form of the kinetics of an
AUV. This chapter collects and discusses important work on hydrodynamic
properties and damping in particular of slender body AUVs. The work in
this chapter is partly presented in Refsnes et al. (2007b).

Chapter 3 constains the development of the CPM. During the years with
research we have continuously optimized the CPM. This has lead to numer-
ous proposals. Therefore, we review the main discoveries and summarize
the properties of the most important models. The contributions of this
chapter are new CPMs for slender body AUVs. This chapter is based on
Refsnes et al. (2007b), Refsnes et al. (2008), Refsnes et al. (2006a) and
Refsnes et al. (2006a).

Chapter 4 provides a discussion on observer design issues for AUVs. The
literature reports numerous observers which all converge to the true state.
However, there are distinct disparities in the transient performances, dis-
turbance attenuation and filtering capabilities. This chapter contributes
with comparisons of transient behaviors of observers with different dynamic
structure. This work is based on Refsnes and Sørensen (2007).

Chapter 5 proposes six DOF nonlinear model-based observers for un-
derwater vehicles measuring only position, depth and orientation. They
are proven uniformly exponentially stable using Lyapunov stability theory
and cascaded systems theory. Moreover, experimental results from using
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the Minesniper MkII are presented showing successful observe performance.
This is one of very few examples in the literature of full scale experimental
results on underwater vehicle state estimation using nonlinear observers at
the time of writing. The new contributions on observers have been pre-
sented in Refsnes et al. (2006a) and Refsnes et al. (2006b).

Chapter 6 presents the design and results of an output feedback controller
for slender body underactuated AUVs. The new CPM is semi-linearized,
i.e. the destabilizing Coriolis forces and moments are linearized about the
relative forward speed. This enables domination of the Coriolis forces and
moments by means of constant observer gains. The CPM is one the of
main contributions of this chapter. Finally, experimental results are pre-
sented showing satisfactory performance of the proposed output feedback
controller illustrating one of the most important contribution of this thesis.
This work is published in Refsnes et al. (2006b), Refsnes et al. (2006a),
Refsnes et al. (2007c) and Refsnes et al. (2008).

1.4.1 Publications

The following lists the author’s journal and conference papers written from
2004 to 2007.

Journal Papers

1. Jon E. Refsnes, Asgeir J. Sørensen and Kristin Y. Pettersen (2007),
”Output feedback control of underactuated underwater vehicles with
current estimation”. International Journal of Control (IJC), special
issue on Navigation, Guidance and Control of Uninhabited Underwa-
ter Vehicles. Vol. 80, No. 7, pp. 1136-1150, ISSN: 1366-5820.

2. Jon E. Refsnes, Asgeir J. Sørensen and Kristin Y. Pettersen (2007),
”Model Based Output Feedback Control of Slender Body Underac-
tuated AUVs: Theory and Experiments”. IEEE Transactions on
Control Systems Technology. Accepted for publication 2008.

Refereed Conference Papers

1. Jon E. Refsnes and Asgeir J. Sørensen (2004), ”Design of control sys-
tem of torpedo shaped ROV with experimental results”, in Proc.
MTS/IEEE OCEANS’04 Techno-Oceans, November 9.-12. Kobe,
Japan, pp.264-270 Vol 1.
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2. Jon E. Refsnes, Kristin Y. Pettersen and Asgeir J. Sørensen (2005),
”Design of output-feedback control system for high speed maneuver-
ing of an underwater vehicle”, in Proc. MTS/IEEE OCEANS’05,
September 19.-23., Washington D.C., USA, pp. 1167-1174 Vol 2.

3. Pepijn W.J. van de Ven, Jon Refsnes, Tor A. Johansen, Asgeir J.
Sørensen, Colin Flanagan and Daniel Toal (2006), ”Identification of
Minesniper’s Damping Parameters using Neural Networks”, in Proc.
14th IFAC Symposium on System Identification, SYSID, Australia.

4. Jon E. Refsnes, Kristin Y. Pettersen and Asgeir J. Sørensen (2006),
”Observer design for underwater vehicles with position and angle mea-
surement”, in 7th IFAC Conference on Manoeuvring and Control of
Marine Craft (MCMC) September 20.-22., Lisbon, Portugal.

5. Jon E. Refsnes, Asgeir J. Sørensen and Kristin Y. Pettersen (2006),
”Weather optimal dynamic positioning of underactuated AUVs using
output feedback control”, in Proc. 7th IFAC Conference on Ma-
noeuvring and Control of Marine Craft (MCMC) September 20.-22.,
Lisbon, Portugal.

6. Jon E. Refsnes, Asgeir J. Sørensen and Kristin Y. Pettersen (2006),
”Robust observer design for underwater vehicles”, in Proc. IEEE
Conference on Control Applications CCA/CACSD/ISIC, October 4.-
6., Munich, Germany, pp. 313-319.

7. Jon E. Refsnes, Kristin Y. Pettersen and Asgeir J. Sørensen (2006),
”Control of underactuated AUVs with current estimation”, in Proc.
45th IEEE Conference on Decision and Control (CDC), December
13.-15., San Diego, USA, pp. 43-50.

8. Jon E. Refsnes, Asgeir J. Sørensen and Kristin Y. Pettersen (2007),
”A six DOF nonlinear observer for AUVs with experimental results”,
in Proc. 15th Mediterranean Conference on Control and Automation,
MED’07, June 27.-29., Athens , Greece.

9. Jon E. Refsnes, Asgeir J. Sørensen and Kristin Y. Pettersen (2007),
”Output feedback control of an AUV with experimental results”, in
Proc. 15th Mediterranean Conference on Control and Automation,
MED’07, June 27.-29., Athens, Greece.
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10. Jon E. Refsnes and Asgeir J. Sørensen (2007), ”Comparison of two
linear observers for marine vessels”, in Proc. IFAC Conference on
Control Applications in Marine Systems, CAMS’07 Bol, Croatia.

1.4.2 Thesis Organization

Chapter 2 presents the mathematical derivation of the PPM with focus on
the most important hydrodynamic properties of slender body underwater
vehicles.

Chapter 3 addresses the control plant modelling. In particular for vehicles
without velocity measurements of any kind, estimation of the current loads
is a challenging task. We will therefore thoroughly describe the effects of
the current.

Chapter 4 provides a comparison of the transient performance of ob-
servers. In order to stress the main properties of the various models, this
chapter considers observers that are derived based on reduced and simpli-
fied versions of the nonlinear and coupled CPMs presented in the previous
chapter.

Chapter 5 presents the derivation and analyzes of six DOF observers
for underwater vehicles. A performance study is carried out with focus on
robustness toward environmental disturbance, measurement noise and un-
modelled dynamics.

Chapter 6 presents the design and closed loop stability analysis of output
feedback controllers for AUVs measuring only position, depth and orienta-
tion.

Appendix A is a mathematical toolbox containing the most important
tools used in the nonlinear stability analyzes.

Appendix B provides the reader with detailed proofs which are omit-
ted in the main text.

Appendix C contains a brief description of the Minesniper MkII system.



Chapter 2

Process Plant Modelling

This chapter presents the process plant modelling of slender body un-
derwater vehicles with focus on the hydrodynamics. To enhance the

physical understanding of the dynamics of a vehicle in 6 DOF, the chapter
elaborates on the most important stabilizing and destabilizing hydrody-
namic properties of the model. This is important for control purposes in
order to derive a successful model-based controller. The contents of the
system matrices are to some extent modified to fit slender body AUV dy-
namics using properties such as port/starboard symmetry and neutrally
buoyancy. This leads to a slightly reduced number of coefficients in the
system matrices.

We will in this thesis base the model derivation mainly on Fossen (2002)
and Sørensen (2005a), and the hydrodynamics will in addition be based on
Newman (1977) and Faltinsen (1990). Modelling of underwater vehicles is
also discussed in e.g. Allmendinger (1990), Healey and Lienard (1993), Yuh
(1995), Yuh (1990), Fossen (1994), Fossen and Fjellstad (1995), Silvestre
and Pascoal (2004) and Egeskov et al. (1994).

2.1 Kinematics

To model the dynamics of a marine vessel we use the vectorial notation
from Fossen (2002), which is based on the standard formulation given in
SNAME (1950). The following table shows a description of forces and
moments, velocities and position according to SNAME notation.
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Table 2.1: The notation of SNAME for marine vessels
forces and linear and positions and

DOF moments angular velocity Euler angles
1 Surge X u x
2 Sway Y v y
3 Heave Z w z
4 Roll K p φ
5 Pitch M q θ
6 Yaw N r ψ

The generalized position and velocity vectors are given in 6 degrees of
freedom (DOF) as follows

η = [x, y, z, φ, θ, ψ]T ∈ R
3 × S3

ν = [u, v, w, p, q, r]T ∈ R
6

ω = [p, q, r]T ∈ R
3

Θ = [φ, θ, ψ]T ∈ S3

where Rn is the n-dimensional Euclidian space, and S3 is a three dimen-
sional torus. When modelling the motion of a 6 DOF marine vessel, it is
convenient to introduce two reference frames which are described as follows:

• The Earth-fixed frame is denoted as the North-East-Down frame
(NED). The vessel’s position and orientation captured in the vector η
are given relative to a fixed origin defined in the center of this frame.
The NED-frame will be considered inertial throughout this thesis.

• The body-fixed reference frame (body) is a moving coordinate frame
which is fixed to the vessel. Linear and angular velocities collected in
ν evolve in the body-frame.

The kinematic relation between the body-fixed velocity ν and the posi-
tion η in the NED-frame is expressed as follows

Frame transformation:
η̇ = J(Θ)ν (2.1)

where J(Θ) ∈ R6×6 is the transformation matrix given by

J(Θ) =
[
R(Θ) 03×3

03×3 TΘ(Θ)

]
(2.2)
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Figure 2.1: The body-frame where xb, yb and zb denote the surge, sway and heave
directions with the corresponding linear and angular velocities.

Here, R(Θ) ∈ SO3 is the linear velocity rotation matrix where

SO3 =
{
R ∈ R

3×3 : RTR = I and detR = 1
}

(2.3)

is called the Special Orthogonal group of order 3. Moreover, the matrices
in (2.2) are given by

R(Θ) =

⎡
⎣ cψcθ −sψcφ+ cψsθsφ sψsφ+ cψcφsθ
sψcθ cψcφ+ sφsθsψ −cψsφ+ sθsψcφ
−sθ cθsφ cθcφ

⎤
⎦

TΘ(Θ) =

⎡
⎣ 1 sφtθ cφtθ

0 cφ −sφ
0 sφ

cθ
cφ
cθ

⎤
⎦ , θ �= π

2

where c(·) = cos(·), s(·) = sin(·), and t(·) = tan(·). Note that TΘ(Θ) is
undefined for θ = ±π

2 . The inverse of J(Θ) is given by

J−1(Θ) =
[
R−1(Θ) 03×3

03×3 T−1
Θ (Θ)

]
(2.4)

where R−1(Θ) = RT (Θ) by (2.3), and

T−1
Θ (Θ) =

⎡
⎣ 1 0 −sθ

0 cφ cθsφ
0 −sφ cθcφ

⎤
⎦

which is well defined for all θ ∈ R.
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2.2 Kinetics

The dynamics of an underwater vehicle can be separated into two major
parts: Rigid-body and hydrodynamic forces and moments.

2.2.1 Rigid Body Forces and Moments

The rigid-body forces and moments satisfy the following equation

MRB ν̇ + CRB(ν)ν = τH (2.5)

where MRB denotes the rigid body mass matrix, CRB(ν) is the rigid body
Coriolis matrix, and τH captures the total hydrodynamic forces and mo-
ments including the environmental loads and the control actuator forces
and moments. These matrices MRB and CRB contain coefficients that can
be determined based on gravity and the inertia properties of the vehicle.
Moreover, the parameters are obtained independently of the vehicle sur-
roundings. In more detail, the rigid-body mass matrix yields

MRB =

⎡
⎢⎢⎢⎢⎢⎢⎣

m 0 0 0 mzG 0
0 m 0 −mzG 0 mxG
0 0 m 0 −mxG 0
0 −mzG 0 Ix 0 −Izx

mzG 0 −mxG 0 Iy 0
0 mxG 0 −Izx 0 Iz

⎤
⎥⎥⎥⎥⎥⎥⎦ (2.6)

where m denotes the total mass of the vehicle. Note that the number of
elements is reduced due to typical symmetries. The moments of inertia
are given by Ix, Iy, Iz and Izx, and the position of the gravity center is
rG = [xG, yG, zG]T , where rG denotes the vector from the body origin to the
center of gravity. For underwater vehicles, yG = 0 provided port-starboard
symmetry. The rigid-body Coriolis matrix is given by

CRB(ν) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 c41 −c51 −c61

0 0 0 −c42 c52 −c62

0 0 0 −c43 −c53 c63

−c41 c42 c43 0 −c54 −c64

c51 −c52 c53 c54 0 −c65

c61 c62 −c63 c64 c65 0

⎤
⎥⎥⎥⎥⎥⎥⎦ (2.7)

where
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c41 = mzGr c54 = Izxp− Izr
c42 = mw c61 = m(xGr + v)
c43 = m(zGp− v) c62 = −mu
c51 = m(xGq − w) c63 = mxGp
c52 = m(zGr + xGp) c64 = Iyq
c53 = m(zGq + u) c65 = Izxr − Ixp

The matrix CRB(ν) is the Coriolis-centripetal matrix. The most important
terms in the Coriolis matrix for slender body AUVs are given in sway (c62r)
and heave (c53q) as (mur) and (−muq), respectively. Notice further that
the lower left corner of CRB(ν) involves terms that cancel each other out,
e.g. c61u + c62v = m(xGr + v)u −muv = mxGru. These terms are only
included to preserve skew symmetry of the matrix.

The Coriolis force: This is an apparent deflection of moving objects
from a straight path when they are viewed from a rotating frame of refer-
ence1. Sometimes, this is called a fictitious force because it does not appear
when the motion is expressed in an inertial frame of reference. The force
required to make a body follow a circular path is called the centripetal
force. This force is directed inward, toward the center of the circle. The
opposite force, directed outward, is denoted as the centrifugal force, which
is a fictitious force only appearing real for objects inside the moving frame.
The most important elements in CRB(ν) are in sway and heave, i.e.

YCen = −mur (2.8a)
ZCen = muq (2.8b)

The Coriolis forces and moments are nonlinear and often described as desta-
bilizing even though the kinetic energy is always balanced, i.e. an increase
energy in one DOF experiences a corresponding decrease in another DOF.
However, when analyzing error dynamics of e.g. observers or controllers,
the effect of the nonlinear Coriolis forces is considered destabilizing since
it generates deviations from desired trajectories. In this sense, we will in
the following of this thesis describe the effect of the Coriolis forces and
moments as destabilizing. More details on this will follow in the upcoming
section.

1www.wikipedia.com
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2.2.2 Hydrodynamic Forces and Moments

At this stage we disregard the current velocity. The effect of current will be
included in the upcoming sections. The hydrodynamic forces and moments
are contained in the vector τH , which is given by

τH = −MAν̇ − CA(ν)ν −D(ν)ν − g(Θ) + τ (2.9)

In what follows we will describe each term of (2.9) with emphasis on the
hydrodynamic damping D(ν)ν and the Coriolis term CA(ν)ν.

The added mass matrix is defined as follows

MA =

⎡
⎢⎢⎢⎢⎢⎢⎣

−Xu̇ 0 0 0 0 0
0 −Yv̇ 0 0 0 −Yṙ
0 0 −Zẇ 0 −Zq̇ 0
0 0 0 −Kṗ 0 0
0 0 −Mẇ 0 −Mq̇ 0
0 −Nv̇ 0 0 0 −Nṙ

⎤
⎥⎥⎥⎥⎥⎥⎦ (2.10)

where Xu̇ and Yv̇ and so forth are the zero-frequency added mass coeffi-
cients. These will be assumed constant. This is a commonly applied as-
sumption when considering underwater vehicles operating below the wave
zone. However, in manoeuvering models of surface vessels and AUVs in
shallow waters the added mass should be modelled as frequency depen-
dent, see e.g. Fossen (2005). The added mass coefficients contained in the
matrix MA shown in (2.10) can be derived based on the geometrical proper-
ties of the vehicle and the water density. This also applies to the coefficients
in the hydrodynamic damping matrix D(ν). The hydrodynamic Coriolis
matrix CA(ν) is given by

CA(ν) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 −a3 a2

0 0 0 a3 0 −a1

0 0 0 −a2 a1 0
0 −a3 a2 0 −b3 b2
a3 0 −a1 b3 0 −b1
−a2 a1 0 −b2 b1 0

⎤
⎥⎥⎥⎥⎥⎥⎦ (2.11)

where
a1 = Xu̇u b1 = Kṗp
a2 = Yv̇v + Yṙr b2 = Mẇw +Mq̇q
a3 = Zẇw + Zq̇q b3 = Nv̇v +Nṙr

This matrix includes the destabilizing Munk-moment, which will be thor-
oughly described in the following section.
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Figure 2.2: Top view of an AUV in a right turn with forward speed u with the
fictitious centrifugal force YCen and the Munk-moment NMunk.

The Munk-Moment

”Any shape other than a sphere generates a moment when inclined in an
inviscid flow. The Munk moment arises because of the asymmetric location
of the stagnation points, where the pressure is highest on the front of the
body (decelerating flow) and lowest on the back (accelerating flow). Due
to this fact, the Munk moment is always destabilizing, in the sense that
it acts to turn the vehicle perpendicular to the flow.” Traiantafyllou and
Hover (2002).

The Munk-moments are comprised in CA(ν)ν. The most dominant for
slender body vehicles are given in pitch and yaw as follows

MMunk = −(Zẇ −Xu̇)uw (2.12a)
NMunk = (Yv̇ −Xu̇)uv (2.12b)

Figure 2.2 illustrates the main effect of the Coriolis forces and moments
on an underwater vehicle in a right turn. The relation between the most
important forces and moments generated by the two Coriolis matrices is
destabilizing and can be, simplified to some extent, presented as

CRB(ν)ν
linear velocity

�
angular velocity

CA(ν)ν (2.13)

Given a non-zero forward speed, the Coriolis force comprised in CRB(ν)ν
induces mainly linear velocities in heave and sway when yaw and pitch
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rates are nonzero. Furthermore, the Munk-moment in CA(ν)ν causes an
increase of the turn rates, e.g. pitch and yaw, when the lateral velocities are
non-zero. This incremental coherence can have unfortunate consequences,
especially regarding observer performance since estimated velocities may
deviate from the real values. The estimation error may therefore grow even
larger because of this incremental relation depicted in (2.13). Therefore,
one should pay extra attention to these destabilizing contributors in the
controller and observer design process.

Hydrodynamic Damping

Accurate modelling of the six DOF hydrodynamic damping forces and mo-
ments is a challenging task, especially for underwater vehicles operating
over a range of speeds. When the forward speed is sufficiently high, non-
linear dynamics become dominant. Moreover, coupling effects between the
degrees of freedom are substantial. In fact, there is a large number of hydro-
dynamic lift and drag coefficients that are necessary in order to describe the
total induced hydrodynamic damping on an underwater vehicle in 6 DOF.
Obtaining all of these can be a cumbersome process, even with extensive
basin tests or sea trials. Therefore, one usually resorts to a combination of
empirical formulas, model tests and computational fluid dynamics (CFD)
to acquire the drag coefficients. Hoerner (1958) still serves as useful refer-
ence providing drag coefficients for standard geometrical shapes based on
empirical data sets. However, for dynamic systems with motion in all six
DOF these empirical formulas are often inadequate. Consequently, other
methods that combine fluid theory and empirical formulas must be em-
ployed.

The basis for most hydrodynamic drag formulas is the Morison equation,
which in steady state is given by (Faltinsen, 1990)

FM =
1
2
ρCDD|u|u (2.14)

where FM is the drag force, u is the velocity, and CD and D denote the
drag coefficient and the diameter, respectively. Figure 2.3 depicts the in-
duced drag force on a slender body AUV for different current directions.
Clearly, the damping is nonlinear with respect to the velocity. According
to Sørensen (2005a) the calculation of the damping with respect to various
angles of attack is to let the drag coefficient CD in (2.14) be a function of
the relative angle between the vessel and the fluid. Hence,

FM =
1
2
ρCD(γr)D|u|u (2.15)
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Figure 2.3: Drag force on a slender body underwater vehicle in different current
speeds and directions. Courtesy of KDA.

where γr denotes the angle of attack. See Figure 2.3 how the drag varies
with different angles.

Another method frequently employed to evaluate the transverse viscous
damping force in the coupled states sway/yaw and heave/pitch is the cross-
flow principle. This method is derived under the assumption that the flow
separates due to the cross-flow past the vehicle, and that the transverse
forces on cross sections are mainly because of separated flow effects on the
pressure distribution around the vehicle (Faltinsen, 1990). The method is
semi-empirical in the sense that empirical drag coefficients are employed.
According to Sørensen (2005a) the nonlinear force and moment in sway and
yaw can be calculated for a body with length L and diameter D as

dcfY =
ρ

2
DC2D

dy

∫ L/2

L/2
(v + rx)|v + rx|dx (2.16a)

dcfN =
ρ

2
DC2D

dy

∫ L/2

L/2
(v + rx)|v + rx|xdx (2.16b)

where dY and dN denote the cross-flow damping in sway and yaw, respec-
tively. Furthermore, C2D

dy is the two dimensional drag coefficient in sway.
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The solutions to (2.16) are presented in Sørensen (2005a) and given by

dcfY =
ρ

2
DC2D

dy

⎛
⎝ sgn(v)

[∣∣∣L2 v2 + L2

8 vr
∣∣∣ +

∣∣∣L2 v2 − L2

8 vr
∣∣∣]+

sgn(r)
[∣∣∣L2

8 vr + L3

24 r
2
∣∣∣− ∣∣∣−L2

8 vr + L3

24 r
2
∣∣∣]

⎞
⎠

dcfN =
ρ

2
DC2D

dy

⎛
⎝ sgn(v)

[∣∣∣L2

8 v
2 + L3

24 vr
∣∣∣− ∣∣∣−L2

8 v
2 + L3

24 vr
∣∣∣]+

sgn(r)
[∣∣∣L3

24 vr + L4

64 r
2
∣∣∣ +

∣∣∣L3

24 vr − L4

64 r
2
∣∣∣]

⎞
⎠

Similarly, we have for heave and pitch

dcfZ =
ρ

2
DC2D

dz

⎛
⎝ sgn(w)

[∣∣∣L2w2 + L2

8 wq
∣∣∣ +

∣∣∣L2w2 − L2

8 wq
∣∣∣]+

sgn(q)
[∣∣∣L2

8 wq + L3

24 q
2
∣∣∣− ∣∣∣−L2

8 wq + L3

24 q
2
∣∣∣]

⎞
⎠

dcfM =
ρ

2
DC2D

dz

⎛
⎝ sgn(w)

[∣∣∣L2

8 w
2 + L3

24wq
∣∣∣− ∣∣∣−L2

8 w
2 + L3

24wq
∣∣∣]+

sgn(q)
[∣∣∣L3

24wq + L4

64 q
2
∣∣∣ +

∣∣∣L3

24wq − L4

64 q
2
∣∣∣]

⎞
⎠

Organizing the terms from these equations in matrix form corresponds to
elements in the following positions

Dcf (ν) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0
0 dcf22 0 0 0 −dcf26

0 0 dcf33 0 dcf35 0
0 0 0 0 0 0
0 0 dcf53 0 dcf55 0
0 −dcf62 0 0 0 dcf66

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(2.19)

Note that the effect of a current is not included in these derivations.
According to Newman (1977), there is damping linearly increasing with

the forward speed present. Table 2.2 shows the damping coefficients in
sway and yaw for ships.

Table 2.2: Damping coeff. in sway and yaw (Newman, 1977)
Coeff. Slender body theory Added mass theory
Yuv UmT 0
Yur −ULmT /2 UXu̇

Nuv −U(Yv̇ − LmT /2) U(Yv̇ −Xu̇)
Nur U(Yṙ − L2mT /4) UYṙ
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In Table 2.2 U denotes the forward speed, mT is the added-mass coefficient
of the stern, and xT = −L/2, where L is the vessel length. Although this
cannot be directly transferred to submersibles, it indicates that additional
damping occurs which is dependent on the forward speed. For slender body
AUVs, mT corresponds to the added mass of the tail fin. These terms are
also nonlinear, although not related to the cross-flow coefficients since these
increase linearly with the forward speed. This theory is further substan-
tiated by studying the corresponding terms of the destabilizing forces and
moments in the hydrodynamic Coriolis matrix CA(ν) given in (2.11). Ex-
tracting the moments in e.g. pitch and yaw shows that the destabilizing
moments are also proportional to the forward speed, see (2.12). Intuitively,
this makes sense. When the forward speed increases, it is natural to think
that both the stabilizing and destabilizing forces and moments are influ-
enced. If not equally, at least in a corresponding manner. Furthermore, it
follows from Table 2.2 that for slender body structures, it is the size of the
tale fin that determines the value of the respective damping coefficients. Al-
though this is physically intuitive, it is always comforting to witness theory
supporting the intuition.

A novel manoeuvering model for ships is presented in Ross et al. (2007)
who derive the complete lift and drag forces on a ship using a first-principle
approach. By combining Lagrangian mechanics, low-aspect-ratio aerody-
namics and cross-flow drag, new equations for hydrodynamic lift and drag
are proposed. Extracted from a four DOF ship model, sway and yaw the
equations are

YD = −Y L
uvuv − Y L

urur − Y L
uuru

2r − Y L
uuvu

2v − Y L
vvvv

3

−Y L
rrrr

3 − Y L
rrvr

2v − Y L
vvrv

2r − Y L
uvφφuvφ

2 − Y|v|v |v| v
−Y|r|v |r| v − Y|v|r |v| r − Y|r|r |r| r −Xu̇ur (2.20a)

ND = −NL
uvuv −NL

urur −NL
uuru

2r −NL
uuvu

2v −NL
vvvv

3 −NL
rrrr

3

−NL
rrvr

2v −NL
vvrv

2r −NL
uuφφuvφ

2 −N|v|v |v| v −N|r|v |r| v
−N|v|r |v| r −N|r|r |r| r − Yṗpu− Yṙru+ (Xu̇ − Yv̇)uv (2.20b)

where φ is the roll angle of the ship. Notice that the Munk-moment
(Xu̇ − Yv̇)uv is included as the latter term in the equation for the yaw
moment (2.20b). Furthermore, note that the first term −NL

uvuv is the
counteracting stabilizing term, which corresponds well to the slender body
theory of Newman. For more details on the derivation on the hydrodynamic
damping coefficients, see Ross et al. (2008).

Remark 2.1 Many of the damping coefficients denoted in (2.20a) and
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(2.20b) can often be unattainable due to lack of empirical data of the vessel
response. A natural result of this is that one often underestimates the true
value of the damping in model design process. However, the result of un-
derestimating the damping loads in a model-based controller does not neces-
sarily compromise the performance significantly. In fact, the consequences
of employing excessive damping coefficients in the model is more severe.
This will cause the control actuators to compensate for viscous damping
that is not actually there, which could result in erratic control action and
even instability.

The Overall Damping Matrix

Considering the previous discussions and the range of forward speed of a
common slender body AUV, we will in this thesis model the hydrodynamic
damping as follows

D(ν)ν = Dlν + uDuν +Dnl(ν)ν (2.21)

The linear damping matrix is given by

Dl =

⎡
⎢⎢⎢⎢⎢⎢⎣

Xu 0 0 0 0 0
0 Yv 0 0 0 −Yr
0 0 Zw 0 Zq 0
0 0 0 Kp 0 0
0 0 Mw 0 Mq 0
0 −Nv 0 0 0 Nr

⎤
⎥⎥⎥⎥⎥⎥⎦ (2.22)

whereXu and Yv and so forth are positive and constant linear damping coef-
ficients. There is, in addition to nonlinear damping, always linear hydrody-
namic damping present due to linear skin friction (Faltinsen and Sortland,
1987). At low velocities close to zero these forces and moments dominate
the nonlinear damping. This can be seen in Figure 2.3, especially for the
case where the vehicle is angled 90◦ to the current, where there is substan-
tial linear damping at speeds close to zero. Hence, in modelling of marine
vessels, both linear and nonlinear damping should be included. From Lya-
punov stability theorems (Khalil, 2002), it follows that without this linear
part, exponential convergence is not present, a property which is not likely
to be physically correct (Ross et al., 2007). The linear drag can be mod-
elled to decay with the forward velocity to reflect that, at higher speeds,
the drag is dominated by higher order effects.
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The damping terms, that are linearly increasing with the forward speed,
are captured in the following matrix

Du =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0
0 Yuv 0 0 0 −Yur
0 0 Zuw 0 Zuq 0
0 0 0 Kup 0 0
0 0 Muw 0 Muq 0
0 −Nuv 0 0 0 Nur

⎤
⎥⎥⎥⎥⎥⎥⎦ (2.23)

where Yuv and Yur and so forth are positive and constant coefficients. Fur-
thermore, the nonlinear damping matrix yields

Dnl(ν) =

⎡
⎢⎢⎢⎢⎢⎢⎣

X|u|u|u| 0 0 0 0 0
0 Y|v|v|v| 0 0 0 −Y|v|r|v|
0 0 Z|w|w|w| 0 Y|w|q|w| 0
0 0 0 K|p|p|p| 0 0
0 0 M|q|w|q| 0 M|q|q|q| 0
0 −N|r|v|r| 0 0 0 N|r|r|r|

⎤
⎥⎥⎥⎥⎥⎥⎦

(2.24)
where X|u|u, Y|v|v etc. are positive and constant coefficients.

Buoyancy and Control Vector

The buoyancy vector
The weight of the submerged body is defined as W = mg, where g is the
gravity, and the buoyancy force as B = ρg∇, where ∇ denotes the sub-
merged volume. In this thesis, we will consider neutrally buoyant vehicles,
i.e. W = B. These two opposite forces, in addition to the relative distance
between the gravity center and the buoyancy center, generate moments in
roll, pitch and yaw according to

g(Θ) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0
0
0

(zGW − zBB) cos θ sinφ
(zGW − zBB) sin θ + (xGW − xBB) cos θ cosφ

−(xGW − xBB) cos θ sinφ

⎤
⎥⎥⎥⎥⎥⎥⎦ (2.25)

where xB and zB denote the location of the buoyancy center in surge and
heave directions, respectively.
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The control vector
The vector containing the forces and moments generated by the actuators
may have a variety of configurations depending on the control actuators.
We will in this thesis, however, mainly consider the following control vector

τ = [ τu 0 0 0 τq τr ]T (2.26)

where τu, τq and τr represent the generated force and moments in surge,
pitch and yaw, respectively. This is the most common control configuration
for slender body AUVs in transit. This is related to the fact that with a
nonzero forward speed and a certain orientation, any point in the global
frame can be reached.

2.2.3 Current Modelling

The current velocity can be modelled as a Gauss-Markov process as follows
(Fossen, 2002)

V̇c + μcVc = wc (2.27)

where wc is Gaussian white noise, and μc > 0 is a suitable constant. A
saturating element is usually used in the integration process to limit the
current speed

Vmin ≤ Vc(t) ≤ Vmax

Assuming that the fluid is irrotational, the current velocity vector in the
NED-frame is given by

νec =
[
vx vy vz 0 0 0

]T (2.28)

where Vc =
√
v2
x + v2

y + v2
z , and

vx = Vc cosψc cos θc
vy = Vc sinψc cos θc
vz = Vc sin θc

denote the current vector components in North, East and down directions,
respectively. Moreover, ψc and θc are the horizontal and vertical current
angle, respectively. In underwater environments with large variety in depth
and bottom topology, a vertical current component needs to be included.
The NED-frame current velocity is rotated into the body-frame as

νc =
[
uc vc wc 0 0 0

]T (2.29)

νc = diag[RT (Θ), 03×3]νec (2.30)
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where uc, vc and wc denote the current velocity in surge, sway and heave,
respectively. This results in the following relative velocity

νr = ν − νc = [ur, vr, wr, p, q, r]T (2.31)

For notational convenience we also define the current vectors ρc, ρec ∈ R3

defined as follows

ρc � [uc, vc, wc]T , ρec � [vx, vy, vz]T (2.32a)
ρec = R(Θ)ρc (2.32b)

Ocean current has significant impact on the vehicle’s motion and stabil-
ity. It generates a relative velocity between the water flow and the vehicle,
and it thus has a hydrodynamic effect on the vehicle. The following three
factors are important:

• Relative speed between current and vehicle.

• Relative angle between current and vehicle.

• Vehicle shape and size.

These factors are inherently captured by the hydrodynamic forces and mo-
ments vector τH , provided that the argument to the equation is the relative
velocity between the vehicle and the current. The following subsection de-
scribes the complete PPM of a slender body AUV in 6 DOF including
current.

2.2.4 The Process Plant Model

Given the relative velocity vector (2.31), the hydrodynamic model of an
underwater vehicle (2.9) changes to

τH = −MAν̇ − CA(νr)νr −D(νr)νr − g(η) + τ (2.33)

assuming ν̇c � 0. The effect of current is divided into viscous drag (D(νr)νr)
and potential components (CA(νr)νr). The potential part appears the in
added mass Coriolis matrix CA(νr)νr (Sørensen, 2005a). This results in the
following model for underwater vehicles including ocean current.

PPM 1:
η̇ = J(Θ)ν (2.34a)

Mν̇ + CRB(ν)ν = −CA(νr)νr −D(νr)νr − g(Θ) + τ (2.34b)
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The hydrodynamic forces (2.33) are derived based on the assumption ν̇c �
0. This assumption, however, is equivalent with assuming that the angular
velocities [p, q, r] � 0, and it is therefore easily violated in maneuvering
operations. In fact, even though the current is constant in the NED-frame,
the body-fixed current velocity is dependent on the vehicle orientation,
and it is therefore time-varying in the body-fixed frame. In many marine
applications, such as dynamic positioning and low speed operations, this
assumption holds since the angular velocities are small. However, the as-
sumption can be lifted by adding a new term to (2.34b).

By using that the current velocity is constant in the NED-frame, i.e.
ν̇ec = 0, gives that

ν̇ec =
d

dt
(Rc(Θ)νc) = 0 =⇒ ν̇c = −RTc (Θ)Ṙc(Θ)νc (2.35)

where Rc(Θ) � diag[R(Θ), 03×3]. Using that Ṙ(Θ) = R(Θ)S(ω), where

S(ω) =

⎡
⎣ 0 −r q

r 0 −p
−q p 0

⎤
⎦ = −ST (ω) (2.36)

gives that
ν̇c = −RTc (Θ)Rc(Θ)Sc(ω)νc = −Sc(ω)νc (2.37)

where Sc(ω) = diag[S(ω), 03×3] = −STc (ω). Hence, we have that −MAν̇c =
MASc(ω)νc. Let Ac(νc)νr � MASc(ω)νc where

Ac(νc) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 Xu̇wc −Xu̇vc
0 0 0 −Yv̇wc 0 Yv̇uc
0 0 0 Zẇvc −Zẇuc 0
0 0 0 0 0 0
0 0 0 Mẇvc −Mẇuc 0
0 0 0 −Nv̇wc 0 Nv̇uc

⎤
⎥⎥⎥⎥⎥⎥⎦ (2.38)

Note that Ac(νc)ν = Ac(νc)νr. This results in the following vector contain-
ing the hydrodynamic forces and moments.

τH = −MAν̇ +Ac(νc)νr − CA(νr)νr −D(νr)νr − g(η) + τ (2.39)

which leads to the following new equations for the PPM

PPM 2:
η̇ = J(Θ)ν (2.40a)

Mν̇ + CRB(ν)ν = −CA(νr)νr −D(νr)νr − g(Θ)
+Ac(νc)νr + τ (2.40b)
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2.2.5 Summary of Main Forces and Moments

1. 2.

NMunk
NMunk

NdNd

uu PathPath

YCenYCen

Yν̇c
Yν̇c

VcVc

YdYd

r r
vv

XCorXCor

Figure 2.4: Illustration of the main forces and moments acting on the vehicle in
two scenarios with different current direction.

For a marine vessel to be stable and capable of tracking the desired
trajectories, it is necessary that the total stabilizing forces and moments,
including the actuator forces, dominate the destabilizing forces. Hence, it is
convenient to study the main contributors together. Figure 2.4 illustrates
the main forces and moments acting on a slender body AUV in a right
turn. The depicted forces and moments, which are the most dominant
hydrodynamic forces and moments in sway and yaw, excluding the control
forces, can be summarized as follows:

• Damping - terms are collected in the termD(νr)νr. Note that the to-
tal damping forces and moments always act opposite to the direction
of the velocity, and it is therefore a result of the other force contribu-
tors. In Figure 2.4, the damping in sway and yaw are denoted by Yd
and Nd, respectively.

• Coriolis - forces are collected in CRB(ν)ν. This force has, together
with the Munk-moment, a destabilizing effect on the system. In ad-
dition to force in sway (YCen), a Coriolis force in surge occurs due to
the turn, i.e. XCor = mvr − Yv̇vrr in Figure 2.4.

• The Munk-moment - A hydrodynamic phenomena which is domi-



38 Process Plant Modelling

nant for slender body underwater vehicles. This nonlinear moment is
destabilizing in the sense that it tries to turn the vehicle perpendicu-
lar to the flow. In Figure 2.4 this moment is denoted by NMunk, and
it is included in CA(νr)νr.

• Current change forces - The rotation of the body-frame leads to a
correspondingly changing body-fixed current velocity. This non-zero
acceleration of the current velocity induces force on the vehicle which
is denoted by Yν̇c in Figure 2.4, and which is captured in the term
Ac(νc)νr, see the PPM 2 depicted in (2.40b). In more detail, the
resulting sway force due to change of body-fixed current velocity is
Yν̇c = Yv̇ruc, which can be significant if the current velocity is suf-
ficiently high. This force can be both stabilizing and destabilizing
dependent on the direction of the current relative to the vehicle. In
case 1 in Figure 2.4, the resulting force is destabilizing since it in-
creases the sway velocity. On the contrary, in case 2, where uc < 0,
the sway force from the change of current velocity has a stabilizing
effect on the dynamics.

2.3 Modified Hydrodynamic Model

The PPM presented in Section 2.2.4 exhibits a distinct separation between
the stabilizing and the destabilizing contributors in the dynamic equation,
i.e. D(νr)νr versus CRB(ν)ν + CA(νr)νr. For control purposes this is con-
venient in order to ensure stability in all conditions. There is, however,
a drawback of this method. The parameters in the Coriolis matrices are
relatively easy determined based in inertial properties and by using hy-
drodynamic computer programs such as WAMIT2. In addition, formulas
for standard geometrical shapes can be employed to obtain fairly accurate
estimates of the added mass. On the contrary, the damping coefficients
are difficult to obtain. Consequently, the damping is often underestimated
leading to conservative stability results which subsequently may lead to
degraded performance.

Many slender body AUVs are designed with focus on course stability
and low drag. Figure 2.5 shows the HUGIN AUV which has an optimal
shape for course stability and drag. As a result, the damping dominates
the destabilizing Coriolis forces and moments. This can be utilized more
efficiently when deriving the model.

2www.wamit.com
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Figure 2.5: The HUGIN AUV. Courtesy of Kongsberg Simrad.

Motivated by these considerations, a new model could be proposed
which exploits the dissipative properties of streamlined underwater vehi-
cles. The following matrix, collecting the elements in CA(νr)ν and urDuνr
is defined

L(νr) =

⎡
⎢⎢⎢⎢⎢⎢⎣

url11 0 0 0 l15 l16

0 url22 0 l24 0 url26

0 0 url33 l34 url35 0
0 l42 l43 url44 l45 l46

0 0 url53 l54 url55 l56

0 url62 0 l64 l65 url66

⎤
⎥⎥⎥⎥⎥⎥⎦ (2.41)

where
l11 = X|u|u l15 = −(Zẇwr + Zq̇q) l16 = Yv̇vr + Yṙr

l22 = Yuv l24 = Zẇwr + Zq̇q l26 = −(Xu̇ + Yur)
l33 = Zuw l34 = −(Yv̇vr + Yṙr) l35 = (Xu̇ + Zuq)
l42 = −(Zẇwr + Zq̇q) l43 = Yv̇vr + Yṙr l44 = Kup

l45 = −(Nv̇vr +Nṙr) l46 = (Mẇwr +Mq̇q)
l53 = Zẇ −Xu̇ +Muw l54 = Nv̇vr +Nṙr l55 = Muq + Zq̇
l56 = −Kṗ l62 = −Yv̇ −Nuv +Xu̇ l64 = −(Mẇwr +Mq̇q)
l65 = Kṗ l66 = Nur + Yṙ

The new expression for the damping now becomes

DL(νr)νr = Dlνr +Dnl(νr)νr + L(νr)νr (2.42)

Moreover, by considering that most AUVs are self-stabilizing in roll may
lead to negligible roll rates and bounded roll angles. This reduces the matrix
further

L(νr) =

⎡
⎢⎢⎢⎢⎢⎢⎣

url11 0 0 0 l15 l16

0 url22 0 0 0 url26

0 0 url33 0 url35 0
0 0 0 url44 0 0
0 0 url53 0 url55 l56

0 url62 0 0 l65 url66

⎤
⎥⎥⎥⎥⎥⎥⎦ (2.43)



40 Process Plant Modelling

This reveals that if the rear fins are designed sufficiently large such that
|Nuv| ≥ |(Xu̇ − Yv̇)| and |Muw| ≥ |(Zẇ −Xu̇)|, the matrix L(νr) is positive
definite for all ur > 0. This dissipative property has beneficial consequences
in the stability analysis of observers and controller.

The modified PPM then appears as

Modified PPM:
η̇ = J(Θ)ν (2.44a)

Mν̇ + CRB(ν)ν +DL(νr)νr + g(Θ) = Ac(νc)νr + τ (2.44b)

Notice that the destabilizing incremental effect between the resulting cen-
trifugal force and the Munk-moment is no longer present. Instead, the
rigid-body Coriolis matrix could be described as a perturbation to the non-
linear mass-damper system.

Although the model depicted in (2.44) is sufficient for many AUVs it
is less general than the PPM presented in (2.40). Therefore, we will in
the rest of this thesis consider only (2.40). However, the observer and
controller design and the corresponding stability analyzed would need only
minor modifications if (2.44) were to be used.

2.4 Concluding Remarks

This chapter has presented the process plant modelling of slender body un-
derwater vehicles. The PPM simulates the real world, and it is used to val-
idate the observers and controllers that will be presented in the subsequent
chapters. In addition to the dynamics described in this chapter, modelling
of the control actuators and the measurement units is necessary to obtain
a proper PPM capturing all necessary details of the vehicle. However, the
control configurations and the sensors of AUVs may vary substantially and
is therefore omitted here. The Minesniper MkII properties are described in
Appendix C.



Chapter 3

Control Plant Modelling

This chapter presents the control plant model (CPM). It will become
clear that the proposed CPM does not differ significantly from the

PPM, except regarding the modelling of the current. We will therefore
elaborate on this aspect in this chapter. The current has a significant influ-
ence on the vehicle motion and cannot be ignored. This may seem obvious
given the prior chapter, but there are considerable challenges that arise
regarding the current modelling when designing a suitable CPM for a low
cost underwater vehicle. Often, due to cost and limited space on board,
low-cost underwater vehicles do not carry sensor units for current mea-
surements. Hence, the current influence needs to be compensated for by
including some kind of adaptivity in the controller. This enhances the com-
plexity of the CPM, and for vehicles without any velocity measurements,
the challenges increase further.

One of the most important contributions of this thesis concerns the
derivation of the CPMs. The conventional method is to design one model
that captures the most important dynamics of the vehicle, and in addition,
involves means to counteract external disturbance. A common obstacle one
then encounters, especially in cases with limited measurements, is how to
simultaneously preserve a high degree of robustness related to environmen-
tal disturbance, measurement noise and unmodelled dynamics. This is due
to three key factors:

• Inherent nonlinear and coupled dynamics.

• Limited measurements and poor quality of the measured signals.

• The nonlinear and coupled effect of the unknown current.
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To overcome these obstacles, we propose a conceptually new design. The
method involves dividing the complete CPM into two sub-models: In ad-
dition to the 6 DOF vehicle model, we propose a 3 DOF current induced
vessel model (CIVM) which is designed to capture the main current loads.
Several important advantages follow from utilizing this method. This idea
was first introduced in Refsnes et al. (2006b) and more thoroughly de-
scribed in Refsnes et al. (2007b). Successful observer results from full scale
experimental tests are presented in Refsnes et al. (2007a).

Throughout this thesis there has been a continuous search for improve-
ment of the CPMs, both on the top level design related to the construction
of the CPM structure and on the lower levels concerning small, yet im-
portant details in the algorithms. This has lead to a number of CPMs
with only minor differences, each with a separate set of advantages and
drawbacks. In this chapter, we will therefore present different CPMs serv-
ing the same task, but without drawing any conclusions on the respective
performance. The main characteristics and properties of these models will
be analyzed and compared in the following chapter. The various CPMs
presented in this chapter will function as basis for observer and controller
design in subsequent chapters of this thesis.

3.1 Introduction

During the last decades there have been proposed a large variety of CPMs
intended for control and observer design for underwater vehicles, and the
models are often derived specifically for the control objective. Most of
the documented models are also derived for one particular vehicle, and
they are therefore not applicable to all AUVs in general. Furthermore, the
proposed CPMs are usually developed to fit the applied control method,
which in many cases demands special system structure. Nevertheless, the
following examples are presented to demonstrate conceptually differences
in the development of model-based controllers and observers. We will also
briefly discuss the pros and cons of each model-based on a general opinion.

Examples of CPMs in the Literature

Example 3.1 Yoerger and Slotine (1991) and Healey and Lienard (1993)
were one of the first to demonstrate full scale results on an AUV. Transit
control of the NPS ARIES AUV in Figure 3.1 was obtained by using a
sliding mode controller (Slotine, 1985). The CPM was decoupled into three
subsystems; A surge model, horizontal steering (sway and yaw) and a diving
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Figure 3.1: The NPS ARIES AUV.

system (heave and pitch). The two latter systems were linearized about a
known constant forward velocity taking the following form

ẋ(t) = Ax(t) +Bu(t) + f(t) (3.1)

where x(t) is the state vector, i.e [v, r, ψ]T for the horizontal steering sys-
tem. The constant system matrix A is designed to capture the dominant
linear coefficients and couplings. Moreover, f(t) represents bounded non-
linear and coupling terms in addition to environmental disturbance. State
feedback (u = −Kx) can then be determined by pole placement to match
the desired behavior. To overcome the destabilizing effects of the disturbance
and unmodelled dynamics, a switching element is introduced in order to keep
the solution on the desired sliding surface. The CPM (3.1) is designed to
fit the sliding mode controller design, which is well known for its robustness
related to the inevitable large proportions of unknown dynamics and envi-
ronmental disturbance. Despite this indisputable convenient feature, there
are some unfortunate consequences that follow from employing this model,
independent of the applied control method. Even at relatively low speeds the
dynamics of underwater vehicles, slender body in particular, are dominated
by nonlinear terms. Thus, by linearizing, important information about the
dynamics is lost, which may cause poor controller performance. Linearizing
the system to apply linear control techniques is a commonly used method,
see more examples in e.g. Silvestre and Pascoal (2004) who employ gain
scheduling H∞ control on the slender body INFANTE AUV based on a CPM
similar to (3.1). Moreover, H∞ controllers have been proposed for ROVs
in Kaminer et al. (1991) and Conte and Serrani (1998).

Example 3.2 The following example of a CPM is derived for the John
Hopkins University remotely operated underwater robotic vehicle (JHUROV)
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Figure 3.2: The JHUROV underwater vehicle. Courtesy: Smallwood and Whit-
comb (2004).

in Figure 3.2, see Smallwood and Whitcomb (2004) and Smallwood and
Whitcomb (2002).

miν̇i + dQi|νi|νi + dLiνi + bi = τi (3.2)

where the model is completely decoupled in i elements, mi > 0 is the effec-
tive mass, dQi > 0 represents the hydrodynamic drag, and bi is the buoy-
ancy. The plant parameters are experimentally validated and reported in
Smallwood and Whitcomb (2001). Coriolis forces and moments will occur
in a rotating coordinate system frames such as JHUROV. However, for an
open-frame vehicle operating at low speeds, a frequently used assumption
is that the linear and nonlinear stabilizing damping dominate the influence
of the Coriolis forces and moments. Hence, (3.2) describes such dynamics
where the contribution from the Coriolis terms are contained in the damping
terms. Obviously, this simplifies the controller design and analysis signifi-
cantly since according to (3.2) the vehicle is internally stable, and the model
is decoupled.

Example 3.3 The following example differs conceptually from the previous
mentioned in the sense that explicit terms representing a standard Euler-
Lagrange system are included in the model. This involves the nonlinear and
destabilizing Coriolis forces and moments, i.e.

Mν̇ + C(ν)ν +D(ν)ν + g(Θ) = τ + J−1(Θ)b (3.3)

where the current loads are modelled as a constant, or slowly varying bias
b usually defined in the NED-frame. Note that the Coriolis matrix C(ν)ν
in (3.3) captures both the rigid body and added mass part. This CPM is
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Figure 3.3: The ODIN underwater vehicle. Courtesy: Antonelli et al. (2001).

utilized as basis for controller design for numerous underwater vehicles. In
Antonelli et al. (2001) experimental results using an adaptive controller
on the underwater robotic vehicle ODIN is reported. The CPM (3.3) is
a popular basis for derivation of model-based controllers for path following
and tracking of AUVs. There are, however, very few of these controllers
that are tested experimentally, see e.g. Conte and Serrani (1996), Børhaug
and Pettersen (2005a), Fossen and Fjellstad (1995), Morel and Leonessa
(2003) and Refsnes et al. (2005). Although the exclusion of the current
velocity has some advantages related to stability analysis and robustness, it
follows from standard hydrodynamics, that important features are lost when
substituting the current velocity with the bias. This will be further discussed
in the upcoming section.

Figure 3.4: The ODIN underwater vehicle.
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Example 3.4 Figure 3.4 shows the open-frame AUV SIRENE. It is 4 me-
ters long, and it has a dry weight of 4000kg. The PPM derived in Aguiar
and Pascoal (1997) is equal to (3.3) only without the bias term. Later, an
appurtenant 3 DOF CPM for surge, sway and yaw motion which included
current velocity, was presented in Aguiar and Pascoal (2002) as

muu̇r −mvvrr + durur = τu (3.4a)
mvv̇r +muurr + dvrvr = 0 (3.4b)
mrṙr −muvurvr + drr = τr (3.4c)

where mu = m − Xu̇,mv = m − Yv̇ and mr = Iz − Nṙ, and nonlinear
damping is included as dur = −Xu − X|u|u|ur| and so forth. Notice here
that the current velocity is used in all terms in the kinetic equations. Thus,
the corresponding 6 DOF model would appear as

Mν̇r + C(νr)νr +D(νr)νr + g(Θ) = τ (3.5)

This model differs from the PPMs presented in the previous chapter on
small yet important detail related to modelling of the current loads. Recall
that the Coriolis terms are in this thesis modelled as CA(νr)νr +CRB(ν)ν.
The model (3.5) was introduced in Fossen (1994) and is used frequently,
see e.g. Alonge et al. (2001). A brief discussion on the difference in the
current modelling is included later in this chapter.

3.2 Effect of Current on Coriolis and Drag Forces

The main motivation behind the new CPM design, which will be presented
in the upcoming section, is to obtain a model that effectively accounts
for the environmental disturbance while preserving a solid groundwork for
stability and robustness to unmodelled dynamics and noisy measurement
signals. The following of this section describes important factors regarding
these issues.

3.2.1 Modelling of the Destabilizing Munk Moment

In this section we focus on the importance of including the current velocity
in the CPM. For low speed applications the consequences are not important.
However, for high speed vehicles, the result can be vital. To elaborate on
this, we study potential consequences of excluding the current velocity in
the CPM, i.e. modelling the dynamics as (3.3) as opposed to (2.40b) where
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Figure 3.5: Sway velocity v (dashed) and relative sway velocity vr (solid).

νc is included. There is a critical difference between CA(νr)νr and CA(ν)ν,
as the following section will describe.

Critical difference - CA(ν)ν vs. CA(νr)νr: The effect of using the
relative versus the vessel velocity in the added mass Coriolis matrix can
most easily be seen by studying the Munk moment. Excluding the relative
velocity in the CPM, as in (3.3), gives the following Munk moment in pitch
and yaw

MMunk(ν) = −(Zẇ −Xu̇)uw (3.6a)
NMunk(ν) = (Yv̇ −Xu̇)uv (3.6b)

whereas

MMunk(νr) = −(Zẇ −Xu̇)urwr (3.7a)
NMunk(νr) = (Yv̇ −Xu̇)urvr (3.7b)

for CPMs including the relative velocity.

Remark 3.1 The Munk-moments (3.6-3.7) are negligible for a spherical
underwater vehicles with Xu̇ � Yv̇ � Zẇ. However, slender body vehicles
have the property that |Xu̇| 
 |Yv̇| � |Zẇ|, resulting in large amplitudes in
pitch and yaw in particular.

When there is ocean current present, the vehicle will presumably drift with
some speed in the same direction as the current unless this is compensated
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for by the controllers. This is illustrated in Figure 3.5 where the sway
velocity v and the sway relative velocity vr are depicted in a simulation
with the Minesniper MkII.

In this run, the vehicle moves along several straight paths with different
orientations. The current is set to 0.5 m/s, and the forward speed is set
to u = 2 m/s. Calculating the Munk-moment using the velocities shown
in Figure 3.5, and given in the properties of Minesniper MkII where Xu̇ =
−1.42, Yv̇ = −38.4, reveals a critical difference between (3.6) and (3.7).
For the first 20 seconds of the run, the sway velocity is approximately 0.25
m/s. Hence, the Munk-moment generated in (3.6) is NMunk � 18.5 Nm,
whereas for (3.7) results in NMunk � 0 Nm. Clearly, the Munk moment
is overdimensioned when using (3.6). This error may increase the risk of
poor tracking performance for tracking controllers that are designed based
on this model.

Remark 3.2 The literature shows different ways of modelling the Coriolis
forces and moments. In Conte and Serrani (1996) and Alonge et al. (2001),
the rigid-body Coriolis matrix CRB(·) is a matrix function of the relative
velocity, i.e.

Ctot = CRB(νr)νr + CA(νr)νr (3.8)

where Ctot denotes the total Coriolis forces and moments. This implies, by
following Newton’s laws, that the chosen reference frame, corresponding
to the NED-frame in this thesis, is the frame of the vehicle relative to
the current velocity. We will in this thesis use the NED-frame, which is
considered inertial, as reference frame leading to

Ctot = CRB(ν)ν + CA(νr)νr (3.9)

The modelling described in (3.8) was first introduced in Fossen (1994) but
was later modified to (3.9) in Fossen (2002).

3.2.2 Nonlinear and Coupled Damping

The modelling of the hydrodynamic damping including current velocity was
presented in Section 2.2.2 in the previous chapter. Extracting the current
damping loads gives

fc(ν, νc) = D(νr)νr −D(ν)ν (3.10)

where fc(ν, νc) denotes the current loads vector originating from the damp-
ing terms. Obviously, due to the nonlinear damping, the mapping from the
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current velocity to the current loads becomes quite involved. Figure 3.6
illustrates a slender body vehicle in a current field with two different ori-
entations. This indicates that in order to obtain a proper estimation of
the current loads one needs an estimate of the current velocity. There are
several methods that can be employed to obtain this, although for vehicles
without current measurements, the system must include integration of the
state estimation error of some kind. Precautions must then be made when
adding an integrator in order to avoid instability since additional phase lag
is introduced by the integrator. This applies especially to AUV dynamics
since these are nonlinear and involve destabilizing elements. We thus seek
a system structure, a top level design, that separates the uncertainty of the
current velocity from the six DOF nonlinear and destabilizing dynamics
of the vehicle. Furthermore, an important objective in the controller and
observer design, independent of the system or the method applied, is to de-
velop algorithms that provide the fastest convergence to the total current
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loads on the vehicle such that the desired performance can be obtained.

3.3 Unmodelled Dynamics and Methods to Com-
pensate

In this section we will discuss unmodelled dynamics, and we will briefly
describe methods utilized for compensation in model-based controllers and
observers.

3.3.1 Modelling Errors

It is a major challenge to develop models for marine vessels that describe
the motion of the vessels perfectly in all conditions. Due to the inherently
nonlinear dynamics and couplings between the six degrees of freedom, the
models of underwater vehicles that have been proposed in the literature
throughout the years contain modelling errors of some kind. The errors
can, according to Sørensen (2005a), be separated into two groups:

Structural errors - concern the structure of the mathematical model.
These can for instance be terms that are omitted from the model or are of
a different structure, i.e. nonlinear instead of linear.

Incorrect coefficients: For control pruposes, it is common to assume
constant hydrodynamic coefficients. This is, however, unlikely to be true
for large variations in the vehicle operational and environmental condi-
tions. In a general form, a system with unknown unmodelled dynamics can
be written as a differential equation as follows

ẋ = f(t, x, u) + Δf(t, x, u) (3.11a)
y = h(x) (3.11b)

where f(t, x, u) ∈ R≥0 × Rn × Rp is some known function representing the
vehicle dynamics, x ∈ Rn denotes the state, u ∈ Rp is the control input
vector, and y ∈ Rm is the output vector. Unfortunately, the known function
is not perfect, and hence, it provides a breeding ground for the unknown
error function Δf(t, x, u) which captures the unmodelled dynamics in total,
i.e. structural errors, incorrect coefficients and unmodelled influence of the
environmental disturbance. Together with the known function f(t, x, u),
these functions describe the complete dynamics of the vehicle.
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3.3.2 Methods to Compensate

To compensate for modelling errors, robust controller design methods such
as adaptivity or other self-learning procedures have been widely proposed
during the last decades. A common way to compensate for the modelling
errors is to apply adaptivity in the controller. For linear systems, there
exist several methods that provide robust and accurate solutions to many
different control problems, see e.g. Ioannou and Sun (1996). For nonlin-
ear systems, however, the solution to the problem usually involves some
assumptions regarding the unknown dynamics that are stated in order to
obtain proper stability results. In Liu and Li (2004), which concerns adap-
tive control of nonlinear systems, the unmodelled dynamics are assumed
to be linearly upper bounded by the state vector. Under this assumption,
adaptive methods are employed to counteract the effect of the unmodelled
dynamics. Yuh et al. (1999) present an adaptive controller for the open-
frame ODIN ROV. The proposed vehicle model is equal to (2.34b), only
without the current velocity involved. In addition, a term capturing the un-
modelled dynamics, which is linearly upper bounded by the tracking error
and the velocity tracking error, is added to the model. In Gao et al. (1997)
a robust adaptive controlled is derived for nonlinear systems with unmod-
elled dynamics. The unmodelled dynamics are assumed to be bounded by
some known function which is linearly dependent on the state vector. Us-
ing neural networks Rovithakis (1999) has presented an adaptive controller
for nonlinear systems in the presence of unmodelled dynamics, which are
assumed to be bounded by some unknown constant.

Another popular method employed to compensate for the unmodelled
dynamics is the sliding mode approach. The literature shows several suc-
cessful results from using sliding mode controllers on AUVs, see e.g. Healey
and Lienard (1993), Marco and Healey (2001) and Yoerger and Slotine
(1985). The aim of a sliding controller is to effectively account for pa-
rameter uncertainty in mass, damping and actuator coefficients etc., and in
addition, suppress unmodelled dynamics such as resonant modes, neglected
time-delays and finite sampling rate (Slotine, 1991). In Slotine et al. (1987),
a sliding mode observer is developed for general systems of the form (3.11).
The modelling error, i.e. Δf(t, x, u), is assumed to be bounded by a known
function. Hence, by dominating this known function, the influence of the
unmodelled dynamics can be suppressed by feedback in the controller or
the observer.

Despite the differences in the applied controller design methods, all
the works mentioned above include some assumptions on the influence of
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the unmodelled dynamics. In marine applications, and in particular for
underwater vehicles operating over a range of speeds, many of these as-
sumptions are theoretically violated. This is because hydrodynamic forces
and moments are mostly nonlinear, and the error originating from incorrect
damping coefficients or added mass coefficients is therefore nonlinear and
speed dependent. Nevertheless, in order to obtain observers and controllers
that can be proven stable, one often needs to adjust the CPM correspond-
ing to the available measurements, control objective and vehicle properties.
The works mentioned above are all examples of such modifications of the
CPM. In this thesis we focus on control design cases where only part of the
state is available for feedback. This enhances the complexity of the stabil-
ity analysis and reduces the possibilities to apply adaptive methods. We
will therefore partly resort to a well established method that has shown to
provide satisfactory performance, although theoretically, the method might
not be completely valid.

3.3.3 The Slowly Varying Bias

In Fossen (2002) and Sørensen (2005a) a slowly varying or constant bias
is introduced to capture the effect of the slowly varying environmental dis-
turbance. In addition, this bias can also be claimed to compensate for
unmodelled dynamics, see e.g. Loŕıa et al. (2000) and Sørensen (2005b).
The bias can conveniently by defined as a first order Markov process as
follows

ḃ = −T−1b+ wn (3.12)

where T = diag[T1, . . . , Tn] ∈ Rn×n is a user specified matrix containing
the positive bias time constants, and wn ∈ Rn is a vector of zero mean
Gaussian white noise. The matrix T is a tunable matrix. In fact, the time
constants can be set arbitrarily and do not need to correspond to estimated
properties of the environmental disturbance or unmodelled dynamics. It is
included, in addition to increase the flexibility of the bias influence on the
vessel dynamics, to improve the stability result to some extent since by
including the T gives exponential stability results when using nonlinear
Lyapunov stability theory. Other methods such as defining the bias as a
Wiener process, i.e. ḃ = ωn, only leads to negative semi-definite Lyapunov
function derivatives. Consequently, in order to prove asymptotic stability,
LaSalle’s theorem for autonomous systems (Khalil, 2002) and the Matrosov
(Loŕıa et al., 2002) for nonautonomous systems must be employed. This
leads to more involved stability proofs. Therefore, the bias will be defined
similarly as in (3.12) in this thesis. However, the interested reader is advised
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to consult Vik and Fossen (2002) for details regarding the limiting case T →
∞. Note also that the noise ωn driving the bias estimators is omitted when
including the bias model in a CPM. This is because if they are included
in the Lyapunov stability analyzes the error dynamics will be ultimately
bounded (UB) instead of asymptotically or exponentially stable.

Inherent in this modelling approach lies the assumption on velocity
independent influence of the unmodelled dynamics, which is not the case.
However, the this also favorites this method for the same reasons. Due
to the fact that it is independent of the velocity and the hydrodynamic
properties, it is robust to the environmental condition, the vehicle state
and unmodelled dynamics. These are highly attractive features in model-
based control design of underwater vehicles.

The main goal of the control design in this thesis is to derive model-
based controllers and observers that provide good tracking performance
with the least oscillations. Whether the unmodelled dynamics are assumed
linearly bounded, upper bounded or modelled as an input bias is of less im-
portance compared to the controller performance knowing that all meth-
ods involve some kind of assumption on the unmodelled dynamics. The
following section describes a method which can be used to compensate for
incorrect damping coefficients.

3.3.4 Erroneous Damping Coefficients

In general, hydrodynamic damping models should appear as

d(ν, νc) = dk(ν, νc) − Δd(ν, νc) (3.13)

where d(ν, νc) is the vector describing the vessel damping perfectly, Δd(ν, νc)
is some unknown vector function, and dk(ν, νc) is the assumed damping vec-
tor. Pursuing this into the notation in this thesis gives

D(ν)ν = Dk(ν)ν − ΔD(ν)ν (3.14)

where Dk(ν) is the known matrix, and ΔD(ν) is an unknown matrix. Ex-
tracting the total damping loads due to erroneous damping coefficients gives

ΔD(ν)ν = ΔDlν + uΔDuν + ΔDnl(ν)ν (3.15)

where ΔDi, i = [l, u, nl] denote the additive error in the coefficients. Study-
ing this equation one discovers similarities between erroneous damping coef-
ficients and the effect of current, except that incorrect damping only man-
ifest itself when the velocity is nonzero. Following this notion, adaptive
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features compensating for erroneous damping coefficients can be included
in the system by relatively simple means. By reformulating (3.14) we have

D(ν)ν = Dk(ν)ν −Dk(ν)
[
D−1
k (ν)ΔD(ν)ν

]
(3.16)

where Dk(ν) is nonsingular due to linear damping, i.e. Dk(ν) > 0 for all
ν ∈ R6. Then, defining the following new velocity variable

Adaptive velocity vector:

Δν � D−1
k (ν)ΔD(ν)ν (3.17)

This gives that the overall damping can be expressed as

D(ν)ν = Dk(ν)ν −Dk(ν)Δν
= Dk(ν)ν∗ (3.18)

where ν∗ � ν−Δν. To illustrate the adaptive system the following example
involving a simple mass-damper system is presented.

Example 3.5 Consider the simplified model of horizontal motion of a ma-
rine vessel

η̇ = R(ψ)ν
Mν̇ +D(ν)ν = τ

(3.19)

where η = [x, y, ψ]T , and ν = [u, v, r]T . The CPM is then derived under
the following statement: We first assume that the damping coefficients are
correct. This leads to the following CPM

η̇ = R(ψ)ν
Mν̇ +Dk(ν)ν∗ = τ

Δ̇ν = 0
(3.20)

We have chosen to define the evolvement of Δν as constant since we do not
know whether the predetermined damping coefficients in Dk(ν) are larger
or smaller than the real damping D(ν). Hence, Δ̇ν = 0 is considered the
best guess. Moreover, note that incorrect damping coefficients may occur
in all degrees of freedom. Hence, unlike the current velocity vector, the
modified velocity vector yields

Δν = [Δu,Δv,Δr]T (3.21)
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Copying the CPM dynamics (3.20) and adding correction terms results in
the following observer

˙̂η = R(ψ)ν̂ + Lη̃

M ˙̂ν +Dk(ν̂)ν̂∗ = τ +MRT (ψ)Kη̃
˙̂Δν = μRT (ψ)Kη̃

(3.22)

where 0 < μ < 1 is a tunable constant. This gives error dynamics as follows

˙̃η = R(ψ)ν̃∗ +R(ψ)Δ̃ν − Lη̃
˙̃ν∗ = −M−1[Dk(ν)ν∗ −Dk(ν̂)ν̂∗] − (1 − μ)RT (ψ)Kη̃
˙̃Δν = −μRT (ψ)Kη̃

(3.23)

Let
xa � [η̃T , ν̃∗T , Δ̃νT ]T (3.24)

denote the overall error state vector.

Proposition 3.1 The origin xa = 0 of the error dynamics (3.23) is glob-
ally asymptotically stable (GAS) if the matrix M−1Dk(ν) is positive definite
for all ν ∈ R3.

Proof. See Appendix A.

Case Study - Minesniper MkII:
Let us assume the following parameters in the PPM denoted in (3.19):

D(ν) =

⎡
⎣ 0.1 0 0

0 10 −1
0 −2 5

⎤
⎦ +

⎡
⎣ 8.2|u| 0 0

0 180|v| −5|v|
0 −10|r| 15|r|

⎤
⎦

and M = diag[40, 80, 12]T . Furthermore, the observer gains are set to:

L = diag[0.1, 0.1, 0.1]
K = diag[0.4, 0.4, 0.4]
γ = 0.1

The damping matrix Dk(ν) was set 20% of D(ν). The control objective is
to hold constant surge velocity at 1m/s and constant yaw rate at −5deg/s,
which implies moving in a circle with constant velocity. Figure 3.7 shows
the horizontal position, real and estimated velocities and the estimated
adaptive velocity. From the left column we see that the estimated velocities
in ν̂ converge to the actual ν. According to the stability analysis, the
observer will always be stable as long as M−1Dk(ν) is a positive definite
matrix.
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Figure 3.7: Left: Real and estimated velocities. Right: Estimated adaptive
velocity.

There are three important issues related to this analysis that should be
mentioned:

1. For the system considered in this section the only criterion for GAS
is that the matrix M−1Dk(ν) is positive definite. For more complex
systems including e.g. Coriolis forces, the solution becomes more in-
volved and more conservative demands arise from the stability anal-
ysis.

2. In this case current was excluded in order to properly illustrate the re-
sult of the adaptive system. When both current and incorrect damp-
ing coefficients are present, a challenge emerges when attempting to
include both velocities, i.e. Δν and νc in the CPM. This is due to the
fact that while the current is constant in the Earth-frame, the adap-
tive velocity Δν evolves in the body-frame. This entails two separate
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models, e.g

ρ̇ec = 0 (3.25a)
Δ̇ν = 0 (3.25b)

where ρec = [vx, vy]T captures the current velocity components in
North and East. This leads to estimator update laws as follows

˙̂ρec = μKη̃ (3.26a)
˙̂Δν = μRT (ψ)Kη̃ (3.26b)

There is no guarantee that the current and adaptive velocities will
converge to the correct values since both update laws are driven by
the estimation error. In fact, simulations have shown that including
both may aggravate the performance in comparison with only current
velocity estimation. However, for yaw motion, an adaptive feature is
desirable.

3. The rotation matrices R(ψ) and R(Θ) are orthogonal. This implies
that RT (·) = R−1(·), which subsequently leads to cancellation of the
coupled terms in the Lyapunov function derivative. This is not the
case for the transformation matrix TΘ(Θ) mapping the pitch, roll
and yaw velocities into the Earth-frame. As a consequence, high-gain
criteria for the observer gains arise.

We have in this section presented two methods to compensate for the
effect of the unmodelled dynamics: The bias b and the Δν-velocity. In the
following chapters we will employ both methods and compare the results.

3.4 Control Plant Model Design

Based on the observations made in the prior section, we propose the fol-
lowing CPM system: We divide the CPM into two separate models. To
function as a basis for current estimation we propose a 3 DOF mass-damper
model in surge, sway and heave. This model provides the complete 6 DOF
vehicle model with the current velocity. Figure 3.8 illustrates the concept
of employing two co-working CPM models.

In what follows we will propose several CPMs for the vehicle dynamics.
They all serve the same purpose, although with slightly different structure.
The reason why we present the various models is that the development
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Figure 3.8: Block diagram of the two model system; a 3 DOF current model
co-working with a 6 DOF vehicle model.

in the CPM design has evolved during the years with research. Hence,
a CPM derived at an early stage of the project has later been modified
and improved to some extents. Important experimental results have been
obtained using the early editions of the observers and controllers. Note
however that the concept of employing two separate models has been the
underlying idea throughout the thesis. The following gives a chronologi-
cal description of the CPMs developed during this project. The proposed
CPMs will be summarized in a table at the end of this chapter.

CPM Ia - NED bias force: This model does not include the term
Ac(νc)νr, which was added to the PPM (2.40b). Moreover, the conven-
tional NED-frame bias presented in Fossen (2002) is applied, i.e.
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CPM Ia - NED bias force:
η̇ = J(Θ)ν (3.27a)

Mν̇ + CRB(ν)ν = −CA(νr)νr −D(νr)νr − g(Θ)
+τ + J−1(Θ)b (3.27b)

ḃ = −T−1b (3.27c)

Note that the bias is defined in the NED-frame and rotated into the body-
frame in the kinetic equation.

CPM Ib - Body bias force: This model includes the term Ac(νc)νr.

CPM Ib - Body bias force:

η̇ = J(Θ)ν (3.28a)
Mν̇ + CRB(ν)ν = −CA(νr)νr −D(νr)νr − g(Θ)

+Ac(νc)νr + τ + b (3.28b)

ḃ = − λ

γb
b (3.28c)

where λ, γb > 0 are tunable constants which replace the time constant
matrix T . Notice that the bias is defined in the body-frame since the
unmodelled dynamics naturally evolve in this frame. Hence, CPM Ib is an
improvement of CPM Ia. For both CPMs the current velocity vector νc is
provided by a separate 3 DOF model derived in the upcoming subsection.

3.4.1 Current Induced Vessel Model (CIVM)

This is a model that accounts for the main effects of the current loads. The
principal task of this model is to generate the current velocity vector νc
which is used in the CPM Ia and Ib. Also for the CIVMs we have come up
with several solutions to solve the problem. In chronological order, these
are

CIVM Ia - Bias force:

η̇2 = R(Θ)ν2 (3.29a)
M2ν̇2 +D2(ν2)ν2 = τ2 +RT (Θ)b2 (3.29b)

ḃ2 = −T−1
2 b2 (3.29c)
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T2 is the positive time constant matrix. Alternatively, a more direct ap-
proach can be applied where the current velocity in injected directly into
the damping term, i.e.

CIVM Ib - Direct injection:

η̇2 = R(Θ)ν2 (3.30a)
M2ν̇2 +D2(ν2r)ν2r = τ2 (3.30b)

ν̇e2c = − λ

γ2c
νe2c (3.30c)

where γ2c > 0 is a tunable constant. For notational clarity the CIVMs are
named similarly as the CPMs (Ia and Ib), i.e. vehicle CPM Ia is set to
co-work with CIVM Ia. However, it is not a necessary criterion for stabil-
ity. For both models the vector ν2 = [u2, v2, w2]T is the vehicle velocity
vector containing the velocities in surge, sway and heave, respectively, and
η2 = [x2, y2, z2]T denotes the position in the NED-frame. For CIVM 2,
the relative velocity is ν2r = ν2 − ν2c = ν2 − RT (Θ)νe2c, and the matrices
M2, D2(ν2r) ∈ R3×3 are the top left matrices of M and D(νr) in (3.28b).
The control vector yields τ2 = [τu, 0, 0]T . In the CIVMs, the angular ve-
locities are disregarded. This is clearly a simplification of the complete 6
DOF model. However, it means that we consider the current forces that
are due to the orientation of the vehicle are dominant to the current forces
that originate from the vehicle’s angular velocity. Therefore, the model
captures the main influence of the current.

Figure 3.9 depicts an AUV moving forward in a transverse current where
Xc and Yc denote the induced forces from the current in surge and sway
direction, and uc and vc represent the vehicle velocities that stem from
the current. The velocities u2 and v2 denote the surge and sway velocity
obtained in CIVMs. From Figure 3.9 we see that the relation between the
current velocity and the velocity vector ν2 can be defined as follows:

Current velocity vector:

uc � u2 − uN , vc � v2, wc � w2 (3.31)

where uN denotes the nominal forward speed. This is obtained by solving
the equation for surge velocity when there is no disturbance present, which
is depicted in (3.30b) as

m11u̇N + dl11uN + dnl11|uN |uN = τu (3.32)
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Figure 3.9: Top view of a slender body AUV moving forward in a transverse
current Vc.

where τu is the surge thrust, see Appendix C for more details on the thruster
modelling. The coherence between the velocities ν2 and νc, depicted in
(3.31), is derived based on the following; In the CIVMs, velocities in sway
and heave, and deviations from nominal surge speed must originate from
the current ν2c, hence (3.31) holds. Note that (3.29) and (3.30) are ap-
proximations of the current induced motions and not models of the overall
motion of the vehicle, thus current induced vessel models. Based on (3.29)
and (3.31), an observer can be derived to provide an estimate of the un-
known current velocity.

Remark 3.3 Although the current velocity also affects the motions in roll,
pitch and yaw, we assume that the main current loads are captured in the
linear motions; surge, sway and heave. In fact, it follows by using that ν̇c =
−Sc(ω)νc, where Sc(ω) is a skew-symmetric matrix, that in a Lyapunov
sense, rotation of the vehicle neither increasing nor decreasing the energy
in the system. This substantiates the claim that the proposed CIVMs capture
the main current loads on the vehicle.

Remark 3.4 The nominal surge velocity uN is in fact equal to the relative
surge velocity. That is, extracting the surge equation from (3.28b) and
considering only straight-line motion (ω = [p, q, r]T = 0) leads to

m11u̇r + dl11ur + dnl11|ur|ur = τu (3.33)

where u̇ = u̇r, since u̇c = 0 when ω = 0. Hence, it is clear that the uN
and ur are independent of the current velocity meaning that the coherence
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between u and uc is constant. Although, the calculated nominal velocity
will only be accurate if the damping and thruster coefficients are correct.
Nevertheless, the model of the nominal surge velocity is considered to be
sufficiently accurate due to the following reasons:

• Based on formulas presented in the literature and relatively simple
basin tests, one can determine the thruster coefficients with quite high
precision, see Appendix C for further details on the coefficients on the
Minesniper MkII.

• A potential error in the damping or thrust coefficients in (3.32) is
equivalent to the effect of current, only current is constant in the
NED-frame whereas the effect of erroneous coefficients evolves in the
body-frame. Nevertheless, the same coefficients are applied in both
the vehicle CPMs and the CIVMs. Consequently, the relative motion
between the CPMs and the CIVMs is unchanged despite incorrect co-
efficients, and thus, the error will be compensated for in the vehicle
CPM.

3.4.2 Stand-Alone CPMs

Here we propose two stand-alone CPMs which do not involve collaboration
with the CIVM. First, a stand-alone CPM which utilizes direct current
velocity injection for the linear states and the Δ-velocity in the angular
states

CPM II - Direct model:

η̇ = J(Θ)ν
Mν̇ + CRB(ν)ν = −CA(νr)νr −D(νr)ν∗r − g(Θ) +A(νc)νr + τ

Δ̇ω = − λ

γω
Δω

ρ̇ec = − λ

γc
ρec (3.34)

where Δω = [Δp,Δq,Δr]T , γc, γω > 0 are tunable constants, and

νr = ν − hTc ρc, ν∗r = ν − hTc ρc − hTωΔω
hc = [I3×3, 03×3]T , hω = [03×3, I3×3]T

It is denoted as the ”direct model” since the current velocity and the Δ-
velocity are injected directly into the vehicle kinetics. Theoretically, this
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model should function well as basis for controller and observer design of
AUVs in a current. However, for real implementation, this model suffers
from drawbacks regarding robustness to unmodelled dynamics and sensi-
tivity to measurement noise. This will be discussed in the next chapter.

Finally, a CPM is designed which conveniently can be used if there is
no current present. This employs the Δ-velocity described in Section 3.3.4
in all 6 DOFs, i.e.

CPM III - No current:
η̇ = J(Θ)ν (3.35a)

Mν̇ + C(ν)ν = −D(ν)ν∗ − g(Θ) + τ (3.35b)

Δ̇ν = − λ

γν
Δν (3.35c)

where γν > 0 is a tunable constant, and C(ν)ν = CRB(ν)ν + CA(ν)ν.
Moreover, Δν = [Δu,Δv,Δw,Δp,Δq,Δr]T .

3.5 Summary of CPMs

Table 3.5 summarizes the various models proposed during the years with
research.
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3.6 System Properties and Mathematical Prelim-
inaries

The motion equations in the CPMs possess several properties that can be
utilized to facilitate the observer and controller design and analysis.

3.6.1 Frame Transformation

To avoid technicalities using two frames (NED and body frame), it is some-
times convenient to transform the vehicle dynamics from body-fixed into
the NED-frame coordinate system (Fossen, 2002).

νe � η̇ = J(Θ)ν (3.36a)
M∗ν̇e + C∗

RB(ν)νe = −C∗
A(νr)νer −D∗(νr)νer − g∗(Θ)

+A∗
c(νc)ν

e
r + J−T (Θ)τ (3.36b)

where the NED-frame velocity vector yields νe = [ẋ, ẏ, ż, φ̇, θ̇, ψ̇]T . The
transformed matrices are defined as follows

M∗ = J−T (Θ)MJ−1(Θ)
C∗
RB(ν) = J−T (Θ)[CRB(ν) −MRBJ

−1(Θ)J̇(Θ)]J−1(Θ)
C∗
A(νr) = J−T (Θ)[CA(νr) −MAJ

−1(Θ)J̇(Θ)]J−1(Θ)
D∗(νr) = J−T (Θ)D(νr)J−1(Θ)
g∗(Θ) = J−T g(Θ)
A∗
c(νc) = J−TAc(νc)J−1(Θ)

These transformations will be used in the stability analysis of observers.

3.6.2 Properties

P. 1 The mass matrix is symmetric and positive definite, hence satisfying

M = MT > 0
M∗ = M∗T > 0

P. 2 The Coriolis matrices are skew symmetric, and the matrix [Ṁ∗ −
2C∗(ν)] is skew symmetric. Thus, for all y, x ∈ R6

CRB(y) = −CTRB(y) =⇒ xTCRB(y)x = 0
CA(y) = −CTA(y) =⇒ xTCA(y)x = 0

xT [Ṁ∗ − 2C∗(y)]x = 0
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The overall Coriolis forces and moments can be concatenated in the follow-
ing matrix

C(x) = CRB(x) + CA(x)
C∗(x) = C∗

RB(x) + C∗
A(x)

Due to the dependence on the current velocity in the CA(νr), a switching of
arguments can sometimes be convenient, i.e.

C̄RB(x)y � CRB(y)x
C̄A(x)y � CA(y)x

where

C̄A(ν) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 Yv̇r −Zẇq 0 0 0
−Xu̇r 0 Zẇp 0 0 0
Xu̇q −Yv̇p 0 0 0 0
0 Yv̇w −Nv̇q −Zẇv +Mẇr 0 0 0

−Xu̇w Nv̇p Zẇu 0 0 0
Xu̇v −Yv̇u −Mẇp 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦ �= −C̄TA(ν)

and

C̄RB(ν) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 c̄12 c̄13 0 c̄15 c̄16

c̄21 0 c̄23 c̄24 0 c̄26

0 0 0 c̄43 c̄53 0
0 c̄42 c̄43 0 c̄54 c̄64

c̄51 0 c̄53 c̄54 0 c̄65

c̄61 c̄62 0 c̄64 c̄65 0

⎤
⎥⎥⎥⎥⎥⎥⎦ �= −C̄TRB(ν) (3.37)

where

c̄12 = −mr c̄13 = mq c̄15 = mzGq
c̄16 = mzGp−mxGr c̄21 = mr c̄23 = −mp
c̄24 = mxGq c̄26 = mzGq c̄31 = −mq
c̄32 = mp c̄34 = −mzGp+mxGr c̄35 = −mzGq
c̄42 = −mw c̄43 = mv c̄44 = mzGw − Izxq
c̄45 = −Iyr c̄46 = −mzGu+ Izq c̄51 = mw
c̄53 = −mu c̄54 = −mxGv + Izxq − Ixr c̄55 = mxGu+mzGq
c̄56 = −mzGv − Izp+ Izxr c̄61 = −mv c̄62 = mu
c̄64 = −Ixq c̄65 = −Iyp c̄66 = mxGu+ Izxq



3.6 System Properties and Mathematical Preliminaries 67

Notice that the matrices C̄RB and C̄A are not skew symmetric. For nota-
tional simplicity, it can also be convenient to switch the argument in the
expression Ac(νc)νr. Therefore, the following matrix is defined

Āc(νr)νc =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 −Xu̇r Xu̇q 0 0 0
Yv̇r 0 −Yv̇p 0 0 0

−Zẇq Zẇp 0 0 0 0
0 0 0 0 0 0

−Mẇq Mẇp 0 0 0 0
Nv̇r 0 −Nv̇p 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦ (3.38)

which satisfies

Ac(νc)ν = Ac(νc)νr = Āc(νr)νc = MASc(ω)νc (3.39)

The linear dependence on ν in the Coriolis matrices CRB, CA and Ac
gives that ∀x, y ∈ R6 and ∀α ∈ R

Ci(x+ αy)z = Ci(x)z + αCi(y)z
Ac(x+ αy)z = Ac(x)z + αAc(y)z

where i = [RB,A]. Furthermore, there exist sufficiently large positive con-
stants c, c∗, ci, c∗i , ac, a

∗
c such that the Coriolis matrices are upper bounded

according to

‖C(x)‖ ≤ c ‖x‖ ,
‖Ci(x)‖ ≤ ci ‖x‖ ,
‖Ac(x)‖ ≤ ac ‖x‖ ,

‖C∗(x)‖ ≤ c∗ ‖x‖
‖C∗

i (x)‖ ≤ c∗i ‖x‖
‖A∗

c(x)‖ ≤ a∗c ‖x‖

The same bounds can be set on the altered matrices, i.e. there exist con-
stants c̄, c̄∗ > 0 etc. such that the corresponding matrices are upper bounded.

To simplify the notation, we define the function d(x) � D(x)x where
x ∈ R6, which by employing the mean value theorem gives

D(b)b−D(a)a =
∂

∂eb−a
d(eb−a)

∣∣∣∣
eb−a=e0

(b− a)

� δ(eb−a)(b− a)

where b, a, eb−a, e0 ∈ R6, and e0 is on the line segment joining b and a.
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P. 3 The damping matrix D(ν)ν is positive definite. Hence, there exists a
constant δm > 0 such that δm ‖x‖ ≤ ‖δ(eb−a)x‖.

P. 4 The transformation matrix is expressed as J(Θ) = diag[R(Θ), TΘ(Θ)],
where the rotation matrix satisfies

RT (Θ) = R−1(Θ)

‖R(Θ)x‖ ≤ ‖x‖ , ∀x ∈ R
3

There exists a constant t̄Θ ∈ R+ such that the angular transformation ma-
trix satisfies ∥∥T−1

Θ (Θ)x
∥∥ ≤ t̄Θ ‖x‖ , ∀x ∈ R

3

Furthermore, if the pitch angle is limited by |θ(t)| < π
2 , then there exists a

sufficiently large constant tΘ ∈ R>0 such that

‖TΘ(Θ)x‖ ≤ tΘ ‖x‖ , ∀x ∈ R
3

3.6.3 Delimitations

Continuous systems - All the measured signals are assumed continuous
throughout the thesis, and continuous stability analysis is employed. Espe-
cially for the acoustical position measurements, this may seem unrealistic.
However, the assumption can be substantiated by considering the error
between the continuous and the discrete version of a signal as noise cor-
responding to the measurement noise, which for acoustical measurements,
can be severe. Furthermore, simulations show only minor differences when
applying various update rates in the position measurements. The follow-
ing states the underlying assumption for the observer and controller design
carried out in this thesis:

A. 1 The signals in η, i.e. position, depth and the orientation given by roll,
pitch and heading are measured. We consider the error between the discrete
and continuous version of the signal as bounded measurement noise. Hence,
the signals are considered continuous.

Assuming continuous systems we have also neglected potential delay in
the measurements. Delays may occur in the acoustic system if the distance
to the vehicle is large. We have, however, assumed that the vehicle op-
erates well within the range where measurement delay is negligible. The
interested reader is advised to consult Kazantzis and Wright (2005) and
Kazantzis and Wright (2003) for more information on this issue.
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Bounded pitch angle - Throughout the thesis, the pitch angle is as-
sumed never to reach θ = ±90 degrees. That is, when the vehicle is point-
ing straight down or up. Hence, the use of Euler angles when expressing
the relation between two frames is possible. This simplifies the analyzes
to some extent. Note that the globalness is given with respect to this cho-
sen coordinate frame (θ �= ±π

2 ). It is topologically impossible to obtain
global results in SO(3) using any coordinate frame of SO(3) like Euler
angles, Euler parameters, Euler-Rodrigues parameters or similar. Due to
the topological properties of SO(3), these representations will either have
one singularity or two equilibrium points, something which precludes global
results on SO(3). The results in this thesis are thus global in the chosen
coordinate frame. For results with singularity free solutions by using unit
quaternions, see e.g. Fjellstad and Fossen (1994). Practically, this problem
can be solved by introducing two body-frames and implement a switching
algorithm between these such that singularity is avoided. Finally, it should
be noted that most slender body underwater vehicles are not capable of
reaching such pitch angles due to inherent dominating restoring moments.
The following assumption yields throughout the thesis

A. 2 The pitch angle θ(t) is limited by |θ(t)| < π
2 .

3.6.4 Mathematical Preliminaries

• The time derivative of a function x(t) is denoted as ẋ. When work-
ing with differential equations, the time variable (t) is omitted for
notational simplicity unless the variable is generated by an external
time-varying system which is not included in the stability analysis.

• The Euclidean vector norm is ‖x‖ =
√
xTx, and the Lp-norm is

‖x‖Lp
=

(∫ ∞

0
‖x‖p dt

) 1
p

, ‖x‖∞ = sup
t≥0

‖x(t)‖

• For any positive definite matrix A, Am and AM denote the minimum
and maximum eigenvalue, respectively.

• The estimated version of a vector x = [x1, x2, . . . , xn]T is denoted as
x̂ = [x̂1, x̂2, . . . , x̂n]T .
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The following presents briefly some stability concepts from Khalil (2002)
that will used in this thesis.

Lyapunov Stability
Consider the following nonautonomous system

ẋ = f(t, x), x ∈ R
n (3.40)

The equilibrium point x = 0 of (3.40) is

• uniformly stable (US) if and only if there exist a class K function α
and a positive constant c, independent of t0, such that

‖x(t)‖ ≤ α(‖x(t0)‖), ∀t ≥ t0 ≥ 0,∀ ‖x(t0)‖ < c

• uniformly asymptotically stable (UAS) if and only if there exist a class
KL function β and a positive constant c, independent of t0, such that

‖x(t)‖ ≤ β(‖x(t0)‖ , t− t0), ∀t ≥ t0 ≥ 0,∀ ‖x(t0)‖ < c (3.41)

• uniformly globally asymptotically stable (UGAS) if and only if in-
equality (3.41) is satisfied for any initial state x(t0).

• uniformly globally exponentially stable (UGES) if there exist positive
constants c, k and λ, independent of t0, such that for all x0 ∈ Rn, the
solution satisfies

‖x(t)‖ ≤ k ‖x(t0)‖ e−λ(t−t0), ∀t ≥ 0

Further tools for stability analysis are summarized in Appendix A.

Cascaded Systems Stability
A system is said to be a cascaded system if it can be presented in the
following form

ẋ1 = f1(t, x1) + g(t, x)x2

ẋ2 = f2(t, x2)

where x1 ∈ Rn, x2 ∈ Rm, and f1 and f2 are piecewise continuous in t and
locally Lipschitz in x = [x1, x2]T , and g is locally Lipschitz in x.
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3.7 Concluding Remarks

A novel approach on control plant modelling was developed. The main idea
behind this system was to develop a CPM structure that provided estima-
tion and filtering of position, velocity and current velocity while preserving
a high level of robustness toward environmental disturbance, measurement
noise and unmodelled dynamics. The total CPM system consisted of two
co-working models; a six DOF vehicle model and a three DOF current in-
duced vessel model capturing the main current loads. These models were
co-working in the sense that the vehicle model utilized the current velocity
generated by the CIVM. Furthermore, the derived models were primarily
intended for vehicles with limited sensor equipment unable to measure the
complete state. In the following chapters, observers and controllers will be
developed based on the CPMs proposed in this chapter.
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Chapter 4

Design Issues for Observers
for AUVs

The main purpose of this chapter is to study the effect of different
CPM structures for observer design. Throughout this chapter, we con-

sider only mass-damper systems excluding Coriolis and buoyancy forces,
although nonlinear damping is included in parts of the chapter. This re-
duces the complexity of the systems, and the physical understanding of the
systems increases.

The concept of introducing two CPMs as basis for observer design for
underwater vehicles was presented in Chapter 3. Both of the involved mod-
els were nonlinear, and the overall system became relatively complex due
to the coupling between them. Consequently, the immediate consequences
of the new concept were perhaps difficult to catch. Therefore, in order to
stress the main idea of the modelling concept and to improve the under-
standing of the response of the new model system, we will in this chapter
reduce and simplify the nonlinear and coupled CPMs. We will first con-
sider a linear mass-damper system. This brings out the possibility to study
the input-output response of the transfer functions representing the error
dynamics of the linear systems. The observer performance is verified by
comparing the L1-norms, settling times and the peak amplitudes of the es-
timation errors to a conventional system consisting of one CPM. The first
part of this chapter is presented in Refsnes and Sørensen (2007).

In the second part of this chapter we discuss the performance of ob-
servers related to three important properties: Disturbance estimation, ro-
bustness to unmodelled dynamics and filtering effect. These are all essential
features of observers in marine applications. The compared observers are
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derived based on reduced versions of the CPMs presented in the previous
chapter.

4.1 Introduction

In order to derive the optimal observer for underwater vehicles one needs
to take into account the complete set of challenges that are present for
the application at hand. The most important for AUVs are unreliable and
noisy measurements, unmodelled dynamics and external disturbances. For
instance, an observer providing optimal filtering will not be sufficiently ro-
bust to unmodelled dynamics since minimizing the noise inherently implies
trusting the predictor in the observer to a larger extent. On the contrary, an
observer designed specifically for disturbance estimation might suffer from
poor filtering capabilities. Hence, a thorough consideration of the complete
objective should take place when deciding on the observer design.

A key challenge in automatic control of underwater vehicles is to com-
pensate for the current loads. In real world simulation using a process
plant model (PPM), this phenomena is handled by using drag coefficients
that are functions of the flow velocity and the angle of attack (Sørensen,
2005a). However, due to lack of current measurements and uncertainty of
the current loads, a frequently used method is to utilize the state measure-
ments to derive an estimate of the external disturbance. The challenge lies
therefore in procuring the algorithms that provide the optimal convergence
to the true state. This chapter provides a discussion on how different dy-
namic model structures influence the behavior of an observer with respect
to disturbance estimation.

The main focus in this chapter is not on optimal calculation of feedback
gains. Instead, we study the effect of employing different dynamic struc-
tures in the model of an underwater vehicle exposed to constant process
noise and unmodelled dynamics. To compare the transient performance
of the observers, we choose to employ deterministic Luenberger-type ob-
servers and compare the observer results in various conditions. The origin
of nonlinear observer theory lies in the development of the deterministic
linear observer (Kinsey and Whitcomb, 2007). It is therefore of valuable
interest in this thesis to study the response of the linear systems extracted
from corresponding nonlinear systems. Examples of linearized and semi-
linearized models of AUVs can be found in Marco and Healey (2001) and
Refsnes et al. (2007c).
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4.2 Linear System Analysis

The mathematical modelling presented in this chapter is motivated by the
six DOF model (2.40) presented in Chapter 2. However, in order to illus-
trate the fundamental issues in observer designs for AUVs, we simplify the
model substantially. Consider the following linear one DOF model of sway
motion of a marine vessel in an ocean current.

Process plant model:

ẏ = v
mv̇ + dvr = 0

(4.1)

where y is the position, and v denotes the sway velocity. Furthermore,
m and d are positive constants representing the mass (including added
mass) and linear damping, respectively. The relative velocity is given by
vr = v−vc, where vc is the current velocity, and the output is the position y.
Model (4.1) is in this section described as the process plant model (PPM)
of the system. Rewriting (4.1) in state-space format gives

ẋ =
[
ẏ
v̇

]
=

[
0 1
0 −d/m

]
x+

[
0

d/m

]
Vc (4.2)

where Vc = vc is the constant current velocity. Based on (4.2), the following
transfer function describing the relation between the current velocity Vc and
the vehicle velocity v is derived

v =
1

m
d s+ 1

Vc � HP (s)Vc (4.3)

where HP (s) is the transfer function. Notice that HP (s) is a low pass filter
with time constant T = m/d.

4.2.1 Two Different CPM Systems

Two different CPM systems are developed. The objective is to use these
models as basis for observer design and then study the transient behaviors
of the two observers. Figure 4.1 describes the simulation scenario. The
current velocity is assumed to be unknown, and the initial state is set to
[y(t0), v(t0)] = 0. To test the observers, model (4.2) is employed.
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v̂

v̂v̂
vvv

= Estimated state
= Actual state

t0 t1 t2 t3

ỹ ỹ

y [m]

Vc

Figure 4.1: Actual and estimated vehicle state at time t = t0...3. At t = t0 and
t = t3, the estimation error is zero.

CPM System i

Modelling the current as a constant disturbance, the following CPM is
derived

Vehicle CPM i:
ẏi = vi

mv̇i + dvi = dvci
v̇ci = 0

(4.4)

where yi and vi denote the position and velocity of the vehicle, respectively.
To this CPM, the following Luenberger observer is proposed

˙̂yi = v̂i + lỹi
m ˙̂vi + dv̂i = dv̂ci + kỹi

˙̂vci = kcỹi

(4.5)

where l, k and kc are positive and constant observer gains, and the position
estimation error yields ỹi = yi − ŷi. Subtracting (4.5) from (4.4) results in
the following observer error dynamics

˙̃xi = Aix̃i +Biu
ỹi = Cix̃i

(4.6)
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Figure 4.2: Block diagram of the PPM and the observer derived based on CPM
i.

where xi = [ηTi , v
T
i , v

T
ci ]
T , x̃i = xi − x̂i, and

Ai =

⎡
⎣ −l 1 0

−k/m −d/m d/m
−kc 0 0

⎤
⎦ , Bi =

⎡
⎣ 0
d/m

0

⎤
⎦

Ci =
[

1 0 0
]

Figure 4.2 presents the observer and the PPM in a block diagram.
Presenting the error dynamics as a transfer function Vc → ỹi results in

System i:

Yi(s) =
ds

ms3 + (d+ lm)s2 + (ld+ k)s+ kcd
� Hi(s)U(s) (4.7)
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where U(s) = 1
sVc is modelled as a step input, and the output Yi(s) is the

position estimation error ỹi. For the observer to be stable, it follows from
the Routh-Hurwitz criterion that the k observer gain must satisfy

k >
mkcd

d+ lm
− ld (4.8)

CPM System ii

Following the same modelling approach as shown in Section 3.4 results in
the following

Vehicle CPM ii:
ẏii = vii

mv̇ii + dvii = dv∗c
(4.9)

where yii and vii denote the vehicle position and velocity, respectively. The
next model is the current induced vessel model (CIVM), and it is derived
as follows

CIVM:
ẏ2 = v2

mv̇2 + dv2 = dv2c

v̇2c = 0
(4.10)

where y2 and v2 denote the vehicle position and velocity due to the current.
It is described as v2 since this is not the actual current velocity, but a
variable representing the vehicle velocity due to the current. Since the
only contributor to the velocity is the current, the vehicle velocity must be
generated by the current. We thus let

v∗c = v2 (4.11)

Based on the CPMs, (4.9) and (4.10), the following observers are derived

CIVM observer:

⎧⎪⎪⎨
⎪⎪⎩

˙̂y2 = v̂2 + lỹ2

m ˙̂v2 + dv̂2 = dv̂2c + kỹ2
˙̂v2c = kcỹ2

v̂∗c = v̂2

(4.12)

where ỹ2 = y2 − ỹ2. The vehicle observer is defined as

Vehicle observer:
{ ˙̂yii = v̂ii + lỹii
m ˙̂vii + dv̂ii = kỹii + dv̂∗c

(4.13)
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Figure 4.3: Block diagram of the PPM and the observer derived based on CPM
system ii.

Figure 4.3 depicts the new observer system and the PPM in a block dia-
gram.

On state-space form, we have that the error dynamics become

˙̃xii = Aiix̃ii +Biiu
ỹii = Ciix̃ii

(4.14)

where x̃ii = [ṽ∗c , ỹ2, ṽ2, ṽ2c, ỹii, ṽii]T and

Aii =

⎡
⎢⎢⎢⎢⎢⎢⎣

−d/m 0 0 0 0 0
0 −l 1 0 0 0
0 −k/m −d/m d/m 0 0
0 −kc 0 0 0 0
0 0 0 0 −l 1

−d/m 0 d/m 0 −k/m −d/m

⎤
⎥⎥⎥⎥⎥⎥⎦

Bii =
[
d/m 0 d/m 0 0 d/m

]T
Cii =

[
0 0 0 0 1 0

]
Note that ṽ∗c = v − v̂2, where v is given in (4.3). The transfer function
becomes more involved since the system is expanded. After some calcula-
tions, we find the transfer function: Vc → ỹii, i.e. from the current velocity
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to the position estimation error as

Yii(s) = Hii(s)U(s)

where

System ii:

Yii(s) =
b4s

4 + b3s
3 + b2s

2 + b1s

a6s6 + a5s5 + a4s4 + a3s3 + a2s2 + a1s+ a0
U(s) (4.15)

The transfer function coefficients are:

b1 = d3l +md2kc, b2 = d3 + 2md2l + lm+ d+mdk

b3 = 2md2 + lm2d, b4 = dm2

and

a0 = ld3kc + d2kkc

a1 = l2d3 + 2ld2k + dk2 + 2mld2kc +mkkcd+ d3kc

a2 = 2md2kc + 2d3l +m2lkcd+ 4mldk +mk2 + 2d2k + 3ml2d2

a3 = 2m2lk + 6md2l + 3m2l2d+ d3 + 4mdk +m2kcd

a4 = 6lm2d+m3l2 + 3md2 + 2m2k

a5 = 2m3l + 3m2d

a6 = m3

Since the CIVM is identical to the vehicle model in CPM i, the same
stability criterion as depicted in (4.8) yields for this system.

4.2.2 Case Study: Minesniper MkII

This section presents the L1-norms, settling times and the peak amplitudes
of the estimation errors of the two observer systems when altering the
observer gains and the damping coefficient. Using the Minesniper MkII
properties, see Appendix C, the effective mass is set to m = 80.

Error Norm Study

We compare the L1-norm of the estimation error at the end of the simula-
tion. Let

Ni �
∫ tf

0
|ỹi(τ)|dτ , Nii �

∫ tf

0
|ỹii(τ)|dτ
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Figure 4.4: Estimation error norms. Ni (blue squares) versus Nii (red circles).
Only linear damping.

where tf = 250 sec. This will give an indication of the different transient
behaviors of the two observers. Note that the amplitudes of the depicted
norms are dependent on the amplitudes of the gains and their relative
amplitude.

Figure 4.4 presents the estimation error norms for the linear case with
various observer gains and damping coefficients. In the top plot in Fig-
ure. 4.4 the estimation norm is plotted as a function of the observer gain
k. For all observer gains in the top plot, CPM system ii outperforms CPM
system i, especially for the lowest and highest gains. The second plot shows
that the tendency is the same for both methods when altering the bias gain
kc. However, CPM system ii is less sensitive to changes in the bias gain.
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Figure 4.5: Comparison of settling times (left) and peak amplitudes (right) with
various observers gains and damping coefficients.

These two top plots in Figure. 4.4 favorite CPM system ii in the sense that
it is more robust to variations in the observer gains, and the estimation
error is less than for CPM system i in all cases. The third plot in Fig-
ure. 4.4 presents the norm as a function of the observer gain l. Here, the
result shows better performance of CPM system i when the gain is low.
However, the norm stabilizes at l ≥ 0.1 indicating that this gain should be
chosen within this set. The bottom plot shows the evolvement of the error
norms when altering the damping coefficient d. As for the two top plots,
the variations are smaller for CPM system ii, although the norm is slightly
smaller for CPM system i when the damping is small. This is expected
since the damping coefficient can be interpreted as a correction gain in the
vehicle observer, see Figure. 4.3.
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Settling Time and Peak Amplitude

The top plots in Figure. 4.5 shows the settling time and peak amplitude as
a function of observer gain k. The peak amplitude is equal for all gains.
However, the settling time increases for CPM system i, whereas it remains
constant for the CPM system ii. This favorites the latter since while in-
creasing the observer gain k leads to enhanced oscillation and larger settling
times for CPM system i, the response is unchanged for system ii. Except
for small damping coefficients and slightly less peak amplitudes for high kc
gains, we see that all the plots in Figure. 4.5 indicate better performance
for system ii than for system i.

4.3 Including Nonlinear Damping

For marine vessels, nonlinear damping becomes more dominant with in-
creasing speeds, i.e. dnlv

2 � |dv|, where dnl is the nonlinear damping
coefficient. In fact, for slender body AUVs nonlinear damping dominates
even at low speeds. For instance, the Minesniper MkII is equipped with
a relatively small vertical fin for manoeuvering reasons. Due to this, the
linear sway damping Yv � 10, whereas the nonlinear damping coefficient
is Y|v|v � 180. Hence, already at velocities v � 0.05m/s the nonlinear
damping dominates the linear contribution.

Figure 4.6 shows that the difference in the transient behavior of the two
approaches increases and that the advantages of using CPM system ii are
substantiated when nonlinear damping is included in the model.

4.4 Bias with Time Constant - Markov Process

A common method is to model the bias or the current velocity as a Markov
process with a positive time constant tc, i.e. v̇c = − 1

tc
vc, rather than

defining the bias as a Wiener process, i.e. v̇c = 0. Recall from Section 3.3.3
that this simplifies the stability analysis to some extent and increases the
tuning flexibility of the observer gains. There is, however, an important
consequence regarding the observer response that follows from modelling
the bias as a slowly varying Markov process.



84 Design Issues for Observers for AUVs

0 2 4 6 8 10 12 14 16
20

40

60

80

100

0 2 4 6 8 10 12 14 16 18 20 22
0

100

200

300

400

0 0.5 1 1.5 2
40
60
80

100
120
140

0 50 100 150 200 250
20

40

60

80

100

120

L1-norm comparisons - Nonlinear damping

k-observer gain

kc-observer gain

l-observer gain

dnl-nonlinear damping gain

Nii

Ni

Figure 4.6: Estimation error norms. Ni (blue squares) versus Nii (red circles).
Linear and nonlinear damping.

Consider the following CPM, a modified version of (4.4)

ẏ∗i = v∗i
mv̇∗i + dv∗i = dv∗ci (4.16)

v̇∗ci = − 1
tc
v∗ci

which gives the following state-space error system

˙̃x∗i =

⎡
⎣ −l 1 0

−k/m −d/m d/m
−kc 0 −1/tc

⎤
⎦ x̃∗i +

⎡
⎣ 0
d/m

0

⎤
⎦ (4.17)
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One of the advantages that follows from using this approach is that expo-
nential stability of the observer error dynamics is easily proven by utilizing
Lyapunov theory. However, it should be noted that the steady state error
of a step response is nonzero for this system. This is verified by rewriting
the error dynamics in Laplace form as follows

Y ∗
i (s) =

d(stc + 1)
a∗3s3 + a∗2s2 + a∗1s+ a∗0

U(s)

� H∗
i (s)U(s)

where the output is the position estimation error and

a∗0 = ld+ k + kctcd, a
∗
1 = d+ lm+ ldtc + ktc

a∗2 = dtc +m+ lmtc, a
∗
3 = mtc

Hence, using the final value theorem (Dorf and Bishop, 2001), the steady
state error of a step response U(s) = 1

s is given by

Y ∗
i (s)

lim s→0

= sH∗
i (s)U(s) =

d

ld+ k + kctc
> 0 (4.18)

Therefore, when employing the model denoted (4.17), it is crucial that the
time constant is much larger than the damping coefficient to prevent large
steady state error.

4.5 Comparison of CPM Concepts

The previous chapter presented several CPMs which all can be proven stable
by employing nonlinear Lyapunov stability theory. There are, however,
distinct differences in their transient performances. This section provides
a comparison study of observers derived based on the CPMs presented in
Chapter 3 with focus on the following three important issues:

• Disturbance estimation

• Sensitivity to unmodelled dynamics

• Filtering effect

Consider the following PPM of horizontal motion of an underwater ve-
hicle

η̇ = R(ψ)ν
Mν̇ +D(νr)νr = τ

(4.19)
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where in this case η = [x, y, ψ]T , ν = [u, v, r]T , and νr = ν − νc, where
νc = [uc, vc, 0]T . All the observers, which in the following are marked in
gray boxes, are tested to the PPM depicted in (4.19).

In what follows, four observers with different structures will be pre-
sented. The first two are derived based on stand-alone CPMs. The final
two observers are derived based on the new concept involving a separate
model for current estimation. We will in this chapter denote the observers
as Observer I through IV for notational simplicity in the comparison study.

4.5.1 Direct Model

The first CPM is a reduced version of the stand-alone 6 DOF CPM pre-
sented in (3.34), that is

η̇ = R(ψ)ν
Mν̇ +D(νr)νr = τ

ν̇ec = 0
(4.20)

The following observer is proposed

Observer I:
˙̂η = R(ψ)ν̂ + Lη̃

M ˙̂ν +D(ν̂r)ν̂r = τ +MRT (ψ)Kη̃
˙̂νec = μKη̃

(4.21)

where L,K are positive and diagonal observer gain matrices, and 0 < μ < 1
is a constant. Subtracting (4.21) from (4.20) results in the following error
dynamics

˙̃η = R(ψ)ν̃r − Lη̃ + ν̃ec
M ˙̃νr + δ(eν̃r)ν̃r = −(1 − μ)MRT (ψ)Kη̃

˙̃νec = −μKη̃
(4.22)

where Property 3 is used. Let xd � [η̃T , ν̃Tr , ν̃
eT
c ]T denote the overall ob-

server error dynamics.

Proposition 4.1 The origin xd = 0 of the error dynamics (4.22) is globally
asymptotically stable (GAS).

Proof. See Section B.2 in Appendix B.
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4.5.2 Force Estimation

This CPM is equal to the DP model proposed in Fossen and Strand (1999),
only with nonlinear damping.

η̇ = R(ψ)ν
Mν̇ +D(ν)ν = τ +RT (ψ)b

ḃ = −T−1b

(4.23)

where the matrix T containing some positive time constants is included
for stability reasons. In this model, the current loads are estimated in the
Earth-frame and rotated into the body-frame in the dynamic equation. The
following nonlinear Luenberger-type observer is derived

Observer II:
˙̂η = R(ψ)ν̂ + Lη̃

M ˙̂ν +D(ν̂)ν̂ = τ +RT (ψ)(Kη̃ + b̂)
˙̂
b = −T−1b̂+Kbη̃

(4.24)

The error dynamics become

˙̃η = R(ψ)ν̃ − Lη̃

M ˙̃ν + δ(eν̃)ν̃ = −RT (ψ)(Kη̃ − b̃)
˙̃
b = −T−1b̃−Kbη̃

(4.25)

Let xb � [η̃T , ν̃T , b̃]T denote the overall observer error dynamics.

Proposition 4.2 The origin xb = 0 of the error dynamics (4.25) is globally
exponentially stable (GES).

Proof. See Section B.2 in Appendix B.
Observer I and II are stand-alone estimators not collaborating with a

CIVM observer. In what follows, Observer III and IV will be presented.

4.5.3 Two Co-Working Observers

The following observers are derived based on the new concept using two
models. Observers are derived as follows

Observer III:
˙̂η = R(ψ)ν̂ + Lη̃

M ˙̂ν +D(ν̂r)ν̂r = τ +RT (ψ)Kη̃
(4.26)
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where the current velocity is ν̂c = RT (ψ)[û2 − uN , v̂2, 0]T , where uN is
described in Section 3.4. The CIVM observer is defined as follows

CIVM observer Ib:
˙̂η2 = R2(ψ)ν̂2 + L2η̃2

M2
˙̂ν2 +D2(ν̂2r)ν̂2r = τ2 +M2R

T
2 (ψ)K2η̃2

˙̂νe2c = μK2η̃2

(4.27)

The error dynamics are given by

˙̃η = R(ψ)ν̃ − Lη̃

M ˙̃ν + δ(eν̃r)ν̃ = −RT (ψ)Kη̃ + δ(eν̃r)hν̃2
(4.28)

where

h =
[

1 0 0
0 1 0

]T
and

˙̃η2 = R2(ψ)ν̃2r − L2η̃2 + ν̃e2c
M2

˙̃ν2 + δ2(eν̃2r)ν̃2r = −(1 − μ)M2R
T
2 (ψ)K2η̃2

˙̃νe2c = −μK2η̃2

(4.29)

where R2(ψ) = hR(ψ). Let xt � [η̃T , ν̃T , η̃T2 , ν̃
T
2 , ν̃

T
2c]

T denote the overall
estimation error vector.

Proposition 4.3 The origin xt = 0 of the combined error system (4.28)
and (4.29) is UGAS.

Proof. See Section B.2 in Appendix B.
Finally, we propose a fourth observer system which uses force bias esti-

mation in the CIVM observer, otherwise equal to the previous observer.

Observer IV:
˙̂η = R(ψ)ν̂ + Lη̃

M ˙̂ν +D(ν̂r)ν̂r = τ +RT (ψ)Kη̃
(4.30)

and the CIVM observer

CIVM observer Ia:
˙̂η2 = R2(ψ)ν̂2 + L2η̃2

M2
˙̂ν2 +D2(ν̂2)ν̂2 = τ2 +RT2 (ψ)(K2η̃2 + b̂2)

˙̂
b2 = −T−1

2 b̂2 +K2bη̃2

(4.31)

The observers (4.30) and (4.31) are proven UGAS in Appendix B.
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4.6 Case Study: Minesniper MkII

We utilize the parameters of Minesniper MkII

D(νr) =

⎡
⎣ 0.1 0 0

0 10 −5
0 −10 12

⎤
⎦ +

⎡
⎣ 8.2|ur| 0 0

0 180|vr| −1|vr|
0 −2|r| 15|r|

⎤
⎦

and M = diag[40, 80, 12]T . The vehicle was set to move counter clockwise
in a square which implied desired heading according to

ψd = 0deg, for t = 0 . . . 150s
ψd = −90deg, for t = 150 . . . 250s
ψd = −180deg, for t = 250 . . . 350s
ψd = −270deg, for t = 350 . . . 400s

The control vector was τ = [8.2, 0, τPID] resulting in a forward speed of
1m/s in no current. A PID controller is implemented to obtain the desired
heading. Measurement noise was included when tuning of the observer gains
in attempt to make the simulation scenario as real possible. The observer
gains are chosen sufficiently low such that satisfactory filtering effect is
obtained while preserving stability at all times. The following gains where
chosen

L = diag[0.1, 0.1, 0.1]
K = diag[12, 12, 12]
Kc = diag[0.067, 0.067]
Kb = diag[1, 1, 1]

When choosing the observer gains, emphasize was placed on obtaining ap-
proximately the same convergence rate in attempt to design a proper foun-
dation for observer comparison. The bias correction gain kc was set low to
preserve stability in cases where the effect of erroneous damping coefficients
was tested.

4.6.1 Disturbance Estimation

Figure 4.7 shows a comparison of the bias estimation in Observer I, II, III
and IV. The current velocity is set to Vc = 0.5m/s with direction βc = 135◦
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Figure 4.7: Left: The actual current velocity components ([vx, vy] = [−0.35, 0.35]
(black)) versus the estimated values using Observer I (green), II (blue), III (red)
and IV (orange).

(from North-West). The left plot shows the evolvement of the current com-
ponents vx and vy and the observer estimates. In the PPM the current is
set constant, ([vx, vy] = [−0.35, 0.35], black lines). The green line shows
the estimated components in North-East directions using Observer I. As
expected, Observer I provided convergence to the actual values and remain-
ing constant throughout the run despite the variations in heading. This is,
due to approximations in the CPMs, not the case for the other observers.
Hence, the estimation error norms increase when changing course direction.
Observer II, for which the estimated bias force is scaled down to match the
amplitude of the current velocity, does not provide constant current esti-
mation. This is not because of a poor disturbance model (ḃ = 0), but due
to how the bias is included in the kinetic equation of the vehicle. Observer
III obtains nearly perfect current estimation. The deviation occurs since
the current velocities are integrated a second time and thus generating a
small phase-lag. The bias force estimation in Observer IV leads to more
deviations in the current estimate compared to Observer III.
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Figure 4.8: A comparison of estimation error norms for two different conditions
with incorrect damping coefficients. Mild: [δu, δv] = [1.2, 0.8]. Severe: [δu, δv] =
[0.5, 1.5].

Unmodelled Dynamics - No Current

An important aspect to study is the consequence of erroneous damping
coefficients. Let the damping matrix be defined as

DObs(νr) =

⎡
⎣ 0.1δu 0 0

0 10δv −5δv
0 −10δv 12

⎤
⎦+

⎡
⎣ 8.2|ur|δu 0 0

0 180|vr|δv −1|vr|δv
0 −2|r|δv 15|r|

⎤
⎦

where [δu, δv] = [1.2, 0.8] in the ”Mild” case, and [δu, δv] = [0.5, 1.5] in the
”Severe” case, see Figure 4.8, which reveals an interesting result. Observer
I no longer provides constant estimation of the current components. This is
as expected since the induced current loads are dependent on the damping
coefficients. Moreover, Figure 4.8 shows that Observer I is considerably
more sensitive to incorrect damping coefficients than Observer III and IV,
which is a severe drawback considering the chances for inaccurate damping
parameters. Note that the outcome of these comparisons are strongly de-
pendent on the choice of observer gains and the amplitude of unmodelled
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Figure 4.9: Current estimation (left) and estimation error norms (right) with
current and unmodelled dynamics, Dobs = 0.7D.

dynamics. However, numerous simulation runs showed that Observer III
and IV were the least sensitive to unmodelled dynamics.

4.6.2 Current and Unmodelled Dynamics

Figure 4.9 shows the estimated current components and the error norms
for the case where both current and unmodelled dynamics are included.
The error factors are set to [δu, δv] = [0.7, 0.7]. While the performance of
Observer II is definitely the worst, we see that the effect on Observer I, III
and IV is approximately the same.

When performing tracking of straight lines, e.g. way-point tracking, the
amplitude of the sway damping coefficient does not influence the steady
state current estimation. This can be seen in Figure. 4.10 where the sway
damping coefficient in the observers is set 50% of the real value. Except
some deviations when turning, the current estimates converge to the actual
value. This will be discussed further in the upcoming section.
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Figure 4.10: Current estimation (left) and estimation error norms (right) with
current and unmodelled dynamics, [δu, δv] = [1, 0.7].

4.6.3 Filtering Effect

One of the key objectives of an observer in marine applications is to filter out
measurement noise to reduce the energy usage and the wear and tear of the
control actuators. For this reason we will now present a comparison of the
filtering capabilities of three different observers. The simulation scenario
is shown in Figure 4.1, and the current velocity is set to Vc = 1m/s. The
observers are tested to the following PPM

ẏ = v
mv̇ + d(|vr|)vr = 0

(4.32)

where y is the position, and v is the velocity. Minesniper parameters are
used, i.e. m = 80 and d(v)v = 10v + 180|v|v.

In underwater applications, the acoustic measurement noise can be se-
vere, and the update rate is often relatively low. Therefore, in attempt to
create a realistic scenario, position measurement noise of ±1.5m is applied.

In order to derive a proper foundation for comparison of filtering, the
observer gains were tuned such that all three observers had approximately



94 Design Issues for Observers for AUVs

60 80 100 120 140 160 180 200 220 240
0.85

0.9

0.95

1

1.05

1.1

Obs. I
Obs. II
Obs. III
Obs. IV

Estimated velocities [m/s]

Time [sec]

σI = 0.049
σII = 0.011
σIII = 0.024
σIV = 0.012
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the same convergence rate. Figure 4.11 shows the estimated velocities of
Observer I,II, III and IV. The time envelope is reduced to t = [100, 200] for
close up study of the steady state response. Statistic tools in Matlab are
utilized to provide the standard deviation indicated by the horizontal lines.
Observer I provides the worst filtering. This is because the noisy position
measurements are only integrated once before inserted into the nonlinear
damping. For Observer II and IV this is not the case since an estimation
of the current loads is generated. This leads to integration twice of the
noisy measurements before entering the nonlinear damping. Therefore,
Observer II and IV provide the best filtering. Observer III outperforms
Observer I because the observer gains can be set lower while achieving the
same convergence rate. Furthermore, Observer IV outperforms Observer
III since it uses bias force estimation in the current induced vessel observer.
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Table 4.1: Comparison of observer performance
Observer Dist. est Unm. dyn. Filt. Trans. Sum

I 1 3* 4 3 11
II 4 4* 1 4 13
III 2 1* 3 1 7
IV 3 2* 2 2 9

Table 4.1 summarizes the observer performances. The observers are rated
from best (1) to worst (4) with respect to the listed property: Disturbance
estimation, robustness to unmodelled dynamics, filtering capabilities and
transient performance (settling time). The * superscript is included since
the result was not unambiguous for all the chosen configurations of erro-
neous damping coefficients. However, for most cases, the result depicted in
Table 4.1 was obtained. The presumed best observer of this comparison is
Observer III. We must emphasize that this test is not conclusive. It did not
involve the overall dynamics of an AUV, and it did not cover sufficiently
many scenarios. Nevertheless, the results give an indication on the distinc-
tive characteristics of each CPM structure which comes in handy in the
design process of an observer for underwater vehicles.

4.7 Post Determination of Surge Coefficients

In the previous section we discovered that it was errors in the surge damping
coefficients that had the most severe impact on the observer performance
when using current velocity estimation, see Figure 4.9 and 4.10. The surge
damping coefficients can be determined relatively accurately based on basin
tests and semi-empirical drag formulas. However, there might occur inci-
dents where additional attributes are placed on the hull or there is for
instance a fibre-optic cable attached to the vehicle increasing the drag. It
would then be of interest to derive methods that could provide estimation
of the surge parameters based on logged data from sea-trials.

The steady state surge motion can be described by the following equa-
tion

(X|u|u − ΔX|u|u)u2
r = τu (4.33)

where X|u|u is the known drag coefficient, and ΔX|u|u is unknown. The
terms linearly dependent on ur are omitted. These are considered negligible
in this case since ur � 0, see Appendix C for more details on the amplitude
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of the parameters. This section proposes a method, independently on the
environmental condition, which provides an estimate of the unknown surge
drag coefficient, i.e. Δ̂X |u|u, based on estimated data from experimental
tests.

The process plant model describing the steady state motion is simply a
two DOF model in surge and sway with current velocity, i.e.

η̇ = R(ψ)ν
Mν̇ +D(νr)νr = τ (4.34)

where in this case η = [x, y]T , ν = [u, v]T , and τ = [τu, 0]T . Furthermore,
the matrices are M = diag[m11,m22], and the damping matrix is defined
as D(νr) = diag[X|u|u|ur|, Dv(vr)], where Dv(v) captures the damping in
sway. A useful property of this model, provided that there is no enforced
control in sway, is that v → vc as t→ ∞. This is verified by the Lyapunov
function candidate: Vvr = 1

2m22v
2
r , which by differentiating with respect to

time and inserting the sway dynamics in (4.34), yields V̇ = −Dv(vr)v2
r ≤ 0,

since v̇c = 0 in steady state (ω = 0). Hence, due to linear damping, the
sway velocity v converges to the sway current velocity vc exponentially.
This will be used explicitly in the following derivation.

The following familiar observer is employed

˙̂η = R(ψ)ν̂ + Lη̃

M ˙̂ν +D(ν̂r)ν̂r = τ +MRT (ψ)Kη̃
˙̂νec = μKη̃

(4.35)

where 0 < μ < 1 is a constant. This observer has the property that the
estimated current velocity will converge to the real, i.e. V̂c → Vc, if the
surge damping coefficient is correct. In fact, the damping coefficient in
sway does not affect this property. This can be seen by studying the error
dynamics. The CPM dynamics are given by

Mν̇ + (D − ΔD)(νr)νr = τ (4.36)

where ΔD = diag[ΔX|u|u,ΔDv(v)]. Recall that there is no coupling be-
tween surge and sway. Thus, by applying Vur = m11ũ

2
r and Vvr = m22ṽ

2
r ,

result in

V̇ur ≤ −X|u|uũ2
r + |ũr|ΔX|u|uu2

r (4.37a)

V̇vr ≤ −Yvṽ2
r + |ṽr|ΔDvv

2
r (4.37b)
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Figure 4.12: Simulated run of an underwater vehicle performing heading tracking
in a current.

These equations match the input-to-state stability inequality, which is de-
scribed in Appendix A in Section A.1. Hence, since ur is nonzero in transit
it follows that ũr does not converge to zero. Instead, ũr converges to some
value given by ΔX|u|u and the velocity ur. Moreover, since the position
feedback (∝ η̃) makes û → u, it follows that ûc � uc, which results in

non-constant current estimate ( ˙̂
Vc �= 0). On the contrary, for sway mo-

tion, v̂c → vc despite erroneous damping coefficient since it is established
that vr → 0 as t → ∞. Consequently, the only contributor to incorrect
current estimate in steady state is error in the surge damping coefficient
ΔX|u|u. The following shows an example where an estimate of the ΔX|u|u
is calculated based on logged data from a sea trial.

Case Study: Horizontal Heading Tracking

Consider the following scenario which is also depicted in Figure 4.12:

• Constant propeller revolution

• Minimum two desired headings where the second is perpendicular to
the first.
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Table 4.2: Estimated surge coefficient
1 2 3 4

û 1.2507 1.4324 0.75 0.567
v̂c 0.4315 −0.25 −0.433 0.25
Δ̂X |u|u −2.46 −2.47 −2.46 −2.48

No control force in sway leads to the following relation between the current
velocities

uc1 = −vc2
uc2 = −vc3

uc3 = −vc4
uc4 = −vc1 (4.38)

Then from (4.33) we have that

ΔX|u|u,1 = − τu

(u1 + vc2)
2 +X|u|u

ΔX|u|u,2 = − τu

(u2 + vc3)
2 +X|u|u

ΔX|u|u,3 = − τu

(u3 + vc4)
2 +X|u|u (4.39)

ΔX|u|u,4 = − τu

(u4 + vc1)
2 +X|u|u

Only one course change is needed to obtain an estimate. However, due to
uncertainty in the current velocity estimates, an average of four will provide
a more accurate result. In this example, the damping coefficients in surge
and sway were set to 70% of the real, that is ΔX|u|u = −2.46. Figure 4.13
depicts the real and estimated current velocities. Although the transient
behavior is different for the sway velocities, it is clear that v̂c converges to
vc. For surge, this is not the case.

Table 4.2 presents the post processed value of the error in the surge
damping coefficient (Δ̂X |u|u) based on the estimated velocity û1...4 and
current velocities v̂1...4, which are extracted from Figure 4.13. Note that
if there is no current present, the solution is given directly by an observer
using the adaptive velocity method proposed in Section 3.3.4.

4.8 Concluding Remarks

This chapter compared the transient behavior of observers that were derived
based on CPM systems of various kind. Only mass-damper systems were
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Figure 4.13: Real (solid) and estimated (dashed) surge (blue) and sway (red)
current velocities.

considered in order to stress the main properties of each system. The results
indicated that the observer that was derived based on the CPM involving
two models possessed in most cases advantageous properties compared to
the observer which was designed based on a conventional CPM system.
Furthermore, simulation results showed that the advantages obtained from
using this CPM structure were substantiated when employing the approach
on a model with nonlinear damping. This chapter also elaborated on the
observer design related to robustness to current disturbance, unmodelled
dynamics and noisy measurements. Numerous simulations indicated that
the new CPM structure was robust to measurement noise and erroneous
damping coefficients. Furthermore, it was discovered that, for straight-
line tracking, incorrect surge damping coefficient had severe impact on the
observer performance, whereas error in the sway coefficient only led to a
minor degradation. Therefore, a method was proposed which generated an
estimate of the surge damping coefficient based on logged estimated data
from a sea trial.
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Chapter 5

Six DOF Observer Design

This chapter addresses six DOF observer design for underwater vehi-
cles. The goal is to derive observers that provide accurate estimation

of position, velocity and current velocity while preserving a high level of
robustness towards measurement noise, unmodelled dynamics and environ-
mental disturbance. This chapter demonstrates several approaches that can
be implemented in underwater vehicle systems where only measurements
of the position, depth and angles are available. The main contents of this
chapter is presented in Refsnes et al. (2006b) and in Refsnes et al. (2007a).

5.1 Introduction

Observer design for nonlinear systems has attracted considerable interest
over the last decades, see for instance Gauthier and Kupka (2001), Marino
and Tomei (1995) and Nijmeijer and Fossen (1999) for an overview of non-
linear observer design. There have been reported a large variety of observers
for nonlinear systems of different kind that are derived using nonlinear
methods such as Lyapunov based design, passivity based methods, sliding
mode and high-gain approaches. A popular system to study have been the
general Euler-Lagrange (EL) system, a nonlinear system with appealing
properties and challenging dynamics. It can be applied to a many inter-
esting and existing applications such as robot manipulators, surface vessels
and underwater vehicles.

A common obstacle in the stability analysis of observers for EL systems
has been how to dominate the destabilizing effects of the Coriolis forces and
moments. Since these evolve with the square of the velocity, cubic error
terms appear in the Lyapunov function derivative. Consequently, global
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stability results have not been demonstrated by the use of constant correc-
tion gains. However, in the late 80’s, several solutions providing semi-global
asymptotic or exponential convergence of the error dynamics by using con-
stant gains were proposed. Inspired by work in Slotine and Li (1987) and
Ortega and Spong (1989) on passivity-based control design, Nicosia and
Tomei (1990) presented a semi-global asymptotically stable observer for
robot manipulators using only position measurements. The method in-
volved replacing the velocity estimation vector in the Coriolis matrix with
a modified velocity vector which included a correction term of the position
error. This resulted in a tunable system damping which was determined by
the amplitude of the correction gain. Subsequently, this enabled domination
of the destabilizing forces. By slightly altering the modified velocity vector,
Berghuis and Nijmeijer (1993) proposed a Luenberger-style observer which
was proven semi-globally exponentially stable. The complete output feed-
back controller was analyzed by employing passivity based methods. This
method was later applied on a surface ship in surface ships in Pettersen
and Nijmeijer (1999) and underwater vehicles in Refsnes et al. (2005). Due
to the nonlinear property of the destabilizing Coriolis forces, the constant
correction gains employed in the works mentioned above only provided
semi-global stability results. That is, the region of attraction had to be
determined a priori based on a physical intuition on the maximum velocity
of the system states. This prevented global results. Other methods such
as the sliding mode (Canudas De Wit and Slotine, 1991) and high-gain ap-
proaches (Atassi and Khalil, 1999) have been successfully applied to certain
classes of nonlinear systems also with semi-global stability results.

A certain class of EL systems can be transformed by global change of
coordinates such that the unmeasured states appear linearly. Such sys-
tems have received considerable attention during the last decades, see e.g
Marino and Tomei (1995) and Loŕıa and Panteley (1999). Another kind of
systems that has attracted many authors is systems with monotonic non-
linearities, see e.g. Aamo et al. (2001) and Arcak and Kokotović (2001).
For the systems mentioned here, global results have been obtained. The
EL system representing an AUV with only position, depth and orientation
measurements cannot be transformed into such systems.

To our best knowledge, Loŕıa (1996) was one of the first to report a
global output feedback controller of a general EL system without assuming
bounded velocities. The idea was to introduce a time-varying correction
gain which evolved with the estimated velocity. This resulted in a region of
attraction which automatically adjusted itself and thereby providing global
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results. Thus, the destabilizing effect of the Coriolis forces could be domi-
nated globally. A more practical version of a similar observer was reported
in Becancon (1998). Both of these works pertained to one-DOF EL sys-
tems. Inspired by the work in Loŕıa (1996), Børhaug and Pettersen (2006)
derived a UGAS observer for n-DOF EL systems. From a control point
of view, the observers presented in these works possess highly attractive
properties. However, in underwater navigation, the potential poor quality
of the position measurements calls for limited observer gains to prevent
noisy state estimates.

Although there are many similarities between the models representing
systems such as robot manipulators, surface vessels and underwater vehi-
cles, there are also distinct differences that should be contemplated before
implementing the observers in real systems. In contrast to robot manipula-
tors, it is obvious that the hydrodynamic damping has significant stabilizing
effects on the marine vessels. This should be exploited in the stability anal-
ysis and lead to less conservative high-gain demands on the observer gains.
Furthermore, the quality of the position measurements has major impact
on the observer performance and should therefore be emphasized in the
design process. Finally, the external disturbance varies significantly for the
three systems. Whereas wind, waves and current affect a surface vessels, it
is usually only current that is considered as process noise for underwater
vehicles. These differences in properties related to the dissipative dynamics,
quality of the measurements and the external disturbances require separate
and unique observer design for all three systems.

5.1.1 Three Methods to Dominate Coriolis Terms

Consider the following standard EL equation describing an n-DOF rigid
robot system

M(q)q̈ + C(q, q̇)q̇ +G(q) = τ (5.1)

where M(q) ∈ Rn×n is the positive definite inertia matrix, C(q, q̇) ∈ Rn×n

is the Coriolis and centripetal matrix, G(q) ∈ Rn contains the gravitational
torques, and τ ∈ Rn is the control input vector. The following list de-
scribes briefly three different methods on how to procure domination of the
destabilizing forces:

1. Modified velocity vector - Constant gains: The observer in
Berghuis and Nijmeijer (1993) employed the following modified ve-
locity vector

˙̂qo = ˙̂q − Δq̃ (5.2)
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where Δ ∈ Rn×n is a constant, positive and diagonal correction gain
matrix. The observer is defined as

˙̂q = v̂ + Lq̃

M(q) ˙̂v + C(q, ˙̂qo) ˙̂qo +G(q) = τ +M(q)K1q̃ +K2q̃
(5.3)

where L,K1,K2 ∈ Rn×n are positive and diagonal observer gain ma-
trices. By defining the observer gains in a specific manner and impos-
ing high-gain criteria on L and K2, semi-global exponential stability
of the equilibrium point [q̃, ˙̃q] = 0 is achieved. Bounded velocities
must be assumed in the observer analysis. Note also that the mod-
ified velocity vector (5.2) resembles the stabilizing function usually
obtained in derivation of a backstepping controller, see e.g. Krstić
et al. (1995) and Fossen and Berge (1997).

2. Modified velocity vector - Time-varying gains: Børhaug and
Pettersen (2006) showed that by introducing time-varying observer
gains, global results could be verified. The following observer was
proposed

˙̂q = v̂ + L(χ)q̃
M(q) ˙̂v + C(q, ˙̂q) ˙̂q +G(q) = τ +K(t, χ)q̃

(5.4)

where L(χ),K(t, χ) ∈ Rn×n are matrix functions of the signal χ,
which is designed such that it exponentially converges to a nonlinear
version of the estimated velocity, that is χ → cosh(

∥∥∥ ˙̂q
∥∥∥) as t → ∞.

Consequently, the growth of the observer gains are controlled, and
the destabilizing effect of the Coriolis forces is dominated globally.

3. Saturating vector function: Under the standard assumption on
bounded velocities with bounds known a priori, Shim et al. (2001)
proposed the use of saturating elements in the nonlinear dynamics,
an idea that was originated by Khalil and Esfandiari (1993). This lead
to a relatively simple observer structure. Celani (2005) employed this
approach on a EL-system representing a rigid robot system as follows

˙̂q = v̂ + λLq̃

M(q) ˙̂v + C(q, σV (v̂))σV (v̂) +G(q) = τ + λ2MKq̃
(5.5)

where L,K ∈ Rn×n are constant positive and diagonal matrices, λ > 0
is a tunable scalar, and σV (·) is a saturating vector function limit-
ing each element of the vector. The saturating function does not



5.1 Introduction 105

affect the system as long the assumption on bounded velocities hold.
In this way, the Coriolis forces and moments can be dominated by
choosing λ sufficiently high. This type of observer is similar to high-
gain observers which are known to efficiently attenuate the effect of
the unknown input and nonlinearities, Tornambé (1989).

We have in this chapter chosen to base our observer design on the frame-
work presented in case 3 above. Since the method entails the use of high
gains, it might not be suited for cases with a high degree of measurement
noise. However, there are also advantages regarding this issue that follow
from using this method compared to the other cases presented above. In
case 1 and 2, the correction term involving the position estimation error
(5.2) is inserted directly into the Coriolis vector. Note that for marine
systems, the modified velocity would also be used to estimate the damp-
ing also, i.e. D( ˙̂qo) ˙̂qo. This is similar to the ”Direct Model” discussed in
Section 4.5.1, where the noisy current estimate was sent directly into the
nonlinear damping. As a consequence, the observer suffered from poor fil-
tering even though the measurements were integrated once before entering
the nonlinear damping, recalling ˙̂νec = Kcη̃. For case 1 and 2 above, the
innovation term is injected directly without integrating. Hence, the signal
contains noise that is proportional to the measurement noise. This is not
optimal in underwater applications due to potential severe measurement
noise. Moreover, it is not desirable stability wise to utilize noisy velocity
estimates in the Coriolis term since this may cause additional destabiliza-
tion of the error dynamics. Most of all, case 3 was chosen due to the simple
structure of the observer.

5.1.2 Current Velocity Observers

Observers to estimate the current influence on underwater vehicles have
been addressed by numerous authors over the last decades. The proposed
observers are often part of an output feedback controller. Due to the com-
plexity of a 6 DOF model it is a common method in observer design to
simplify the system model to some extent by imposing valid assumptions
that are made based on the vehicle properties and the mission task. In
Aguiar and Pascoal (2002), a three degree of freedom (DOF) output feed-
back control system is designed for the Sirene AUV using a kinematic ob-
server for the current velocity. Similarly, Batista et al. (2006) and Alonge
et al. (2001) propose a kinematic observer for current estimation driven by
the position estimation error. In the latter, the relative velocity is assumed
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known. A six DOF global asymptotically stable observer is designed for
underwater vehicles in Fossen and Fjellstad (1995), in which the current
load is modelled as a slowly varying bias. A similar model can be found in
Yuh et al. (2001), Refsnes et al. (2005) and Børhaug and Pettersen (2005a).
Each of the CPMs proposed in these works are designed for the particular
configuration of sensors in the system. Naturally, the challenge in designing
a well functioning observer alleviates as the number of sensors and there-
fore feedback options in the observer design increases. However, in order to
obtain data on both the vehicle velocity and the relative velocity, one needs
both measurement units Doppler Velocity Log (DVL) and Acoustic Doppler
Current Profiler (ADCP) onboard the vehicle. The (DVL) measures the
velocity relative to the seabed by bouncing sound off of the bottom, Kinsey
and Whitcomb (2004). For the DVL to work properly, the distance to the
bottom must be limited, varying from maximum 30m to 200m, depend-
ing on the DVL. In addition to the DVL, there is the Acoustic Doppler
Current Profiler (ADCP), which is a type of sonar that produces a record
of the water current velocities over a range of depths. Furthermore, due
to reasons related to cost, limited space, battery capacity or mere physi-
cal constraints such as distance to the seafloor, velocities can often not be
measured. Hence, estimation of the current velocity based on other state
measurements is a highly attractive feature.

Another interesting field within underwater navigation, is estimation of
position and velocity based on range measurements from a single location.
It is a common setup in underwater vehicle systems to use one hydrophone
to transmit data on range and bearing and other important state infor-
mation. The transmitted signal is typically of low update rate and band
width. To solve the state estimation problem, non-model-based solutions
have been proposed, see e.g. Jouffroy and Reger (2006) and Reger et al.
(2006). A common challenge in this application is the lack of observabil-
ity when the vehicle is moving on a straight line relative to the acoustic
receiver, that is when the change of bearing is zero. This challenge has
attracted many researchers, see also Song (1999) and Ross and Jouffroy
(2005). An algebraic approach is also shown in Gadre and Stilwell (2005)
that solves the estimation problem in the presence of unknown ocean cur-
rents. In this thesis, however, we focus on model-based design techniques.
This matches poorly the framework of algebraic estimation. Nevertheless,
without elaborating on this issue further, the problem related to loss of
observability is an important obstacle to overcome, regardless if algebraic
or model-based methods are applied.



5.2 Observer Design 107

The main contribution of this chapter is solutions to model-based ob-
server design for underwater vehicles providing estimates of position, veloc-
ities and current velocities in 6 DOF. First, we derive nonlinear Luenberger-
type observers based on the pairs of co-working CPMs described in Sec-
tion 3.4. Second, we propose 6 DOF observer design based on the direct
model presented in Section 3.4.2. To analyze the closed-loop system we
employ Lyapunov stability theory and cascaded systems theory mainly col-
lected from Khalil (2002), Panteley and Loŕıa (1998) and Panteley et al.
(1998).

5.2 Observer Design

The observers in this chapter will be derived based on the new concept, i.e.
CPM Ib and CIVM Ib. shown in Section 3.4. The following assumption is
applied throughout the chapter:

A. 3 The velocity vectors ν and νc are known a priori to be bounded by
V, Vc ∈ R+, respectively, i.e.

V = sup
t

‖ν(t)‖ , |νi(t)| ≤ Vi ∀ i ∈ {1, .., 6}
Vc = sup

t
‖νc(t)‖

5.2.1 CIVM Observer Design

The CIVM Ib depicted in (3.30) is defined as

η̇2 = R(Θ)ν2

M2ν̇2 +D2(ν2r)ν2r = τ2 (5.6)

ν̇e2c = − λ

γ2c
νe2c

The following nonlinear Luenberger-style observer is proposed

CIVM Ib - observer:

˙̂η2 = R(Θ)ν̂2 + λL2η̃2

M2
˙̂ν2 +D2(ν̂2r)ν̂2r = τ + λ2M2R

T (Θ)K2η̃2 (5.7)

˙̂νe2c = − λ

γ2c
ν̂e2c + μ2λ

2K2η̃2
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where L2,K2 ∈ R3×3 are positive and diagonal observer gain matrices, and
0 < μ2 < 1 is a tunable constant. Under Assumption 3, the position mea-
surements are available. Hence, η̃2 = η2− η̂2 is the only possible innovation
vector. Subtracting (5.7) from (5.6) results in the following error dynamics

˙̃η2 = R(Θ)ν̃2r + ν̃e2c − λL2η̃2

M2
˙̃ν2r = −δ2(eν̃2r)ν̃2r +

λ

γ2c
M2ν̃2c − (1 − μ2)λ2M2R

T (Θ)K2η̃2

˙̃νe2c = − λ

γ2c
ν̃e2c − μ2λ

2K2η̃2 (5.8)

where ν̃2r � ν2r − ν̂2r, and ν̃e2c � νe2c − ν̂e2c. The matrix δ2(eν̃2r) refers to
δ(e(b−a)) described in Property 3. Notice also that (5.8) includes the time-
varying signals in Θ(t), while we only consider the [η̃T2 , ν̃

T
2r, ν̃

eT
2c ]T error

dynamics. We thus consider Θ(t) as a general time-varying signal using
forward completeness as in Loŕıa et al. (2000). When consider only observer
design, there is a fundamental criterion, that the actual state that the
observer is designed to converge to, is forward complete, i.e. that the
signals in the overall state vector exist for all t ≥ t0. To this end, we let
the rotation matrix R(Θ) in the CIVM be denoted as R(t).

Inspired by the change of error variables carried out in Khalil (2002),
Gauthier and Kupka (2001) and Celani (2006), we define the following error
vectors

ξ1 � 1
λ
η̃2, ξ2 � 1

λ2
ν̃e2r, ξ3 � 1

λ2
ν̃e2c (5.9)

The error dynamics (5.8), rewritten in NED-coordinates using the matrix
transformation shown in Section 3.6.1, then appear as

⎡
⎣ ξ̇1
ξ̇2
ξ̇3

⎤
⎦ = λ

⎡
⎣ −(1 − ε)L2 I3×3 I3×3

−(1 − μ2)K2 03×3
1
γ2c
I3×3

−μ2K2 03×3 −1−ε
γ2c

I3×3

⎤
⎦

︸ ︷︷ ︸
�A2

−
⎡
⎣ ελLξ1
M∗−1

2 δ∗2(eν̃2r)ξ2
ελξ3/γ2c

⎤
⎦

︸ ︷︷ ︸
�W2

(5.10)
where 0 < ε < 1 is an arbitrarily small constant. It is included to simplify
the stability analysis. The idea of reformulating the nonlinear system as a
sum of linear part and a nonlinear part was used in Gauthier et al. (1992)
and later extended to a wider class of nonlinear systems in Targui et al.
(2002). It is closely related to high-gain observers, see e.g. Tornambé
(1989). Let xC1 � [ξT1 , ξ

T
2 , ξ

T
3 ]T denote the overall error vector.
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Proposition 5.1 The origin xC1 = 0 of the error dynamics (5.10) is uni-
formly globally exponentially stable (UGES).

Proof. By choosing observer gains such that matrix A2 is Hurwitz, it
is given by Theorem A.5 that there exist positive definite and symmetric
matrices S2 and Q2 such that S2A2 +AT2 S2 = −Q2. Consider the following
radially unbounded and decrescent Lyapunov function candidate

VC1(t, xC1) = xTC1S2xC1 (5.11)

which time differentiated along the state solutions yields

V̇C1(t, xC1) = −λxTC1Q2xC1 − xTC12S2W2 (5.12)

Since M2, D2(ν2r) and S2 are positive definite and symmetric matrices by
Property 1 and Property 3, it follows that xTC12S2W2 ≥ 0 for all xC1 ∈ R9.
Hence, since Q2m = λ2 min(Q2) > 0, we have that

V̇C1(t, xC1) ≤ −λQ2m ‖xC1‖2 (5.13)

According to Theorem A.1, this implies that the origin xC1 = 0 of the
time-varying error dynamics (5.10) is UGES. This completes the proof.

Notice that there is no high-gain demand imposed on the gains in this
observer. That is not necessary since the system dynamics consist only
of the dissipative damping and no destabilizing contributors. Hence, the
observer gains can be tuned solely based on desired performance of the
observer. This is an attractive feature knowing that the acoustic position
measurements can be contaminated by severe noise.

Using the coherence between the CIVM model and the current velocity
depicted in (3.31), the estimated current velocity vector is obtained by

Estimated current velocity vector:

ν̂c = [û2 − uN , v̂2, ŵ2, 0, 0, 0]T (5.14)

This will be used in the vehicle observer which will be derived in the up-
coming section.

5.2.2 Vehicle Observer Design

The differences between CPM Ia and Ib are not decisive for the stability
result. We will therefore present the stability proof on the observer for
CPM Ib only. However, both observers are presented since both are used
at different stages of this project.



110 Six DOF Observer Design

CPM Ia - Observer Design

The first observer was derived based on CPM Ia, which by copying the
dynamics and adding innovation terms resulted in

CPM Ia - observer:

˙̂η = J(Θ)ν̂ + λLη̃

M ˙̂ν + C(ν̂r)ν̂r = −D(ν̂r)ν̂r −H(ν̂r)ν̂c − g(Θ) + τ

+J−1(Θ)b̂+ λ2MJ−1(Θ)Kη̃ (5.15)
˙̂
b = −λT−1b̂+ λ2J−1(Θ)Kbη̃

The symbols and notation used in these equations will be explained in
the upcoming section. This observer was used in the experimental tests,
and it is proven globally exponentially stable (GES) in Section B.4.2 in
Appendix B.

CPM Ib - Observer Design

The CPM depicted in (3.28) is the basis for the observer design. Under
Assumption 3, saturation functions can be employed without affecting the
model dynamics, see e.g. Shim et al. (2001) and Celani (2006). That is

η̇ = J(Θ)ν
Mν̇ + C(νr)νr = −D(νr)νr − g(Θ) + τ + b− (H(νr) + CRB(νc))νc

ḃ = − λ

γb
b (5.16)

Recall that the tunable constants λ, γb > 0 do not need to correspond to
any physical value. The relative velocity is by (3.31) obtained as follows

νr = ν − hTc ν2 (5.17)

hc =

⎡
⎣ 1 0 0 0 0 0

0 1 0 0 0 0
0 0 1 0 0 0

⎤
⎦

Since the hydrodynamic damping is stabilizing with respect to the relative
velocity, we have rewritten the rigid body Coriolis matrix as follows

CRB(ν)ν = CRB(νr)νr + (CRB(ν) + C̄RB(νr))νc
= CRB(νr)νr + (CRB(νr) + CRB(νc) + C̄RB(νr))νc(5.18)
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Recall that C(νr) = CRB(νr) + CA(νr). For notational simplicity the fol-
lowing matrix is defined

H(νr) � CRB(νr) + C̄RB(νr) − Āc(νr) (5.19)

Furthermore, to indicate that the signal used is saturated, this is written
in bold symbols, i.e.

C(νr)νr = C(σVr(νr))σVr(νr) (5.20)

where the function σVr(·) is a component-wise saturation function with
vector saturation level Vr, as in Celani (2005). Specifically: Given Y ∈ R6

such that Yi ≥ 0 i = 1, .., 6, σY : Rn → Rn is defined as follows

σY (xi) =

⎧⎨
⎩

xi if |xi| ≤ Yi
Yi if xi > Yi

−Yi if xi < −Yi
(5.21)

Inspired by the observer designed in Celani (2005) for a robotic manipulator
we propose the following Luenberger-style observer: Copy the CPM, insert
saturating vector functions in the Coriolis terms, and finally, add innovation
terms.

CPM Ib - observer:

˙̂η = J(Θ)ν̂ + λLη̃

M ˙̂ν + C(ν̂r)ν̂r = −D(ν̂r)ν̂r − (H(ν̂r) + CRB(ν̂c))ν̂c − g(Θ) + τ

+b̂+ λ2MJ−1(Θ)Kη̃ (5.22)
˙̂
b = − λ

γb
b̂+ λ3MJ−1(Θ)Kbη̃

where L,K,Kb ∈ R6×6 are positive definite and diagonal observer gain
matrices. Figure 5.1 shows the block diagram of the proposed observers
and the PPM.

Observer Error Dynamics

Subtracting (5.22) from (5.16) gives the following error dynamics

˙̃η = J(Θ)ν̃ − λLη̃

M ˙̃ν = −δ(eν̃r)ν̃r − (C(νr)νr − C(ν̂r)ν̂r) +Mζ̃ − λ2MJ−1(Θ)Kη̃
−H(ν̃r)νc +Gp(·)ν̃c (5.23)

M
˙̃
ζ = − λ

γb
Mζ̃ + λ3MJ−1(Θ)Kbη̃
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Figure 5.1: Block diagram of the PPM and the vehicle observer co-working with
the CIVM observer.

where we have defined the new error vector ζ̃ � M−1b̃ for optimal exploita-
tion of the linear correlation between the states in the stability analysis.
This is trivial since the mass matrix is positive definite by Property 1.
Subsequently, this leads to reduction of the high-gain criteria. The per-
turbation matrix is evolving with the current estimation error and given
by

Gp(·) = H(ν̃r) −H(νr) − C̄RB(νc) − CRB(νc − ν̃c) (5.24)

Before proceeding with the observer design, we will underline the main
motivation behind the method employed to analyze the error dynamics. In
the prior section, global exponential convergence was proven for the current
velocity error dynamics. This property can be exploited to alleviate the
high-gain criteria on the observer gains in the vehicle observer. Having
already established UGES current estimation error dynamics enables us to
anticipate events and formulate the complete observer error dynamics as
a cascaded system. However, since the damping evolves with the relative
velocity, we include the current velocity estimation error in the vehicle error
dynamics. This way we exploit the dissipative effect of the damping more
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efficiently. The error dynamics are therefore rewritten as follows

˙̃η = J(Θ)ν̃r − λLη̃ + gη(ν̃c)
M ˙̃νr = −δ(eν̃r)ν̃r − (C(νr)νr − C(ν̂r)ν̂r) +Mζ̃

−λ2MJ−1(Θ)Kη̃ −H(ν̃r)νc + gνr(ν̃c) (5.25)

M
˙̃
ζ = − λ

γb
Mζ̃ + λ3MJ−1(Θ)Kbη̃

where the terms involving the current estimation errors are denoted as
perturbation terms, i.e.

gη(ν̃c) = J(Θ)ν̃c (5.26a)
gνr(ν̃c) = Gp(·) +M ˙̃νc (5.26b)

Following cascaded systems procedure, we separate the overall error dy-
namics into a nominal system superpositioned with a perturbation. The
nominal system is defined as

ΣN :

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

˙̃η = J(Θ)ν̃r − λLη̃

M ˙̃νr = −δ(eν̃r)ν̃r − (C(νr)νr − C(ν̂r)ν̂r) +Mζ̃

−λ2MJ−1(Θ)Kη̃ −H(ν̃r)νc
M

˙̃
ζ = − λ

γb
Mζ̃ + λ3MJ−1(Θ)Kbη̃

(5.27)

Analysis of the Nominal Error System ΣN

The observer error dynamics will be analyzed in the NED-coordinate sys-
tem. By doing so, the transformation matrix is omitted in the Lyapunov
analysis. This makes it possible to exploit the linear coherence between
the states such that the system damping can be set arbitrarily large by
increasing the constant λ.

Using the matrix transformations shown in (3.37), the nominal error
dynamics can be formulated in NED-frame coordinates as follows

˙̃η = ν̃er − λLη̃

M∗ ˙̃νer = −δ∗(eν̃r)ν̃
e
r +M∗ζ̃e − (C∗(νr)νer − C∗(ν̂r)ν̂er )

−λ2M∗Kη̃ − H̄∗(νc)ν̃er (5.28)

M∗ ˙̃
ζe = − λ

γb
M∗ζ̃e + λ3M∗Kbη̃
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where ν̃e = J(Θ)ν̃, and ζ̃e = J(Θ)ζ̃. Furthermore, H̄(νc)ν̃r = H(ν̃r)νc.
Again, we apply the change of variables according to

ε1 � 1
λ
η̃, ε2 � 1

λ2
ν̃er , ε3 � 1

λ3
ζ̃e (5.29)

The new error dynamics then appear as

ε̇1 = λε2 − λLε1

ε̇2 = λε3 − λKε1 −M∗−1δ∗(eν̃r)ε2 − f(ε2) (5.30)

ε̇3 = − λ

γb
ε3 − λKbε1

where

f(ε2) =
M∗−1

λ2

[
(C∗(νr)νer − C∗(ν̂r)ν̂er ) − H̄∗(νc)ν̃er

]
Now, based on the change of error variables and coordinate system, the
nominal error dynamics (5.30) can be written in the following compact
form

ẋN = λANxN − [ελ[Lε1]T , [M∗−1δ∗(eν̃r)ε2]
T , ελεT3 /γb]

T

−[0T6×1, f
T (ε2), 0T6×1]

T (5.31)

where

AN =

⎡
⎣ −(1 − ε)L I6×6 06×6

−K 06×6 I6×6

−Kb 06×6 −1−ε
γb
I6×6

⎤
⎦ , xN �

⎡
⎣ ε1
ε2
ε3

⎤
⎦

and 0 < ε < 1 is an arbitrarily small constant. We choose observer gains
such that matrix AN is Hurwitz. It is then given by Theorem A.5 that
there exist positive definite and symmetric matrices SN and QN such that
SNAN +ATNSN = −QN . Before proceeding, we post the following assump-
tion:

A. 4 The matrix

SN

⎡
⎣ ελL 06×6 06×6

06×6 M∗−1D(νr) 06×6

06×6 06×6
ελ
γb
I6×6

⎤
⎦ (5.32)

is positive definite.
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From Property 1 we have that M∗ = M∗T > 0. Recall, however, that the
damping matrix is not necessarily symmetric, which implies thatM∗−1D(νr)
is not necessarily positive definite. For that to be the case the damping ma-
trix would have to be symmetric. Nevertheless, this is a realistic assumption
due to the fact that the off-diagonal terms in the mass matrix for slender
body AUVs are much smaller than the diagonal terms. Moreover, there
is strong coherence between the added mass matrix MA and the damping
matrix D(νr). Hence, the matrix M−1D(νr) = [MRB + MA]−1D(νr) is
somewhat independent of the vehicle shape, and thus, the assumption is
likely to hold for all slender body underwater vehicles. We want to em-
phasize that this assumption is applied for notational convenience rather
than mathematical necessities. However, the assumption can be circum-
vented by separating the damping matrix into a diagonal matrix, which is
thereby symmetric, and an off-diagonal matrix. The latter would then be
interpreted as a destabilizing contributor in the Lyapunov stability analysis
resulting in enhanced high-gain criteria. Physically, this makes little sense
knowing that the hydrodynamic damping has a dissipative effect on the
system and should therefore be decreasing the Lyapunov function deriva-
tive. Thus, due to these reasons and for notational brevity, we base the
following stability on this assumption.

Proposition 5.2 Suppose λ is chosen sufficiently large, then the origin
xN = 0 of the nominal error dynamics (5.31) is globally exponentially stable
(GES) under Assumption 3 and 4.

Proof. Consider the following Lyapunov function candidate

VN (xN ) = xTNSNxN (5.33)

Differentiating VN with respect to time along the state solutions yields

V̇N (xN ) = −λxTNQNxN
−2xTNSN

[
ελ[Lε1]T , [M∗−1δ∗(eν̃r)ε2]

T , ελεT3 /γb
]T︸ ︷︷ ︸

Ψ

+2xTNSN
[
0T6×1, f

T (ε2), 0T6×1

]T︸ ︷︷ ︸
Φ

(5.34)

By (Shim et al., 2001, Lemma 2) and Property 2, there exists a constant
B > 0 such that

‖C∗(νr)νer − C∗(ν̂r)ν̂er‖ ≤ λ2B ‖ε2‖
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under Assumption 3. A detailed derivation of this inequality is shown in
Section B.4.1 in Appendix B. Furthermore, ‖Ψ‖ ≥ 0 for all xN ∈ R18 un-
der Assumption 4. Unfortunately, since the overall linear error dynamics
are collected in one system matrix, the hydrodynamic damping will not,
mathematically, contribute to alleviate the high-gain criteria. This is a
drawback of utilizing this method, namely that the stability analysis be-
come unnecessarily conservative since neither the hydrodynamic damping
nor the skew-symmetric property of the Coriolis matrices can be exploited.

Then, under Assumption 3 and 4, there exists a constant WN > 0 such
that the last bracket expression in (5.34) is bounded according to

‖Φ‖ ≤ 2SNM
M∗
m

((c∗RB + c̄∗RB + a∗c)Vc +B) ‖xN‖2 � WN ‖xN‖2

by using Property 2. Consequently, we arrive at the following upper bound
on the Lyapunov function derivative

V̇N (xN ) ≤ −‖xN‖2 (λQm −WN ) (5.35)

By Theorem A.1, it follows that if

λ > WN/Qm, (5.36)

the origin xN = 0 of the nominal observer error dynamics (5.31) is GES.
Furthermore, since the change of error variables is only by use of constant
scalars and a positive definite matrix, and since

∥∥∥[ν̃, ζ̃]
∥∥∥ ≤ t̄Θ

∥∥∥[ν̃e, ζ̃e]
∥∥∥ by

using Property 4, it follows that the origin [η̃, ν̃, ζ̃] = 0 of the nominal error
dynamics (5.31) is GES. Note that

∥∥∥ζ̃∥∥∥ = 0 is GES gives that
∥∥∥M−1b̃

∥∥∥ =√
b̃TM−2b̃ = 0 is GES. Hence b̃ = 0 is GES by Property 1. This completes

the proof.

Remark 5.1 Even though the stability result implies global convergence,
it is natural to pose the hypothetical question: What if the predetermined
upper bound on the velocities is too low? The answer is simply that the
CPM proposed in (5.22) will not represent the real system. Therefore, an
observer derived based on this CPM will not be of any use.

Remark 5.2 If implementing the dynamics in the NED-frame, the matri-
ces M∗, C∗

RB, C
∗
A and D∗, and the vector g∗ become functions of the trans-

formation matrices J−1(Θ), J−T (Θ) and d
dt(J

−1(Θ)), which are all well de-
fined for Θ ∈ R3. That is, the use of J(Θ), which is undefined for |θ| = π

2
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is omitted from the system model. Hence, when implementing the observer
using inertial coordinates, global stability results in SO(3) are obtainable.
Note that ν̂ can be obtained by ν̂ = J−1(Θ) ˙̂η. However, when using body-
fixed coordinates, a singularity at |θ| = π

2 is unavoidable when using Euler
angles.

Analysis of the Cascaded System

Cascaded systems theory is a convenient tool in this context since we are
dealing with two systems where one of them, the 3 DOF CIVM, is inde-
pendent of the other. Consequently, the high-gain demands become less
conservative. We proceed by showing stability of the overall system, which
can be written in the following compact form

ẋN = fN (t, xN ) + g(t, xN , xC)xC (5.37a)
ẋC = fC(t, xC) (5.37b)

where ẋN = fN (xN ) represents the nominal system (5.31), and ẋC =
fC(t, xC) denotes the current estimation error dynamics (5.10). The per-
turbation matrix yields

g(·) =

⎡
⎣ 06×3 hTc hTc

−hTc K2 G∗
p(·)hTc − hTcM

−1∗
2 δ∗2(eν̃2r) G∗

p(νr, ν̃r)h
T
c

06×3 06×3 06×3

⎤
⎦ (5.38)

where hc = [I3×3, 03×3]T . Let the complete error state be defined as

xo � [xTN , x
T
C ]T (5.39)

Theorem 5.1 If λ satisfies (5.36), then the origin xo = 0 of the cascaded
system (5.37) is UGES under Assumption 3 and 4.

Proof. The proof is based on Theorem A.5 and the appurtenant Lemma A.2.
The origins of the systems ẋN = fN (xN ) and ẋC = fC(t, xC) are proven
GES and UGES, respectively. The perturbation matrix can, by employing
Property 2, be upper bounded according to

‖g(·)‖ ≤ 2 +K2M + 2(c∗RB + c̄∗RB + ā∗c)(‖xN‖ + V + Vc)
+δ∗2V /M

∗
2m + (c̄∗RB + c∗RB)Vc + c∗RB ‖xC‖
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where M−1∗
2 δ∗2(eν̃2r) ≤ δ∗2V /M

∗
2m, where δ∗2V > 0 under Assumption 3.

Furthermore, defining the following constants

θ1 � 2(c∗RB + c̄∗RB + ā∗c)
θ2 � 2 +K2M + 2(c∗RB + c̄∗RB + a∗c)(V + Vc)

+δ∗2V /M
∗
2m + (c̄∗RB + c∗RB)Vc + c∗RB

where θ1, θ2 : R≥0 → R≥0, we have that the perturbation vector can be
upper bounded by

‖g(t, xN , xC)xC‖ ≤ θ1(‖xC‖) ‖xN‖ + θ2(‖xC‖) (5.40)

Hence, the linear growth restriction on xN in the perturbation term is sat-
isfied. Finally, since xC = 0 is UGES, all the assumptions in Theorem A.5
re satisfied, and thus by applying Lemma A.2, it follows that the origin
xo = 0 of the cascaded system (5.37) is UGES. This completes the proof

5.2.3 Observer Design - Stand-Alone CPMs

This section presents a 6 DOF observer which is derived based on the direct
CPM defined in Section 3.4.2. This is a stand-alone model not collaborating
with a CIVM and that involves means to estimate both the current velocity
and the Δω-velocity to compensate for unmodelled dynamics.

η̇ = J(Θ)ν
Mν̇ + CRB(ν)ν = −CA(νr)νr −D(νr)ν∗r − g(Θ) +Ac(νc)νr + τ

Δ̇ω = − λ

γω
Δω

ρ̇ec = − λ

γc
ρec (5.41)

where γω, γc, λ > 0 are tunable constants. Furthermore,

νr = ν − hTc ρc

ν∗r = ν − hTc ρc − hTωΔω
hc = [I3×3, 03×3]T

hω = [03×3, I3×3]T

Since the current velocity and the Δω-velocity are included in the model,
we want to operate with the velocity ν∗r in order to exploit the dissipative
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property of the hydrodynamic damping. Therefore, the Coriolis matrices
are rewritten according to

CA(νr)νr = CA(ν∗r )ν
∗
r + (CA(Δν) + C̄A(Δν))ν∗r + CA(Δν)Δν

CRB(ν)ν = CRB(ν∗r )ν
∗
r + (CRB(Δν + νc) + C̄RB(Δν + νc))ν∗r

+CRB(Δν + νc)(Δν + νc)
Ac(νc)νr = Ac(νc)ν∗r +Ac(νc)Δν

where Δν = ν−hTωΔω. Thus, for notational simplicity, the coupling terms
in these expressions are captured by one vector function as follows

H(ν∗r ) � [CA(Δν) + C̄A(Δν) + CRB(Δν + νc) + C̄RB(Δν + νc)]ν∗r
+Ac(νc)Δν + CA(Δν)Δν + +CRB(Δν + νc)(Δν + νc)

Under Assumption 3 on the bounded velocities, a saturation can be imposed
without affecting the system. Thus, concatenating all the Coriolis term in
one vector function, the CPM (5.41) can be reformulated as follows

η̇ = J(Θ)ν
Mν̇ = C(ν∗

r )ν
∗
r −D(νr)ν∗r − g(Θ) +H(ν∗

r ) + τ

Δ̇ω = − λ

γω
Δω

ρ̇ec = − λ

γc
ρec (5.42)

Copying this CPM and adding innovation terms gives the following observer

CPM II - observer:

˙̂η = J(Θ)ν̂ + λLη̃

M ˙̂ν = −C(ν̂∗
r )ν̂

∗
r −D(ν̂r)ν̂∗r +H(ν̂∗

r ) + g(Θ) + τ

+λ2MJ−1(Θ)Kη̃
˙̂Δω = − λ

γω
Δ̂ω + λ2μωhωJ

−1(Θ)Kη̃

˙̂ρec = − λ

γc
ρ̂ec + λ2μchcKη̃ (5.43)

where L,K ∈ R6×6 are positive and diagonal observer gain matrices, and
0 < μω < 1 and 0 < μc < 1 are tunable constants. Note that Δω is bounded
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under Assumption 3 since Δω = hTωD(ν)−1ΔD(ν)ν where ‖ν‖ ≤ V . Sub-
tracting (5.43) from (5.42) gives the following observer error dynamics

˙̃η = J(Θ)ν̃∗r + hTc ρ̃
e
c + J(Θ)hTωΔ̃ω − λLη̃

M ˙̃ν∗r = −δ(eν̃r)ν̃
∗
r − (C(ν∗

r )ν
∗
r − C(ν̂∗

r )ν̂
∗
r ) +H(ν∗

r ) −H(ν̂∗
r )

+
λ

γc
MhTc ρ̃c +

λ

γω
MhTωΔ̃ω − λ2FMJ−1(Θ)Kη̃ (5.44)

˙̃Δω = − λ

γω
Δ̃ω − λ2μωhωJ

−1(Θ)Kη̃

˙̃ρec = − λ

γc
ρ̃ec − λ2μchcKη̃

where

F � I6×6 − μch
T
c hc − μωh

T
ωhω

= diag[1 − μc, 1 − μc, 1 − μc, 1 − μω, 1 − μω, 1 − μω] > 0

Similarly as in the previous section, the following error vectors are defined

ε1 � 1
λ
η̃, ε2 � 1

λ2
ν̃∗er , ε3 � 1

λ2
Δ̃ωe, ε4 � 1

λ2
ρ̃ec (5.45)

where Δωe = TΘ(Θ)Δω. The new error dynamics then appear as

ε̇1 = −λLε1 + λε2 + λhTωε3 + λhTc ε4

ε̇2 = −λFKε1 +
λ

γω
ε3 +

λ

γc
ε4 −M∗δ(eν̃r)ε2 − f(ε2) (5.46)

ε̇3 = − λ

γω
ε3 − λμωhωKε1

ε̇4 = − λ

γc
ε4 − λμchcKε1

where

f(ε2) =
M∗−1

λ2
[(C(ν∗

r )ν
∗
r − C(ν̂∗

r )ν̂
∗
r ) −H(ν∗

r ) +H(ν̂∗
r )]

Now, based on the change of error variables and coordinate system, the
error dynamics (5.46) can be written in the following compact form

ẋD = λADxD − [ελ[Lε1]T , [M∗−1δ∗(eν̃r)ε2]
T , ελεT3 /γω, ελε

T
4 /γc]

T

−[0T6×1, f
T (ε2), 0T6×1]

T (5.47)
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where

AD =

⎡
⎢⎢⎢⎣

−(1 − ε)L I6×6 hTω hTc
−FK 06×6

1
γω
I6×3

1
γc
I6×3

−μωhωK 03×6 −1−ε
γω
I3×3 03×3

−μchcK 03×6 03×3 −1−ε
γc
I3×3

⎤
⎥⎥⎥⎦ , xD �

⎡
⎢⎢⎣
ε1
ε2
ε3
ε4

⎤
⎥⎥⎦

Again, making sure that matrix AD is Hurwitz, there exist positive definite
and symmetric matrices SD, QD ∈ R18×18, such that SDAD + ATDSD =
−QD.

Proposition 5.3 Suppose λ is chosen sufficiently large, then the origin
xD = 0 of the error dynamics (5.47) is GES under Assumption 3 and 4.

Proof. (Short) Consider the following Lyapunov function candidate

VD(xD) = xTDSDxD (5.48)

Differentiating VD with respect to time along the state solutions yields

V̇D(xD) = −λxTDQDxD
−2xTDSD

[
ελ[Lε1]T , [M∗−1δ∗(eν̃r)ε2]

T , ελε3/γc
]T︸ ︷︷ ︸

Ψ

+2xTDSD
[
0T6×1, f

T (ε2), 0T6×1

]T︸ ︷︷ ︸
Φ

(5.49)

Then, by (Shim et al., 2001, Lemma 2) and Property 2, there exists a
BD ∈ R+ such that

‖C(ν∗
r )ν

∗
r − C(ν̂∗

r )ν̂
∗
r −H(ν∗

r ) +H(ν̂∗
r )‖ ≤ λ2BD ‖xD‖

under Assumption 3. Furthermore, there exists a constant scalar WD ∈ R+

such that

‖Φ‖ ≤ 2SDMBD
M∗
m

‖xD‖2 � WD ‖xD‖2

Consequently, we arrive at the following upper bound on the Lyapunov
function derivative

V̇D(t, xD) ≤ −‖xD‖2 (λQm −WD) (5.50)

By Theorem A.1 it follows that if

λ > WD/Qm, (5.51)

the origin xD = 0 of the nominal observer error dynamics (5.31) is GES.
This completes the proof.
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Adaptive Vehicle Observer - No Current

For the case when there is no current, the CPM depicted in (3.35) can be
applied. This model contains only the adaptive velocity vector Δν intro-
duced in Section 3.3.4 in 6 DOF, that is

η̇ = J(Θ)ν
Mν̇ + C(ν)ν = −Dk(ν)ν∗ − g(Θ) + τ (5.52)

Δ̇ν = − λ

γν
Δν

where γν , λ > 0 are tunable constants, and ν∗ = ν − Δν. Recall from
Section 3.3.4 that the real damping of system is formulated as a sum of the
known damping and the unknown, that is

D(ν)ν = Dk(ν)ν − ΔD(ν)ν (5.53)

where the unknown damping can be obtained by

ΔD(ν)ν = Dk(ν)Δν (5.54)

By using this model as basis for observer design, knowledge about the un-
modelled dynamics can be extracted from the estimated Δν-velocity. Most
likely, it will be a challenge obtaining accurate estimates of all damping
coefficients due to the problems regarding persistent excitation and noisy
position measurements. However, the Δν-estimate will give an indication
on whether the assumed damping coefficients are too small or too big.

Similarly as earlier, the following observer is defined

CPM III - observer:

˙̂η = J(Θ)ν̂ + λLη̃

M ˙̂ν = −C(ν̂)ν̂ −Dk(ν̂)ν̂∗ + g(Θ) + τ + λ2MJ−1(Θ)Kη̃(5.55)
˙̂Δν = − λ

γν
Δ̂ν + λ2μνJ

−1(Θ)Kη̃

where L,K ∈ R6×6 are positive and diagonal observer gain matrices, and
0 < μν < 1 is a constant. Notice that the saturation function is included in
the overall Coriolis matrix, that is C(ν̂) = CRB(ν̂)+CA(ν̂). This observer
can be proven exponentially stable by following the same lines as in the
previous sections.



5.3 Case Study: The Minesniper MkII 123

5.3 Case Study: The Minesniper MkII

To present the results on the proposed observers, we use the Minesniper
MkII, see Appendix C. First, a simulation study will be presented with
focus on the following: Initial state, filtering and sensitivity to change of
measurement update rates and robustness to unmodelled dynamics. Fi-
nally, experimental observer results are shown. In order to make the simu-
lation as real as possible, realistic update rates were included on the mea-
surements in all simulations. Table C.1 in Appendix C presents the sensor
properties including measurement noise and update rate. A study on the
effect of different update rates will be shown in the upcoming section.

5.3.1 Simulation Results

This section will include simulation results from using the following ob-
servers:

• Observer - Σ1: The observer system consisting of the vehicle ob-
server Ib depicted in (5.22) and the CIVM Ib observer presented in
(5.7).

• Observer - Σ2: The observer system consisting of the direct observer
depicted in (5.43).

Table 5.1 shows the observer gains that are used in the simulations. They
were chosen mainly with focus on minimizing the noise in addition to pre-
serving stability at all times. Thus, the gains were set as low as possible,
but also sufficiently large such that satisfactory convergence rate was ob-
tained. Moreover, the gains were tuned such that approximately the same
filtering effect was obtained for both observers. This was done in order
to be able to compare the observer performance related to robustness to
unmodelled dynamics and external disturbance.

Filtering and Measurement Update Rates

An important task of an observer in underwater applications is to provide
smooth and continuous state estimates. This can be a challenge due to
significant noise and potential low update rates of the acoustical measure-
ment system. In addition, the update rate in the acoustic system may also
vary during a run. The stability analyzes in this chapter were carried out
assuming continuous position measurements. At first glance, this may seem
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Table 5.1: Observer gains
L = diag[0.2, 0.2, 0.2, 0.5, 0.5, 0.5]
K = diag[0.025, 0.025, 0.025, 0.1, 0.2, 0.2]
Kb = diag[0.0025, 0.0025, 0.0025, 0.025, 0.125, 0.125]
L2 = diag[0.2, 0.2, 0.2]
K2 = diag[0.025, 0.025, 0.025]
Kb2 = diag[0.025, 0.025, 0.025]
λ = 1, γb = γc = 200, γω = 20, γ2c = 2e6

μc = 0.9, μω = 0.5
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Figure 5.2: Velocity estimation errors. Left: Observer Σ2. Right Observer Σ1.
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Figure 5.3: Standard deviation versus different positive update rates.

drastic, but as the following tests indicate, the effect of low and altering up-
date rates does not necessarily degrade the performance significantly. The
measurement noise was set according to Table C.1, see Appendix C. The
vehicle was in the first simulation test set to travel straight forward with
velocity u = 1.5m/s and with current Vc = 0.5m/s from East. The time
envelope was reduced to t = [50, 150] in order to properly illustrate the
steady state filtering.

Figure 5.2 shows the velocity estimation error for Observer Σ1 and Σ2.
Both observers provide satisfactory filtering. According to Figure 5.2 the
differences in the filtering are relatively small for this particular configu-
ration of the observer gains. However, the result of the stability analysis
shows that there is enhanced flexibility regarding the choice of observer
gains when utilizing Observer Σ1. This is because the CIVM model is a
stand-alone system proven stable without imposing high-gain criteria.

Figure 5.3 depicts the standard deviation of both observers when dif-
ferent position measurement update rates are employed. For the observer
gains used in this simulation, see Table 5.1, the best filtering was provided
at an update rate of 2Hz. Increasing the update rate caused enhanced
deviation. However, to avoid this, one could impose a limit on the max-
imum update rate. Thus, assuming minimum update rate of 0.5Hz and
setting the maximum to e.g. 5Hz, Figure 5.3 illustrates that the effect of
varying update rates within this set will be relatively small. This result
substantiates the assumption on continuous position measurement.
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Figure 5.4: The Euclidian and L2-norm of the state estimation error of the two
observers.

Initial Condition Test

The initial state in the PPM was set as follows

η(t0) = [−20, 20, 5, 10π/180,−20π/180, 20π/180]T

ν(t0) = [−2, 2, 0.5, 5π/180, 25π/180, 25π/180]T

νec = [0,−0.5, 0, 0, 0, 0]T

[|u|max , |v|max , |w|max] = 100
[|p|max , |q|max , |r|max] = 2π

(5.56)
whereas the initial estimated states were set to η̂(t0) = ν̂(t0) = ν̂c(t0) = 0.
The desired forward speed of the process plant model was set to ud = 1m/s.

Figure 5.4 depicts the estimation error norms of the observers when
exposed to the initial error shown in (5.56). With initial error, ocean current
and overdimensioned saturating limits, the observers provide similar and
satisfactory convergence of the state estimates.

Several simulation runs revealed that the saturation limit had only a
minor effect in terms of preventing instability. In fact, for the case shown
in Figure 5.4, the velocities did not reach the limit at any time. What
had the most significant impact on the stability of the observer, was the
coherence between the time constant γb, the bias update gain Kb and the
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force correction gainK. By decreasing γb, the observer became considerably
more stable. This was also the result from the stability analysis, which
showed that the minimum eigenvalue of the system matrix A was strongly
related to γ. Moreover, increasing K led to an increase in the oscillation.
This also comes directly from the system matrix A. Simplified to some
extent: In order to increase the absolute value of the eigenvalues of matrix
A, or move the poles further to the left, the matrix gain Lmust be increased,
and γb must be decreased. It should be mentioned in this setting that the
nonlinear damping and Coriolis certainly have a significant influence on
the behavior. Nevertheless, it is useful to obtain a solid understanding of
the consequences of either increasing of decreasing the observer gains. The
analyzing method used in this chapter is a convenient tool to achieve this.

A drawback of decreasing γb, γc, γω is that an increase of the steady
state error develops, as described in Section 4.4. A solution to this problem
could be to include logic in the bias update gain. Recall that the bias is
included to compensate for unmodelled dynamics. However, in the initial
phase of a run, it is not desirable to let the integrator build up since this
may cause increased oscillation and even instability if the initial error is
sufficiently large. Furthermore, in underwater navigation, it is common to
experience measurement drop outs requiring dead reckoning of the observer.
A problem might then occur when the sensor unit re-establishes and the
estimation error could jump to an abnormal value. In these occasions it
could be convenient to switch off the bias gains. Therefore, one can incor-
porate a time-varying and logic-based bias gain in order to properly handle
such abnormalities in the estimation error, e.g.

Kb(t, η̃, ν̂) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0,

K∗
b

if

else

t < tinit ‖η̃‖
‖η̃‖ ≥ Dη̃

‖ν̂‖ ≥ V

, or
, or

(5.57)

where tinit ∈ R+ is a constant denoting the time envelope when the bias
gain is switched off after initialization or reset. The time set can be defined
as a linear function of the estimation error norm since the settling time of
the observer is dependent on the estimation error. Furthermore, Dη̃ ∈ R+

denotes some upper limit on the accepted estimation error, and K∗
b ∈ R6 is

a positive and diagonal matrix gain. This way, the bias would not influence
the system in the transient period. Instead, it could be tuned to provide
calm and presumable oscillation free convergence after the estimated states
have settled. An observer with the bias update gain shown (5.57) can be
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error norms of Observer Σ1 and Σ2. The error was set to
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proven UGES by removing the term from the system matrix and instead
consider time-varying innovation as disturbance to the error dynamics.

Robustness to Erroneous Damping Coefficients

In order to test the robustness towards incorrect damping coefficients, the
damping matrix in the observers is chosen to be

DObs(νr) = ΓD(νr) (5.58)

Smaller damping coefficients are of most interest because of the following
two reasons: First, as described in Section 2.2.2, obtaining estimates of
all damping coefficients is a challenging task. Therefore, most of the ma-
trix elements are set to zero resulting in under-estimating of the damping
loads. Second, when employing an observer as part of an output feedback
controller, it is favorable to underestimate the damping parameters com-
pared to using overdimensioned coefficients. The reason for this is that if
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the feedforward damping coefficients are set too large, the controller will
try to compensate for forces that are not actually there. This may cause
aggravated tracking performance and even instability if the error is large.

Figures 5.5 shows the horizontal position and estimation error norms
for two different configurations of the damping coefficients. Current is also
included in the model, Vc = 0.5m/s from East. From the previous section,
we know that incorrect surge coefficient has the most severe impact on the
observer performance. The right plot in Figure 5.5 reveals that Observer
Σ1 is more robust to erroneous damping parameters than Observer Σ2.
The main reason for this is that Observer Σ1 is derived based on a CPM
system which is designed specifically to compensate for inevitable unmod-
elled dynamics, namely by including a 6 DOF bias in the vehicle observer.
The fact the CIVM model is a stand-alone system, which has been shown
to converge to the current velocity independently of the vehicle observer,
renders the inclusion of the 6 DOF bias possible. Although, precautions
must be made to avoid oscillation when determining the bias update gain
Kb. On the contrary, it does not make any sense to incorporate the bias
in Observer Σ2, since the estimator would not be able to separate the er-
ror caused by a potential current and unmodelled dynamics. Therefore,
the estimates seem to never reach the true state when the orientation is
varying (ω̇ �= 0), leading to estimation error. It should be noted that both
observers provide convergence of the error dynamics since the disturbance
estimators are driven by position estimation error. However, the transient
performances are different. In these simulation tests the vehicle was de-
liberately set to travel with nonzero yaw rate in order to properly verify
the robustness property. In other cases, such as way-point tracking, the
difference between the two observers due to erroneous damping coefficients
is naturally reduced because both observers provide similar steady-state
performance.

The differences described here underline the importance of emphasizing
the CPM design in the process of deriving a model-based observer. For
instance, details such as defining a certain disturbance in the body-fixed
frame or in the NED-frame can have significant impact on the performance.
Whether the innovation gains are set constant, time-varying or optimally
generated using a Kalman Filter can in many cases be of less importance
compared to the structure of the CPM which the observer is based on.
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Complete Observer Test

The purpose of the final simulations is to test the observers when the most
common features of a real system are included in the PPM. This involves
realistic update rates with random acoustic measurement drop outs, mea-
surement noise, ocean current and incorrect damping coefficients. It is
assumed in these simulations that the observers constitute a part of a sta-
ble output feedback controller with a line-of-sight guidance system, which
is described in Appendix C.

The PPM is designed based on the Minesniper MkII system resulting
in the following configuration:
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Figure 5.7: Estimation error and current estimation of Observer Σ1.

• Minesniper MkII measurement update rates and noise as given in
Table C.1.

• 4 occasions of measurement drop outs lasting 5 − 10sec.

• Ocean current set to Vc = 0.5m/s from East (αc = −90deg.)

• Underestimated damping coefficients according to
Γ = diag[0.75, 0.7, 0.8, 0.9, 0.8, 0.75].

Figure 5.6 shows the horizontal position of the PPM and Observer Σ1

and the PPM depth, pitch and yaw angle. The observer provides smooth
and continuous position estimates, and the estimation errors evolve nicely
about zero well within the bound of the assigned measurement noise, see
Figure 5.7. When the measurement drop outs occurred, the correction gains
were switched of, but the values of the integrators were kept. Naturally,
in real implementation, one does not know when the loss of signals will
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tk∗ =⇒ 20Hz.

take place. Hence, to solve this, one could for instance include logic in
the signal processing system such that if the time between two position
measurements exceeds some limit, the innovation vector is set to zero. The
results of Observer Σ2 were in this case very similar to Observer Σ1 and
therefore not shown.
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5.3.2 Experimental Results

The sea trials of Minesniper MkII were performed in Trondheimsfjorden,
nearby Stjørdal, Norway. For further details regarding the experiments,
see Appendix C. The observers that were employed in these tests were the
following:

• The CIVM Ia observer depicted in (4.31)

• The 6 DOF vehicle observer Ia shown in (5.22) which based on CPM
Ia.

The observers were implemented as functions written in C code with 20Hz
update rate. Standard forward Euler-method was used to integrate. Fig-
ure 5.8 shows a block diagram of the system implemented.

Figure 5.9 shows the measured and the estimated position of Mines-
niper MkII and the measured depth, pitch and heading. During this run,
the position measurements were relatively accurate. This can be seen in
Figure 5.10, which shows relatively small estimation error and smooth es-
timated velocities. The amplitudes of the estimation errors are within the
range of the measurement noise.

The current estimate did not converge to a constant value, see Fig-
ure 5.11, which shows the estimated current components in North-East.
Most likely, there was insignificant current present at the time of the run.
Unfortunately, an adaptive observer as proposed in (5.55) was not imple-
mented in the system, and consequently, the claim cannot be confirmed.
However, Figure 5.9 shows abnormally accurate position measurement,
which usually indicated that the disturbances from current and surface
waves were minimal. Figure 5.12 shows data from a different run where
the acoustic measurement system struggled, but the observer still provided
satisfactory estimates.

5.4 Discussion

The differences in the performances of the two approaches presented here
are mainly related robustness to unmodelled dynamics. Especially the case
where the damping coefficients were underestimated gave a clear indication
that the system consisting of a separate current model was considerably
more robust. This is a valuable property in observers for underwater vehi-
cles. Even though the difference was not so obvious in steady state motion
such as way-point tracking, it is definitely an issue that should be empha-
sized when designing an observer for underwater applications.
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5.4.1 Robustness to Measurement Noise

In contrast to the results shown in Section 4.6.3, the difference in the filter-
ing effect of the two methods was not as big in this case when involving the
complete 6 DOF model. Presumably, this was because the observer gains
were not tuned specifically for optimal filtering. Nevertheless, inclusion
of the overall vehicle dynamics, e.g. Coriolis forces, does not undermine
the property that the system consisting of two models still has a greater
potential when it comes to filtering of the noisy measurements.

Figure 5.13 illustrates the effect of severe position measurement errors
on two different kinds of observers. The top scenario shows the result when
utilizing an estimator that does not include the current velocity, see e.g.
(3.3). From the equation of the Munk-moment for an observer without
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current velocity, i.e. NMunk(ν) = (Yv̇ −Xu̇)uv, we see that the surge and
sway velocities have direct influence on the calculation of the destabilizing
Munk moment NMunk(ν). Hence, large errors in sway direction may lead to
large estimation errors in yaw velocity due to the strong coupling generated
by the Munk moment. When utilizing the CPM design involving a sepa-
rate model for the current loads, the adverse consequences of poor position
measurements alleviate to some extent. This is because both the vehi-
cle observer and the CIVM observer respond similarly to the effect of the
measurements errors provided that they are tuned correspondingly. Con-



136 Six DOF Observer Design

0 10 20 30 40 50 60 70 80 90 100
−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

ccccc
ddddd

Estimated current velocities [m/s]

Time [sec]

Figure 5.11: Experimental results: Estimated current components.

5 10 15 20 25 30 35 40 45 50 55
−60

−50

−40

−30

−20

−10

0

10

N
or

th
[m

]

East [m]

Horizontal posiiton

(x, y)
(x̂, ŷ)
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sequently, the position errors mainly lead to variations in the estimated
body-fixed velocity ν̂ whereas the estimated relative velocity ν̂r remains
relatively unaffected and small. Hence NMunk(νr) = (Yv̇ − Xu̇)urvr � 0,
leading to only linear deviation from the path. This is illustrated in the
bottom scenario in Figure 5.13.

Figure 5.14 illustrates the same effect when experiencing drift in the
heading sensor. The strong coupling between sway and yaw motion is
reduced when employing the CPM concept proposed in this thesis.
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CA(ν̂)ν̂. The Munk-moment generates error in heading. Bottom: Observer using
CA(ν̂r)ν̂r. Since ν̂c � ν̂, the Munk-moment remains small and potential large error
in heading is avoided.

5.4.2 Summary of Observer Comparison

Analytically and implementing wise, the observer based on the direct model
has some advantages. Moreover, the number of observer gains is reduced.
This is a property which is attractive from an industrial view-point. On
the other hand, the fact that the CIVM observer is a stand alone system
which is proven stable without imposing high-gain criteria entails a higher
degree of flexibility pertaining to the choice of observer gains. Table 5.2
summarizes the properties of the two different approaches related to the
following important issues:

1. Robustness to erroneous damping coefficients.

2. Filtering capabilities.

3. Complexity of system and numbers of observer gains.
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4. Tuning procedure and flexibility.

5. Complexity of the stability analysis.

6. Stability properties

7. Implementation and debugging in a real system.
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Table 5.2: Summary of observer properties
Observer Σ1 Observer Σ2

1. The separation of models enables The current estimator ρ̂e
c is

incorporation of the bias b to defined in the Earth-frame,
compensate for unmodelled thus not optimal for
dynamics. body-fixed disturbance.

2. Results from Section 4.6.3 Provides satisfactory filtering,
revealed favorable filtering but less freedom in the choice of
properties. The CIVM observer observer gains due to
can be tuned solely based stability reasons
on desired performance.

3. System complexity is increased, The observer gains are:
and additional gains must be L,K, γc, γω, μc, μω, λ.
tuned. Can be reduced by
letting L2,K2 be equal to the
corresponding part of L,K.

4. Tune CIVM observer to desired Choose L and γc, γω sufficiently
response. Tune vehicle observer high and low, respectively to
with focus on filtering and bias ensure stability, and K,μc, μω

estimation low to avoid oscillation.

5. More involved stability analysis. One Lyapunov function. Relatively
Cascaded systems theory is simple derivation to verify
employed. GES error dynamics.

6. Reduced high gain criteria since Standard high-gain demands due
terms dependent on ν̃c can be to the destabilizing Coriolis
considered as a perturbation. forces and moments.

7. Two models lead to more elaborate The complete state is of
implementation, although the dimension 18. Easily implemented
difference is relatively and debugged using e.g. C
small functions.
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5.5 Concluding Remarks

Observers for underwater vehicles with only position and attitude measure-
ments have been developed. The observers were able to cope with signif-
icant measurement noise, unmodelled dynamics and current loads. Two
different approaches were shown. Employing the two co-working models
entailed a higher degree of flexibility when choosing observer gains com-
pared to the direct model approach. Moreover, simulations indicated that
Observer Σ1 was more capable of compensating for erroneous damping co-
efficients. The observer performances were demonstrated on the Minesniper
MkII via simulation study and full scale experimental tests in the sea.



Chapter 6

Output Feedback Control

This chapter presents the design, simulations and experimental results
of an output feedback controller for transit and dynamic positioning

(DP) operations. We utilize the design principle presented in Section 3.4
involving modelling the main current loads in a separate CIVM. One of the
main contributions in this chapter is the vehicle CPM. This is a slightly re-
duced version of the complete 6 DOF CPM utilized in the previous chapter.
By linearizing part of the destabilizing Coriolis forces and moments about
the relative surge speed, domination of the Coriolis forces by means of con-
stant observer gains is obtainable. Subsequently, this leads to relatively
easy-to-follow controller and observer structure which is suitable for imple-
mentation and tuning. For controller design, we have used the observer
backstepping technique. The closed-loop is proved to be asymptotically
stable using Lyapunov stability theory and cascaded systems theory. We
will consider two applications: Transit operations such as way-point track-
ing and station keeping also denoted as dynamics positioning (DP). This
chapter is based on Refsnes et al. (2007c), Refsnes et al. (2008) and Refsnes
et al. (2006b).

6.1 Introduction

For underwater vehicles moving with some forward speed, the dynamics
are highly nonlinear and coupled. This presents control challenges that
have led to considerable interest on nonlinear output feedback controller
design for underwater vehicles during the last decades. There are, however,
relatively few reported results on nonlinear model-based control (NMBC)
designs for underwater vehicles that include experimental tests. The main



142 Output Feedback Control

reason for this lies probably in the great difficulties in obtaining accurate
models of the vehicles. Furthermore, unpredictable current loads and poor
position measurements present challenges when employing NMBC due to
potentially strong influence on the controller. For these reasons, in addition
to issues related to implementation, tuning and debugging, linearized non-
model-based solutions are often preferred.

There are some reported results on MBC of AUVs in the literature.
In Healey and Lienard (1993), a state feedback controller is proposed for
tracking of the NPS ARIES AUV. The CPM is linearized about a constant
forward velocity U and decoupled into three separate systems; surge, hor-
izontal steering (sway and yaw) and the diving system (heave and pitch).
Sliding-mode controllers and observers are proposed to solve the tracking
problem, see Christi et al. (1990). Experimental results, reported in Marco
and Healey (2001), demonstrate successful controller performance. The
NPS ARIES is an underactuated slender body AUV intended for orienta-
tion tracking while maintaining some forward speed. A similar vehicle is
the MARIUS and the INFANTE AUV, see Pascoal et al. (2006) and Pas-
coal et al. (1997). This kind of streamlined AUVs should be distinguished
from open box-framed vehicles. These are low-speed vehicles, usually fully
actuated, and with hydrodynamic and stability properties that may vary
significantly. In Smallwood and Whitcomb (2004), a model-based position-
ing system is proposed for robotic vehicles. This work includes also exper-
imental evaluation of the different controllers performed on the JHUROV
vehicle. The proposed model is completely decoupled, and the hydrody-
namics are dominated by linear and nonlinear damping, i.e. the Coriolis
forces are not explicitly included in the model. The work concludes that
fixed model-based controllers outperform the PD controller. However, ac-
cording to Smallwood and Whitcomb (2004), the performance is greatly
degraded when employing incorrect model parameters. In Zhao and Yuh
(2005), experimental study on tracking of the open frame vehicle ODIN
is presented. Although employed on a nonlinear model of the vehicle, the
reported controller is a linear PID controller. Hence, it is not model-based
since it does not incorporate the model dynamics in the controller. Nev-
ertheless, the controller provides good tracking results. Successful tracking
results of a MBC derived using the backstepping theory are presented in
Aguiar et al. (2003). The SIRENE vehicle, an open frame hovercraft, is
descried by a 3 DOF horizontal model. All these mentioned results have
that in common that the velocity is available for feedback, and all, except
Aguiar et al. (2003), assume that the destabilizing Coriolis forces are dom-
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inated by the hydrodynamic damping in some sense. Comparing with low
speed applications for ships, e.g. dynamic positioning (Loŕıa et al., 2000),
this is a common approach for control plant modelling. Moreover, the hy-
drodynamic properties of a box shaped vehicle indicate that linear damping
is dominant and that the hydrodynamic Coriolis forces are negligible (New-
man, 1977). However, for slender body vehicles with some forward speed,
this assumption is not realistic.

In this chapter we consider underactuated AUVs, a vehicle property
which often complicates the overall analysis. In Do et al. (2004) and Aguiar
and Pascoal (2002), the guidance kinematics algorithms are included in the
controller design. This makes it possible to prove convergence to the de-
sired path despite the lack of control actuators. We use a slightly different
approach in this chapter by considering the desired trajectories as external,
time-varying and bounded signals. This contributes to relatively simple
solutions for the observer-controller design. We then show that the unac-
tuated states are bounded due to hydrodynamic damping by analyzing the
inherent dynamics of the proposed controller. This approach was first in-
troduced in Fossen et al. (2003). It is a convenient tool which follows from
using the backstepping method. The three dimension guidance system is
based on the line-of-sight method, which has been thoroughly described
and analyzed in the literature, see e.g. Børhaug and Pettersen (2005b) and
Breivik and Fossen (2005).

Model-based DP and stabilization of marine vessels have been studied
by numerous authors over the last decade, see e.g. Smallwood and Whit-
comb (2004) for an overview. In Aguiar and Pascoal (2002) a controller
is designed for horizontal DP and way-point tracking of the underactuated
vehicle SIRENE in the presence of ocean currents. The control objective is
to track a desired surge speed and heading. In turn, the goal is to locate
the vehicle at a certain position. Hence, the unactuated state is not directly
controlled. Instead, guidance algorithms are used to guide the vehicle to the
desired location. This is conceptually different from the approach shown
in Pettersen and Egeland (1999) proposing controller that stabilizes the
position and attitude of the vehicle using only a limited number of actua-
tors. Inspired by the weather optimal control system designed for surface
vessels and rigs in Fossen and Strand (2001), we propose an output feed-
back controller for DP of underactuated AUVs. It is current optimal in the
sense that the vehicle automatically orients itself towards the target and
the current finding the equilibrium point requiring the least control action.
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6.2 Simplified Control Plant Modelling

As basis for control plant modelling is the CPM depicted in (3.28), that is

η̇ = J(Θ)ν
Mν̇ + CRB(ν)ν = −CA(νr)νr −D(νr)νr − g(Θ)

+Ac(νc)νr + τ + b (6.1)

ḃ = − λ

γb
b

The CPM in this chapter will be reduced to some extent.

6.2.1 Steady State Analysis of Surge Motion

The motivation behind this section is to determine the constant which to
linearize part of the vehicle CPM about. We decouple the surge motion
from the rest of the model (6.1) and study the steady state behavior. This
decoupling of the dynamics is a method that has shown to provide a suc-
cessful basis for underwater vehicle control design, see e.g. Healey and
Lienard (1993). Considering only steady state, i.e. straight line motion,
the following steady state surge force equality is extracted from (6.1)

d11(ur)ur = τu(ur) (6.2)

where d11(ur)ur represents the linear and nonlinear hydrodynamic damp-
ing. Whitcomb and Yoerger (1999) have presented a quasi-steady approach
for mathematical modelling of thrusters

τu(ur) = β2|n|n− β1ur|n| (6.3)

where n [rad/s] denotes the propeller revolution, and β1 and β2 are posi-
tive constants. More details regarding the thruster forces is presented in
Appendix C. Other common thruster models for underwater vehicles omit
the term proportional to ur, (−β1ur|n|), see e.g Healey et al. (1995). How-
ever, this does not cause any change in the CPM design proposed here.
For missions such as seabed reconnaissance, it is common to determine a
constant propeller revolution which the forward thruster is operating on.
Employing constant propeller revolution, it follows from (6.2) and (6.3)
that the relative forward velocity ur is constant in steady state (ṅ = 0), i.e.
ur = Ur, where Ur is a known constant velocity. The reason for this can
be verified by the following: It is clear that Ur = u − uc, this means that
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Figure 6.1: Simulation with the Minesniper MkII performing way-point tracking.
Left: Horizontal position. Right: Surge velocities u, uc and ur.

the even though uc is dependent on the orientation of the vehicle relative
to the current, which is time-varying, it follows from (6.2) and (6.3) that
u will vary accordingly, such that the relative velocity remains constant in
steady state. This is valid independently of the vehicle orientation. Note
that Ur is obtained analytically by solving (6.2) and (6.3) with respect to
ur. Inaccuracies in the parameters is somewhat equivalent to the effect of
a current which will be estimated by an observer. Hence, a potential error
in the calculated Ur will be automatically compensated for provided that
the observer converge to the actual position and velocity (η, ν).

To illustrate the scenario, Figure 6.1 depicts a simulation using the
PPM (2.40) of the Minesniper MkII performing way-point tracking in a
current. The right plot shows that the relative forward velocity ur � Ur
is the same for all headings, only slightly varying when changing course
direction. Moreover, note that the vehicle velocity u is altering with the
heading. Hence, the modelling approach proposed in this chapter is an
extension to the results in which constant forward velocity is assumed, i.e.
u = U , see e.g. Healey and Lienard (1993) and Fossen (2002), since the
approach in this chapter is also valid when there is ocean currents present.
We will in this chapter consider AUVs in transit where the forward velocity
is larger than the current velocity such that Ur > 0. Obviously, this a
necessary criterion for controllability of the vehicle.

The modelling approach presented here falls nicely into the framework
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of path following where the total task is separated into two main control
objectives, see Skjetne et al. (2004): A dynamics task (speed assignment)
and a geometric task (orientation tracking). In particular, it is not specified
what time the vehicle should be at a certain location. The main goal is to
follow a pre-described path with a certain speed. Hence, setting the thruster
revolution constant can be considered as a mild version of path following
omitting in a sense the dynamics task. Although, the previous paragraph
states that tracking of the relative surge velocity is automatically obtained
when applying constant thruster revolution.

6.2.2 5 DOF CPM - Constant Thrust

Key properties of a slender body AUV are taken into account when deriving
the CPM; port-starboard symmetry, self-stabilizing roll, and the fact that
the length is much larger than the width. Thus, by neglecting roll and
applying a constant propeller set-point, the following CPM is proposed

η̇ = J(Θ)ν
Mν̇ = −D(νr)νr − UrC1νr − C2(νc)νr − g(Θ) + τ + b (6.4)

ḃ = − λ

γb
b

where in this case η = [x, y, z, θ, ψ]T denotes the NED-frame position and
orientation vector, and the vector Θ = [θ, ψ]T contains the pitch and yaw
angles. Note that the same vector symbols are applied in this chapter
as earlier even though roll is neglected resulting in only 5 DOFs. The
transformation matrix is given by

J(Θ) = diag[R(Θ), TΘ(Θ)] (6.5)

R(Θ) =

⎡
⎣ cosψ cos θ − sinψ cosψ sin θ

sinψ cos θ cosψ sin θ sinψ
− sin θ 0 cos θ

⎤
⎦

TΘ(Θ) =
[

1 0
0 1/ cos θ

]
, cos θ �= 0

and
g(Θ) = [0, 0, 0, zGmg sin θ + xGmg cos θ, 0]T (6.6)

It is assumed that the vehicle is neutrally buoyant. The 5 DOF velocity
vector is ν = [u, v, w, q, r]T . Provided constant thruster revolution, we
have that the relative velocity is given by νr = ν − νc = [Ur, vr, wr, 01×2]T .
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The bias b = [bu, bv, bw, bq, br, ]T captures unmodelled vehicle and thruster
dynamics. We consider vehicles with control actuators in surge, pitch and
yaw resulting in the following control vector

τ =
[
τu 0 0 τq τr

]T (6.7)

which is common for slender body underwater vehicles in transit. The mass
and damping matrices yield

M =

⎡
⎢⎢⎢⎢⎣
m11 0 0 0 0
0 m22 0 0 m26

0 0 m33 m35 0
0 0 m35 m55 0
0 m26 0 0 m66

⎤
⎥⎥⎥⎥⎦ > 0 (6.8)

D(νr) =

⎡
⎢⎢⎢⎢⎣
d11 −d12 d13 0 0
0 d22 0 0 −d26

0 0 d33 d35 0
0 0 d53 d55 0
0 −d62 0 0 d66

⎤
⎥⎥⎥⎥⎦ > 0 (6.9)

where mij denotes the rigid body mass elements included added mass.
Following slender body theory presented in (Newman, 1977, Ch. 7), we let
the damping coefficients in (6.9) be defined as follows

d11 = Xu +X|u|u|ur|,
d12 = (m− Yv̇)r, d13 = (m− Zẇ)q
d22 = Yv + UrYuv + Y|v|v|vr|, d26 = Yr + UrYur
d33 = Zw + UrZuw + Z|w|w|wr|, d35 = Zq + UrZuq
d55 = Mq + UrMuq +M|q|q|q|, d53 = Mw + UrMuw

d66 = Nr + UrNur +N|r|r|r|, d62 = Nv + UrNuv

(6.10)

Only the linear off-diagonal terms are included since these are dominating
for slender body vehicles (Newman, 1977, Ch. 7.4). Notice also that terms
originally placed in the Coriolis matrix are included in the damping ma-
trix in d12 and d13. Recall from Figure 2.4 that these forces decrease the
surge velocity when turning. Therefore, we relocate these elements to the
damping matrix knowing that they have a dissipative effect on the surge
dynamics. Since CRB(ν) is not a function of the relative velocity, we have
used that −mvr + Yv̇vrr = −(m − Yv̇)vrr −mvcr. The latter part of this
expression is included in one of the Coriolis matrices which will be defined
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shortly. The damping matrix can still be considered positive definite. This
is more easily seen when rearranging the elements in (6.9) as follows

D(νr) =

⎡
⎢⎢⎢⎢⎣

d11 −mr mq −Zẇwr Yv̇vr
−Yurr d22 0 0 −Yr
Zuqq 0 d33 Zq 0
Muqwr 0 Mw d55 0
−Nuvvr −Nv 0 0 d66

⎤
⎥⎥⎥⎥⎦ > 0 (6.11)

By defining the damping matrix this way it is easier to spot that the damp-
ing is dependent on the surge speed in all degrees of freedom. Furthermore,
the forward speed is damped when the other velocities are nonzero. The
Coriolis matrices are defined as follows

C1 =

⎡
⎢⎢⎢⎢⎣

0 0 0 0 0
0 0 0 0 c26

0 0 0 c35 0
0 0 c53 0 0
0 c62 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

c26 = m−Xu̇

c35 = Xu̇ −m
c53 = Zẇ −Xu̇

c62 = Xu̇ − Yv̇

(6.12a)

C2(νc) =

⎡
⎢⎢⎢⎢⎣

0 0 0 (m−Xu̇)wc −(m−Xu̇)vc
0 0 0 0 (m− Yv̇)uc
0 0 0 −(m− Zẇ)uc 0
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎦ (6.12b)

The most important elements of the matrices CRB(ν), CA(νr) and Ac(νc)
in (6.1) are contained in (6.12a) and (6.12b), including the Munk-moment
and the main Coriolis forces in surge, sway and heave.

P. 5 There exist sufficiently large constants ci, c∗i > 0 such that the Coriolis
matrices are upper bounded according to

‖Ci(x)‖ ≤ ci ‖x‖ , ‖C∗
i (x)‖ ≤ c∗i ‖x‖ , i = 1, 2

where the ∗ superscript denotes the corresponding NED-frame matrix.

5 DOF CPM - The First Version

Similarly as for the CPM development in general, the 5 DOF CPM has
also been subject to improvement during the years with research. The
modifications are only minor and do not cause drastic change in the stability
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results. The first version of the 5 DOF CPM, intended for output feedback
control design, appeared as

η̇ = J(Θ)ν
Mν̇ = −DV1(νr)νr − UrC1νr − ucC2V1νr

−g(Θ) + τ + J−1(Θ)b (6.13)
ḃ = −λT−1b

where T is a diagonal matrix containing positive time constants. The main
difference is related to the bias modelling. In (6.13) the bias is modelled in
the Earth-frame and rotated into the body-frame in the dynamic equation.
On the contrary, in (6.4) the bias is defined in the body-frame, which is
favorable since it is included to compensate for unmodelled dynamics, which
are body-fixed. Moreover, the damping matrix did not include the Coriolis
terms, i.e.

DV 1(νr) =

⎡
⎢⎢⎢⎢⎣
d11 0 0 0 0
0 d22 0 0 −d26

0 0 d33 d35 0
0 0 d53 d55 0
0 −d62 0 0 d66

⎤
⎥⎥⎥⎥⎦ > 0 (6.14)

Finally, the matrix C2V1 is derived based on the PPM (2.34). This does not
include the forces captured in Ac(νc)νr. Consequently, C2V1 was defined as

C2V1 =

⎡
⎢⎢⎢⎢⎣

0 0 0 0 0
0 0 0 0 m
0 0 0 −m 0
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎦ (6.15)

Analytically, the matrix C2V1 does not impose any difference since the
dynamic structure remains the same. However, it is an interesting result
knowing that for slender body vehicles the amplitudes of Yv̇ and Zẇ are sig-
nificant. In fact, for Minesniper MkII, the values in C2 are approximately
doubled compared to C2V1. This illustrates an advantage of reducing the
complete 6 DOF model and consider only the dominant parts of the dy-
namics. The physical intuition on the main effect of current, added mass
and damping increases and thus contributes to improve the foundation for
proper model-based control.
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6.2.3 5 DOF Maneuvering CPM

The CPM (6.4) is suitable for transit operations such as pipeline scanning
where the desired path is feasible with constant thrust. However, for way-
point tracking and other guidance methods requiring a higher degree of
maneuverability, change of surge speed can be necessary. Based on the
modelling approach presented in Section 6.2.2, we will now propose a less
restrictive CPM which renders varying surge speed possible. This CPM is
not published earlier, and it will serve as an extension to the work presented
in Refsnes et al. (2008).

Extracting the surge dynamics from (6.4) for straight line motion gives

m11u̇+ d11(ur)ur = τu + bu (6.16)

Assume for now that the mass and damping coefficients are correct and that
the vehicle is moving in straight line motion which gives that u̇c = 0, bu = 0,
and thus u̇r = u̇. This results in the following stand-alone system for the
surge relative velocity

m11 ˙̄ur + d11(ūr)ūr = τu (6.17)

where the bar superscript is used to underline that this is a separate system.
Notice that (6.17) equals the dynamic equation for the nominal surge speed
uN depicted in (3.32). Hence, uN and ūr represent the same velocity,
denoted differently only to clarify the notation. Thus, since the parameters
in (6.17) are known, ūr can be obtained analytically. In fact, the mapping
τu → ūr is a low pass filter with a nonlinear time constant. Hence, we
may now replace the constant Ur in (6.4) with ūr in (6.17). However, for
stability reasons, we include a saturation function as shown in (5.21). This
results in the following 5 DOF CPM for maneuvering operations

η̇ = J(Θ)ν (6.18a)
Mν̇ = −D(νr)νr − σŪr

(ūr)C1νr − C2(νc)νr − g(Θ) + τ + b

ḃ = − λ

γb
b (6.18b)

Potential error in the surge damping coefficient is inherently captured by
the bias. The saturating function does not make this CPM less general
compared to the previous CPM. On the contrary, instead of linearizing
about a constant Ur > 0, part of the model is now linearized about a time-
varying and known signal ūr ≤ Ūr, where Ūr is some known constant. In
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practice, the latter bound is equivalent with assuming that there exists a
maximum propeller revolution in the thrusters and that the surge damping
coefficient is nonzero.

6.2.4 3 DOF CIVM

In the simulation study we apply the CIVM presented in (3.30)

η̇2 = R(Θ)ν2

M2ν̇2 +D2(ν2r)ν2r = τ2 (6.19)

ν̇e2c = − λ

γ2c
νe2c

For the constant thrust model the coherence between the current velocity
and the CIVM is given by

uc = u2 − Ur, vc = v2, wc = w2 (6.20)

whereas for the maneuvering model it is modified to

uc = u2 − ūr, vc = v2, wc = w2 (6.21)

6.3 Observer Design

In the following section we propose nonlinear Luenberger-style observers
for the CPMs presented in the previous section. The following assumption
yields throughout the chapter:

A. 5 The current velocity vector νc is known a priori to be bounded by
Vc ∈ R+, i.e. Vc = supt ‖νc(t)‖.

6.3.1 CIVM Observer

The following observer, equal to the observer derived in (5.7), is used

CIVM observer Ib:

˙̂η2 = R(Θ)ν̂2 + λL2η̃2

M2
˙̂ν2 +D2(ν̂2r)ν̂2r = τ2 + λ2M2R

T (Θ)K2η̃2 (6.22)

˙̂νe2c = − λ

γ2c
ν̂e2c + μ2λ

2K2η̃2
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where η̃2 � η2 − η̂2, and L2,K2 ∈ R3×3 are positive definite and diagonal
observer gain matrices, and 0 < μ2 < 1 is a constant. According to (6.21),
the estimated current velocity is obtained as follows

Estimated current vector:
ν̂c = [û2 − ūr, v̂2, ŵ2, 0, 0]T (6.23)

The observer error dynamics are

˙̃η2 = R(Θ)ν̃2r + ν̃e2c − λL2η̃2

M2
˙̃ν2r = −δ2(eν̃2r)ν̃2r +

λ

γ2c
M2ν̃2c − (1 − μ2)λ2M2R

T (Θ)K2η̃2

˙̃νe2c = − λ

γ2c
ν̃e2c − μ2λ

2K2η̃2 (6.24)

where ν̃2r � ν2r − ν̂2r, and ν̃e2c � νe2c − ν̂e2c. Notice that the current esti-
mation error dynamics (6.24) is a stand-alone system independent on the
vehicle CPM (6.18b). However, the right hand side of (6.24) includes the
time-varying vector Θ(t), whereas the current error dynamics only involve
[η̃T2 , ν̃

T
2r, ν̃

T
2c]

T . To circumvent this problem, we can consider Θ(t) as a gen-
eral time-varying signal using forward completeness as in Loŕıa et al. (2000).
We assume that the time-varying vector Θ(t) exists for all t ≥ t0. This is
trivial since in the proofs to come, Θ(t) is a part of the tracking error which
automatically lifts this assumption. Let

xC � [η̃T2 , ν̃
T
2r, ν̃

T
2c]

T (6.25)

denote the overall current estimation error vector.

Proposition 6.1 The origin xC = 0 of the error dynamics (6.24) is UGES.

Proof. See Section B.5 in Appendix B.

6.3.2 The 5 DOF Vehicle Observer

For the vessel dynamics, we propose the following nonlinear Luenberger-
style observer by copying the CPM dynamics given in (6.18b) and adding
innovation terms
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Vehicle observer Ib:

˙̂η = J(Θ)ν̂ + λLη̃ (6.26a)
M ˙̂ν = −D(ν̂r)ν̂r − σŪr

(ūr)C1ν̂r − C2(ν̂c)ν̂r − g(Θ)

+τ + b̂+ λ2MJ−1(Θ)Kη̃ (6.26b)
˙̂
b = − λ

γb
b̂+ λ3MJ−1(Θ)Kbη̃ (6.26c)

Subtracting (6.26) from (6.18b) and using P.3 gives the following observer
error dynamics

˙̃η = ν̃ − λLη̃

M ˙̃ν = −δ(eν̃r)ν̃r − (σŪr
(ūr)C1 + C2(νc))ν̃r

+Mζ̃ − λ2MJ−1(Θ)Kη̃ − C2(ν̃c)ν̂r (6.27)

M
˙̃
ζ = − λ

γb
Mζ̃ − λ3MJ−1(Θ)Kbη̃

where ζ � M−1b. Arranging the error dynamics into a cascaded systems
framework, we define the following perturbation vector

gp(xC) = [0T5×1,−[C2(ν̃c)ν̂r]T , 0T5×1]
T (6.28)

since gp(xC) is proportional to the current estimation error. This results in
the following nominal observer error dynamics

˙̃η = ν̃ − λLη̃

M ˙̃ν = −δ(eν̃r)ν̃r − (σŪr
(ūr)C1 + C2(νc))ν̃r

+Mζ̃ − λ2MJ−1(Θ)Kη̃ (6.29)

M
˙̃
ζ = − λ

γb
Mζ̃ − λ3MJ−1(Θ)Kbη̃

Notice however that gp(xC) also evolves linearly with the estimated velocity
ν̂r, which growth is unknown at the present stage. Hence, we apply the
following assumption:

A. 6 There exists a constant Vr ∈ R+ such that the velocities of the actu-
ated states ur, q and r are bounded according to Vr = supt ‖[ur(t), q(t), r(t)]‖.
This assumption will be lifted when the overall closed-loop system, includ-
ing the controller error dynamics, are analyzed. This is a common method



154 Output Feedback Control

in output feedback controller design, see e.g. Berghuis and Nijmeijer (1993).
Under Assumption 6, we have that

‖gp(xC)‖ ≤ c2 ‖xC‖ (Vr + ‖ν̃r‖) (6.30)

which only consists of error variables, and thus, corresponding with cas-
caded systems theory methods.

Analysis of the Nominal Observer Error Dynamics

To avoid technicalities using two frames (NED and body-frame), the stabil-
ity analysis will be carried out using NED-frame coordinates. Rewriting the
CPM using matrix transformations similar as in (3.37) gives the following
nominal error dynamics

˙̃η = ν̃e − λLη̃

M∗ ˙̃νe = −δ∗(eν̃r)ν̃
e
r − (σŪr

(ūr)C∗
1 + C∗

2 (νc))ν̃er
+M∗ζ̃e − λ2M∗Kη̃ (6.31)

M∗ ˙̃
ζe = − λ

γb
M∗ζ̃e − λ3M∗Kbη̃

In order to fully exploit the dissipative property of the hydrodynamic damp-
ing, we will analyze the current velocity estimation error and the vehicle
observer error dynamics using one Lyapunov function. Let the error vectors
be defined as

ε1 � 1
λ
η̃, ε2 � 1

λ2
ν̃er , ε3 � 1

λ3
ζ̃e (6.32)

The nominal observer error dynamics (6.24) and (6.31) can then be written
in compact form as the following

ẋN = λAxN −M∗
xN
D∗
xN
xN + [0T14×1, f

T
ε2(xN ), 0T5×1]

T︸ ︷︷ ︸
Φ(xN )

(6.33)

where xC1 = (1/λ)η̃2, xC2 = (1/λ2)ν̃e2, xC3 = (1/λ2)ν̃e2c, and

xN � [xT
C , x

T
o ]T � [xT

C1, x
T
C2, x

T
C3, ε

T
1 , ε

T
2 , ε

T
3 ]T

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

−(1 − ε)L2 I3×3 I3×3 03×5 03×5 03×5

−(1 − μ2)K2 03×3
1

γ2c
I3×3 03×5 03×5 03×5

−μ2K2 03×3 − 1−ε
γ2c

I3×3 03×5 03×5 03×5

05×3 hI3×3 05×3 −(1 − ε)L I5×5 05×5

hK2 05×3 05×3 −K 05×5 I5×5

05×3 05×3 05×3 −Kb 05×5 − 1−ε
γb
I5×5

⎤
⎥⎥⎥⎥⎥⎥⎦
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where 0 < ε < 1, and where

h =

⎡
⎣ 1 0 0 0 0

0 1 0 0 0
0 0 1 0 0

⎤
⎦T

Moreover, we have used that

M∗ ˙̃νer = M∗( ˙̃νe − h ˙̃νe2) = M∗( ˙̃νe − h ˙̃νe2r − h ˙̃νe2c)
= hδ∗2(eν̃2r) + hλ2M∗

2K2η̃2 (6.34)

The nonlinear and the diagonal linear damping matrices are collected in
D∗
xN

using P.3 as follows

D∗
xN

= diag[I3×3, δ
∗
2r(eν̃2r), I3×3, I5×5, δ

∗(eν̃r), I5×5]

M∗
xN

= diag[ελL2,M
∗−1
2 , ελI3×3/γ2c, ελL,M

∗−1, ελI5×5/γb]

Moreover, the vector Φ(xN ) consists of the following function

fε2(xN ) = −M∗−1[σŪr
(ūr)C∗

1 + C∗
2 (νc)]ε2 + hM∗−1

2 δ∗2(eν̃2)xC2

Notice that system (6.33) is autonomous since all the error variables are
concatenated in the error vector xN . Consequently, we apply autonomous
Lyapunov stability theory. The matrix A is Hurwitz, and hence, there exist
positive definite and symmetric matrices S and Q such that SA + ATS =
−Q. Moreover, under Assumption 5 and since the current velocity error
dynamics are proven UGES in the proof of Proposition 6.1, there exists a
constant δ∗2Vc

> 0 such that ‖δ∗2(eν̃2)xC2‖ ≤ δ∗2Vc
‖xC2‖.

Proposition 6.2 The origin xN = 0 of the nominal observer error dy-
namics (6.33) is globally exponentially stable (GES) under Assumption 5
and if the following condition is satisfied

λ > SMWo/Qm (6.35)

where Qm is the minimum eigenvalue of Q, and

Wo � 2
M∗
m

[Ūrc∗1 + Vcc
∗
2 + δ∗2Vc

] (6.36)

Proof. Consider the following positive definite and radially unbounded
Lyapunov function candidate VN (xN ) = xTNSxN . Differentiating VN (xN )
with respect to time gives

V̇N (xN ) = −λxTNQxN − 2xTNSM
∗
xN
D∗
xN
xN + 2xTNSΦ(xN )
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Using P.5, Φ(xN ) can be upper bounded as follows

‖2SΦ(xN )‖ ≤ 2SM
M∗
m

{(Ūrc∗1 + Vcc
∗
2) ‖x2‖ + δ∗2Vc

‖xC2‖}
≤ SMWo ‖xN‖ (6.37)

We assume, similarly as in Assumption 4 that 2xTNSM
∗
xN
D∗
xN
xN ≥ 0 for all

xN ∈ R24. We thus arrive at the following upper bound on the Lyapunov
function derivative:

V̇N (xN ) ≤ −‖xN‖2 (λQm − SMWo) (6.38)

Using Theorem A.1, it follows that if (6.35) is satisfied, there exists a con-
stant αN > 0 such that V̇N (xN ) ≤ −αN ‖xN‖2. Thus, the origin xN = 0 of
the nominal observer error dynamics (6.33) is GES. Moreover, since xN = 0
of system (6.33), and xC = 0 of (6.24) are GES and UGES, respectively, it
follows that the origin [η̃T , ν̃T , ζ̃T ] = 0 of system (6.29) is GES.

The 5 DOF Observer - First Version

˙̂η = J(Θ)ν̂ + λLη̃

M ˙̂ν = −DV1(ν̂r)ν̂r − UrC1ν̂r − ûcC2V1ν̂r − g(Θ)
+τ + J−1(Θ)b̂+ λ2MJ−1(Θ)Kη̃ (6.39)

˙̂
b = −λT−1b̂+ λ2Kbη̃

The stability proof for this observer is very similar to the previous proof,
only with a slightly more elaborate demand on the λ-gain. This is because
the bias term in the kinetic equation, i.e J−1(Θ)b̃ is not part of the system
matrix which is the case in (6.33). Instead, it is part of the disturbance
vector Φ(xN ). Otherwise, the proof is identical to the proof of Proposi-
tion 6.2.

6.4 Output Feedback Control - Transit

In this section we design a nonlinear controller for transit operations utiliz-
ing the observer backstepping technique (Krstić et al., 1995, Ch. 7). Since
the vehicle is underactuated, the controller design and analysis become
more involved. However, the fact that all states, including the unactuated
states sway and heave, are subjects to linear hydrodynamic damping, ren-
ders a separate study of the tracking error dynamics and the unactuated
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states possible. This approach was first introduced in Fossen et al. (2003),
and it is a convenient feature of the backstepping procedure. The method
is shortly described by first designing the control vector τ by considering
it as an arbitrary vector in R5. Second, we analyze the inherent dynamics
of the controller τ that arise since there are no controls in sway and heave.
It will become clear that due to hydrodynamic damping in all degrees of
freedom, the velocities of the unactuated states converge to a bounded set.

An important objective of the work presented in this chapter is to de-
velop an observer-controller system that is easily implementable. Due to
the nonlinear coupling between the 3 DOF CIVM and the 5 DOF vehicle
model, the upcoming stability analysis becomes quite involved. However,
the resulting observers and controller are easily implementable.

The control objective is defined as follows

Control objective:

u(t) → ud(t), θ(t) → θd(t), ψ(t) → ψd(t) (6.40)

as t → ∞, where ud(t), and Θd(t) � [θd(t), ψd(t)]
T denote the desired

states. The key idea behind the approach shown in this chapter is to split
the total tracking task in two:
1: Design a control system such that the control objective stated in (6.40)
is guaranteed.
2: By carefully designing the guidance system, global tracking of for in-
stance way-points or a path can be obtained if the control objective (6.40)
is met. For more details, see for instance Børhaug and Pettersen (2005b),
in which they prove global convergence to the desired track/path using a
line-of-sight based method in the guidance system. This concept is based
on the fact that given a non-zero forward speed and some orientation of
the vehicle, any point in the global frame can be reached.

When using this method, omitting the dynamics of the desired tra-
jectories in the stability analysis, it is easier to become blind of the strong
coherence between the guidance system and the controller. It is well known
that if the desired trajectories are not designed in accordance with the ve-
hicle dynamics and control actuators, deviation and even instability may
occur. To solve this problem, integrated solutions have been proposed, see
Silvestre et al. (1996) and Fryxell et al. (1996). Moreover, it is shown in
Fredriksen and Pettersen (2004) that when using the line-of-sight guidance
method the aiming vector must be of a certain length in order to avoid
instability. See Section C.3 in Appendix C for more details on the line-of-
sight guidance system. However, we will in this thesis consider the desired
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trajectories feasible at all times and that they are designed such that they
do not constitute any danger of instability of the closed-loop system. This
kind of control design is inherited in the framework described in Section 1.3.

6.4.1 Controller Design

In this section, the time variable (t) is included for the reference trajectories
since these are external time-varying signals. Thus, the controller error
dynamics are nonautonomous.

Step 1: The nonlinear damping introduces undesirable coupling terms
that complicate the stability analysis. Therefore, since the pitch and head-
ing angles are measured we define two tracking error vectors as follows:

za1 �
[∫ t

0
û(s)ds, θ, ψ

]
−

[∫ t

0
ud(s)ds, θd(t), ψd(t)

]
(6.41a)

z1 �
[∫ t

0
û(s)ds, θ̂, ψ̂

]
−

[∫ t

0
ud(s)ds, θd(t), ψd(t)

]
(6.41b)

The reason for this will become clear in the upcoming stability analysis.
The integral of the surge speed is included in the error vector to prevent
steady state error in surge speed. Then, computing the corresponding error
dynamics by differentiating za1 and z1 with respect to time and using (6.26a)
and that η̇ = J(Θ)(ν̂ + ν̃) give

ża1 = T�(Θ) [�̂ −�d(t)] + T�(Θ)hΘν̃ (6.42a)
ż1 = T�(Θ) [�̂ − ωd(t)] + λhΘLη̃ (6.42b)

where

h� =

⎡
⎣ 1 0 0 0 0

0 0 0 1 0
0 0 0 0 1

⎤
⎦ , hΘ =

⎡
⎣ 0 0 0 0 0

0 0 0 1 0
0 0 0 0 1

⎤
⎦

T�(Θ) =

⎡
⎣ 1 0 0

0 1 0
0 0 1/ cos θ

⎤
⎦

� � [u, q, r]T , �d(t) = T−1
� (Θ)[ud(t), Θ̇T

d (t)]T = [ud(t), qd(t), rd(t)]T

Here, qd(t) and rd(t) are the continuous and differentiable trajectories for
the desired pitch and heading velocities. The second error vector is defined
as

z2 � ν̂ − α (6.43)
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where α = [αu, αv, αw, αq, αr]T is a vector of stabilizing functions that we
will choose, and z2 = [z2,u, z2,v, z2,w, z2,q, z2,r]T is the velocity tracking error
vector. Inserting for ν̂ in (6.43) into (6.42) yields

ża1 = T�(Θ)(α� −�d(t)) + h�J(Θ)z2 + hΘJ(Θ)ν̃ (6.44a)
ż1 = T�(Θ)(α� −�d(t)) + h�J(Θ)z2 + λhΘLη̃ (6.44b)

where α� = [αu, αq, αr]T contains the stabilizing functions for the actuated
states surge, pitch and yaw. In order to render (6.44) stable differential
equations, we choose the stabilizing function to evolve according to

Stabilizing function - Transit:

α� = �d(t) − T−1
� (Θ)Kαz

a
1 (6.45)

where Kα ∈ R3×3 is a positive and diagonal controller gain matrix. Note
that we have used za1 in the α�-function in order to avoid nonlinear cou-
pling terms involving the estimation error η̃. This results in the following
expression for the za1 - and z1-dynamics

Kpż
a
1 = −KpKαz

a
1 +Kp(h�J(Θ)z2 + hΘJ(Θ)ν̃) (6.46a)

Kpż1 = −KpKαz1 +Kp(h�J(Θ)z2 + hΘ(λL− I5×5)η̃) (6.46b)

where the stabilizing function is rewritten as α� = �d(t)−T−1
� (Θ)Kα(z1 +

hΘη̃) to fit into (6.46b). We have multiplied with the positive and diagonal
controller gain matrix Kp ∈ R3×3 in order to increase the design flexibility
in the controller.

Step 2: Proceeding with the z2-dynamics

Mż2 = −D(ν̂r)ν̂r − σŪr
(ūr)C1ν̂r − C2(ν̂c)ν̂r − g(Θ)

+τ + b̂+ λ2MJ−1(Θ)Kη̃ −Mα̇ (6.47)

We choose the control vector according to

τ = D(αr)αr + σŪr
(ūr)C1ν̂r + C2(ν̂c)ν̂r + g(Θ)

+Mα̇− b̂−Kdz2 − JT (Θ)hT�Kpz1 (6.48)

where αr = α − ν̂c, and Kd ∈ R5×5 is a positive and diagonal controller
gain matrix. Important to notice here is that the control law depicted in
(6.48) is not implementable as it is since α̇ is a function of ν̃ which is not
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available for feedback. This is clearly seen when presenting the expression
explicitly, i.e.

α̇� =
∂α�
∂�d

�̇d +
∂α�
∂za1

ża1

= �̇d(t) −Kα(�̂ −�d(t) + hΘν̃) (6.49)

where we have inserted the dynamics in (6.41a). To solve this problem we
will again rely on a convenient feature of cascaded systems theory. Namely
that terms in the control law that are dependent on the estimation error
can be considered as a perturbation. Thus, using that ν = ν̂ + ν̃ gives that

α̇� = α̇∗
� −KαhΘν̃

α̇∗
� = �̇d(t) +Kα(�d(t) − �̂) (6.50)

where α∗
� is implementable, andKαhΘν̃ is the perturbation function depen-

dent on the estimation error. Hence, the final and implementable control
law is

Control law - Transit:

τ = D(αr)αr + σŪr
(ūr)C1ν̂r + C2(ν̂c)ν̂r + g(Θ)

+Mα̇∗ − b̂−Kdz2 − JT (Θ)hT�Kpz1 (6.51)

where α∗ = α∗(α∗
�, αv, αw). Notice that we have used feedback gain propor-

tional to z1 and not za1 in (6.51) in order to keep the level of measurement
noise in the controller to a minimum. Furthermore, note that the controller
τ is considered as a general vector in R5 and that [αv, αw] are left unde-
cided. This is trivial since the Lyapunov analysis is valid, provided that
(6.51) is satisfied, independently of the contents of vector τ . The fact that
the second and third element are zero, i.e. τv = τw ≡ 0 will be considered
in Section 6.4.3, where [αv, αw] also will be determined.

Remark 6.1 The proposed controller (6.51) is not directly dependent on
the estimation error η̃. This is an advantage since the horizontal position
provided by the acoustical measurement system can be contaminated by se-
vere noise. If controller terms proportional to η̃ are included, scattering
and thereby degradation of the controller is likely to occur. Furthermore,
the control law (6.51) satisfies a separation principle in the sense that τ
could be derived by backstepping into the CPM dynamics using the state
vectors η, ν and νr. Then when implementing, replace the state vectors
with the corresponding estimates.
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Integral Action

It can be desirable to include integral action on the angular states in the
control law in order to minimize steady state error. Unfortunately, the sta-
bilizing function then becomes more involved. We will now briefly describe
the derivation of the observer backstepping controller including integral
effect. Consider the following new control error vectors

zi =
∫ t

0
Θ̂(s) − Θd(s)ds

zI � z1 + hiKizi, hi =
[

0 1 0
0 0 1

]T
z2 � ν̂ − α

where Ki ∈ R2×2 is a positive and diagonal matrix gain. Time differenti-
ating zI gives

żI = T�(Θ) [�̂ − ωd(t)] + hiKiżi + λhΘLη̃

= T�(Θ)(α� − ωd(t)) + hiKiżi + h�J(Θ)z2 + λhΘLη̃ (6.52)

Due to the integral term, the stabilizing function is expanded as follows

α� = �d(t) − T−1
� (Θ)[KαzI + hiKiżi] (6.53)

which renders the zI dynamics stable, i.e.

żI = −KαzI + h�J(Θ)z2 + hΘ(λL− I5×5)η̃ (6.54)

After this the derivation of the control law is equal to the previous case. In
turn, the final control law with integral action then becomes

τI = D(αr)αr + σŪr
(ūr)C1ν̂r + C2(ν̂c)ν̂r + g(Θ)

+Mα̇∗ − b̂−Kdz2 − JT (Θ)hT�KpzI (6.55)

This illustrates one of the main drawbacks of the backstepping proce-
dure. It leads to complex control laws which are not optimal for imple-
mentation, debugging and tuning, especially when including integral effect.
The reason for this is the stabilizing function which entails undesirable com-
plicated expressions as shown in e.g. (6.53). However, when disregarding
the correction terms in the stabilizing function, it can be seen from (6.51)
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that there are strong similarities to a nonlinear feed forward PID controller
appearing as follows

τ =

Feed forward︷ ︸︸ ︷
Mν̇d +D(νd)νd +

Cancelling terms︷ ︸︸ ︷
σŪr

(ūr)C1ν̂r + C2(ν̂c)ν̂r + g(Θ) − b̂

−Kdz2︸ ︷︷ ︸
D

− JT (Θ)hT�KpzI︸ ︷︷ ︸
PI

(6.56)

where νd denotes the desired velocity vector. In fact, the upcoming stability
analysis of the closed-loop system will reveal that no high-gain criteria
emerges on the Kα gain. Consequently, the gain can be chosen arbitrarily
low which implies that the observer backstepping controller presented in
(6.51) tends to (6.56) as Kα → 0.

6.4.2 Closed-Loop Analysis

In Loŕıa et al. (2000), a solution for output feedback control of dynamic
positioning (DP) of ships is reported. The work presents, by employing cas-
caded systems theory from Panteley and Loŕıa (1998), a convenient method
for deriving observers and controllers for nonlinear systems. It is shown that
the separation principle holds for the nonlinear case in the sense that the
controller and observer can be tuned separately. The DP model in Loŕıa
et al. (2000) is nonlinear only because of the rotation matrix relating the
NED-frame to the body-frame. The contribution in this chapter is thus an
extension to that result since the CPM models in this chapter are coupled
and involve nonlinear damping. Another favorable result of the following
analysis is that the controller gains Kα,Kp and Kd do not need to satisfy
any high-gain criteria in order to ensure stability.

We want to formulate the controller error dynamics and observer esti-
mation error as a cascaded system. In order to achieve this, we need to
define new controller error vectors; the error between the desired state and
the actual state. Hence, we define the following new error vectors

za2 � ν − α (6.57a)
za � [zaT1 , zaT2 ]T (6.57b)

where za1 was defined in (6.41a). With the new error states we will show
that the controller error dynamics za can be written in a cascade with the
nominal observer dynamics xN as follows

ża = fza(t, za) + gza(t, za, xN )xN (6.58a)
ẋN = fxN (t, xN ) (6.58b)
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where the perturbation vector gza(t, za, xN )xN is to be defined. The error
system (6.58b) represents the nominal observer error dynamics depicted in
(6.33), where the origin xN = 0 is proven GES in the proof of Proposi-
tion 6.2. The complete observer system, including the perturbation vector
gp(xC) depicted in (6.28) will be analyzed in the proof of the main theorem
of this chapter. Recall that the perturbation vector gp(xC) is derived under
Assumption 6, which claims bounded velocities of the vehicle. In order to
avoid circularity in the following stability analysis, we lift Assumption 6 and
replace it with the following condition. This is formulated as a condition
since it can be chosen to hold.

Condition 6.1 There exists a constant Vd ∈ R+ such that the desired
velocities are bounded according to Vd = supt ‖�d(t)‖.

Under Condition 6.1, we have that the perturbation vector gp(xC) to the
nominal observer error dynamics (6.33) can be upper bounded according
to

‖gp(xC)‖ = C2(ν̃c)ν̂r = C2(ν̃c)(ν − ν̃ − νc + ν̃c)
≤ λ2 ‖xC‖ c2(Vd + ‖za2‖ + t̄ΘKαM ‖za1‖

+λ2t̄Θ ‖ε2‖ + Vc) (6.59)

by using (6.43) and (6.45). Hence, gp(xC) consists only on error variables
and can be considered as a stand-alone perturbation. Note that the proof of
Proposition 6.2 still holds when replacing Assumption 6 with Condition 6.1.

Remark 6.2 Having a stand-alone CIVM observer converging exponen-
tially to the current velocity enables us to consider (6.59) as a perturbation.
For a CPM similar to the direct model presented in (3.34) where the current
velocity is a state in the complete CPM, this would not be possible. Most
likely, the stability analysis would lead to increased high gain demands on
the observer and controller gains. Without elaborating on this issue fur-
ther, there is a clear indication that the inclusion of the CIVM model is
contributing positively with respect to the overall stability of the closed-loop
system.

In order to rewrite the control vector (6.51) such that it consists of the
actual states and not the estimated states, we use that η̂ = η − η̃ and
ν̂ = ν − ν̃ resulting in

z1 = za1 − hΘη̃, z2 = za2 − ν̃ (6.60)



164 Output Feedback Control

Using (6.60) and (6.50), the controller (6.51) can be rewritten as follows

τ = D(αr)αr + σŪr
(ūr)C1νr + C2(νc)νr + g(Θ) +Mα̇

−b−Kdz
a
2 − JT (Θ)hT�Kpz

a
1 + gza

2
(6.61)

where the perturbation vector is defined as

gza
2

= (σŪr
(ūr)C1 − C2(ν̂c))ν̃r − C2(ν̃c)νr + b̃+ λ2MJ−1(Θ)Kη̃

+Kd(ν̃r + ν̃c) + JT (Θ)hT�Kph�η̃ −MhTΘKαhΘν̃ (6.62)

Here we have used (6.60), and that

C2(ν̂c)ν̂r = C2(νc)νr − C2(ν̃c)νr − C2(ν̂c)ν̃r (6.63)

Inserting the rewritten control vector (6.61) into the actual vehicle dynam-
ics (6.18b) results eventually in the following za-dynamics

ża=fza (t,za)︷ ︸︸ ︷[
Kpż

a
1

Mża2

]
=

[ −KpKα Sza

−STza −Dz2

] [
za1
za2

]
−

[
02×1

δ(eza
2−ν̃2)hν̃2

]
+

[
gza

1

gza
2

]
(6.64)

where Sza = Kph�J(Θ), Dz2 = Kd+δ(eza
2−ν̃2), and from (6.46a) and (6.60)

the perturbation vector for the tracking error capturing the terms involving
the estimation error becomes gza

1
= Kph�(ν̃r+ ν̃c). Having established this,

it follows that the rewritten tracking error state (6.64) can be viewed as
a cascade with the nominal observer error dynamics (6.33), and where the
perturbation vector is given by

gza(t, za, xN )xN =
[
gTza

1
, gTza

2

]T
(6.65)

as depicted in (6.58). Notice here that the nominal observer error dynam-
ics (6.33) includes the time-varying signals (x(t), y(t), z(t)), while we only
consider the tracking error [zaT1 , zaT2 ]. We thus consider (x(t), y(t), z(t)) as
general time-varying signals using forward completeness (Loŕıa et al., 2000).
The following assumption, which will be proven to hold in Section 6.4.4, is
applied:

A. 7 The time-varying signals (x(t), y(t), z(t)) exist for all t > t0.
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Proposition 6.3 The origins za = 0 and xN = 0 of the cascaded sys-
tem (6.58) consisting of the error systems depicted in (6.64) and (6.33),
are uniformly globally asymptotically stable (UGAS) under Condition 6.1,
Assumption 7 and if condition (6.35) is satisfied.

Proof. Following cascaded systems theory arguments, each of the func-
tions in (6.58) are analyzed separately in three steps:
1: The origin xN = 0 of the nominal observer error dynamics (6.33),
denoted as ẋN = fxN (t, xN ) in (6.58), is proven GES in the proof of Propo-
sition 6.2.
2: At this step we want to establish the stability properties of the unper-
turbed system ża = fza(t, za) shown in (6.64). Similarly as in Section 6.3,
we want to exploit the dissipative property of the hydrodynamic damp-
ing. We thus include the current estimation error in the controller stability
analysis and propose the following radially unbounded Lyapunov function
candidate

Vza
r
(t, zar ) =

1
2
zaT1 Kpz

a
1 +

1
2
zaT2r Mza2r (6.66)

where za2r � za2 − hν̃2, and zar � [zaT1 , zaT2r ]T . Differentiating (6.66) with
respect to time and inserting for the tracking dynamics (6.64) without the
perturbation gives

V̇za
r
(t, zar ) = −zaT1 KpKαz

a
1 − zaT2r (Kd + δ(eza

2−ν̃2))z
a
2r

+ zaT1 Kph�J(Θ)hν̃2 + zaT2 Kdhν̃2

+ zaT2r h[δ2(eza
2−ν̃2)ν̃2 + λ2M2R

T (Θ)K2η̃2] (6.67)

where we have inserted for the current estimation error dynamics (6.24).
According to Aamo et al. (2001), the origin zar = 0 is UGAS if the Lyapunov
function (6.66) satisfies

V̇za
r
(t, zar ) ≤ −β(‖zar ‖2) + gza

r
(‖zar ‖)σ(‖zar (t0)‖ , t− t0) (6.68)

where β > 0, gza
r

: R+ → R, and σ is a class KL function satisfying∫∞
t0
σ(r, s)ds ≤ σ∞r, where r > 0, and σ∞ is some constant. In this case,

since xC = 0 is proven UGES, it follows that condition (6.68) holds, and
thus zar = 0 is UGAS, and therefore also the origin za = 0 of the unper-
turbed system (6.58a) is UGAS.
3: This step involves determining the growth of the perturbation vector
gza(t, za, xN )xN . The perturbation can be shown to be upper bounded by
the tracking error state and the estimation error as follows

‖gza(t, za, xN )xN‖ ≤ θ1(‖xN‖) + θ2(‖xN‖) ‖za‖ (6.69)
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Complete closed loop system

Perturbation

Nominal system

CIVM error dynamics

UGAS by Prop. 6.2 and 6.3

ża = fza(t, za) + gza(t, za, xN )xN
ẋN = fxN (t, xN )

ẋt = ft(t, xt)

+ gt(t, xt, xC)xC

ẋC = fC(t, xC)

UGES by Prop. 6.1

Figure 6.2: The complete closed-loop error dynamics described as a cascaded
system.

where θ1, θ2 : R≥0 → R≥0. The interested reader is advised to consult Sec-
tion B.5 in Appendix B for details on the derivation of θ1 and θ2. Thus,
the linear growth restriction on ‖za‖ in the perturbation is satisfied. Con-
sequently, based on the three prior steps, it follows by Theorem A.5 that
the origin za = 0 and xN = 0 of the cascaded system (6.58) is UGAS. This
completes the proof.

Up to this point, we have only considered the nominal observer error
dynamics (6.29). Again, we resort to cascaded systems theory to prove
asymptotic stability of the complete closed-loop dynamics. Mainly due to
the separation of models, the overall stability analysis has become relatively
involved and perhaps difficult to follow. Therefore, we include Figure 6.2
which illustrates the overall closed-loop error dynamics.

The following theorem establishes uniform global asymptotic stability
of the overall output feedback controller. Let the error vector xt ∈ R23

denote the complete error state excluding the current estimation error, i.e.

xt � [η̃T , ν̃T , b̃T , zaT1 , zaT2 ]T (6.70)

Theorem 6.1 The origins xt = 0 and xC = 0 of the cascaded system
(6.24), (6.27) and (6.64) are UGAS under Condition 6.1 and Assumption 7,
and if (6.35) is satisfied.

Proof. As depicted in Figure 6.2, we write the overall system including
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the current error dynamics in the following compact form

ẋt = ft(t, xt) + gt(t, xt, xC)xC (6.71a)
ẋC = f2(t, xC) (6.71b)

gt(t, xt, xC)xC = [gp(xC)T , 0T8×1]
T . The origin of the unperturbed system

ẋt = ft(t, xt) in (6.71a) is UGAS given Proposition 6.2 and 6.3. Further-
more, the current estimation error dynamics (6.71b) are proven UGES in
Proposition 6.2. Following cascaded systems theory, it remains to show
bounded growth on the perturbation vector gt(t, xt, xC)xC . It follows from
(6.59) that it can be bounded linearly by ‖xt‖ and hence satisfying

‖gt(t, xt, xC)xC‖ ≤ θ3(‖xC‖) + θ4(‖xC‖) ‖xt‖ (6.72)

where

θ3 � λ2c2(Vd + Vc)

θ4 � c2(1 + t̄ΘKαM + λ2t̄Θ)

Hence, the linear growth restriction on ‖xt‖ in the perturbation term is
satisfied. It thus follows from Theorem A.5 that the origin xt = 0, xC = 0
of the system cascaded system (6.71) is UGAS.

6.4.3 Underactuated Vehicle

In this section we consider the fact that the vehicle is underactuated. Re-
calling that the control vector yields

τ =
[
τu 0 0 τq τr

]T (6.73)

This results in a dynamic constraint in the controller for the unactuated
states, i.e. sway and heave, since we cannot assign control force in these
directions. It is clear from the analysis in Section 6.4, that the z2-dynamics
are UGAS, provided that the control vector τ satisfies equation (6.51).
For surge, pitch and heave, the obvious choice is to design the stabilizing
function α� rendering the tracking error dynamics z1 stable since we can
assign τu, τq and τr arbitrarily. This is, however, not feasible for αv and αw.
Instead, αv and αw must satisfy the differential equation (6.51) that arises
since there are no controls in sway or heave (τv = τw ≡ 0). Hence, in this
sense, opposite to [q, r] tracking [αq, αr], the [αv, αw]-dynamics track the
velocities [v, w]. It will become clear that the [αv, αw]-dynamics converge
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exponentially to a bounded set due to the linear hydrodynamic damping in
sway and heave.

From (6.51) we have that

τ = D(αr)αr + σŪr
(ūr)C1ν̂r + C2(ν̂c)ν̂r +Mα̇∗

+ g(Θ) − b̂−Kdz2 − JT (Θ)hT�Kpz1︸ ︷︷ ︸
�fᾱr (·)

(6.74)

where the bounded and converging variables are concatenated in the func-
tion fᾱr(·) = fᾱr(b̂, z1, z2, ûc). All the signals in fᾱr(·) are shown to be
bounded or converging to zero except the bias term b̂ which is included to
capture the unmodelled dynamics. Obviously, the proposed CPM needs to
resemble the real world to a certain extent in order to obtain a stable MBC
for real systems. This is the fundamental idea behind MBC in this chapter.
Therefore, it follows naturally to declare the effect of the unmodelled dy-
namics as bounded and hence, b̂ = b− b̃ is bounded. In fact, the CPM could
easily have been modified to include a saturation function on the bias with
arbitrarily large limit, i.e. Mν̇ = . . . σB(b), where σB is defined similarly
as in (5.21). Thus, based on these arguments, the bias is considered to be
bounded.

We proceed by analyzing the [αv, αw]-dynamics by rewriting (6.74) into
compact form and collecting all the bounded and converging signals into
the vector function fᾱr(·) ∈ R5

Stabilizing functions - sway/heave:

M̄ ˙̄α+ D̄(ᾱr)ᾱr = Υ + h̄fᾱr(·) (6.75)

where ᾱ � [αv, αw]T , ᾱr � [αv − v̂c, αw − ŵc]T , and

M̄ =
[
m22 0
0 m33

]
, D̄(ᾱr) =

[
d22 0
0 d33

]

Υ =
[ −m26α̇r + d26αr − (σŪr

(ūr)c26 + (m− Yv̇)ûc)αr
−m35α̇q − d35αq − (σŪr

(ūr)c35 − (m− Zẇ)ûc)αq

]

h̄ =
[

0 1 0 0 0
0 0 1 0 0

]
The vector Υ captures the off-diagonal terms in the mass, damping and
Coriolis matrices (C1 and C2(ν̂c)). Furthermore, notice that Υ consists
solely of bounded and converging signals (α�, ν̂c). Hence, we add Υ to the
function fᾱr(·).



6.4 Output Feedback Control - Transit 169

Proposition 6.4 The ᾱr - subsystem depicted in (6.75) is input-to-state
stable (ISS) from fᾱr(·) to ᾱr.

Proof. Consider the following Lyapunov function candidate Vᾱr = 1
2 ᾱ

T
r M̄ᾱr,

which differentiating with respect to time along the solutions of ᾱr gives
V̇ᾱr = ᾱTr M̄( ˙̄α− h̄ ˙̂νc). This leads to

V̇ᾱr = −ᾱTr D̄(ᾱr)ᾱr + ᾱTr h̄fᾱr(·) (6.76)

where ᾱTr M̄h̄ ˙̂νc is inserted into ᾱTr h̄fᾱr(·) since ˙̂νc is proven bounded in
Section 6.3.1. Then, there exists a constant ς > 0 that satisfies 0 < ς < δ̄m
by using Property 3. Thus, the following upper bound on (6.76) is obtained

V̇ᾱr ≤ −(δ̄m − ς) ‖ᾱr‖2 , ∀ ‖ᾱr‖ ≥ 1
ς
‖fᾱr(·)‖

Clearly, due to the dissipative hydrodynamic damping, we achieve UGES of
ᾱr = 0 of the unforced system. This implies that, according to Lemma A.1,
that the system is ISS from fᾱr(·) to ᾱr. Hence, ᾱr converges to the
bounded set {ᾱr : ‖ᾱr‖ ≤ 1

ς ‖fᾱr(·)‖}. Moreover, since xC → 0 and z2 → 0
as t → ∞, it follows that ᾱ → [v̂, ŵ]T as t → ∞. Finally, ν̂ → ν exponen-
tially as t→ ∞ implies that [v, w]T are bounded and converge to the same
set. This completes the proof.

6.4.4 The Reference Trajectories

In order to obtain smooth and continuously differentiable acceleration, ve-
locity and position reference trajectories, we utilize a second order filter
cascaded with a low pass filter (Fossen, 2002). The reference trajectories
are given by

üd = −(2ζuωu + ζnlu |u̇d|)u̇d − ω2
u(ud − uref (t)) (6.77a)

Θ̇d = TΘ(Θ)ωd (6.77b)
ω̇d = ωd2 (6.77c)
ω̇d2 = −2(ζω + I2×2)ωnωd2 − 2(ζω + I2×2)ω2

nωd − ζnlω (|ωd|)ωd
−ω3

ni
T−1

Θ (Θ)(Θd − Θr(t)) (6.77d)

where uref (t) is the reference surge speed, and ωu, ζu, ζnlu > 0 are the natural
frequency, relative linear and nonlinear damping ratio, respectively. Non-
linear damping is included in the reference system to reduce the desired
velocity. Consequently, the desired trajectories matches the actual dynam-
ics of the vehicle to a larger extent. Moreover, ωn, ζω ∈ R2×2 are matrices
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containing the natural frequency and relative damping, respectively. Non-
linear damping is also included here by the matrix ζnlω (|ωd|) ≥ 0. Recall
that ωd = [qd, rd]T denotes the desired velocities in pitch and yaw. The
reference angles in Θr(t) are generated by the line-of-sight (LOS) system
and given as Θr(t) = G(η) = G([θr(z), ψr(x, y)]T ), where θr(z) and ψr(x, y)
are LOS functions dependent on depth and position, respectively. For more
details on the guidance function G(η) and the LOS system, see Appendix C.
A saturation is included on the final pitch angle θr(t) to ensure that the
reference pitch angle is feasible at all times. i.e.

−π
2
< θmin ≤ θr(t) ≤ θmax <

π

2
(6.78)

where θmin, θmax can be determined based on the maximum and minimum
pitch angle of the vehicle, respectively.

Having defined the desired state trajectories enables us to verify that
all the signals in the closed-loop system exist for all t > t0 and thus that
Assumption 7 holds. Consider the vector

Γ � [ΘT
d , ω

T
d , ω

T
d2, η

T , ᾱTr , x
T
t , x

T
C ]T (6.79)

which captures the overall states of the systems depicted in (6.77d), (6.18a),
(6.75) and (6.71).

Proposition 6.5 The time-varying vector Γ(t) exists for all t ≥ t0.

Proof. Consider the following Lyapunov function

2Vfc(Γ) = ΘT
dΘd + ωTd ωd + ωTd2ωd2

+ ηT η + ᾱTr M̄ᾱr + xTt xt + xTCxC (6.80)

Differentiating Vfc(Γ) with respect to time gives

2V̇fc(Γ) = ΘT
d TΘ(Θ)ωd + ωTd ωd2

+ ωTd2[−2(ζω + I2×2)ωnωd2 − 2(ζω + I2×2)ω2
nωd − ζnlω (|ωd|)ωd

− ω3
n(T

−1
Θ (Θ)(Θd −G(η)))]

+ ηTJ(Θ)(za2 + hT�(�d − T−1
� (Θ)Kαz

a
1) + h̄T ᾱ)

+ ᾱTr M̄(−D̄(ᾱr)ᾱr + Υ + h̄fᾱr(·))
+ xTt ft(t, xt) + xTt gt(t, xt, xC) + xTCfC(t, xC) (6.81)

where we have used that η̇ = J(Θ)ν = J(Θ)(za2 +α). Before proceeding we
note the following:
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1: Based on the guidance algorithms presented in Section C.3, it can be
shown that ‖G(η)‖ ≤ γG ‖η‖, where γG > 0 is a sufficiently large constant.
Moreover, Υ and fᾱr(·) can be linearly upper bounded by signals captured
in the error vector Γ.
2: The overall observer-controller error dynamics given in (6.24), (6.27)
and (6.64) can now be analyzed using the Lyapunov function (6.80) with-
out applying Assumption 7 since η is included in Vfc(Γ). Based on these
observations, it can be shown by inserting the error dynamics and using
Schwartz inequality that V̇fc(Γ) satisfies V̇fc(Γ) ≤ cVfc(Γ), where c > 0 is a
constant. Hence, the vector Γ(t) exists and can be continued for all t ≥ t0.
Thus, Assumption 7 holds (Loŕıa et al., 2000).

Remark 6.3 Proposition 6.5 may seem superfluous knowing that as long
as the controller provides convergence of the orientation tracking errors,
the cross-track error to the desired path will tend to zero. This is obvious
based on mere geometrical aspects. Moreover, it is proven to hold in e.g
Børhaug and Pettersen (2005b). However, it is a necessary condition for
the stability analysis carried out in this section that all signals in the er-
ror dynamics exist for all t > 0. This concerns also the signals that are
not directly controlled, that is [x, y, z]. We have thus chosen to show for-
ward completeness of all signals involved. The Lyapunov function derivative
depicted in (6.81) is a relatively complex expression. Therefore, to summa-
rize: The main reason why proof of Proposition 6.5 holds is that the sway
and heave velocities are shown to be input-to-state stable due to linear hy-
drodynamic damping, see proof of Proposition 6.4. Hence, the signals in
η̇ = J(Θ)ν = J(Θ)(za2 + α) do not blow up in finite time. This is the key
factor that renders the overall closed-loop system forward complete.

6.5 Current Optimal Dynamic Positioning

In this section we propose an output feedback controller for current optimal
dynamic positioning of slender body AUVs. This work is motivated by the
weather optimal DP controller for surface ships presented in Fossen and
Strand (1999) and Strand (1999). It is denoted as current optimal since the
vehicle will automatically point towards the current flow and thus find the
position relative to the target which requires the least control action. We
will show that by employing polar coordinates in the kinematics, only small
modifications of the transit controller are needed. The following additional
assumption is applied:
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Figure 6.3: The geometric variables used in 3 dimensional DP of AUVs.

A. 8 When the vehicle is within some radius of the target, the distance and
the bearing between the target and vehicle are measured.

The following CPM is derived

ξ̇ = P (ρt)H(Ξ)ν
Mν̇ = −D(νr)νr − σŪr

(ūr)C1νr − C2(νc)νr − g(Θ) + τ + b (6.82)

ḃ = − λ

γb
b

where ξ = [ρ, s, d, θ, ψ]T . Figure 6.3 shows the variables used to describe
the vehicle’s position relative to the target. That is, ρ [m] is the distance
to the target, and s [rad] and d [rad] denote the horizontal and vertical
location on the circumference of the target sphere with radius ρt > 0. The
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transformation matrix H(Ξ) yields

H(Ξ) =

⎡
⎢⎢⎢⎢⎣

−cμcβ sμ −cμsβ 0 0
−sμcβ −cμ −sμcβ 0 0
−sβ 0 cβ 0 0

0 0 0 1 0
0 0 0 0 1

cθ

⎤
⎥⎥⎥⎥⎦ (6.83)

c(·) = cos(·), s(·) = sin(·), cθ �= 0
μ = ψ − γ, β = θ − σ, Ξ � [β, μ, θ]T

P (ρt) = diag [1, I2×2/ρt, I2×2] > 0

Note that the signals contained in Ξ are measured under Assumption 8.
Recall also that θ < 0 is pointing downwards, and thus in Figure 6.3
sign(σ) = −1. An observer for DP operations can then be designed simi-
larly as earlier

DP observer Ib:
˙̂
ξ = P (ρt)H(Ξ)ν̂ + λLξ̃

M ˙̂ν = −D(ν̂r)ν̂r − σŪr
(ūr)C1ν̂r − C2(ν̂c)ν̂r − g(Θ)

+τ + b̂+ λ2MH−1(Ξ)P−1(ρt)Kξ̃ (6.84)
˙̂
b = − λ

γb
b̂+ λ3MH−1(Ξ)P−1(ρt)Kbξ̃

Equivalently, the CIVM observer is designed as follows

DP CIVM observer Ib:
˙̂
ξ2 = Pc(ρt)Hc(Ξ)ν̂2 + λL2ξ̃2

M2
˙̂ν2 +D2(ν̂2r)ν̂2r = τ2 + λ2M2H

T
c (Ξ)P−1

c (ρt)K2ξ̃2 (6.85)

˙̂νe2c = − λ

γ2c
ν̂e2c + μ2λ

2K2ξ̃2

where Pc(ρt) = diag[1, 1/ρt, 1/ρt] > 0, and Hc(Ξ) = hTH(Ξ) which is
orthogonal similarly as R(Θ). These observers are almost identical to the
transit observers only slightly different kinematics. However, this does not
affect the stability proofs. We can thus conclude that the observers (6.5)
and (6.85) are globally exponentially stable.
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6.5.1 DP Controller Design

The superior control objective is to always orient the vehicle towards the
target. Related to the scenario shown in Figure 6.3, this means that the
desired location is somewhere on the circumference of the sphere with ra-
dius ρt. Whether the location is determined by the operator or the current
direction depends on the actuator configuration on the vehicle. Provided
that this goal is met with limited deviation, a secondary control objective is
included: Keep a fixed distance to the target. The reason for this partition
of the complete control objectives is related to singularities in the control
law which will be described later. We will in the following derive control
laws for two cases:

a) The vehicle is actuated only in surge, pitch and yaw. This means that
the position of the vehicle on the circumference is determined solely by the
current. Hence, only [ρ, θ, ψ] can be controlled, leading to the following
error vectors

za,i �
∫ t

0
ϑa(s) − ϑa,d(s), za � ϑa − ϑa,d(t) +Ka,iza,i

ϑa � [ρ, θ, ψ]T , ϑa,d � [ρd(t), θd(t), ψd(t)]T , ϑ̇a = Pa(ρt)Haνa

νa � [u, q, r]T , νa,d = [ud(t), qd(t), rd(t)]T , Pa(ρt) = I3×3

ha =

⎡
⎣ 1 0 0 0 0

0 0 0 1 0
0 0 0 0 1

⎤
⎦ , Ha =

⎡
⎣ −cμcβ 0 0

0 1 0
0 0 1/cθ

⎤
⎦

h̄a =
[

0 1 0 0 0
0 0 1 0 0

]
, H̄a =

⎡
⎣ sμ −cμsβ

0 0
0 0

⎤
⎦ (6.86)

The reference trajectories in pitch and heading are generated based on the
vehicle’s position. In fact, aiming at the target implies that [θr(t), ψr(t)] =
[−σ, γ].
b) The vehicle is equipped with a thruster generating force in heave di-
rection in addition to surge, pitch and yaw enabling control in [ρ, d, θ, ψ].
Now, the desired vertical position on the circumference given by d [rad] can
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be chosen by the operator. This results in

zb,i �
∫ t

0
ϑb(s) − ϑb,d(s), zb � ϑb − ϑb,d(t) +Kb,izb,i

ϑb � [ρ, d, θ, ψ]T , ϑb,d � [ρd(t), dd(t), θd(t), ψd(t)]T , ϑ̇b = Pb(ρt)Hbνb

νb � [u, d, q, r]T , νb,d = [ud(t), dd(t), qd(t), rd(t)]T

hb =

⎡
⎢⎢⎣

1 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

⎤
⎥⎥⎦ , Hb =

⎡
⎢⎢⎣

−cμcβ −cμsβ 0 0
−sβ cβ 0 0

0 0 1 0
0 0 0 1/cθ

⎤
⎥⎥⎦

h̄b =
[

0 1 0 0 0
]
, H̄b =

[
sμ 0 0 0

]T (6.87)

where Pb(ρt) = diag[1, 1/ρt, I2×2] > 0. In this case [ρr(t), dr(t)] are given by
the operator, whereas [θr(t), ψr(t)] = [dr(t) − π

2 , γ]. Since control of heave
motion is possible, modifications of the current velocity estimate vector is
needed. Previously, the current components were obtained by

uc = u2 − ūr, vc = v2, wc = w2 (6.88)

In this case heave control force gives that wc = w2 is no longer valid.
Therefore, we let the current components be defined as

uc = u2c, vc = v2c, wc = w2c (6.89)

Recall that this implies an increase of the noise in the current estimate.
However, in order to obtain precise positioning it is imperative that the
measurements are relatively accurate. Hence, this modification is not likely
to degrade the observer performance.

A general controller for the two cases can now be designed. Let j = [a, b]
denote the relevant thruster configuration. Differentiating zj with respect
to time gives

żj = Kizj + Pj(ρt)[Hj(ν̂j − νj,d(t)) + H̄j h̄j ν̂ + (H̄j h̄j +Hjhj)ν̃] (6.90)

where variable Ξ is omitted for brevity. Notice the difference from the
transit case. Since we now want to control the distance to the target,
coupling terms between the states ρ, d and s appear due to the kinematic
coherence made visible in the transformation matrix. Thus, additional
terms in the form of H̄j h̄jν = H̄j h̄j(ν̂ + ν̃) arise in (6.90). The velocity
error vector is standard, i.e.

z2 � ν̂ − α (6.91)
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where α = [αu, αv, αw, αq, αr]T is the full rank vector of the stabilizing
functions. Inserting for ν̂ in (6.90) gives

żj = Kizj + Pj(ρt)[Hj(αj − νj,d(t)) +Hjhjz2 + H̄j h̄j ν̂ + (H̄j h̄j +Hjhj)ν̃]
(6.92)

where αj = hjα is the vector of stabilizing functions corresponding to the
actuated states. To render (6.92) stable we choose it as

Stabilizing function - DP:

αj = νj,d(t) −H−1
j P−1

j (ρt)[(Ki +Kαj )zj ] + H̄jᾱ (6.93)

where ᾱ = h̄jα captures the stabilizing function(s) belonging to the unac-
tuated states.

Remark 6.4 The transformation matrix Hj is singular for |μ| = π
2 and

|β| = π
2 in case a) and |μ| = π

2 in case b), i.e. when the vehicle is parallel
to the sphere tangent. This is, naturally, because there are no controls
in heave and/or sway. Consequently, the controller can only be proven
locally stable when employing the stabilizing function depicted in (6.93).
There are, however, ways to circumvent this problem by associating state
dependent logic in the guidance system. The singularity occurs because the
controller is designed to keep a fixed distance to the target at all times.
This does not have to apply in all conditions. Instead, we may alleviate
the control task by including the following logic in the guidance system: If
the vehicle orientation is within a certain neighborhood of the singularity
point(s), then, keeping a fixed distance to the target is no longer a control
objective. Mathematically, this can be expressed as

ρref (t) =

⎧⎪⎪⎨
⎪⎪⎩

ρ∗ref (t) if a) |μ| ≤ μmax <
π
2 ,and |β| ≤ βmax <

π
2

b) |μ| ≤ μmax <
π
2

else
ρ

(6.94)
where ρ∗ref (t) is some desired distance determined by the operator, and ρ is
the measured distance between the vehicle and target. As a result, ρ−ρd = 0
resulting in zj = [0, . . .]T , which gives that the singularity in (6.93) is
avoided. Even though this logic will not be included in a stability analy-
sis, we will continue under the assumption that the controller can provide
global convergence of the tracking error. Recall, however, that the limitation
regarding the pitch angle, i.e. |θ| < π

2 still applies.
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Inserting αj into (6.92) gives

P−2
j (ρt)żj = −P−2

j (ρt)Kαjzj +P−1
j (ρt)[(Hjhj + H̄j h̄j)z2 +(H̄j h̄j +Hjhj)ν̃]

(6.95)
where we have multiplied with P−2

j (ρt) on both sides in order to obtain the
correct units on the P-gain in the controller. Continuing with the velocity
tracking error dynamics

Mż2 = −D(ν̂r)ν̂r − σŪr
(ūr)C1ν̂r − C2(ν̂c)ν̂r − g(Θ)

+τ + b̂+ λ2MH−1(Ξ)P−1(ρt)Kξ̃ −Mα̇ (6.96)

Then, we choose the control law as follows

Control law - DP:

τj = D(αr)αr + σŪr
(ūr)C1ν̂r + C2(ν̂c)ν̂r + g(Θ)

+Mα̇∗ − b̂−Kdz2 − �
T
j KpjP

−1
j (ρt)zj (6.97)

where �j = Hjhj + H̄j h̄j , Kd ∈ R5×5,Kpj are positive and diagonal matri-
ces, and Kpj is of dimension 3×3(a) or 4×4(b). The overall tracking error
dynamics can now be formulated similarly as for the transit case shown in
(6.64)

ża=fza(t,za)︷ ︸︸ ︷[
KpP

−2
j (ρt)żaj
Mża2

]
=

[ −KpjP
−2
j (ρt)Kα Sj
−STj −Dz2

] [
zaj
za2

]
−

[
02×1

δ(eza
2−ν̃2)hν̃2

]

+
[
gza

j
gza

2

]T
(6.98)

where Sj = KpjP
−1
j (ρt)�j , and Dz2 = Kd + δ(eza

2−ν̃2), and

gza
j

= Kpj (H̄j h̄j +Hjhj)ν̃ (6.99a)

gza
2

= (σŪr
(ūr)C1 − C2(ν̂c))ν̃r − ũcC2νr + b̃+ λ2MH−1(Ξ)P−1(ρt)Kξ̃

+Kd(ν̃r + ν̃c) + �
T
j KpjP

−1
j (ρt)hj ξ̃ −MhTj Kαjhj ν̃ (6.99b)

The tracking error dynamics are equivalent to the error dynamics of the
transit controller. Hence, the closed-loop system with the DP control law
is also UGAS.
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ρt ρinit ρtrans

Vc

Figure 6.4: Top view scenario of the transition between transit mode and DP
operation.

6.5.2 The DP Guidance System

Switching between two control objectives requires extra attention in or-
der to avoid undesirable transient behaviors. Figure 6.4 shows a possible
scenario of the transition between transit mode and DP operation. The
following 3 stages are proposed:

I Transit mode: Using LOS guidance system including side-slip angle
to minimize the cross-track error. Tracking objective: Hold surge
speed ud(t) while staying on the desired track keeping the desired
orientation.

II Transition mode: Aim at target and possibly reduce the speed. Side-
slip angle is switched off.

III DP mode: The objective is to maintain a fixed distance to the target
while constantly aiming at the target.

In order to avoid undesirable scattering when switching from the transit
controller to the DP controller, precautions must be made when determin-
ing the initial state of the DP guidance system. See Figure 6.4 for the
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meaning of the variables.

ρ∗ref (t
DP
0 ) = ρinit

uref (tDP0 ) = û(tρinit)

dref (tDP0 ) = arcsin
ztarget − z(tρinit)

ρinit

θref (tDP0 ) = θd(tρinit), ψref (t
DP
0 ) = ψd(tρinit)

where tDP0 and tρinit denote the initialization time of the DP controller and
the time when ρ = ρinit, respectively. Furthermore, ztarget denotes the
depth of the target. The desired surge velocity trajectory must be designed
such that by reducing the speed from uref (tDP0 ) to zero results in a distance
travelled according to (ρinit−ρt). Using Laplace formulation, let the desired
surge speed be defined as a mass-spring-damping system as follows

uDPd (s) = uref (tDP0 )

(
1 − ω2

uρ

s2 + 2ωuρs+ ω2
uρ

)

=
uref (tDP0 )(s2 + 2ωuρs)
s2 + 2ωuρs+ ω2

uρ

(6.100)

where ωuρ is the natural frequencies. In order to obtain the desired transient
behavior from ρinit to ρt, we need to determine the natural frequency ωuρ .
First step is to obtain the expressions for the final values of the ρd(s),
i.e. using the Final Value Theorem (Dorf and Bishop, 2001) and with
1
suref (t

DP
0 ) as a step input gives

s lim
s→0

ρd(s) = s
1
s
uDPd (s) = 2uref (tDP0 )

1
ωuρ

Then, we solve these equations with respect to the natural frequency ωuρ

for the case where the final value is ρinit − ρt, i.e.

2uref (tDP0 )
1
ωuρ

= ρinit−ρt

This results in

ωuρ =
2uref (tDP0 )
ρinit − ρt

(6.101)

Thus, by the time uDPd (s) has reduced from uref (tDP0 ) to zero, the desired
distance ρd(s) has travelled the length ρinit − ρt. To ensure zero steady
state error in case the surge velocity estimate is inaccurate, an integrator
can be included such that ρd(t) → ρt as t→ ∞.
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Figure 6.5: Top: Horizontal position. Bottom: PPM depth, surge and sway
velocity.

6.6 Case Study: The Minesniper MkII

This section presents first a simulation study of the proposed output feed-
back controller followed by results from full scale experiments in the sea.
When simulating the DP operation, we will assume that the vehicle is
equipped with a vertical thruster. The PPM presented in (2.40) will serve
as substitute for the real system in the simulations. This way, provided
successful results, the simplification of the CPM model described in Sec-
tion 6.2 will be theoretically justified to some extent. The parameters of
the Minesniper MkII are shown in Appendix C.

6.6.1 Simulation Results

The following states the main objectives in the simulation run:



6.6 Case Study: The Minesniper MkII 181

−15

−10

−5

0

5

10

0 100 200 300
−50

0

50

100

150

200

−1

0

1

2

0 100 200 300
−4

−2

0

2

4

−0.05

0

0.05

0 100 200 300
−0.3

−0.2

−0.1

0

0.1

0.2

0 100 200

0.6

0.8

1

1.2

1.4

1.6

0 100 200 300
−0.3

−0.2

−0.1

0

0.1

0.2

θd(t) [deg]

ψd(t) [deg]

θ − θd(t) [deg]

ψ − ψd(t) [deg]

w − α3 [m/s]

v − α2 [m/s]
u
d
(t

)
[m

/s
]

u
−
u
d
(t

)
[m

/s
]

Time [sec]Time [sec]

Time [sec]Time [sec]Time [sec]

Figure 6.6: Transit tracking results in simulation.

• Following the path between way-points by using LOS guidance method
including sides-slip angle. Forward speed: u = 1.5m/s and 1m/s when
within the watch radiuses.

• When distance to target is ρ = ρtrans, reduce speed to 1m/s and omit
side-slip angle.

• When ρ = ρinit, switch to DP controller. Desired distance to target:
5m. Desired angle to target: d = 45deg.

Figure 6.5 shows the simulation results. Measurement noise is omit-
ted for proper illustration of the convergence of the tracking errors. As
guidance method, we have utilized the 3 dimensional line-of-sight method
with a 14m long aiming vector. For more detail on the guidance system,
see Appendix C. Moreover, to minimize the cross-track error which occurs
due to the current, a side-slip angle (ψs = arcsin v̂

û) was associated with
the desired heading, see e.g. Breivik and Fossen (2004). The tracking re-
sults depicted in Figure 6.5 clearly indicates that the proposed CPM is well
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Figure 6.7: Close-up image of the DP operation.

designed and that the linearization of the destabilizing Coriolis forces and
moments does not degrade the controller significantly.

Figure 6.6 presents the tracking results. The output feedback controller
is capable of compensating for the current loads, and it provides satisfactory
tracking of the desired state. Furthermore, the right column in Figure 6.6
shows that the ᾱ-dynamics track the actual sway and heave velocities with
relatively high precision using no velocity measurements.

In Figure 6.7, a close-up on the DP operation is presented. Notice that
the heading is determined by the current angle whereas the pitch angle
θ → (dd(t) − π/2) = −45deg. The DP tracking results are depicted in
Figure 6.8 showing successful performance. The DP guidance system works
successfully. During a time period of approximately 50 seconds the desired
speed is reduced from 1 to zero corresponding to a travelled distance of
15m relative to the target. Obviously, the initial watch radius ρinit must be
determined based on available surge thrust and the surge drag coefficient
in order to obtain feasible desired trajectories.

One of the most important issues in DP operation is to obtain accu-
rate measurements of the position and bearing relative to the target with
sufficiently high update rate. This is imperative in order to for the DP
controller to function satisfactorily. However, in these simulations we have
assumed that the distance and relative horizontal and vertical angle to the
target is continuously updated in to demonstrate the proposed controller
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Figure 6.8: DP tracking results in simulation.

Table 6.1: Controller and observer gains
L = diag{0.1, 0.1, 0.5, 0.75, 0.75}
K = diag{0.1, 0.1, 0.1, 5.0, 5.0}
Kb = diag{0.5, 0.5, 1.0, 1.0, 2.0}
T = diag{10, 10, 10, 50, 50}
Kp = diag{0.5, 0.5}, Kd = diag{5, 1, 1, 3, 2}

theoretically.

6.6.2 Experimental Results

The sea trials of Minesniper MkII were performed in Trondheimsfjorden,
nearby Stjørdal, Norway. The observers, controller and guidance system
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Figure 6.9: Experimental results. Left: Measured (red dots) and estimated
(blue line) horizontal position of the Minesniper MkII performing way-point (green
squares) tracking. A 5m radius of acceptance around each way-point is included.
Right: Measured (red ) and estimated (blue) depth and orientation of the Mines-
niper MkII.

were implemented as functions written in C code with 20Hz update rate.
The sensor units, control actuators and the navigation system are described
in Appendix C. The following observers were used in the experimental tests:

• Vehicle observer: The first version of the 5 DOF observer. This is
presented in (6.39).

• CIVM observer: The first version of the CIVM involving the bias
force estimation, i.e. CIVM Ia. The CIVM Ia is presented in (3.29)
whereas the corresponding observer is depicted in (4.31).

The observer and controller gains used in the experiments are shown in
Table 6.1.

Figure 6.9 shows experimental results with the Minesniper MkII. The
bay area was quite shallow and narrow which limited the location of the
way-points. However, the heading shown in the bottom right plot of Fig-
ure 6.9 shows large variations demonstrating the performance of the con-
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Figure 6.10: Experimental tracking results. Left: The desired trajectories. Cen-
ter: Tracking error in pitch and heading. Right: Controller action, thruster revo-
lution and position of the pitch weight.

troller. The observer provides satisfactory estimates for the entire run with
small deviations and little noise. Toward the end of the run, we expe-
rienced increased noise in the acoustical measurements mainly due to the
topography of the seabed blocking the view of the acoustical receivers. Nev-
ertheless, the observer seems to cope with measurement drop outs and the
noise in a satisfactory manner. From Figure 6.9, dead-reckoning can be
seen between the second and third way-point. The way-point watch radius
was set to 5m. This caused the vehicle to slightly miss the third and the
fourth way-point. Moreover, the heading reference system gain was chosen
relatively low, (ωψ = 0.8), in order to keep the yaw rate small. The main
reason for this was that given the center location of the thrusters, several
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ûc(t) [m/s]

v̂c(t) [m/s]
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sea trials revealed that erratic usage of the thrusters could cause intractable
yaw motion. Therefore, emphasis was placed on keeping the yaw motion
within relatively restrictive boundaries.

Figure 6.10 presents the tracking results in pitch and heading and the
actuator action. The tracking performance is satisfactory with relatively
small deflections of the actuators. In pitch, some error occurred in the
beginning of the run because the forward acceleration generated a pitch
moment. However, the oscillation is calmed relatively fast despite limited
rate in the pitch mass actuator. The estimation results are presented in
Figure 6.11 showing satisfactory observer performance. We were unable
to measure the actual current. However, the estimates indicate a slight
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current from South-East. The current observer gains were set equal to the
upper left matrices of the vehicle observer gains. The controller gains were
found by trial and error since there exists, to the author’s best knowledge,
no formal methods for tuning gains in a backstepping controller at the
present time. Several runs indicated that the controller gain Kα should be
set small and Kp large for optimal tracking results. This was mainly due
to uncertainty of the damping coefficients which, together with a large Kα,
aggravated the performance. Hence, the implemented controller resembled
the control law depicted in (6.56).

6.7 Concluding Remarks

Output feedback controllers for transit and DP operations have been pro-
posed. The CPM system consisted of two separate models, a five DOF
vehicle model and a three DOF current induced vessel model accounting
for the main current loads. Part of the vehicle CPM was linearized about
the relative surge velocity. This resulted in domination of the Coriolis forces
and moments by means of constant observer gains. The closed-loop system
was proven UGAS using Lyapunov and cascaded system theory. An advan-
tage of the stability analysis employed in this chapter was that it did not
entail any high gain nor bounded feedback controller gains. Furthermore,
the observer and controller gains can be tuned separately. Simulations and
results from experimental sea trials on the Minesniper MkII were presented
showing satisfactory observer and tracking performance.
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Chapter 7

Conclusions and Future
Work

We have in this thesis considered the problem of nonlinear model-based con-
trol of slender body AUVs measuring only position, depth and orientation.
The main ideas and results were captured in a nonlinear output feedback
controller providing tracking of forward speed and orientation. The devel-
oped theory is verified analytically, by simulation and tested experimentally
on a full-scale AUV in the sea.

7.1 Conclusions

This thesis gave a thorough description of the most important hydrody-
namics of slender body AUVs. Based on a well established model struc-
ture within the control community, this thesis provided further insight into
the most important hydrodynamics of slender body AUVs. The literature
reveals discrepancies, especially related to the modelling of the damping
forces and moments. By collecting old and new results from the hydro-
dynamic community, we have clarified some issues and proposed a process
plant model of slender body AUVs. In particular, a distinction was made
between the destabilizing and dissipative forces and moments and the desta-
bilizing contributors.

An important feature of a model-based controller is to properly atten-
uate the effect of the unmodelled dynamics. This thesis presented two
methods: One involved the use of the slowly varying bias, a well known
approach which theoretically was somewhat inaccurate since it was inde-
pendent of the vehicle speed. However, the bias was shown as an effective
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method capable of compensating for unmodelled dynamics and other dis-
turbances in a satisfactory manner. The other method implied the use of
the Δ-velocity. This approach was similar to adaptive methods. It was
dependent on the velocity, and it was shown to hold theoretically.

A new control plant model concept was developed. It consisted of two
co-working models, a 6 degree of freedom (DOF) model describing the non-
linear and coupled dynamics of the vehicle and a 3 DOF model in surge,
sway and heave capturing the main current loads. The latter was named a
current induced vessel model (CIVM) since it was a CPM of the main vessel
motion due to the current. The key motivation for this separation of the
complete state was to develop a foundation for current velocity estimation
while preserving a high level of robustness to measurement noise and un-
modelled dynamics. The involvement of the independent CIVM enabled a
higher degree of design flexibility in the 6 DOF vehicle CPM. Subsequently,
this lead to increased robustness to unmodelled dynamics and measurement
noise. Stand-alone CPMs not collaborating with the CIVM were also pre-
sented. More specifically, a 6 DOF CPM employing the Δ-velocity for
zero current velocity was developed. Useful indication on the correctness of
the applied damping coefficients could then be obtained by exploring the
evolvement of the Δν-velocity.

Based on the proposed CPMs, nonlinear Luenberger-type observers
were developed. This thesis provided a comparison of the effect of ap-
plying different dynamic structures in the observer predictors. To illustrate
the key properties of each approach, only mass-damper systems without
Coriolis terms were employed. The comparison study revealed considerable
differences in the transient behaviors and the capabilities to attenuate un-
modelled dynamics and measurement noise. Finally, four observers with
different predictors were ranked on the performance on disturbance esti-
mation, robustness to unmodelled dynamics, filtering capabilities and the
transient performance (settling time). The presumed best observer of the
comparison was the CPM including the CIVM with direct current estima-
tion. Furthermore, this particular approach was employed in the derivation
of six DOF nonlinear Luenberger-type observers providing estimation and
filtering of position, velocity and current velocity. The observer was proven
exponentially stable by Lyapunov stability theory and cascaded systems
theory. Successful performance was demonstrated in simulations and by
experimental tests.

Throughout the thesis we have focused on developing algorithms that
were suited for implementation and testing in real systems. We there-
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fore designed a new five DOF CPM for slender body AUVs intended for
model-based control design. The key factor that realized the final observer-
controller structure was linearization of part of the dynamics about the
relative surge speed. This was a new idea which enabled domination of
the destabilizing Coriolis forces by means of constant feedback gains. Out-
put feedback controllers for transit and DP operations were designed. The
closed-loop system was proven asymptotically stable by Lyapunov and cas-
caded system theory. Finally, experimental results verified the proposed
transit controller on the Minesniper MkII performing way-point tracking in
the sea.

7.2 Future Work

Nonlinear model-based control of AUVs is still an emerging field with many
unsolved problems. The biggest obstacle is probably the potential signifi-
cant uncertainty in the mathematical model. Therefore, to bridge the gap
between theory and practice, emphasis should be placed on improving the
mathematical models. Considerable efforts are needed to develop theoret-
ical or semi-empirical methods for derivation of accurate estimates of the
damping coefficients. This work is time-consuming and requires substantial
resources, but it is definitely needed to support the practical validity of the
many nonlinear controllers proposed in theory.

The backstepping procedure is a popular theoretical tool for nonlin-
ear controller design. It is easily adjusted to fit a large variety of systems
and control tasks, and the vast potential of the stabilizing function renders
asymptotic solutions easy to find. Moreover, it has been shown in this
thesis that the feedback gains can be chosen arbitrarily which contributes
to reduced complexity of the control law. However, it is often difficult to
choose the controller gains. As a result, the tuning can become a cumber-
some process of trial and error. Hence, a thorough study of the transient
performance with respect to the choice of controller gains would be of inter-
est. Moreover, develop formal frameworks for tuning and choice of feedback
gains in nonlinear controllers.

In order to obtain accurate control it is imperative that the measure-
ment and navigation system is of a certain quality. Although there exist
numerous results on various problems on this issue today, there are still
many challenges to overcome related to positioning via sonar, laser, image
processing and acoustic technology. Solving these challenges will open new
doors within the field of autonomous underwater vehicles.



192 Conclusions and Future Work



Bibliography

Aamo, O. M., M. Arcak, T. I. Fossen, and P. V. Kokotović (2001). Global
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Appendix A

Mathematical Toolbox

We will in this appendix present important tools for analyzing stability
of differential equations. The main focus is on Lyapunov stability

theory, which is collected from Khalil (2002). Furthermore, cascaded sys-
tems theory is frequently employed in this thesis. We therefore present a
useful theorem gathered from Panteley and Loŕıa (1998). Finally, this ap-
pendix contains some helpful mathematical properties and definitions. In
addition to the previous mentioned, other sources have been Skjetne (2005),
Ihle (2006) and R̊ade and Westergren (2004).

A.1 Lyapunov Stability

Consider the time-varying ordinary differential equation (ODE)

ẋ = f(t, x) (A.1)

where f : R≥0 ×Rn → Rn is piecewise continuous in t and locally Lipschitz
in x. The ODE, which is referred to as system in this thesis, is locally
Lipschitz if it satisfies

‖f(t, x) − f(t, y)‖ ≤ L ‖x− y‖ , ∀x, y ∈ D0

where L is called the Lipschitz constant. Let x(t, t0, x(t0)) denote the so-
lution of (A.1) at time t with initial time t0 and state x(t0) = x0, where
0 < t0 <∞. The solution is defined on some maximum interval of existence
(Tmin(x0), Tmax(x0)), where Tmin(x0) < t0 < Tmax(x0). The system (A.1)
is said to be forward complete if Tmax(x0) = +∞, backward complete if
Tmin(x0) = −∞ for all x0, and complete if it is both forward and backward
complete (Lin et al., 1996).
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In Lyapunov stability, one usually studies the stability of equilibrium
points.

Definition A.1 The point xe ∈ Rn is the equilibrium point of (A.1) if

f(xe, t) = 0, ∀t ≥ 0 (A.2)

Definition A.2 A continuous function α : [0, a) → [0,∞) is said to belong
to class K if it is strictly increasing, and α(0) = 0. It is said to belong to
class K∞ if a = ∞, and α(r) → ∞ as r → ∞.

Definition A.3 A continuous function β : [0, a) × [0,∞) → [0,∞) is said
to belong to class KL if, for each fixed s, the mapping β(r, s) belongs to class
K with respect to r, and, for each fixed r, the mapping β(r, s) is decreasing
with respect to s, and β(r, s) → 0 as s→ 0.

The equilibrium point can always be shifted to the origin. We thus
consider stability of x = 0.

Definition A.4 The equilibrium point x = 0 of (A.1) is

• uniformly stable (US), if there exists a class K function α and a pos-
itive constant c, independent of t0, such that

‖x(t)‖ ≤ α(‖x(t0)‖), ∀t ≥ t0 ≥ 0, ∀ ‖x(t0)‖ < c (A.3)

• uniformly asymptotically stable (UAS), if there exists a class KL func-
tion β and a positive constant c, independent of t0, such that

‖x(t)‖ ≤ β(‖x(t0)‖ , t− t0), ∀t ≥ t0 ≥ 0, ∀ ‖x(t0)‖ < c (A.4)

• uniformly globally asymptotically stable (UGAS), if and only if (A.4)
is satisfied for any initial state x(t0).

• exponentially stable (ES), if (A.4) is satisfied with β(r, s) = kre−λs,
k, λ > 0.

• globally exponentially stable (GES), if (A.4) is satisfied with β(r, s) =
kre−λs, k, c > 0, and for any initial state x(t0).

• uniformly globally exponentially stable (UGES), if (A.4) is satisfied
with β(r, s) = kre−λs, k, λ > 0, and for any initial state x(t0) and
independent of t0.
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The main Lyapunov stability theorems can be summarized as follows.

Theorem A.1 Let x = 0 be an equilibrium point of (A.1), and
D = {x ∈ Rn : ‖x‖〈 r}. Let V : R≥0 ×D → R≥0 be a continuously differ-
entiable function such that ∀t ≥ 0, ∀x ∈ D,

α1(‖x‖ ≤ V (t, x) ≤ α2(‖x‖)
V̇ =

∂V

∂t
+
∂V

∂x
f(x, t) ≤ −α3(‖x‖)

Then the equilibrium x = 0 is

• uniformly stable (US), if α1 and α2 are class K functions on [0, r),
and α3 ≥ 0 on [0, r).

• uniformly asymptotically stable (UAS), if α1, α2 and α3 are class K
functions on [0, r).

• exponentially stable (ES), if αi(ρ) = kiρ
γ on [0, r), ki > 0, γ > 0,

i = 1, 2, 3.

• globally uniformly stable (GUS), if D = Rn, α1 and α2 are class K∞
functions and α3 ≥ 0 on R≥0.

• uniformly globally asymptotically stable (UGAS), if D = Rn, α1, and
α2 are class K∞ functions, and α3 is a class K function on R≥0.

• globally exponentially stable (GES), if D = Rn, and αi(ρ) = kiρ
γ on

[0, r), ki > 0, γ > 0, i = 1, 2, 3.

When considering autonomous systems on the form ẋ = f(x), LaSalle’s
theorem can be utilized to conclude global asymptotic stability when the
Lyapunov function derivative is only negative semi-definite.

Theorem A.2 (LaSalle) Let Ω ⊂ D be a compact set that is positively
invariant with respect to (A.1). Let V : D → R be a continuously differen-
tiable function such that V̇ (x) ≤ 0 in Ω. Let E be the set of all points in
Ω where V̇ (x) = 0. Let M be the largest invariant set in E. Then every
solution starting in Ω approaches M as t→ ∞.

Corollary A.1 Let x = 0 be an equilibrium point for (A.1). Let V : D →
R be a continuously differentiable positive definite function on a domain
D containing the origin x = 0, such that V̇ (x) ≤ 0 in D. Let S = {x ∈
D|V̇ (x) = 0} and suppose that no solution can stay identically in S, other
than the trivial solution x(t) ≡ 0. Then, the origin is asymptotically stable.
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Definition A.5 (Lyapunov equation)

PA+ATP = −Q (A.5)

where A is a Hurwitz matrix, and P and Q are positive definite and sym-
metric matrices.

The following theorem characterizes asymptotic stability of the origin in
terms of the solution of the Lyapunov equation.

Theorem A.3 A matrix A is Hurwitz; that is, Reλi < 0 for all eigenvalues
of A, if and only if for any given positive matrix Q there exists a positive
definite matrix P that satisfies the Lyapunov equation (A.5). Moreover, if
A is Hurwitz, then P is the unique solution of (A.5).

Input-to-state stability (ISS) relates the norm of the solution to the
input. Consider the system

ẋ = f(t, x, u) (A.6)

where f : R≥0 × Rn × Rm → Rn is piecewise continuous in t and locally
Lipschitz in x and u.

Definition A.6 The system (A.6) is said to be input-to-state (ISS) stable
if there exist a class KL function β and a class K function γ such that for
any initial state x(t0) and any bounded input u(t), the solution x(t) exists
for all t ≥ t0 and satisfies

‖x(t)‖ ≤ β(‖x(t0)‖ , t− t0) + γ

(
sup

t0≤τ≤t
‖u(τ)‖

)
To establish ISS, the following Lyapunov-like theorem can be employed.

Theorem A.4 Let V : R≥0 × Rn → R be a continuously differentiable
function such that

α1(‖x‖ ≤ V (t, x) ≤ α2(‖x‖)
∂V

∂t
+
∂V

∂x
f(t, x, u) ≤ −W3(x), ∀ ‖x‖ ≥ ρ(‖u‖) > 0

∀(t, x, u) ∈ R≥0 × Rn × Rm, where α1, α2 are class K∞ functions, ρ is a
class K function, and W3(x) is a continuous positive definite function on
Rn. Then, the system (A.6) is input-to-state stable.

Lemma A.1 Suppose (A.6) is continuously differentiable and globally Lip-
schitz in (x, u), uniformly in t. If the unforced system ẋ = f(t, x, 0) has a
globally exponentially stable equilibrium point at the origin x = 0, then the
system (A.6) is input-to-state stable.
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A.2 Stability of cascaded systems

Consider a cascaded nonlinear time-varying system

Σ1 : ẋ1 = f1(t, x1) + g(t, x)x2 (A.7a)
Σ2 : ẋ2 = f2(t, x2) (A.7b)

where f1 and f2 are piecewise continuous in t and locally Lipschitz in x =
[x1, x2]T , and g is locally Lipschitz in x. Suppose both

ẋ1 = f1(t, x1) (A.8)

and (A.7b) have uniformly asymptotically stable origins.

Theorem A.5 (Panteley and Loŕıa (1998)) The origin x = [x1, x2]T =
0 of the cascaded system (A.7) is UGAS if the following assumptions hold.

Assumption 1: a): The function (A.8) is UGAS, or b) There exists
a continuously function V (t, x1) : R≥0 × R → R, α1, α2 ∈ K∞, a posi-
tive semi-definite function W (x1) and a continuous non-decreasing function
α4(·) such that

α1(‖x1‖) ≤ V (t, x1) ≤ α2(‖x2‖)
∂V

∂t
+
∂V

∂x1
f1(t, x1) ≤ −W (x1)∥∥∥∥ ∂V∂x1

∥∥∥∥ ≤ α4(‖x1‖)

Assumption 2: The subsystem (A.7b) is UGAS.

Assumption 3: There exist constants c1, c2, η > 0 and a Lyapunov func-
tion for (A.8) such that V (t, x1) : R≥0×R → R is positive definite, radially
unbounded and satisfying∣∣∣∣ ∂V∂x1

∣∣∣∣ ≤ c1V (t, x1), ∀x1 ≥ η∣∣∣∣ ∂V∂x1

∣∣∣∣ ≤ c2, ∀x1 ≥ η

Assumption 4: There exist two continuous functions θ1, θ2 : R≥0 → R≥0

such that g(t, x) satisfies

‖g(t, x)‖ ≤ θ1(‖x2‖) + θ2(‖x2‖) ‖x1‖
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Assumption 5: There exists a class K function α(·) such that for all
t ≥ 0, the trajectories of the system (A.7b) satisfy∫ ∞

t0

|x2(t, t0, x2(t0))| dt ≤ α(|x2(t0)|)

Furthermore, when the origins of the systems (A.8) and (A.7b) are expo-
nentially stable, then the cascade will also be exponentially stable. This is
formalized in the following lemma.

Lemma A.2 (Panteley et al. (1998)) If, in addition to Assumption 3-
5 in Theorem A.5, both subsystems are exponentially stable in any ball, then
the cascaded system (A.7) is exponentially stable in any ball.

A.3 Useful Definitions and Properties

Positive definite matrices Obtaining positive or negative definite Lya-
punov functions often requires some of the matrices in the system equations
to be positive definite. The following states the definition and some useful
properties:

Definition A.7 (Positive definite matrix, Strang (1986)) Each of the
following tests is a necessary and sufficient condition for the real symmetric
matrix A to be positive definite

• xTAx > 0 for all nonzero vectors x.

• All the eigenvalues of A satisfy λi > 0.

• All the upper left submatrices Ak have positive determinants.

• All the pivots di (without row exchanges) satisfy di > 0.

Addition useful properties of a positive definite matrix:

• Every positive definite matrix is invertible and its inverse is also pos-
itive definite.

• If M is positive definite and r > 0 is a real number, then rM is
positive definite.
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• If M and N are positive definite matrices, then the sum M +N and
the products MNM and NMN are also positive definite. Moreover,
if MN = NM , then MN is also positive definite.

Young’s inequality If a, b, p, q are real numbers and

1
p

+
1
q

= 0

then we have
ab ≤ ap

p
+
bq

q
= 0

In the case where p = q = 2 we obtain, for x, y positive real

(x+ y)2 = x2 + 2xy + y2 ≤ 2(x2 + y2)

Mean Value Theorem Let x be continuous and have continuous first
partial derivatives in a domain D. Let P0 : x0 and P : x0 + h be points in
D such that the straight line joining these points lies entirely in D. Then

f(x0 + h) − f(x0) = h
∂f

∂x
(A.9)
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Appendix B

Detailed Proofs

This appendix contains detailed proofs which are not formulated in the
main text.

B.1 Chapter 3

Proof of Proposition 3.1

The error dynamics shown in (3.23) are given by

˙̃η = R(ψ)ν̃∗ +R(ψ)Δ̃ν − Lη̃
˙̃ν∗ = −M−1δk(eν̃)ν̃∗ − (1 − μ)RT (ψ)Kη̃
˙̃Δν = −μRT (ψ)Kη̃

(B.1)

Let xa � [η̃T , ν̃∗T , Δ̃νT ]T . Consider the following radially unbounded Lya-
punov function candidate

V (xa) =
1 − μ

2
η̃TKη̃ +

1
2
ν̃∗T ν̃∗ +

1 − μ

2μ
Δ̃ν

T
Δ̃ν (B.2)

Differentiating (B.2) with respect to time along the state solutions gives

V̇ (xa) = (1 − μ)η̃TK(R(ψ)ν̃∗ +R(ψ)Δ̃ν − Lη̃)
−ν̃∗T (M−1δk(eν̃)ν̃∗ + (1 − μ)RT (ψ)Kη̃)

−(1 − μ)Δ̃ν
T
RT (ψ)Kη̃

= −(1 − μ)η̃TKLη̃ − ν̃∗TM−1δk(eν̃)ν̃∗ ≤ 0
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This gives that V̇ (xa) can be upper bounded as follows

V̇ (xd) ≤ −(1 − μ)KmLm ‖η̃‖2 − (M−1δk(eν̃))m ‖ν̃∗‖2

≤ −αxa ‖xa‖2 < 0,
{ ∀xa �= 0 or

∀η̃ �= 0 and ν̃ = Δ̃ν
(B.3)

where αxa = min{(1 − μ)KmLm, (M−1δk(eν̃))m} > 0 which is positive
since both M and D are positive and diagonal matrices. Furthermore, by
invoking the LaSalle invariance principle, we have that

η̃ ≡ 0 ⇒ ˙̃η = 0 ⇒ R(ψ)(ν̃ − Δ̃ν) +R(ψ)Δ̃ν = 0 ⇒ R(ψ)ν̃ = 0

by inserting for ˙̃η in (B.1). Hence, ν̃ = 0 implies that Δ̃ν = 0 for V̇ (0) = 0.
Thus, by Theorem A.1 and Corollary A.1, it follows that the origin xa = 0
of the nominal error dynamics (B.1) is GAS.

B.2 Chapter 4

B.2.1 Proof of Proposition 4.1

The observer error dynamics depicted in (4.22) are

˙̃η = R(ψ)ν̃r − Lη̃ + ν̃ec
M ˙̃νr + δ(eν̃r)ν̃r = −(1 − μ)MRT (ψ)Kη̃

˙̃νec = −μKη̃
(B.4)

Let xd � [η̃T , ν̃Tr , ν̃
eT
c ]T denote the overall observer error dynamics. Con-

sider the following radially unbounded Lyapunov function candidate

V (xd) =
1 − μ

2
η̃TKη̃ +

1
2
ν̃Tr ν̃r +

1 − μ

2μ
ν̃eTc ν̃ec (B.5)

Differentiating (B.5) with respect to time along the state solutions gives

V̇ (xd) = (1 − μ)η̃TK(R(ψ)ν̃r − Lη̃ + ν̃ec )
−ν̃Tr (M−1δ(eν̃r)ν̃r + (1 − μ)RT (ψ)Kη̃) − (1 − μ)ν̃eTc Kη̃

= −(1 − μ)η̃TKLη̃ − ν̃Tr M
−1δ(eν̃r)ν̃r ≤ 0

From this stage and on the proof is identical to the previous shown.
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B.2.2 Proof of Proposition 4.3

The error dynamics are given in (4.28) as

˙̃η = R(ψ)ν̃r − Lη̃ +R(ψ)hν̃2

M ˙̃νr + δ(eν̃r)ν̃r = −RT (ψ)Kη̃ +Mh ˙̃ν2
(B.6)

where

h =
[

1 0 0
0 1 0

]T
and in (4.29) as

˙̃η2 = R2(ψ)ν̃2r − L2η̃2 + ν̃e2c
M2

˙̃ν2 + δ2(eν̃2r)ν̃2r = −(1 − μ)M2R
T
2 (ψ)K2η̃2

˙̃νe2c = −μK2η̃2

(B.7)

where R2(ψ) = hR(ψ). Let xt � [η̃T , ν̃T , η̃T2 , ν̃
T
2 , ν̃

T
2c]

T denote the overall
estimation error vector.

We consider ψ as an external time-varying signal in (B.7), hence R(ψ) =
R(t). First, let xC � [η̃T2 , ν̃

T
2 , ν̃

eT
c2 ]T denote the CIVM error state vector.

Note that equivalent error dynamics are proven GAS in Section B.2. How-
ever, (B.7) is time-varying. We thus have that the origin xC = 0 is UGAS.
Second, we analyze the unperturbed vehicle observer error dynamics (B.6),
i.e.

˙̃η = R(ψ)ν̃r − Lη̃

M ˙̃νr + δ(eν̃r)ν̃r = −RT (ψ)Kη̃
(B.8)

which is easily proven GES by applying V = 1
2 η̃

TKη̃ + 1
2 ν̃

T
r Mν̃r. Finally,

we employ cascaded systems theory to prove that the error dynamics de-
picted in (B.6) and (B.7) are UGAS. It is clear that Assumptions 1-3 in
Theorem A.5 are satisfied. Furthermore, under the assumption that the
current velocity is upper bounded, i.e. Vc = supt ‖νc(t)‖, it follows that

R(ψ)hν̃2 ≤ θ1,1(‖xC‖) (B.9)
Mh ˙̃ν2 ≤ θ1,2(‖xC‖) (B.10)

where θ1,1, θ1,2 : R≥0 → R≥0. Consequently, Assumption 4 in Theorem A.5
is satisfied. Furthermore, since xC = 0 of the error system (B.7) is proven
UGAS, and Vc = supt ‖νc(t)‖ it follows that

‖xC(t)‖ ≤ β(‖xC(t0)‖ , t− t0) ≤ 2Vc (B.11)

by choosing η̂2(t0) = η2(t0), and ν̂2(t0) = ν̂2c(t0) = 0. This gives that also
Assumption 5 in Theorem A.5 is satisfied. Hence, the origin xt = 0 of the
cascaded system (B.6) and (B.7) is UGAS. This completes the proof.
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B.3 Chapter 5

Proof of Proposition 5.1 and 4.2

The following depicts the proof of two error dynamics depicted in (4.25).
The error dynamics are

˙̃η2 = R(t)ν̃2 − L2η̃2 (B.12a)

M2
˙̃ν2 = −δ2(eν̃2)ν̃2 +RT (t)(b̃2 −K2η̃2) (B.12b)
˙̃
b2 = −T−1

2 b̃2 −Kb2η̃ (B.12c)

Let xC � [η̃T2 , ν̃
T
2 , b̃

T
2 ]T denote the overall current observer error dynamics.

Following the same lines as for the analysis of the passive observer for
dynamic positioning of ships presented in Fossen and Strand (1999), the
error dynamics (B.12) can be written in compact form as

M2
˙̃ν2 = −δ2(eν̃2)ν̃2 −RT (t)z̄2 (B.13)

where z̄2 � K2η̃2 − b̃2. By defining a new state vector x̄2 � [η̃T2 , b̃
T
2 ]T , the

error dynamics (B.12a) and (B.12c) take the form

˙̄x2 = A2x̄2 +B2R(t)ν̃2 (B.14a)
z̄2 = E2x̄2 (B.14b)

where

A2 =
[ −L2 0
−Kb2 −T−1

2

]
, B2 =

[
I3×3

03×3

]
E2 =

[
K2 −I3×3

]
Consider the following radially unbounded and decrescent Lyapunov func-
tion candidate

V2(t, xC) = ν̃T2 M2ν̃2 + x̄T2 P2x̄2 (B.15)

where P2 = P T2 > 0. Since A2 is Hurwitz, and the system given by
(B.13) and (B.14) is controllable and observable, we apply the Kalman-
Yakubovich-Popov Lemma (Khalil, 2002, Lemma 6.3), which gives that
there exists a matrix Q2 = QT2 > 0 such that

P2A2 +AT2 P2 = −Q2 (B.16a)

BT
2 P2 = E2 (B.16b)
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Differentiating (B.15) with respect to time along the state solutions we have
that

V̇2(t, xC) = −2ν̃T2 δ2(eν̃2)ν̃2 + x̄T2 (P2A2 +AT2 P2)x̄2

−2ν̃T2 R
T (t)z̄2 + 2x̄T2 P2B2R(t)ν̃2 (B.17)

Then, by using (B.16b) and (B.14b) results in

−2ν̃T2 R
T (t)z̄2 = −2x̄T2 P2B2R(t)ν̃2 (B.18)

Hence, using P. 3, which exploits the fact that linear damping is present in
all degrees of freedom, we can obtain the following upper bound under

V̇2(t, xC) ≤ −2δ2m ‖ν̃2‖2 −Q2m ‖x̄2‖2

The result follows by Theorem A.1, since the Lyapunov function (B.15)
satisfies

kC1 ‖xC‖2 ≤ V2(t, xC) ≤ kC2 ‖xC‖2

V̇2(t, xC) ≤ −kC3 ‖xC‖2

where

kC1 = min{M2m, P2m}
kC2 = max{M2M , P2M}
kC3 = min{2δ2m, Q2m}

that the origin xC = 0 of the observer error system (B.12) is UGES. This
completes the proof.

B.4 Chapter 5

B.4.1 Boundedness of Coriolis Matrices

What presented in this section is based on Celani (2006) and Shim et al.
(2001). For notational simplicity we define the vector function h(Θ, νe) �
H∗(ν)νe where

H∗(ν)νe = C∗
RB(ν)νe + C∗

A(ν)νe

= CRB(Θ, J−1(Θ)νe)νe + CA(Θ, J−1(Θ)νe)νe

The following property can then be formulated:
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P. 6 ∀i ∈ {1, . . . , 6}, the i-th element of the vector

h(Θ, νe) = νeTHi(Θ) (B.19)

where Hi(Θ) is a constant and symmetric matrix. Moreover, ∃hi > 0 that
satisfies ‖Hi(Θ)‖ ≤ hi.

Using this property, it follows that

∂h(Θ, νe)
∂νe

= 2

⎡
⎢⎣ νeTH1(Θ)

...
νeTH6(Θ)

⎤
⎥⎦ (B.20)

Under Assumption 3 on bounded velocities, let

V e = {νe ∈ R
6||νei | ≤ V e

i , i = 1, . . . , 6}

Then using Property 6 it follows that ∃B > 0 such that∥∥∥∥∂h(Θ, νe)∂νe

∥∥∥∥ ≤ B, ∀νe ∈ V e (B.21)

Recall that the bold symbols implies that the element-wise saturating func-
tion described in (5.21) is used. By employing the Mean Value Theorem,
we have that

h(Θ,νe) − h(Θ, ν̂e) = h(Θ,νe) − h(Θ,νe − λ2ε2)

=
∂h(Θ, νe)
∂νe

(νe − (νe − λ2ε2)) =
∂h(Θ, νe)
∂νe

λ2ε2

Using the results obtained in (B.20) and (B.21) gives that

‖h(Θ,νe) − h(Θ, ν̂e)‖ ≤ λ2B ‖ε2‖ (B.22)

B.4.2 Sketch of Proof of First Version Observers

The CIVM observer is proven UGES in Section B.3. The vehicle observer,
this can be written in compact form as

ẋN = λANxN − [ελ[Lε1]T , [M∗−1δ∗(eν̃r)ε2]
T , ελ[T−1ε3]T ]T

−[0T6×1, f
T (ε2, ε3), 0T6×1]

T (B.23)
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where

AN =

⎡
⎣ −(1 − ε)L I6×6 06×6

−K 06×6 06×6

−Kb 06×6 −(1 − ε)T−1

⎤
⎦ , xN �

⎡
⎣ ε1
ε2
ε3

⎤
⎦

where 0 < ε < 1 is an arbitrarily small constant, and where

f(ε2) =
M∗−1

λ2

[
(C∗(νr)νer − C∗(ν̂r)ν̂er ) − H̄∗(νc)ν̃er + b̃

]
The only difference in this system compared to the error dynamics (5.31)
analyzed in the Section 5.2.2 is that the vector f(ε2) now contains b̃. Hence,
the high-gain criterion on λ is slightly increased since we now have that

‖Φ‖ ≤ 2SNM
M∗
m

((c∗RB + c̄∗RB + a∗c)Vc +BC + 1) ‖xN‖2 � WN ‖xN‖2

Otherwise, the proof is identical to the proof of Proposition 5.2.

B.5 Chapter 6

B.5.1 Proof of Proposition 6.1

By considering Θ as an external time-varying vector, we let R(Θ) = R(t).
The error dynamics (6.24) are then presented as follows

˙̃η2 = R(t)ν̃2r + ν̃e2c − λL2η̃2

M2
˙̃ν2r = −δ2(eν̃2r)ν̃2r +

λ

γ2c
M2ν̃2c − (1 − μ2)λ2M2R

T (t)K2η̃2

˙̃νe2c = − λ

γ2c
ν̃e2c − μ2λ

2K2η̃2 (B.24)

Let xC � [η̃T2 , ν̃
eT
2r , ν̃

eT
2c ]T denote the error state vector. The system can

then be written in compact form as follows

ẋC = ACxC −BCxC

where

AC = λ

⎡
⎣ −(1 − ε)L I3×3 I3×3

−(1 − μ2)K2 03×3
1
γ2c
I3×3

−μ2K2 03×3 −1−ε
γ2c

I3×3

⎤
⎦

BC = diag[ελL,M∗−1
2 δ2(eν̃2r), ελ/γ2c]
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where AC is Hurwitz. Hence, we employ the following LFC: VC = xTCSCxC ,
where SC = STC > 0 satisfies the Lyapunov equation SCAC + ATCSC =
−QC = −QTC < 0. Differentiating VC with respect to time gives that

V̇C = −xTCQCxC − 2xTCSCBCxC

Then, since the matrices M2 and D2(ν2r) are positive and diagonal gives
that 2xTCSCBCxC ≥ 0. Hence, the origin xC = 0 of the error dynamics
(B.24) is UGES. This completes the proof.

B.5.2 Detailed Derivation of the Perturbation Vector

The perturbation vector of the nominal error dynamics appear as

gza
2

= (σŪr
(ūr)C1 − C2(ν̂c))ν̃r − C2(ν̃c)νr + b̃+ λ2MJ−1(Θ)Kη̃

+Kd(ν̃r + ν̃c) + JT (Θ)hT�Kph�η̃ −MhTΘKαhΘν̃ (B.25)

Rewriting (B.25) using modified observer error vectors results in

gza
2

= λ2(σŪr
(ūr)C1 − C2(ν̂c)ε2 − C2(ν̃c)νr + λ3ε3 + λ2Kd(ε2 + xC2)

+λJT (Θ)hT�Kph�ε1 − λ2MhTΘKαhΘ(ε2 + xC2)

Before proceed note that

C2(ν̃c)νr = C2(ν̃c)(za2 + α− νc)
‖C2(ν̃c)νr‖ ≤ c2 ‖xC‖ (‖za2‖ + Vd + Vc + t̄ΘKαM ‖za1‖)

which is obtainable under Condition 6.1, since the matrix C2 contain ele-
ments only in the upper right corner. Then, using Assumption 5, P.5 and
P.4 gives

gza ≤ λ2 ‖ε2‖ (c1Ūr + c2(‖xC2‖ + Vc))
+λ2c2 ‖xC2‖ (Vd + Vc + ‖za2‖ + t̄ΘKαM ‖za1‖) + λ3 ‖ε3‖
+λ2(KdM +MMKαM )(‖ε2‖ + ‖xC2‖) + λtΘKpM ‖ε1‖

Furthermore, by defining the following constant

θ1 � λ2(c1Ūr + c2Vc + c2(‖xC2‖ + Vd + Vc))
+λ3 + λ2(KdM +MMKαM ) + λtΘKpM

θ2 � λ2c2 ‖xC2‖ (1 + t̄ΘKαM )

where θ1, θ2 ∈ R≥0 → R≥0. This gives that the perturbation vector can be
upper bounded according to

‖gza(t, za, xN )xN‖ ≤ θ1(‖xN‖) + θ2(‖xN‖) ‖za‖ (B.26)
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The Minesniper MkII

This appendix gives a brief presentation of the Minesniper MkII AUV /
ROV designed by Kongsberg Defence & Aerospace, Størdal, Norway.

The vehicle is a lightweight, low-cost and expendable ROV-type weapon for
rapid and efficient mine verification and destruction. It is torpedo shaped
and designed to be effective against bottom mines as well as moored mines
in shallow waters.

Figure C.1: The Minesniper MkII

C.1 System Overview

Figure C.2 depicts the key parts of the complete Minesniper MkII system.
With a frequency of 0.5 − 2Hz the vehicle sends out a high pitch sound,
which is caught by the hydrophonic receivers on the surface ship. These
are located on the surface vessel with known position and orientation. By
comparing the time from when the sound is sent from the vehicle to when
it reaches each of the hydrophones, measurements of the range and bear-
ing of the Minesniper relative the the surface vessel are obtainable. The
acoustical signals are processed in the wide acoustical positioning (WAP)
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Figure C.2: Overview of the Minesniper MkII communication system.

computer. Furthermore, the vehicle carries a flux gate compass, inclinome-
ter and pressure gauge for orientation and depth measurement. Table C.1
presents the sensor suite of the vehicle. Communication with the vehicle
is through an optical fibre which carries data both ways providing the op-
erator the ability to remotely control the vehicle via the computer system
onboard the surface vessel Human Machine Interface (HMI), see Fig. C.2.
However, the transit tracking is automatic and is initiated by the operator.

Table C.1: Minesniper MkII sensor properties
Measurement Sensor Accuracy Sample freq.
Heading Flux gate comp. ±3 deg 8Hz
Pitch Inclinometer ±3 deg 8Hz
Roll Inclinometer ±3 deg 8Hz
Depth Pressure gauge ±0.5m 8Hz
x,y - pos Acoustic Various � 1Hz
Thruster RPM Tachometer ±20 8Hz
Mass pos. Potentiometer 2mm 8Hz
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Figure C.3: The Minesniper MkII

Table C.2: Minesniper MkII components
Item Description Item Description

1 Dome 9 Compass
2 Vehicle sonar transducer 10 Pressure gauga
3 Camera 11 Battery charging plug
4 Lamp 12 Fibre connector
5 Battery/pitch unit 13 Tail cone
6 Electronics boards 14 Horizontal thruster
7 Vertical thruster 15 Safety and arming unit
8 Sonar transducers 16 Warhead

C.1.1 Minesniper MkII Properties

The main dimensions and properties are listed below Figure C.3 shows
a sketch of the vehicle and its main components, which are described in
Table C.2. The added mass coefficients were derived by using the hydrody-
namic computer program WAMIT. The damping and thruster coefficients
are mainly obtained by drag tests in the basin at KDA.

C.1.2 Control Actuators

The Minesniper Mk2 is equipped with three separate control actuators
for navigational purposes. These are: Port and starboard thrusters to
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Figure C.4: Images from the test facility. From right: Dr. Jérôme Jouffroy and
Jon E. Refsnes.

Table C.3: Minesniper properties
Length 1.929m
Diameter 0.169m
Weight 37kg
Nominal speed 2 − 4m/s
Counter current max . 3m/s
Pitch ±60 deg

Table C.4: Minesniper MkII parameters
m = 40 Xu̇ = −1.42 Xur

= 0.1 X|ur|ur
= 8.2

D = 0.17 Yv̇ = −38.4 Yvr
= 10 Y|vr|vr

= 200
L = 1.93 Yṙ = −2.5 Yr = 5 Zwr

= 5
Iy = 8.0 Zẇ = −42.2 Zwr

= 30 Z|wr|wr
= 220

Iz = 8.0 Zq̇ = 2.5 Mw = 10 Mq = 7.5
mp = 1.7 Mq̇ = −8.9 M|q|q = 20 Nv = 36
zG = 0.0055 Mẇ = 2.2 Nr = 5 N|r|r = 15
dp = 0.18 Nṙ = −8.9 β2 = 0.1

Nv̇ = 2.2 β1 = 0.0087
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generated forward speed and heading control, battery movement for pitch
control and a vertical thruster for depth control in low speed operations.

Thrusters

The vehicle is equipped with three thrusters, two identical, on port and
starboard side and one vertical for heave control placed at the center of
vessel, see Figure C.3.

• Port and starboard thruster

– Max thrust: ±80N

– Max revolution: ±2000rpm

– Propeller diameter: 13cm.

– Power at normal speed: 125W

• Vertical thruster

– Max thrust: ±20N

– Max revolution: ±100rpm

– Propeller diameter: 6cm.

Battery

The vehicle is equipped with a moveable battery placed at the center of the
vehicle for pitch control. This is a reliable method since it is independent
on the vehicle speed.

• Weight: 1.7kg

• Max/min position: ±30cm

C.2 Control Actuator Modelling

This section describes the mapping from the control moments derived in
Section 6.4.1 to the control action of the actuators on the vehicle.
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C.2.1 Thrusters

On the Minesniper MkII, the heading control is obtained by two horizontal
thrusters located on each side of the hull at the center of the vehicle. The
thruster force can be modelled as T (n) = β2|n|n − β1ur|n|, where the
constants are defined as (Whitcomb and Yoerger, 1999)

β1 = ρD3
hμ1Ua(1 − tn), β2 = ρD4

hμ2(1 − tn) (C.1)

where ρ is the water density, Dh and tn denote the propeller diameter and
the thrust deduction coefficient, respectively. Furthermore, Ua = (1−wt)Ur
is the ambient water velocity in steady-state where wt > 0 (typically 0.1−
0.4) is denoted as the wake fraction number (Fossen, 2002). Based on the
linear approximation, μ1 and μ2 are positive constants. The equations for
forward thruster force and yaw moment can then be described as[

τu
τr

]
=

[
1 1
dp −dp

]
·
[
T (np)
T (ns)

]
(C.2)

where np and ns are port and starboard propeller revolutions, and dp is the
distance from the propeller to the center of the body. The corresponding
revolutions are then obtained by

np(τr) =
dpβ1 +

√
d2
pβ

2
1 + 4dpβ2|τnN |)

4dpβ2sign(τnN )
+
Nu

2
(C.3a)

ns(τr) = −
dpβ1 +

√
d2
pβ

2
1 + 4dpβ2|τnN |)

4dpβ2sign(τnN )
+
Nu

2
(C.3b)

where Nu is the constant revolution providing surge velocity.

C.2.2 Pitch actuator

The Minesniper is equipped with a moveable mass for pitch control. It
is a common phenomenon that underwater vehicles can have difficulties
obtaining initial pitch angle when surfacing. This is avoided by this type
of control action since the static pitch angle varies with the location of
the pitch mass. Figure C.5 describes the system of pitch control by mass
movement. Movement of the pitch mass leads to the following expression for
the center of gravity: xG(t) = mθ

m dθ(t), where dθ(t) is the distance from the
center to the mass, and mθ denotes the weight of the actuator. Recall that
the vehicle is neutrally buoyant, hence W = B = mgE . Notice also that
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Figure C.5: Pitch control by mass movement.

the control moment obtained in (6.48) involves g(Θ), which contains the
expression for the static pitch angle given a certain xG, see (6.6). Therefore,
to obtain the expression for the distance of the pitch mass actuator dθ(τq,
we solve the equation τq = zGW sin θ with respect to θ. Then, to generate
the pitch moment given this pitch angle, it follows from Fig. C.5 that the
pitch mass distance is

dθ(τq) = −mzG
mθ

tan
(

sin−1

(
τq

zGW

))
(C.4)

where τq is saturated such that dθ,min ≤ dθ(τq) ≤ dθ,max which inherently
includes the limit |τq/(zGW )| < 1.

C.3 The Line-of-Sight Guidance System

Guidance is provided by two decoupled line-of-sight systems for heading
and pitch respectively (Marco and Healey, 2001).

C.3.1 Heading

In order to avoid potentially large cross-track errors, the aiming point is
moved from the next way-point to a point on the track line by setting the
length of the aiming vector to Δ, see Fig. C.6. We start by defining the
total track length between way-point i and i−1, i.e. Li =

√
X̄2
wp(i) + Ȳ 2

wp(i),
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Figure C.6: The kinematics of the horizontal LOS guidance system

where Li �= 0 and

X̄wp(i) = Xwp(i) −Xwp(i−1)

Ȳwp(i) = Ywp(i) − Ywp(i−1)

where the ordered pairs (Xwp(i), Ywp(i)) and (Xwp(i−1), Ywp(i−1)) are the
present and the previous way-points respectively. The distances dwp and
swp are given by

dwp(t) =
√
X̃(t)2 + Ỹ (t)2

swp(t) =
[
X̃(t) Ỹ (t)

] · [ X̄wp(i)

Ȳwp(i)

]/
Li

where
X̃(t) = Xwp(i) − x̂(t), Ỹ (t) = Ywp(i) − ŷ(t)

Note that swp(t) ranges from 0 to 100% of Li. The angle between these
two vectors is then defined by

δp(t) = βi − atan2
(
Ỹwp(i)X̃(t)wp(i)

)
(C.5)
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where βi = atan2(Ȳwp(i)X̄wp(i)). The cross track error ε(t) may now be
defined as ε(t) = dwp(t) sin(δp(t)). Based on the cross-track-error and the
length of the aiming vector, the desired heading yields ψd(t) = βi − α(t),
where

α(t) =

{
sin−1

(
ε(t)
Δ

)
, if |ε(t)| ≤ Δ

πsign(ε(t)), otherwise

The LOS-point on the track, see Fig. C.6, is given by

xlos(t) = cos(ψd(t))Δ + x̂(t)
ylos(t) = sin(ψd(t))Δ + ŷ(t)

In order to ensure correct desired heading at all times, the guidance system
automatically switches to way-point tracking according to the following

if
{
dwp(t) ≤ Δ or
swp(t) ≤ 0

then

xlos(t) = Xwp(i), ylos(t) = Ywp(i)

Care must be taken when determining the size of Δ prior to a run. It is
shown in Fredriksen and Pettersen (2004) that for way-point manoeuver-
ing of ships, Δ must be larger than some constant which is dependent on
the vehicle dynamics, actuators and the forward speed. This corresponds
well with tests carried out on the Minesniper revealing that when Δ was
too small, excessive control action and an increase in the cross track error
occurred.

The next way-point is activated if one of two conditions is met. The
most usual case is if the vehicle has penetrated the way-point watch radius
Rwp(i) or if the vehicle has passed a way-point by a distance larger than
Rwp(i)

if
{
dwp(t) ≤ Rwp(i) or
swp(t) ≤ 0

then

Activate next way-point

C.3.2 Pitch

The LOS method is modified for pitch control according to Fig. C.7. The
pitch angle between two way-points is βd(i) = atan2

(
Zwp(i) − Zwp(i−1), Li

)
.

The distance between the next way-point and the LOS point is given by

dlos(t) =
√(

Xwp(i) − xlos(t)
)2 +

(
Ywp(i) − ylos(t)

)2 (C.6)
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Figure C.7: The kinematics of the vertical LOS guidance system.

Hence, the desired pitch angle is given by θd(t) = −atan2 (zcom(t), swp(t) − dlos(t)),
where

zrel(t) =
Zwp(i) − Zwp(i−1)

Li
dlos(t)

zcom(t) = Zwp(i) − zrel − z(t)

according to Fig. C.7.

C.3.3 AUV Sensors

This section presents a brief description of the most common sensors that
can be used for navigation of underwater vehicles.

Inertial Measurement Units (IMU) measures the acceleration in up to
all six degrees of freedom. Typically, an IMU detects the current accelera-
tion and rate of change in attitude (i.e. pitch, roll and yaw rates) and then
sums them to find the total change from the initial position. IMUs suffer
from accumulated error because it is continually adding detected changes to
the vessel’s velocity and position. This leads to ’drift’, or an ever increasing
error between what the IMU thinks the velocity and position is, and the
actual state. The IMU is therefore usually part of a complete navigation
system that combines the measurement from several sensors. In contrast to
control environments in air, the signals from the global positioning system
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(GPS), which provides accurate position measurements in air, are blocked
by the seawater. Consequently, other countermeasures need to be taken
into account to reduce the drift. For instance, the observation of the grav-
ity vector by the accelerometers serves as an external observation of the
local vertical. This corrects most drift errors. Figure C.8 shows an exam-
ple of an IMU.

Figure C.8: Inertial measurement unit.

Doppler Velocity Log (DVL) measures the velocity relative to the seabed
by bouncing sound off of the bottom. A minimum of three beams are re-
quired; four are typically used (Kinsey and Whitcomb, 2004). For the
DVL to work properly, the distance to the bottom must be within cer-
tain boundaries, varying from maximum 30m to 200m, depending on the
DVL. In addition to the DVL there is the Acoustic Doppler Current Pro-
filer (ADCP), which is a type of sonar that produces a record of the water
current velocities over a range of depths. Although the size and price of
these measurement systems are becoming smaller and smaller, they are still
relatively expensive and not necessarily suited for all vehicles due to the
size.

Figure C.9: An example of a DVL (15cm diameter). Courtesy: SonTek
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Acoustical measurement system locates the vehicle with the use of
sound. Two hydrophones placed on the shore or the surface vessel regis-
ter the beep which is actively sent from the vehicle. Then, based on the
recorder time from the beep is sent until it is received by each of the hy-
drophones, range and bearing from the base line origin to the vehicle can be
obtained. The accuracy depends on the distance between the hydrophones
and the condition of the sea. Unfortunate occurrences such as wild points
and drop outs are common in acoustical measurement systems.

Flux-gate compass measures the angle between the projection of the
earth’s magnetic field vector on the flux gate coils’ plane of symmetry and
a line in that plane fixed to the coil.

Inclinometer is an instrument providing the angle that a craft makes
with the horizon.

Altimeter measures the distance to the bottom.

Pressure gauge is a device for measuring the pressure, and thereby the
depth.

Tachometer measures the thruster RPM. This is needed to model ac-
tuators and obtained RPM to force mapping.

Potentiometer is an instrument for measuring and unknown voltage by
comparison to standard voltage. It is used for instance to measure the
position of a moveable mass in one direction.


